SIEGFRIED BOSCH
On the reduction of abelian varieties

Groupe de travail d’analyse ultramétrique, tome 9, n°3 (1981-1982), exp. n°J3, p. J1-J3
<http://www.numdam.org/item?id=GAU_1981-1982__ 9 3 A4 0>

© Groupe de travail d’analyse ultramétrique
(Secrétariat mathématique, Paris), 1981-1982, tous droits réservés.

L’acces aux archives de la collection « Groupe de travail d’analyse ultramétrique » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute
utilisation commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=GAU_1981-1982__9_3_A4_0
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Groupe d'étude 4'Analyse ultrsmétrique J3-01
(Y. AMICE, G. CHRISTOL, P. ROBBA)

9e ennée, 1981/82, fesc. 3, n° J3, 3 p. septembre 1982
Journée d'fnelyse p-adique

[1982. Marseille~Luminy]

ON THE REDUCTICN OF ABELIAN VARIETIES

3*
by Siegfried BOSCH ()

[Universitzt Minster)

Let A be an zbelian variety of dimension n over a comple$s non-Archimsdeean
field k . Viewing A s a rigid analytic grup variety over k , we say that on
open analytic subgroup N © A has semi-abelian reduction if it is smooth over the
valuation ring k of k (see belrw) and if the enalytic reduction N of N is
en extension of an ebelian variety B by =n affine torus T (everything defined

over the residue field k of k ), i. e., if there is an exact sequence

The existence of a subgroup N © i having semi-abelian reductinn is nf indispen-
sible value for the construction nf the universel covering A of AL, see [2] and

[3].

If the valuation onn k is discrete, ~ne can obtain a subgroup N < 4L of the
gbove type as follows. One crnsiders the formal completion ﬁ of the Néron model T
of A . Then ﬁ can be viewed as an open analytic subgroup of L, end it§ identity
component N :::ﬁo has potential semi-abelian reductinn (meaning that N ® k' has
semi-abelizan reductinn for some finite extensinn field k' n»f k ). It is not yet
known how to construct such a grmup N by anclytic means. In this article, we want
to discuss this question. In particular, we will cheracterize the semi-abelizn reduc-

tion in terms »~f analytic properties.

Let H Dbe an anelytic group variety over kX . Then H is called formel if it
carries a formal snalytic structure (given by some formal affinnid cnvering) (see
[1], § 1), such that the structure is competible with the grnup operatinons. The for-
mel structure of H is unique if it exists. In particular, it gives rise tn a well-
defined analytic reductinn H of H. (The reductinn is a2 scheme nf locally finite
type over k «) A form2l znalytic grup H is called smocth nver k if the reduc-
tion H is geometrically regular and if H is distinguished. The latter means that,
for all formzl effinnid perts Sp C of H , the supremum norm nn C 1is a residue

norm with respect to some epimorphism T —> C (where T, is a free Tate elgebra)
(see [1], & 2). One knows thet H is a group scheme over k if H is smoth over
k .

(*) Siegfried BOSCH, Mathcmatisches Institut der UniversitZt, 64 Rnxeler Strasse,
D-4400 MUNSTER (fllemagne fédérale).
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In the follrwing we always assume that k is a p-adic field (i. e., 2 complete
field containing -gp )e The vzluatinrn of k can be discrete nr dense. We dennte by

[p] ¢+ &4 -—> A the homomrrphism nf the ebelian variety A obtained by multiplying
clements with p .

PROPOSITION 1. - Let N be a connected open aznalytic subgroup of L , smonth nver

k . Then the following conditinns are equivalent :

(i) N is maximel among 211 connected open formel analytic subgmups of A .

(ii) [p) ¢ N == N is surjective.

(iii) N  has potentiel semi~-cbelian reduction.

The difficult part nf the prnof is to show that condition (iii) of the prnposition
implies condition (i). One shows more generally that N contains E&; connected open
formal enalytic subgrnups of /4 if it has potential semi-abelian reductinrn. Conse-
quently, a subgrorup N < A satisfying the equivalent conditinns of the prmposition
is unique.

Each commutative analytic group ~f dimension n onver a field nf cheracteristic
0 is 1lncally isnmorphic to the n-dimensinnal additive grnup -92 « Therefore nne
can find an open anslytic subgroup I © A which is isomrrphic to the unit ball in

Qg . fnr v=>1, we dennte by IV the identity component of the affinoid grup
V= i °=— ‘m
[p ] (I) . Let .l.|.+ = L\):l I .

Y

PROPOSITION 2. - Let N be a connected open analytic subgroup of L, smonth over

k. Let N+ be the kernel nf the reduction map N —-—> N . Then N has potential
semi-abelian reduction if, and only if N+ = A; .

This result suggests how to proceed with an analytic construction nf subgrnups
N © A having semi-abelian reductinn. A1l nne has tn do is tn construct some "quasi-
compact closure" of the Stein gr-up A.+ c A o Two steps are nccesssry. The first nne
is established by the follnwing result :

THEOREMe - Moduln extensinn of the ground field k , the analytic veriety A.+ is
isomorphic to the "open" unit ball in affine n-space.

The secnnd step is still in the stage of a crnjecture.

PROBLEM. - Find =z distinguished open affinoid subspace U < [ containing the vnit
element e € A such that U+(e) = A (where U+(e) = _l(n(e)) with m: U —> U

denoting the cannnical reductinn mqg).

It is expected that the prmblem can be snlved, at lecast if the grmund field k is
replaced by 2 finite extensinn. If U 1is a2n open =ffinnid subspace nf A satisfy-

ing the stated properties, then it follows from the theorrem that U 1is smooth nver
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k in some formal neighborhrod U' of e . We may assume U' is connected. Let N
be the subgrrup nf A generated by U' . Then N is a connected npen analytic sub-
group,. smnth over k , such that N = U:(e) = U;(e) = L_ . Hence by propesition 2,
N has potential semi-abelian reductinn. Thercby we see that, mrduln finite field
extension, an npen subgroup N © L having semi-abelian reduction can be nbtained

by an analytic construction, provided the problem stated above can be snlved.
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