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Abstract. — We show that the family of recognizable Z-subsets of A* is closed under (integer)
division by a positive integer. The technique that we use to prove this result is constructive and,
by generalizing this construction, we obtain a characterization of recognizable Z-subsets of AT
as a sum of finitely many simple Z-subsets of A*. We also show that the family of recognizable
Z-subsets of A* is not closed under division by a negative integer, or under taking the remainder
of the division by an integer of absolute value greater than 1.

1. INTRODUCTION

In the seventies, S. Eilenberg [2] studied the recognizable subsets with
multiplicities in an arbitrary semiring K, paying special attention to the
cases of the Boolean semiring and the semiring of natural numbers. A
more algebraic treatment of recognizable K -subsets is given by Berstel and
Reutenauver [1].

In [7] and [8], we studied some properties of M-subsets of A*, where
M is the tropical semiring. For background and the most important results
about M-subsets, see Simon [13, 14, 15, 16, 17], Hashiguchi [3, 4, 5, 6],
Leung [12] and Krob [10, 11].

This paper is concerned with the corresponding theory for the semiring Z,
which is just an extension of M to the set of all integers; that is, Z consists
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210 N. KOBAYASHI

of the integer numbers extended with co and equipped with the minimum
and addition operations.

Here, by considering a certain construction of Z-automata, we prove two
results concerning to the recognizable Z-subsets of A*. The first of these
(see Theorem 5) asserts that, if X is a recognizable Z-subset of A* and d
is a positive integer, the Z-subset Y = X div d is recognizable, where wY
is the division quotient of wX by d, for all w in A*. The second result
(see Theorem 20) gives a characterization of recognizable Z-subsets through
simple Z-subsets. More precisely, we show that every recognizable Z-subset
of A% is the sum of a finite number of simple Z-subsets of AT.

We also show (see Lemma 11) that if d is a negative integer, X div d is
not always a recognizable Z-subset, and (see Lemma 13) if d is an integer
of absolute value greater than 1, Y = X mod d is not always a recognizable
Z-subset, where wY is the division remainder of wX by d, for all w in
A*. Indeed, these lemmas are particular cases of two more general results
(Theorems 14 and 15) which show that X¢ is not always a recognizable
Z-subset when ¢ is a strictly decreasing or a non-constant periodic map.

Eilenberg [2] showed that if X is a recognizable N-subset of A*, where
N is the semiring of the natural numbers, and d is a positive integer, the
N-subsets Y7 = X div d and Y2 = X mod d are recognizable. Moreover,
in [2] it is proved that X = dY7 + Y%, and hence X can be “recovered” from
Y1 and Y2. However, we prove that for the recognizable Z-subsets, such an
“inversion operation” to division does not exist.

2. THE SEMIRING Z, Z-SUBSETS AND Z-A-AUTOMATA

The semiring Z has as support Z U oo and as operations the minimum
and the addition (denoted by min and +, respectively). The minimum plays
the role of semiring addition and the addition plays the role of semiring
multiplication. Note that Z is a commutative semiring and the identities with
respect to minimum and addition are oo and 0, respectively.

The subsemiring Z~ of Z consists of the nonpositive integers and oo. It
is isomorphic to M¢, the dual of M, whose support is N U —co and whose
operations are the maximum and the addition.

Let A be a finite alphabet. A Z-subset X of A* is a function X : A* — Z.
For each w in A*, wX is called the multipliciry with which w belongs to
X. If 1X = oo then we also say that X is a Z-subset of AT,
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ON RECOGNIZABLE Z-SUBSETS 211

The following operations are defined over Z-subsets of A*, where
{X; | i€ I} is a family of Z-subsets of A* indexed by a set I, X
and Y are Z-subsets of A*, and m € Z. For (a) and (b) we assume that [
is finite, and for (e) and (f) we assume that 1.X = co.

(@) Vw € A*,  w(min;er X;) = min;er(wX;) (minimum)
) Vw € A%, w3 ier Xi) = D ier(wXi) (addition)
() Vw € A*, w(XY) = mingy=w(zX +yY) (concatenation)

d Vw € A*, wim+ X) =m+wX

(e) Vw € A*, wXT = w(miny>1 X™) = min,>1 (wX™)

() X* = min(1,X™), where the Z-subset 1 is defined by Vw €
A*, wl=0if w =1 and wl = oo, otherwise.

Recall that, for any semiring K, one naturally has the operations of
addition, intersection, and multiplication of K -subsets. In the case in which
K = Z, these operations are, respectively, the ones given in (a), (b) and
(c) above.

Observe that if 7 = (), min;er(m;) = oo and ) ;c;m; = 0.

The family Z((A)) of all Z-subsets of A* with the minimum (a) and
concatenation (c) operations constitutes a semiring, whose identities are,
respectively, the Z-subset () (where, for all w € A*,wd = oco) and the
Z-subset 1.

A Z-A-automaton A = (Q,1,T) is an automaton over A, with a finite set
QQ of states, two Z-subsets I and T of @ and a Z-subset E 4 of Q x A x Q.

If pI # oo (resp. pT # o0), we say that p is an initial state (resp. final
state) of A.

If (p,a, q) is an edge in A, we say that its label is a and that its multiplicity
is (p,a,q)E4. If (p,a,q)E4 # oo, the edge (p,a,q) is said to be a useful
edge of A.

If P is a path of length n in A, with origin pg and terminus py, that is

P = (po,a1,p1)(p1,02,p2) - .. (Pn—1,0n,Dn) ,

then its label is |P| = ayaz...a, and its multiplicity ||P|| is the sum of
the multiplicities of its edges, that is

n
IPIl = (pic1,0i,p)Ea -
i=1

For convenience, if P is the path above, we also write

A102...07n

P =(py,a102...an,pn) and P :py——""">p, .
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212 N. KOBAYASHI

Concatenations, factorizations and factors of paths are defined as usual.

A path P is useful if ||P|| # oo. A useful path, whose origin 7 and
terminus ¢ satisfy ¢J # oo and tT" # oo, is called successful.

The behavior of A is the Z-subset ||.A|| of A* that associates a multiplicity
to each word as follows. Let w be in A* and let C be the set of successful
paths P in A with label |P| = w. Then,

wll Al = min(il +[|P[| +1T) ,

where ¢ and ¢ are the origin and the terminus of the path P, respectively.

A successful path P in A, with label w, origin ¢ and terminus ¢, is called
victorious, if iI + |P|| + tT = wi||A||.

The structure C = (Q, E¢) over A, consisting of a finite set of states Q,
a set of edges @ x A x @ and a Z-subset F¢ of @ x A x Q, is called
a Z-A-semiautomaton. From C we can construct a Z-A-automaton A by
introducing two Z-subsets I and T of Q. In this case, A can also be denoted
by A = (C,I,T).

We say that a Z-A-automaton A = (Q,I,T) is normalized if A has a
unique initial state ¢ and a unique final state ¢, with ¢ # ¢ and <] = ¢T" =0,
and, moreover, there are neither useful edges with terminus z nor useful
edges with origin £.

We say that a Z-A-automaton A = (Q,I,T) is simple if

(Q@xAXxQEAC{0,1,-1,00}, QI C{0,00} and QT C {0,00} .

It is important to observe that in a normalized or simple Z-A-automaton
A, every victorious path P with label w satisfies ||P|| = wl||A|l (because
QI,QT C {0,00}) and every successful path P’ with label w is such that
wl||A|| < ||P']| (because ||P|| < ||P’]]). These properties will be frequently
used in the proofs.

A Z-subset of A* is recognizable if it is the behavior of some Z-A-
automaton. It is well known that every recognizable Z-subset of AT is the
behavior of a normalized Z-A-automaton. The family of all recognizable
Z-subsets of A* is denoted by Z Rec A*.

A class of recognizable Z-subsets of A* that has received some attention
is that of simple Z-subsets of A*, denoted by Z SRec A*. A Z-subset of A*
is simple if it is the behavior of some simple Z-A-automaton. We showed
[7, 8] that the family of simple M-subsets of A* is a proper subfamily of
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ON RECOGNIZABLE Z-SUBSETS 213

all recognizable M-subsets of A*. This result can be easily extended to the
family of recognizable Z-subsets of A*; that is, Z SRec A* G Z Rec A*.

Let us denote by A the Z-subset of A* such that
Vwe A, wat={00 Tv=]
T 0 otherwise .
Then, one can easily verify the following result.

ProposSITION 1: For every recognizable Z-subset X of A* there exists a
normalized Z-A-automaton A such that ||A|| = X + AT. &

Now, we state some results that will be used in the next section.

ProrpositioN 2 (Fatou property - see [11, Prop. 4.11): Z is a Fatou extension
of M. That is, every recognizable Z-subset X of A* such that A*X C M
is a recognizable M-subset of A*. W

ProposiTioNn 3 (see [11, Prop. 3.2] or [7, Prop. 2.3]): Let X be a
recognizable M-subset of A*. Then, Ym € M, the subset X,, = {w €
A* : wX = m} is a recognizable subset of A*. W

The following result, although not found in the literature, can be easily
established by using Propositions 2 and 3.

ProposITION 4: Let X be a recognizable Z-subset of A* such that the set
A*X is finite. Then, Ym € Z, the subset X,, = {w € A* : wX = m} is
a recognizable subset of A*. W

3. CLOSURE OF Z Rec A* UNDER THE DIVISION BY AN INTEGER

We studied the closure properties of the family of recognizable M-subsets
of A* and of two of its subfamilies under several operations. These results
can be found in our doctoral thesis [7] and in [8]. Here, we investigate the
closure properties of families of Z-subsets under taking the quotient and the
remainder of the division by an integer different from zero.

The quotient ( div ) and the remainder ( mod ) of the integer division over
the natural numbers can be extended to the semiring Z by putting

Yd#0, ocodivd=00, oomodd=oco and
VmeZ, mdivd=k and mmodd=r,

where k and 7 are the unique integers such that kd+7 =m and 0 < r < |d|.
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214 N. KOBAYASHI

Observe that in this definition the remainder is always non-negative and
the following properties are satisfied:

mdivd=—(mdiv —d) and mmodd=mmod —d .

We can extend the operations div and mod to the Z-subsets of A* as
follows. Let X be a Z-subset of A* and let d # 0. The Z-subsets X div d
and X mod d of A* are defined by:

Vwe A", w(X divd) =wX divd and w(X modd)=wX modd.

The main purpose of this section is to prove that the family of recognizable
Z-subsets of A* is closed with respect to the integer division by a positive
integer.

Initially, we shall prove this closure property for the recognizable Z-
subsets of AT and then, this result will be easily extended for the recognizable
Z-subsets of A*.

THEOREM 5 : Let d be a positive integer. If X is a recognizable Z-subset
of AT then X div d is a recognizable Z-subset of A™.

In the proof of Theorem 5 we will construct a Z-A-automaton
B =(Q,1,T) from a normalized Z-A-automaton A = (Q4,L4,T4) such
that ||B|| = ||-A|| div d. The idea is to construct B from d “copies” of .A.

Let us first construct a Z-A-semiautomaton C, depending on A4, which
will also be used in the next section. For convenience, for an integer d > 1,
put [1,d] = {1,...,d}. Let C = (Q, E¢), where @ = Q4 X [1,d] and all
useful edges of C with their respective multiplicities are defined as follows.

Let o/ = (p,a,q) be a useful edge of A. Let us consider

k=dE,divd and 7r=a'FE4modd.

Then o’E4 = kd + r.
For each ¢ € [1,d], o = ((p,1),a,(q,7)) is a useful edge of C, satisfying
eif ¢+ > r, then j = i — r and afr = k; thus,

dEp=kd+r=daE:)+i—7;
eif s <7, then ) =i—r+dand aFE¢ = k + 1; thus,

dEg=kd+r=kd+d+r—d=dk+1)+r—-d=d(aEc)+i—7.
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ON RECOGNIZABLE Z-SUBSETS 215

In both cases, j € [1,d] and

dEy=d(aEe)+i—7. (1)
Note that this condition uniquely defines both j and aFf, for every ¢ and
o' E4.
In the sequel, we study some properties relating paths in A with the
corresponding paths in C and vice versa.

Let P4 and P be the sets of useful paths in A and in C, respectively.
Let us define a function ¥: FPo — P4 as follows. If

P =((po,%0),a1,(p1,41)) - . - (Pn=1,%n—1), an, (Pn, in))

is a useful path in C, then

PV = (pg,a1,p1) ... (Pn—1,0n,Pn) -

It is easy to see that PV is a useful path in .4 and we say that PV is the
projection of P in A. On the other hand, one can see that for each useful
path P’ in A and for each 7 € [1,d], there exists a unique useful path P
in C, with origin in @4 x {i}, whose projection in A is P’. Such a path
P will be called the i-lifting of P’ in C. The following lemma relates the
multiplicities of a useful path in C and of its projection.

LemMma 6: Let P be a useful path in C from (p,1) to (q,7), i and j € [1,d].
Then its projection P’ in A satisfies

1Pl =dllP|+i-3.
Proof: Tt follows readily from (1) and the fact that the multiplicity of a
path is the sum of the multiplicities of its edges. W

The crucial property of the construction of C is stated in Lemma 6 above;
it says that for every useful path P in C and its projection P’ in A, the
difference ||P'|| — d||P|| only depends on the origin and the terminus of
the path P.

CoroLLARY 7: Let P be a useful path in C from (p,i) to (q,j), i and
j € [L,d]. Let P’ be the projection of P in A. Then

ipy = 1P divd ifi—j>0
" 1+ | P divd  ifi-j<0. W
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216 N. KOBAYASHI

Proof of Theorem 5: For d = 1 we have nothing to prove.

Let d > 2. Let X be a recognizable Z-subset of AT and let
A = (Q4,I4,T4) be a normalized Z-A-automaton such that || A|| = X.

Let us construct a Z-A-automaton B = (C,I,T) from the Z-A-
semiautomaton C = (Q, F¢), whose construction and properties we just
described. For this, let us define the Z-subsets I and T of Q:

(¢,d)I = qla (Vg€ Qq) and
(g,))I =00 (Vg€ Qu, ¥Vj€[l,d—1]);

(,9)T =qTa (Vg€ Qua, Vje(l,d]).

We wish to prove that ||B|| = ||A|| div d. Let w € AT be such that
wl||A|| # oo and let P’ be a victorious path in A, with label w. By
Corollary 7, the d-lifting P of P’ in B satisfies

IPIl = [|P']} div d;

hence,
w|[B|| < ||P|| = w||All div d. (2)

Let now P; be a victorious path in B, with label w. Let P;’ be the
projection of P; in A. Then, remembering that the origin of P; lies in
Qa4 x {d}, and using Corollary 7, we have that

wl|B|| = |P1ll = ||| div d > [P’ div d = wl|All divd. (3)

Thus, from (2) and (3), we have that w||B|| = w||A]|| div d.

Moreover, we observe that 1||B|| = oo and if w||.A|| = oo then Corollary 7
implies that w||B|| = oo. Thus, ||B|| = ||A|| divd = X div d. Therefore,
X div d is a recognizable Z-subset of AT. W

In the proof of Theorem S5, if A is an M-A-automaton (resp. Z7-A-
automaton), B will be an M-A-automaton (resp. Z~-A-automaton). Thus,
Theorem 5 is also valid to the recognizable M-subsets (resp. Z~ -subsets).

CoRroLLARY 8: Let d be a positive integer. If X is a recognizable M-subset
(resp. Z~ -subset) of AT then X div d is a recognizable M-subset (resp.
Z~-subset) of AT. ®

Theorem 5 can be easily extended for the family of all recognizable Z-
subsets as can Corollary 8 for the family of all recognizable M-subsets and
Z~-subsets of A*.
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ON RECOGNIZABLE Z-SUBSETS 217

COROLLARY 9: Let d be a positive integer. Then, Z Rec A*, M Rec A* and
Z~ Rec A* are closed under div d.

Proof: Let X € ZRecA*. By Theorem 5, (X + A*)divd is a
recognizable Z-subset of A*. Thus,
X div d = min((X + A™) div d, (X + 1) div d)
is a recognizable Z-subset of A*.
The proof for X in M Rec A* or Z~ Rec A* is similar. H

It follows from Theorem 5 and Corollary 9 that the family of simple
Z-subsets of A* is also closed under integer division by a positive integer.

CoroLLarRY 10: Let d be a positive integer. ZSRec A* is closed
under divd. W

In the sequel, we verify that if d is a negative integer, Z Rec A* is not
closed under div d.

Lemma 11: Let d be a negative integer. Then, Z Rec A* is not closed
under div d.

Proof: Let A = {a,b} and let X be the Z-subset of A* defined by
1X =00 and VYwe AT, wX = min{—|w|., —|wlp}-

It is clear that X € Z Rec A*.

Let us consider the Z-subset Y = X div — 1. By the definition of Y,
we have 1Y = co and Vw € A*, wY = w(X div — 1) = wX div -1 =
—wX = —min{—|wle, ~|wlp} = max{|wla, |w|p}.

Consider the recognizable Z-subset S defined by

Ywe A%, wS = —|w|, -
Suppose that Y is a recognizable Z-subset of A*. Then so is the Z-subset
Y + S and
i >
Vw e AT, w(Y+S):wY+wS:{0 if juwla 2 Jwly
lwlp — |wla  if Jwlp > |wla

and 1(Y + S) = oo. That is, Yw € A*, w(Y + S) € M. Hence, by
Proposition 2, Y 4+ S is a recognizable M-subset of A*. But then, by
Proposition 3,

Y+8S)y={weA":wlY +95)=0} ={we A" :|wl,>|wp}

is a recognizable subset of A*. This is a contradiction.
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218 N. KOBAYASHI

Thus, Y is not a recognizable Z-subset of A*. Therefore, Z Rec A* is not
closed under div d, when d is a negative integer. W

A consequence of the proof of the previous lemma is the statement in the
next lemma (see [8]) which was also showed by Krob [11] in another context.

Lemma 12: There is a Z-subset X of A* such that X is recognizable
but —X is not. N

We saw that Z Rec A* is closed under the div d operation when d is
a positive integer. It turns out that, however, this is not true for the mod
operation.

LemmMa 13: Let d be an integer, |d| > 1. Then, Z Rec A* is not closed
under mod d.

Proof: Let us consider d > 1. The proof for d < —1 is analogous.

Let A = {a,b} and let X be the Z-subset of A* defined by

Vw e A%, wX = min{-d|w|q, —d|w|y — 1}.

It is clear that X € Z Rec A*.
Let us consider the Z-subset Y = X mod d = X mod — d. Then,

0 if Jwlg > |wlp

Yw € A*, wY={d_1 if |wly < Jwly .

Suppose that Y is a recognizable Z-subset of A*. By Proposition 4, we
have that

Yo={we A" :wY =0} ={we A" : |wls > |w}

is a recognizable subset of A*. This is a contradiction.

Therefore, ¥ = X mod d = X mod - d is not a recognizable Z-subset
of A*. W

Remark: Our original proofs of Lemmas 11 and 13 involved the
construction of certain Z-automata [9]. The simpler prcofs above were
suggested by one of the referees. However, as pointed out by another
referee, our original approach gives the two following more general results,
which are interesting on their own right.

Given a map ¢ : Z — Z, we extend ¢ to Z by setting co¢ = oo,
and for a Z-subset X of A*, we define the Z-subset X¢ by w(X¢) =
(wX)ep, Yw € A*.
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ON RECOGNIZABLE Z-SUBSETS 219

THEOREM 14: Let ¢ be a strictly decreasing map. Then, its extension to
Z-subsets does not preserve recognizability.

Proof: Let ¢ be a strictly decreasing map. That is, Vz,y € Z, if x < y
then z¢p > yo.

Consider A = {a,b} and let X be the Z-subset of A* defined by
1X =00 and VYwe AT, wX = min{|wl|q, |wlp} -

It is clear that X € Z Rec A*.

Assume that X ¢ is a recognizable Z-subset of A*. Then, there is a
normalized Z-A-automaton A with n states such that || A]| = X ¢.

Consider the word w = a”b" and let P be a victorious path in A, spelling
w. Then, ||P|| = w||A|| = w(X¢) = (wX)¢p = n¢ and there are naturals 7,
s and ¢, with s > 0 and 7+ s+t = n such that the path P can be factorized as

P:ia—n>p——b—r-+qi>qi—>f.

If ||(g,b% q)|| < 0, the successful path P’ in A,

.oan br bs b® bt
Plithp g g Dg s f,

spells the word w’' = a™b"** and ||P’|| < ||P|| = n¢. Then,
ng =w'(X¢) = w|A| < |P'|| < nd.

This is a contradiction.
If |(g,°,q)|| > 0O, the successful path P” in A,

. n b bt
P':itsp2sg—f

spells the word w” = a™b"~* and ||P”|| < ||P|| = né. Then,
(n—s)¢p =w"(X¢) = w"[A] < ||P"]| < ng.

But, (n — s)¢ < n¢ contradicts the fact that ¢ is strictly decreasing.

Hence, X 1is a recognizable Z-subset, but X¢ is not a recognizable
Z-subset of A*. M

THEOREM 15: Let ¢ be a non-constant periodic map. Then, its extension
to Z-subsets does not preserve recognizability.
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220 N. KOBAYASHI

Proof: Let ¢ be a non-constant periodic map. Then, for some positive
integer d, (x + d)¢ = z¢, Yz € Z, and igp # jo¢, for some ig, jo.
Assume without loss of generality that iy < jp < d.

Consider A = {a, b} and let X be the Z-subset of A* defined by
1X =00 and VYwe A", wX = min{d|wl|, + d0,d|w|y + jo}.
Clearly, X € ZRec A* and
1(X¢) =00

and

N - _ fiod if fwla < Jwls
vw e AT, w(XqS)—(wX)(ﬁ—{de)» if Jwla > w]y -

Suppose that X ¢ is a recognizable Z-subset of A*. In this case, there is
a normalized Z-A-automaton A with n states such that ||A|| = X ¢.

Let us first assume that ig¢ < joo.

Consider the word w = a"b” with a victorious path P in .A. Then,
[|P|| = w]|A|| = w(X¢) = (wX)¢p = igp¢. Moreover, there are naturals 7, s
and £, with s > 0 and r+s+¢ = n such that the path P can be decomposed as

P:ia—r>pa—s>p—‘i>q—n>f.
If ||(p,a®,p)|| < O, the successful path

Prii gt p @ a Yy

spells the word w1 = a"*$b" and |P1|| < ||P|| = io¢$. Then,
Jogp = w1 (X @) = wi||A|| < ||P1]| < oo,

which contradicts ig¢ < joo.
Now, if ||(p,a®,p)|| > 0, the successful path

Pii Sy S Xy
spells the word wy = o™ *b" and || P2|| < ||P|| = i0¢. Then,
lo¢ = w2 (X¢) = w2l All < |2 < iog;

this is a contradiction.
Let us now assume that igd > job.
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Consider the word v = "1 with a victorious path P’ in A. Then,
1P| = v||A]] = v(X¢) = (vX)¢ = jop. Moreover, there are naturals 7/,
s' and ¢, with s > 0 and 7’ + s’ + ¢ = n such that the path P’ can be
decomposed as

P it p'——>q’——>b qg —

If ||(¢,b%,4)|] < 0, the successful path

Pllziﬂp/quLq’Lq/Lf
spells the word v1 = a"t1o"+t* and ||P/| < ||P'|| = jo¢. Then,

iop = v1(X¢) = v1||A]| < ||P'|| < jog, which contradicts igp > jo .
Otherwise, if [|(¢/,b%,¢')|| > 0, the successful path

L gntl! br’ bz'
P it g S f

spells the word v2 = o™t and ||P)/| < ||P'|| = jo¢. Then,
Jop = v2(X @) = va||A]| < ||| < jo¢h; another contradiction.

Thus, X is a recognizable Z-subset, but X ¢ is not a recognizable Z-subset
of A*. N

Remark: Lemmas 11 and 13 can also be obtained, respectively, from
Theorems 14 and 15 considering ¢ = div — 1 and ¢ = mod d.

The quotient ( div ) and the remainder ( mod ) were defined in such a way
that the remainder is always non-negative. However, there are cases in which
one defines the integer division ( div’ and mod’) so that the remainder has
the same sign as the dividend. That is,

Vd #0, oodivd =00, oomodd=o0 and
VmeZ, mdivd=k and mmodd=r,

where k and r are the unique integers such that kd +r = m, 0 < |r| < |d]
and rm > 0.

The following properties are also satisfied:
m div'd = —(m div' —d) and m mod'd =m mod —d.

As before, we can extend the operation div’ and mod’ to the Z-subsets
of A*. Let X be a recognizable Z-subset of A* and let d # 0. The Z-subsets
X div'd and X mod'd of A* are defined by

Vw € A*, w(X divid) = wX divid and w(X mod'd) = wX mod'd .
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Let us see how the two operations div’ and mod’ relate to the standard
div and mod .

Let d # 0 and m € Z be given, and let
m div d = ki, m mod d =7y,

m div'd = ko, m mod'd = ry .

Then

ki+1 ifm<Oandr; >0andd >0

k1 ifm>0o0rr; =0
k’QZ{
ki—1 ifm<Oandry >0andd <0

. (n ifm>0o0rr; =0
and 712 = ri—|d ifm<Oandr; >0.

Let us show that there is a recognizable Z-subset X of A* such that
X mod'd and X div'd are not recognizable Z-subsets of A*.

THEOREM 16: Let d be an integer, d > 1. Then, Z Rec A* is not closed
under div'd.

Proof: Let A = {a,b} and let X be the Z-subset of A* defined by
Vw e A", wX =d(lw|le — |w]p) +1 .

It is clear that X is a recognizable Z-subset and we observe that Yw € A*,
wX mod d = 1.

Consider the Z-subsets of A*, FF = X divd and G = X div'd. Then,
from the observations in the definition of div’, we have that

wkF if wlk" >0

Vwe A%, wG:{wF+1 if wF < 0.

But, we can observe that, Vw € A*, wF = |w|, — |wl|p. Therefore, G can
be described by

lwla = |wlo if lwla 2 |wly

Yw e A*, wG = ]
’ { |wle = |wlp + 1 if |w|e < |wp .

Now, consider the recognizable Z-subset H defined by

Yw e A%, wH = |wly — |wlq -

Informatique théorique et Applications/Theoretical Informatics and Applications



ON RECOGNIZABLE Z-SUBSETS 223

Let us suppose that G is a recognizable Z-subset of A*. Then so is the

Z-subset G + H and
. _ _ 0 if |'w|a 2> |w|b
Yw € A%, w(G+H)_WG+wH_{1 if |wle < |wlp.

Hence, by Proposition 4,
(G+H)y={weA" :w(G+H)=0}={we A" :|w|s > |w|p}

is a recognizable subset of A*. This is a contradiction.
Therefore, G = X div'd is not a recognizable Z-subset of A*. W
A consequence of the proof of Theorem 16 is given in the sequence.

COROLLARY 17: There is a recognizable Z-subset X of A* such that the
Z-subset Y defined by

wX if wX >0

* _
vweA’“’Y"{wXHiwa<o

is not recognizable. M
LeEMMA 18: Let d be a negative integer. Then, ZRec A* is not closed

under div'd.

Proof: For all m € Z, m div — 1 = m div’ — 1, because in this case the
remainder is zero. Thus, from the proof of Lemma 11, we can conclude that
Z Rec A* is not closed under div'd, when d is a negative integer. W

LemMA 19: Let d be an integer,
under mod'd.

d| > 1. Then, ZRec A* is not closed
Proof: Let us consider d > 1. The proof for d < —1 is analogous. Let us
consider the Z-subset X in the proof of Lemma 13:
Vw e A*,  wX = min{—d|wl|., —djw], — 1}
and take Y = X mod'd = X mod’ — d. Then,

0 if lw|q > |wlp

. _
Vw € A%, wY—{_liﬂwasmb-

Suppose that Y is a recognizable Z-subset of A*. By Proposition 4, we
have that

Yo = {w € A* cwY =0 ={we A" |wlg > |w}
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is a recognizable subset of A*. This is a contradiction.

Therefore, Y = X mod'd = X mod' — d is not a recognizable Z-subset
of A*. R

The closure properties of Z Rec A* that we have seen in this section are
summarized in Table 1.

TABLE 1
Closure properties of Z Rec A™ under quotient and remainder by a non-zero integer d.

Operator yes no
div d>0 d<0
mod ldi =1 [d| > 1
div’ d=1 d<Oord>1
mod’ |d| =1 || >1

4. A CHARACTERIZATION OF RECOGNIZABLE Z-SUBSETS OF AT

FEilenberg [2] showed that, for any semiring K, the family of recognizable
K -subsets is closed under intersection. But we showed [7] that the family
of simple M-subsets, M SRec A*, is not closed under addition. (Recall that
the addition of M-subsets plays the role of intersection of K-subsets for a
general semiring K .) This fact led us to investigate the following question:

Is it true that for every recognizable M-subset of A™, there exist n > 0
simple M-subsets X1, ..., X, such that wX = Zl§i<n wX; holds for all
w € AT?

For instance, one can verify that the recognizable M-subset X defined by
Vw € {a,b}t, wX = 2lw|, + 3w|s

is not a simple M-subset, but it can be described as the sum of five simple
M-subsets X1, X2, X3, X4 and X; defined by

Yw € {a,b}+7 'LUX1 = ng = |w|a and ng = 'wX4 = 'wX5 = |’U)|b‘

In fact, X may also be written as the sum of three simple M-subsets Y7, Y
and Y3 defined by

Vw € {a,b}t, wYi=wYs=|w| and wYs = |wl.

We obtained an affirmative answer for this question (see [7] and [8]). The
next theorem generalizes this result to the semiring Z.
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TueoreM 20: A Z-subset of A is recognizable if and only if it is the sum
of a finite number of simple Z-subsets of AT.

Proof: Let X be arecognizable Z-subset of AT. Let A = (Q.4,14,T4) be
a normalized Z-A-automaton such that ||.A]| = X and let d be the maximum
of the absolute values of the multiplicities of the useful edges of A.

Let us construct Z-A-automata A, . . ., Ag such that 3% 1 ||4;|| = |lAll.

For each i € [1,d], the Z-A-automaton 4; = (C, I;, T) is constructed from
the Z-A-semiautomaton C = (Q, E¢) which was introduced in the previous
section. We define the Z-subsets I; and T of Q:

(Vq € QAa V] € [lad]) (Qaj)Ii - 6(7'7.7) + qIA 5
0 ifi=y
oo otherwise ;

where  6(¢,7) = {
(VaeQua, Vie[ld]) (49T =qTa .

Note that QI;, QT C {0,00} and as the edge multiplicities of C are in
{0,1,—1,00}, A; is a simple Z-A-automaton. We can also observe that the
Z-A-automata A; (1 < ¢ < d) differ from each other only in the initial states.

Before we continue the proof of this theorem, we study, through the next
lemmas, the properties which relate the paths in each A4; (1 < 4 < d) with
their projections in .A. We also study the relations existing between the paths
in A; and in Aj, for 1 # j.

Let i € [1,d]. Let P be a victorious path in A; with terminus in Q4 x {;},
for some j € [1,d]. We say that P is a tallest victorious path in A;, if there
are no victorious paths in A; with the same label of P and with terminus
in Quq x {k}, for k € [1,d], k > j.

Lemma 21: Let P be a tallest victorious path in A;, © € [1,d]. Then its
projection P’ is a victorious path in A.

Proof: Let P be a tallest victorious path in .A;. Then, P has its origin in
Q4 % {i}. Let us suppose that the terminus of P lies in Q 4 X {7}, for some
J € [1,d]. If the projection P’ of P is not a victorious path in A, there is a
victorious path P;" in A such that |P,’| = |P'| and |P/|| < || P'|.

Let P; be the i-lifting of P’ in A; and we suppose that P terminates in
R4 x {k}, for some k € [1,d]. Then, using Lemma 6,

d|Pll = IR —i+k < [|P'||—i+k = d||P|+i~j~i+k = d|| P||+ k3.
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Therefore,
d(lAll = 1P <k—3 .

Moreover, P; is a successful path in A;. In fact, its origin (p,4) and its
terminus (g, k) satisfy (p,4)l; = pla # oo and (q, k)T = ¢qT 4 # oo, since
its projection P’ is a victorious path in A. But, as P is a victorious path
in A, ||~ > [Pl
If ||P1]| = || P]| then P; is also a victorious path in A; and & — 5 > 0.
That is, k > j. So, P is not a tallest victorious path in A;; a contradiction.
Thus, |[P1]| > ||P||- Then,

d < d(|[Prfl = |1PI}) <k =3

This is impossible, because k,j € [1,d]. Therefore, P’ is a victorious path
in A. N

LemMA 22: Let P; (i € [1,d]) be a tallest victorious path in A; with label
w and let us assume that P; terminates in Q4 x {j} (j € [1,d]). Let Py
(k € [1,d] and k # i) be a tallest victorious path in Ay, with label w and let
us assume that Py, terminates in Qa x {l} (I € [1,d]). Then i — j =k —
( mod d).

Proof: Let P; be a tallest victorious path in A; with terminus in Q 4 x {7}
and label w. Let Pj, be a tallest victorious path in Ay with terminus in
QA4 x {l} and label w.

Let us consider the projections P; and P;,’ of P; and Py, respectively, in
A. From Lemma 21, it results that P;/ and P}’ are victorious paths in A.
Then ||P/|| = ||P'||. But, from Lemma 6,

IR/ =l +i-j and BN = dIPel+ k-1
So, from ||P/|| = || P[], it follows that
d\|Pi|| +i—7=4d|P|l +k—1.

Then
i— g =d(|Bell = | Bill) + k= 1.
Thus, 1 —j =k —1 (modd). MW
Note that the previous lemma implies that [ # j and if £ = ¢+ 1 then
Il =341 (modd).
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We continue the proof of Theorem 20 considering X; = || A (1 < ¢ < d).
Then, X3,..., X, are simple Z-subsets of AT. Moreover, one can verify
that Vw € AT, wX = oo if, and only if, 3¢ € [1,d], wX; = oco. Hence,
wX = oo iff wazl X,; = oo. Then, for w € AT, we can assume that
wX # oo and wX; # oo, Vi (1 <1 < d).

For each 7 € [1,d], there is a tallest victorious path F; in A;, with
|P;| = w and

il = wllAill = wX; . (4)

Therefore, by Lemma 21, for each i € [1,d], the projection P’ of P; in
A is a victorious path and

1P/ = wll Al = wX .

Then i
IR = d(wX). (5)
=1

We suppose that for each ¢ € [1,d], P; terminates in Q 4 X {k;}, for some
k; € [1,d]. Then, by Lemma 22, for each pair j and | € [1,d], if j # [ it
results that k; # k;. Therefore,

d d
Soki=) i (6)
=1 =1
But, by Lemma 6, for each ¢ € [1,d],
WPl = d|F] +i— ki -

Then, using (5) and (6) we have:

d d
dwX) =Y ||F/| =Y (P +i— k)
1=1 =1

d d d

d
=3 IRl +Y i-> ki=dY |IF.
=1 i=1 =1 1=1
Hence, from (4),
d d
wX =Y IRl =) wX; .
=1 =1
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Thus,
d d
Yw e AT, wX:ZinszXi .
i=1 i=1

Therefore,

The converse of this Theorem follows from the definition of simple
Z-subset and the closure of Z Rec A* under addition. W

In the proof of Theorem 20, if A is an M-A-automaton (resp. Z~-A-
automaton), from Corollary 8 it follows that each A; (1 < ¢ < d) is an
M-A-automaton (resp. Z~-A-automaton). Moreover, Lemmas 21 and 22
stay valid when each A; is an M-A-automaton (resp. Z~-A-automaton).
Thus, the characterization given in Theorem 20 is also valid to M-subsets
(resp. Z~ -subsets).

COROLLARY 23: An M-subset (resp. Z~-subset) of AT is recognizable
if and only if it is the sum of a finite number of simple M-subsets (resp.
Z~-subsets) of AT. N

The following corollaries consider the general case of recognizable
Z-subsets, M-subsets and Z~-subsets of A*.

COROLLARY 24: Let X be a recognizable Z-subset (resp. M-subset, Z~ -
subset) of A*. Then, X is the sum of a finite number of simple Z-subsets
(resp. M-subsets, Z~ -subsets) of A* if and only if 1X € {0,00}.

Proof: Let X be a recognizable Z-subset of A* such that 1X € {0,00}.
By Theorem 20, it is enough to consider the case in which 1X = 0. Let
X1,..., Xy be the simple Z-subsets of AT obtained from Theorem 20 for
X + A™. For each i € [1,d], let us consider the Z-subset ¥; = min(X;,1).
It is clear that Y; is simple and 1Y; = 0. Then, X = Zgzl Y;.

The converse of this corollary follows immediately from the definitions of
simple Z-subsets and of the Z-subsets addition operation.

The proof for X in M Rec A* or Z~ Rec A* is similar. W

COROLLARY 25: Let X be a recognizable Z-subset (resp. M-subset, Z~ -
subset) of A* suchthat 1X & {0,00}. Then, there are d > 0 simple Z-subsets
(resp. M-subsets, Z~-subsets) X1,...,Xq of A*, and a recognizable Z-
subset (resp. M-subset, Z~ -subset) Y of A* satisfying 1Y ¢ {0,00} and
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wY = oo, Yw € At such that

d
X = min Z XY
=1
Proof: Tt is enough to consider for X1, ..., Xy the simple Z-subsets (resp.

M-subsets, Z 7 -subsets) obtained from Theorem 20 (resp. Corollary 23) for
X 4+ AT and to consider Y as being the Z-subset 1X +1. W
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