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Let p be a prime integer, let jQ be the completion of Q for the p-adic
absolute value 1.1 , let 03A9p be an algebraic closure of Qp provided with the

unique extension of the absolute value ) . ) , and let C be the (algebraically
closed) completion nf Q .

P

In Cp , we propose to study a notion of "transcendence order  03B1 over .9p 
"

which looks a little like the transcendence type over Q ([ 2ly [ 3]~ [,~])*

Let )1 . " " ) . be the Gauss norm on ..9p[X] defined by

Let K be a transcendence degree 1 extension nf 0 . Let ). be en extension

to K nf the absolute value defined on .9p’ and let v be the valuation defined

by v(x) = - log ) x| where log is the logarithm function in base p . An element

x E K , transcendental over is said t~~ have order £ ~r (ce &#x3E; 0) if there

exists a positive constant Cx such that every polynomial F(X) E satisfies

No x e C can have if a  1 , but with help of an example, we

prove there exist some x e C 
p 

transcendental over % , with order  1 (theorem
1) . On the other hand, we know that order  03B1 is stable by algebraic extension.

At the Oberwolfach meeting, we proved the existence of some x ~ C with order

1 + e whenever e &#x3E; 0 . Here, we give a new kind of number, with 1 .

THEOREM. - There exist some numbers t e Cp , transcendental over Qp , of order
i ’

In the proof ni theorem, we will use the following notations.

For any finite set S , let card(S) be the number of elements of S .

Let H be an algebraic extension of J~L ~ and let be the group cf the

Q-automorphisms in H . knnw that every algebraic extension is normal [ 1]
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hence it follows the classical result.

Let H be an algebraic extension of ..9p . = 

Proof of theorem. - Let (u. ) , i E N , be a sequence in 03A9p such that 
]. - . p

and is the unramified extension of degree 2 over .9p. Then we have

(1) 03C3(ui)) = 0 for every Q-automorphism 03C3 in ;1 P .
Let (fi)’ i e N , be a strictly increasing sequence of positive inte ers such

that the series 03A3 fi/2i coverges.
Set a. 1. = u. 3.. and let t = --p C . ’4e are going tn show that t has

order  1 .

Clearly, it is enough tn prove the existence of some C E É such that every

irreducible polynomial such that 111’11 = 1 , satisfies

Consider such a polynomial F and set

F(X) = À ~àl (X - bi) , ... , bd are Bp.
Ye know that the v(b. ) , 1 1 ( d , are equal [ 1]. If the v(b. ) are  0 , we

1 1

have

So we can assume v(bi)  U to prove the relation (2).

Then, by classical results [ l]y we hâve v(03BB) = 0 hence we can assume that F is

by reordering thé we can obviously assume that

Set b = bl and let N be the unique integer such that

~te are gping to pmve ..9p[b] = L . Let be différent of the identical

automorphism 1 and let us prove that b . First suppose there exist integers

such that CF(3-) ~  ’ and let i be the l~~est ~ ~ thèse integers h. By

hypothesis (1), we have a.) = v(a.) = f.. It follows that v(a(b)-b)=fi1 i 1 i "*

since the fN are strictly increasing, and v(a’ ) &#x3E; Similarly, suppose now i

does not exist ; then
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But necessarly a’ since 1 and o(a.) = a. ~ V i = 1 ..~.. N .. 

’~" il

Thus we see that thé o(b) sure ail différente hence card(Ant card(Aut L) 3
then by lemma 1, [Qp[b] : Qp]  [L : Qp] and finally Ci [b] = L .

Now, for each j == 1 y ... , d , b. is some cr(b) (with (y E Aut Q ).
J ~

Then ’b. = a(a.) + ... + o (sL.) + o(a’) . Consider

By (1), we have v(a. - 6(ai)) = v(a.) = f. , and

Thus the v(b - b.) are necessarly in the form f, with l  N , when they are

not strictly superior to Then it 13 the same thing for the v(t - bj) .

Fnr each integer l  N , let

then it follows card E .’2’ is equal to the number of the 03C3 ~ Aut(L) which fix

... , Then by définition of the an (from we see clearly that

every cr E which fixes a. also fixes al’ ... , a. 1-1 , hence = d/~
and card(E ) = we have 

Similarly the set ~ = v(t - &#x3E; fN} has éléments. Since, for

we have v(t - bj)  v(t - b1)  fN+1 , we see that

Finally

Set C = ~ 1 f./2~~ 3 with greater v(F(t) ) ~ C d .
i=1 1 ’

Thus, every irreducible polynomial F such that ~F~ = 1 satisfies

v(F(t))  C deg F , hence by preliminary remarks, theorem 1 is proved.

BIBLIOGRAPHE

[1] AMICE (Y.). - Les nombres p-adiques. - Paris, Presses universitaires de France,
1975 (Collection SUP, "Le Mathématicien", 14).



J6-04

[2] ESCASSUT (A.). - Type de transcendance p-adique, Groupe d’étude d’Analyse ul-
tramétrique, 5e année, 1977/78, n° 8, 10 p.

[3] LANG (S.). - Introduction to transcendental numbers. - Reading, Addison-Wesley,
1966 (Addison-Wesley Series in Mathematics).

[4] WALDSCHMIDT (M.). - Nombres transcendants. - Berlin, Springer-Verlag, 1974

(Lecture Notes in Mathematics. 402).


