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SOME REMARKS ON THE SUBJECT OF COHERENCE *

by Rodiani VOREADOU

CAHIERS DE TOPOLOGIE

ET GEOMETRIE DIFFERENTIELLE

Vol. XV-4

Introduction

In the search for a passage from the result of [3] to a complete
solution of the coherence problem for closed categories, we observed

that a careful study of the proof of Proposition 7.8 of [3] suggests the

very existence of a class m of allowable graphs ( in the sense of [3]),
which permits an improvement of the results of [3] and [4J by replacing
the restriction to allowable natural transformations between proper shapes

by the restriction toBthe allowable natural transformations with graphs not
in M. The corresponding extensions of the results of [3] and [4] are

given in § 1 , with all the necessary details of proofs. In the case of clo-

sed categories, the present result ( Theorem 2 of § 1 ) may be weaker than

the theorem in [6], but it has the advantages of simplicity and of being
obtained by a method which seems to be directly applicable to other situa-

tions, where a cut-elimination theorem (of the kind described in [2])
together with a Kelly-MacLane ( [3] , [4]) method of proof have been, or
can be, used. For the latter situations, some conjectured coherence theo-
rems as resulting from the application of the method of § 1 are stated in

paragraph 2 .

§ 3 contains an observation on the possible relationship between

coherence and some extensions of the notion of graph of a natural trans-

formation.

§ 4 is a statement (without full proofs ) of further results on clo-

sed categories, this time with respect to the non-commutativity of cer-

tain diagrams. The example given in [3] (and mentioned in § 3), of a

non-commutative diagram in closed categories, is one of a whole class

of pairs ( h , h’ ) of allowable (with respect to closed categories) natural

transformations with T h = Th’ and h # h’ . A class 0 of such pairs is

Conference donnge au Colloque d’Amiens ( 1973 )
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described in § 4. By Theorem 2 of § 1 , such pairs must have graphs in

m. It is indicated in §4 that, for every ç E 11 , there is a pair ( h , h’) of

allowable natural transformations with Th = Th’ = ç and h*h’. In this

sense, Theorem 2 of § 1 is the best coherence result for closed categories
obtainable by using graphs only.

The terminology and notation of [3], [4] and [6] will be used.

1. An extension of the Kelly.Maclane theorems on coherence for closed

categories and for closed naturalities.

Let mo be the class of those allowable graphs which can be

written in the form  &#x3E; in two ways :

with 1° B and B’ non-constant,

2° f and f’ not of the form  &#x3E; ,

3° [B, C] associated with a prime factor of A’ via x’ x -1 ,
4° [B’, C’ ] associated with a prime factor of A via x ( x’ ) -1

but cannot be written in any of the forms  central &#x3E;&#x3E; , O or 77.

Let be the smallest class of allowable graphs satisfying:
m1. mo is contained in the class,

?2. if f: T -&#x3E;S is in the class and u : T’ -&#x3E; T , v : S -&#x3E; S’ are central,

then vfu:T’-S’ is in the class ,
m 3. if at least one of allowable f : A - C and g: B - D is in the class

then f O g : A O B -&#x3E; C O D is in the class,

?4. if f : A O B -&#x3E;O C is in the class, so is n ( f ) : A -&#x3E; [ B , C ],
m 5. if at least one of allowable f:A-B and g : C OD -&#x3E; E is in the

class, then g ( f &#x3E; O 1 ): ( [B,C ] OA) OD-&#x3E;E is in the class.

Then, working as for Proposition 6.2 of [3], we prove that, for

each ç Em, at least one of the following is true :
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(*2) ç =y(fOg)x, with x and y central, f and g allowable and non-

trivial and at least one o f f and g is in m,

( * 3) ç = y 7T ( f) wi th y central and f E m,

(*4) ç=g(f&#x3E;O1)x with x central, f and g allowable and at least

one o f f and g is in m.

Now, using the above result that each element of m is of at least

one of the forms (* 1 ) - (*4), we prove, by induction on rank, the following

analog of Theorem 2.1 of [3] :

TH EO REM 1 . There is a finite test for deciding whether an allowable

graph is in N.

Theorem 2.4 of [3] can now be extended to :

TH E O R E M 2 . 1 f h , h’ ; T -&#x3E; S are allowable natural trans formations and

Th=Th’ E m, then h =h’.

To prove Theorem 2 , follow [3] until the end of the Remark on

p. 130 ; then add the three propositions below; using these, the proof of

Theorem 2 is done by an induction similar to that of the proof of Theorem

2.4 in [3].

PROPOSITION A. Lemma 7.5 of [3] holds with (a),(b) and (d) only.

P RO P O SITI ON B . Let h : P O Q -&#x3E; M O N be an allowable morphism in H.

Suppose that the graph I’ h is of the form ç 0 n for graphs f : P - M and

-77: Q - N. Then there are allowable morphisms p : P - M, q: Q - N such

that h=pOq, hp=ç, Tg=n.

PRO POSITION C. Let h : ( [Q, M] OP) ON -&#x3E; S be an allowable morphism
in H, with [ Q, M] non-constant. Suppose that T’ h t m and T h is of the

form 7J (ç&#x3E;o 1 ) for graphs P - Q, 77: M O N -&#x3E; S . Suppose finally that

f cannot be written in the form

for any graphs w, p, o- with ú) central. Then there are allowable mor-

phisms p : P-Q, q: M 9 N - S such that
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PROOF OF PROPOSITION B . Proposition B is the analog of Proposition
7.6 of [3] and we follow a similar proof. Work as in the proof of Propo-
sition 7.6 in [3], until case  &#x3E; . If h is of type  &#x3E; , with the notation

of Proposition 6.2 of [3] , we may suppose (as in [3] ) that [ B, C ] is

associated via x with a prime factor of P. Let Ap (resp. A Q) be an
iterated 0-product of the prime factors of A associated with prime fac-
tors of P (resp. Q) via x . There is a central z : A -&#x3E; A p O AQ . If r (AQ) =
0 , then (since none of the prime factors of Q is constant) AQ = I and
all the prime factors of A are associated via x with prime factors of P

and this case is done in [3] . If r (AQ) &#x3E; 0 , then, since the mate under

r h of any element of v ( AQ ) is in v ( AQ ) by the hypotheses and the

form of h , the composite

has graph of the form 0-(&#x26;’T, so, by induction, b -1 f z -1 is s O t for al-

lowable s : A p - B and t:A Q -&#x3E; I with Ts = 6 and T t = T. Then, with x’

being the composite of x with the obvious central

i.e. h is of the form (9 and this case is already done. 8

PROOF OF PROPOSITION C . Proposition C is the analog of Proposition
7.8 of [3] and we follow a similar proof. As in [3], we may assume
that P , N and S have no constant prime factors. Work as in the proof of

Proposition 7.8 in [3] , for the cases of h being central or of type 7T.

If h is of the form y (fOg)x for allowable f : A -&#x3E; C and g: B - D
and central x and y , we may (as in [3] ) suppose that [Q, M] is as-

sociated via x with a prime factor of A . Let PA ( resp. PB) be an ite-
rated O-product of the prime factors of P associated via x with prime
factors of A ( resp. B ) . There is a central z : P -&#x3E; P A OPB. If r( P B) =
0 , then ( since P has no constant prime factors ) pB = I and all the prime



403

factors of P are associated with prime factors of A via x ; continue as

in [3] for this,case, observing that T(fs)E m (in [3]). If r( PB ) &#x3E; 0,
let 0 be the composite

where u is the obvious central

The mate of an element of v ( PB ) under T O is in v (P) + v (Q) by hypo-
thesis and in v(B)+v(D)+v(S) by the form of h , so it must be in

v (PB) . So TO is of the form 6 OT where 6: ( [ Q, M ] O P A) O N -&#x3E; S
is the obvious restriction of T h ; by Proposition B,O=sOt for allow-

able

r(PB )&#x3E;0 implies r(s)  r(h); 6=n(ç’&#x3E;O1), where ç’: P A -&#x3E; Q is

the obvious restriction of ç, and a 1m; so, by induction, s = q ( p’&#x3E; 0 1 )
for allowable P’:PA-&#x3E; Q and q:MON-&#x3E;S. Take P=b(p’Ot)z:P-&#x3E;Q.
Then

and I-p =!f, T q=n. 
If h is of type  &#x3E; , we distinguish cases ( i ) , ( ii ) , (iii) as in

[3] , and use the notation of [3]. We may assume that f is not of the

form  &#x3E; and [B, C] is not constant ( see the proof of Theorem 2.4 in

[3]) in subcase I of case (ii) below.

Case (i). [Q, M] is associated with [B. C] via x . Then, as in [3] ,
B=Q, M=C and h is
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with f : A -&#x3E; Q. Let PA ( resp. PD , resp. N A , resp. ND ) be an iterated

(9 -product of the prime factors of P ( resp. P , resp. N , resp. N ) asso-

ciated with prime factors of A (resp. D , resp. A , resp. D ) via x. There

are central z : P -&#x3E; PA O PD and w : N -&#x3E; NA O ND . The mate of an element
of v ( PD ) under Th is in v (P) + v (Q) by hypothesis and by the form

of h , in v (M) + v(D) + v (S), so it must be in v ( PD ). The mate of an
element of v(NA) under r h is in v(M)+v(N)+v(S) by hypothesis
and in v ( A )+.v ( Q ) by the form of h , so it must bejn v ( NA ).
Subcase I: r(PD O NA = 0. Then ( since no prime factor of P or N i s

constant) P D =1, NA =1 and all prime factors of P ( re sp. N ) are asso-

ciated with prime factors of A (resp. D ) via x ; continue as in [3] for

this case.

Subcase 11: r( PD ) &#x3E; 0 and r( NA ) &#x3E; 0 . Let 0 be the composite

where u is the obvious central

F qb is of the form 0- OT where 6:( [Q, M] OPA ) OND -&#x3E; S is the obvious

restriction of r h ; by Proposition B, O=sOt for allowable

Also by Proposition B , t = t 1 0 t2 for allowable tl : PD - 1 and t2 : NA - 1.

r(PDONA)&#x3E;0 implies r(s)r(h); 6=n’(ç’&#x3E;O1), where ç’:

P A -&#x3E;Q and n’: M O ND -&#x3E; S are the obvious restrictions of 6 and n, and

6 E m; so, by induction, s = q’ ( p’&#x3E; O1) for allowable P’: P A .... Q and

q’: M (9 ND - S. Take

Then
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Subcase III :r(PD )&#x3E; 0 and r(NA ) = 0 . Then (since N has no constant

prime factors ) NA = I and all prime factors of N are associated with

prime factors of D via x . Let 0 be the composite

where v is the obvious central

TO is of the form 60T where is the obvious

restriction of r h ; by Proposition B, O=sOt for allowable t : PD -&#x3E; 1
and implies

where ç’ : PA -&#x3E;Q is the obvious restriction of ç, and a 1m; so, by in-
duction, s = q(  p’ &#x3E; O 1) for allowable p’-6 and q : M O N -&#x3E; S . Take

p=b(p’ Ot)z: P -&#x3E;Q. Then



406

Subcase 1 V : r ( PD ) = 0 and r ( NA ) &#x3E; 0 . Then ( since P has no constant
prime factors) P D = I and all prime factors of P are associated with

prime factors of A via x . Let 0 be the composite

T O is of the form 0-0-r where is the obvious

restriction of Th ; by Proposition B , O, = s O t for allowable t : NA --&#x3E; I
and implies

where is the obvious restriction of n, and

so, by induction, for allowable p : P - Q and q’ :
Take . Then

Case ( ii ) . [Q, M] is associated with a prime factor of A via x .

Subcase I: [ B, C] associated with a prime factor of P via x . Then

we may assume that f is not of type  &#x3E; and [ B, C] is not constant

(see the proof of Theorem 2.4 in [3] ). Suppose that r f can be written
in the form  &#x3E; as Tf = ç( k&#x3E; O1)T for a central graph

and allowable graphs

’We may assume [X, Y] is non-constant and k cannot be written in the
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form  &#x3E; as above. Let t be the central morphism in H with r t = T .

Then T(f t-1) E m since rft m,

and

is of the form ç (k&#x3E;O 1 ) : by induction, there are allowable morphisms
1: Z -X, z : Y O W -&#x3E; B such that 

Then f = z ( 1&#x3E; O1) t , contrary to our assumption. So I-’ f cannot be writ-
ten in the form  &#x3E; . This implies that Q is non-constant. Also, the hyp-
othesis that f cannot be written in the form  &#x3E; implies that B is non-

constant. Then T h E m implies that r’ h is (also) of one of the types 7T,

O and «central». Fh cannot be central because, by the form of h and T h,
the mates of variables in B and Q ( B and Q being non-constant) cannot

be in v ( S ) . If F h is of type 0 , then, by Proposition B , h is also of

type (9 and this case is done. If 1-h is of type 7T, then S = [ K, L J and

is of type  &#x3E; , not in m and with rank lower than r (h) ; so, by induction,

rr-1 (h) =q(p&#x3E;O1) for allowable p: P-&#x3E; Q, and q: (MON)OK-&#x3E;L.

Then

for q=n (q): MON -&#x3E;S, and Tp=ç, Tq=n.
Subcase II : [ B, C] associated with a prime factor of N via x . Let PA
(resp. PD ) be an iterated 0 -product of the prime factors of P associated
with prime factors of A (resp. D ) via x . There is a central z : P -&#x3E;PA(OPD’
If r(PD) = 0, then ( since P has no constant prime factors ) PD = I and
every prime factor of P is associated with a prime f actor of A via x;

continue as in [3] for this case, observing that T (f t) E m ( in [3]).
If r ( PD ) &#x3E; 0 , let ct be the composite
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where u is the obvious central

The mate of an element of v ( PD ) under I- 0 is in v ( P ) + v ( Q ) by hypo-

thesis and in v(C)+v(D)+v(S) by the form of h , so it must be in

v (PD). So TO is of the form 6 O T where a:( [Q,M]OPA) ON-&#x3E;S is

the obvious restriction of Th ; by Proposition B, O = sOt for allowable

s:( [ Q, M ] OPA)ON-&#x3E;S and t: P D ... 1. Then

wi th x’ and y’ central, i.e . h is of type 0 and this case is done.

Case ( iii ) . [Q, M] is associated with a prime factor of D via x .

Subcase I : [B, C] associated with a prime factor of P via x . Let NA
(resp. ND ) be an iterated O-product of the prime factors of N associa-
ted with prime factors of A (resp. D ) via x . There is a central w :

N -&#x3E; NA O ND . If r( NA) = 0, then ( since N has no constant prime factors)
NA = I and every prime factor of N is associated via x with a prime
factor of D , i.e. every prime factor of A is associated with a prime fac-

tor of P via x; as in [3] , this case is excluded, since it implies that
6 is of the form p (6&#x3E; O1) w with cv cenual. If r( NA ) &#x3E; 0, let 0 be

the composite

The mate of an element of v ( NA ) under T O is in v (M) + v (N) + v (S)

by hypothesis and in v ( A ) + v ( B ) by the form of b so it must be in

v ( NA ) . So T O is of the form 6 OT where 6 : ( [ Q , M ]O P) OND -&#x3E; S
is the obvious restriction of Th ; by Proposition B, O = s O t for allowa-

ble s: ([ Q ,M] O P ) ON D -&#x3E; S and t: N A .... 1. Then

with x’ and y’ central, i.e. h is of the type 0 and this case is done.

Subcase 11: [ B, C] associated with a prime factor of N via x . Let

PA and PD be as in case (ii). If r (PA) = 0, then ( since P has no

constant prime factors) every prime factor of P is associated via x with
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a prime factor of D ; continue as in [3] for this case, observing that

ç e m (in [3]). If r (PA) &#x3E; 0 , let 0 be the composite

where v is the obvious central. The mate of an element of v(PA )under
r ø is in v( P )+ v( Q) by hypothesis and in v(A)+v(B) by the form

of h , so it must be in v (PA). So TO is of the form 6 O T , where

0- ,. ( [Q , M] O P D) ON -&#x3E; S is the obvious restriction of rh; by Propo-

position B , O = s 0 t for allowable

Then with x’ and y’ c entral, i . e. h i s of type

O and this case is done. 

If we replace graphs by N -graphs in defining mo, we define a
class mo N of N-allowable N-graphs. (Note that the fact that e, in this

definition of mo N’ is of the form  &#x3E;, excludes the possibility of its be-

ing of type « unblocked string».) Then, by modifying definitions and pro-

positions above in the way the analogous part of [3] is modified in [4] ,
we obtain the definition of a class m N of N-allowable N-graphs (which
is essentially m) and the following extension of Theorem 2.4N of [4]:

THEOREM 1N . There is a finite test for deciding whether a N-allowable

N-graph i s in MN’
TH EORE M 2N . 1 f W is any naturality and are N-al-

lowable natural ’ trans formations wi th

2. Coniectures, based on the idea behind the c lass m of § 1 .

a) The result of [51 ( with the notation of [5] and with m. being the

obvious analog of 59 for D-graphs ) may be improved to : Let h, h’: T - S

be two morphisms in N , such that I’h=l"h’,4N and Ah = Ah’ E m’.
Th en h = h’ .

b) The result of [1] ( with the terminology of [1]) may be improved
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to: We have for L the coherence result that f , g : P - Q are equal if T f =
Tg Em.

c ) In the case of biclosed categories (i.e. monoidal categories in

which -0B has a right adjoint [B,-] with d and e the unit and co-

unit of the adjunction, and B O- has a right adjoint  B, -&#x3E; with d’ and

e’ the unit and counit of the adjunction ), write

n( f ) for the composite

77’ ( g ) for the composi te

f for the composite

g for the composite

Proceeding as in [3] (see also [2] ) we define allowable natural trans-
formations and graphs and we find that, for each allowable h : T - S, at

least one of the following is true :

(**1) h is central,

(**2)h is with f, g allowable and non-

trivial and x , y central,

(**3) h is with f allowable and y central ,

(**4) h is with f allowable and y central,

(**5 ) h is

with f , g allowable and x central.

(**6) h is

with f , g allowable and x central.

Take mo* to be the class of those allowable graphs which can be written

in the forms (**5 ) and (**6 ): 
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with

1 ) B and B’ non-constant,

2 ) f not of the form (**5) and f’ not of the form (**6) ,
3 ) [ B , C J associated with a prime factor of A’ via x’x -1 ,
4)  B’ , C’&#x3E; associated with a prime factor of A via x (x’) -1,

but cannot be written in any of the forms (:f* 1 ) - (**4). If m* is the class

of allowable graphs generated by mo* (and O, [,],,&#x3E; and composi-
tion ), we may have the following theorem: 1 f h , h’ : S -&#x3E; T are allowable

natural trans f ormations and r h = T h’ e m*, then h = h’ .

3. On the possible relationship between coherence and extensions of the
notion of graph of a natural transformation.

There are evidences that, in a general theory of coherence, the

notion of graph between shapes (in the sense of linkages between varia-

bles ) may be replaced by an appropriate use of something broader (call
it « superextended graphs here, informally) involving linkages between
variables (as in graphs), between constants and between names of func-

tors, with the possibility of certain things being linked with themselves.

Examples :

I . In the case of closed categories, graphs do not suffice for de-

ciding equality of natural transformations, as the example of [3] shows :

if kA is the composite ( the familiar map to double dual)

then
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although In this case, taking extended

graph s* graphs together with appropriate linkages between

1’s ) we have since

and

Proper use of extended graphs can give additional information (which

was inaccessible with graphs) on coherence ( see [6] and § 4 below).

II . In the case of an adjunction F -t G , the triangle

is not commutative, although taking the obvious

superextended graph s , we have , since

and

III. Taking the functor 0 together with I in [5] can be consi-

dered as an application of the idea of superextended graphs ( with all

l’s linked with themselves ) .

4 . Non-commutative diagrams in closed categories-or, why Theorem 2 of

§ 1 is the best coherence result for closed categories obtainable by using
graphs only.

This paragraph is a preliminary note on the subject and, as such,

* ( G mean s a extended graph of.)
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mostly descriptive; missing technical details and proofs will appear in

[7].
Let Wo be the class of those pairs (h, h’) of allowable natural

transformations which satisfy the following conditions :

h and h’ have the same domain, the same codomain and the same

graph, and they can be written in the form  &#x3E; as

with 1) B and B’ non-constant,

2) Tf and I’f’ not of the form  &#x3E; ,
3 ) [B, C] associated with a prime factor of A’ via x’ x-1 

4) [B’, C’] associated with a prime factor of A via x (x’) -1,
but neither h nor h’ can be written in any of the forms « central», O or

7T .

T H E O R E M 3 . For every (h, h’) E Wo , h # h’. 
To prove Theorem 3, we give a closed category K in which,

for every (h , h’) E Wo , h and h’ have different components. A brief des-

cription of K is given in the last part of this paragraph.

TH E O R E M 4. For every !f E 5R, there is a pair ( h , h’ ) o f allowable natu-

ral transformations such that I’ h = r h’ =!f and h # h’ .

P ROO F . We do induction on rank. Suppose the theorem is true for all

smaller values, if any, of r (ç). Using §1, we distinguish cases accor-

ding as f is of the form (*1 ), (*2), (*3) or (*4). If f is of the form

(* 1), i.e. ç E mo, then, by Theorem 2.3 of [3], there is ( h , h’ ) E Wo
with Th = Th’ =ç and, by Theorem 3, hj=h’. If ç is of the form (*2),

ç = m (ç1 Oç2) n with m and n central, r i allowable non-trivial and at

least one of them in ?; by Theorem 4.9 of [3] , there are central natu-
ral transformations x , y with Tx = n , T y = m ; using the, induction hypo-
thesis or Theorem 2.3 of [3] according as çi E m or çi E m, we find
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pairs of allowable natural transformations (ki, k’i) with Tki = Tk’i = çi 
and ki # k’i or ki = k’. 

i according as çi. E m or çi E m ; since at least one
of ç1 , ç2 is in ?, we have

The remaining cases are done in a similar way, since

and

f #f’ and / or g # g’ implies

for central x, y and the appropriate domains and codomains.

Let W be the smallest class of pairs of allowable natural trans-

forma tions satisfying :

W 1 . Wo is contained in the class,

!B2. If (f, f’ :T -&#x3E; S) is in the class and u : T’ -&#x3E; T, v:S-tS’ are cen-

tral, then (v f u, v f’ u : T’ -&#x3E; S’) is in the class,

S3. If at least one 6f (f1 , f’1 : A -&#x3E; C) and (f2, 12 : B -t D) is in the

class and fi = fi in case (Ii, Ii) is not in the class, then

is in the class.

is in the class, then

is in the class.

ill 5. If at least one of (f1, f’1 :A -&#x3E; B) and (f2, f’2 : C O D -&#x3E; E) is in the

class and fi = fa in case (fi , f’i) is not in the class, then

is in the class.

TH E O R E M 5. For every ( h , h’) E W, h # h’ .

We now turn to a description of the category K which is used in
the proof of Theorem 3. The construction and the good properties (with

respect to our purpose ) of K are based on facts about «E-graphs» and

«simple graphs» (see [6] ) and, in order to make the present exposition

readable, we start by (non-rigourously) reminding the reader of these

notions.
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The E-graphs ( extended graphs) are ordinary graphs together
with linkages between I’s, with the possibility of I’s linked with them-

selves allowed. The E-graph of any component of a , b , c , d, e has lin-

kages between 1’s as if the I’s were variables, except in the case of b ,

where the last I of the domain is linked with itself. E-graphs are compo-
sed like graphs. The rules AM1-AM5 of [3] ( pp . 105-106) applied to

E-graphs (with a, a-1, b, c, d, e now being the E-graphs of the natural

transformations with these names, and with b- 1 replaced by b 1 the
obvious E-graph of b - 1 since b is not an isomorphism in the category

of E-graphs) define the class of allowable E-graphs.
A shape S is simple if either S = I or else any I that appears

in S is alone in an inside right place of [,] . For any shape S there
is a (well defined) natural isomorphism l S : S --&#x3E; So with So simple; we

denote by kS the E-graph of 1 s. For any E-graph ç: T -&#x3E; S, ç o : To-&#x3E; So

is the composite Às ç À.!.1T.
We write «instance» for both ordinary and expanded instance.

If k : S - T is a natural transformation, kconst denotes a compo-

nent of k in which every variable in S and T has been replaced by so-

me constant shape.
[ const , const I denotes a sh ape [ A , B] with A and B cons-

tant.

A string o f E-graphs is a finite sequence {x 1, x2’ xn I of
E-graphs such that a1 xi = d0 xi+1 for i = 1, 2 , ... , n -1 ; the string is
allowable if every xi is an instance of one of a , a -1 , b, b -1 ,c, d , e , 1;
we say that a shape S is involved in the string if S appears as a sub-

shape (proper or not) of the domain or codomain of some xi ; we say that

the string involves y if xi = y for some i .

For shapes S and T, let X(So , To ) be the class of all allowa-

ble E-graphs ç: So -&#x3E; To such that ç=çn... Ç1, where {Ç1,..., Çn}
is an allowable string of E-graphs not involving any instance of cconst
nor any shape [const, const I . Let 1( be the category whose objects are

the simple shapes and in which, for any simple shapes S and T,
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define a relation

iff there are allowable strings of E-graphs

such that

an d ’ do not involve any

and are gotten from and

respectively, by the replacement of each instance of

cconst by a string of instances of elements of

between domain and codomain of the replaced instance of

Let be the equivalence relation in generated by

In Arr X, let R be the equivalence relation defined by:

and

R is compatible with composition of E-graphs. Denote the R-equivalence
class of z by (z)R.

K is the category whose objects are shapes and, for any shapes
S and T, . Composition in K is (well)

defined by
Functors and are (well) defined

by:
on objects,
on arrows,

Natural transformations a , b , c , d , e satisfying the axioms for a

closed category exist, with components
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