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HIGHER ORDER TORSIONS OF SPACES WITH CARTAN CONNECTION

by Ivan KOLAR

CAHIERS DE TOPOLOGIE

ET GEOMETRIE DIFFERENTIELLE

Vol. XII,2

1. Introduction.

Let E ( B, F, G, P ) be a fiber bundle associated with a principal
fiber bundle P ( B , G ) and let 6 be a local cross section of E defined in

a neighbourhood of x E B . Let O = P P-1 be the groupoid associated with
P , let C be a connection of the first order on 4Y and let C , C’, ... , C(r),...
be the sequence of its prolongations according to Ehresmann, [4]. Then

C (r-1)(x) is a semi-holonomic element of connection of order r on 4Y at

x and th e prolongation of th e partial composition law ( 0 , z ) -O.z, 0EO,
z E E, determines an élément S(r)(x) = [C(r-1)]-1 (x). SEJrx (B,Ex).
The mapping 6 (,) is a local cross section of

and it will be called the r-th prolongation of 6 with respect to C . We are

interested in the following problem : under what conditions are the values

of ,6 (,) holonomic r-jets? For r = 2, this problem is solved by Theorem

1 of [5] and by Proposition 1 of this paper. The answer is that S(2)(x)
is a holonomic 2-jet if and only if the torsion form at x vanishes. In the

present paper, we treat the case of arbitrary r for a space with Cartan con-

nection and we deduce the following result. Let Gx be the isotropy group
of O over x and let gx be its Lie algebra, then the curvature form 0(x)
of C at x can be considered as an element of gx O A2 T*x ( B ). Let 6 be

the fundamental section of our space with Cartan connection. We define the

isotropy group Hx of order r of the homogeneous space Ex at S(x) as
the set of all g E Gx satisfying jr S

(x) 
g=j’ 

(x) 
= jS(x) id E x) . Let

x be the Lie algebra of Hr, then we introduce the torsion form Tr(x) of
order r at x as the canonical proj ection of D( x) into ( gx /rx )OA2T*x(B)x x x

T0 ( x) coincides with the usual torsion form at x . Our main conclusion is
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that the values of ( r + 2) -nci prolongation of 6 are holonomic ( r + 2) -jets
if and only if T’ vanishes identically. Since dim Hrx = 0 implies

there exists a smallest integer q satisfying dim H q = 0 , this number ,is cal-

led the order of isotropy of the homogeneous space F . Thus, if the values

of the ( q + 2) -nd prolongation of the fundamental section of a space with

Cartan connection are holonomic jets, then the curvature form of C vani-

shes, so that C is integrable and the values of any prolongation of 6 are

holonomic. - We remark finally that Proposition 2, which is our main tool

in these investigations, has a general character and will be used later for

the study of an analogous problem for submanifolds of a space with Cartan

connection.

Unless otherwise stated, our considerations are in the category Coo.

2. Second prolongation of a cross section.

Let V, W be two manifolds and let X be a semi-holonomic 2-jet of

V into W , a, X = v, BX=w. In [5] , we have introduced the difference
tensor A(X) of X, A (X) E Tw ( W )O A2 T*v(V) , by means of its expres-
sion in local coordinates. Since this tensor plays an important role in our

considerations, we present also the following invariant definition of this

concept. First of all, we remark that every r-jet can be identified with a

homomorphism, see e.g. [1]. Now, consider the canonical projection of

2-jets onto 1-j ets as well as the injection of holonomic 2-jets into semi-

holonomic 2-jets. If we add the corresponding kernels and factor-spaces,
we get the following commutative diagram with exact rows and columns.
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The last row shows that f is an isomorphism and Y-1 O =A is the map-

ping which assigns to every X E J2(v, w)( V, W ) its difference tensor A ( X )

E Tw(W)OA2T*v( V). It is clear that A(X) =0 if and only if X is holono-

mic.

The difference tensor of a product of two semi-holonomic 2-jets is

determined by

LEMMA 1 . Let U, V, W be manifolds. Let X E J2(V, W), Y E J2( U, V), 
a, Y = u , (3Y=aX=v, 8X-w and let X l or Y1 denote the underl ying

1-jet of X or Y respectively, then

where X 1 or Y1 is considered as a homomorphism X 1: Tv( V ) -T w( W )
or Y1 : Tu( U) -T v(V).
R E M A R K 1 . In particular, if f i s a mapping of V into W , then A ( f Y) =

f*A (Y), where f* means the differential of f .

P R O O F . For the sake of simplicity, we shall express all considered ob-

jects by means of local coordinates. Let h 1 or h2 or b3 be a holonomic
2-frame on U or V or W at u or v or w respectively, then

and

a=1,..,dim W, i,j=1,... dim V, r,s=1,...,dim U, cf, [3]. Accor-

ding to [5] , Proposition 10, the corresponding coordinates of A(X) or

A (Y) are x a 
[ij] 

or y i[rs] , where the square brackets denote antisymmetri-
[ ij] [rs]

zation. Now, we find directly that the coordinates of A( X Y) are

QED.

LEMMA 2. Let ZEÏ2(U, V X W), aZ =u, 8Z=(v, w) and let Z =(X, Y),
X E J2( U, V ), Y E J2( U, W), then A(Z) =i1*A (X)+i2*A(Y), where

i 1 is the injection o f V as V X {w} into V X W and i2 is the injection of
W as {v} x W into V X W .
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LEMMA 3. Let j2 E be the second semi-holonomic prolongation o f a fi-
bered manifold ( E, p, B). If X E J2E, aX=x, BX=z, then 6(X)E

Tz( Ex)OA2T*x(B)·
L E MM A 4. Let ( E1,p1, B) and ( E2, p2, B) be two fibered mani folds o-

ver the same base and let ( E3’ P3’ B) be their fiber product. Let X i E

2 Eil i = 1, 2,3, X3 = ( X1 X2), aX3 = x, BX3 = ( z1’ z2)’ then A( X3 )=
i1*A(X1)+i2*A(X2), where il is the inject ion of E1lx as E1x{z2}
into E3 and i2 is the injection of E2x as {z1 }E2x into E3.
P R O O F S of all the three lemmas are obvious.

Further, let 0 be a Lie groupoid of operators on a fibered manifold

( E , p , B) , see [8]. Let X be a non-holonomic element of connection of

order r on O at x E B , let V be a manifold and Z an element of j r( V , E )
such th at p (B Z ) = x; then the prolongation of the partial composition law

( 0, z ) ~ 0. z , 0EO, z E E , determines an element X- 1 (Z)-(X-1 pZ). Z
E J r( V , Ex) , see [4]. We shall say that X-1 (Z) is the development of
Z into Ex by means of X , cf. [5] ( from another point of view, X-1 (Z)

may be called «the absolute differential of Z with respect to X » , [4] ).
In particular, if C is a local cross section of ( E, p , B) , then we write on-

ly X-1( ) instead of X-1(jrx) and this element will be said the deve-
lopment of 5 into Ex by means of X . Moreover, if C is a connection of

the first order on 0 and if C, C’, ... , C(r), ... is the sequence of its pro-

longations, then [(r)]-1(x) () is also called the (r+ 1 ) -st develop-
ment of .6 into E x by mean s of C and 6 r+ 1: x -[ C(r)]-1 ( x) (S) i s a lo-

cal cross section of U Jr+1 x( B, Ex), which will be called the (r+1)-th
xEB x 

prolongation of  with respect to C .

Let P ( B , G ) be a principal fiber bundle, let O = P P-1 be the

groupoid associated with P and let Gx be the isotropy group of V over
x E B . Let C be a connection of the first order on (D and let I-’ be the re-

presentant of the connection C on P,[5]. The curvature form (Q ) u of

P at u E Px is an element of gO A2 r;( B) g being the Lie algebra of G.

The frame u can be considered as a mapping u:G-Gx given by



141

Let î1 * be the differential of 11 at the unit of G, then Q( x) = u*(Q)u 
gx OA2 T*x(B) does not depend on the choice of u E Px. The form ( x)
will be called the curvature form of C at x E B.

PROPOSITION 1 . Let C be a local cross section of an associated fiber
bundle E ( B , F, G, P) defined in a neighbourhood o f x E B . Let HxC Gx
be the stability group of C(x) E x and let 9x be its Lie algebra, then the

second development (=)(2)(x)=(C’)-1(x) of G into Ex by means of
C is a holonomic 2-jet if and only if the canonical projection of Q( x) in-

to ( g x/ x) OA2 T*x(B) vanishes.

REMARK 2. If G acts on F transitively, then Proposition 1 coincides

with Theorem 1 of [5] .

PROOF. Consider 0 as a fibered manifold with projection a (as usual,

a(0) means the source of 0EO). Let K be the fiber product of (O, a, B )
and ( E , p , B ) ; then the action of 4) on E is a mapping H:K~E such

that H(0,z)=0.z. Vle have (C’)-1(x)()=H((C‘)-1(x), j2x) and

Lemmas 1 and 4 give

where i 1 or i2 is the injection of Ox = a-1 ( x) as Ox X { S(x)} or of Ex
as {ex}XEx into K respectively and ex denotes the unit of Gx . But we
have deduced in [5], Proposition 12, that

and one sees easily that A(( C’ )-1 ( x)) -A( C’ ( x ) ). Further, consider

the injection i3 of Gx into Ox; then

On the other hand, since i2*A(j2xS) =0 , we can replace it by

where j2 C (x) means the 2 -j et of the identity mapping of the one -element

manifold [{S(x)} and i4 is the infection of {S(x)} as {(ex, S( x))
into K. But the composition of H and ( i1 i3, i4) is the restriction of H to

Gx X {S(x)) and the kernel of its differential at (ex, S(x)) can be iden-
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tified with the Lie algebra of the stability group Hx of 5 ( x). It follows that

6( C,-I( x)( S)) vanishes if and only if the canonical projection of 0( x )

into ( gx /Sx )OA2 T*x (B) vani shes; QED.

3. Recurrence formula.

We shall show how to extend our previous result to higher orders.

Since 0 is a groupoid of operators on (B I Ïr ( B , F) , G , P ) , we can con-

sider the second development ( C’ )-1 ( x ) (S(r)) of S(r) by means of C.

PROPOSITION 2. Let the values of S(r+1) be holonomic, then S (r+2)( x)
is a holonomic ( r-f-2) -jet if and only if 6((C’) -1( x)( 5(r))) vanishes.

P R o o F . In [5] , Proposition 1 , we have deduced that

But S(r+2)(x)EJr+2 (B, Ex) implies C’-1(x)(S (r)EJ2(Jr(B,Ex)).

i.e. A(CC1(x)(S)(r)))=0. Conversely, we have

but this implies that (3 (r+ 2)( x) E J (r+2)( B, Ex) . Indeed, take a local co-
ordinate system and let ai , ... , aij... ir+1, ai1...ir+2 be the corresponding

coordinates of S (r+ 2)( x ) , [3]. From S (r+ 2)( x ) E J1(J(r+1) (B,jEx))
we deduce that ai, ... , ai1...ir+1 are symmetric in all subscripts and

ai1...ir+1ir+2 are symmetric in the first r+1 subscripts. In addition,

(Jr(B,Er)) implies ai1...ir+1lir+2 = ai1...ir+2ir+1, so

that ai1...ir+2 are symmetric in all subscripts, QED.

From Propositions 1 and 2 we obtain immediately

C O R O L L A R Y 1 . Sup pose that the values o f C (r+ 1) are holonomic. L et

Kx be the stabili ty group of S(r)(x) and let kx be its Lie algebra, then
C (r+2)( x) is a holonomic (r+2) -jet if and only if the canonical projection

of fl ( x ) inio ( gx/kx)OA2 T*x(B) vanishes.
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4. Isotropy groups of higher orders.

Let F be a homogeneous space with fundamental group G ( which

implies that G acts effectively on F ) . Fix a point c E F, then the isotro-

py group HT of order r at c is the set of all g E G satisfying jrc g= jc
( = jrc idF) ; H0 = H is the stability group of c. The Lie algebra 9’ o f

H r is determined by

PROPOSITION 3. For r ~ 1 , 9’C9 is ch aracterized b y [9’, g] C9,-l,
i. e. an element X E 9 belongs to 9’ if and only if [X , g] C Sr-1.

This proposition is direct consequence of the following lemmas.

Consider a manifold V ; at a point x E V denote by 2r x the space
of all germs X of vector fields on V at x satisfying jrx X =0 , cf. [6] ,
3 . If ul , i , j , k = 1, ... , dim V , are local coordinates on V in a neigh-
bourhood of x, then X = Ei ( u ) d dui belongs to Lr if and only if

LEMMA 5. Let Xi be germs of vector fields on V at x such that their va-
lues at x form a basis o f Tx (V) . Let XE 20, then X E Lrx i f and onl y i f

[X,Xi] E Lr-1, r~1.
PROOF. Let X=Ei(u) d dui, Ei(x)=0, Xi=nji(u) d dui , det nji(x)=0

and let [X, Xi] E Lrx-1, so that

where jrx-1 fji(u) = 0 . For u = x, (*) gives dEj duk (x) = 0 and by successive

differentiation of (*) we get analogously jrx Ei(u) =0, QED.
L E M M A 6 . L et X be an analytic vector field defined in a neighbourhood

of a point x of an analytic manifold V . Then the germ of X at x belongs
to 2r i f and onl y i f every local transformation ett o f th.e local one-parame-
ter group determined by X satisfies jx Ot jr x (= jx idv).
P R O O F is based directly on the Taylor formula for Ot: 
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PROPOSITION 4. If dim H # 0 , then dim Hr+1  dim HT.

PROOF. Suppose dim Hr+ 1 = dim Hr , then Sr+1=Sr and Proposition 3

would give [Sr,g] C ’6;’, which would imply that ’6;’ would be a non-trivial
ideal of g contained in S, but this is a contradiction with the fact that G

acts effectively on F, QED.

By Proposition 4, there exists a smallest q satisfying dim Hq = 0;

this number is called the order of isotropy of F .

REMARK 3. An example by Lumiste, [71 , p.445 , shows that for every in-

teger p there exists a homogeneous space the order of isotropy of which

is p. ( Although Lumiste has introduced the higher order isotropy groups
in a different way, Proposition 3 shows that both definitions are equiva-

lent. )

P R O P O SITI O N 5. L et wa, a = 1, ... , dim G, be indep endent Maurer-Cartan

forms o f G such that wi = 0 , i = 1, ... , dim F, are di f ferential equations

of H. Let 

then the differential e quations o f HI are wi = 0 , cijl wl=0. 
P ROO F . Let Xa be the basis of 9 dual to wa Since the tangent space of

F at c can be identified with 9/ S and Xi + 9 is a basis of 9/ 9 ’ our as-

sertion follows from Proposition 3 and from the formulae

REMARK 4. By Proposition 5 , the order of isotropy of an affine space is

1 . One sees easily that the order of isotropy of a projective space is 2.

5 . H igher order torsions and their vanishing.

Let F be a homogeneous space with fundamental group G , let

P ( B , G ) be a principal fibre bundle, let O = P P -1 be the groupoid asso-
ciated with P, let C be a connection of the first order on O and let C be

a global cross section of E = E( B, F, G, P ) . A space with Cartan connec-
tion of type F can be defined as the quintuple S = S( B ,O , E ,S, C) satis-
fying the following conditions: a) dim B =dim F, b) C-1 ( x)(S) is regu-
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lar for every x E B . ( Indeed, b) is equivalent to condition 4) of § 5 , L2J).
Th e section S(1)=C-1(S):B-(B,F), G,P) is a soldering of E
to B , cf. [9] , p.4). Let Q(x)E gxOA2T*x(B) be the curvature form

of C at x and let Hx be the isotropy group of order r of Ex at S(x), 
then the canonic al proj ection Tr(x) of Q (x) into (gx/Srx)O A 2T*x(B)
will be called the torsion form o f order r o f S at x; T0 (x)=T(x) is the
usual torsion form of § at x. We put T-1(x)=0.
R E M A R K 5 . Since the order of isotropy of an affine space is 1, the higher
order torsions are trivial in the affine case : r is the usual torsion form
and ,.,.1 coincides with the curvature form.

T H E O R E M 1 . Suppose that the torsion form T o f order r-1 o f § vani-

shes identically. Then the ( r+2) -nd development S(r+2)(x) of the fun-
damental section 6 o f S at x is a holonomic ( r + 2 ) - jet if and only if

Tr (x) vanishes.

P ROO F. We have only to show that the stability group of S(r)(x) coinci-

des with Hx. Put S(x) =z, S(r)(x)=S. From jrzg= jrz we get

conversely, let g S = S, then, by regularity of S, there exists S-1 such

that S S-1 = jrs and we have ji = g S S-1= jrz g, QED.
From Proposition 4 and Theorem 1, we deduce

C O R O L L A R Y 2 . L et q be the order o f isotrop y o f the homogeneous space
F. I f the values of the ( q+2 )-nd prolongation S (q+2) of 6 are holonomic,
then C is integrable, so that the values of S (r) are holonomic for every r.
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