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MULTIPLE FUNCTORS

IV. MONOIDAL CLOSED STRUCTURES ON Catn
by Andrée and Charles EHRESMANN

CAHIERS DE TOPOLOGIE

E T GEOMETRIE DIFFERENTIELLE

Vol. XX-1 (1979)

INTRODUCTION.

This paper is Part IV of our work on multiple categories whose

Parts T, II and III are published in [3, 4, 5]. a Here we « laxify» the cons-

tructions of Part III (replacing equalities by cells) in order to describe

monoidal closed structures on the category Catn of n-fold categories, for

which the internal Hom functors associate to ( A , B ) an n-fold category

of «lax hypertransformations » between n-fold functors from A to B .

As an application, we prove that all double categories are (ca-

nonically embedded as) double sub-categories of the double category of

squares of a 2-category; by iteration this gives a complete characteriza-

tion of multiple categories in terms of 2-categories. Hence the study of

multiple categories reduces «for most purposes » to that of 2-categories
and of their squares, and generalized limits of multiple functors [4, 51
are just lax limits (in the sense of Gray [7], Bourn [2], Street [ 10],...),

taking somewhat restricted values.

More precisely, if C is a category, the double category Q ( C ) of
its ( up-)squares

is a laxification of the double category of commutative squares of the cat-

egory of 1-morphisms of C ; a lax transformation (D between two func-

tors from a category A to Ie 11 « ins » a double functor (D A - Q ( C ) :



60

(O « is» a natural transformation iff c(a) is an identity for each a in A).

Similarly, to an n-fold category A , we associate in Section A the (n+1)-
fold category Cub B (of cubes of B ), which is a laxification of the (n+1 )-
fold category Sq B (of squares of B ) used in Part III to explicit the carte-
sian closure functor of Catn .

In Section B, the construction (given in Part III) of the left adjoint
Link of the functor Square from Catn to Catn + 1 is laxified in order to

get the left adjoint Lax L ink of the functor Cube : Catn ---&#x3E; Catn + 1 . While
Link A , for an (n+ 1 )-fold category A , is generated by classes of strings
of objects of the two last categories An-1 and An , the n-fold category

Lax L ink A is generated by classes of strings of strings of objects of «al-

ternately» An-2 and An-1 or An ( so we introduce objects of A n-2 ins-

tead of equalities).
LaxLink is a left inverse (Section C ) of the functor Cylinder from

n-Cat to (n+1)-Cat associating to an n-category B the greatest (n+1)-

category included in Cub B .

The functor Cubn,m from Catn to Catm is defined by iteration

as well as its left adjoint. They give rise to a closure functor LaxHomn
on Catn mapping the couple ( A , B ) of n-fold categories onto the n-fold

category Hom ( A , (Cub n 2nB )Y ), where :
- Hom is the internal Hom of the monoidal closed category (consi-

dered in Part II) (II Catn’ . , Hom ) ,
n

- ( Cubn ,2n B )y is the 2n-fold category deduced from Cubn,2n B by
the permutation of the compositions y :

The corresponding tensor product on Catn admits as a unit ,the n-fold cat-

egory on 1 .

«Less laxified» monoidal closed structures on Catn are defined
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by replacing at some steps the functor Cube by the functor Square ; the
«most rigid» one is the cartesian closed structure ( where only functors

Square are considered [5] ). For 2-categories, Gray’s monoidal structure

is also obtained.

Existence theorems for the «lax limits» corresponding to these

closure functors are given in Section D. Jn fact, we prove that, if B is

an n-fold category whose category |B|n-1 of objects for the (n -1 ) -th

first compositions admits (finite) usual limits, then the representability
of B implies that of the (n + 1 )-fold categories K = Sq B , Cub B , Cyl B ;

therefore, according to the theorem of existence of generalized limits giv-
en in Part II, Proposition 11, all ( finite ) n-fold functors toward B admit

K-wise limits. In particular, the existence theorem for lax limits of 2-

functors given by Gray [7], Bourn [2], Street [10] is found anew, with

a more structural (and shorter) proof (already sketched in Part I, Remark

page 271, and exposed in our talk at the Amiens Colloquium in 1975 ) *. 

The notations are those of Parts II and III. If B is an n-fold cat-

egory, B is the set of its blocks and, for each sequence (i 0’ .. , iP-1 ) of

distinct integers lesser than n , the p-fold category whose j-th category

is B ij , is denoted by Bi0,...ip-1 .

* NOTE ADDED IN P ROOFS. We have just received a mimeographed text

of J. W. Gray, The existence and construction of lax limits, in which a

very similar proof is given for this particular theorem. The only difference

is that Cat is considered as the inductive closure of {1,2,3} ( instead

of {21 ) and that the proof is not split in two parts :
lo existence of generalized limits (those limits are not used by Gray),
20 representability of Q ( C ) and Cyl C for a 2-category C (though

this result is implicitely proved ).
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A. The cubes of a multiple category.

The aim is to give to Catn a monoidal closed structure whose tensor

product « laxifies» the (cartesian) product (by introducing non-degenerate
blocks in place of some identities). The method is the same as that used

in Part III to construct the cartesian closed structure of Catn .
The first step is the description of a functor Cube from Catn to

Catn + 1 , admitting a left adjoint which maps an (n+ 1 )-fold category A onto
an n-fold category L ax Lk a , obtained by «laxification» of the construc-

tion of L k A .

1 ° The « model » double category B4
To define the Square functor, we used as a basic tool the double

category of squares of a category C , whose blocks «are» the functors from

2 x 2 to C . The analogous tool will be here the triple category of cubes

of a double category, obtained by replacing the category 2 x 2 by the «mo-

del » double category VI described as follows :

Consider the 2-category Q with four vertices, six 1-morphisms

and only one non-degenerate

( also represented by

( Intuitively, Q consists of a square « only commutative up to a 2-cell ». )

The model double category M is the double category Q X(2, 2dis ) ,
product of Q with the double category (2 , 2 dis) :
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It is generated by the blocks forming the non-commutative square

and those forming the commutative square ( « cylinder » ) of

whose diagonal is ( x, z).

2° The multiple category of cubes of an n-fold category.

Let n be an integer such that n &#x3E; 2 . We denote by B an n-fold cat-

egory, by a 
i 
and B i the source and target maps of Bi, for i  n .

DEFINITION. A double functor c : M --&#x3E; Bn-l,o from the model double cat-

egory M to the double category Bn-1,0 (whose compositions are the ( n-1 )-
th and 0-th compositions of B ) is called ac cube 0 f B .

The cube c will be identified with the 6-uple ( b’, b’, w’, w, b , b )
where

(which determines the cube c uniquely).
In other words, a cube c of B may also be defined as a 6-uple

of blocks of B such that
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is a non-commutative square of D ,

is a commutative square of Bn-1

The diagonal of this last square :

is called the diagonal of the cube c , and denoted by a c .

Remark that w and w’ are 2-cells of the greatest 2-category con-

tained in B n-1, 0 , and that in the cube c (represented by a « geometric »

cube), the « front » and « back» faces are up-squares of this 2-category :

On the set CubB of cubes of B , we have the (n-2)-fold category

Hom(M,Bn-1,0,1...,n-2) , whose i-th composition is deduced pointwise
from the ( i+1)-th composition of B , for i  n-2 . With the notations above

( w e add everywhere indices if necessary), the i-th composition is written :

iff the six composites are defined.

Now, we define three other compositions on CubB so that, by add-

ing these new compositions, we obtain an (n+ 1 )-fold category Cub B :
- We denote by ( Cub B ) n-2 the category whose composition is deduced

«laterally pointwise» from that of Bn-1 :

i ff W2 - w’ and the four composites are defined.
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The source and target of c are the degenerate cubes determined by the front

and back faces of c .

- Let ( Cub B ) n-1 be the category whose composition is the *« vertical »

composition of cubes ( also denoted by B ):

where + and iv’ are the 2-cells of the vertical composites of the front and

back up-squares :

( hence :

- Finally, ( Cub B )n is the category whose composition is the «hori-

zontal » composition of cubes (also denoted by M ) :

where -W and w’ are the 2-cells of the horizontal composites of the front

and back up-squares :
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REMARK. (CubB ) n-1,n is the double category of up-squares of the 2-cat-

egory of cylinders (CyLB )n,n-1, which is the greatest 2-category contained
in the double category ( Sq ( Bn-1,0 )) 2,0 (with the notations of Section C ).

From the permutability axiom satisfied by B it follows that we

have an (n+ 1 )-fold category on the set of cubes of B , denoted by Cub B ,
such that:

- the (n-2)-th, (n-1 )-th and n-th compositions are those defined above.

DEFINITION. This (n+1 )-fold category CubB is called the (n+1 )-fold
category o f cubes o f B.

Summing up, the i-th category ( CubB ) 
i is deduced pointwise from

B i+ 1 for i  n - 2 and «laterally pointwise » from Bn-1 for i = n - 2 , while

( Cub B ) n-1 and ( Cub B )n are the «vertical» and «horizontal» categories
of cubes.

E XAMPL E. If B is a double category, Cub B is a triple category whose 0-th

composition is deduced laterally pointwise from B1 .

If a square s of B 0 ,

is identified with the cube

( w ith the same « lateral» faces) in which w and w’ are the degenerate 2-

cells an-1(b’o0b) and Bn-1 ( b’o0 b) , then the (n+l)-fold category 5qB
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of squares of B (see Part III [5] ) becomes an (n+1 )-fold subcategory of

CubB , which has the same objects than Cub B for the ( n-1 )-th and n-th

categories. It follows that we may still consider the isomorphisms

from B1,..., n-1,0 onto the n-fold categories defined from Cub B by taking
the objects of ( Cub B ) n-1 and t Cub B ) n respectively.

B. The adjoint functors Cube and LaxLink.

If f : B --&#x3E; B’ is an n-fold functor, the (n-2)-fold functor

underlies an (n + 1 )-fold functor Cub f : Cub B --&#x3E; Cub B’ defined by :

This determines the functor

called the functor Cube from Catn to Catn + 1 O

PROPOSITION 1 . The functor Cubn, n+1 : Catn ’ Catn +1 admits a left ad-

joint LaxLk,n+1,n: Catn+l’ Catn . 
PROOF. Let A be an (n+ 1 )-fold category, a 

i and Bi the maps source and

target of the i-th category Ai.

1° We define an n-fold category A , which will be the free object ge-
nerated by A , as follows :

a) Let G be the graph whose vertices are those blocks e of A which

are objects for both An-1 and An , the arrows v from e to e’ being the

objects of either A n , An-1 or A n-2 such that
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Hence the arrows of G are of one of the three forms :

where u, v, t will always denote objects of An, An-1 , A. n-¿, respectively.

b) If K is an n-fold category, we say that f: G - K is an admissible

morphism if f: G , K is a map satisfying the 8 following conditions :

and are functors

( where the subcategory of formed by the objects of Ai).

is a functor, for

( iv) For each arrow v of G ,

in the category

are functors.

( vi) For each block a of A,

(these composites are well-defined, due to conditions ( i - iv -v ) and to the

fact that K is an n-fold category). This condition (vi) is equivalent to:
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is a cube of K for each block a of A .

(vii) If t’o n-1 t is defined in I An-21 n-1 then

With (iv) this means that f ( t’o n-1 t ) is the 2-cell of the vertical composite

up-square of Kn-1,0:

( viii ) If t "o n t is defined, then

Hence, with ( iv ), in the horizontal category of up-squares of Kn-1,0 :

c) By the general existence theorem of « universal solutions » [6] ,

there exist: an n-fold category A and an admissible morphism p : G-&#x3E; A

such that any admissible morphism f : G , K factors uniquely through p

into an n-fold functor f : A -&#x3E; K .

Indeed, if we take the set of all admissible morphisms 0: G - Ko with K 0
a small n-fold category, there exists an n-fold category II KO product in the

category of n-fold categories associated to a universe to which belongs the

universe of small sets. The factor

of the family of maps 0 is an admissible morphism, as well as its restric-

tion O G -&#x3E; K’ to the n-fold subcategory K’ of II KO generated by the image
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O ( G) . As O ( G ) and K’ are equipotent (by Proposition 2 [4] ) and O ( G )
is of lesser cardinality than the small set G , it follows that there exists

an isomorphism !/r : K’--&#x3E; A onto a small n-fold category A . Then

is a «universal» admissible morphism, since each admissible morphism

gb : G, K factors uniquely into

where

Remark that the blocks p ( v ) , for any arrow v of G , generate A .

d) An explicit construction of the universal admissible morphism

p : G - A is sketched now ( it will not be used later on ).

( i ) Let P (G)0 be the free quasi-category of paths (vk’ ... , vo) of

the graph G ; an arrow v is identified to the path ( v ) . On the same set

P(G) of paths, there is a category P(G)i+1 , whose composition is de-

duced pointwise from that of Ai for each i  n- 2 . If r is the relation on

P ( G ) defined by:

there exists an (n-1 -fold category 11 quasi-quotient Proposition 3 [4j )

of P ( G) = (P(G)O, ... , P ( G)n-2) by r ; the canonical morphism is denoted
by T: P(G) --&#x3E; II .

(ii) We define a graph on II : Consider the morphism

from the graph G to the graph (II, cz (3D) underlying the category f1° .
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By the universal property of P ( G), a’ extends into a quasi-functor a "

from P(G)0 to lID, and a ": P( G) --&#x3E; II is also a morphism, due to the

pointw ise definition of P ( G)i+ 1 . Moreover, 6 " is seen to be compatible
with r . Hence it factors uniquely into an (n-1 )-fold functor a : II --&#x3E; II . The

equality a a r = a r implies a a = a . Similarly, there is an (n-1 )-fold func-

tor (3 : 11 , II such that

for each arrow v of G , and we have

These equalities mean that ( II , a , B ) is a graph, in which a block 77- of

II is an arrow 77 a (II) --&#x3E; B (II) .

( iii ) Let P ( II ) n-1 be the free quasi-category of all path s  TT k ’ ... , TT 0 &#x3E;
of the graph i, ( equipped with the concatenation ). A block 77 of

II is identified to the path  TT&#x3E; . On the set P (II) of these paths, we con-

sider the relation r’ defined by:

(iv) For i  n - 2 , there is also a category P ( II )it on P(11) whose

composition is deduced pointwise from that of II i. There exists an n-fold

category A quasi-quotient of P (II) = ( P (II)O , ... , P (II )n-2 , P( II) n-1 )
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by r’ , the canonical morphism being r:’ P (II)--&#x3E; A . The composite map p:

gives an admissible morphism p: G --&#x3E;A due to the construction of r and F’.

(v) p : G , A is a universal admissible morphism. Indeed, let f : G - K

be an admissible morphism. As f satisfies (i), it extends into a ( quasi- )
functor f’: P (G )0 --&#x3E; K 0; by ( iii), f’: P(G) - K0,...,n-2 is a morphism
which is compatible with r ( according to ( ii ) ). By the universal property

of II , there exists a factor f": II ---&#x3E; K 0,..., n-2 of f’ through r. The con-

dition (iv) implies that f " is a morphism of graphs

so that it extends into a ( quasi-)functor f"’; P ( II )n-1 --&#x3E; Kn-1 , defining a
morphism f "’ : P(II)--&#x3E; K (the composition of P(II) being deduced pointwise
from that of II i). The conditions ( v, vi , vii , viii ) mean that f "’ is compa-
tible with r’ . Hence f "’ factors through P’ into an n-fold functor f : A - K ;
and f is the unique n-fold functor rendering commutative the diagram

where p : G - A is a fixed universal admissible morphism.
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a) As p satisfies (vi’) and as l ( a ) is the cube c p (a) considered
in this condition, the map l is well-defined.

b) Suppose i  n- 2 . The composition of (CubA)’ i being deduced

pointwise from that of A i+ 1 , for l : Ai , ( CubA)’ i to be a functor, it suf-

fices that the maps

sending a onto each of the six factors of the cube l(a) define functors

Ai--&#x3E; A i+ 1 , Since an : A i --&#x3E;| An| i is a functor and axiom (iii) is satisfied,

p a" defines the composite functor:

and similarly for the five other maps.

c) l: An-2 --&#x3E; ( CubA )n-2 is a functor. Indeed, suppose a’o n-2 a de-
fined in A n-2 . The composition of (CubA)n-2 being deduced «laterally

pointwise » from that of A n-1 , there exists L ( a’)o n-2 L ( a ) _

which is also the right lateral face of the cube l ( a’o n-2 a). Same proof for
the other lateral faces. Finally,

is the front face of both whose back face

is . Hence,

d) l: An-1 --&#x3E; ( CubA)n-1 is a functor. Indeed, suppose a’on-1 a de-
fined. The composition of ( CubA )n-1 being the « vertical» composition, the

composite
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is defined; W) is the 2-cell of the vertical composite up-square

which, by ( vii ) , is equal to

and this is the 2-cell of the front face of l ( a’o a). Similarly, iu’ is the

2-cell of the back face of l( a’on-1 a). 

Using (ii), we get

and idem with B instead of a . Hence l (a’ )Ml( a ) = 1 ( a’o n-1a).
e) The same proof (using (viii) instead of (vii)) shows that 1 de-

fines the functor l: An --&#x3E; ( CubA)n : if a’o n a is defined,

30 1: A ---&#x3E; CubA is the liberty morphism defining A as a free object
generated by A : Let B be an n-fold category and g: A - Cub B an (n+1)..
fold functor. The cube g(a) of B , for any block a of A , is written



76

In particular,

and are the degenerate cubes determined by

a) There is an admissible morphism f: G --&#x3E;B mapping v onto the

diagonal a g ( v ) of the cube g ( v ) .

so that

is a cube, and f satisfies ( vi ). It also satisfies ( i ) and ( iv ), because it

is more precisely defined by

where u, v, t always denote objects of An, Anl1 , A n-2 respectively.

(ii) is a functor. Indeed, if u’o n-1 u is defined,

so that

Similarly, is a functor, since
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That and are functors

is deduced from the equalities

g iving

and Hence, f verifies ( ii ) and ( v ).

(iii) For i  n - 2 , there is a functor a : ( CubB )i --&#x3E; Bi+1 , since the

pointwise deduction of the composition of (CubB) i from that of Bi+1 ,
and the permutability axiom in B imply :

if c1°ic is defined in ( CubB) i , with and idem

for ei with indices. The composite functor

is defined by a restriction of f , for j = n, n-1 or n-2 . So f satisfies (iii).
( iv) If t’o n-1t is defined in , th en

is the degenerate cube determined by the vertical composite up-square

so that its diagonal f (t’o n-1 t) is the 2-cell ib of this composite. Therefore

f satisfies (vii) and (by a sim ilar proof ) ( viii ) .
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b) This proves that f : G --&#x3E; B is an admissible morphism ; so it fac-

tors uniquely through the universal admissible morphism p : G - A into an

n-fold functor g: A--&#x3E; B .

( i ) For each block a of A , the cube

is identical to cf( a ) = g(a ) ( see a), since f = g p ; so

(ii) Let g’: A --&#x3E; B be an n-fold functor, rendering commutative the dia-

gram

We are going to prove that g’ p - f ; the unicity of the factor of f through
p then implies g’= g . Indeed, for an object u of An, from the equalities

we deduce . If v is an object of A n-1 , then

If t is an object of A n’2 , the degenerate cubes L ( t.) and g ( t ) = g’l(t)are
determined by the up-squares
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so that f(t) = ag(t) = g’p(t). Hence, g’p = f, and g’ = g.
REMARK. To prove that g’p - f , we could have used the relations

wher e a is the diagonal map from Cub A to A .

4° For each (n+I )-fold small category A , we choose a universal ad-

m issible morphism pA : GA --&#x3E; A (where GA is the graph G above), for ex-

ample the canonical one constructed in 1-c ; by the preceding proof, A is

a free object generated by A with respect to the Cube functor. A will be

called the multiple category of lax links o f A , denoted by LaxLkA . The

corresponding left adjoint

maps h: A - A’ onto the unique n-fold functor

satisfying

for each object v i

By iteration, for each integer m &#x3E; n , we define the functors

DEFINITION. Cub n, m is called the Cube functor from Cat n to Cat m and

LaxLkm,n the L ax Link functor from Catm to Catn .

COROLLARY. The Cube functor from Catn to Catm admits as a left adjoint
the LaxLink functor from Catm to Catn for any integer m &#x3E; n &#x3E; 1.

This results from Proposition 1, since a composite of left adjoint
functors is a left adjoint functor of the composite. V

REMARK. If B is an n-fold category, in the 2n -fold category Cubn 2nB the
2i -th and ( 2i +1)-th compositions are deduced respectively « verticaly» and

« horizontal y» from the composition of Bi.
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C. Cylinders of a multiple category.

We recall that an n-category is an n-fold category K whose objects
for the last category K n -1 are also objects for Kn-2 .

The full subcategory of Catn whose objects are the ( small ) n-

categories is denoted by n-Cat . It is reflective and coreflective in Catn .
More precisely, the insertion functor n-Cat --&#x3E; Catn admits :

- A right adjoint fn : Catn --&#x3E; n-Cat mapping the n-fold category B

onto the greatest n-category included in B , which is the n -fold subcat-

egory of B formed by those blocks b of B such that an-1 b and Sn-1 b
are also objects of Bn-2 (those blocks are called n-cells of B ).

- A left adjoint kn : Catn --&#x3E; n-Cat , whose existence follows from the

general existence Theorem of free objects [6] ( its hypotheses are sa-

tisfied, n-Cat being complete and each infinite subcategory of an n-cat-

egory K generating an equipotent sub-n-category of K ). In fact, kn ( B )
is the n-category quasi-quotient of B by the relation :

n-2 . for each object u of Bn-1 .u - an-2 u for each object u of Bn-1.

1 ° The multiple category CylB.
Let n be an integer, n &#x3E; 2 , and B be an n-fold category.

DEFINITION. The greatest (n+1 )-category included in the (n+1 )-fold

category CubB of cubes of B is called the (n+ 1)-category of cylinders

o f B , denoted by C yl B .

So a cylinder of B is a cube of the form

its front and back faces «reduce» to the 2-cells w1 and wl of the double



81

category Bn-1,0. We will write more briefly

The composition of ( Cyl B)i , for i  n- 2 , is deduced pointwise
from that of B i + 1 . The (n-2)-th composition of Cyl B is :

so that the objects of ( Cyl B )n-2 are the degenerate cylinders «reduced

to their front face» [/3 w , w , w, an-1 w ] , denoted by wo, for any 2-

cell w of Bn-1,0 .

The ( n-1 )-th composition of Cyl B is the vertical one :

and its objects are the degenerate squares bE3, for any block b of B .

The n-th composition of Cyl B is the horizontal one :

( which is deduced pointwise from the composition of B ) ; its objects
are the degenerate squares ee, for any object e of B.

REMARKS. 1° The cylinder q1 of B may be identified with the square

of Bn-1 , in which w1 and wl are 2-cells of Bn-1,0 ; in this way, Cyl B
is identified with the greatest (n+1 )-category included in

2° (CubB) n-1 ,n is identified with the double category of up-squares
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of the 2-category ( Cyl B ) n-1,n by identifying the cube

w ith the up-square

2° The functor Cylinder.

If f : B - B’ is an n-fold functor, there is an (n+ 1 )-fold functor

restriction of Cub f . This determines a functor

called the Cylinder functor from Catn to Cat,,+ 1 . Remark that this func-
tor is equal to the composite

where un + 1 is the right adjoint of the insertion.

PROPOSITION 2. The functor LaxL is equivalent
to a left inverse of

PROOF. We are going to prove that, for each n-fold category B , the n-

fold category LaxLk(Cyl B) is canonically isomorphic with B . It fol-

lows that, in the construction of the Lax Link functor (Proof, Proposition

1 ), we may choose B as the free object generated by Cyl B , for each

n-fold category B (remark that Cyl B determines uniquely B ); in this

way, we obtain the identity as the composite

To prove the assertion, we take up the notations of Proposition 1, Proof,

with A = Cyl B , A = L ax L k A and p : G --&#x3E;A the universal 1 admissible

morphism.

1° A is generated by the blocks p ( bM), for any block b of B . In-

deed, the arrows of the graph G are the objects be of the vertical cat-
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egory of cylinders An-1 and the objects w° of the category An-2 ( each

object of An being also an object of An-1 ) ; the n-fold category A is ge-

nerated by the blocks

p ( bM) for any block b of B and

p (wo) for any 2-cell w of the double category Bn-1,0

Now, given the 2-cell w , there is a cylinder q = [x’, x’, w, w] of B,

where x’ = Bn-1 w : e--&#x3E; e’ in B0 . Applying to q (considered as a cube)

the axiom (vi ) satisfied by the admissible morphism p , we get

as p ( x’M) is an object of An-1 and p(eM an object of A 0 ( axioms (i )

and (iv)), this equality gives p ( wo) = p ( wM) . Hence A is generated

by the sole blocks p ( bM ) .

20 a) To the insertion Cyl B a__ CubB is associated (by the adjunc-
tion between the Cube and Lax Link functors, Proposition 1 ) the n-fold

functor g : A --&#x3E; B such that

(this determines uniquely by 1 ).

b) There is also an n-fold functor

Indeed, g’ is the composite functor

where _8 is the canonical isomorphism b --&#x3E; b B onto the n-fold category
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of objects of ( Cub B )n-1 (Section A-3 ) and where p’ is a functor accord-

ing to the axioms ( ii , iii , v ) satisfied by p .

c) g’ is the inverse of g . Indeed, for each block b of B we have

These equalities mean that gg’ is an identity, as well as g’g , since the
blocks p ( bM) generate A by 1. So g’ = R-1 -

3° Let f : B --&#x3E; B’ be an n-fold functor, and

the isomorphism similar to g’ . The square

is commutative, since, for each block b of B ,

(by the construction of LaxLink , Proposition 1 ). This proves that the

functor 

is equivalent to an identity. V

COROLL ARY 1. I f h: CylB--&#x3E; CyIB’ is an (n+1 )-fold functor, there exists

a unique n-fold functor f: B - B’ such that h = Cyl f .

Indeed, this expresses the fact that B is a free object generated

by Cyl B ( Proof above ) with respect to the LaxLink functor. V

COROLLARY 2. For each integer m &#x3E; n &#x3E; 1 , the LaxLink functor from

Catn to Catm is equivalent to a left inverse of the functor Cylnlm=

REMARK. Proposition 1 may be compared with the fact that the Link func-

tor is equivalent to a left inverse of the Square functor ( Proposition 5
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[5] ). However the LaxLink functor is not equivalent to a left inverse

of the Cube functor. Indeed, B and Lax Lk ( Cub B ) are isomorphic iff

each (n+ 1 )-fold functor h : CubB - Cub B’ is of the form Cub f . A coun-
ter example is obtained as follows. Let B be the double category (2, 2dis)
so that CubB = ( M2, M2 ,M2 dis) , where 2 = 1z-- 0 ,

Let B’ be the 2-category ( Z2 , Z2 ) , where Z2 is the group e , O}$ 1 of
unit e . The unique triple functor h : Cub B -&#x3E; Cub B’ mapping s and s’

onto the degenerate cube

is not of the form Cub f: CubB , CubB’ for any double functor f : B - B’ .

3° The functor n-Cyl.
The Cylinder functor from Catn to Catn+1 taking its values in

(n+1)-Cat, it admits as a restriction a functor

P ROPO SIT IO N 3. The functor n-Cyl: n-Cat , (n+1 )-Cat admits a left ad-

joint which is equivalent to a left inverse of n-Cyl.

PROOF. By definition of the Cylinder functor, n-Cyl is equal to the

composite functor Î’-. L

where un + 1 is the right adjoint of the insertion. So this functor admits

as a left adjoint the composite functor

where Àn is a left adjoint of the insertion ( which exists, as seen above ).
The free object K generated by an (n+1 )-category K with respect to
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n-Cyl is the n-category reflection of the n.fold category L ax L k K . In par-

ticular, if K = CylB for some n-category B , then LaxLkK is isomorphic
with B (by Proposition 2), hence is an n -category, and K is also iso-

morphic with B. V

COROLLARY. The composite functor (n, m)-Cyl =

admits a left adjoint equivalent to a left inverse of (n,m)-Cyl. V

D. Some applications.

1 ° Existence of generalized limits.

An (n+1)-fold category H is representable ( Section C-2 [4] ) if
the insertion functor H  n ---&#x3E; Hn admits a right adjoint, where ! | H|n is

the subcategory of Hn formed by those blocks of H which are objects

for the n first categories Hi ; in this case, the greatest (n+1* )- categ-

ory included in H is also representable.

Remark that the order of the n first compositions of H does not

intervene: H is representable iff so is HY(o),...,y(n-1),n for any permu-

tation y of 0 , ... , n-1 I . More generally :

DEFINITION. For each i  n , we denote by H*-*" the (n-1)-fold cat-

egory H0 ,..., i-l , i+ l ,... n i obtained by «putting the i-th composition at

the last places, by | H | i the subcategory of Hi L formed by the blocks of

H which are objects for each Hi, i # j  n . We say that H is represent-

able for the i-th composition if the insertion functor | H|i --&#x3E;Hi L admits

a right adjoint ( i. e., if H...i is representable ).

So, H is representable for the i-th composition iff, for each ob-

ject e of Hi , there exists a morphism 77 e : u --&#x3E; e in Hi with u a vertex

of H , through which factors uniquely any morphism n: u’ --&#x3E; e of H l with
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u’ a vertex of H , so that

q e is called an i-representing block for e .

From Proposition 11 [4], we deduce that, if H is representable
for the i-th composition and if |H| i is ( finitely ) complete, then the n-

fold category ) Hi|0,...i-1,...,n formed by the objects of Hi is H...,i-
wise (finitely) complete.

Let B be an n-fold category, for an integer n &#x3E; 7 . The three fol-

lowing propositions are concerned with the representability of Sq B , Cyl B
and CubB for the three last compositions. From the isomorphism

it follows that :

i s om orph ic with

are isomorphic with
- the vertices of Cub B , Sq B and Cyl B are the degenerate cubes

ue, where u is a vertex of B .

PROPOSITION 4. 10 I f B is representable for the 0-th composition, then

Sq B is representable for the n-th and (n-1 )-th compositions.
20 I f B is representable, then CylB is representable for the (n-2 )-th

composition.

PROOF. 10 As thecategories

are isomorphic as well as [ SqB|n and I Sq B I n-l (isomorphic with | B| 10 ),

the (n+1)-fold categories SqB and (SqB)---"-’ are simultaneously re-

presentable. Suppose that B....,0 is representable and that bM is an ob-

ject of (Sq B)n ; let n: u--&#x3E; e be the 0-representing block for e =a 6.
T hen s b = ( b, b o o 77., n , u ) is a square and aM ( s b ) = u m = uM is a ver-
tex of SqB . If s = ( b, b ’ , b, u ’) is a square of B with u’ a vertex of

B , and if ILI is the unique factor of L through n, then /b/M:u’M--&#x3E; u M
is the unique morphism of I SqBl’ such that s6M]/b/M=s, since
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Hence s b is an n-representing square for bm .

20 Suppose that B is representable and that w° is an object of the

category (CyiB )n-2 (so that w is a 2-cell of Bn-1,0 ). The same method

proves that there exists an (n-2 )-representing cylinder for w0, which is

where n; u - e is the n-representing block for e = an-1 w . (This can

also be deduced from 1 using Remark 1-C, by a proof similar to that which

w ill be used in Proposition 6. ) V

COROLLARY. 10 lf B...0 is representable and if ’ |B|0 admits (finite)
limits, then B...,0 admits SqB -wise ( finite ) limits.

20 1 f B is representable and if I B n-1 admits (finite ) limits, then

the greatest n-category included in B...0 is (CylB)...,n-2-wise ( finite-
ly) complete.

PROOF. The first assertion comes from Proposition 4, and the remarks

preceding it. The second one uses the fact that Cyl B| n-2 is isomor-

phic with | B| n-1 and that I ( CylB )n-21 0,..., n-3 ,n-l,n is isomorphic with

the greatest n-category included in B ... 0. V

REMARKS. 1° CylB is not representable for the (n-1 )-th composition.

2° If C is a representable 2-category, the double category Q ( C ) of

its up-squares is also representable [3] and Part 2 of the preceding co-
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rollary applied to B = Q ( C ) gives Bourn’s Proposition 7 [2] , since a

( CyLB ) "’’n-2-w ise limit is an analimit in the sense of Bourn, I Bl1 « ins »

the category of 1-morphisms of C and C « ins » the greatest 2-category in-

c luded in Q ( C )M,M .

P ROP OSIT IO N 5. I f B is representable and if I B I n-1 admits pullbacks,
then CubB and SqB are representable for the (n-2)-th composition.

P ROO F. For each object e of Bn-l , we denote by 77 e : re - e an (n-1 )-

representing block for e .

1° If bl : u 1--&#x3E; e and b2: u2--&#x3E; e are morphisms of B n-1 with ul , u 2
vertices of B , there exists a « universal » square

of B n-l with p, and p2 in | B| n-1 (called a | I B n-1-pullback ). Indeed,
by hypothesis, there exists in | B|n-1 a pullback

of the factors / bi/ of bi through 17 e , and

is a square of Bn -l with e 1 and e2 in B | n -1 , then / b1/ on -1 e1 and

/ b2/ on-1 e 2 are both equal to the factor of b1 o n -1 e1 - b2on-1 e2 through

7le , so that there exists a unique
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factorizing ( el , e2 ) through the pullback, i. e. satisfying

20 Let K be an object of (Cub B )n-2 , which is a degenerate cube
«reduced to its front face»

a) Construction of the (n-2 )-repre senting cube for K. By 1, there

exist B| n-1-pullbacks

A s p, p’, p , p’ are in particular objects of 8°, the composites cb and

cP are defined and admit a | B| n-1-pullback

The construction has been done so that C K =

be a cube of B .

b) Universal 1 property of c K . Let c = ( b’, b’, w, u’, b, b ) be a

cube with u’ a vertex of B and Bn-2 c = K (this means :

A A

If lbl and / b’/ are the factors of b and b’ through 77e and TJê’ there
is a square n .., A 
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whose diagonal is

By the universal property of the I B n-1-pullback Pl , there is a unique

such that

In the same way, using the equality a0 b’ =B0b , the factors / b’/ of b’

through qe’ and I bl of b through nê factorize through the )B  n-1-pull-
back P2 into a unique

Using the permutability axiom in B and the fact that p’ and p are ob-

jects of 80, we find the square

s ince

and similarly

This square factorizes through the | B| n-1.pullback P3 into a unique
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We have , since

and idem for the other lateral faces. The unicity of the different factors

implies that e 1,8 is the unique cube / c/ : u’ M u’ in Cub B n-2 ( iso-
morphic with  |B | n-1 ) such that c K on-2 / c/ --- c . This proves that CK is

an (n-2)-representing cube for K .

30 Let K be an object of (Sq B )n-2 . Then K is of the form consi-

dered in 2 except that now

The (n-2 )-representing cube CK «reduces » to a square ( w being an ob-

ject of Bn-1 ), and it is also the (n-2)-representing square for K . V

COROLLARY. If B is representable and if B n-1 admits ( finite ) limits,

then  ( Cub B ) n -2| 0 , ... , n -3 , n -1 , n and S q ( B n -1 | 0,... , n - 2) admit respec-

tively ( CubB )....,n-2-wise and (SqB )...n-2-wise ( finite ) limits.

P ROOF. This results from Proposition 5 and the remarks preceding Pro-

position 4. In fact, ( CubB )n-2 | 0,...,n-3,n «is formed» by the up-

squares of the greatest 2-category included in Bn-1,0 , its two last com-

positions are the vertical and horizontal compositions of up-squares, and

its i-th composition, for i  n-2 , is deduced pointwise from that of Bi+ 1 .

P ROPOSITION 6. I f B is representable for the 0-th composition and if
I B 0 admits pullbacks, then Cyl B , Cub B and ( Cub B )"’’n-1 are re-

presentable.

PROOF. 1° Let B’ denote the n-fold category Bn-l,l,...,n-2,0 deduced

from B...’ 0 by the permutation
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on the order of compositions. 7here is a canonical isomorphism

(Remark 1-1-C ) onto the greatest (n+ 1 )-category K included in the (n+ 1 )-
fold category (SqB,)...,n-2. As B."’O is representable, so is B’ , and

 B’  n-1 = B |0 admits pullbacks. By Proposition 5, SqB’ is represen-

table for the (n-2)-th composition, as well as its greatest (n+1)-categ-

ory K , and also the isomorphic (n+1 )-category Cyl B . More precisely,
let ern be an object of ( Cyl B )n ( so that e is an object of B0 ) ; then
eM = f ( e M) is an object of ( Sq B’ )n-2 which adm its an (n-2 )-represen-

ting square

the cylinder of B :

is the n-representing cylinder qe for ell]. If q : uM--&#x3E;, eoo in ( Cyl B)’ w ith

u’ a vertex of B , its unique factor e"M through qe is such that e 
"m be

the factor of f(q) through cue .

2° Let boo be an object of ( Cub B ) n , b E B . We are going to cons-

truct an n-representing cube for bill . Suppose b : e’--&#x3E; e in BO .

a) By 1, there exists an n-representing cylinder

A pplying Part 1 of the proof of Proposition 5 to B...’O instead of B (we

interchange the 0-th and (n-I )-th compositions), there exists a I B 0-
pullback P of the following form, where qe’ denotes the 0-representing

block for e ’ :
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is a cube, since its diagonal a cb is :

b) Let C = ( b, b " w’ , w , b , u ’) be a cube with u’ a vertex of B .

Then the factor / ql of the cylinder q = [ b’, w’, w, bo 0 b] through qe and
the factor / b/ of E through 77e’ determine the square

because

This square factors uniquely through the  B 0-pullback P into a morphism
[q , b] : u’, u in I B I 0 : 

It follows from the construction that cbM [ q , b]M = c , since

and idem for the other terms of c . Moreover, the unicity of the successive

factors implies that ( q, b]M is the unique morphism / c / of ICubB I n sa-



95

tisfying cb m / c/ = c. Hence cb is a representing cube for bm .

c) ( CubB ) ...n-1 is representable. Indeed, let Bopn-1 be the n-

fold category obtained from B by replacing the (n-1 )-th category Bn-1

by its opposite. Bnpl and B being simultaneously representable for the

0-th composition (Bn-1 and (Bn-1 )op have the same objects), Cub(n-1Bop )
is representable by Part 2. There is a canonical isomorphism «reversing

the cubes»

which maps onto Hence i is also

representable.

REMARK. F defines an isomorphism

The (n+ 1 )-fold category Cub(Bopn-1) might be called the multiple categ-

ory of down-cubes of B ( by analogy with the notion of a down-square
of a 2-category), denoted by Cub4B.
COROLLARY. I f B is representable for the 0-th composition and if I B 10
admits ( finite ) limits, then B...,0 admits CubB-wise ( finite ) limits.

This results from Proposition 6, since (CubB )n |.,..,n-1 is iso-

morphic with Boo. ,0 . V

2° A laxified internal Hom on Catn .
Imitating the construction of the cartesian closed structure on

Catn given in Section C [3], we define a «closure » functor on Catn by
replacing the Square functor and the Link functor respectively by the

Cube functor and by the Lax Link functor.

Let LacxHomn , 
be the composite functor
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where:

- y : Cat2n ---&#x3E; Cat2n is the isomorphism «permutation of the compo-
sit ions» associated to the permutation

which associates to the 2n-fold category H the 2n-fold category HY in

which the i-th category is H 2i and the (i+n )-th category is H2i + 1 ,
for each in.

- Hom(-,-) is the restriction of the internal Horn functor of the mo-

noidal closed category (II Catn ,M Hom ) ( defined in [4] ); it maps the

couple ( A , H ) of an n-fold category A and a 2n-fold category H onto the

n-fold category Hom(A,H) formed by the n-fold functors f : A --&#x3E; HO,...,n-1 ,
the i-th composition being deduced pointwise from that of Hn+i , for i  n .

DEFINITION. The functor LaxHomn : Catonp x Catn --&#x3E; Catn is called the

laxified intemalliom on Catn .
If A and B are n-fold categories, then

is formed by the n-fold functors

the i-th composition being deduced pointwise from the (2i + 1 )-th compo-
sition of Cubn 2nB ( itself deduced «horizontaly» from the composition
of Bi , as remarked at the end of Section B).

PROPOSITION 7. For each n-fold cate gory A , the partial functor

admits a left adjoint - @A : Catn --&#x3E; Catn . The corresponding tensor pro-

duct functor 0: Catn X Catn ’ Catn admits as a unit the n-fold category

1 n on the set 1 = {0}.

P ROO F . 1° a) Since L axHomn (A , -) is equal to the composite
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it admits as a left adjoint, denoted by - @A: Catn --&#x3E; Catn , the composite
functor T. L.

where -*A is the partial square product functor, left adjoint of Hom (A , - )
( see [4] ) and LaxLk2n,n is the left adjoint of Cubn ,2n (Proposition 1,
Corollary 1 ). So, if B is an n-fold category, we have

where (B mA)Y is the 2n-fold category in which

- the 2i-th category is B dis x A 1 ,
- the (2i +1 )-th category is Bi x Adis , for in.

b) There exists a functor

extending the functors -@A , for any n-fold category A . This comes from

the fact that the right adjoints L ax Homn (A , -) of -@A are all restric-

tions of the functor MaxHomn . The functor @ maps the couple

of n-fold functors onto the n-fold functor g0/: BOA , B’@A’ corresp-

onding by adjunction to the composite n-fold functor:

where I is the liberty morphism defining B’@A’ as a free object gene-
rated by B ’ with respect to Hom ( A’ - ) .

2° @ admits 1 n as a unit (up to isomorphisms ) : We have to cons-

truct, for each n-fold category A , canonical isomorphisms

where

Now, there are isom orphism s :

onto the 2n-fold category
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such that

from onto the 2n-fold category

such that f’

Hence, it suffices to construct isomorphisms

For this, we first prove the assertions a and b :

a) 1 f H is an (m+1 )-fold category such that H m is the discrete

category on H, then LaxLkH = Hm-1,0,...,m-2

Indeed, an (m+1)-fold functor g : H--&#x3E; Cub K , where K is an m-

fold category, takes its values into the objects of (Cub K)m (we use that
Hm is discrete), so that it admits a restriction

Then,

is an m-fold functor, as well as

This determines a 1-1 correspondence g /- j from the set of (m+ 1 )-fold

functors g: H - CubK onto the set of m-fold functors Hm-1,0,...,m-2 --&#x3E; K.

It follows that Hm-1,0,...,m-2 is a free object generated by H with res-

pect to the functor Cubm , m + 1 : Catm --&#x3E; Catm + 1 , and we can choose it

as LaxLkH ( Proposition 1).

b) I f H is an (m+l )-fold category such that Hm 
-1 is discrete,

then *LaxLkH = Hm,0...,m-2 . The proof is similar, using the isomorphism

c) Applying a to the 2n-fold category A whose last composition

is the discrete one, we find an isomorphism

and by iteration, ln @A = Lax Lk2 n. n A may be identified with A . Simi-
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larly, we deduce from b that

and by iteration A@ln= Lax L k2n, n A may be identified with A . V

COROLL ARY. The vertices o f LaxHomn ( A, B) are identi fied with the

n- fold functors from A to B.

P ROO F. These vertices are identified [4] with the n-fold functors

which by adjunction (Proposition 7) are in 1-1 correspondence with the

n-fold functors A--&#x3E; 1 n @A --&#x3E; B. v

EXAMPLES.

1° Let A and B be n-fold categories. Then L = LaxLk((B8A)Y )is

generated by the blocks

where a and b are blocks of A and B ; uhere u, v , t are objects of

Bn-1 , An-1 and B n-2 respectively, and where p is the universal admis-

sible morphism used in the construction of LaxLink (Proof, Proposition

1 ). In particular, for any couple ( b, a) , there exist blocks of L

So L may be seen as an « enrichment » of B x A by tlie blocks p (t, a) ,
for each object t of Bn-2 . By iteration, BOA is an « enrichment», or

a « laxification » of B x A .

2° For n - 2 , the 4-fold category ( Cub2 4 A )Y is defined in a si-

milar way as the 4-fold category of frames (Sq2 4 A)Y (Example, Sec-

tion C [5] ), by replacing the frames, which are «squares of squares » by
«full frames », which are «cubes of cubes ». Then LaxHom2 (A, B) has
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a description analogous to that given for Hom2 ( A , B ) , except that frames

are replaced by full frames ; the vertices remain the double functors A --&#x3E; B

( C orollary, Proposition 7). In particular, if A and B are 2-categories,
the greatest 2-category included in Lax Hom2 ( A , B ) is the 2-category

Fun ( A , B ) introduced by Gray [7], and the tensor product B @A admits

as a reflection the 2-category tensor product constructed by Gray [8] .

COMPL EM ENTS . Other closure functors.
10 A closure functor on the category n-Cat of n-categories is de-

fined by the same method as above, replacing the Cube functor Cubn, 2n
by the Cylinder functor (n , 2n )-Cyl ( Section C ), and there is also asso-
ciated a tensor product on n-Cat.

20 In the last Remark of 1-D, we have defined the (n+1 )-fold category
of down-cubes of B ; it gives rise to a functor « Down-cube » Cub; ,2n from

Catn to Cat2n , and as above to a «laxified» internal Hom functor on Catn,
denoted by Lax Homnl , for which Proposition 7 is also valid, with a ten-
sor product functor 0’ having 1 n as unit.

3° The tensor product functors 0 and @l on Cat n are not symme-

tric, one being in some sense the symmetric of the other. More generally,
we may replace the cubes by «laxified cubes » in which the 2-cells w’

and w of Bn-1,0 would be replaced by « strings of 2-cells of Bn-1,0 »

( w ith respect to the category B n-1 ).

This gives rise to an (n+ 1 )-fold category Lax Cub B , containing both



101

CubB and Cub4B as (n+l )-fold subcategories. The constructions of
this paper may be generalized in this setting.

4° «Less-laxified» internal Hom functors on Catn are defined by re-

placing in Proposition 7 the composite Cubn ,2n of Cube functors by a

composite in which at some steps Cubm,m+1 is replaced by Sqm,m+1
Then Proposition 7 remains valid, so that we obtain different tensor pro-
ducts of the couple (B,A) of n-fold categories, the « smallest » one being
the cartesian product B xA (corresponding to the internal Hom functor

constructed in [5], where only Square functors are taken), the « great-

east» one being B@A ( where only Cube functors are used); all admit 1 n
as a unit up to isomorphisms. In Part III, we have constructed an (n + 1 )-

category Natn «gluing together» the n-fold categories Homn(A, B) , for
any n-fold categories A and B . If H is an internal Hom functor other than

the «cartesian closure functor» Homn , there is no (n + 1 )-fold category
on the n-fold category coproduct of the multiple categories H ( A , B ) , the

canonical composition functor

admitting as its domain a tensor product and not a cartesian product.

5° The constructions o f Square, Link, Cube , Lax Link , and so the

results given in Parts III and IV may be «intemalized» (without essen-

tial changes ) for multiple categories in(ternal to ) a category V with com-

muting coproducts ( se e Penon [ 81 and P art III, Appendix ) and cokemels.
Indeed there exist then free categories in V generated by a graph in V

and quasi-quotient categories in V .

3° Characterization of multiple categories in terms of 2-categories.

The construction of LaxLink will be used now to prove that each

double category « its » a double sub-category of a double category of squares
of a 2-c ate gory.

PROPOSITION 8. Let Q ; m 2-Cat - Cat2 be the functor mapping a 2-cat-

egory C onto the double category Q ( C ) of its (up-)squares. Then Q ad-

mits a le ft adjoint String: Cat2 - 2-Cat .
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P ROO F o Q may be seen as the composite of the four functors

where 1,0 is the isomorphism «interchanging the two compositions » and

where |-|1,2 is the functor mapping a triple category T onto the double

category formed by the objects of the 0-th category To . These four func-

tors admitting left adjoints, their composite Q admits a left adjoint, cons-
tructed as follows :

Let A be a double category and A be the triple category with the

same blocks (Adis,A0,A1 ) whose 0-th category is the discrete categ-

ory on A ( it is the free object generated by A with respect to | -|1 ,2 , by
Proposition 9, Part II). The free object (Lax LkA )1,0 generated by is

with respect to

is a 2-category whose 1-morphisms are equivalence classes of strings of

objects of alternately A0 and A 1 , and whose 2-cells from e to e’ are

classes of strings of blocks of A :

This 2-category is the free object generated by A with respect to Q . It

w ill be called the 2-category of strings o f A , denoted by St A . V

COROLL ARY. The functor String: Cat2 -&#x3E; 2-Cat is equivalent to a left
inverse o f the inclusion : 2-Cat --&#x3E; Cat2 .
PROOF. It suffices to prove that, if C is a 2-category, St C is isomorphic
to C . Indeed, let L : C - Q ( St C ) be the liberty double functor. As C is
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a 2-category, 1 takes its values into the greatest sub-2-category St C of

Q ( St C ) , and its restriction L : C - St C admits as an inverse the 2-func-

tor l’. St C --&#x3E; C associated by adjunction to the inclusion C--&#x3E;Q (c ). V

R EM A RK . If A is the double category Q ( C ) of squares of a 2-category C

then C is not isomorphic to St A ; counter example : C is the 2-category
( 2dis 2 ) .

P ROPO SIT IO N 9. I f A is a double category, then it is canonically iso-
morphic to a double sub-category of the double category Q (StA) of squa-
res of the 2-category StA .

P ROO F . The liberty double functor 1: A , Q (StA) is injective. Indeed,

let a and a’ be blocks of A such that 1 (a ) = 1 (a) - By definition of

the equivalence relation used to define Lax Lk A ( and therefore StA ),
there exists a family (bi ) of « smaller » blocks of A admitting both a and

a’ as double composites. More precisely, let A be the free double non-

associative category generated by the double graph underlying A , and

A. A --&#x3E; A be the canonical non-associative double functor ( for its exis-

tence, see [6] ); then there exist blocks n and n’ of A constructed on

the family (bi) and such that

( Example :

So I is injective, and its image l(A) is isomorphic to A . V

Hence all double categories «are» double sub-categories of double
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categories of squares of a 2-category. This explains why it was difficult

to find natural examples of double categories other than 2-categories and

their squares! ( Spencer [9] has characterized double categories of squa-
res of a 2-category as those double categories admitting a special connec-

tion in the sense of Brown. )

It follows that, if A is a double category and f : K -&#x3E; | A0| 1 a func-

tor, an A-wise limit of f is simply a lax-limit (in the sense of Gray-Bourn-
Street) of f considered as a 2-functor from (Kdis , K ) into the greatest

2-category included in A , such that the 2-cells projections of the lax-

limit take their values in A ; this is a restrictive condition, since A is

only a double sub-category of Q (StA ) - Hence generalized limits (defined
in Part II ) are just lax-limits «relativized to a double sub-category».

From Proposition 9, we deduce :

PROPOSITION 10. Let A be an n-fold category, with n &#x3E; 2. Then there

exists a canonical embedding from A into an n-fold category of the form

Cub2 n Q (C), where C is a 2-category.

P ROO F. The functor

admits a left adjoint which associates to A the 2-category

Remark that the corresponding liberty morphism L : A - Cub2 n Q ( C ) is
generally not injective, since it factors through the liberty morphism 1

from A to Cub( Lax LkA) which identifies (Proof, Proposition 1) two

blocks of A having the same sources and targets for the last three com-

positions. V

COMPLEMENT. Proposition 10 does not give a complete characterization

of n-fold categories, for n &#x3E; 2 , in terms of 2-categories, since the embed-

ding L is generally not injective. However there is such a characteriza-

tion (which will be given elsewhere), obtained by laxifying at each step
the construction of the functor Cube , in a way similar to that used to pro-
ceed from the functor Square to the functor Cube.


