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DECOMPOSITION OF NCN-ARCHIMEDE:N /NALYTIC TORI

2
by Guido VIN STEEN ()

[Universiteit ‘ntwerpen]

Introduction. ~ In [3], SHIODA and MITANI prove that a complex abelian surface X
is isogenous to the product C x C of an elliptic curve C with itself if, and
only if, X Is singular. This means that the rank of the Néron-Severi gmup of X
takes its maximal value. The theorem can be generslised for higher dimensions.

In thic paper, we prove an analngous result for abelian varieties which are defi-

aed over a complete nnon-archimedean valued field and which are (enalytically) isnmor-

phic to an analytic torus.

1. Definitions and notations.

Let K be a complete non-archimedean valued field. We assume thet K is algebra'l-]

celly closed. The multiplicative group (K%)n is identified with the affine group
_ -1 -

Spec:(K[z1 s 2 5 ree s B 1) where 1z, , «ee, 2z
2 canonical analytic structure (see ¢. g. [1], [2]).

are variables. This group has
Llattice I in (K)™ is a discretc subgreup nf (K )" without torsion. This
rizans that
- *n _
Tn{(x) o eeey x) e (K) 3 I, $|xi| $“T2‘ for a1l i=1, ees , n}
is a finite sst for all m , ny € K with |m| g [myl «

The lactor group T = (K*)n/l‘ is given an analytic structure by requiring that
+he cannnical map

nr (KD — (KT

is locally bihnlomorphic (sce e g. [2]). The analytic space T 1is called a holo-
morphic torus of dimensinrn n .

; . sn *
Tet A" be the group ~f nonvenishing enalytic functinrns o-n (K )° . Each f e 4 ,

can be written as

- ——
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with c €K and rl,...,rne_g.

Let H be the character grmup of (K*)n s i. e

r r

_ 0 n
H—{Zl X eee X Z H rl’ cee rne_?_}-

The action of T on L4 , defined by f'(x) = f(yx) for each fe A

sy YeT
3% 3
and x € (K)", makes 2 into a T-mdule.

. v it
Providing K and H with the trivial TI-action, we nbtain the following exact
sequence of [I-mndules :

* o« *B
le>K —> L ==> H-——>1

with
a(rA) = r, 8(f) = (£(1))"1.f for cach A c K end fe A .

Associated is the exact sequence of cnhnmlog'y groups :

----->Hl(1“,K)---oHl(r,A)——oH([‘,H)_->}12(1‘,K)--.>...

since K and H are trivial TI'-modules, we have the frllowing isomorphisms :

1 i 3* . 3 2 3¢
H(I', K) =~ Hom(r , X) , H2(I“,K)=‘Hom(%l“,K)
and -
1
H(r, H = Hm(r , H .
Fixing a basis Y5 see s g for the frece abelian group I , we can identify
5 n
Hom(X ', K) with (K) % .

Z

The map § 4is then defined b;
alyy 5 o(13)
8(0) = [qT——; SEIT<G, 322,00 ey
where q: I x H—> n is the bilinear fora defined by
aly , z) = 2(y) .
The group Ker 6 is dennted by N(T) . It is pmved, in [1], that
N(T) = {o € Bom(r , H) 3 a(v, o(y")) = q(v', c(+)) , forall v, y' e I} .
Furthermnre, T 1is analytically isownrphnic to an n-dimensionel abelien variety
if, and only if, there exists srme mrnnmorphism ¢ € N(T) such that
la(y 5 c(¥)| <1 forall ve T - {1} &

In this case, N(T) is isomrrphic tn the Néron-Severi gmup of this ebelian va-
riety.
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2. Decomposition of aznalytic tori.

We keep the notations of the previnus paragraph.

LEMMA 1. - Rank(Hom(r , H)/n(T)) > -‘193-5-1).

Proof. - Assume that ; = (r;, , «oo , rin) , forall i=1, «eo , n, and let
aijz-loglyiji for all i, j=1, eee , D &

It is easy to see thet the matrix A, with entries has renk n .

aij [}

(a) Since & is regular, we mey assume that, after renumbering the colums of 4,

#£ .
a7 0

For k=2, «es , n, we define o,, € Hon(l , H by

&
2k
= B = £ = .
clk(zs) z where o‘,k 0 if £ £ k and 6k,k 1
m2 n
For each ¢ = 1 p X re x Oy € Hom(I' , H) , we have
i . X M "
and
Q(Yk y 0(71)) = Q(Vk ’ 1) =1
for 211 k=2, «so , b« It follows that o ¥ N(T) unless = «ee=m =0,

n
and consequently o,,, ¢++ , 0, are Z-independent moulo N(T) .

(b) Since A 1is regular, we may assume that, 2fter renumbering all but the first

a
colum of 4, (al]') and ( 1“?) are linear independent over 2 .
821 822 =

For k=3, oo , n, we define GZkEHﬂ'ﬂ(F,H) by
o
_ ke

U?_k(z.e) = 22 .

One proves in 2n analngous woy as in (a) that o

12 y cee O'ln ’ 023 9 eee Ua_l
are linear indepandent moduln N(T) .

Repeating this construction for cach i = 3, «e¢ , n, one defines for each j>i
a morphism in o,. € Hom(I' , H) such that o y see 5 O are linear inde-
ij 1,2 n~l,n
pendent mndulo N(T) . It follows thet
rank(HBom(r R H)/5(T)) > (1L + 24 eee + (n-=-1)) = B_(_n_%_l)..
n(n - 1)
COROLL/RY 2. - Renk(N(T)) $————=—" -

THEOREM 3. - If rank(N(T)) = E_(_‘E_g_l) then T is anslytically isnanrphic to on

n—-diaensinnal abclian varisty. This vericety is isngencus to the n-~th self product
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of an elliptic curve C of the form C=K /qZ with qeK and |q| <1 .

Proof. - By means »f the basis

Yi 5 eee y 1 of T, we mey identify

2 . (B) n
(r, k) with (Kx) and the map

S
H(r, H) = %m(r , H —> B, X))
is definecd by

Q(!i , G(Yj))

#0) = lg TS T i<y, 12,0 0m

For each 1 <j and j=1, ess , n =1, we define 93 € Hom(I' , H) such as
in the pronf of lemma 1. Let S be the grup generated by

{C(Oij); i<j, i:]-’-oo,n—l}-

For each k=1, ... , n, we define crkeHnm(T , H by

5
0%
ck(zl) =z, .

Since N(T) has rank n(m + 1) Im § has rank a(n - 1) end hence the grmup
2 ’ -2
S is of finite index in Im § .
s
It follows that 5(ck) k € S fnr soume 8y € N.
In explicit calculation of s(cij) and é(ck) shows theat

u, .
Yi?eyl%l for some u,_eNj; 1, =1, eee , no

1]

We may asuume thst lY.lll < 1 « (If necessary replace by yIl .) Consequently,
there exists some q e K with |q| < 1, and therc exist ronts of unity B45 © K
such that

n, .
v i .
Yij=§ijq3 fnrsnme mijEE; 1,j=l,ooo,n¢
Since ‘Yl y oo Yn are lineer independent the matrix M with cntries m, . is
reguler. Hence therc exists a matrix B e GLn(_g) with entries bi' such that

m =
o 0
M.B = N for snme m € _% .

Let Ne N such that in‘j:L for 211 i, j=1, eee , n, and let o g Hom(T, H)
be defined by

Nbli ani
o(vi):zl X eee x Z for 211 i =1, eee , D«

Forall i,j:l,...,n,wehaVO

Nﬂéij
Q(Yi, U({j)):q .
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It follows that o € N(T) end thet |q(Y, o(¥))| <1 for 211 Y erl - {1} .
Hence T is anelyticzlly isnmnrphic to an abelian variety.

The endomrrphism 3 of (K'})n , defined by
bjl bjn
B(Xl 3 cee xn) = (nx:;:]_ xj ? *°° r§=1 xj )

maps [ onto a subgmup TI'' of (K%)n which is generated by the elements

' = ( s
Yi— Til 9y vee 9 T.. q y

ii eee 4 T, )

Tiie1 ? in
3¢
where Tij e K are ronts of unity.

Let Me N such that -rl'iij=l forall i, J=1, eee , no

*
The endomorphism 1 of (K )® defined by
M
'r(xl g eoe xn) = (xl 9 cee 4 X

maps I'' onto a subgroup T'" of (xH)® , defined by the elements

Mm
Y;:(l,oo-’l,q ,l,ooo,l)

where qu stands on the {-th entry.

Furthermrre T o 38 induces a inorphsim
2 *
ot (KDL - (x)%rn .,
It is clear that

(K)P/rm = (£°/ (™",

and thet p is finite 5§ i. e« p 1is zn isogeny.
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