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INTRODUCTION

The purpose of this paper is to show that categorical shape theory

may be considered in a general bicategory which admits the Kleisli cons-

truction of monads. It is a well known fact, explici’tly remarked e. g. by
Deleanu - Hilton [ 8 ] , that a similar formulation of the shape category prov-
ides alternative proofs of many results. Bourn - Cordier [ 5 ] show that these

results rely on a «bimodule calculus » and also that the inverse system ap-

proach (see for instance Mardesic-Segal [14]) can be dealt with in this

general setting.
Here we want to stress this latter point of view and derive some

consequences : known properties relative to shape invariant functors are

obtained from formal properties of adjoint pairs and Kan extensions. It fol-

lows that some applications to module theory (Frei-Kleisli [10, 11 ], Kleisli

[12 ) become particular cases of properties of general category theory.
Moreover a new approach to « Cech-condition » is introduced. Shape

categories are characterized in terms of indexed limits and the Cech cond-

ition turns out to be sufficient to present each object as a canonical limit.

1. THE BICATEGORICAL SETTING.

Let us consider a bicategory B such that each hom-category
B ( u , v ) is small-complete and cocomplete, and such that colimits are

preserved by composition. Suppose moreover that B is biclosed, i. e., it

admits right Kan extensions homu ( o, y) and right liftings homv ( a, B ) of
pairs of 2-cells as in the following diagrams
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Wen B is as above, also the bicategory B-mod of small categ-

egories based on B with bimodules as arrows satisfies the same proper-

ties (see Betti [2), Betti, Carboni, Street &#x26; Walters L3)).

In B-mod the right Kan extension hom A (cp y ) is explicitly given

by : 

where the symbol  e &#x3E;&#x3E; denotes the underlying object for categories based

on a bicategory. Analogously:

A particular case considered in the following is when B = V is a

one-object symmetric bicategory, i. e. a symmetric, closed category. In

this case the bimodule calculus coincides with that explicitly given by

Bourn-Cordier [ 5 ] and first established by Benabou [11.
We claim that the general properties of shape categories depend

essentially on the following two bicategorical lemmata.

LEMMA 1. I f q$ admits a left adjoint o’, then

If o admits a right adjoint o", then there exists the left Kan extension

’t-

PROOF. o’ -| o, gives the following bijective correspondances:
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gives

L EMM A 2. An arrow a preserves right Kan extensions iff it admits a left

adjoint B .

PROOF. If a -| B, then : 

Conversely, if cr preserves right Kan extensions, take 0 = hom v ( a, 1 ) . o

Dual statements hold true for the right and left liftings.

DEFINITION (Street [15]). Let 0 : v -&#x3E; v be a monad in B. The Kleisli

object 0 f cp is an obj ect k of B endowed with a 0 -algebra d : v -&#x3E; k such

that, for each object x , the map induced by the composition with d :

is an isomorphism.

When this is the case, d has a right adjoint d* , the monad d* o d

is isomorphic to 0 and the object k satisfies the classical universal prop-

erty of Kleisli algebras. Technically the Kleisli object is a lax colimit, or
a « collage) with a more recent terminology (Street fl6])-

It is easy to check that in B-mod any monad o : A +&#x3E; A has a

Kleisli object K , which can be described as the category with the same
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objects of A , the same underlying, and

(see also Thiebaud [17]).

2. SHAPE OBJECTS AND SHAPE INVARIANT ARROWS.

Let K : A - T be an arrow which admits a right adjoint K*. From
the axiomatic approach to shape categories of Bourn - Cordier [ 5 ] we as-

sume the following

DEFINITION. The shape of K is the Kleisli object SK of the monad

homA ( K , K ) . Let us denote by D : T -&#x3E; S K the canonical arrow of Kleisli

objects.

In B-mod, K is a functor A -&#x3E; T , considered as the bimodule:

admits the right adjoint

The above definition thus amounts to the classical one for shape categ-
ories : S K has the same objects as T , the same underlying, and

In this case the canonical arrow of Kleisli objects is provided by the functor

D : T -7 SK which is the identity on objects and is defined on arrows as

follows : for any ordered pair ( x, y ), the arrow

is given by the morphism of bimodules 1 T -&#x3E; hom A( K * , K * ) corresponding
to 1 : K * -&#x3E; K*.

It is easy to check that in general we have

Dual definitions can be given for the coshape object of K ; it is

the Kleisli object of the monad hom T ( K * , K * ).

DEFINITION (Frei [9], Deleanu - Hilton [8] ). An arrow Y ; 7° - U is Shape
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invariant if there exists y: S K -+ U such that Vi = y o D 

THEOREM (Frei [9], Deleanu-itilton [8]). Right Kan extensions are shape
invariant.

PROOF. Suppose Y = homA ( K, a ) ; take y = Y o D* . The proof now comes
from a calculation just involving the universal property of right Kan exit-

ensions and the essential feature ( * ) of SK . D 

T HEOR EM (Frei-Kleisli 10, 11]). Let t/J: T 4 U be a sbape-invariant arrow.

If Y preserves the right Kan extension hom A ( K, K), then it is a right
Kan extension along K .

PROOF. Suppose Y = y o D ; take

We have to show

The bijective correspondance

is obvious in one direction ; in the other one it is obtained as follows :

(right Kan extension)

( Vi preserves homA ( K , K ) )

( by (* )) 

COROLL AR Y. I f fi : T -&#x3E; U is shape-invariant and admits a left adjoint,
then it is a right Kan extension along K .
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Deleanu - Hilton [8] and Frei [9] calculate the shape category of

a functor having a left adjoint. Applications to this case are also given
in Cordier-Porter [6]. It is easy to show that the main feature of SK , in
this case, depends only on the adjunction.

Suppose that K.- A , ’T has a left adjoint L : ’r - A . We have :

A direct consequence of Lemmas 1 is thus : boma ( K , K ) = K o L , i. e.

(Deleanu - Hilton [8], Theorem 4.3) SK is the Kleisli object of the monad
K o L . Moreover, in B-mod th e bij ection S K ( x , y ) = A ( L x , L y) proved
in Deleanu - Hilton [8], is now reduced to a simple calculation (again Lem-

ma 1) :

3. APPLICATIONS TO MODULF THEORY. 

We want now to recover some applications of Kleisli [12], when

B is the category Ab-mod of categories based on the closed category of

abelian groups, with bimodules as morphisms.
Let A , T be rings with unit elements, i. e. one-object categories.

Let K : A -&#x3E; T be a ring-homomorphism, i. e. a functor. Then the shape cat-

egory SK is the endomorphism ring EndA T of T considered as a left A-

module. The functor D : T -&#x3E; SK is given on arrows by

x |-&#x3E; left multiplication by x : T - T .

A bimodule T + 1 ( 1 denotes the trivial one-object category) is just a

left T-module.

The module Y : T -|-&#x3E; 1 is shape invariant when it can be extended

to an EndA T-module. Y is a right Kan extension along K when it is of

the form HomA ( T , ,z ) , and it is a 1 eft Kan extension when it has the form

T @ A Y.
Recall from Lawvere [13] that a module fi : T -|-&#x3E; 1 has a left ad-

joint exactly when it is a finitely generated projective module. The prev-
ious corollary thus applies directly to such modules.
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Now the (dual of) Theorem 2.2 of Frei - Kleisli [11] can be reform-

ulated and proved as follows :

THEOREM. Let K : A -&#x3E; T be a ring homomorphism. 1 f T , considered as a

A-module T: A i... 1 has a left adjoint, then every shape invariant T-mod -

ule is a right Kan extension along K .

PROOF. More generally, suppose A and T are categories (enriched in a

bicategory) and K is a functor such that, for each object x , the bimodule

has a left adjoint ax ( e x denotes the trivial one-object category with un-

derlying e x ). By the previous theorem, it is enough to show that any l/; ."
T -|-&#x3E; e’x preserves h om A (K* , K* ) :

and

4. THE C ECH CONDITION.

D EF INITION. K : A -&#x3E; T is shape adequate if bom A ( K , K ) o K = K.

Bourn-Cordier [5] show that, in B-mod , K is shape adequate iff

i. e. when D is fully-faithful on pairs ( x, K a ) . Frei [9] points out that

this condition (called condition C in [9], the terminology «shape-adequate»
can be found in Tholen [181]) is the most general sufficient one for D o K

to be codense.

It is known (Frei [91, Deleanu-Hilton [7]) that when K is shape

adequate, each SK-object x admits a limit presentation, namely:
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from the comma category

This property can now be formulated as follows :

TH EOREM. Each object x of Sk is the limit o f D o K indexed by thP bi-

module K*( x, - ): A -|-&#x3E; ex.

PROOF. From Borceux-Kelly [4], recall that the limit {F, o} of F : A , X,

indexed by the bimodule 0.- A -|-&#x3E; û (when it exists) is an object represent-
ing the right Kan extension hom A ( o , F* ) . Such an object is characterized
by a family of isomorphisms

for each object y . To prove the theorem it is thus enough to verify

and

holds true because K is shape adequate. 0

More generally one could ask for limits indexed by suitable bimod-

ules.

DEFINITION. Let Q be a family of bimodules o : A -|-&#x3E; M. K: A 4 T sat-

isfies the Cech condition with respect to Q if for each T-object x there

exist ax in Q and a 2-cell ax -&#x3E; K*( x, - ) such that the induced 2-cell

is an isomorphism.

THEOREM. I f K : A , T is shape adequate and satisfies the éecb cond-
ition with respect to Q then each abiect of SK is a limit indexed in 11 .
P ROO F. We have x = { D o K , ax }, because



49

REFERENCES.

1. J. BENABOU, Les distributeurs, Rapport 33 Inst. Math. Pure App. Univ. Lou-

vain-la-Neuve ( 1973).

2. R. BETTI, Alcune proprietà delle categorie basate su una bicategoria, Quad.
28/S(II), Ist. Mat. Univ. di Milano (1982).

3. R. BETTI, A. CARBONI, R. STR EET &#x26; R. WALTERS, Variation through en-

richment, J. Pure App. Algebra 29 ( 1983), 109-127.

4. F. BORCEUX &#x26; G. M. KELLY, A notion of limit for enriched categories, Bull.

Austral. Math. Soc. 12 (1975), 49-72.

5. D. BOURN &#x26; J.-M. CORDIER, Distributeurs et théorie de la forme, Cahiers
Top. et Géom. Diff. XXI- 2 (1980), 161- 189.

6. J.-M. CORDIER &#x26; T. PORTER, Functors between shape categories, J. Pure Ap.
Algebra 27 ( 1983), 1- 13.

7. A. DELEANU &#x26; P. HILTON, Borsuk shape and a generalization of Grothen-
dieck definition of pro-category, Math. Proc. Camb. Phil. Soc. 79 (1976), 473.

8. A. DELEANU &#x26; P. HILTON, On the categorical shape of a functor, Fund. Math.
XCVII (1977), 157- 176.

9. A. FREI, On categorical shape theory, Cahiers Top. et Géom. Diff. XVII- 3
(1976), 261- 294.

10. A. FREI &#x26; H. KLEISLI, Shape invariant functors: applications in module theory,
Math. Zeitsch. 164 (1978), 179- 183.

11. A. FREI &#x26; H. KLEISLI, A question in categorical shape theory: when is a sha-

pe invariant functor a Kan extension? Lecture Notes in Math. 719 (1979), 55-62.

12. H. KLEISLI, Coshape-invariant functors and Mackey’s induced representation
Theorem, Cahiers Top. et Géom. Diff. XXII-1 (1981), 105- 109.

13. F. W. LAWVERE, Metric spaces, generalized logic, and closed categories,
Rend. Sem. Mat. e Fisico di Milano XLIII ( 1973), 135- 166.

14. S. MARDE0160I0107 &#x26; J. SEGAL, Shape theory. The inverse system approach, North
Holland, 1982.

15. R. H. STREET, The formal theory of monads, J. Pure Ap. Alg. 2 (1972), 149.

16. R. H. STREET, Cauchy characterization of enriched categories, Rend. Sem.

Mat. e Fisico di Milano LI ( 1981), 217- 233.

17. M. THIEBAUD, Self-dual structure-semantics and algebraic categories, Dal-
housie Univ., Halifax (1971).

18. W. THOLEN, Completions of categories and shape theory, Seminarbericbte 12

Fernuniversität Hagen ( 1982), 125 - 142.

Dip. di Matematica, Università di Milano, Via C. Saldini 50, 20 133 MILANO, ITALY


