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NfRON MODELS FROW THE RIGID ANALYTIC VIEWPOINT

i =&
by 3iegfried B03CH ( )

The theory of Néron models has proved as an inportant tool for the treatuent of
abelian varieties over number fields or over fields with a discrete non-archimedean
valuation. For exanple, the uniformization of abelian varieties as suggested by
RAYNAUD, is based on the existence of Néron models. Recently, through Faltings'
proof of Mordell's conjecture, these models have been brought to attention again.
Néron uodels were originally constructed by NERON [N] in 1963. It was then indicated
by RAYNAUD [R] in 1966 how to carry out the construction within the framework of
nodern algebraic geonetry. Furthermore, GROTHENDIECK [SGi 7] showed the existence

of Néron nmodels with seui-abelian reduction.

In [BL 2], one finds an approach to the uniformization of abelian varieties in
teorus of rigid analysis, avoiding the use of Néron nodels. In fact, the existence of
Néron r.odels with seni-abelian reduction in an easy consequence of the results in
[BL 2]. This will be explained in the present lecture ; for uore details (see [BL 37).
The nain idea behind the construction centers around the fact that a flat scheue
over a valuation ring is uniquely characterized by its generic fibre and by its for-
nal coupletion along the special fibre. Under certain finiteness conditions, the
latter can be viewed as a rigid analytic variety. It is for this reason that the

application of rigid analysis is possible.

le Rigid analvsis and fornal algcbraic geonetry.

IR

Let k be a couplete non-archinedean field with a discrete valuation and let K
be a dense subfield of k . The valuation ring of k is denoted by k° , and the
residue field by %k ; similarly for K . We will consider scheumes over k° and K,
and their formal completions (in terus of fornal schemes over k° ) or their analy-

tifications (in terus of rigid analytic varieties), respectively.

Let X be a formal scheme 1. t. f. t. (1oca11y of topologically finite type) over
k° , One associates with X a formal analvtic variety xt-an , ([BL 1], sect. 1),
and a (rigid) analytic variety X . Namely, if X is affine, say X = Specf R
with R t. f. t. (of topologically finite type) over k° , then R :=R3Q,k is
a k-affinoid algebra, and

Xf—an := Spf Rk , x&n

= Op Rk .

Both varieties are essentially the same ; their "points" consist of the maximal

*
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ideals in Rk . However, on the affinoid variety Sp Rk , we consider the usual
Grothendieck topology, as characterized in ([BGR], 9.1.4/2), whereas on the formal
affinoid variety Spf Rk we restrict ourselves to the topology gencrated by all
formal subdonaine ([BL 1], sect. 1). Using coverings, the definitions of Xf-an and
xan extend to the general case. Formal analytic varieties adwit reductions, derived
fron the canonical reductions of their formal open affinoid parts. The reduction
Xf—an of Xf—an is related to the special fibre Xs of X by a finite surjective
nap gr-an __, X, . If X =Specf R is as before, this nap corresponds to the ho-

nororphism

R Qko k —-> ﬁk ’

where

~

Rk :

. . . -sch
There is a converse procedure which associates a forual scheue Yf (not ne-

i

frer s lfl, <stl/leer 5 [el,, <1},

sup

cessarily) 1. t. f. t. over k° ) to each fornal analvtic varicty Y . Naumely, let

© be the sheaf of analytic functions on Y and denote by O° the subsheaf of func-

tions of sup-norm <1 . Then Yf—SCh is constructed by glueing the affine formal

schenes Specf OG(U) where U varies over all formal open affinoid subvarieties
of Y.

LEA 1.1. - The mappings X |—> X. % and T |—> T2 ®" are functorial. They

set up an equivalence between

(a) all formal schenes X which are 1. t. £fo t. and flat over k° , and have a

reduced snecial fibre XS , and

(b) 211 distinguished formal enalytic varieties Y . (A formal analytic variety

Y is called distinguished if, for each affinoid formal open subveriety U C Y ,

there exists a closed imiersion U C—> BF into some unit ball @? such that each
fe 0(U) extends to a function g € 9(3") with (cf. [BL 17, sect.
1 and [BGR], 6.4.3).

lflsup = |g|sup

Furthernore, if X is of type (a) and Y = x5 5 its counterpart of type (b)

then the special fibre of X coincides canonically with the reduction of Y .

We call a formal analytic variety Y suooth over k© if it is distinguished and
has geonietrically regular reduction ¥ . Bquivalently, instead of assuuing Y to be
distinguished, we nay require that the sup-norm of analvtic functions on formal open
subvaricties of Y assunes values only in |k| ; this is clear by ([BGR], 6.4.3/1),
since we are working over a complete field with a discrete valuation, wvhich is
stable by ([BGR], 3.6.2/1). If Y is smooth over k° , its associated analytic va-
riety is geometrically regular. Furtheruore, one can show that, under the equivalence
set up in Lemma 1.1, formal schemes, smooth over k° , correspond bijectively to for-

mal analytic varieties, smooth over k° .
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Looking at the dense subfield K Ck , let us consider a scheme % which is

1. f. t. (locally of finite type) over k° . Then we set

& := formal completion of % (a formal scheme 1. t. f. t. over k° ),

Af"" . N .
& - fornal analytic variety associated to &,

31
[

s= generic fibre of % ,

g

:= analytification of fl}n (a rigid analvtic varicty over k ).

One knows that ‘gi gives rise to an adrissible open subvariety of %%n .

Example 1.2. — Let t be o uniformizing eleunent in K° . Consider an algebra R
f. t. (of finite tvpe) over K° , and set

R’K::RQKOK .

~
T

R := t-adic completion of R ,

Ri=Ry,K=Rag, k.

Then, for ¥%:= Spec R , one has ;i;: Specf R, « =Spf R, and ?Gn = Spec R .
Choosing a closed irmersion ¥ C——- QII{IO , one obtains closed iuuersions fﬁﬂ Cm> ,ﬁKn
and %in Cmm> g; . In this situation, the formal analytic variety corresponds

g
to the ™unit ball" in %?;n ; 1. e., pointwise we have ¥ = ‘l"?n n%B"
I

,v] = L]

PROPOSITION 1.3. - Let % ,Y be schemes 1. f. t. and flat over K° and having

x Y, —> 33,“ be a K-norphism between
i

the generic fibres. Then the following conditions are equivalents

reduced special fibres fﬁs and ‘HS . Let P,

(1) @ extends to a KO-rorphisn © : Y——s &,

(i1) (Pan : Y :d"ln - ?f:?,n , the analytification of o, ,

0 '

| i
restricts to a norphism of formal analvtic varieties © : Y%,

Furthermore, any extemsion ¢ of o 88 in (i) is unique.

We need an analogue of 1.3 which shows how to extend X-scheries to X9-scheres.
Let XAn be a scheme 1., f. t. over K , and denote its analvtification by X%n .

Furthermore, let X be a distinguished formal analvtic variety, togcther with an
open immersion ian ——> X%n of its analytification 1 into X,illn . More precise-
ly, let us assuue that, there is an open affine covering {ui}ieI of X'Ti as well
as a formal open affinoid covering {ﬁi}iEI of X such that, for all ie I, we

have ﬁi < Ui’n and the image of ﬂ(Ui) is dense in (‘)(I-Ii) . Then

extends uniquely (ug to canonical isomorphisn) to a scheme

PROPOSITION 1.4. - X,n
¥ 1. f. t. and flat over K° such that %'i]

of % is reduced, and such that % = X . Furthermore, ¥ is smooth over K° if

= X,q , such that the special fibre fXIS

and only if XT] is smooth over X and X is swooth over k° .
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2. Uniforrnization of abelian varieties.

The construction of Néron models will be based on the results of [BL 2]. So let
us recall the necessary facts about the unifornization of abelian varieties, and let
us adapt them to the case of & not necessarily alegebraically closed ground field k.
The field K Ck is as in sect. 1. Let A b3 an abelian variety over K , and, for
any extension L of KX , write AL for A'gk L . Let A™ 7be the analytification

of A . Then A™ isa rigid analytic group over k .

PROPOSITION 2.1. — There is a unique open analytic subgroup A of A% which is

E_(geonetrically) connected (quasi—compact) fornal analytic group satisfying the

following property.

There exists a finite separable extension £ of k such that A =1 E 4 is

A —

smooth over 4° and has seni--abelian reduction.

The group 4 has the following universal napping property.

PROPOSITION 2.2. - Let X Dbe e connected formal analvtic variety, smooth over k°.
If ~:{>:X-—-—>Aan

——

nd ¢ ¢+ X -—=> A is a formal nmorphism.

a
———

is an analytic morphism such that im ¢ nA £ ¢ , then im @ <A

For the discussion of Wéron models the notion of étale points is basic. Let X be
an analytic variety over k . A closed point x € X is called étale if the field
k(x) is an unranified extension of k . Thereby we mean that k(x) 4is separable
over k , that the extension of the valuation fron k to k(x) hes ramification
index 1, and that the residue extension of k(x)/k is separable. These conditions
are equivalent to the fact that the valuation ring of k(x) is étale over k° .
The set of étale points in X will be denoted by Xet . It is clear that morphisos
send étale points to étale points. Furtheruiore, for any unranified extension 4 of

. . . ~et et
k , one obtains a surjective map I, -->X .
~

LEM1A 2.3. = Let X Dbe a formal analytic variety over k which is smooth over

k° o Then Xet is formally dense in X .

Proof. — Due to 1.1, we can view X as a formal scheme suooth over k° . Since the
special fibre Xs = X is smooth over K , the set of closed points, whose residue
field is separable over E , i1s Zariski-dense in X. By the 1ifting property of

snoothness, such points 1lift to étale points over the couplete field k ,

qe e. d.

If & is smooth over k° , we see by 2.3 that 2% I is formally dense in & .
We want to use the uniformozation of A® in order to obtain a precise knowledge

about the position of all points in Aet . We need the following facts from [BL 2].

2.4, - The group A contains a unique closed subgroup T such that T is a ma-

xinal affinoid torus in A& (4. e., after extending the ground field k suitably,
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T becones isomorphic to a product of multiplicative groups gn ). If X is swooth

over k¢ , the torus T is swooth over k° , and the closed inmtiersion T Ce=s A

~

reduces to the closed jumersion T ¢<--> A , where T is the waximal affine torus

~

in X .

2.5. - Agssuue that A is smooth over k° and that T splits over k . Then the

. . oo . . an
closed irriersion T <--> A extends to an analytic homonorphism T ——> A , where

T is the affine torus over k containing T as subgroup of units, and the open

. . - an . . . ~ an
iumersion A C-=> A extends to a surjective covering map p ¢ A -—> A
"

A := L x T/(diagonal) is the universal covering of A

, Where

TC 3 A
/ /A

TC S ki P

v

Aan

The kernel I :=ker p is a discrete subgroup of A .

We will characterize the situation in 2.5 by saying that the uniformization of A

is defined over k . In this case we know (up to unranified extension of k ) that

K is locally a product of T and a locally closed subvariety of A ;s hence A is

locally a product of T and a locally closed subvariety of A . Since the &tale
points of tori are easy to deteruine, we obtain the following inforuation on the

étale points of A and A .

PROPOSITICH 2.6, — Assune that the uniforuization of A is defined over k . Dendcte

by T(k) the group of k-rational points in T . Then the lattice [ consists of

k-rational points in A . The set of étale points in A satisfies
L 2ar1sties

=T(k) . (An Aet) and p(fxet) YL

_zgt

In particular I € T(k).Z , and Aet is contained in a finite union of translates
of 4L by points in p(T(k)) .

THEOREM 2.7+ — Let A be snooth over k© . Then there exists a unique open analy-

tic subgroup Eet of A% , which is & quasi-coupact formal analytic group smooth

over k° , and which satisfies the following universal napping property.

For each forual znalytic variety X smooth over k° , and each analytic nap

- et |
Pt X == A% , the inage in ¢ 1is contained in Aet , and o : X —=> 1°Y is a

fornal norphisn,
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Turthernore, A is the identity couponent of 7°t , and 2% s fornally dense

. —et . . . . . . .
in 47" . In particular, if the uniformization of A is defined over k , each

couponent of Ket contains a k-rational point, and the surjection 3 - (‘kg')t ’

where ka is the algebraic closure of k , gives rise to a bijection
—et 3
Y8 = (DA,

where A is the image of the lattice I <1 .

¢
|

Proof. - By neans of Galois theory, the general case is reduced to the case where
he uniformization of A is defined over k . So let us assuune that we are in the
situation of 2.,5. Then, due to 2.6, the union of all translates of A by the k-
rational points of p(T(k)) yields a fornal group Ket as required ; namely, the
napping property follows easily frow 2.2, since each component of a given X , which
is smooth over k° , contains an étale point by 2.3,

qe €« ds
3. Néron nodels and Grothendieck's seni-abelian reduction.

In this section we will use the results of sect. 1, in particular Propositions 1.3
and 1.4 in order to discuss Néron uiodels of abelian varieties in teruns of rigid ana-
lysis. The necessary facts about the analvtic structure of abelian varieties have

been gathered in sect. 2. The fields K <k are as in sect. 1.

Definition 3.l1. — Let X be a schene snooth over K . A schene X over K° is

called a Néron wmodel of X if the following conditions are satisfied

(1) fﬂn =X

(i1) % is snmooth over Ko .

(iii) If Y is a scheme, suwooth over K° and o, : Y, -— %T} is a K-uorphism,
i
then P extends uniquely to & K°-mornhism ¢ : Y ->%,

It is clear that the Néron wuodel is unique (up to canonical isomorphisw) if it
exists. Furtheruore, X is a group scheue if X is a group schene. The umain result
we want to prove combines the existence of Néron nodels for abelian varieties [n],

[R] with Grothendieck's seui-abelian reduction [SGA 7].

&emiQAbelian Reduction TheoroL 3:é1 Z Tet A be an abelian variety over K ., Then

there exists a finite separable extension L of K such that the valuation extends

uniquely fron L to K and such that

(a) AL := A ©® L aduits a Néron model d f. t. over L° .

(b) @ has seni-abelian reduction i. e., the identity couponent ﬂg of the special

fibre ﬂé of 9 is an extension of an abelian variety by a torus.

It is shown in [N], [R] that A has always a Néron nodel over K° ; however, this

nodel does not necessarily have sewi-abelian reduction. Considering the analytifica-
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tion 4% of A we have seen in 2.1 that the open analytic subgroup A C A® ,

after replacing k by a finite scparable extension & , becoues smooth over 2° .
By Krasner's Lemma (in the version of [BGR], 3.4.2/3), 4 can be interpreted as
the cor:pletion of a finite separable extension L of K with a unique valuation

extending the valuation on K . Thus the assertion of 3.2 will be clear if we provey

THEOREM 3.3. - Let A be an abelian variety over K , and consider the open ana-

lytic subgroup 4 of 4™ yhich has been defined in 2.1+ Then the following are
equivalent

(a) Z 4is snooth over k° .

(v) The Néron nodel @ of A exists, ig f. t. over K° , and has seui-abelian

reduction.

Furtheruore, if (a) and (b) are satisfied, the analytic subgroup a < Aan asso-

ciated to the formal coupletion &, of A coincides canonically with the group Ket

of 2.7, whose identity couponent is & .

We want to deduce the assertions of 3.3 fron the results of sectgs.l and 2 be neans

of the following lemna which involves the group 1i°' .

LEMHA 344, - Let A be as in 3.3, and assume that A is smooth over k° o Then

there exists an affine open covering {Ui}i_ of A as well as an affinoid

= ! lyeee,n -
fornal open covering {U.]. of A such that T. € U™ and 9(U.) is
i'i=l,60e,n =— —_—— 1 i —_— i7 e

dense in dﬁi) for all i .

First, let us indicate how 3.3 is derived fron 3.4. Assume that A is smooth over
k® , Then we use the coverings of 3.4 and obtain bv 14 a schemne & f. t. over K°©°
which extends A . The fornal analytic variety A associated to @ coincides with
Ket ; hence d is smooth over K° . Furthermore, the identity cowponent G: of the
special fibre d_ of & coincides with the reduction of A (ef. 2.1), and we see
that ﬂ; is seuijabelian. Thus, in order to show that @ is the Néron wmodel of A ,
it reuains to verify the universal napping property (iii) of 3.1. However, the lat-
ter is a consequence of 1.3 and the universal napping property of Ket mentioned in

2.7,

Conversely, assume that condition (b) of 3.4 is satisfied. Then @ is an open ana-
lytic subgroup of A% , which is swmooth over k° as a fornal analytic group. Since
the reduction of its identity couponent Ef coincides with.d: and hence is serni-
abelian, we see by 2.1 that A = ® . In particular, A is snooth over k° ., Thereby
we have reduced the proof of 3.3 to the proof of 3.4.

In order to prepare the proof of 3.4, we need an auxiliary result.

LEHMA 3.5. = In the situation of 3.4, consider a non-eupty affine open subveridgty

U< A and a connected conponent E of the group E?t . Then there exist a non-
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enpty affine open subvariety U' <« U and a non-enpty affinoid formal open sub-

variety TCE such that T cur®® and such that O(U') is dense in O(ﬁ) J

Proof of 3.5. - The variety U™ contains a non-eupty affinoid formal open sub-

variety T of E . Fixing a closed iunersion U C-—=» £§ and looking at its analy-
an e .
tification U (Ce=> Aﬁ , we write U° = U™ Eﬁ . Then U° is affinoid, and we

mav assue F CU® ., By a result of Gerritzen and Grauert ([B6R], 7.3.5/3), F is
a finite union of rational subdomains in U° , and we can use the following elemen-

tary fact

Let {Vi}iEI be an adnissible open covering of an affinoid variety V . Then

there exists an index i € I such that Vi contains a formal subdonain of V .

Thereby we may assume that F  itself is a rational subdonain in u° or, equiva-
lently, a Veierstrass domain in a Laurent domain in U° . Since analytic functions
on U° can be approximated by algebraic functions on U , we may replace U by a
suitable affine open subvariety and theréby assume that T :=F is a Weierstrass

donain in U® . Then O (U) is dense in O(T) as required,
qe (SXY d.

If there are enough K-rational points in A , the coverings of 3.4 can be cons-
tructed by translating the sets U' and U obtained in 3.5. llowever, in general
this procedurc will not work unless the field K is extended. If X # k , the fact
that the valuation does not necessarily extend uniquely fron K to an algebraic
extension L nakes it impossible to descend from L to K by neans of Galois
theory. To fix these troubles, one uses auple divisors on A . e will establish 3.

4 by generalizing the assertion of 3.5.

LEMHA 3.6. — In the situation of 3.4, consider a connected conponent E of the

—-at . . o . -
group A and a point x € E . Then there exists an affine open subvariety U C A

and an affinoid forual open subvariety U < E such that x€ U < U™® and such that
@(U) is dense in GKﬁ) .

Proof of 3.6. = Choose an effective divisor D on A , which is anple. Then
V:=A - supp D is affine open in A. Applying 3.5, we may assune there is an affi-
noid fornal open subvariety V € E such that T < V* and O(V) 1is demse in 0 (7).
Next, let 4 be a finite Galois extension of k such that x deconposes into 24—
radical points X 5 ees , X, OVer 4 « Then Xj 9 eee 5 X € Eﬁ = 8 3 4 « Further-
nore,

= r -1 = r = =1

BaNia % TNy %(7)

is a formel open subvariety in Ka and contains a point 3z ; extending i if neces-
~

sary, we Lay assume that 2z is g-radicial. Then

- -1 =
Xy 9 eee gy X € sznz V,;z,’
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and if G = G(4/k) denotes the Galois group of 4 over k , we have

T = - -—
2 T,0 ()T

A

X g oo ,X

1 r E[WGEG(

By Galois descend, the variety on the right hand side is extension of an affinoid

formal open subvariety U € E containing x .
Similarly

(7 v, n () 7))

nOEG &

is extension of an affine open subvariety U! CZAk, , where U < U!' , Using some
standard arguments on complete tensor products and the fact that o(V) is dense in
O(V) , one easily shows U') is dense in O(T) . This verifies the assertion of

3.6 already in the case where K =k is complete.

So far we have not really needed the ample divisor D , and we will use it now in
order to approximate U' by a variety defined over K . Translating the divisor
Dz =D38% 4 by =z and z—1 , where 1z is as above, one obtains effective divisors
DQ(Z) and Dz(z—l) such that, by the theorem of the square, their sum is linearly

equivalent to ZDL « Then

g Ty=1
T g 2,(27) + D, (7))
is extension of a divisor Dé on Ak such that

supp ) = A - U}

and such that D& is linearly equivalent to a multiple of Dk = D 2 k . Replacing

D by a multiple of itself, we may assume D& linearly equivalent to Dk and D

very ample. Let £ =0(D) be the bundle associated to D . Then
= o~ H
£ 2k (Dk) (Dk) ,
and we have
r(eox, Ak) =12, A) Ok

for the vector spaces of global sections. Interpreting £ 3 k as the sheaf O(Dé) ’

the constant function sé =1 gives rise to a global section of £ 9 k which gene-~
rates £ O k over Uﬁ and, in particular, over U . Approximating sé by a sec-
tion s, € £(A) , we consider the affine open subvariety U < A , where s, gene-

0
rates £ . Then U < U® if the approximation is good enough. Furthermore, O(U)

is dense in O(U) , since there is an affinoid generating system of O(T) in O(Uﬁ)
and hence, by approximation in O(U) . This concludes the proof of 3.6.

—-et
It is now easy to construct the coverings needed in 3.4. Namely, for each x€ A

one constructs varieties U and U as in 3.6. Then finitely many of the varieties

U must cover Ket since this group is quasi~-compact. Adding affine open subvarieties
U Z A and empty varieties i} , one can guarantee that the varieties 7T cover A .
Thereby the assertions of 3.4 and thus also of 3.3 and 3.2 are clear,

q. S do
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Remark 3.7. — We have seen that the condtruction of the Néron model & of A
works well when the group & C A% of 2.1 is smooth over k© . If this is not the
case, there is a maximal connected open subgroup A! < A which is smooth over k° .
Then one can interpret the group Ket of 2.7 (which has “een constructed only in
the case where A is smooth over k© ) as the group generated by A' and all étale
points of Aan . Algebraizing Ket in literally the same way as exercised in this
section, one obtains the Néron model U of A over K° . Of course, & will not
have semi-abelian reduction since A' , the identity component of its formal comple-

tion, does not have semi-abelian reduction.

Remark 3.8, -~ The construction of Néron models with semi-abelian reduction requires
in most cases an extension of the ground field X as stated in 3.2. However, there
is a valuable criterion, due to Raynaud, saying that such an extension is unnecessa-
ry if, for some n 2 3 prime to the residue characteristic of K , the n-torsion
points of the abelian variety A are rational ((SGA 7], exposé IX, 4.7). One can
prove a similar criterion for the group Ket and thereby deduce Raynaud's criterion

from the results of this section.
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