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CAHIERS DE TOPOLOGIE VOL. XXXI-4 (1990)
ET GEOMETRIE DIFFERENTIELLE
CATEGORIQUES

CONVENIENT AFFINE ALGEBRAIC VARIETIES
by Paul CHERENACK

RESUME. On étend la catégorie des variétés algébriques
sur un corps kK en une catégorie AF qui est cartésienne
fermée. Pour cela on construit d'abord la catégorie carté-
sienne fermée SP des applications polynomiales entre
espaces vectoriels structurés. Les zéros de morphismes
dans AF vers k déterminent des variétés algébriques (de
dimension infinie) et les morphismes de AF entre variétés
algébriques (comme dans le cas de dimension finie) sont
juste des restrictions de morphismes dans SP .

0. INTRODUCTION.

Frélicher [S] has identified a Cartesian closed cate-
gory, the category of convenient vector spaces, in which a mea-
ningful study of differential calculus can be pursued. Nel [11]
has treated functional analysis in a similar way and his work
motivates some of the directions taken here. Here a category AF
becomes a convenient category for affine algebraic geometry.
The construction of AF although complicated, assumes little
specialized knowledge on the part of the reader in contrast to
analogous results found in our study [1] of ind-affine schemes.
However, where ind-affine schemes are ringed spaces, objects in
AF are not. The construction proceeds in stages since each
stage has its own difficulties. Thus hom-sets may not have
their canonical associated basis and have only a canonical linear-
ly independent subset; or the hom-functor in the contravariant
variable may depend on infinitely many variables.

What possible applications can be made of convenient
affine algebraic varieties? Because AF is Cartesian closed and
should in important cases have suitable quotients (see [1]), as in
ordinary homotopy theory, one should be able to define appro-
priate suspension and loop functors. See [3] where suspension
and loop functors have been defined for the restricted category
of ind-affine schemes. The infinite dimensional varieties here can
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also be useful in the study of affine moduli problems. For more
details see [4]. We intend to prove in a later paper that the
structure that we place on hom-sets here corresponds to that
of the Hilbert scheme construction [7]. Finally, one can use the
structure placed on Homigpg{Vy, Vo) L0 provide iL wiih a topoiogy
that we call the Zariski topology. In analogy to the situation
for C%®-differentiable maps [6] one would like to determine
whether certain classes of transversal maps in Hom 4p(V{,V,)
contain an open subset. Some work in this connection can be
found in [2] for ind-affine schemes.

All vector spaces will be defined over an uncountable
infinite field k (so that in particular there is a bijective corres-
pondence between polynomials and polynomial maps). The sym-
bol Iy will always denote the identity map on a set X. Let V
be a vector space and V' a vector subspace of V. Let t:V'»V be
the inclusion map. A map m: V-V’ is called a projection if it is
linear and satisfies mot = Iy.. Suppose that L is a linearly inde-
pendent subset of V, U is a subspace of V generated by the
subset {uy....u,} and W is a subspace of U generated by
{ug,...,up,}. Then, letting v = aqu,+ - -+a,u, the projection
m: U>W associated to L sends v to ajus+ - +au.,.

DEFINITION 0.1. A polyspace is a triple (V,L,s) where V is a
vector space, L is a basis of V and < is a well ordering on L. A
partial polyspace is a quadruple (V,L,P,<) where L is a linearly
independent subset of the vector space V, < is a well ordering
of L and P consists of one projection myw: V=W for each finite
dimensional subspace W of V generated by elements of L sub-
ject to the condition:

If WCU where U is also a vector subspace of V generated
by a finite number of elements of L and n: U-»W is the projec-
tion associated to L, then momy=my,.

To every polyspace (V,L,s) one can associate (Section 1) in
a natural way a partial polyspace (V,L.P,<). We will usually wri-
te V instead of (V,L,s) (resp. (V,L,P,<)) and then when necessary
write Ly for the basis associated to the polyspace V (resp. Ly
and Py for the linearly independent set and the collection of
projections associated to the partial polyspace (V,L,P,s)). In
Section 1 we define for polyspaces some useful constructs and
provide some useful motivating examples. To avoid multiple
subscripting we sometimes write X/ instead of X;.
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DEFINITION 0.2, let L, =Ly, and L,=Ly, be linearly indepen-
dent sets defining the polyspaces V, and V,. Define a map
a: V= kL1 (and similarly a map B:V, = kL2) by sending v ¢V, to
(a;)e kL1 where if a;4,...,8;y, are the coordinates of kI corres-
ponding to the elements v;,,...,v;, of L, V'iis the vector space
generated by v;4...,V;,, and m: V> V', is the unique projection in
P,=Py, then (a;q,...,a;,) is the coordinate representation of
n(v) with respect to v;4,...,V;,,. The condition of Definition 0.1
guarantees that o is well defined. A map f: V>V, is a polymap
of partial polyspaces if there is a commutative diagram

f

V1 V2
kLl £ kL2

such that, for finitely many (or just one) coordinate y,...,3, in
k2, there are finitely many coordinates Xqyeoirs Xpp i kL1 such
that y, =(f), (p =1,...,r) is a polynomial in the x4 ,...,xp,,.

Thus, for a polymap each relevant coordinate in V, is a
polynomial in the relevant coordinates of V,. From Definition 0.2
it is clear that the collection of polymaps between polyspaces
(resp. partial polyspaces) forms a category P = Poly (resp. PP =
PPoly). For the purpose of viewing f in Definition 0.2 as a rin-
ged space map it would have been useful to assume that f sent
linear subspaces of V, generated by finitely many elements of L,
into linear subspaces of V., generated by finitely many elements
of L,. The difficulty here is that if g:VxV,>V; is a polymap
of polyspaces, the induced map g4:V; > Homp(V,,V3) need not
send finite dimensional subspaces to finite dimensional subspa-
ces even if g does. In Section 1 examples of polymaps are given
and an alternate coordinate free description of polymaps is pro-
vided.

We will ignore the well ordering on the linearly indepen-
dent set Ly, of a partial polyspace V unless it is essential in
our considerations. Note that if Ly has two different well orde-
rings, then the identity map is an isomorphism between the two
different partial polyspaces. '

We prove in Section 1 that Poly has products. The set H=
Homp(V,,V,) will be given the structure of a partial polyspace.
The subspace of H generated by Ly contains functions which
roughly speaking determine the other functions in H. A major
difficulty forcing us to extend PPoly is the following. If V,»V,
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is in PPoly, then the induced map from Homp(V,,V3) to
Homp(V V3 need not be. See Example 1.4. Hence we make the
following definition.

DEFINITION 0.3. using the conventions ot Detinition 0.2, a map
f: V>V, of partial polyspaces is a basic stratawise polymap if,
for every finite dimensional subspace V of V, generated by the
elements of L, and the inclusion ty: V-V, the map fOoiy is a
polymap. Unfortunately the collection of basic stratawise poly-
maps does not form a category. Hence we define f: V;»V, to
be a stratawise polymap if f = f0f,0---0f, where the f; (for
i =1,...,n) are basic stratawise polymaps.

Clearly the collection of stratawise polymaps whose ob-
jects are the partial polyspaces forms a category that we denote
SP or SPoly. We can now define a bifunctor (Section 2)

F: P°PPxP -» PP where F(V,V,) = (Homp(V,V,),Ly,Py,<).

We wish to identify the maps V,»Homp(V,,V3) in PPoly (with
V, V5 and V; objects in P) corresponding to maps VxV,>V; in
P. The following definition leads to an answer.

DEFINITION 0.4. A map of polyspaces f: V>V, maps into strata
if f(Vy) is contained in a finite dimensional subspace of V,.

The collection of polymaps mapping into strata need not
form a category since for instance the identity map need not
map into strata. We note the inclusions

Poly C PPoly C SPoly

where (Section 1) we identify every polyspace with its associated
partial polyspace. We will eventually show that SPoly is Carte-
sian closed by working up the ladder of inclusions.

Let T(V,Homp(V,,V3)) be the set of all elements f in
Hom pp(V ,Homp(V,,V3) such that, for every V'3 of V5 genera-
ted by a single element of L; and the projection map m: V3>V,
the composition

Vv, —f— Homp(V,, V3 —F— Homp(V,V'y)

is a polymap mapping into strata. We show in Section 3:

THEOREM 0.5. There is a natural equivalence
Homp(V1XV2,V3) ~ F(Vl, HOmP(V2,V3))

arising from that in sets where the right and left hand sides of the
natural equivalence are trifunctors
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PPPx POPxP - Sets.

For finite dimensional V,, V, and V3 one can readily show
that there is a natural equivalence arising from that in Sets:

See [1]. Theorem 0.5 shows how one can extend this equivalen-
ce to polyspaces where the “internal hom-functor” is a partial
polyspace.

In Section 4 we describe a construction of Nel [11] which
enables one to extend separately the category of affine algebraic
varieties and projective algebraic varieties over the complex
numbers to a Cartesian closed category. This construction may
be too general for many purposes. However it motivated looking
at SPoly.

DEFINITION 0.6. Let C be a concrete category (see MaclLane
{101) which is generated by a collection T of maps in C which
contains all the identities of C. Thus every map f in C has the
form f= f0---0f, with fq....,f, in T. If a and b are objects of
C. the T-product a<b of a and b is an object of C with projec-
tions py, p, in T (whose underlying set maps are set projec-
tions) such that, for every pair of maps f: ¢ 2a and g: ¢ = b in
T, there is a unique morphism h: c-axb in T such that p,0h =
f and p,oh = g. T-limits and T-colimits are defined in the same
way. Let Hom~y(b,c) denote the collection of elements in
Hom(b,c) which lie in T. Let D be a full subcategory of C and
a, b, c be objects in D. We assume that the T-products axb
define a functor DxD -C and that the sets Homy(b,c) plus
additional structure define a functor D - C with respect to the
covariant variable. Then D is called Cartesian closed relative to
C and T-generated if there is, for fixed a and b in D, a natural
equivalence

Hom~y(axb,c) » Homy(a,Homy(b,c))

in C between functors D- Sets arising from the natural equiva-
lence in Sets .

Using these notions we obtain (Section 5):

THEOREM 0.7. The category Poly is Cartesian closed relative to
SPoly and basic stratawise polymaps generated.

We chose k to be uncountable in order to prove Lemma
5.2 and hence Theorem O0.7. A stronger result could have been
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proven by introducing the notion of partial bifunctor to Defini-
tion 0.6.

Let W be a partial polyspace and f: W= k a stratawise
pulytap. Then Vil - (p « Wi {{pi -3} is called a fhypersuriace
in W. The set A[IW1l= Homgp(W,k) can be given the structure
of a ring using pointwise addition and multiplication. AIW] will
be called the affine ring of W. Let I be an ideal in ALWI1. Then

V() = {p «W| F(p)=0 for all fel}

will be called an affine variety and also an affine subvariety of
W. Note that W=V({0}). The V(I) define the closed sets for a
topology on W which will be called the Zariski topology. Let V,
(resp. V,) be a subvariety of W, (resp. W,). Then a map f:
V{2V, is a basic map of affine varieties if there is a commuta-
tive diagram

vV, A >V,

where the vertical arrows are inclusions and f ' is a basic stra-
tawise polymap. The collection of basic maps B of affine varie-
ties generates a category that we denote AF. A morphism f in
AF is always continuous for the Zariski topologies. On restric-
ting to finite dimensional vector spaces, the above definitions
become the usual ones.

Let AF" denote the full subcategory of AF consisting of
those affine varieties which are affine subvarieties of a polyspa-
ce and where the morphisms between the associated polyspaces
are polymaps. Using Theorem 0.7, we obtain:

THEOREM 0.8. The category AF" is Cartesian closed relative to
AF and basic maps of affine varieties generated.

Finally, in Section 7, using heavily our earlier results, we
prove our main result.

THEOREM 0.9. !. SPoly is Cartesian closed.
2. AF is Cartesian closed.

Initially we defined the notion of polymap by looking at
coordinates. Using this approach it became, for instance, imme-
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diate that PPoly was a category. The construction of internal
hom-functors in Section 2 on the other hand used except where
necessary a coordinate free approach. The coordinate free ap-
proach allowed one to see more clearly the steps needed to
form the convenient category AF. Finally, instead of proving one
gigantic theorem, we have decided to prove simpler results
whose proof generated by analogy in an obvious way the proof
of more general results (proof bootstrapping).

1. POLYSPACES AND POLYMAPS.

We will establish some concepts which will be used later
in placing structure on the hom-sets of Poly. First, for a partial
polyspace V, let Fy, denote the collection of finite dimensional
vector subspaces of V generated by a finite number of vectors
in Ly. When V is a polyspace, one can form the collection Py,
of projections my: V=2V' (V'c¢Fy) with respect to the basis L.
Since these projections satisfy the conditions stated in Definition
0.1 every polyspace is a partial polyspace in a natural way.

Let V be a partial polyspace. For m, m,e¢Py we write
T4z T, if there is a commutative triangle

\'

n,j \

Vi___c_x___._> V2

with o a projection. Clearly a is unique. Note that 2 is a partial
ordering. A set X with a partial ordering 2z is up-directed if, for
a,b ¢X, there is a ¢ « X such that ¢ 2a, b.

LEMMA 1.1, Let V be a partial polyspace. Then, as Fy, is up-di-
rected by inclusion, Py, is up-directed by =.

The proof is clear.

EXAMPLE 1.2, a) Let
A” = {(a;) e kNl a;=0 for i > n).

Since UA” (ne¢N) can be used to represent polynomial maps
from A!to A!, we sometimes write

H* = Homp(ALA') =UA” (neN).
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A natural selection of basis for H* making it into a polyspace is
E = {e;|l e;=(¢;;)jen}ien Where ¢;;=0 if i*j and ¢;= 1.
Here Py* consists of projections onto various finite dimensional

coordinate planes. Note that H* is the direct sum of copies of k
indexed by N.

b) The vector space kN is not viewed as a polyspace in
its own right but as a subspace of kB where B is a basis of kN
and

card(B) = dimg(kN) > card(N).

For kN, when referrred to later, we assume that BOE where E
is defined in (a). Note that kN is the direct sum of copies of k
indexed by B.

Let V, W be finite dimensional vector spaces. Choosing a
basis for V and W, a map f:V->W is represented by a map
FO:k7> k™ where n = dim; )V and m =dimW. If fO=(f0)y ..

polymap. Note that this definition is independent of bases cho-
sen for V and W.

One can now provide a coordinate free interpretation of
polymaps.

LEMMA 13. A map f:V >V, of partial polyspaces is a polymap
if, for all me¢P,, there is a <P, sufficiently large and a primiti-
ve polymap f' such that the diagram

v 1 £ v2
v,—F Vs

commutes.

Note that the term “sufficiently large” is used with res-
pect to = on P, The proof is straighforward.

EXAMPLE 1.4. a) Let f: A'>A!be a polynomial map and

n-1
f(x) = Z a; xt.
Then the map =0
f*: Homp(A',A') » Homp(ALAY),
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induced by f in the contravariant variable, embeds in a diagram
(with v, the inclusion):

H* = A™
f‘i lf‘
Ha‘s nmn Amﬂ

where (c;) ¢ A™ is sent by f' to (by) ¢ A™" with

m-—1

bp = Z Cj( Z (au)mEOJ (a 1)m[1].“ (am-i)m[nl)
Jj=0 mlCOl+...+mlnl=j
where

ml1]1, m(2]1,..., mlnleN and m[11+2 m[21+...+ nmlnl = p.

Similarly, the map f, induced by f in the covariant variable em-
beds in a diagram

H* —— 2 Am
f*J lf'
Ha& Tmn Amn

where (c;) ¢ A™ is sent by f' to (b,) ¢ A™" with
m-1
b, = Za,( > (e )0V (c )Mt (¢ ymind)
j=0 mLOl+...+mLnl=j
where :
ml1l, mi21,..., minleN and m{11+2 m(2)+...+ nm(nl = p.

Because this last expression for b, is independent of c, for q
large, f, is a polymap but clearly f* is only a stratawise poly-
map.

b) Let B be the basis defined in Example 1.2 for kN. Then
if f: kN> kN is a polymap, it is not difficult to see that each
coordinate of f is a I&)o:)lynornial in a finite number of variables.
Not every map f: kN - kN whose coordinates are polynomials
need be a polymap. For instance, f defined by setting

f(X])JGN = (yi)jeN Where y;= x x5 x;

is not a polymap if 1 =(1,1,...,1,...) ¢ B. To see this note that the
coordinate corresponding to 1 depends on x4 x5,..., X,,... which
form an infinite set of variables.

- 323 -



P. CHERENACK

Let V, and V, be polyspaces with bases L; and L,, res-
pectively. Suppose that the vector space product Vi xV, has the

basis
L12 = {(b1,0)| b»lf LI)U{(O!bZ)l bzGLz}-

One well orders L, via the orders on L; and L, and by setting
(b4,0) < (0,by) for byel, and b,eL,.

Then one sees quickly:
LEMMA 1.5. The projection p;: V;xV,—=V, is a polymap.
Next we have:

PROPOSITION 1.6. The polyspace ViV, with the usual projec-
tions py: VixV,>V, and p,:V»V,=V, is the product of V, and
V, in Poly. :

PROOF. let f:V3-V, and g:V3>V, be polymaps and define
h: V3>V xV, by setting h(x)=(f(x),g(x)). Clearly, h satisfies
the uniqueness required. Let (b,0) be a basis element of L,
with corresponding coordinate x;. Then (h(x));=(f(x)); is a
polynomial in only a finite number of variables corresponding to
a basis element of Lysz. A similar statement holds for
(0,b) e L.

The projections and injections which come automatically
with a partial polyspace are polymaps. We state this in the fol-
lowing readily proven proposition.

PROPOSITION 1.7. Let V be a partial polyspace and V'<Fy,. Then
the projection ®: V-V’ in Py and the inclusion v:V'->V are poly-
maps.

2. HOM-SETS AS PARTIAL POLYSPACES.

We wish to put a partial polyspace structure on
Homp(V,,V,). We write L, for Ly and P, =Py where U=V, ,
(m «N).

LEMMA 2.1. Let f,ge Homp(V,V,) and ceck. Let f+g and cf be
formed by pointwise addition and scalar multiplication. Then f+
g, cf eHomp(V,,V,). Thus. Homp(V,V,) is a vector space under
pointwise operations.
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PROOF. Let x; be a coordinate corresponding to an elemént of
L,. Then as f; and g; involve only a finite number of variables
corresponding to elements of L, the same is true for (f+g);=
f;+g;. A similar argument works for cf.

REMARK. The notation introduced below is for a fixed hom-set.
If we change our hom-set, we change our notation by adding a
particular superscript or subscript depending on context.

We wish to determine a suitable linearly independent sub-
set of Homp(V,,V,) and suitable projections which make
Homp(V,,V,) into a partial polyspace. Let m 9 ¢P; and m,3¢P,.
There are commutative diagrams in Poly:

1

Vie Vie
0 wpl /

Vv,

Vs ! V8

(2)

with I the appropriate identity and t4p, t5,8 inclusions. This fol-
lows from Proposition 1.7. Applying the functor Homp(-,V,) to
triangle (1), one obtains a commutative triangle

*

Homp(V;0,V,) 1 Homp(V,¢,V,)

(1 1<P)‘l M“

Homp(V,,V,)
with (m,9)* an injection and
e = (my@)*0(y9)*: Homp(V,,V,) = ()" (Homp(V,9,V,))

a projection. For simplicity we will now write H instead of
HOmP(Vl,Vz).

Similarly, applying Homp(V,¢,-) to triangle (2), one ob-
tains a commutative triangle
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Homp(V,¢,V,8) —%—— Homp(V,,V,35)

Homp(Ve,V,)
with (t28), an injection. Set H, = Homp(V;¢,V,). The map
98 = (128)y O(md)s: Hy = (158)(Homp(Vy9,V53))
is a projection. Let
Hes= wsp(Homp(Vy9,V,8) where g, = (1049)*0(50) .
The next results show how the H.s fit into H.

LEMMA 2.2. The map
Tos = (T4@)*0(m98) 0 y9)*: HHys

is a projection.
PROOF. Let feH_5. Then

f = g (f) = 180f omye with £« Homp(Vy9,V50).
Applying the definitions we have made,

Tps(f) = (@)™ O(m98) 0Ly@)™ (138 O ' Om49) =
= (1049)*0(1m98) (1580 £1) = (1 4@)* 0(158) 4 O(T8) (180 F) = .

Thus the m,s which act by restricting variables in domain and
image are projections. To determine a suitable linearly indepen-
dent subset of Homp(V,,V,) one must choose bases on the va-
rious H_ 5 and make sure that these bases fit together properly.

P8
To satisfy, in part, this last point we will show that the ele-

ments of
P = {Tttpsth1<p€P1, 7'.'28 €P2}

fit together compatibly.
Suppose that mwp'2m and ®,8 2m,38. There are commu-
tative triangles

Vyo' %1 V,0 A% X2 V8
7‘1‘91 /wicp/ T':ZSl /28/
\A V2

with o4 and «, projections. Let j, (resp. j,) be the inclusion of
Vie into Vo' (resp. of V,8 into V53'). Applying the hom-func-
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tors, as above, one obtains maps j,* and (a,), where

B (o)
Homp(V;¢', V5 8) 25 Homp(V49,V58) —22 Homp(V,, V)

and u(e,8,9.8) = (a5),0j," has a right inverse o4*0(j,),. Pulling
back to Homp(V,,V,) one obtains a map

T(@.8,0',8) = s, Oule,8,9',8) Ouge, ™1 Hgs = Hgs.

LEMMA 23. One has an inclusion Hys CHg 5
PROOF. let re¢Hg 5. Then
f= (mqe)*0(t8)4(g) = 1580800 with g e Homp(Vyp, V. 3).
Thus
f=1,60(j,0800,)0m 9" with j,0g0a, e Homp(V,9',V,8).

LEMMA 2.4. The map n(9,3,9¢',8): Hys'>Hgs is a projection.
PROOF. Let f ¢H_s and f = 1,8'0(j,080%a,)0m ¢’ as in the pre-
vious lemma. Then

(uyp) 10 = j080ay, u(p,8,9,8)(j,080ay) = 00/,0800.0j4 = g
aud Hsep = f.

In the next lemma, we see how H can be viewed as a li-
mit cone over the Hgs.

LEMMA 2.5. Suppose that m.¢' 2 m.¢ and n,8 2 mw,8. Then
M52 5. Thus, since Py and P, are up-directed (Lemma 1.1), P
is up-directed.

PROOF. One has
Mg = (4PN 01387, 0(m8),0(L49)™ = g, O 87, 0 47)™
and 0(0.5.9',8) = (1 40)*0(158), 0(ax) w04 O(us )" . Hence
0(0.8.9",8)0m 5 = (T040)* 0(18), 0l0tn) 0 4 0158, O 4™
= (T40)™ 0(158) £ 0050 T8, O(Lg®'0f )™
= (1 4@)* 0(158) O 8) , OLy @)™ = T5.

As a corollary of Lemma 2.5, taking the cone determined
by the med, one has an embedding H-*l(i__qu,S, the inverse limit

peing taken in the category of vector spaces.

Next we determine a suitable linearly independent subset
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Ly of Homp(V,,V,) making H into a partial polyspace. We first
show that the H.; have well ordered bases L,5 whose order is
determined by the orders on L; and L,. Taking the union of the
L?g we obtain the well ordered linearly independent subset Ly
oL n.

From the basis L; (resp. L,), we obtain a basis L;¢=
LNVie (resp. L,8=L,NV,3) consisting of n,=dimgVsp ele-
ments for V,¢ (resp. consisting of ms—dlmkV28 elements for
V,3). In this way one obtains a unique isomorphism

¥,: Homp(V,9,V,8) = Homp(k"®?, k™M3)
of vector spaces. Let
¥, = (use) “Hys = Homp(Vyp,V,0).
The map ¥, is a vector space isomorphism.

An element f ¢ Homp(k"® k™%) has coordinates polyno-
mials f; in the x; (ieLyp, jeL,8). Let M denote the collection
of monomomals in k[x;);.14, the polynomial ring in the x;
(ieLy. Let

my=(x;pa)PtH e (xgp)
belong to M and i[112i[2]12---2j[rl. Let

plrl ql1] | qlrl

and m,=(x;[47) - (Xir)
u = min{ilj1| pljl = qlj1, j=1,...,r}-1.

Let my2 m, if degm,>degm, or q, > p, or my= m,. Then 2
is a well ordering (reverse lexicographic) on M and also M,
MnNkIx;l; . where L=L,p. Now f-, for jeL,58, can be wutten
f;= Z,(a Di (i« M) where a ;e k.

ij’i
Tes = {lag)l i EM@ j eL28 and a;;e k)
and Qg5 be the set
{(a;)) | (a;;) «T,s and, for fixed j, a;;#0 for only finitely many /i}.
There is then a canonical vector space isomorphism
¥5: Homp(kP®, k™3) - Qes

sending f to (a;). The set
Nes = {(@a;) ¢ Qgpsla;=0 or 1. a;= 1 for precisely one pair (i,))}

is clearly a basis for Qgs. Let Yes=¥30Y,0Y,. Then L 5=
¥,s 'Ngs) is a basis for H(PS The set Lys is clearly well or-
dered first by jeL,3 and then according of i¢M,. Next to com-
plete our construction we show:

LEMMA 2.6. The set Ly=ULl,s (ny9ePy, my8¢P,) consists of
linearly independent vectors in Homp(V,,V,). Furthermore, the
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orders on Ly and L, induce in a natural way a well ordering on
Ly.

PROOF. One needs to show that if myp2m, " and my82m,3d,
then L' CL,s since, using Lemma 2.5, the L5 are up-directed.
There is a commutative diagram

¥ ¥ ¥
H,s —2 Homp(V,0,V,8) —2- Homp(k™® k™) —35 Q ;5

SN SR S

. . ¥
H<P.8.——1—> Homp (V;¢",V,8') —2 Hom p (k¥ kM%) —3— Qs

where o= o(9,8,9",8"), v=ulg,s,¢',8), where the various ¥' are de-
fined in the same way as the various Y and U,y are the unique
maps defined by commutativity (as the various ¥ and ¥' are iso-
morphisms). Using the notation preceding Lemma 2.3 we see
that v sends f ¢Homp(V,9,V,3) to a,0f0j,. Using coordinates
and the definitions of «, and j,; we see that T sends an element
(Fi(x)) to (gp{xg)) where g,(xg)= fi(x) for p ¢L,8 and p = i
and furthermore f;(x;) is obtained from f;(x;) by setting x;=0
in fix) for j eLyp-L;io". But then x(a;)=(bg,)¢Qqs where
bgop =a;if p=j, g=1iand i eMg, p ¢Ly¥. From this descrip-
tion it is clear that yx has a right inverse %, satisfying
Yo 108y = 80,571
where 9,: H,52He'S" is the inclusion. But then
Les = Yos  MNgs) = 9,0% 57 MNs) = W57 109 (Nis).

By construction $,(N.5:) CNg5. Hence L5 CLgs.

Since each v ¢Ly is non-zero in only one coordinate cor-
responding to a vector of L,, it is clear that Ly can be well

ordered first according to je¢L, and then according to ie M. The
proof is complete.

We cover Qg5 by the sets
(QCPS)J = ((aij)EQ¢P3|aij=0 if i > 11)
where I=(I);-¢ (My) and L'=L,38. Let (Hgs), = ¥37M(Qgs)))
and (tg5);: Hys2(Hgs); be the projection induced by the evident
projection (v,5);: Qps—=(Qgs);- Recall that the basis on Qs
chosen induces one on Hgs. It is clear that since the (v,5);

(typePy, my3eP,) satisfy the condition of Definition 0.1, so do
the (1,5);. Hence, using Lemma 2.5, we obtain:
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PROPOSITION 2.7. The triple (Homp(V,,V,),Li,s) together with
PH = {(t‘PS)lOTEq,S I Ttlcp € P’l’ T[28 € P2, _1€ (_M(P)LK, LA = L28>

forms a partial polyspace.

We must show that the assignment of
F(V,,V,) = (Homp(V,,V,), Ly, Py,<)
to two polyspaces V; and V, determines a bifunctor
F: PxP - SP.

LEMMA 2.8. The assignment W-Homp(W,V;) determines a con-
travariant functor P- SP.

PROOF. Let f:V; >V, be a map of polyspaces. There is an indu-
ced map

f*:H,»H,; where H,=Homp(V,,V3) and H;=Homp(V,,V3).
First we show that, provided m, is sufficiently large, the diagram

H, i H,

TC 21 [7'[ 1
fe

_
Hs s Hyes

commutes where
th = thl.lSGPHz, 751 = thpSGPI_“

and, if iy: Hy ,s2H, is the inclusion, then f‘=mn;0f*0j,. Let a in
H,. The single superscripted inclusions and projections are those
for V,, V, and V; . We have
fFeomyla) = mOF*0iy(1380a0L, 0T o) = 7T OL35 O35 02 Ol 0T, UOF.
Since the image of 138 has only finitely many coordinates, for
m,p and hence m large enough, this last expression equals

T 4O0L380Mm380a0f = 13803801380 380a 0100 = 7,0 F%(a).
Thus, to show that f is a stratawise polymap, it suffices to
show that f° is a stratawise polymap. Note that H,, 5 (resp.
H,,s) acquires a polyspace structure from the partial polyspace
structure of H, (resp. Hy). Let ty;: (Hy,5) ;»Hy,5 be the inclu-
sion corresponding to a projection in P (L=H,,5). We need to
show that foi,; is a partial polymap. If 045:Hyps2(Hype)m is a
projection in Pys (M=H,,5), we must show that o,,,0f0i,; is a
primitive polymap. Taking coordinates one must show that the
composition T of the maps in the chain
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(QZ(.LS)J i Q2u8 - Q1<p8 - (Ql(pS)r_n_r
corresponding to the composition p,,0f%i;; is a polynomial
map. Let m3pu: Homp(W,,W5)->Hj,,, be a projection in Py for
the partial polyspace Hz=Homp(WW,). Let (a;;) «(Qy,5); cor-
respond to the associated map (Xa;;i). Then
(Za;ij)onzou(f) = (X by pq) with (bgp) € Qqmes

provided m is sufficiently large. Since the b, , are polynomials
in the a;;, T is a polynomial map for m large enough. However,
since projection is a polynomial map, T is always a polynomial
map.

The proof for the covariant variable is almost identical
and omitted.

LEMMA 29. The assignment W-Homp(V,W) extends to a cova-
riant functor P- PP.

From Lemmas 2.8 and 2.9 and, since the result holds on
the set level, we obtain:

THEOREM 2.10. The assignment
(VI‘VZ) - (Homp(vl,V2),LH,PH,S)
extends to a bifunctor Poly°PxPoly - SPoly.

We note that, if V, is finite dimensional, then
Homp(V,,V,) is a polyspace. Furthermore one has the readily
proven result:

PROPOSITION 2.11. Let (V,L,P,s) and (V,L'P',<") be two partial
polyspaces such that the vector space generated by L is the
same as the vector space generated by L'. Then the identity
iy: V=V is an isomorphism in SPoly.

3. WEAK CARTESIAN CLOSEDNESS OF POLYSPACES.

We prove Theorem 0.5.

Let V4, V, and V3 be vector spaces. There is a set iso-
morphism

[J.: Homsets(v1XV2,V3) - Hom Sets(V1,HOmSets(V2, V3))
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where
wh= fy and f,(v)= flx,v).

Let now (V4 Ly, (V,L,) and (V3L3) be polyspaces. Suppose that
f:VixV,->V, is a polymap. We want first to show that
f(x» Vo2 V3 is a polymap for each x ¢V,. Let m,¢P,, m3¢P5 and
choose some m,; ¢P, so that m;: V; »V] and x» ¢« V. Note that the
union of elements in Fy, is VI= V,;, so that the last possibility
exists. If m, and m, are large enough, there is a primitive poly-
nomial f' such that
f

VixVp ———— V5

“1”‘2J [“3

VixV3 — £ \&

commutes. Restricting one has a commutative diagram

fix
V2 (X) V3
l iy l
Vﬁ (x) V°3

where f'(,) is a primitive polymap. We thus have:

LEMMA 3.1. The map y restricts to a map
s Homp(VyxV,,V3) » Homge, s (V,Homp(V,,V3))
which is necessarily injective.

We will first show that y' maps onto I'(V,,Homp(V,,V3))
via the following lemma.

LEMMA 3.2. Let f(y be a polymap mapping into to strata. Then
f is a polvmap.

PROOF. In order to show that each coordinate of the map f:
Vi»V,- V3 involves only a finite number of variables, it suffices
to assume that V3 is one-dimensional. Then f(, maps into the
strata. Hence, for V*=V,, f(y* C(Hgs); for some ¢,5, I Thus
fio=(a;l(x) (ieM,) and, if y, is the coordinate on V3, then
Y= 2ad(x)i (ieMg) involves only a finitely many variables of
the product VxV,.

LEMMA 3.3. Suppose that f is a polymap. Then f(, is a poly-
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map.
PROOF. Let m ueP,, mopeP, and m38¢P;. Choose m,u, myp lar-
ge enough so that the diagram

f

VixVy ——— > V,
T UXTP J“ss
V1uxvz¢ —t V339

commutes with f' a primitive polymap. Let H=Homp(V,,V3).
Define g': V4u—>H,s by sending x to g'(x) where:

1. g (x)=1380f,yOmop with 138: V33—V the inclusion.
2. f'(x)()’)= f'(X,_V).
We show that, in fact, g'(x)¢Hgs. For this first check that, for
\£!

x ¢ Vyu, the diagram
Fix

V2(P _— V38

g'(x)

commutes. But
3808 (X) = T3801380F )Omap = F(yOomyep.
Since f is a primitive polymap, clearly f\,, is also. Hence
g'(x)eHgs for x e Vyu.
Next we verify that

v f(x) H
‘(a)
Vi —=£ Hys

commutes. Let x ¢V, Then, referring to Lemma 2.5, one finds
Tos O F(a () = 1380 380F () OLo@Omae(s) = 1380380 F(\,mpp(y)
= (X)), mof () = Flm () (moe(3)) = mad(g'(mp(x))(y)
= g'(mu(aN(y) since mqu(x) e Vyp.

Finally we show that for IeM"=(M,)y. (L'=L38) with I
sufficiently large and hence for all /<M", the composite

a0g': Vyu = Hys = (Hgg); where o« Py

is a primitive polymap. Taking coordinates f' becomes a map f":
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k'xk®> k™8 which can be written, since f' is a primitive poly-
map, f* =(2Qy;i) (ieM,) with j ¢L35 and with the Q;; polyno-
mials in the variables of k™. But then f(,, and thus also g
corresponds to the map f"..: k*->Homp(k"® k™) defined by
sending x to (Q;i(x)) where i ¢M. and j ¢L38. Since, for j ¢L33,
Q;(x)#0 for only finitely many i, g maps Vuu into (Hgs) for
some /<M" sufficiently large. Since f'(,, is a primitive polymap,
so is g'.
The final lemma that we need for Theorem 0.5 is:

LEMMA 3.4. If f: VxV, > V3 is a polymap, then
f( ): Vl '»HomP(VZ ,V3)
is a polymap mapping into the strata.

PROOF. We need only show that f(, maps into the strata. Let
V'3 be a one-dimensional subspace of V3 generated by an ele-
ment of L. There is a factorization
f
V,——2 Homp(V,,V3)

x‘ l’t*‘
Homp(V,,V3)

with =, arising from the projection m: V3—»V'3. If g did not map
into the strata, then mof:VxV,->V3-V'; would not be a poly-
map as one sees from the argument in the proof of Lemma 3.2.
But since m is a polymap, this is a contradiction.

Thus the proof of Lemma 3.4 and hence Theorem 0.5 is
complete.

4. NEL'S TOPOLOGICAL UNIVERSE COMPLETION.

Let k be an algebraically closed field of characteristic O.
Let Proj be the category whose objects are normal projective va-
rieties of finite type over k and whose morphisms are mor-
phisms of schemes over k. See Hartshorne [8]. Let X be an
object in Proj. A covering of X is a singleton set containing a
surjective map f: Y->X in Proj. We show that the pair (Proj,Cp)
where Cp consists of all coverings of objects in Proj is a pre-
universe. The requirement for Proj to be a pre-universe are
introduced as we go along. See Nel [11] for more information.

First one must show that a covering {f} with f: X-Y is
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final. This means that if g:Y=Z is a set map and gof is a map
in Proj, then g is also a map of varieties. For this look at the
graphs I'(g), I'(gof) and I(f) of g, gof and f, respectively.
Then

I'(g) = T(gof)Ool(FY

is readily seen to be a closed subset of YxZ. The projection of
I'(g) onto Y is one-one and onto. Hence, by Zariski's Main
Theorem [8], this projection has an inverse h: Y-=T(g) which is a
map of varieties. But then g = p,0h, where p, is a projection
onto the second coordinate, is a map of varieties.

Clearly the identities are coverings. Suppose that one has
two maps g,fe¢Proj with g a covering. One must show that
there is a commutative diagram

w > Z
X d Y

with h a covering. But one can take
W = XxyZ = {(x,2) e XxZ| f(x)= g(2)}.

Then W has the structure of a projective variety. Let h be the
projection to X. Since g is surjective, so is h. Thus Proj is
stable under "push-backs"”. Finally, the composition of two cove-
rings is clearly a covering. Thus (Proj,Cp) is a pre-universe.

We note that a similar construction unfortunately does
not work for affine varieties since the covering families need
not be final. However here one can replace Proj by the category
AF of affine schemes of finite type over k and let C, be the
collection of singleton sets whose only morphism is an isomor-
phism in AF. Then, in this case (AF,C,) is readily seen to be a
pre-universe.

In the following, we use the word "imprint” rather than
the word "native” used in [11] since it seems to better represent
the construction looked at here. A topological universe is much
more than a Cartesian closed category. For instance it has arbi-
trary limits and colimits.

To Proj we associate a topological universe Up where the
objects of Up are the pairs (X,E) such that X is an arbitrary set
and £ is a collection of maps B-X called imprints with B an
object of Proj subject to the conditions:

(1) Every constant map B-X with B an object of Proj is an
imprint.
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(2) If a: B=>X is an imprint, and B« Proj, then a«©f is an im-
print.

(3) Given a map ¢g:B-X such that, for some covering p:
B'-B, the composite gop is an imprint, then q is an imprint.

A morphism in the topological universe Up IS a map I:
(X,£)=(Y,E") such that if a:B-X is in £, then foa is in E. This
definition has its origin in differential geometry where structure
on a differentiable manifold is often defined in terms of curves
in it. The definition also suggests that stratawise polymaps are
more likely to provide a Cartesian closed category than poly-
maps. An example in Up that one might want to study is (X,£)
where X is a complete variety and £ is the non-empty set
(Chow's Lemma [81) of maps f:X*—=X where X* is projective
and f is an onto map of varieties.

For (AF,C,) the corresponding. topological universe U,
contains, for instance, algebraic spaces (see Knutson [9]) if, for
an algebraic space X, we identify X with (X,) where E is the
set of all maps f: Y-=X where Y is an object of AF and f is an
étale map.

As further motivation we mention the U structure on
ﬂ = Homu((x,ix),(Y,Ey))

which makes U into a Cartesian closed category. This is simply
defined. A map s: A-H is an imprint if and only if, for the eva-
luation map ev: XxH—=Y and every imprint t: B=X, the composite
evOo(sxt): AxB-Y is in U.

EXAMPLE 4.1. Consider H = Hom((ALE),(ALE)) where U =U,
and E consists of all maps f: X—=A! in AF. If A' SHom (A1 A?)
is an mprmt then for all imprints ¢: A' >A!, the composite
h: AlxA! 5 A! defined by sending (a,b) to s(a)(t(b)) is a map in
U,. But then h must be a polynomial map.

S. RELATIVE CARTESIAN CLOSEDNESS OF PARTIAL
POLYSPACES.

Let T denote the collection of stratawise polymaps. Before
proving Theorem 0.7, we show:

LEMMA 5.1. The category SPoly has T-products.

PROOF. A little diagram chasing below shows that products
exist in PPoly. Let V, and V, be two partial polyspaces. As the
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projection maps pg; VxV,-V, and p,: VixV,-V3 are in PPoly,
they are also in SPoly. Let f: V-V, and g: V-V, be two maps in
SPoly and h: W - V,xV, be the unique map such that p0h = f
and p,oh = g. Let W' e¢Fyy and t: W>W the inclusion. Then fou
and gOu are polymaps. Since V,xV, is the product of V; and V,
in PPoly, hou is in PPoly. Thus h is in SPoly and the proof is
complete.

It is clear that the product x defines a bifunctor PxP — P.
For a polyspace (V3,L3) and finite dimensional vector spaces V,
and V,, since T-maps from a finite dimensional vector space are
the same as P maps, we conclude from Theorem 0.5 that there
is a natural equivalence

(3) Hom(VxV,,V3) ¥ Hom(V,,Homp(V,,V3))

where the right and left hand sides are functors in V3 from P
to Sets with the following proviso: Let W be a one-dimensional
subspace of V; generated by one element of L;. Let B be a T-
map (here a polymap) which is the composite of a T-map from
V, to Homy(V,,V3) followed by a projection to Homr(V,W).
Then, for (3), one must show that B maps into the strata.

To show that f§ maps into the strata, one must show that
B(Vy) is contained in a finite dimensional subspace of
Hom(V,,W). Since Homp(V,,W) is of infinite countable dimen-
sion, by looking at the coordinates of 3, we see that it suffices
to prove:

LEMMA 85.2. A finite dimensional vector space V over an infinite
uncountable field cannot be covered by countably many hyper-
surfaces.

PROORF. If V is one-dimensional, since a hypersurface then con-
sists of finitely many points, we are done. Otherwise, it is easy
to see that there are uncountably many hyperplanes. Suppose
that V is covered by countably many hypersurfaces. Then there
is a hyperplane L which is not contained in one of the countably
many hypersurfaces covering V. The hyperplane L is in turn
covered by countably many hypersurfaces. Applying induction we
obtain a contradiction.

Clearly, if the field in Lemma 5.2 were countable, then V
could be covered by countably many hypersurfaces.

Let now V, be finite dimensional and (V,L,), (V5L;) be
arbitrary polyspaces. One readily shows that Hom(V, V3 is a
vector space under pointwise addition and scalar multiplication.
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Clearly
HOmP(Vz,Va) C HOmT(Vz,Va) .

We wish to make Hom|(V,,V3) into a partial polyspace. For this
note the following readily proven result.

LEMMA S8.3. 1. Let V be a partial polyspace and . be the inclu-
sion right inverse to some T ¢Py,. Suppose that f is in T. Then,
whenever fou or fon is well defined, it lies in T.

2. Let g be a morphism in PP and f belong to T. If gof is
defined then gof is in T.

In particular, in Lemma 5.3 (2), g could be mePy, or its
right inverse t.

Repeating the construction of §2 almost word for word,
one shows that Hom(V,,V3) is a partial polyspace whose linea-
rly independent set is the same as the linearly independent set
of Homp(V,,V3;) and whose projections are extensions of those
belonging to Homp(V,,V3). Furthermore, as in §2, using Lemma
5.3 (2), the assignment Vz»>Homy(V,,V3) extends to a functor
from P to PP.

Let Vy¢F,=Fy[s3, feHomy(V,,Homy(V,,V3)) and
¢: Hom1(V,,V3) = Homy(V,,V'3)

be the restriction map. Using (3) pof determines a map p(f):
VixV,=>V3 in Poly. The up(f), for V,¢F,, extend to a map
£: VixV,>V3 such that g(x,y)= f(,,()). The map g is in T since
elements of Fyy, where W=V,xV,, are of the form V.V,
(V’2€ Fz).

Conversely let g:V;xV,>V; be a T-map and go® the res-
triction of g to V,xV',. Then go® determines a map

8(g): V1 - HQmT(V'z,V3) = Homp(v'z ,V3)
inducing a map f:V; >Homy(V,,V3) such that f(,,(y)= g(x,y).

Since the projections of Hom(V,,V3) are just the extensions of
the projections of Homp(V,,V3), clearly f is a polymap.

In order to complete the proof of Theorem 0.7 let (VL)
be an arbitrary polyspace. We write T-dirlimF to denote the T-
direct limit of a subcategory F of LP whose arrows are contain-
ed in T. One easily shows:

LEMMA 5.6. 1. The set F,=Fy, can be viewed as a subcategory
of LP with arrows inclusions. Then T-dirlimF =V,.

2. Let V, be a polyspace and G the subcategory of LP
whose objects are of the form V'y;xV, (V'y ¢F) and whose ar-
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rows are inclusions. Then
T-1imG = V,;xV, = T-dirlim(V'xV,) (V' cF).
One then has (V'j¢F)):
Hom(VxV,,V3) = Hom(T-dirlim(V'x V,,V3))
~ lim(Hom(V'xV,,V3)) & lim(Hom(V,Hom(V,,V3)))
(using our previous result)
~ Hom~+(V,Homy(V,,V3)).

Thus Theorem 0.7 is proven.

6. WEAK CARTESIAN CLOSEDNESS IN AFFINE VARIETIES.

We prove Theorem 0.8 by combining various lemmas. Let
B again denote the collection of basic maps between affine va-
rieties.

LEMMA 6.1. The category AF has B-products.

PROOF. Let V,; (resp. V,) be a subvariety of W, (resp. W,).
Then it is easy to see that V,xV,=V(]), where if V, =V(I) and
V,=VI(I,), then

J = LAIW xW,1 + LAIW xW,1.

Clearly the projections p, and p, from V;xV, to V; and V, are
in B. Suppose that there are B-maps f:V3-V,, g:V3-V, with
V3 a subvariety of the partial polyspace W5. Since f, g are in-
duced by stratawise polymaps f*: W3-V, , g*: W3->W,, the uni-
que morphism h: V3-»V;xV, such that p;,0h = f and p,0h = g is
induced from a stratawise polymap h*: W3;>W xW, such that
pOh*= f* and p,0h*= g* (p, and p, extended to WxW,). The
proof is complete.

Suppose that V, is an affine subvariety of a polyspace W,
and that W3 is a polyspace. Then Homg(V,,W3) can be given the
structure of a vector space via pointwise operations. We suppose
first that W3 is one-dimensional. Since the linearly independent
set associated with W, has a well ordering <, from Lemma 2.6,
the linearly independent set Ly of

H = HomB(Vz,W3) = HOmT(Vz,W3)

is 1so well ordered. Note that, as we saw in §5, Hom(V, W 3)
and Homp(V,,V3) have, as partial polyspaces, the same linearly
independent set. There is a restriction map
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¢o: Homg(W,,W3) - Hompg(V,,W,).

Applying transfinite induction one can choose a linearly indepen-
dent subset L' of Ly such that
1, ;(L') i a mavimal ligparly inr‘lpppndent subset of O(LH)
2. If L" is a subset of L and @(L") is a maximal linearly inde-
pendent subset of p(Ly), then L's<L". The condition L's L"
means the following: If /"<L", then ¢(/") is a linear combina-
tion of o(l}) (I ¢L’) where [;< I" for each i.

REMARK. The above procedure provides a method for assigning
to A[IWI1, where W is an usual affine variety of finite type over
k, a canonical basis. As an object in PPoly the structure on
Hompg(V,,W3) depends on the well ordering on W,.

We let o(L') be the maximal linearly independent subset of
o(Ly) making it into a polyspace. Taking products one can ex-
tend this construction to place a polyspace structure on
Hompg(V,,W3) for W3 a finite dimensional vector space with a
well ordered basis. Finally. if W3 is an arbitrary polyspace. as in
§2, using the projections of W3, one can define a partial polys-
pace structure on Hompg(V,,W3). In fact it is easier here since
one need only worry about the range variable. The well ordering
is given first according to the coordinates determined by L; and
then in each coordinate using the case where W3 is one-dimen-
sional.

We need to show that the assignment W3;-~Hompg(V,;Wj3)
extends to a functor P ->SP. Let f: V'V be in P,

Q=Homg(V,,V), Q' =Homg(V,,V), Ke¢Fg and K'¢Fgy.

We need to show that the map h =ngof*0j, where i:K'>Q' is
the inclusion, ng ¢Pg and f* is induced from f, is a primitive
polymap. But, from our choice of basis, one can rewrite h as
the composite

| . fws €

K' —— Homg(W,,V) —— Homg(W,,V) —= K,
where e, is a vector space isomorphism of K' with an element
of Fyn+ (N'=Hompg(V,,V)) and e, equals some m (nePy,
N =Hompg(V,,V)) followed by a vector space isomorphism with
K. Since f, in the diagram has been shown to be in SPoly, we
obtain:

LEMMA 6.2, Let V, be an object of AF". Then the assignment
W3 - Homg(V,,W3)

extends to a functor P = SP.
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Next, let V3 be a subvariety of a polyspace Wj. Then, in
the evident way, one can view Hompg(V, V3 as a subset of
Hompg(V,,W3). Now, if Q=Homg(V,W3) and Je¢Fq, then J can
be identified with J'¢ Fg (R=Hompg(W,,W3)). But J', using the
notation of §2, is contained in some (Hes) -

Before continuing with our main argument we show:

LEMMA 6.3. Let x<« W5. The evaluation map
sending f to f(x) is a basic stratawise polymap.

PROOF. For m,p ¢ Py, 730 ¢ Py3 the composition

j ev, T3
(Hcps)l E— HomB(Wz,W:,) W3 W38

is also evaluation at x and a primitive polynomial map.
As a consequence one obtains:

COROLLARY 6.4. The evaluation map
evy: HOmB(Vz,Ws)—\’W3

sending f to f(x) is a stratawise polymap (x¢V,).

Let V3=V(I), a <I and ev,:Homg(V,, W3)>W, be the eva-
luation map. Since a ¢ A[IW3], a: W3- k is a stratawise polymap.
As ev, sends (Hgs); to W33, clearly aCev, is again a basic stra-
tawise polymap. Let

J ={acev,lacl. x eV,}.
Then ] is an ideal in AlHompg(V,.W3)] and clearly Hompg(V,,V3)
=V(J). Thus Hompg(V,V3) is an affine subvariety of
Homg(V,,W 3).

Using the definition of morphisms in AF” and Lemma 6.2,
one readily obtains:

PROPOSITION 6.5. Let V, be a fixed object of AF". The assign-
ment of Hompg(V,,W3) to an object W5 of AF” extends to a
functor AF™ —> AF.

Next we show that, for V,,V, in AF" and W3 in Poly,
one has the bijection

(4) ©: Hompg(VxV,,W3) - Homg(V;,Homg(V,,W3))
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required to prove Theorem 0.8. Let f belong to the left side of
(4). There is a commutative diagram
f

ViV ————— W,
!
11 /
WxWo
with /i the inclusion of V,xV, as a subvariety of the polyspace
W, xW, and g a basic stratawise polymap. From Theorem 0.7

there is an induced map g': WoHomg(W,,W3) in T. There is
also a sequence of maps

i

v, W, —£— Hompg(W,, W4 —— Hompg(V,,Ws)

whose composite equals t(f) where i' is the inclusion and ¢’ the
restriction map. Since the linearly independent set defining
Hompg(V,,W3) can be identified with a subset of the one defi-
ning Homg(W,,W3) and since g' is a stratawise polymap, p'0g’
is a stratawise polymap. Hence t(f) is in B.

Conversely, let d: V, >Homg(V,,W3) be in B. Then there is
a commutative diagram

V,—2 Homg(V,,WJ)

|

W

with d’' a stratawise polymap. We want a commutative diagram

dj /
Hompg(V,,W3)
where d" is a stratawise polymap. In the common coordinate of
d' and d" we let d' and d" agree. Otherwise we set the coordi-
nates of d" to zero. One sees immediately that d" is then a
stratawise polymap. Hence, by Theorem 0.7, there is an induced
map m: WxW,>W3 in SPoly and then a commutative diagram
1" Y(d)

Yy xV, > W

N

W1XW2 _— W3
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with the left hand arrow an inclusion. Hence 1" %d) is in B.

Let now V3 be an arbitrary object of AF". Since it is es-
sentially just a matter of mapping into V3 on the left hand side
of (4) and correspondingly into Homg(V,.W3) on the right hand
side of (4). it is clear that (1) restricts to the natural isomor-
phism required to prove Theorem 0.8.

7. CARTESIAN CLOSEDNESS OF SPoly AND AF.

Let T again be the collection of basic stratawise poly-
maps. First we show:

LEMMA 7.1. The category SPoly of stratawise polymaps has pro-
ducts.

PROOF. Let V, and V, be partial polyspaces. Since the projec-
tions pg: Vi<Vo=V; and p,:V,~V,>V, are polymaps: they are
stratawise polymaps. Let g: V—-V; and h: V-V, be two strata-
wise polymaps. Then h= h,0---0h; and g = g,,0 0g, with each
function in the compositions a T-map. Let g: V-=V'| and
h:V-=V’,. Since T-products exist (Lemma 5.1), there is a T-map
14: V=V'»V, which when followed by the projections p'y and p’,
to V'y and V', yields g, and h; respectively. We can replace
V by ViV, g4 by p'y, and g, by p',. But since g,0p'; and
hyop', are in T, applying induction. we obtain a clearly unique
map [/ = [40-:0 [; in SPoly such that p©/ = g and p,0/ = h.
thus completing the proof.

Thus we have a bifunctor «: SPoly~SPoly —SPoly . Using
the construction in §2, aside from Lemma 7.2 below, one obtains
a partial polyspace structure on Homgp(V,,V,) for partial polys-
paces Vyand V,.

LEMMA 7.2. The pointwise addition of two elements h.g in
Homgp(V,V,) belongs to SPoly.

PROOF. Let
h= h,0--Ohyand g = EmO 084

with eachfunction in the compositions a T-map. Using the argu-
ment of Lemma 7.1 one has

h= h,0--0(hy0p,)0l and g = g,,0:0(g0p" )01,

with 14, h,0p’, and g,0p’, in T (Lemma 5.3 (2)). But then one
need only show that the sum of
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h,0- o(hzop'z) and g,,0 O(gZOp.'i)

is in SPoly which is possible, using induction, since we saw ear-
lier that the sum of two T-maps between the same polyspaces
is again a T-map. The proof is combplete.

To show that the assignment (W,V)->Homgp(W,V) deter-
mines a bifunctor SP°PxSP —SP it suffices to prove the next
two lemmas. We use the notation of §2.

LEMMA 7.3. The assignment W-Homgp(W,V) determines a con-
travariant functor SP —SP .

PROOF. Let f: W;»W, be in T. There is an induced map
f*: Homsp(Wz,V)—'HomSp(Wl,V).

The composite map fou,u: Wpu—W —~W,. by definition, is a po-
lymap for each m u: W—W,u in Py,y with tyu the inclusion right
inverse to mu. Hence, by Lemma 2.8, the composite

Homgp(W,V) —— Homgp(Wy.V) ~18° Hom ¢ n(Wyu, V)

is in T. Using the notation of §2. let t;: (Hg,s) ;~Homgp(W,.V)
be an inclusion map. Using the construction of §2, the linearly
independent set of Homgp(W,,V) is the union of the images of
the linearly independent sets of the Homgp(Wu,V) under (m,u)*
(4 € Pyy). It is then clear that, since the composite ,u*of*or,;
is a polymap, that F* is in T. Since every element f in SP is a
composite of elements in T, one can complete the proof in an
evident fashion.

Using the same type of argument one has:

LEMMA 7.4. The assignment W-Homgp(V,W) induces a functor
SP - SP.

Finally we obtain the main result of the paper:

THEOREM 7.5. . The category SPoly of stratawise polymaps is
Cartesian closed.
2. The category AF of affine varieties is Cartesian closed.

PROOF. Using the results and methods of §6, one can prove the
analogs of Lemmas 7.1-7.4. Then, using Theorem 0.8 instead of
Theorem 0.7, the proof of part 2 will be similar to the proof of
part 1 given below.

Let feHomgp(VxV,,V3). One has a factorization
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£ fn

f
V1XV2 () V31 V32 V3n+1 = V3
with the f;¢T. Using Theorem 0.7, corresponding to f(, one ob-
tains a map gg: V; “Homgp(V,,V'3) in T. Corresponding to the

f; (i =1,...,n) one obtains maps
g: = (F).:Homgp(V,, Vi) - Homgp(V,,Vit1)
in T (i =1,...,n). Hence g = g,08,.19"0g is in SP and evidently
g: Vi 2Homgp(V,.V3) satisfies g(x)(y) = f(x,y).
Let now f ¢Homgp(V,,Homgp(V,,V3)). There is a factori-

zation

f f f

V,——vri—1l,y2 VA —2 Homgp(V,.V3)
with the f; in T. Corresponding to f,, using Theorem 0.7. one
obtains a map g,:V{™xV,=V; in T. There are natural maps f,-I:
VixVo=VI*V, in T (i =0,...,n). Hence the map g:V, V,~V,
corresponding to f (g(x,y)= f(,(¥)) can be rewritten
g = £,00f ,_px1)O0(fgxI)

with factors in T. Again note that the natural equivalence arises
from that on the sets level.
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