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GENERALIZED MANIFOLDS

by Eckhard LOHRE

CAHIERS DE TOPOLOGIE

ET GEOMETRIE DIFFERENTIELLE

Vol. XXI -1 (1980)

INTRODUCTION.

In order to get manifolds one has to glue together local objects

along special morphisms (e.g. [1,3,4,6,8,9,14,20]). S. Mac Lane

already has pointed out the importance of a categorical description of

manifolds in [16]. Refering to this one finds quite different methods for

this in the following papers.
C. Fhresmann descibes in [7] the complete enlargement of local

functors and gets in this way for instance a construction for differential

manifolds starting with the groupoid of diffeomorphisms between open

parts of locally convex spaces. J. Bosch and M. Sagastume develop in

[2] abstract varieties using Grothendieck topologies and generalized
functors and natural transformations in the sense of C. Ehresmann. In

[1] H. Appelgate and M. Tierney identify manifolds with coalgebras over

a model induced cotriple. With this one gets exactly the correct objects
but not enough morphisms. R . Ouzilou gives a functorial desciption of

the process of gluing in [18] using Grothendieck topologies and transi-

tion isomorphisms in detail. The compatibility is formulated as in [2].

Y. Kawahara describes in [13] the topological context by a structure

functor gluing together saturated subcategories.
H. flolmann and D. Pumplün work in [11] with categories of sub-

objects as models. Manifolds are locally represented by special func-

tors. Defining proper morphisms between such functors one gets a dia-

gram category which leads directly to the definition of a category of ma-

nifolds.

The following paper starts with categories with subobjects and

coverings. Manifolds are locally defined by functors as in [11]. But the
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definition of cards, coverings and compatibility of cards allows to take

also the global objects, in a natural manner, into consideration. First

coverings are introduced as special colimits depending on a category

with subobjects. Then one deduces some lemmas which are important
for the following considerations. The definition of generalized manifolds

starts with categories with subobjects (K, U), (K’, U’) and a functor

V: K ’-&#x3E; K which can be restricted to the subcategories U, U’ . If this

functor has suitable properties it is possible to define generalized at-

lases, manifolds and smooth morphisms so that the classical cases of

topological, differentiable, complex, etc... manifolds are described as

special cases (further examples are in (4.10)). The generalized mani-

folds with smooth morphisms form a category in a natural way.

I would like to thank Prof. Dr. Pumplün for his encouragement.

1. COVERINGS.

For a category K, ObK denotes the class of objects of K . Ob-

jects and identities in K are identified and marked by capital letters.

The ( co )domain of a morphism h E K is noted as Dom (h ) ( Cod(h ) ).

Mono(K) is the subcategory of monomorphisms, Retr(K) the subcateg-

ory of retractions in K . The dual subclasses are Epi(K) and Coretr (K).

I so (IS ) is the class of isomorphisms. Functor always means covariant

functor.

If f, k c K have the same codomain and (1, g) is a pullback of

( f,k ) in K , one often writes

By f and k, f-1(k) ( k’1 ( f ) ) is only fixed up to isomorphy in the com-
ma category K/ Dom ( f ) ( K/ Dom ( k )) .

From now on ( K, U ) denotes a category with subobjects, i, e.,
K is a category, U a subcategory of K with

and K has inverse U-images. This last property means that there exists
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a pullback ( v, g) in K with v E U of ( f, u) for all f E K, u c U with
the same codomain.

For instance the category of topological spaces Top together
with the subcategory of open embeddings Op is a category with sub-

objects. In this case the comma category Op/D describes the topology
of a topological space D . For an object A of K a subclass B of the

class O b (U/ A) is therefore called a basis of U/A if for all u c Ob (U/A)
there is a class B’ C B so that u is the U-union of B’ (one writes:

u = u B’), i. e., a colimit ( supremum ) of B’ in the directed category

U/ A . U-intersections ( n ) are introduced dually.

0-categories are defined as in [11], i, e., as directed categories
with fixed finite products. In this paper we always claim that 0-catego-
ries are small and not empty. The morphisms in an 0-category I are

written

i n j is the product of i and j . In the following (K, U) will always be a

category with subobjects. Starting with [11] one gets a functorial des-

cription of coverings.

( 1,1 ) DEFINITION. y is called a (K, U )-covering of an object A of

K if the following are fulfilled:

(C 0 ) There is an O-category I and a functor c: 1-) K so that

y : C -&#x3E; A ( A ) is a natural transformation pointwise in U.

( C 1 ) ( y, A ) is a universal colimit of C in K .

(C 2) For all i, j c Obl, ( C(i, i nj), C(j, i nj)) is a pullback

of (y(i J, y( j )) in K.

A colimit (y, A ) of C in K is called universal if, for all

f : B - A, ( f -1 (y), B) is a colimit of f -1 (C). One gets the functor
f-1 ( C ): I -&#x3E; K and the natural 1 transformation f ’1 (y ): f -1 ( C )-&#x3E;A( B )
in a canonical way by choosing a pullback of (f, y(i)) for all i E Ob I

w ith
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(A denotes the canonical embedding of K into the functor category

[1, K] .) One gets immediately that y is a (K, U)-covering of A iff

for all f E K with Cod( f ) = A, f-1 (y) is a (K, U)-covering of Dom(f).
If y : C -&#x3E; A ( A ) is a (K , U )-covering one has

is closed under finite U-intersections in U/A (because of

C preserves pullbacks and

As coverings are special colimits of functors whose domain is

an 0-category we want to describe how one gets such colimits if K ful-

fills additional assumptions ( The proofs of ( 1.2 ), ( 1,3 ) are s im ilar to

[19] IV (6.1), (6.2)).

(1.2) P ROPO SITION. I f K. has coproducts and C: l-&#x3E; K is a functor,
I an 0-category, the co products ( j(I ), if Obl ; I1 C(i)) and

exist, and one gets morphisms f, g, d c K which are uniquely determin-
ed by:

f and g are retractions with common coretraction d.

( 1 ) If h is a co equalizer of (f , g ), (y , A ) yields a colimit o f C

b y takin g A : = Cod ( h ) an d y ( i ) : = hj(i) fo r all if ObI.

(2) Conversely, a colimit (y , A ) of C defines by h j ( i ) = y ( i ),
i f Obi, a unique morphism h c K which is a coequalizer of ( f, g).

(1,3) PROPOSITION. f, g, d E K are defined as in (1.2) and for all

(i, k) E Obl2, d(i, k) is to be a coequalizer o f
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th en

i s a co equaliz er o f ( f , g ).
(2) In case that h is a coequalizer o f ( f, g) there exists exactly

one q (i , k ) c K with

and (q(i, k)) 

The process of gluing functors according to (1.2) and ( 1.3 ) yields
in a canonical way coverings in the sense of (1.1) as the following ex-

ample shows :

S denotes the category of sets, h: Top - S the canonical for-

getful functor and 1 an 0-category. For a functor C : I -&#x3E; S one defines

the following relation on the coproduct

iff there exists a

and ,

Now C preserves pullbacks iff C(I)C Mono(S) and - is an equival-

ence relation on MC . * If C preserves pullbacks, y : C -&#x3E; A ( A ) is an

(S, Mono (S))-covering of A : -MCI - with y(i):= rrC o j(i), ic Obl

and the canonical projection nC : MC -&#x3E; A .
In case that C is given in the form V o F with a functor

a colimit (d , B ) of F exists with h ( B ) = A and V o d = y so that

5 induces a ( Top , Op )-covering of B . One gets A , respectively B , by

gluing the functor C , respectively F (cp. [3] ).

Some characteristic properties of coverings arise directly in the

later chapters and are noted here. First we put down some aids which

are often needed later on.
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2. D IA G RAM LEMMAS.

If a limit ( D.2 ) exists in K for a diagram of the form (D.1),

the composed diagram is called a bipullback.
Obviously the existence of bipullbacks in K is equivalent to

the existence of pullbacks in K . One gets a bipullback of ( D.1 ) just by

pulling back three times according to diagram (D.3) ( cp. [11] ( 11 ) .

( 2,1 ) L EMM A. Let (D.4) be a commutative diagram in K , and let

(r, s; Dom(r) be a product. (p, q; Dom(p )) is a product iff (D.4 ) is

a bipullback. In this case one writes f 77 g = h and gets f 27 g E U for f,

g in U (notice ( D .3 ) .

(2.2) L EMM A. (D.4) is to be a commutative diagram in K.

( 1 ) If the right square in (D.4) is a pullback and f E Mono (K ),
( D .4 ) is a bipullback.

(2) The right square in (D.4) is a pullback if (D.4) is a bipull-
back and f E Iso ( K) .

( 3 ) If both squares in (D.4) are pullbacks, ( .4) is a bipullback
if h is a monomorphism of K .

(2.3) L EMMA. In case that the small square in the commutative diagram

( D.5 ) is a pullback, the big square is a pullback iff the other two inner

quadrangles are bipullbacks.
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( 2 .4 ) L EMM A. ( Q ) is to denote the commutative right cube in ( D .6 ).

( 1 ) If two opposite sides and the base in ( Q ) are pullbacks, then

the upper side is a pullback.

( 2 ) Both vertical back squares in ( Q ) are a bipullback if base and

upper side are pullbacks and n c Mono (K) ( notice ( 2.3 ) ).

(2.5) LEMMA. (D.6) is to be a commutative diagram in K.

( 1 ) If the base is a bipullback, then the back side is a bipullback
iff the diagonal plane is a bipullback.

(2 ) In case that the diagonal plane is a bipullback and f or g are

in Mono (K ) , the back side turns out to be a bipullback.
(3 ) If the base is a bipullback and the left and right vertical sides

are pullbacks, the vertical square in the middle is a pullback iff the up-

per side is a bipullback.

(Cp. also [11], ( 1.16 ), ( 1.19 ), ( 1.20 ) . )

3. ATLASES.

In this section ( K’, U’) and (K, U) are to be categories with
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subobjects, and V: K’- K is to be a functor with V(U’) C U. As an

abbreviation for the pair of functors (V, V) ( V: U’ -&#x3E; U is the restric-

tion of V to the subcategories ) one writes h: (K’, U’) -&#x3E; (K, U ) . For
the description of atlases and manifolds relative to V: (K’, U’) -&#x3E; (K, U)
one has first to introduce some important properties of V.

(3.1) DEFINITION. (1) V preserves inverse images if for all

and for every pullback

pullback of (

(2 ) v reflects inverse images ( finite intersections) if for all

( v’, g’) is a pullback of ( f’, u’) provided ( h ( v’), V(g’)) is a pull-
back of ( h( f’), V(u’)).

( 3 ) V generates inverse images ( finite intersections) if for all

and all pullbacks (v, g) of (V( f’), V(u’)), morphisms
P 

and k c lso(K )

exist with

so that (v’, g’) yields a pullback of ( f’, u’).
(4) V generates lo cal inverse images if for all

and all pullbacks ( v, g) of ( f, u) in K , morphisms

exist so that v - V(v’)k and g = V(g’)k.
( 5 ) V partially generates local inverse images if for all

and all pullbacks (v, g ) of (f, u ), there exist morphisms



95

( 6 ) V generates subobjects if for all u : A - V(B’) of U, morphisms
k f Iso(K), u’ E U’ exist with Cod(u’) = B’ and u = V ( u ’ ) k .

There are a lot of connections between the notions introduced

above ( cp. [ 15] , Section 2 ).
Here we only want to mention the following properties. Provided

U’C Init V (K’) ( the subcategory of V-initial morphisms of K’ ), V ge-

nerates inverse images and finite intersections if V partially generates
local inverse images. Moreover one gets the following obvious

( 3 .2 ) L EMM A. The statements (2), (3) and (4) are equivalent and ( 1 )

implies (2). if V preserves inverse images, then ( 2 ) implies ( 1 ) :

( 1 ) U’ C InitV(fi’).
( 2 ) h reflects inverse images.
(3) V reflects finite intersections.

(4) V-1(Iso(K))nU’ = Iso(K’).

We put

for A, B C ObK and A f ObK. An empty object 0 in K is an initial

object in K with

oA denotes the unique morphism from the initial object 0 to A . An

empty o bject in (K, U) is to be an empty object 0 in K with

Moreover one says that V : (K’, U’) -&#x3E; (K, U) generates empty objects
iff for every empty object 0 in (K, U) an empty object 0’ in (K’, U’)
exists with V(O’) = 0.

(3.3) DEFINITION. v is called local if the following properties hold

for every natural transformation y’: C -&#x3E; A ( A’) pointw is e in U with
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A’ E ObK’, C : 1 -&#x3E; K’ a functor, I an 0-category, for which V’ o y’ is

a (K , U)-covering of V( A ’).
(LOC 1 ) For every natural transform ation a’: C - 0 (B’),

exists a unique f’ E K’ with a’ = A (f’) y’.
( L OC 2 ) If a’ in (LOC1) is a natural transformation pointwise in

E, f E U implies f’ E U’.

From now on the following properties for V: (K ’, U’) -&#x3E; (K,U)
are assumed:

(MO) V generates empty objects.

( M1 ) V is faithful.

(M2) U’C InitV(K’).
( M 3 )V partially generates local inverse images.

(M 4) V is local.

V is then called a Man(i foldJ-functor.

Now we want to introduce the notion of an atlas relative to a

Man-functor showing the meaning of the conditions (MO) to ( M 4 ). A

guiding example for further definitions is given by the following one:

Let K denote the field of real or complex numbers ( R or C ) or a com-

mutative field with a nontrivial ultrametric complete valuation. Adjoin-

ing 0, w and - to the set of natural numbers N one gets N if K # R .

If K = R one defines N : = {w} . Now C’-Mor, r c N denotes the cat-

egory of Cr_morphisms between open subsets of polynormed separated

Banach spaces over K and U(Cr-Mor) the subcategory with the same

objects, whose morphisms are Cr-isomorphisms onto open subsets of the

corresponding codomain. Then (CT-Mor, U(Cr-Mor)) is a category with

subobjects and the canonical functor

is a Man-functor (cp. [4, 14] ).

For an object A of K , the morphisms of the comma category

 V, A &#x3E; are written as
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Objects (u, A’, u) of  V , A &#x3E; are denoted as pairs

and are called V-cards or simply cards on A if no confusion is possible.
With the help of the coverings defined in ( 1.1 ) one gets now the follow-

ing functorial description of an atlas.

( 3.4) DEFINITION. ( 1 ) (y, F ) is called a V-atlas if an object A of

K, an 0-category I and a functor F : I -&#x3E; K’ exist with F (1) C lj’ so

that y : V o F -&#x3E; A ( A ) is a (K, U)-covering of A . As A is uniquely de-

term ined by ( y , F ) , (y , F ) is also called 1/-atlas on A , and one often
writes simply y: V o F -&#x3E; A (A). A arises from gluing together F rel-

ative to V . The cards of the U-atlas (y, F ) are (y (i), F (i)), i E Ob I
(Notice that F preserves pullbacks, cp. the introduction of [9] . )

( 2 ) (d , G ) is to be another V-atlas on B, G : J -&#x3E; K’ a functor,

J an 0-category. Then a morphism f : A -&#x3E; B of K is called a morphism
o f V-atlases or a V-atlas morphism if

exist with the same domain P(i,j) so that (V(p’(i,j)), V(r’(i, j)))
is a pullback of ( f y(a ), d( j )) in K . Therefore V (p’(i, -)) yields a

(K , U)-covering of V( F( i)), i c Ob I. One notes the h-atlas morphism

by f : (y,F) -&#x3E;(d,G).
( 3 ) If there is another V -atlas morphism g: ( d, G) -&#x3E; (77, H) the

product g f: ( y, F) -&#x3E; ( 77, H) is also a V-atlas morphism. With this com-

position the class of V-atlas morphisms becomes a category Atl ( V) ,
the category o f V-atlases.

The objects of Atl( V) are just the morphisms of the form

( c p. ( C 2 ) ) which are identified with the U-atla s ( y , F ) on A , It is ea-

sily verified that Definition (3.4) (2) is independent of the choice of

the pullback in the following sense (notations as in (3.4) (2)): f is
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a V-atlas morphism from (y, F ) to (0, G) iff for all ( i , j )E Ob (1 x J)
and for all pullbacks

there exists r ’( I , j ) E K ’ with

v-atlas morphisms can therefore locally be described by morphisms of K’.

For the Man-functor hrj r6 N , hr·atlas morphisms induce Cr_morphisms
between the manifolds represented by the atlases (cp. e, g. [20] ).

U(Atl(V)) denotes the subclass of those morphisms

(notations as in (3.4)). The morphisms of U(Atl(V)) form a subcat-

egory of Atl( V) and can be described locally by U’-morphisms. One ea-

sily proves that

is valid because f : (y, F) - (8, G) is an isomorphism of Atl ( V) iff

f E Iso(K) and f-1: (8, G) - (y , F) is a V-atlas morphism. Before de-

ducing further properties of U( Atl( V)) some remarks follow which can

also be proved under slightly weaker conditions on V : (K’, U’) - (K U)

(cp.[15]).

( 3.5 ) L EMMA. For all (i, j) c Ob(I x , J) consider a bipullback in K o f
the form (D.7) with u: X -&#x3E; A from U, f: X -&#x3E; B from K, (y, F) a V-
atlas on A, (8, G) a V-atlas on B, F: I -&#x3E; K’, G: 1 -+ K’, p f(i, j)c U’.
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Then the P (i, j), (i, j) E Ob(I x, J) induce canonicall y a functor
P: I x J -&#x3E; K’ and the 77(i, j) a h-atlas 71: V o P -&#x3E; A(X). If PI: I x J -&#x3E; 1
and P J : I X J -&#x3E; J are the usual pro jections, 

and 7

are natural trans formations. In case that T’ ( i, j) c K’ exists with

T’: P , G o Pj induces also a natural trans formation.
P ROO F. The existence of the functor P and the natural transformation

71 follows from the property of the bipullback using ( M 2 ). In order to

verify ( C 1 ) for (77, X ) one constructs the bipullback as in ( D.3 ). Con-
dition (C 2 ) follows immediately from ( 2.5 ) ( 1 ), ( 3 ). Defining

in ( 3.4) ( 2 ), P : I x J -&#x3E; K’ induces a functor with

natural transformations and 77 : V o P -&#x3E; A ( A ) a V-atlas (which is finer

than (y , F ) in the sense of ( 4.1 ) ( 3 ) ). By ( 3.4 ) ( 1 ), ( G, T’, P )J is

an element of the class AT’, T’ = (K’, U’), defined in [11] (2.1) and
by which the local description of atlas morphisms is given in [11]. If

y : C -&#x3E; A ( A ) and d : D -&#x3E; A( A ) are (K, U)-coverings of A E ObK ,

C: I -&#x3E; K, D : J -&#x3E; K, 1, ,l O-categories and f, g 6 K with

one gets f = g .

(3.6) COROLLARY. Let I be an 0-category, C: I, K a functor and

y : C -&#x3E; A ( A ) a (K , U)-covering o f A c Ob K. Every natural trans forma-
tion a: C -&#x3E; 0 (B), B f Ob K, induces a unique K-morphism

with

a is a monomorphism iff for all i, j E Obi, (C(i,inj), C(j, inj)) isa

pullbacks o f (cc( i), a(j)).

For every V-atlas (y, F ) on A , F: I -&#x3E; K’ and every V-card
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(u, B’) on A there is a V-atlas ( u’-1 ( y ) , u-1 ( F )) on Dom(u) and a
natural transformation yu : u-1 ( F ) -&#x3E; F pointwise in U’ so that for all

i E Obl, (v(yu(i)), u-1(y)(i)) is a pullback of (y(i), u).
Condition ( C 2 ) can be verified by (2.4) (1). If h generates

subobjects one gets a v-atlas as above for all u : B - A of U. In any

case u: (u-l (y), u-1 (F)) - (y, F) is an element of U(Atl( V)).

(3.7) PROPOSITION. f: A - B is to be a K-morphism, (y, F) a V-atlas
on A and (d , G) a V-atlas on B .

( 1 ) In case that f : (y, F) -&#x3E; (d , G ) is a V-atlas morphism,

is also a V-atlas morphism for all u : U( A’) -&#x3E; A and all v: v( B’) -&#x3E; B

o f I1. for which Su c K exists with (f-1 (v), su’ u ) E UIA ( no tation

us.f-1(v)).
(2) I f V generates subobjects the converse of ( 1) is true.

Obviously U (Atl( V)) is a subcategory of Atl ( V) with

Because of property (LOC1) and ( 3.5 ) one proves the existence of

U(Atl(V))-inverse images in Atl( V) (cp. [15] ) and gets the following

(3.8) PROPOSITION. (Atl(V), U( Atl( V))) is a category with sub-

objects.

At the end of this Chapter we introduce the canonical embedding

as follows:

1 denotes the one point category {1} . Then

is a functor, A’ E ObK’, and

is a natural transformation so that (yA’, FA ,) becomes a V-atlas on
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V( A ’), f’: A ’ - B’ of K’ induces a V-atlas morphism

which is noted D ( V ) ( f’ ). D( V) : K’ -&#x3E; Atl (V) is an embedding with

therefore one abbreviates

On the other hand there is a canonical functor

which attaches to every V -atlas morphism f : (y, F) -&#x3E; (d , G) the cor-

responding morphism f of K so that the following diagram is commuta-

tive in both components.

4. MANIFOLDS.

In order to get the notion of a V-manifold the relation of compa-

tibility between cards is introduced as follows.

(4.1) DEFINITION. (u, A’) and ( v, B’J are to be v-cards on A E ObK,

(y, FJ and (d, G) V -atlases on A, F: I -&#x3E; K’, G: J - K’ functors.

( 1 ) (u, A’) and (v, B’) are called compati bl e ( notation

if u’, v’ E U’ exist with the same domain so that (V(u’), V(v’)) is a

pullback of ( u , v).

( 2 ) (u, A’) is compatible with (y, F ) ( (u, A’)&#x26;(y, F) ) if (u, A’)

is compatible with each card of (y, F). (y, F) and (6, G) are compa-
tible ((y, F)&#x26;(8, G)) if every card of (y, F) is compatible with

(8, G).
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( 3 ) (y, F ) is called finer than (8, G) or a refinement of (8, G)
(notation (y, F) &#x3E;&#x3E; (d, G)) if there is a mapping p: Obl -&#x3E; ObJ with

A 

Because of the condition ( C2 ) any two cards of a V-atlas are

compatible.
If (K, U) has an empty object 0 and if (oV(A’), oV(B’)) is a

pullback of (u, v), (u, A’J, (v, B’) V-cards on an object A of K ,
(u,A’) and (v,B’) are compatible, as V generates empty objects.
Therefore (M 0) guarantees just the compatibility of cards with empty
intersections. If necessary one has to adjunct an empty object to the

subobject categories, so that empty objects exist in the categories with

subobjects.
In the example of the last chapter the compatibility of two v r -

cards on a topological space, r f N, is exactly the C’ -compatibility in

the sense of [4] 5.1.

(4.2) PROPOSITION. The compatibility of V-atlases is an equivalence
relation.

This is an immediate consequence of the following

(4.3) LEMMA. I f (y, F) is a V-atlas on A c Ob K and i f one has V-
cards (u, A’J and (v, B’) on A , which are both compatible with (y, F),
they are already compatible.

P ROOF. F: 1 -&#x3E; K’ is to be a functor, I an 0-category. Then for all

i E 0 bK one gets a diagram of the form ( Q ) in ( D.6 ) in the following
manner: Choose a pullback ( w, V ( v’ J)) of ( u , v) with v’: D’- B’ from

Ut as base. Both vertical front sides are determined by pullbacks of

(u, y (i )) and (y (i ), v ) according to the condition of compatibility.
Another pullback yields the upper side using the fact that V generates

finite intersections. Then exactly one morphism of U exists as the last

edge of ( Q ) so that both vertical back sides of ( Q ) commute and these

form a pullback because of ( 2.4 ) ( 2 ). According to ( M 2 ) and (LOC 2)

one now gets a morphism u’: D’- A’ with V(u’) = w.
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If (y , F ) and (d , G ) are compatible V-atlases on A in ObK,

(q, P ) yields a V-atlas compatible with (y, F ) and ( d, G ) in case that

one takes the notations of ( 3.5 ) for

and writes

(71, P ) is just a common refinement of (y, F ) and (8, G ) . Conversely if

a common refinement of the V-atlases (y, F ) and (0, G) on A E Ob K

exists, then (y, F ) and (d, G ) are compatible with (TJ, H) and by ( 4.2 )
also (y, F ) and (0, G ) . Therefore we get the following

(4.4) PROPOSITION. V-atlases are compatible iff they Ltave a common

re fin em en t.

There is another characterization of the equivalence relation &#x26;

by the following

( 4.5 ) L EMM A. The V-atlases (y, F ) and (0, G ) on A E Ob K are com-

patible iff

are V-atlas morphisms.

Now one verifies immediately that the relation &#x26; is compatible
with the forming of V-atlases relative to U-subobjects in the following
sense.

(4.6) PROPOSITION. (y, F) and (d, G) are to be V- atlases on the

object A c ObK.

for every card ( u , A ’) on A .

(2) In case that V generates subobjects, (y, FJ &#x26; (8, G) is true

Obviously the relation &#x26; can be regarded as an equivalence re-

lation on Ob Atl(V). In order to extend this relation to Atl(V) the fol-



104

lowing general considerations are useful. Let L be a category, - an

equivalence relation on L and let L/- denote a full system of repres-
entatives of --equivalence classes. Then - is called normal if a par-

tial composition on L/- exists so that L/- becomes a category (nota-
tion : factor category) and the canonical projection P : L - Ll- a func-

tor. The relation - is called compatible if the ’following conditions are

fulfilled :

(a) Dom(f) - Dom(g) and Cod(f) - Cod(g) for f, g E L with f - g .
( b ) k h - g f for f, g, h, k c L if the products are defined and if

k .- g, h - f holds.

According to [19] I ( 7.8 ) ( 3 ), we get the

(4.7) L EMM A. A compatible equivalence relation - on L is normal if

for all A, B E ObL with A - B a morphism u E L(A, B) exists with

u -A.

If M is another category and W : L - lVl a functor one shows the

(4.8) PROPOSITION. Let - denote an equivalence relation on ObL

which is contained in the equivalence relation on Ob L induced by W.

Then - can be extended to a compatible equivalence relation on L iden-

tifying f, g c L iff there hold Dom(f) - Dom(g), Cod(f) - Cod(g) and
W(f) = W(9).

Taking the functor S( V): Atl(V) -&#x3E; K instead of y and the

equivalence relation &#x26; on Ob Atl ( V) which is contained in the equival-

ence relation on Ob Atl(V) induced by S(V) one gets by (4.8) a com-

patible equivalence relation &#x26; on Atl(V) that is contained in the equi-

valence relation induced by S(V) on Atl (V) . As &#x26; is normal because

of ( 4.5 ) and ( 4.7 ) the factor category is well defined.

(4.9) DEFINITION. The factor category Man(V): = Atl(V)/&#x26; is called

category o f V-manifolds, P(V): Atl (V) -&#x3E; Man(V) being the canonical

projection. Objects [y, F] : = P( Y)(y, F) of Man( V) are called V-

manifolds, (y, F)E ObAtl( V), morphisms are called V-manifold mor-

phisms, and one writes f: [ y, F] - [d, C] for f: (y, F) , (8, G) of
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A tl( V).

Now are some examples of manifold extensions relative to a giv-
en functor.

( 4,10 ) EX AMP L E S. ( 1 ) The Man-functor vr, r E N , from Chapter 3 ge-
nerates subobjects. The category of vr-manifolds is just the category
of Cr-morphisms between CT-manifolds ( cp. [4,12,14, 17] ).

(2) For r E N let r* denote any pseudogroup of transformations

between open subsets of an r-dimensional euclidean space Er (cp. [1]).
Besides substitute in ( 1 ) U ( Cr-Mor) by the canonical subcategory

U(Tr) of Op induced by fr . Then Man(Vr) is the category ofrr-ma-

nifolds. For instance U(Tr) is given by the following data:

( a ) Objects are orientable open subsets of ET , morphisms are ori-

entation preserving homeomorphisms onto open subsets of the correspond-

ing codomain.

(b) Objects are open subsets of Er, morphisms are diffeomorphisms
onto open subsets of the corresponding codomain whose functional ma-

trix belongs to a fixed subgroup G of GL ( r, R) (cp. [ 5 17] ).

With one gets the following :

( 41 ) PROPOSITION. (Man(V), U(Man(V))) is a category with sub-

o b je cts.

As &#x26; is contained in the equivalence relation induced on Atl ( V)

by S( V) , there exists a unique functor

Obviously R( V)(U(Man( V))) C U and diagram (D.9) is commutative
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in both components with E( V): = P( V )o D( V ).

Further properties concerning the functors defined in (D.9) es-

pecially the question which properties of V can be carried over to R(V),
the universality of the manifold extension and the properties of the cat-

egory of V-manifolds will be examined in a continuation of this paper

(cp. [15]).

Finally we note an obvious characterization of the situation pre-
sented in (D.9).

(4.12) PROPOSITION. (V, R( V )) is a Kan co-extension of V along
E ( V ).
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