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CAHIERS DE TOPOLOGIE Vol. XXIV-2 (1983 )
ET GEOMETRIE DIFFERENTIELLE

ON A FAMILY OF VARIETIES NOT SATISFYING
STOKA'S MEASURABILITY CONDITION
by Leonardo CIRLINCIONE

RESUME. On donne un premier exemple de famille mesurable de variétés
dont le groupe attaché au groupe maximal d'invariance n'est pas mesurable.
On prouve, ainsi, que la condition suffisante de mesurabilité, donnée par

M.I. Stoka [3], n'est pas nécessaire.

Let .qu be a family of varieties, depending on the (essential) para-
MELers a;, @y seers ag, of an homogeneous n-dimensional space }(n and
let G_ be an r-dimensional Lie group of transformations of }(n. Assume
that .ch is G -invariant and no element of G_ (except the identity map)
fixes every variety of ﬂ:q - In case G_ is contained in no other group hav-
ing the same properties, G_ is called the maximal group of invariance of
?q and its subgroups are the groups of invariance of 3:q.

Let T ¢ G, where G is an s-dimensional group of invariance of
?q L If (ai) and (Bi) (i =1,...,q) are the parameters characterizing the
varieties () and T(0) of ffq , the map (a)» (B;) defines an s-dimen-
sional Lie group H_ (of the parameter space ‘Kq of ?q ), isomorphic to
G, ([4], page 33) (the associated group of G, with respect to ?q ) Hs
can be either a measurable Lie group ([4], page 12) or not. We say that
?q has the (elementary) measure d)(ai)dai , with respect to G, if H
is measurable, admitting ¢ as measure. According to M.I. Stoka, ¥ is
measurable if ¢ is also the measure for each measurable Lie group which
is associated to the same group of invariance of S:q .

M.I. Stoka proves (see [3], [4] page 40) that if the group asso-
ciated to the maximal group of invariance of ffq is a measurable Lie group,
then S:q is measurable. This condition is alsc necessary if ¢ =1, 2, 3

([4] page 41). Nevertheless this is not generally true; in fact we give an
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L. CIRLINCIONE 2

example of a S-dimensional measurable family ?5 of varieties of &S(R)
such that the group associated to the maximal group of invariance of ?5
is not measurable.

The first section of this article is devoted to the determination of
the subgroups of G,, the similarity transformation group of @3(R), de-
pending on 5 or G parameters. This is helpful in order to give the mention-

ed example.

1. THE SIMILARITY TRANSFORMATION GROUPS OF &3(R) DEPEND-
ING ON 5 OR 6 PARAMETERS.

Let G, be an n-dimensional Lie group of ({f3(R) generated by the

infinitesimal transformations XI e X The operators
(1) Y, =dX (D (i=1 . mi m<n, al¢R, rank(a})=m)
define an m-dimensional subgroup G, of G iff
(2) (Y Y )=ky,Y, (s,t=1,....m; ki ¢R).
Let ¢l =<y, ,...,Y > and G2 =<Z,,...,Z > be two m-dimensional
m 1 m m 1 m
subgroups of G, - an is conjugate to G?n (in G ) iff there exist
TeG, suchthat T(Y,)=bZ (b5cR). (D
By supposing in (1) a% # 0, one can change Y; into {aé)'l Y, . Thus
we may assume aé = 1. Then change Yi (i #s) into Yi - agYs ; we see
that it is not restrictive to put a /= 0.
Let G, be the similarity transformation group of @3 (R). We can
write the equations of G, in the following way (see [4] page 154)
x = b((l+12-m2-n2)x'+2(lm-n)y'+2(ln+m)z’)+11,
(3)|y=h(2(lm+n)x' +(1-12+n? -n2)y +2(mn-1)z")+1,,
z :b(2(ln-m)x'+2(mn+l)y'+(1-12-m2+n2)z')+t3,

b, 1, m, n, tprtg, g R, » #0 and b(1+l2+m2+n2) is the homothetic

ratio.

(1)
(2)

We use the Einstein's convention.
More information can be found in [ 1].
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ON FAMILIES OF VARIETIES... 3

G7 is generated by the infinitesimal transformations

X = ﬂ .a_f ﬂ, = Q—L' Q—[ ’
1/ 9cax+}'aer,zaZ Xy f yaz zay
- YY, TN )
Xof = — + , X = ,
(| Xsf xc?z z&x ol xa}’ yax
X :3—[, X :i[’ X :é'[!
s/ T Yol 3y =5

and its group structure is given by
r(XI,X2):(X1,X3):(XI,X4):O, (XI,X5)=-X5,
(Xy X ) ==X (X, X,) ==X, (X, X3) =X,

(XgiXy) = Xgo (Xy Xg) =0, (X5, X5) =- X7,

! = : = - =
(5) ‘X2,X7)-X6, (X3,X4)— X2, (X3,X5) X7,
(X3,X6):0, (X3,X7):-X5; (X4,X5):-X6,

(X4,X6)=X5, (X4,X7):O;

-(XS,X6):(X5,X7):(X6,X7):O.

REMARK 1. We pointed out that in (4) X, [ generates the dilatation group;
<Xy >, <X f>, <X, [> are (resp.) the three rotation groups on the axes
x, ¥, z and X5/, X fs X, [ generate the translation group.

In order to determine the subgroups of G, of dimension 5, we con-
sider the transformations
Y,=a}X, (i=123.4,5 aleR, rank(al)=5),

where X]. (7=1,2,3,4,5,6,7) is given by (4). Assume

1_,2_ _3_,4_,5__,6_,.
ay=ag=az=ag=az=as=0;

then ag # 0. Thus, we may put ag =1, ai7 =0, { #5, obtaining
A: Yi:aéXj(i:1,2,3,4), P27, Ys=X,.
Under the hypothesis
1_ ,2_
a =a;z=a
we have

. — : - 7
B: Yl.—-a{.Xi, 6, Yo=X_+alX,.
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Likewise one can infer the remaining cases:
c: Yi:a{'.xi 75, Ys=Xg+agX, +alX,,
D Yi:agix]. %4, Y5=x4+agx5+agx6+a§x7,
E Yi:a{.'X/. i#3, YS:X3+a§x4+a§x5+agx6+agx7,
F: Yi:aéXl. i£2, Y
G

1l

3 5 6 7
5 X2+ a5X3+d§X4+a5X5+a5X6+a5X7
=al Xi ijZE1,

13
2 3 4 5 6 7
X1+a5X2+a5X3+a5X4 +a5X5 +a5X6+a5X7.

Il

Y.
i
Y
5
In case A (as well as in the remaining cases), we can again put the same

assumption on the coefficients of Y4 . Thus one finds

. _ . . _ _
Ayt Yy=alX; (i=1,2,3), j#6.7, Y, =Xg Yi=X,
. — : _ 6 —
Ab‘ —ain 1Z25,7, Y4—X5+a4X6, Y5—X7,
= al / = 5 6 =
c aQX/. 17 4,7, Y4 X4+a4X5+a4X6, YS X7,

Y.
13
Y;
A . Y.
13
= / ] = 4 5 6 =
Y, aiX]. j£A3,7, Y4 X3+a4X4+a4X5+a4X6. Y5 X7.
— i ; - 3 4 5 6
YL.—aéXl. A 2,7, Y4_X2+a4X3+a4X4><a4X5+a4X6,
Y5:X7,
Ag: Y. =dl X, j#1,7,
13 L/
- 2 3 4 5 =
Y, X1+a4X2+a4X3+a4X4+a4X5+dZX6, Y =X, .

From Aa it follows

Aalz Yizaéxf(z=1,2), ]£5.,6,7, Y3=X5. Y4=X6, YS:X7’

. = j 7 = 5 =
Aay: Yy =alX, [A£46.7, Y= X +afXo ¥, =X

. = j 1 = 4 5
Aas. Y, aiXi j#3,6,7, Yo=X+ajX + ajX,,
Y, =X ;75:)(7'
. = al / = 4 5
Aa4. Yi a/iX]. 172,6,7, Y3 X2+ a3X3+ a3X4+ a3X5,

Y4:X6’ Y5=X7.
S Y =g ; - 2 3 4 5
A YL ain iZ21,6,7, Y3 X +a3X2+a3X3+a3X4+a3X5,

aS 1
Y4: XG' Y5= X7,

Now A,  splits again in four cases. Consider the first

1
. _ 1 2 3 _ _ _ _
Ag (D: Yy=aiX;+aiXy+aiXs, Yy=Xg Yo=Xg Yi=Xg Ys=X;
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ON A FAMILY OF VARIETIES... 5

I n view of (5), (2) yields

— .3 2y _ i
(Y. Y,) = -agXy+ajX=kp, Y,
whence
1p1 - 201 — .3 4321 — 42 12 — 13 — 14 —3p5 —
ajk; =0, ajkj,=-ay, ajkj,=aj ki, =kj, =k],=k7,=0
These equations are compatible if
1
a; 0
rank a12 '11]'3 < 2
\ .3 2
] a7

Therefore (a?)2 +(a§)2 =0, i.e. a% #Z 0. As it is not restrictive to set

a% = 1, we have the first 5-dimensional subgroup of G,
1 -
(6) Gs—<X1,X4,X5,X6.X7>.
In the second case, Aal(II), we have
— 4l 2 4 - 4 -
Y, =a;X; +ajX, +a7X,, Y,= X, +a5X,, Y,=X

From ( Y] , Y2) = k‘IZYi it follows that

A simple computation leads to
(a?)2+(a%)2=0, ie a?=al=0.
Thus one finds the family of S-dimensional groups
2 —
(7)) 1GZ(a)=<X, X+ aX,, X, X, X, >}, p.

In the case A, (IIl) we may assume af# 0. For supposing a;=0

and a‘}” = 0 (then it must be necessarily a‘I‘ # 0) we obtain a special case

of Aal(I) (since it is not restrictive to put also a;: 0), while if a? #0

a particular case of Aal( II) occurs. Therefore
= 3 4 - 3
Y =X +adX +alXx , v, x2+a2x3+¢;x4,
Yo=Xgo Yy =Xgo Yo=X .
Compute as usual ( Yl , Y2) ; then (2) and (5) imply

1%9



L. CIRLINCIONE 6

1 2

— — 4,43 . g3 44
k12=0, k12—a1a2 ajag,
431 2 =q3, k3
athi, t @k i, =ag ky

341 32 = .q4
ajki, tazks, =-al,

4 —k5 =
k12 k12 0

2
Thus

3)2 4H)2)p2 = 3=-q4=0.

(1+(a2) +(a2) )k12 0, whence ay=aj 0

Hence we have the family of subgroups of G
3 -
(8) 1G3(b.c)=<X,, X+ bX,+ X, X0 X X, >4, o R.

A, (IV) splits further in three cases: yet they fall under those
above examined. The study of the remaining cases is a routine computation.
One finds that the early groups fill up the class of subgroups of G, de-

pending on five parameters.

THEOREM 1. Let G5 be a 5-dimensional subgroup of the similarity trans-
formation group G, of @3(R). Then Gy is conjugate in G, to Gg(b, c),
for suitable b, c < R.

PROOF. The change of coordinates T(x,y,z) =(z,x,y) induces the

operator permutation

<X1 X2 X3 X4 X5 X6 X7)
XI X4 X2 X3 X7 X5 X6

Thus we note that (Gé) T— Gg(O). Likewise one checks that Gf;(a) is
conjugate to Gg(a. 0).

We can make use of the same processes of Theorem 1 to classify
the 6-dimensional subgroups of G ;. The following theorem is the result we

obtain :

THEOREM 2. There exists exactly one 6-dimensional subgroup of G, the
orthogonal group G6 = <X2 , X3, X4. X5. X6 , X7 >,

2. A 5-DIMENSIONAL MEASURABLE FAMILY OF VARIETIES OF @3(R)
Let O be the variety of @3(R)

(9) (a1x+a2y tazzt 1)((a, @, +ag a5)x caya y-ajazzca;)=0

where a ¢ R and al(ai+a52) # 0. Clearly (9) is a pair of orthogonal
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ON A FAMILY OF VARIETIES... 7

planes of @, (R).

G
Let CJ:S =0 "7 be the family of varieties obtained from O through
the transformations of G,. The maximal group of invariance of 3:5 is, of

course, G7. We prove

THEOREM 3. The group associated to G, with respect to F_, is a non-

measurable group.

PROOF. Let T be the transformation (3) of G7. The parameters Bi of

the variety T (D) define the associated group H,:

(1+12-m2-n2)a1+ 2(1lm +n)a2+2(ln-m)a3
b

B, =
71
11a1+t2a2+t3a3+1
2(lm-n)a1+(1-l2+m2-n2)a2+2(mn+l)a3
By =b
2 lla1+t2a2+t3a3+1
! 2(In+m)a;+ Z(mﬂ'l)a2+(1'12'm2+ﬂ2)a3
(10) B3=b
t1a1+t2a2+ 23a3+1
_2(Im-n)(aga gragag)-(1-12+m%n?)aja - 2(mnt1)a
4~ . - -
tJ(a2a4+a3a5) tya,a,- tsa ac-a;
_2(Intm)(aya tage)-2(mn-)aja,-(1-12-m? +n%)a a,
5=

tilaga tagags)thayay tzajag-a

The coefficients of the infinitesimal transformations generating H, are
f§=a1, £§=a2a (5:“1?=a3, f‘;=a4, 5'15—_—(151
£1-0, & =2ay, & =-2a,, E4=2a,, £=-2a,.

a,a, taa
f§='2a3, fgzov §3=2a1y€;=01 §§=-2 274 3 y

a
1
a,a, tasa
£i=2ay, €2=-2a;, £3=0. §g=2_2_;4a__§_._5, £5-0,
1
aoa,taosa
‘fé“a?’ §§='a1a2, §§=-a1a3’ ‘f§=a4‘—_‘—"2: 3,
£5 - yaytagas 1
5%
1

fé=-a1a21 §§='a§, §g='a2a39 §g='a3, fg='a4a5,

£ maynys - vayay, -l 8- agug G- al.
H, is a measurable group if the following system of equations
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) R ) 9¢ 9é_.

a, 2P +4 9P +a,22 +a +a 5

[ laal 28a2 38(13 48a4 53a5
9 g 98, o 98 -4 dd-0

39, 29a, 'S3a, *da

al(asgé -alg_is) +(a2a4+a3a5)aa_¢ =-a3q5

’l] (l3 (.l5
dd _ . d d - -
al(aga—a% ala—af)+(a2a4+ a3a5)é_% = a2q5

(11)
a2(q ‘?_jé.+a M+aa_é)-(aa +aa)(aa—‘é+aai)=
Flge, 29a, 30a 274 35 43q,  59a
1 2 3 4 5
=(3(a

2a4+a3a5)—4a§)q§
) LX)
aZ(ala—a% +a2a_

J d¢ 9oy -
. +a38ai;)+a4(a4§§+a5ﬁ) (4a2+3a4)q5

ai-%a 906 )4 q (ai?é_-ka a_i)=-(4a3+3a5)q$
1 26‘112 38a3 5 48a4 5 ag

L dd

a3(a13_;1_ ta
admits exactly one non-trivial solution (up to a constant), see Deltheil
[2] page 28.

The last three equations of ( 11) are equivalent to

(11 \9(12 r?a3
[ _a_g + .a_di ==3 .
143(14 * |9|15 d)

,’ QJM +.128_95_ +a38_.¢_ ==4¢
(12) |

Clearly the equations (12) and the first equation of (11) form a system of

equations admitting no solution. Therefore H., is not measurable.

R EMARK 2. The first equation of ( 11) arises from the dilatation parameter,
while the remaining equations correspond, in order of sequence, to the ro-

tation and translation parameters.

Let G, be an n-dimensional group of G,, where n <5 and let
H, be the associated group with respect to 3:5 . If n< 4, then H is in-

transitive, whence it is not measurable ([ 4] page 15).

In case n = 5, from Theorem 1 it follows that G is conjugate to
Gg(b, c), for suitable parameters b, ¢« R. In view of Remarks 1 and 2,

we note that the Deltheil's system of H5 contains the first and the last

4152



ON A FAMILY OF VARIETIES... 9

three equations of ( 11). But we have already seen in the proof of Theorem

3 that they admit no solutions. Therefore :

PROPOSITION 1. ?5 admits no measure with respect to any n-group of

invariance, if n< 5.

We turn now to the orthogonal group G, . Let H, denote the cor-
responding associated group. On the ground of Remark 2, we can obtain
the Deltheil's system of H6 by suppressing in ( 11) the first equation.

It is not difficult to check that this system has only one solution
(up to a constant)

#la;aysaq, @y ag) =

2¢(

= a?(((a2a4 +(13a5)21L a7 kaii-ag ))(al + a2+ a3))-3/2

Hence we have

PROPOSITION 2. With respect to the orthogonal group ?5 admits the ele=
mentary measure
a?(((a2 a, tay a5)2+ aj (a +a ))(al +a + a3)) -3/2

da],\dazAda3Ada4 Ada5.

As a consequence we have the main result (see also Theorems 2,

3 and Proposition 1):

COROLLARY. The family of varieties 3"5 is measurable in spite of the
non-measurability of the group associated to its maximal group of in-

variance.
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