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SOME RESULTS
ON FINITE MAXIMAL CODES (*)

by Clelia DE FeLice (!) and Antonio REstivo (?)
Communicated by J.-E. PIN

Abstract. — In the free monoid {a, b}*, we give a definition of maximality and completness of
a code with respect to the set T, of all words containing at most k occurrences of b. We show that
the intersection of a finite maximal code with T, is maximal with respect to T,, for all k. We
derive some recessary conditions for a finite code to have a finite completion end we prove for
these codes a “‘local” version of a theorem of Schiitzenberger.

Résumé. — Nous donnons une notion de maximalité et de complétion d’un code dans I'ensemble
T, des mots sur {a, b}* ayant au plus k occurrences de la lettre b. Ces définitions permettent de
montrer que l'intersection de tout code maximal fini avec T, est T,-maximal pour tout k. De plus
nous obtenons une condition suffisante pour qu’un code fini n’ait pas une complétion finie. Nous
montrons également que, pour les codes ayant une complétion finie, on a une version locale d’un
théoréme de Schiitzenberger.

INTRODUCTION

The theory of (variable length) codes, born in the framework of the theory
of information transmission with the early works of Shannon, has been
developed in an algebraic direction by M.P. Schiitzenberger and his school
since 1956 (see [10]) in connection with automata and language theory,
combinatorics on words and other related topics in computer science. A
complete treatment of the theory until very recent developments may be
found in [1]. _

An important role in this theory is played by the notion of maximal code.
A code is maximal if it is not a proper subset of any other code on the same
alphabet. A fundamental result of Schiitzenberger states the equivalence, in
particular for finite codes, of the algebraic notion of maximality and the
combinatorial notion of completness.
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384 C. DE FELICE, A. RESTIVO

In this paper we introduce the notions of maximality and completness of
a code with respect to some particular subsets T, of the free monoid {a, b}*.
T, is defined, for any positive integer k, as the set of words in which the
number of occurrences of b, is less thar or equal to k. Codes in T, generalize
codes in the ““triangle’ considered in [2], [4], [7], [8], [9] and [1 1]: the latest
indeed corresponds to the case k=1.

Then we prove a “local” version of the Schiitzenberger’s theorem (see [3))
which states that, for a finite code in T,, completness implies “locally”
maximality and that the converse is true only if the code is contained in a
finite maximal code, i.e. if it has a finite completion. This result gives some
useful informations on the structure of the words of a finite maximal code.
In particular we show that the intersection of a finite maximal code with T,
is maximal with respect to T, for all .

From another point of view, the previous result gives some necessary
conditions for a finite code to have a finite completion. From this, one can
derives some useful ideas to approach the following open problem: find a
procedure to decide whether a finite code has a finite completion. In particular
it is not yet known whether the code, recently constructed by Peter Shor
(see [11]), as a counterexample to the “triangle conjecture”, has a finite
completion: the relevance of this question is related to the validity of Schiitzen-
berger’s conjecture on the commutative equivalence of a finite maximal code
to a prefix one (see [6]). This problem was the starting motivation of our
investigation.

In the last section the case k=1 of codes in the ““triangle” is considered.
Some of the theorems of previous section are strengthened, new methods to
construct codes having no finite completion are investigated and some result
related to the “‘triangle conjecture” are proved. Finally some unanswered
questions are proposed.

1. THE CASE T,

Let A be a finite alphabet and A* the free monoid generated by A. For
any word we A* denote by |w| the length of w and, for any letter ae 4,
denote by |w |,, the number of occurrences of the letter a in w. A subset X of
A* is a code if X* is a free submonoid of A* of base X.

For any X< A* set:
Ro={wed* : XwNX+#J},
Viz1l, R={wed’:R_,wNX# or XwNR,_,#J}.

Then X is a code if and only if for any i=1 we have that X\ R,=J [1].
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SOME RESULTS ON FINITE MAXIMAL CODES 385

If T is a subset of A* and X< T is a code, X is a T-maximal code if X is
not a proper subset of another code Y T. If T=A4%, X is called a maximal
code.

Let m be the uniform distribution on A*, i.¢. the application defined as
follows:

1
VWEA*, 11',(W)=W

One has that:

ProposiTION 1.1 [1]: Let X be a recognizable code. X is a maximal code if
and only if:

t(X)= ) n(x)=1.

xeX

For any pair of subsets P, T of A* such that P< T, P is dense in T if for

any word w of T one has that:
TwTNP#J.

If T=A* we say that P is dense.

The following foundamental result of M. P. Schiitzenberger will be useful
in the sequel (see [3]):

THeoreM 1. 1. (Schiitzenberger): Let B* be a free submonoid of A* and let
X< B* be a recognizable code.

If X is a B*-maximal code then X* is dense in B*.
If B* is finitely generated and if X* is dense in B* then X is a B¥*-maximal
code.

In the sequel the alphabet we consider is the binary alphabet A= {a, b}.
For any positive integer k, we introduce the following subset of A*:

T,={weA*||w|, <k}

and consider codes X which are subsets of T,. For k=1 we obtain the
“triangular” codes studied in {2], [4], [7], [8], [9] and [11].

ProrosiTioN 1.2: Any code X< T, is contained in a T,-maximal code.

Proof: Tt suffices to apply Zorn’s lemma to the family 4
F={Y<T,|Ycodeand Y2 X}. [

Remark 1: However it is not generally true that any finite code X< T, is
contained in a finite T,-maximal code, as shown by the following example
(see prop. 2.3.):

X={a’, a®b, ba, b, ba*b} =T,.
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386 C. DE FELICE, A. RESTIVO

In the special case k=1, we shall prove (see cor. 2.2) that any finite code
X< T, is contained in a finite T;-maximal code.

ProposITION 1.3: If X< T, is a finite code, then there exists a T,-maximal
code Y such that:

Y=2X YNa*#.
Proof: First of all we prove that there is a finite code X’ < T, such that:
X 22X, X Na*# .
If XM a* # & the result follows. Otherwise let:
~d=max {|x||xeX}.

We prove that X\ {a®*"'} is a code. Suppose that this is not the case.

Then there is a word w of XU {a?*"!} with two factorizations in terms
of elements of XU {@**~ '} and of minimal length:

W=Xg. .. =Y. Ve Xy y;eXU{a* )

Let x,=a??~! be an occurrence of a??~! in the left side of above equation.
Since X M a*=¢J, by minimality of w and by definition of d there are

ie{2,...,h—1},2,z", w, weA" such that:
Xy X W =Yy Yoy,
2% 2" =YiYir1, wWz'=X_1, (1)
Wi Xyao o Xg=Yiva- Vo W =Xy

(1) shows that either:
yi= aZd -1
or:

Yigr=a¥"!

[otherwise y;, ¥;,, € X implies |y, y;+,| £2d < |z’ a**~* z”| against (1)].
Then y,=a**"! (resp. y;,, =a>*"') implies 2’z =y, ,, (resp. z'z"" =y,).
Since z/, z7€ A* and by (1) we have that:

Vi Vi1 Viv1Viv2- - -In
(resp. ¥1Ya-« Vi1 YiViez- - -Vn)

is a word with two factorizations in terms of elements of X\Ja?*~?! in
contradiction with the minimality of |w]|.
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Then XU a??" ! is a code and the result follows by proposition 1.2. [
By proposition 1.3 one has the following corollary:

CoROLLARY 1.1: If XS T, is a finite T,-maximal code then there exists a
positive integer n such that a"e X.

Remark 2: Proposition 1.3 is no more true for infinite codes, as shown by
the following example:

X={d'ba'|i=0}.
Since:
(@' ba’) (a' ba’) =(a’ ba') (@’ ba’),

X is a T,-maximal code but X N a*=(J.
For k=1 a partial converse of this proposition holds:
if X< T, is a T;-maximal code and X M a* # ¢ then X is a finite code.
For k > 1 this is not true. For example the code:

X={a’ a’b, ba, b}

is contained in an infinite T,-maximal code Y (¢f. prop. 1.2, prop. 2.3) and
a’eY.

Let us introduce the following notation: for any pair u, v of words of 4%,
if v is factor of u we write v S u.

For any pair of positive integers k, d consider the following subset of A*:
Foq={weA*|Vu<w,|ul,>k=a*<u}.

Let M, ;=a’F, ,a®\U{a}* It is easy to see that M, , is a submonoid of
A* and that the set of factors of M, , coincides with F, ,.

For k, d positive integers introduce now the following subset of 4*:
k—1
Bk,a=aua‘< V) b(a<"b)i)a‘,
i=0
where a“9=1UJa\Ua?. .. Ua’" L

LemMma 1.1: M, , is a free submonoid of A* with base B, ,.

Proof: Since B, ,=M, , we have that Bf ,=M, , Let us prove that
M, ,< B, Any word w of M, , can be uniquely factorized as follows:

w=a"tv,a"2v,a"v;...a"v, a1,
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388 C. DE FELICE, A. RESTIVO
with:

ny, B4, =d, Ny, A3, ..., 1, =2d,

k—1
v;e U b@<‘b).

i=0
In other words n, and n,,, indicate the numbers of consecutive a’s at the

beginning and at the end of w respectively; the elements a" (2 £ i < r) indicate

the occurrences in w of factors belonging to a??a* between two consecutive
occurrences of the letter b.

By this factorization we easily obtain an unique factorization of w in
elements of B, ,, [

Consider now a finite code X = T, and let d=max {|x| |xe X}.
Consider the intersection:

Y*=X*N\M, .
Y* is a free submonoid and Y is a recognizable code (indeed X* and M, ,
are recognizable subsets of A*).

REMARK 3: We have that Y # ¢ if and only if X N a* # .
Indeed suppose that Y # . Since:

YeY*e M, ,

if weY either wea* or w=aw'a’, weF, ,
Since:

YecYteXx™ 0}

and by definition of d we have that X" a* # (.
Vice versa, since a*cM,, if XMNa*# we have that
X* N\ M, ,=Y" # . Moreover, if Y # ¢, we have that:
XNa*=Y N a*.

Indeed if Y # & let n be the integer such that a"e X.
Since a"€ M, , we have a"e Y™.

Then there is te N, t £ n such that a'e Y.

By (1) we have that a’e X™*.

Then:

a“eX, ae X, t<n = t=n

R.A.LR.O. Informatique théorique/Theoretical Informatics



SOME RESULTS ON FINITE MAXIMAL CODES 389
Suppose that a"=X M a*=Y M a*. We have:
LemmA 1.2: If Y is a M, smaximal code, then X is a T,-maximal code.

Proof: The proof is by contradiction. Suppose that X is not a T;,-maximal
code. Then there exists a word x € T, such that X\ {x } is a code.
Let:
Z*=XU{x})*NM,,

and let Z be the base of Z*.
Since a" xa™ e Z*\ Y* one has that:

Y*<Z*  and Y*#£Z* (1)
If we prove that:
YcZ,
then by (1), it follow:
YcZ,

which is a contradiction.

Since Y*<Z* if yeY then yeZ*\ 1. Then there are reN,
Zy, ..., 2,€ Z\1 such that:

y=z(. ....z,. 2)
By definition of Z* and Y* one has that:
yeXH, zze(XU{x})", z,e My 4, ie{l,...,r}.

Then there are X, ..., X,€X; Xi, ..., Xy - » X515 ..., X €XU{x},
such that:

Xie oo 2 Xg=),
. i i __
Vie{l,...,r} xi.....x=z
Then:
— 1 1
Xpo oo Xy =X10 oo o Xige e X7 X 3)

Since XU {u} is a code and in the left of (3) there is no occurrence of x
-one has that:

Vie{/l,...,r}, vie{l,..., k;}, xieX = Vie{l,...,r},
zeX*NM,, = Vie{l,..., r}, z;€ Y*N\ 1.

vol. 19, n° 4, 1985



390 C. DE FELICE, A. RESTIVO

Then by (2) we have that:
y=z,.....z,6 Y'NY,

which implies r=11i.e yeZ. []
Introduce the following definition. A code X < T, is T,-complete if
Y*=X* M, ,is dense in M, , i.e. if:
VYweM, 4 M, ;wM, ;,N\Y*#J.

By theorem 1.1 and lemma 1.2, we obtain the following theorem:

THEOREM 1.2: Let X < T, be a finite code. If X is T,-complete then X is
T,-maximal.

REMARK 4: The converse of theorem 1.2 does not generally hold, as shown
by the following example:

X={d’ a*’ba, a*b, ba, b},

X is a T;-maximal code, but it is not T,-complete (see prop. 2.2).

By remark 4 we see that the relationship between the notions of maximality
and completness, as stated by theorem 1. 1 for finite (and recognizable) codes
in A* does not hold “locally” in T,. As we shall see this is a consequence of
the fact that a finite code is not generally contained in a finite maximal code.

REMARK 5: Let X be a T, -complete finite code.

Then, by theorem 1.2 and corollary 1. 1, there is ne N such that a"e X.

Moreover for any w=a"tba"b. ... .ba"eM, , there are w,, w,eM, ,
such that:

w, ww, € X*.
Since n; = d, n, = d, by definition of d there are t <n,, g < n, such that:
a‘'ba™b. ... .ba"-1ba%e X*.
This equation implies a* wa* M X* # .

Vice versa, since a*< M, ,, if this condition holds for any we M, ,, we
have that X is a T,-complete code.

Then:

X is a T,-complete code < VweM, ,
a*wa* N\ X*# .

R.A.LR.O. Informatique théorique/Theoretical Informatics



SOME RESULTS ON FINITE MAXIMAL CODES 391

Consider now a finite maximal code C in A*. We prove the following
lemma:

LEMMA 1.3: Let C < A* be a finite maximal code. Then X=C N\ T, is T,-
complete.

Proof: Let d be the maximal length of words in C and let w be a word of
M, , By remark 5 it suffices to prove that:

a*wa* N X*# . 1)
Since X N a*=C N a*, if wea* then (1) is verified. Suppose that:
w=a'w a, weF,
By theorem 1.1 there are u,, u, e A* such that:
u, wu, e C*
and, by the definition of d, there are r, se N, r, s <d, such that:
a"w a‘e C*
By definition of d and of F, ; we have that:
a"w’ a*e X*. (2)
Let ¢ be an integer such that tn>d. By (2) we have:
a"awaa"eX*Na*wa*. [

As a consequence of theorem 1.2 and lemma 1.3 we obtain the following
theorem:

THEOREM 1.3: If C < A* is a finite maximal code, then CN\ T, is a T)-
maximal code.

REMARK 6: The condition stated in theorem 1.3 does not hold in general
if one consider, instead of T, an arbitrary subset T of A*. This is shown by
the following elementary example. Let T be the set of words of A* of length
pair:

T={weAd*||w|=2nn20}.

Let C= {aa, ab, b}. C is a finite maximal code, but C("\ T= { aa, ab} is not
a T-maximal code.
By theorem 1.3 we may deduce some interesting consequences.

vol. 19, n° 4, 1985



392 C. DE FELICE, A. RESTIVO

COoROLLARY 1.2: If C and C’ are two finite maximal codes on the alphabet A
which differ for only one word, then C and C’ are commutatively equivalent.

Proof: Let u and uw be words of C and C’ respectively such that
C'=(C\{u})U{w}. By well known arguments concerning the mesure of
a maximal code (see prop. 1.1) we have:

Jul =[],

Let k= |u,. By theorem 1.3, CN T, is a T, ;-maximal code. Hence:

w2 k=|ul,

By changing a for b, the same argument gives |u’|,=|u|,. By these two
inequalities and by the condition |u| = |u’|, we decuce that |u’|,= |u|, and
| |,=|ulp i.e. u and u’ are commutatively equivalent. [J

COROLLARY 1.3: Let X = T, be a code that is contained in a finite maximal
code in A*. Then X is T,-maximal if and only if X is T,-complete.

Proof: If C is a finite maximal code which contains X, one has X =« CN T,.

If X is T,-maximal, then X=CN T,. The proof is then obtained as a
consequence of lemma 1.3. []

Corollary 1.3 gives a general condition under which the relationship
between the notions of maximality and completness of a code, as stated in
theorem 1.1 holds “locally” in T,.

Moreover it gives a necessary condition for a finite code to have finite
completion. Indeed it can be formulated in the following way:

CoOROLLARY 1.3: Let X be a T,;—maximal code. If X is not T,-complete then
it has no finite completions.

This result allows us to construct in a simple way finite codes having no
finite completions.

2. THE CASE T,

In this section we consider codes X <= T, i.e. such that X < a* U a* ba*.
We prove some results which are not true for codes contained in T,
[prop. 2.1, cor. 2.1, cor.2.2] and we construct finite codes having no finite
completions [prop. 2.2, prop. 2.5, cor. 2.3].

Finally proposition 2.6 and corollary 2.4 concern the triangle conjecture
formulated by Perrin and Schiitzenberger [7]:

R.A.LR.O. Informatique théorique/Theoretical Informatics



SOME RESULTS ON FINITE MAXIMAL CODES 393

Triangle conjecture: Let X « T, be a code having finite completions. Set:
d=max {|x||xeX},
then card (X) < d.

Some partial results on this conjecture can be found in [2], [4], [7], [8]
and [11}.

ProposiTION 2.1: Let X = T, be such that X\Ja" is a code. Then card
X)=n

Proof: For all re N and xe X":

x=ad'1bha’ta'2ba’2. ... .ba’r-1ad"ba',
let us consider a map ¢, defined as follows:
@, t)=((iy; j1)s - - -5 (ip J)) = (ps Ji+ias - - -5 b Hjp—1, Jp) (MOd 7).
One has that if X is a code then ¢, is an injective map. Then one has that:
[card (X)[' =card ({t(x)|xe X })<n"*1.

By the foregoing inequality the result follows. []

COROLLARY 2.1: Let Y = T, be a maximal code. Y has finite cardinality if
and only if Y N a* # J.

Proof: Sufficiency of the statement follows by proposition 2. 1, necessity
by corollary 1.1. [

COROLLARY 2.2: Every finite code X < T, is contained in a finite T,;-maximal
code.

Proof: X is contained in a T,-maximal code Y such that Y N a*# ¢ by
proposition 1.3. The results follows by corollary 2. 1.

Let p be a number greater than3 (H, K) a factorization of
{0,1,...,p—2} [i.e. for any clement z of {0, 1,...;p—2) -'here is an
unique pair (h, k) of H x K such that h+k=z] with H, K#{0}. Let X be
the code:

X=a?+a"ba"= {a?} U {a"bd"|(h, k)e Hx K}.
If p is a prime number then X belongs to the family of codes of Restivo [9].

REMARK 7 [5]: Since (H, K) is a factorization of {0, 1,..., p—2} with
p23and H, K#{0} then there is te{2, ..., p—2} such that either:
H=2{0,1,...,t—1}; {0,2} =K, (1)
or:
K=2{0,1,...,t—1}; {0,t} <H 2)
vol. 19, n°® 4, 1985



394 C. DE FELICE, A. RESTIVO

ProposITION 2.2: X is a finite T -maximal code which is not T,-complete.
(Therefore X has not finite completions.)

Proof: First of all X is not a T,-complete code. Otherwise, by remark 5,
for any integer g such that g=p—1 (mod. p) we have that:

a*ba?ba* N\ X* # .

Then there are i, j, t,, t,eN such that i+j=p—1 (mod. p) and
a' ba', a’ ba'z € X, against the definition of X.

Let us prove that X is a maximal code.
For all, (i, j)e N? let i,, i, be the integers such that:

i=mp+i1a

j=np+i, 0=i, i,<p.

One has the following four cases:
(D) iy, i <p—1;
(I) i;=i,=p—1;
(ITL) i, <p—1,i,=p—1;
Iv) i,=p—1,i,<p—-1
and, by remark 7, we have either:

H=2{0,...,t—1}; {0,t} =K, (1)
or:
K=o{0,1,...,t-1}; {0,t} =H. 2)

We prove that in each case, if a'ba’¢ X then X\ a'ba’ is not a code.
Indeed there are hy, h,e H, k,, k, € K such that:
(Case (I) and (III)):

iy=h,+k,.
(Case (I) and (IV)):
i=hy+k,

and we have that:
(Case I):

b (a‘ba’) b=(bd*1) (a?)™ a"1 ba*z (a?)" (a"2 b).

R.A.I.R.O. Informatique théorique/Theoretical Informatics



SOME RESULTS ON FINITE MAXIMAL CODES 395
(Case Il +case 1)):
ba' (a?~*ba? " Y)yab=ba* (a'~ ! b) a” (b).
(Case II +case 2)):
ba(a? *ba? " Y)a'b=b(a?) (ba' ') a” (b).
(Case III +case 1)):
b(a‘ba?~*) ab=bd*1 (a"1 b) a® (b).

(Case III +case 2)):
b(a'ba?~')a'b=bad* (a"1 ba' ') a? (b).

(Case IV +case 1)):
ba' (@~ * ba’) b=>b(a?) (a'~* ba*?) (a"2 b).

(Case IV +case 2)):
ba(a?~ ! ba’) b=b(a?) (ba*2) (a"2 b).

Then XU a'ba’ is not a code. []

Moreover we can prove that X is not contained in any finite T,-maximal
code. In order to prove this statement we need the following preliminar
lemma:

LemMA 2. 1: For all i, j, ke N such that j % p—1 (mod. p), XU a'ba’ba* is
not a code.
Proof: If j # p—1 (mod. p) then there are h,e H, k,€ K, t, € N such that:
j=hy=ky+t,p
and one of the following conditions is verified:
() i#p—1(mod. p), k #p—1 (mod. p);
(I1) ’p—1 (mod. p), k =p—1 (mod. p);
(IIl) i=p—1 (mod. p), k#p—1 (mod. p);
(IV) i£p—1 (mod. p), k=p—1 (mod. p).
Moreover, by remark 7, there is 2te {2, ..., p—2} such that either:
H=2{0,1,...,t—1}, {0,t} =K, (1)
or:
K=2{0,1,...,t—1}, {0,t} <H (2)
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396 C. DE FELICE, A. RESTIVO

and there are h,, hyeH, k,, k;€K, t,, t;€ N such that:
Case (I) and case (IV):
i=h;+k,+t,p,
Case (I) and case (III):
k=hy+k;y+t;p.
Then we have:
(Case (I)):

b(a'b a’ ba*) b=ba*1 (a”)"1 a"1 ba*z (a?)'2 a"2 ba*3 (aP)'3 (a"3 b).

(Case 11 +4case 1)):

ba' (a?~1*P1 bal baP~ 1T P3) ab=b(aP)' *'1 @'~ ! ba*2 (aP)2 (a"2 b) (a®)' * 13 b.
(Case (III) + case 1)):

ba' (a? =1 *P1ba’ ba¥) b=b(a?)! *'1 @'~ ba*2 (a®) (a"2 ba*3) (a"3 b).
(Case IV +case 1)):

b (a' ba’ ba? ' *P'3) ab = ba*1 (a?)"1 (a"t ba*2) (aF)'2 a*2 b (a?)* **3 b.

Then in case (1) XU a'ba’ ba* is not a code.
In case (2) the result follows in a similar way. [
ProrosITION 2. 3: X is not contained in any finite T,-maximal code.
Proof: The proof is by contradiction. Let Y be a subset of T:
Y= {a'tba'tbd“, ..., a"ba'»ba*},
such that X Y is a T,-maximal code.
Set:
w=a'ba’ ba*
i, j, keN; Ljsk>{ji - dats  J<i
i=i, (mod. p),
j=p—1 (mod. p),
k=k, (mod. p).
Since XU Y \U w is not a code there is a word ze (X U Y U w)*\ 1 with two
factorizations in terms of the elements of X\ Y \Uw and of minimal length:

Z=Xy. oo Xg=YV1e oo Vi X, ;eXUYUw.
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Let x, be an occurence of w in the left side of the above equation. We have
the following cases:

1. Thereis ge{1, ..., h} such that:

Yg=X
and, if (t, q) # (1, 1):
Xjv oo Xy =Yie ov Vao1s
if (t, q) # (k, h):
Xepge oo Xg=Vas1- oor Vi

2. Thereisie{1,..., h} such that y,e Y and ba’b is a factor of y,.
3. There are gq,, g, € N such that:

a?t x,a%2 e a* X? a*.
4. There are q,, g5, 93 € N such that:
a%tx,a% ba3ea* XY a*\Ja* YXa*.
5. There are q,, g5, 43, 44 in N such that:
a% ba% a’ ba’ ba* a%2 ba®s € a* Y? a*.
6. There are u,, uje(XUY)*, v, wie(XU Y Uw)* and an occurrence

of w in the right side of above equation such that:

(1)

Z=u, Wo; =uj woy, }
luy | < |uy| < |ug| + |[w]

We prove that, in each of these cases, we have a contradiction. Indeed the
first case contradicts minimality of z and the second case contradicts the
hypothesis j > {j;, . . -, Jn }-

Moreover we can not have case (3) since it implies that there are r, s, u in
N such that:

a*ba "N X#J, aba*NX#+#JD
and:
r+s=j=p—1 (mod. p),
against the definition of X.
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We can not have case (4) and (5) because otherwise there are reN, r <j
and g5 g, such that:
a ba* a2 bat3e Y,
with k> {j,, ..., j,} and this is a contradiction.
In case (6) we have that there are A, A, pe A™, |A| <|w| such that:

uy=u;A,  A=dba’ba,
Ap=pl =w,
v, =A"v].

Then one has that:
uy=u, A=u,a'ba’ba*e (XU Y)".
Since for any ge{1,..., n} we have that i, j>j, there are h, m, r, ee N
such that:
m=s (mod. p), h=i (mod. p),
r+e=p—1 (mod. p),
a"ba®, a" ba" e X,
against the definition of X.
Then the result follows. [J

One can ask the question whether a finite code which is contained in a
finite T,-complete code, for all k, has a finite completion. We have not an
answer to this question, however for the code of next proposition, we have
not found a finite completion (which probably does not exist): it is then a
candidate for giving a negative answer to the question.

ProrosiTiON 2.4: The code:
X={a* b, ba’, a*b, a®ba®}

is T,-complete and is contained in a finite T,-complete code for all ke N. “The

code:
Y=a*+a'%?b(ab)* a®?

is a completion of X.

Proof: 1t is straightforward to prove that X is a T,-somplete code. Let R,
be I’ensemble of the i-residues of Y and m the uniform distribution on A*.
We have:

R, (Y)=R;(Y)={d’ (ab)*, (ab)" a®},
n(Y)=1,
i.e. Y is a recognizable maximal code (see prop. 1.1).
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Moreover for all re N and for all h, ke Hx K=(0,2) x(0,3), 54, ..., S,e N
one has that:

w=a"bath. ... .ba*ba‘e Y* (1)

The proof is by induction. Suppose r=1. If s;=1 then w=a"baba*eY.
Otherwise, there are (h,, k,)e H x K, g€ N such that:

s;=h, +k,+4q.

Then:

w=a"bd*1 (a*)?a" ba* e Y*.
Let us suppose that (1) is true for all intergers +' <r. If s;,=...=s,=1 then
weY.

Otherwise, set:
t=min{je{l,...,r}|s;#1},
there are h,, k,e H x K and g€ N such that:
s;=h,+k,+4q.
We have:

a"ba*rb. ... .ba%-1ba", a"ba%+1b. ... . ba*bd‘e Y*,

by the hypothesis of induction. Then we Y*.
Set, for all me N:

m—1
Y,=a*+ Y a%?b(ab)?a®?,
q=0
Y, is a T,-complete code which contains X. In facts, let n, ..., n,e N such
that:
ny, hy=d

and there are at most m consecutive n!s such that n; <2d.
Let w be the word:

w=a"tha"b. ... . ba".
By remark 5 we have to prove that:

a*wa* N Yr+O. (2)
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By (1) we have that:
a"ba"zb. ... .ba"-tba*e Y*,
that implies (2). [

Next propositions give other methods to construct codes having no finite
completions.

ProrosiTioNn 2.5 Let X be a code such that a"e€X, and let
T=a*b\Uba*\Ua* Z=XNT. If Z satisfies the following conditions:

1. beZ;

2. Z is a T-maximal code;

3. Vk >0, 3r =k such that ba" b¢ Z*.
Then X has not finite completions.

REMARK: Set T"=b*a* \Ja*b*\Ja* by 1 and 2 it follows that Z is a T'-
maximal code.

Proof: The proof is by contradiction. Let Y be a finite completion of X
and let A be the maximal length of the words of Y.

By (3) there is r = k=A+1 such that:
ba'b¢ Z*. ey
Moreover, since the word:
b*a" b*
is factor of some word of Y*, there are ¢, s, k, h = 0 such that:
b*at, a*b"e Y, t+s=r (mod. n)
and, by (I), one has that:
{b*d, a°b"} ¢ Z.

(Otherwise, since Z< T, we have that k=h=1 and ba'**be Z?).

Since Z is a T’-maximal code the result follows. [J

CoroLLARY 2.3: Let X be a finite code such that a"€eX and let
T=a*\Uba*\Ja*b, Z=XNT. If the following conditions are verified:
1. There exists te N, 0 <t < n—1 such that:

{r+s|ba’, abeX}={0,1,...,n—1}\t

2. Z is neither a prefix code nor a suffix code then X has not finite
completions.
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Proof: For all k>0 let g be an integer such that:
r=t+nq>{k, [(X)}.
By hypothesis one has that:
beZ, ba'b¢ Z*.

If we prove that X is a T-maximal code, then the result follows by
proposition 2. 5.

For all i, ge N, g <n such that:
ba'ti"¢ Z,
one has two cases:
q#t,
q=t.
In the first case there are r, se N such that:
ba', a°be X; r+s=q.
Then:
(ba®* ™"y b=(ba") (a") (a* b). 0))
In the second case we remark that:
Vve N\ 0, a’b¢Z = Z<ba*.

Then by 2 there is ve N, v # 0 such that a’be Z.
By 1, since Z< X, we have that 0 <v <n and:

qgtv=t+v#t.

Then there are r, se N such that:

ba', a*be X
and either:
r+s=t+uv,
or:
r+s+n=t+v.
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By these equalities one has either:
(ba?* ™ a” b= (ba") (a") (a*b), (II)
or:
(ba®*™™ya*b=(ba") (a")'** (a*b). (Ir)

By (), (II), (II’) one has that Z U ba?* ™ is not a code. Similarly if a®*"b¢ Z
then Z\Ua?"™"b is not a code. []

We come now to the triangle conjecture. By proposition 2.1 one has that:

ProOPOSITION 2.6: Let X = T, be a code such that a®€X. Then X verifies
the triangle conjecture.

ProrosiTioN 2.7: Let X < T, be a code Ty -complete such that X\ Ja" is a
code. Then d = n.

Proof: By contradiction let d < n. Let te N be such that:

r=n—1+tn>d.

Set w=(ba")"**, since X is a code T,-complete, by remark 5 there are e, se N
such that:

atwa’e X*,

Then there are (i, j,), . - ., (i, j,) such that:

jq+iq+1=n_la (1)
daba’ie X, g=1,...,n—1
Moreover by the hypothesis:
ip+j,<n—1 (2)

By (1) and (2) it follows:
ige1 2+ 1
By this inequality, since i, = 1, it follows:
i 2n—1,

against the hypothesis d <n. [
By proposition 2.1 and 2.7 one has that:
COROLLARY 2.4: Let X = T, be a code T,-complete. Then card (X) <d.
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We conclude with some open problems. A first question is the one posed
before proposition 2.4, i. e. whether a finite code, which for all k is contained
in a finite T,-complete code, has a finite completion. In order to answer
negatively to this question one has to prove that the code in proposition 2.4
has no finite completions.

This answer should give also a negative solution to the problem whether
the necessary condition of corollary 1.2 is also a sufficient one. If this were
the case, one should have two different « types » of finitely uncompletable
codes: codes finitely T,-completable for any k and codes having no finite T,-
completions for some k.

Another open problem is whether there exist codes X < T,, with
X N a*=g, which are not contained in a finite maximal code. The examples
reported in this paper are such that X M a* # (. Moreover in these examples
if a"e X, one can always find n’ # n such that (X\ a") U {a" } has a finite
completion.
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