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CAHIERS DE TOPOLOGIE ET 
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

Vol. LD-2 (2011)

THE TOTAL EXTERIOR DIFFERENTIAL

by M. BARILE, F. BARONE and W.M. TULCZYJEW

A bstract. The definition of mixed jets includes the finite 
sequences of vertical vectors tangent to jet bundles. This al­
lows us to define differential operators on vertical forms on jet 
bundles by using mixed jets prolongations. The total exterior 
differential is a special case.

Résumé. La définition de jets mixtes inclut les suites finies 
de vecteurs verticaux tangents à des fibrés de jets. Cela nous 
permet de définir des opérateurs différentiels sur des formes 
verticales à un fibré de jets, en utilisant les prolongements 
de jets mixtes. Le différentiel exterieur total en est un cas 
particulier.
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1. I n tr o d u c t io n .
The to ta l exterior differential presented in this paper is an opera­
to r th a t generalizes the to ta l derivative [3] [4] and its construction is 
strongly based on the notion of mixed jets introduced in Section 3. 
Our line of thought can be clarified by means of the following simple 
example. Let TM  be a tangent bundle and

/  : TM  -  R : t ^ O )  ~  / ( t ^ O ) )  (1)

be a differentiable function defined on T M . The to ta l derivative of /  
is the following differentiable function defined on the second tangent 
bundle T2M :

dT f  : T2M  -  R : t27 (0) ~  D ( /  o t^X O ), (2)

where t17 : R —► TM  is the prolongation of the curve 7 to TM , i.e. 
its tangent lift, and D is the usual derivative of real functions. In the 
definition (2) we explicitly use two basic facts: any second tangent 
vector is an equivalence class of curves, and any curve on the manifold 
M  can be prolonged to a curve on the tangent bundle TM .
If we now regard /  as a 0-form on TM , we may look for an extension 
of the to ta l derivative to  q-forms on TM , i.e., to  multilinear totally  
antisym m etric mappings

Q : X V T (T M ) — R. (3)

W hat we expect, as a result, is a mapping

dr O : X?2mT(T2M ) -> R  (4)

still m ultilinear and totally  antisymmetric.
In order to follow the same pa tte rn  as above, we need to  consider the 
elements of the  fiber product X j2mT(T2M ) as equivalence classes of 
(families of) curves on M , and we need the definition of their prolon­
gations to X jMT(TM ). This is made possible by the notion of mixed 
tangent vector.
Now notice th a t in (2) the derivative D acting on real functions could 
as well be interpreted as the exterior differential d. We will then obtain
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a further extension of the to ta l derivative, if the role played by D is 
taken over by the exterior differential d. In this passage, the role of 
the  iterated tangent bundles will be played by the vertical bundles 
tangent to  A>jets and the mixed tangent vectors will be replaced by 
mixed jets. The result will be the to ta l exterior differential.
The paper is subdivided into two main parts and an appendix. The 
first part is devoted to the definition of mixed jets, restricted to  the 
case of those mixed jets th a t can be identified w ith g-uples of vertical 
vectors tangent to ¿.'-jets. The second part deals w ith the to ta l exterior 
differential, starting  from the special case of the to ta l derivative. In 
the  appendix we will give the coordinate-based approach to  the  main 
constructions presented in the  paper.
Remark. The to ta l derivative appears in the  Euler-Lagrange operator 
acting on Lagrangian forms defined on iterated  tangent bundles. The 
to ta l exterior differential will take over its role in the  case of the Euler- 
Lagrange operator acting on Lagrangian forms defined on je t bundles. 
This is the  topic of a forthcoming paper.

2. P re lim in a r ie s .

In this paper we will adopt the algebraic in terpretation of je ts  [2], [6]. 
Unless otherwise specified, all mappings considered in the paper will 
be local and differentiable. Let M  and N  be differential manifolds. A 
mapping ip from M  to  N  will be also denoted by Lp : M  —> N  w ithout 
specifying its domain. The set of all mappings from M  to  N  which 
are defined at re €  M  will be denoted by T )(N \M , x).
Consider the  following equivalence relation in T>(N\M, x): ip and <pr 
are equivalent if they coincide on some open neighbourhood of x. The 
equivalence class of </?, denoted by jc<p(x), is called the  germ of ip a t x. 
The set of all germs a t x  is denoted by J c(iV|M, x) and we set

J C(N \M ) = J c(N \M ,x ) .  (5)
xEM

Consider the special case N  = K. In this case the set of germs at x  
of real functions, denoted by AC(M, x), is a com m utative associative
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algebra w ith a unit element, and has a unique maximal ideal, namely 

\c0(M ,x )  = {\‘f ( x ) € / K c(M ,x); f ( x )  =  0} . (6)

In the algebra AC(M, x) we have the sequence of ideals

lco(M, x), ICX(M, lcfc(M, *), lcfc+i (M ,* ) , . . .  (7)

where, for any fcGN,

lcfc(M ,x ) =  (lc0(M ,x ))fc+1. (8)

Inclusion relations
lcfc(M,:r) C IV (M ,x ) (9)

hold for all k ' and k  in N such th a t k r^ k .
In the set D (N \M , x) we have, for each k G N, another equivalence 
relation: </?' and (p are equivalent if

jc( /  ° <S)(x) -  \c( f  ° <p)(z) € Icfc(M, x) (10)

for any function f  on N  for which the compositions ( /  ocp1) and (fo ip )  
make sense. The equivalence class of <p, denoted by \k tp(x), is called 
the k-je t of a t x. The set of all A;-jet a t x  is denoted by J fc(7V|M, x) 
and we set

J fc(iV|M) =  ( J  J k (N \M ,x ) .  (11)
xGM

The set %ik(N \M )  can be endowed with a structure of a differential 
manifold (Cf.(A18)) such th a t the fc-jet-source projection

Vk(N\M) : J fc(iV|M) -  M : jV ( * )  ~  x  (12)

and the fc-jet-target projection

Tk{N\M )-Jk{N \M ) ^ N : \ k<p(x) ^  <p{x) (13)

are differentiable fibrations.
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The A:-jet prolongation of a mapping <p : M  —> N  is the mapping

Jk( N \ M ) : x ^ \ ktp(x). (14)

The case M  =  R is of special interest: the fc-tangent fibration

T kN

T k  N  (15)
> f

N

of a manifold N  can be regarded as the restriction of the projection 
Tfc (n \u) '• J fc(iV|R) —► N  to the fiber J fc(iV|K, 0). In view of this identi­

fication, we will always write tfc7 (0 ) instead of jfc7 (0 ) for every curve 
7  in N.
Prom the tangent fibration

TJ*(JV|Af)

(iV|M)

Jk(N\M)

we select the subfibration

(16)

VJfc(7V|M)

v J k ( N \ M )

J*(JV|M)

(17)

- 1 3 0 -

j ktp:M
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vertical with respect to the fibration (12), i.e, for each 2 6 J fc(A/’|M),

V2J fc(AT|M) =  (fjfc(^|M))_1(2;) — kerT2<Tfc(Ar|M)> (18)

where Tz<Jk(N\M) is the tangent mapping of <Jk(N\M) z.
We finally recall that a g-form on a manifold M  is a mapping

Q : X qMT M — ► R, (19)

multilinear and totally antisymmetric. It can be identified with a 
section of the fiber bundle

A qT*M

« h  (20) 

M

The space of all <7-forms on the manifold M  will be denoted by Aq(M) 
and then A(M) will be the exterior algebra on M.

3. M ixed Je ts .

In this section we focus on mappings defined on a cross-product of two 
manifolds. The first step will be the construction of a class of ideals 
which describe the behaviour of the mappings on the two manifolds 
separately. Then we will use these ideals to define the mixed jets. 
For our purposes it will be sufficient to choose M9 as one of the two 
manifolds involved.
Let M  be an m-dimensional differential manifold, consider the cross- 
product Rq x M  and denote by pr 1 and pr2 the natural projections 
onto M'' and M , respectively.
Now let (0, x) £ R q x M  and consider the mapping

A‘(R*,0) —  Ac(Rq x M ,(0 ,x )):j‘/(0 ) ^  je( /o p n ) (0 ,x ) . (21)
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We denote the image of the  ideal IJ(M9,0 ) by lj (R9, 0) ° \cp r \ (0, x). 
Then we consider the ideal of AC(R9 x M , (0, x))  generated by this 
image

\{ (R « ;(M ,x ) )0 := ( l^ K 9, 0) o j > i ( 0 , x ) ) . (22)

Any element in the above ideal (22) is then  the germ at (0 ,x ) of a 
function on R q x  M  th a t is the sum of products

( f ° p r i ) g ,  (23)

where g is any function on R 9 x M , and, owing to  Proposition A l, in 
the notation introduced in the Appendix, /  : R 9 —> R satisfies,

dp f ( x )  = 0 (24)

for any g-multi-index p  such th a t |p |^ l .
We repeat the construction starting, this time, w ith the mapping

Ac(M ,x )  — ► AC(M9 x M , (0 ,x )) :jc<p(x) i—»• jc(<p o p r2)(0 , x). (25)

We first consider the  image of the ideal Ick (M ,x ) ,  which will be de­
noted by Ifc(M, x)  ojcpr2(0, x ), and then the ideal of AC(R9 x M , (0, x))  
generated by this image

l^((M9,0 ) ;M ) a; =  (\% (M ,x) o jcp r2(0 ,x ) ) .  (26)

Any element in the  above ideal (26) is still the germ at (0, x) of a 
function on M9 x M  th a t is the sum of products

( f° P f2 )g ,  (27)

but, this time, f  : M  —> R satisfies

d p f{ x )  =  0 (28)
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for any m-multi-index /x such that |/x|^fc.
Finally consider the ideal sum

\[ltk) (R* x M, (0, x)) =  \{ (R«; (M, x ))Q + \i ((R9, 0); M )x. (29)

Any element in the mixed ideal (29) is then the germ at (0,x) of a 
function on W2 x M  that is the sum of terms

(/i o pri)gi +  ( /2 O pr2)g2 (30)

with

aaP,n \  = l  (31)d fif2{x) = 0

for any 9-multi-index p and m-multi-index fi such that |p |^ l  and 

We have the following inclusions

c  IJ(R« x M, (0,x)) (32)

lfc((®9)0 ) ; c lfc(M9 x M ,(0,*)), (33)

moreover relations

l[ltfc) (R9 x M, (0, x)) C 1^*,) (R9 x M, (0, x)) (34)

hold for all k' and k in N such that k '^ k .
The mixed ideals (29) will now lead to the definition of mixed jets. 
Let N  be an n-dimensional differential manifold. In the set T>(N|R9 x

M, (0,2:)) we introduce, for each k E N, the following equivalence 
relation: x ' and X are equivalent if

i• ( /  ° x')(0, x) -  f ( f  o x)(0, x) € i;iit) (R* x M, (0, x)) (35)

for any function f  on N  for which the compositions make sense.
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The equivalence class of x  is denoted by and is called the
(1, k)-jet of x  at x. The set of all (1, fc)-jets at x will be denoted by 

x M ,x)  and we set

x M ) = ( J  J (1’fc)(iV|R9 x M ,x). (36)
xEM

The set J(1,fc)(iV|R9 x M) can be endowed with a differential structure 
(Cf.(A.31)) such that the (1, fc)-jet-source projection

<T(i,fc)(JV|R«xM) : J (1,fc)(iV|R9 x M) -  M : \ W X{x) ~  x  (37)

and the (1, fc)-jet-target projection

r (i,fc)(iv|R,xM) : J (1,fc)(iV|R« x M ) -  N : \ ^ x { x )  -> x(0,ar) (38)

are differentiable fibrations.
The (1, fc)-jet prolongation of a mapping x  : x M  —> N  is the map­
ping

j(1-fc)x .M  j(i.fc)(jV|R« x M ) : x ^  j (1,fc)x(a;). (39)

We conclude this section by showing how g-uples of vertical vectors 
tangent to jet spaces can be related to mixed jets. Let us consider the 
fiber product of q copies of the vertical bundle (17),

XjV|M )VJ*(JV|AÍ)

VJk(N\M) (40)

J fc(iV|M)

P roposition  1. The elements of j ( 1,fc)(JV|]R9 x M ) are in a one-to- 
one correspondence with the elements of X jk N̂ M̂^Vxik(N\M ).
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P ro o f : Let j(1’fc)x(:r) € J(1,fc)(iV|E9 x M) and j  € { l , . . . ,g } . For 
any real number s in a suitable neighbourhood of 0 € M, we can 
consider the mapping

x V , - ) =  x(0, • • • ,0 ,^ ,0 , . . .  ,0, •) :M  -  N  (41)

and its fc-jet, jfcT^(V, • )(x), at x. In this way we define q curves

: R -> Jk(N\M , x ): sj i-> j W ,  • )(ar) (42)

in the fiber J fc(iV|M, x), whose tangent vectors t7^(0) are, therefore, 
vertical. We set

t j V ( 0 ,* ) : = t 7£(0). (43)

Note that, since

X1(0,‘) =  --- = X9(0,-) = X(0,-), (44)

we have that

j V ( 0 ,  • )(*) =  . . .  =  j V ( 0 ,  •)(*) =  \kx(0, ■ )(x) (45) 

and, as a consequence,

( t jV (0 ,* ) , . . . , t jV (0 ,* ) )  € x ; , (w|M)VJ*(AT|Jlf). (46)

We have constructed the mapping

<pk{£\M)^ (1'k)( m q x M) > X jfc(JV|M)VJfc(A |̂M)
(47) 

:j(1,fc)x(aO *-♦ (tjfcX1(0 ,x ) ,.. . ,t j fcx 9(0>^))-

We will prove that it is a bijection. Let £ and 77 be charts on M  and 
N, respectively. On the one hand j(1,/ĉ %(x) admits the coordinates

(Z(x),dpdiix(0 ,x ) ) |pKl > , (48)
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(Cf. Appendix, (A.31)), on the other hand, the coordinate expression 
of the j-th  curve 7^ in VJfc(Af|M) is

(t(x),dpX j (ss ,-)(x))w ^ k , (49)

(Cf. Appendix, (A. 18)). From (49) it follows that the tangent vector 
17^.(0) has coordinates

( ^ . ^ ' ( O , - ) ^ ) ^ ^ ^ ^ , - ) ^ ) ) ^ ) )  fc, (50) 

or, owing to (44),

(51)

The g-uple (t7*(0),. . .  ,t7 |(0)) G X J ,(JV|Af)VJfc(jV|Af) can then be 

given the coordinates

(c(^), f y x i0’x);D (d/**1 (fil> o (z))(0), • M D (fy x 9( s V )0*0) (0))

= ((^(ir)>a/ix(0>a:));5P5/*x(0«x) ) lpl=lil/1|<fc (52)

=  (t(x),dpdpX(P ,x))w < 1 ' W<k

This together with (48) shows that the mapping (47) is injective. We 
prove that it is also surjective.

BARILE, BARONE & TULCZYJEW - THE TOTAL EXTERIOR DIFFERENTIAL
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Let (W w<*) € X jk(Ar|M)VJfc(iV|M) and let

( V , . . . ,  x m, j/J,,. . . ,  , ÿ ' p p , ÿ npp) W<1 w < k  (53)

be its coordinates. For each A — 1 , . . . ,  n, consider the following poly­
nomial function on R9 x Rm:

J 2  — T ^ ----- ¡ v £ ( x 1 - x 1y ' - - - ( x m - x my " '+  (54)
i i s *

^ 2  — r i — ï yp fi(s l )pl • - ( s ^ H x 1 -  x J)Mi • ■{xrn - æ m)Mm 

\P\=l

The mapping

(P 1, . . . , P n) :R9 x Rm — ► Rn (55)

is the coordinate expression of the mapping

x =  r?- 1 o (P 1, . . . , P n) o | : R 9 x M — ► N , (56)

where £ =  £ o idm«. It is easy to check that the image of the (1, fc)-jet 
j(1,fc)x(0, x) in the mapping (47) is the assigned g-uple (to1, . . . ,  wq). ■

The bijection defined in the proof of the above proposition

gives rise to the following commutative diagram
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jO ’*)(Ar|R« X M ) ------ -------------- >- X J,(w|m)VJ‘ (JV|M)

W ( » | « . X « /  \ a (1M(Nm. xM) r X  \

N  : ■. • r • —  N  \

M M

(57)

with

T = rfc(Af|M) ° ĵfe(jv|jví)

and

O' =  <?k(N\M) ° vjk(N\M)- (59)

A super-representative of a sequence (to1, ..,w g)E X j fĉ | M)VJfe(iV|M),

is any representative of the corresponding jet |m)) (w1> wQ) ^ 

(iV|IR« x M).
Prom Proposition 1 it follows that the (1, fc)-jet prolongation (39) of 
a mapping x  '• x M  —> N  can be identified with the mapping

X jfc(JV|Af)VJ*(iV|M):arH-, ( t jV ( 0 ,x ) , . . . , t jV ( 0 ,a :) )

(60)

4. The total exterior differential.

We start the construction of the total exterior differential from a spe­
cial case, i.e., the total derivative. It is a differential operator known in
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the calculus of variations. An intrinsic construction of this operator, 
obtained as the result of a generalization of the Frolicher and Nijen- 
huis theory of derivations [3], was presented in [4]. We are providing 
here an alternative construction based on mixed je ts  of mappings on 
R9 x R.
We will first regard q-uples in X 9feJVTTfciV as mixed jets. Let us con­
sider the diagram  (57) in our special case M  =  R,

j ( 1.fc)(jV'|M9 X E ) ---------- Xjfc(JV|]R)VJfc(iV’|M)

T(l,fe)(iV|R'3xR)/ / / /  " W ^ X I ,  T y /  ^ V 7

N  ■■-■■■■.■.■■ \  N  \

(61)

On the one hand the bijection V^^ir) induces a bijection between the 

fibers a t 0 € R,

^ | R,o): j(1 ’fc)(iV|R9 x R ,0) —  X*fe(Ar|R O)VJfc(iV|R,0)
(62)

: j(1’fc)x(0) (tj V ( 0 , 0 ) , . . . ,  tj V ( 0 , 0)),

on the other hand, as we remarked in the preliminaries, we can make 
the identification

J fc(iV|R, 0) =  T kN  (63)

and then
VJ*(iV|R, 0) =  VT kN  = TT kN . (64)
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If, moreover, we set

T(i,k)N  j(i-fc)(jv|Ki X R,0) 

t(1’fc)x(0) := j(1’fc)x(0),
(65)

the mapping (62) becomes

(66)
:t(1’fc)x(0) (ttV (0 ,0 ),...,ttV (0 ,0 )) .

It follows that the diagram (61), when restricted to the fibers at 0 6 K, 
reduces to the following fiber isomorphism

T(i,k)N ------- — -------  ̂XyfcMTTfeiV

"̂(1 ,/c) N Tfc O T-yk ¡y
y f \r

N = = = = =  N

(67)

where r̂ k̂) n and TjkN are the restrictions to the fibers considered of 
the projections T(i,k)(N\R*xR) and ^ fc(jV|R), respectively.

Finally, as a special case of (39), the (1. A;)-tangent: prolongation of a 
local mapping % : R9 x R —> iV is the mapping

X jkNTTkN

: t h- (ttV (0 , t + -)(0),..., t tV (o , t + 0(0)).
(68)
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The representation of the elements of X jkNT T kN  as mixed jets makes 
operations on forms more efficient. We introduce an operator

dT(fe): A(TfciV) -  A(Tfc+1iV) (69)

as follows.
Let

/  : TkN  R (70)

be a 0-form on TkN , then dT(k)f is the 0-form on Tk+1N  given by

dT(fc)ii : Tk+lN  R : tfc+17 (0) ^  D(0 o tfc7)(0). (71) 

If q > 0 and

Q : X% NT T kN  ^ R  (72)

is a g-form on TkN , then dT(k)^ is the 5-form on Tk+1N  given by

dT(k)n : X * k+1NT T k+1N -> R
(73)

: (u;1, . . .  ,w q) i-> D(i2 o <p̂ q o t(1’fc)x)(0),

where x  is any super-representative of (w1, . . .  ,w q).
The operator dT(k) is the total derivative. The coordinate expression 
of its action is presented in the Appendix.

We will now introduce a more general operator, the total exterior 
differential d#, where the role played in d^(/e) by the derivation will 
be played by the exterior differential.
Let

f : J k(N\M ) -»• R (74)

be a 0-form on J fc(iV|M), then du f  is the 0-form on J fc+1(iV|M) given 
by

dHf : J k+1(N\M ) ->T*M :j*+V (x) ^  d ( f  o\k<p)(x). (75)
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More generally, we can consider a 0-form on %ik(N\M ) with values in 
APT*M, i.e., a bundle morphism

Jk(N \M )---------- ---------- » APT*M

Í

¿k{N \M )------- —(-JV|M)-------M

(76)

We obtain a 0-form on J fc+1 (N\M ) with values in AP+1T*M

Jfc+1(iV|M)------------------ >- Ap+1T*M 

J k+1(N\M) t7fc+1(JV|M) > M

(77)

with the mapping d//f2 defined by

dH& (jk+1<p(x)) =  d(i) o \kv)(x). (78)

We finally consider a vertical g-form on J fc(iV|M) with values in the 
set of p-forms on M , i.e., a bundle morphism

X jV ia o W ^ IA O ------ ------- ►  APT*M

v<?jfc(JV|M) npM

J k(N\M ) ------- ak(N\M)-------^ M

(79)
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Applying di/ to it we obtain

x %+i(N\M)y jk+ 1(N \M) ■ dfíQ > Ap+1T*M

Vq Jk+1(N\M) 7r ^ 1 (80)

where the mapping d//Q is defined by

d jjQ : X%+HN]M)VJk+1(N\M ) -  AP+1T*M 

: (w1, . . . ,  wq) d(w o o j(1*fc)x)(a:),
(81)

and x is a super-representative of (w1, .. .  ,w q).
The coordinate expression of the action of da  is presented in the Ap­
pendix. We conclude this presentation by remarking that, as is evident 
from its construction, d// is only one of the possible operators that can 
be defined by using mixed jets. Our choice is due to its future appli­
cation in the definition of the Euler-Lagrange operator.

5. Appendix.

In this section we give the coordinate-based approach to the main 
constructions presented in the paper. First we give the differential 
characterizations of the ideals we have introduced, from these we derive 
differentiable atlases for the spaces of jets, and then we provide the 
coordinate expressions of the actions of the operators dj'(k) and d#. 
In the sequel all the charts on manifolds will be arbitrarily chosen 
within those which are compatible with the compositions involved. 
We will adopt the following abridged notation.
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Let /  : M  —► M. We set, for any chart £ =  (x1, . . . ,  xm) on M  and any 
i =  1 ,... ,ra,

w  =  <*•»)

and for any m-multi-index fi = (ß i, . . . ,  /xm),

e‘/ = 2 L l í p ° « -  (A1) 

and for any m-multi-index /z =  (/¿i, . . . ,  /¿m),

ñ f ^ ( / o g " 1) r ( A o\
(dx1) ^  • • ■ (dxm)n™ ^   ̂ ]

where |ai| =  ¿¿i H---- + AW
Similarly, for any (p : M  —> N , we set

dM(r)o<p o ^ - 1) ^
^  (dx1) ^  ■ ■ ■ ( d x my™ ^   ̂ '

where 77 =  (j/1, . . . ,  yn) is any chart on N.
Finally, let x : M9 x M —> iV, then for any other g-multi-index p = 
(p i,--- ,p q), we set

dpdpX (dx1)^1 • • • (dxm)vm ^  ̂ ^

where, this time £ =  id«« x £ and idjR« =  (s1, . . . ,  sq).
In particular, for a mapping x : R9 x R —> N, and any h € N, we set

d dhY =  dW+h(r]ox) (A 5)
p X (ds1)^  ■ ■ ■ (ds<¡)f>*(dt)h }

with (s1, ... ,sq,t) coordinates in R9 x R.
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The symbols we adopted for partial derivatives of mappings do not 
contain any reference to the charts on M  and N  used in their defini­
tion. This is because all the claims which follow are independent of the 
choice of these charts, so that there is no need to mention them explic­
itly. The following propositions establish a link between the definition 
of jet based on ideals of local algebras and the standard definition of 
jet utilizing partial derivatives of mappings [5].

P roposition  A l. Let f  € x). Then, for each k € N, the
following conditions are equivalent.

(i) \cf(x )  € \%(M,x);

(ii) d/j,f(x) = 0, for any m-multi-index /z such that

P roof: We prove that (i) implies (ii). Each element of Ick(M ,x) is 
the finite sum of germs of functions of the form

/  =  gogi • ■ ■ ■ ■  gk (A.6)

such that
\c9h(x) E \q(M,x) , O^h^k. (A.7)

It will then suffice to prove the claim for this kind of products.
We have d if  = YX=o9o9\ • • • • • 9h-i {di9h) 9h+i ■ ■ ■ 9k, for each 
i =  1 , . . . ,  m, hence

\cd if(x ) e \ ck- i(M ,x ) . (A8)

By finite iteration, we obtain

\cf(x )  € \ck(M ,x ) =► jcd p f(x )  € lfc_|/X|(M ,x), (A.9)

for |/x|<fc. Prom the inclusion relations (9) we deduce that

\c9fjif(x) G Iq(M, x), (A10)

whence (ii) immediately follows.
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We now prove that (ii) implies (i). Suppose that /  fulfils (ii). Then 
consider its Taylor expansion at x, with Lagrange remainder:

k
f  = f (x )+  ^ 2  —j-------dfl f(x ){ x l - x 1{x )Y 1 ■..■{xTn- x rn{x )Y m-\-R

\H\=1 Vl-Vrn.

(A ll)
Owing to our hypothesis and the properties of the Lagrange remainder,

lcf ( .x )= lcR ( x ) e \ ck(M ,x). (A12)

■

P roposition  A2. Let <£>',</? € D (N\M , x). Then, for each k € N, 
the following conditions are equivalent.

(i) \kip'(x) = \kip(x);

(ii) dfi^p'{x) =  dfj,<p(x), for any m-multi-index fi such that |/x|</c.

PROOF: If (i) holds then, by definition, we have that, for any function 
/  on N,

lc( f  0if ' -  f  0if)(x )  € \%(M,x), (Æ13)

and then Proposition A1 implies that

d fi( f o ip')(x) = d p i f  oip)(x), (A.14)

for If we apply (A. 14) to coordinate functions yA on N, we
have

9fi(yA o <p')(x) = df l (yA o<p)(x), A = l , . . . , n ,  (A15) 

whence (ii) follows.
We now prove that (ii) implies (i). Let /  : TV —> R be any function on 
N. By virtue of the chain rule for derivatives (cf. [1]), our hypothesis
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implies that

d fii f  ° <p') = d fii f  or)-1 orjo </)

=  dW  ( i f  ° *TX) °(rjo<p' ° Ç-1)) o
(dx1)^1 • • • (dx171)*1™

(A. 16)

=  ^lAX| ( ( /  ° r7~1) ° (V o <P o £-1 )) *
(dx1) ^  ■ ■ ■ (dxmy™

=  d f i ( f 0<p)

and then, from Proposition A1 we have that

¡t ( f 0 < p '- f°< p )(x )e \tk(M ,x), 04-17)

whence (i) follows from the very definition of jets. ■

Proposition A2 indicates how to construct a differential structure on 
Jk(N\M): let £ and 77 be charts on M  and TV, respectively, then \k<p(x) 
can be given the coordinates

(£(*)> dfi(p(x)) . (A i8)

P roposition  A3. Let f  G P(R |R 9 x M ,(0 ,x)). Then, for each 
k G N, the following conditions are equivalent.

(i) jc/(0 , x) € \c{l k) (R9 x M, (0, x)) ;

(ii) dpdfifiO, x) =  0, for any q-multi-index p and any m-multi-index 
fi such that |p |< l and |/x|^fc.

P roof: We prove that (i) implies (ii). Each element of 1  ̂fc)(R9 x

M, (0, x)) is the finite sum of germ at (0, x) of functions of the form

(/i opn)(/i + ( /2 opr2)g2, (A19)
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where jc/i(0 ) 6 li(R9,0), jc/2(®) G and the projections pri,
pr2 refer to the cross-product R9 x M. It will then suffice to prove the 
claim for this kind of functions. We first consider the derivatives of

Fi = ( f io p n )g i .  (A20)

For all fj, and |p |^ l, we have

dpdfiF i(0 ,x) =  dp ((/i o p r^ d p g ^ iO ^ ) . (A. 21)

Since jc/i(0 ) G IJ(Rg,0), it follows that jc(/i o p n ) (0 ,x) G ^(R 9 x
M, (0, x)) by (22) and inclusion (32). As a consequence,

jc(dpdfj,Fi)(0, x) G l^(R9 x M, (0, x)), (A. 22)

and Proposition Al proves that

dpdfxFi (0, x) =  0. (A. 23)

We then consider
F2 = {f2 op r2)ÿ2- (A.24)

We have, for all p,
9pF2 = ( f2 °p r2)dpg2. (A. 25)

Since \tf 2(x) G Ick(M ,x), it follows, from (26) and inclusion (33), that
jc(/2 oP^2)(0,æ) G lfc(R9 x M, (0,æ)). Then, \c (dpF2)(0 ,x) G l£(R9 x
M, (0, x)). and Proposition A1 ensures that

dfidpF2( 0 ,x) =  0 (A26)

for all This, together with (A.23), shows that (i) implies (ii).
We now show that (ii) implies (i). Let /  € P(R |K 9 x M, (0, x)) and 
consider its Taylor polynomial at (0, x) of order k + 1 with Lagrange 
remainder. Up to a multiplicative constant, its generic term is

dpdljif(0 ,x )(s1)f,1---(sq)f,‘>(x1- x 1( x ) ) ^ - - - ( x rn- x rn( x ) ) ^ ,  (A.27)
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where \p\ + -I- 1. We have

\p\>2 =► • • • ( i T ) ( 0 )  € lî(R9 ,0), (A28)

\fi\^k  +  1 =>■ jc((æ1 — cc1(a;))Ml • • • (x m — x m (x)),lm)(x)  € Iek(M ,x).
(A  29)

We distinguish three possible cases.
If |p |^ 2 , by (A.28), the term (A.27) belongs to lj(R 9; (M ,x ) )Q.

If | / * | + 1, by (A.29), the term (A.27) belongs to l£((R9, 0 ); M ) x - 
If |p |^ l  and |/i|^fc, then, by assumption, the term (A.27) vanishes.
It follows that the above Taylor polynomial belongs to (R9 x

M ,(0 ,x ) ) ,  and then /  fulfils (i), provided that this is the case for 
the Lagrange remainder. Note that this is the sum of terms of the 
following form:

C  (s1)^  • • • ( sT *  (a;1 -  x l { x ) Y 1 ■ • • (xm -  x m(x))>tm, (A30)

where C  G X>(R|R9 x M, (0,æ)) and \p\ +  |/x| =  k + 2, which implies 
that \p\^2  or |/j|^A; +  1. Hence, applying again (A.28) and (A.29) we 
deduce that the germ at (0 , x) of the remainder belongs to (R9 x

M, (0 , x ) ) . This completes the proof. ■

In the same way as we have derived Proposition A2 from Proposition 
A1 one can derive the following proposition from Proposition A3.

P ro p o s itio n  A4. Let x ' i X £ X*(./V|R9 x M, (0 ,a;)). Then, for each 
k € N, the following conditions are equivalent.

(i) j(1,fc)x'(*) = j(1,fc)x(aO;

(ii) dpdfix' (0 , x) =  dpdfix{0 , a?), for any q-multi-index p and any 
m-multi-index p. such that |p |^ l  and |/j|^/c.

Proposition A4 indicates how to construct a differential structure on 
x M ): let £ and rj be charts on M  and N ,  respectively,

- 149 -

río»1)*1



BARILE, BARONE & TULCZYJEW - THE TOTAL EXTERIOR DIFFERENTIAL

then j(1,fc)x(:r) can be given the coordinates

(^ (x ),9p9^x(0 ,a :))|p |^1  ̂ (A31)

We now give the coordinate expression of the action of the total deriva­
tive dT(k) ■ In the sequel we will use Einstein’s convention on repeated 
indices. We will first consider 0-forms and coordinate 1-forms and then 
we will derive from these the action of dy^) on arbitrary (/-forms. For

the sake of semplicity, we will subdivide the coordinates on TkN  into 
blocks (y(h))0<h<k and treat each block =  (y W 1, . . . ,  y ^ n) as a

single coordinate.
Let /  : TkN  —► R. We have, owing to (71),

dT(k)f : T k+1N  —  R , (A32)

dT(fc) / ( t fc+17 ( 0 ) ) = JD ( /o tS ) ( 0 )

(A. 33)

Let us now consider blocks of coordinate 1-forms and treat them 
as single coordinate 1-forms, in particular we set dy ^  : TTkN  —>

We have, owing to (71),

dT(k)dyih) : TTk+1N  — ► Mn , (A34)

dT(*)di/(h)(tt>) =  D (d yw  o ^  o t(1’fc)* ) (0 ) , (A35)

ft=0 Öy tfc7(0)
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where x ^ R x l —>iV isa super-representative of w.
The coordinate expression of the prolongation : K —* T ^ '^ N
is, owing to (A.31),

( a ‘ x ( o , - ) , f t a * x ( o ,  • ) ) ( ,< » < *  ( ^ -36)

and it is also the coordinate expression of the prolongation

VkN ° t(1*fc)X : K -*• TTfcW (A-37)

So we have

dn k )(dyW )(w) =  D (didhxiO, •)) (0)

= 9idh+ix(0,0) (A.38)

=  d y<h+1)(tu).

We conclude that
dT{k)dyW  = dy(h+1l  (A. 39)

Let now

n  = n hl...hqdy(hl) A--- Ady<h«>, O ^he^k. (A40)

be a q-form on TkM . Its total derivative 

dT(fc)0  =  (dT(fc)f2)/li.../l9da;(,ll) A . . .  A dx(h,I\  O ^he^k  +  1, (A41)

is the g-form on Tfc+1M whose components are .

Q
(d T(fc)^)h!...ft, =  (A.42)

¿=i
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where

= 0  if he = k + 1 or he < 0 for some I. (A43)

We now give the coordinate expression of the action of the differential 
operator d#. We adopt the following convention. We denote the 
coordinates on Jk(N\M ) by (x l ,y^), where fi G Nm
and
Let f  :Jk(N\M ) —» R. We have, owing to (75),

dHf : J k+1(N\M ) -»• T*M  (A44)

dHf(}k+1<p(x)) = d ( fo \ k<p)(x) = da:4,

(A45)
where Si is the ¿th element of the canonical basis of Rm, and we 
have used the coordinate expression of the prolongation \k<p : M  —> 
Jk(N\M ), which owing to (A.18), is (x1, dn<pA), l^ y l^ n ,
/i € Nm, and |/i|^/c. Let us now consider the action of d#  on the 
exact vertical 1-form dyfi. To this end let W  € VJfc+1(A^|M) and set

W '= j( i’fc+i)x(0,a:). We have

d//dyjh(W) = d(dyfi o o j(1’fc)x)(a:), (A46)

where x is a super-representative of W. The coordinate expression of 
the prolongation j(1,fc)X : M  —► J^1,fĉ (iV|]R x M) is, owing to (A.31),

(^i ^/xX"4) (A47)

and it is also the coordinate expression of the prolongation

<Pk(N\M) ° j(1’fc)X : M  -  VJfc(iV|M). (A 48)
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So we have

dHdy*(W ) = d (did/tx*) 0*0

= (»)
(A49)

=

= dy^+dSw d̂xl^

This shows that
d/rdy^ =  dy ^ +g. <8> d x \  (A50)

Let now

x J»(« |M)VJ‘ (JV|M)------ § ----- >- APT*M

v 9Jk(N\M) (A.51) 

J k(N \M )------- -----------------*- M

and set

© =  ^  a . . .  a dy£  ® d** a . . .  a <&*. (A52)

If we apply (A.45) and (A.50) to (A.52) we obtain that

d „ e  =  ( d i e t i - i M ,  dyj}; A .. .  A d!ifc ® di<> A .. .  A dz‘« ‘,

(A53)

( ôiô//+<5iXAdxi)

" T U da:*(x)

■̂ 1 • • ’Aq Jîi .. .îp
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where

(d ií0 )J .'" í;;¿1..ip+1 =

9 (A  54)

(dH ¿ i r A \  i ) + T , ^ r A ï f ï ir+ilÂt+i"'IA'\ .. .J\q .. .Zp J . / -/il • • • -ri-q ,2-1 • • -tp
' íp+1 e=i

and

» a I . a^ . ì, =  0 (-4.55)

if \(ie\ = k +  1 or fj,e has a negative component for some Í.
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