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OPTIMAL CONTROL APPROACH IN INVERSE RADIATIVE TRANSFER
PROBLEMS: THE PROBLEM ON BOUNDARY FUNCTION * **
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Abstract. The paper presents some results related to the optimal control approachs applying to
inverse radiative transfer problems, to the theory of reflection operators, to the solvability of the
inverse problems on boundary function and to algorithms for solution of these problems.
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1. INTRODUCTION

Mathematical theory of radiative transfer problems and kinetic equations is nowadays an extensive area of
mathematical physics [1, 2, 5, 810, 15]. It has various applications in astrophysics, theory of nuclear reac-
tors, geophysics, theory of chemical processes, semiconductor theory, etc. Radiative field in these problems is
defined by functions ¢ of spectral intensities of radiations which vary in accordance with transport equations.
One-velocity (monenergetic) stationary transport equations constitute an important case of partial integro-
differential equations that arise in th eproblems of neutron spread, in the transfer of optical radiation and in
other fields of physics [1, 2, 9, 10].

Let stationary radiative transfer be considered in a convex three-dimensional domain D with the boundary
OD; the unit vector s = (s1, $2,83) is oriented in the direction of radiative transfer and it is determinated by
polar angle ¥ € [0, 7] and azimuth ¢ € [0, 27]; 2 is the unit sphere; n is an unit vector of outher normal to dD.
We consider a stationary transport equation in the following form:

Ap=f in QxD, (1.1)

where f is an internal source function and A is the transport equation operator. Let D be situated in a medium
from which an “incoming flux” ¢y falls on D. Then the following boundary condition to ¢

¢p=¢r) on ID as s-n<0 (1.2)
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can be imposed. The boundary-value problem (1.1, 1,2) is “the direct problem”. It may be well- or ill-posed.
Direct radiative problems are usually well-posed [5, 8, 26].

We assume ¢y to be unknown while an “outgoing flux” ¢ = ¢obs is observed on D as s-n > 0. Let us
consider one of inverse radiative problems: given f, ¢obs find ¢ and ¢ ) = v such that

Ap = f in Qx D,
$p = v on 0D as s-n<0, (1.3)
¢ = ¢ops on 0D as s-n>0.

A number of physical problems can be formulated in the form (1.3) or can be approximately reduced to it: the
problem on “a critical incoming flux” such that D radiates an outgoing flux ¢ = ¢opbs Which is “limiting”; the
problem on radiation in the half-space domain with the following additional condition — the plane at z = 0
radiates a given flux ¢ = ¢opns which is determinated by a given temperature Typs on this plane, and other
problems.

The boundary-value problem (1.3) is the particular case of a wide class of inverse radiative transfer problems
[1, 2, 10, 15, 17, 18, 20, 21, 24]. Usually inverse problems are ill-posed and there are specific difficulties in
development and numerical solution of such problems. They are often considered under additional assumptions
on D, coefficients, source functions, etc. [15-18, 21-24]. Therefore the elaboration of new approaches in this
field is an actual problem. One of these approaches may be based on the optimal control theory [3]. Indeed,
the problem (1.3) can be considered as “an exact controllability problem” to the state-equation solution ¢ and
to the “control” v. Hence, to investigate (1.3) general results of the control theory and operator equations (of
first- or second-type) can be used. Unfortunately, a lot of fine controllability results for elliptic, parabolic and
hyperbolic equations can not be used here and one needs new “mathematical tools” to develop inverse radiative
transfer problems by optimal control theory approaches. In this paper we consider one of such approaches and
corresponding “tools” applying simple inverse problem on unknown boundary function of type (1.3).

We show also the significance of “reflection operators” [6, 11] for development of inverse radiative problems.
These operators can be considered as analogous of Poincaré-Steklov operators in the radiative transfer theory.

Hystorically, functions of special type called reflection and transmission functions were introduced and
investigated in astrophysics [1, 2]. More common conception, the reflection operators, was developed in [4-
6].

So, the paper deals with the results related to a methodology of analysis of inverse radiative transfer problems
and corresponding reflection operators, estimates for the norms of these operators and an iterative algorithm
to solve the inverse problems on boundary function. This methodology includes the following main stages:
statement of an inverse problem; reformulation it as an optimal control theory problem, where some of unknown
functions are taken as “controls”; investigations of reflection operator properties and of the control equation
operator; solvability results (particularly in the case as regularization parameters are equal to zero); numerical
algorithms and their convergence rate.

We discuss this methodology applying to one of inverse radiative problems. But it can be applied to other
inverse problems of mathematical physics [14, 28-31].

2. STATEMENT OF THE PROBLEM

2.1. Let the domain D be bounded by two parallel planes which are perpendicular to the axis Oz, i.e. D is
“the slab” of thickness H and we will write D = (0, H). Assume f, (1), ¢obs and all coefficients of one-velocity
stationary transport equation to be depended on z,1, . Then the solution ¢ will be a function of these variables
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only and a class of radiative transfer problems in the slab D = (0, H) can be reduced to the boundary-value
problem (1.1, 1.2) which can be written as follows [1, 2]:

27 1

b
Ap=pm-+d— / /p(z,uo)rb(sz/, wyz)dp'de' = fl, p, z), (2.1)
0 -1

0<z< H, —-1<upu<l, 0<¢p< 27,
¢(<p,u,0)=¢§§))(<p,u) for 0<p<1, 0<¢p<2m, (2.2)

oo, 1, H) = ¢>E§))(<p,u) for —1<p<0, 0<¢<2m, (2.3)

where 0 < b(z) < by = const < 1,H < oo, p(z,uo) is the phase function characterizing the scattering in
the direction (u, ) of radiation arriving from the direction (u',¢’) on the volume element at the point z,
po = p’ + (1= ) 2(1 = )12 cos (9 = @), () € [=1,1] x (0,2m) (or (,¢) € (0,7) x (0,27), where
¥ = arccos ) is a direction of radiative transfering. We assume all functions considered below to be defined
(with respect to variables 1, ¢) on the unit sphere Q and to be periodical with respect to 2m-periodic argument
¢. The points on 2 are given by the vector s = (s1, $2,83) with components s; = sin¥sin g, sy = sin¥ cos ¢,
s3 = cos .
Below we consider the case when

27 1 N

[ [ e olandy’ < a7z € (0.1), bz p0) = pazssa) = 3 )Pl
0 —1 =0
N <oo, wg=1> w; >0,

where P(u) = PI(O)(u), Pl(m) (1) — Legendre polynomials (if N = 0 then the isotropic scattering case is
considered; N = 1 corresponds to the “Pj-approximation” which is used systematically in the nuclear reac-
tor theory, and so on). We will satisfy these constraints hereafter and use real-valued functions.

We introduce the following notations

2m 1
1 0
Boo = 1= [ [ pleo)o(e ', )du'dy!, Lo =S 6, To=6- b (24)
01
If ¢ is a solution of (2.1-2.3) then
d)(ua 2 Z) = l_1¢(1") + L_lF = d)T + L_lFa (25)

where ¢r is a solution of the equation l¢pr = Lo = 0 with boundary conditions (2.2, 2.3) and

F(uawvz)EbBOCP“i’fa
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z
z—z' dZ/
/eiTF(/_j”(p,Z/)?, > 07
L—lF — 0 " d I
(E))
_/6_ Il F(Ma(p7zl)_zau<0a
1

z

¢(F ((b(r) (N 90) (b(r)(ﬂ ‘P))

Let us introduce the following sets:
X ={lp,m,2): pel0,2n], pe[-1,1), z € (0,H)},

- = {(907,“72) : (90 € [0727]7M € [Oa 1]a = 0) U (90 € [0727T]7 ne [*170]7 z = H)}a
Iy ={(p,u,2): (p€[0,2n],p € [-1,0], z=0)U (p € [0,27], p€[0,1], 2= H)},
where I'_ is the domain of inflow radiative transfer functions, while I'} is the domain of outflow radiative
functions. Let La,Hs be the functional spaces, where we define the inner products and norms as

27 1

H
(6, 9)1, = ($,0) = wdzdpde, |9, = [0l = (¢, 0)'/2,
111

9o 9 05\ "
@y = 0.0+ (w5205 ) ol = (1ol + 15217

where ©0¢/0z € Lq is a generalized derivative of ¢ € Ly. We define Ly — = Lo(T'_) as the space of vector-

functions v(_y(¢, p) = (7((?)(90, ), 7((3))(@, u)) (the first components are defined for p > 0 and the second ones

for ;1 < 0) with the norm

2 1 27 0 1/2
) lze - = // ’n )%u dud<p+//lu|‘7 %u’ dpdp
0 —1

The space Lo = La(I'y) is introduced as the space of of vector-functions vy (p, 1) = ('y((i)) (o, 1), 'y((i)) (p, u))

(the first components are defined for x < 0 and the second ones for p > 0) with the norm

27 0 27 1 , 1/2
e llze, - = //Iul ”YH %u’ dudcp+//u’7fi))(<p,u)’ dpdp
0 -1 0 0

2.2. Let ¢(r) be the vector-function: ¢y = (zb(;)), ¢(2)) , whose components are present in boundary conditions
(2.2) and (2.3).

Theorem 2.1 [5, 34]. If f € Ly and ¢y € Lo, then: (1) There exists a unique function ¢ € HJ which is
the solution to problem (2.1-2.3). (2) The function ¢ satisfies equations (2.1) almost everywhere in X condition
(2.2) for almost all p > 0, and condition (2.3) for almost all p < 0. (3) For ¢, the following estimates hold:
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Clll flles + lomllzs ) < 10l < Clllfllzs + llé@y o], C, C >0,
where C' and C are independent of ¢, f, and br)-

Theorem 2.2 [5]. If f =0 in (2.1-2.3), ¢y € Lo, then: (1) There exists a unique function ¢ € Hy which
is the solution to problem (2.1-2.3). (2) The function ¢ satisfies equation (2.1) almost everywhere in X and
boundary conditions (2.2) and (2.3) almost everywhere. (3) For ¢, the relationship

<T1 % 3_1/}

:U'az y b ag) + (T(ba w) + ((ba w)L2,+ = (¢(F)a w)LQ,— (26)

is valid for an arbitrary function 1 € HX, and the following estimates hold:
O||¢(F)||L2,— < ||¢HH21 < é||¢(F)||L2,—’ C’ é >0,
where C' and C are independent of ¢ and dr)-

Theorem 2.3 [5, 28]. The following estimate holds for the solution ¢ of the problem
(2.1-2.3) with f =0:

Jol2, . 1= /1= (cosh (H\/T=0F) ~ 1) /sinh (H/T—5)
||¢H%27 = 1+ M(cosh (H 1-— b%) — 1)/ sinh (H 1-— b%) .

2.3. Assume the function y(_y = v — “a control function”, to be unknown, while there is a given function ¢eps
€ La 4 defined on I';. Then we can formulate the following inverse problem: for given f € La(X), pobs € Lo +
findu € HY, v € Ly _ such that

2.7)

Au= fin X,u=wvon I'_,inf Jy(v,u), (2.8)

where
Ji(v,u) = a||’u||%2,7 + ||u — ¢obs||%2’+,a = const > 0.
Let $(© be the solution of the problem given by
A9 =fin X, 6@ =0onT_. (2.9)
We express this solution in the following form:

¢ =Gy f, (2.10)

where G : La(X) — H2 is the linear operator — the resolution operator of the problem (2.11). Now we can
reformulate (2.8) as the following inverse problem to the function ¢ = u—¢®): for given ¢(©) € H3, ¢ops € Lo+
find ¢ € H}, v € Ly _ such that

Ap=0in X, ¢ =von I'_, inf J(¢,v), (2.11)

where
J(d)v v) = O‘””HQLQV_ =+ ||(ZS - (d)obs - ¢(0))||%2y+’a = const Z 0; ¢obs S L2,+~
Later on we investigate the inverse problem (2.11).
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3. REFLECTION OPERATORS AND THEIR PROPERTIES

3.1. Introduce some operators to be used in the sequel.
Consider the following radiative transfer problem:

Ap=0in X, p=vonl_, (3.1)

where v € Lo _ is a given function. This problem has a unique solution ¢ € H. We write ¢ in the following
form:

(25 = Gl’U, (32)
where G1 : Ly — — H21 is a linear bounded operator.
Later on we use also the traces operators P_y, P4):

P(—)d) = ¢|F7 = (d)(,uv 12 0)7 d)(fﬂa 2 H))a P(+)¢ = ¢|F+ = (Qs(iluv 12 0)7 d)(,uv 12 H))

Vo e Hy, u>0, ¢c/(0,2n).
According to the above statements the operators P_y, P4 are bounded.

Now, let us introduce the adjoint problem

2w 1
* _ aw b ! A i !
AW = —pam = / p(2, mo)Y (', 1, 2) dp'de’ = g, (3.3)
0 —1
Wi, 1, 0) = (P (g, 1), —1<p <0, 0< < 2m, (3-4)
V(p, p, H) = w%(%u), 0<p<l, 0<p<2m, (3.5)

where ¥y = (Q/Jg)), 1/}&%1) € Lo 4. This boundary value problem has a unique solution v € Ha Vg € Lo,
() € L2, +. We represent ¢ as ¢ = Gog Vg € Ly for Yy =0, and ¢ = él?/)(l") Viry € Lo 4 for g =0, where
the resolution operators G‘O : Ly — H21, él Ly — H21 are bounded.

By P1, P, we denote the projection operators defined as follows: P1g = (¢1,0), Pog = (0,92) Vg = (¢1,92)

€ Ly _ (or Ly y). The subspace Lé?) = PiLy_ C Ly_ (or Lg’))+ = P Lo+ C Lo ) consists of vectors

Pig=(91,0) Vg€ Ly (or Vg & Lo ).

3.2. Let us consider the problem (3.1). This problem has a unique solution ¢ € Hs and there is a trace
@lr, € Lo 4. Assume w = ¢|r, to obtain the transmission-reflection operator

Sv=w, S:Ly_ — Loy,
that will be called for simplicity the reflection operator.
Let U, Sy be the following operators
Uw=w(lp+m —up), wlp,pn) € Loy, Sy=US.

Consider now the adjoint problem (3.3-3.5) where g = 0 and ¥y = (wg)),wé?)) € Ly 4. This problem has a
unique solution ¢ € Hy. Assuming v = |r_ € Lo _, we obtain the operators

S*1ZJ(F) =v, S%: Loy — Ly _, S(*U) = S*U.
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Theorem 3.1. The following relationships and properties hold:

(1) 8" = (8)",  (Su)* = Siy. (3.6)
(2) The operator Sy is symmetric in Lo _ and SZ‘U) in Lo 4.
(3) S=US*U, S*=USU. (3.7)
(4) The following estimate holds for the norm of the operator S':
ISIP < (1 —a)/(1+q) =, (3.8)
where
cosh (H«/l — b%) -1
q=1/(1-0b9) : (3.9)
sinh (H 1-— b%)
Proof. Properties (1-3) can be easily obtained using the following relationships:
0= (Ad)a 1/)) = (¢a w)L2,+ - (d)a w)la,— + (d)a AW’) = (¢a w)L2,+ - (d)a w)L2,7a (310)
1.€.

(@@ L2y = (@) V)Ls—s (SE@), Y1) L2y = (D) ™)) Ls, s (3.11)
where ¢ and 1 are solutions of problems (2.1-2.3) (f = 0) and (3.3-3.5), respectively. Estimate (3.8) is a simple
corollary of Theorem 2.3. g
3.3. In the general case operator S is not compact. Indeed, suppose that b(z) = 0, then

o=Grv=1"1v=¢p,Sv=8Srv= Pyor =g=(g91,92) € Loy Vv € Lo (3.12)

_H _H

where g1(p, 1) = va(p, p)e” T, < 0 and ga(p, u) = vi(p, pw)e” T, 1> 0. We see that S = Sp : Ly — Lo 4
is bounded, while St is not compact.
Let us prove the compactness of “a part of S”. Introduce this “part” as follows

Sp=5—Sr. (3.13)

To investigate the properties of S let us write at first an expression for this operators.
From (2.5) we have:

(b = (bT + (bRa
Lor = bBogr +bBopr, ¢r=0o0onT_,
¢r = L™'bBo¢r + L~ 'bBogr,

¢r = (L7'0Bo)'L™"bBodr = Y (L™'bBy)'L™"bBol ‘v = (I — L™'bBo) ' L™'bBo¢r.
=0 =0

o0
So, Sk = Py > (L™0Bo) L™'bByl ™' = P4)(L — bBo)~'bBol~! and the following statement are valid.
=0

Lemma 3.1. The operator S can be represented as S = Sg + S, where

Sr=Pl™", Sp =Py Y (L7'0Bo)' L™ "Byl ™" = Py (L — bBy)'bBol ™"
=0

Here, the “transmission part” St of S is a bounded operator from Lo _ into Lo . The “reflection part” Sg
of S is a compact operator from Lo _ into Lo .
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Proof. The expressions for Sg, St follows from the above considerations. One needs to prove the compactness
of S only. The operator [~! is bounded from Ly _ into Hi, the operator By is compact from H3 into Lo [5]
and the operator Pyy(L —bBy)~'b is bounded from Ly into Ly 4 (see, Th. 2.1 and trace theorems [5]). Hence,
the operator Sg : Lo, — Lo 1 is compact. O
(0)
2,—

3.4. Consider now a “specific case” of S — the restriction of S to the subspace L that we denote

by S1: S1v = Sv VY € Lg?)_. So,
S| = SPl, Si: Lg?)_ — L27+, D(Sl) = Lg?)_, R(Sl) C L2,+.

It is easily seen that
S1 =511+ Sa1, (3.14)
where
Si1 = PiSpPy = PSP - L) — LY,
So1 = PoSRPy + PSPy = PSP Lg,)) — P2L2,+.

Note, that Py.SpPiv = 0 Vv € Ly _. The estimates and statements proved above for S are valid for S; also.
Some estimates for S9; are given by the following lemma:

Lemma 3.2 [28]. The estimates

bl (A-b))H bl (A-by)H
_ 2 + e,H

PoSgP|| < syl <
HQRlH—ﬂe ” 21H—ﬂe

(3.15)

are valid.

Consider the sequence H = Hj, j =1,2,... (H; — 00). Let ¢; be the solution of (3.1) as H = H;, v € Lg,)),.
Assume that H; > H; for some 4, j. We extend ¢; to (X; = (0,2n] x [—1,1] x (0, H;)) \ X as follows

éj(%/%z) = {(bj(SDvMaHj)e_(z_Hj)/u, n > 0, O,M < 0} .
Then function ej; = ng — ¢; is a solution of
AEji = fj in Xi, €ji = 0 on FZ_,

where R
[i =10,z € (0,Hj); —bBog;, z € (Hy, H;)},

1/2

V1i—"5b

27
1 .
ey < G ( [de [ ulostem )P du ] =ChalsEoli.
2 0
b (1—by)H;
< Cbh (e_HJJrile_ 2 ) ||1)Hg)2)7 —0as Hj — o0

and Séji) = S9; as H = Hj;. Then

27 0 %
[ [ llest | =188 = 820l < Cllsllngony < bl = 0. i = oc.
0 -1
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We introduce operator S(°°):

5§y = 55 = lim P wvwe Ly, 5. 1P - L. (3.16)
j—o0 ’ ’ '

Lemma 3.3. Operator S(°) is compact.

Proof. Since the operators Sﬁ), j=1,2,..., are compact then S(°) = lim Sﬁ) is compact also. O
j—oo

Remark. The compactness of $(>) is proved also in [33].

Lemma 3.4. Let ¢ = G1v be a solution of (3.1) as H =00 and v € Lé(?)_, Then

oo 1
IS0l 0 < 516BodlL, x..)- (3.17)

Proof. Let ¢; be the solution of (3.1) as H = H;. Then

2

¢ | |
165017 + 15907, , = 1bBogsll* = 617 (x,) + 11570112, , — [8Bodsll7,x,):

2 — _rJ
o2y =5

J
z

where d)? is the solution of

9240 , ) ,
— aij +¢? =0 in Xj, <;§(J) =wvon F(_J), (b? =5y on Fg).
z
Since
. 0)/2 — 2 (00),,|2 : @Wyl2 = 1850)y2
Jim 16913y = ol + 150l Tim 1SVl , = [1520,
then
”UHZOL > HUHi;‘)l ‘|'2|"5’(OO)UHig))+ - ||bBO¢||%2(XOO)7
where ¢ = Gyv = lim ¢; and (3.17) holds. O
j—o0

3.5. Now let us consider the problems with nontrivial ker(S). We begin the consideration from the case when
H =00 and S = §(=),
Introduce the following set:

K={¢€H21: (¢ = G1v)[\(Bog = 0 ¥z > 0), UeLg,n},

The functions d)l(m) = {Pl(m)eim‘/’e_ﬂ%, w>0;0,u <0}, m>N +1 belong to K. So, K is nontrivial. It is
easily seen also that all functions from K satisfy the following relations

2m 1
b//p(z,uo)v(w’,u’)eﬁdw'du' =0VYz2>0,
0 0

oo, p,2) = {v(%u)e%, p>0; 0,u<0}-
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If b >0, wi(z) >0, then

27

1
/Pl(m)(u')/ei”wlv(gp',u')e;_/zdu'dgo'=0V220,Z=O,1,...,N, m=0,1,...,1
0 0

for V¢ € K. From (3.17) and the properties of K we have the following statements.

Lemma 3.5. Let ¢ = Gyv be a solution of (3.1) as H =00 and v € Lg?l. (1) If ¢ € K, then v € ker(S(>)).
N
(2) If N < o0 in p(z, o) = > wi(2)Pr(po) then ker(S(°)) £ {0} and dim (ker(S(°))) = co. (3) If ker(S(>)) =

0
{0} then ¢ = Giv ¢ K Vv € go)_
Let us represent the solution of the following adjoint problem
A'¢q=0in X, g=won Ty, (3.18)

where X = X, w € Lg?l, as ¢ = qr + qgr, where qp and gr are defined by

L'qr=0in X, gr=won Ty, (3.19)
L*qr = bBogr + bBogr in X, gg =0 on I'y. (3.20)

Consider the following equality for the solution ¢g of (3.15) and ¢:
(bBoor,q) + (PR, Q)Ls.- = (PR, Q) Lo, + (PR, A%q). (3.21)

Since pp =0onI'_, A*¢=01in X, ¢ = qr + qr, gr = 0 on I';, then we have
(bBogr, qr + qr) = ($R-qT)Ls 4 - (3.22)
Assume that p(z, po) = p(2z, —po) and v € ker(S(>)) # {0}, then ¢r = S*)v =0 on 'y and
(bBoodr, qr) + (bBodr, (L* — bBo) 'bBogr) = 0. (3.23)

Let us set w = Uv in (3.19). It is easy to see that in this case gy = U¢r. Since BoUopr = Boor, then
from (3.23)

(bBodr, ¢r) + (bBogr, (L* —bBo)'bBo¢r) =0, (bBogr, ¢r) =0, bBogr = 0. (3.24)
From (3.24) and (3.17) we conclude that the following lemma is valid.

Lemma 3.6. Suppose that p(z, o) = p(z, —po) and 0 < b(z) < by < 1; then v € ker(S™)) if and only if
¢o=GveK.

Consider a specific case of the operator By. Assume that

p(2, p10) = PN (2, p10) + €(Pev (10) — Pod(po)), (3.25)
where
N

P (2 o) = P (2, —po) = Y wi(2)Pi(o), 0 < wy(z) < wo =1,
=0
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0 < € = const < 1 is a positive small value,

oo

oo
Pev(B0) = Pev(—t0) = ZanPgl(uo), Pod(k0) = —Pod(—H0) = ZCYQZ_lPQl—l(Mo)
=0 1=1

and 0 < o < 1 is a given constant. We set

1

2
1
Bygp = E/ p(z, po)p(@', ', 2) dp' dypt,
0 -1

where p(z, po) is given by (3.25). Let us write B¢ in the following form

BOd) - Bevd) - EBodd)a (326)
where
27 1 27 1
1 1
Beyp = 4—//(pN + epev)pde’dy’,  Boad = —//pod¢d<p'du'-
T 47
0 —1 0 —1

Lemma 3.7. Ifb> 0 and p(z, o) is given by (3.25), then ker(S>)) = {0}.

Proof. Assume that ker(S(°)) # {0}, (v # 0) € ker(S®)) and w = Uv in (3.19). From (3.22) we obtain the
following equality:

(bBogr, Ugr) + (bBodr, (L* — bBo)~'bBoUdr) = 0.
Since BoU ¢ = BeoyUpr — eBogU 1 = Bey b1 + €Boqdr then

(b(Bew + €Bod) T, ¢1) + (b(Bew — €Bod)dr, (L — bBO)_l(b(Bev +eBod)ér) =0

or

0= (b(Bev + €Boa)or, ¢1) + ((L* — bBo), ¢) — 2(bBoadr, ¥), (3.27)
where ¢ = (L* — bBo) " 'b(Bey + €Bod)¢r. If ¢ is sufficiently small, then from (3.27) we obtain the following
relationships:

0= (W(Babr, br) + e(bBoudr, 1) + 1R, _ + (T~ bBoYy, ¥) — (26bBour, )
> (bBewbr, br) + €(bBoatr, ér) + 3 0l3_ + (1= b + (bBoatr )
— 26(bBoadr, 61)% (bBoath, )
> (bBewtr, br) + €0Boatr, 6r) + 3 U3, + (1~ b)[0]? + £bBasts, ¥) — =(bBoatrr, o)

— c(bBo ) = (DBevdr, b1) + 57, + (1= b)0]

Hence, ¥ = 0,¢7 = 0 and v = 0. But, by assumption, v # 0. This contradiction proves the statement of this
lemma. g

3.6. Let H be finite and
dr = {v1(p, ) e™*/*, 1> 0; 0,1 < 0},
K={oeH}: (6=Gv)(\bBobp=0v220), ve L) }.
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Lemma 3.8. If p(z, o) = p(z, —o) and By is nonnegative then v € ker(Sg) iff = Giv € K. If p(z, o) is of
the form (3.25) then ker(Sgr) = {0}.

Proof. Let g be the solution of (3.18), where w = Uwv, v € ker(Sg). Then again,

0= (bBoér.ar + ar) = (bBodr, ér) + (bBodr, (L* = bBo)bBodr).
(bBogpr, 1) =0, bBopr =0

and ¢p =0, ¢ = Giv = ¢ € K. If ¢ = G1v € K, then ¢ = ¢p, ¢op = 0 and ¢p = Sgv = 0 on I';.. So,
v € ker(Sg) iff = Giv € K.

Assume that p(z, po) has form (3.25), then repeating the proof of Lemma 3.8, we obtain other statements of
this lemma. O

Lemma 3.9. If p(z,po) = plz,—wo), H < oo and By is nonnegative, then
ker(S1) = {0}.

Proof. Assume that ker(S7) # {0} and (v £ 0) € (Léo)_ (ker(S1)). Let ¢ be the solution of (3.18) for w = Uwv.
Then

0= (A(ba q) = _(’U7q)L27_7 (Ua q)Lgy_ = (Ua qT)Lgy_ + (U7qR)L2
(bBogr, ) = (A*qr, d) = (4R, V)L,
0= (v,qr)Ls + (bBogr,d) = (v,qr) s + (bBoqr, ¢1) + (bBoqr, (L — bBo) ™ 'bBogr).
Since qr = Uor, v = (v1,v2) = (v1,0) € Lg?)_ and (v,qr)r, _ = 0 then
(bBodr, é1) + (bBodr, (L — bBo) "bBogdr) =0, (bBodr,dr) =0, bBodr =0, ¢r =0,
¢=9¢r, 9Ir, = o), =Sv=0, v=0.
So, we conclude that ker(S;) = {0}. |
Let us summarize some of the above statements in the following theorems.

Theorem 3.2. Suppose that H = oo, 0 < b(z) < by = const < 1; then for reflection operator S : L ) Lg,))+

) <
the following assertions hold: (1) S = Py > (L™'0By) 1~ and S is compact. (2) ||S||* < (1 —+/1—b})/(1+
<b

V=), () Holeam0) = ple—pa). 0 < b() <
(4) If p(z, o) has the form (3.25) and 0 < b(z

Ju

1 < 1 and By is nonnegative then v € ker(S) iff = Grv € K.
) < by <1, then ker(S) = {0}.

Theorem 3.3. Suppoze that H < 00, 0 < b(z) < by = const < 1; then for operator S : Ly _ — Lo 4 the follow-

ing assertions hold: (1) S = Sr + St, where Sp = P(+)l*1 : Lo — Lo 1 is a bounded and invertable operator,

Sr = Py > (L7Bo) ™" : Ly — Loy is compact. (2) ||S||* < (1 —q)/(1 4 q), where q is given by (3.9).
i=1

(3) If p(z,ZLE) = p(z, —po) and By is nonnegative,then ker(S1) = {0} and v € ker(SgP1) iff ¢ = Giv € K.
(4) If p(z, po) 1is given by (3.25), then ker(SpPy) = {0}.
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3.7. Cousider now a specific radiative transfer problem — the boundary value problem for the function ¢(u, z)

2
— (1/27) [ ¢(p, 1, ) dip assuming p(z, o) = 1:
0

Aot =52+ 6(02) = 22 [ 2w = Fipn2) in X = (-1,2) x 0.1, (3.28)

¢=U1(/J),Z:O,/J,>O; ¢:U2(N)aZ:H7M<O-
In the sequel we use the following lemma.

Lemma 3.10 [28]. If f(z) € La(0,00), v(p) € L2(0,1) and

o

/e*%f(x) df =0, Yu e (0,1), (3.29)
0

1
/ e wv(p)dp =0, Yz € (0,00), (3.30)
0

then f(z) =0, v(u) = 0.
To investigate the problem (3.28) and the following boundary-value problem

App=0in X, ¢=vonl_ (3.31)

we introduce all “notions” which have been used earlier (functional spaces H3, ..., Lg?)_, r_,ry,...,S Sg,Sr).
We mean here only that all these “notions” are independent of ¢ € (0, 27]. We point out that

1
Bog = %/(b(u,fé)du-
21

Let us consider the problem (3.31) as H — oo and introduce the set Ky:
Ko={peH}: (6=Gv)[(\bBog) =0, V2> 0, Ve LY }.

It is easily seen that Ko = {0}. Indeed, suppose that v € Lé?)_, ¢ = Giv, bBy¢p = 0. Then ¢ should have
the following form: ¢(u,z) = {v(p)e */*, pu > 0; 0,u < 0}. Using the restriction bBog = 0, we obtain

1
b [ e */My(p)dpu =0, z > 0. According to Lemma 3.10 we conclude that v(x) = 0 and Ko = {0}.
0

Suppose that ker(S(°)) # {0}, v # 0 € ker(S(>)). Then

dx

;<0
|l

0= S0 = 6(,0) = [ € FTb(:)Bao
0
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where ¢ = Giv. Using Lemma 3.10, we have: i) b(2)Bop = 0; ii) ¢ = {ve */", pu < 0; p > 0}; iii)
1

Bogp = [ve™*/Fdu = 0 ¥z > 0; iv) v(u) = 0. The contradiction proves the statement: ker(S(>)) = {0}.
0

So, the following theorem is valid.

Theorem 3.4. Suppose that H — oo and 0 < b < by < 1 in the problem (3.31). Then: (1) S is com-

pact. (2) |[S©I)2 < (1 — /1T —03)/(1 4+ /1T =0b3). (3) ker(S(>)) = ker((S))*) = {0}. (4) There exists the
inverse operator (S(°)) 1, which is not bounded on the range R(S(>)). (5) The range R(S*)) is dense in Lé?)

(The proof of this theorem follows from the above considerations and the theory of compact operators.)

4. SOLVABILITY OF INVERSE PROBLEMS

4.1. With the use of the above operators problem (2.11) can be written in the following form:
Problem 1. Given ¢©) € HJ, ¢obs € Lo+, find ¢ € H}, ¢ € H}, v € Ly _ such that
Ap=0in X, ¢ =vonTl_,

A*q=0in X, ¢ = ¢ — (dobs — fi)(o)) onI'y,
av+ S*Pyg=0onT_ (4.1)

or as the equation for v: given ¢ons, find v € Lo _ such that
av + S*Sv = S* Py (dobs — #'”) on T'_ (4.2)
or as a weak form of (4.2): find v € Ly _ such that
a(v,w)r, _ + (Sv,Sw)r, , = (P4)(Pobs — o), Sw)p,, Yw € Ly _. (4.3)
If H — 00, Pryy(¢obs — ¢©) € P Ly, = Lg?l, v E Lg,)l in (2.11), then we have the second inverse problem.

Problem 2. Given P(y)(¢obs — #0) e [/5[7)_)|r findv e L(?) such that

a(v,w) o + (5, §w) (P (dops — ™), s<oo>w)Léo>+ vw e LY. (4.4)

Ly, =
or forms (4.1, 4.2) with S, S* replaced by S(>), (S(>))* hold.

4.2. Using the properties of the above eflection operators, we formulate some statements on the solvability of
Problems 1, 2.

Throughout this section we assume ker(S) = ker(S*) = {0} (see, Ths. 3.2-3.4) and we consider only this
case of Problems 1, 2.

Some solvability results will be proved in the presence of additional restrictions and the following remark
may be useful. It is easy to see that the following assumptions are equivalent: (i) There exists a unique solution
¢o € H},v9 € Ly of (4.1) as o = 0; (ii) ST ' Pr1)(dobs — ¢¥)) € Ly _; (iii) there exists a function ¢, € H} such
that A1 =0 in X and ¢1 = P4 )(dobs — V) on T

Now let us formulate some conclusions from statements of the previous sections. The domain D(S) of
S is the whole space Ly _, the range R(S) is a subset of Ly, D(S*) = La 4, R(S*) C L _ and the op-
erators S, S* are closed. Since Ly _, Lyt are Hilbert spaces, S, 5* are closed and ker(S) = ker(S*) = {0}
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then R(S) = La 4, R(S*) = Lo _. However, S=% (5*)~! are unbounded for any H < oo. Therefore R(S)
# Lo 1, R(S*) # La,_ and S, S* are not “normal solvable” and not Fredholm operators. Hence, the equations
Sv = g,5%¢ = g1 can be “dense solvable” only (if additional restrictions to g € La 1, g1 € Lo _ are not imposed)
and Problems 1, 2 are ill-posed.

Let Hg be the completion of Ly — with respect to norm ||v||zs = ||Sv||L,,, . Since R(S) = Ly, then for any
v € Hg there exists a function ¢ € Ly | such that Sv = ¢ and ||v||gs = ||}||L,; if v € Lo then ¢ € R(S).
So, the spaces Hg, Lo 1 are isometric. Above remarks will be used below in proving solvability results.

Let us consider the equation (4.2). Using properties of S we conclude that the following statement holds.

Theorem 4.1. The following assertions hold:
(1) If & > 0 then the inverse problem (4.2) ((4.1), (2.8)) has a unique solution and the estimates

10l ry + llvllzo, o < CUSI+ lGobsllzs 1) (4.5)

L+ a)IglZ,, +allvll, - +2a(1 = b)) < 1P (dobs — 6 )

are valid, C = C(a) = const < 0.
(2) If @ = 0 and ¢obsp = Pri)(dobs — 3V) is a function from Lo then (4.2) has a unique weak solution
vo = (S*S)"1S*pobs,0 and the estimate

Lo 4 (46)

is valid. The function vy is a weak solution of the equation Sv = ¢ons,0 also, i.e. the relation

||1)OHHS < H¢obs,0|

(vaw)L2,+ = (¢Obs707w)L2’+ Yw € L27+
is satisfied. If ¢obso € R(S) then vy = S_1¢Obs70 is the solution of “an exact controllability problem”; if

S Pons0 € Lo, then vy € Lo _ also.
(3) There exists a sufficiently small positive a such that the solution ¢ = ¢(v) of (4.1) satisfies

¢ — dobs,ollL, . < ¢ (4.7)

for given € > 0, i.e. (4.1) is the “approzimate cotrollability problem” and it has a solution Y¢ons o € Lo 4.
(4) If ¢,v is a solution of (4.1) as a > 0 while ¢o, vy is a solution of this problem as o = 0 then

157(6 = do)llzrs = 1575 (v — vo)ll s < ellPobs,ollLs (4.8)

for ¢obs,0 € Lo 4 and
16— ol . = llv = vollas < (a/2)"?]|S™ Gons ol

Lo (4.9)
for ST pobs,0 € Lo, —.
Proof. 1. Since

(av + 8"Sv,0)1, ~ = alvlE, +[Svli, .,

then the problem (4.2) is correctly solvable and

1 1/2

1 Y
”vH%gy_ < EHP(-i-)(d)obs - ¢(0))HL2,+”SDHL2,+ < E”Qﬁobs - ¢(0)|‘L2,+HSH Hv”L2,7 < 1T”QSObs - ¢(0)|‘L2,+|‘v||142,—'
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So,

1/2
Y
HU”LQ,— < 1T||¢obs - ¢(0)|‘L2,+7

and the estimate (4.5) is valid.
Let us consider now a weak statement of the boundary value problem for ¢:

ow 1 . 1, .
<¢7 —H Dz +w— bBOw) + ((b’ w)L2,+ + E(‘S’ P(Jr)(b’ w)LQ,— = a(‘g P(+)(¢obs - (b(o)aw))LQ,—?
where Vw € H} and let us use the boundary condition for ¢ in the following form:

b+ éS*P(Jr) (¢ — (Gobs — D)) =0on T_.

Setting w = ¢, we have:

1 1 1 1

§||¢H2L2,+ + §||¢H%2,_ + (T'¢, ¢) + o <S*P(+)¢, )L, = E(S*P(-i-)(d)obs —¢), ¢>)>L
Since

(S*Py$ ) o =17, .. [(S*Piay(bobs — 0), &) Lo _| =[P4y (bobs — ), 0) L . |
1 1
< lons = ¢l 2z 1l La s < 5 l9obs — O, , + 5191z .-
(Td)a d)) 2 (1 - bl) ||¢H27

then

(L+a) 97, , +allglz,  +2a(1 = b)) < llgobs — ¢ VII7, _.

i.e. we have obtained the second estimate from (4.5).
2. If @ = 0 then (4.2) is equivalent to the following equation
S*S’Uo = S*d)obs,O» (4.10)

By wusual considerations of the variational problem theory, the existence of a unique weak solution
vp = (S*9)71S* dobs, 0 of (4.10) and the estimate (4.6) are proved. Since R(S) C D(S*) = Ly 1 and ker(S*) =0
then (4.10) is equivalent to the equation Svy = @obs,0, i.6. Vo is a weak solution of this equation also. If
Gobs,0 € R(S) then vg = ST gobs,0 and vy € Lo — for ST ¢ons0 € Lo, —.

3. The proof of this assertion is similar to proof from [35] (p. 285). Let ¢obs,0 be an arbitrary function from

Ly . Since R(S) = Lo 4 then there exists w € Ly _ such that ||¢(w) — ¢obs,0lL, . < €1 for given €1 > 0, where
¢ = ¢(w) is the solution of

Ap=0 in X, ¢=w on I_.
If ¢ = ¢(v), v is a solution of (4.1) for a > 0 then

J(6(v),v) < J(d(w),w) < allwllf,  + €.
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Let us fix e, w and choose a sufficiently small a such that o|lw||7, < ef. Then

lp(v) — (bobs,OHQLQ’_*_ < J(p(v),v) < 2€7 = €2,

The last relation implies (4.7).

4.

It is easy to see that

SS*S(v — ) = —a(a(SS*) ™ + I)dobs.o-

If @obs,0 € Lo 4 then

15575 (v = vo)llLs 4 = 1575 (v = o) s < @l[dobs,ollLs, -

Let us write down now the following equalities

It S~

4.3.

v=(al + S*S)_lS*(bobs,o = (ol + §*S)~1S8*Swy,

Q(U,U)L2,7 =+ ||’U - vo”%{s = 04(1),1)0)[‘2’7. (411>

Ypobs,0 € La,— then ||v|| 1, _ < |lvollz,_ and (4.9) is a simple consequence of (4.11). O

In Problem 2 the operators S = S(°), §* = (S(>))* are compact and (al + S*S) is a “normal solv-

able” and Fredholm operator. Hence, some special theoretical approaches can be used to develope Problem 2
(for example, singular spectral expansions of operators, etc.). But the principal solvability results remain the
same as in Problem 1.

Theorem 4.2. The following statements are valid:

(1)
(2)

(4)

Problem 1 for a > 0 is equivalent to the second-type operator equation for v with Fredholm operator and
to the first-type equation with compact operator at o = 0.

If o > 0 then Problem 2 has a unique solution for ¢obs,0 = P(Jr)((bobs — <;$(O)) S [/5[7)_)|r and the estimate (4.5)
is valid. If a =0, Pry)(dobs — $0) € R(S(>)) then there exists a unique solution of Problem 2:

v = (S TP (Pons — ¢V)), (4.12)

i.e. “the problem of exact controllability” has a unique solution.

If ¢obs,0 s an arbitrary function from Lg?l then there exists a sufficiently small « > 0 such that the
solution ¢ = ¢(v) of (4.2) ((2.11), (4.1)) for a > 0 satisfies

||¢ - ¢obs,0HL(QOL_ <e (4.13)

for given € > 0.
The estimates

18)"(& = g0)lls < allgonsoll Lo,

where Pobs,0 € Lé?zr, and

l¢ = ¢oll L = llv—wolls < (/2)2]1(5)) ™ Gobs,o]

LY

where (S(m))*ld)obsyo € Lg,)l, are valid.
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(The proof of Th. 4.2 repeats in the whole the proof of the previous theorem.)

Remark. Consider the system of equations given by (4.1). Assume that o = 0, P (¢obs —¢?)) € R(S>)) and
there exist S~!, (5*)~!. Then from (4.1) we obtain: P1yq =0, ¢ = (¢obs — ¢¥) on 'y, v = ST P (dobs —
$©) onT'_ and

Ap=01in X, ¢ =S Py (dobs — ¢ ) on T'_, ¢ = dobs — ¥ on Ty, (4.14)

i.e. “the exact controllability problem” has a solution. Assume that some function ¢ € HJ satisfies (4.14).
Then from (4.14) and (4.1):

v = SilP(ﬂ(d)Obs - ¢(0)) onl'_, ¢g=0inX, av=0onT_.

If v £ 0, then « should be equal to zero. So, we conclude: the exact controllability in (4.1) is admitted iff o = 0
and Py (¢obs — (V) € R(SC). O

5. ON NUMERICAL SOLUTION OF INVERSE PROBLEMS

Statements of the previous section allow to conclude that an approximate solution of Problem 1 (2) calculated
for small @ > 0, can be considered as an approximate solution of this problem as @ = 0 also. To develope
appropriate approximate solutions of Problems 1, 2 for a > 0 various iterative algorithms can be used [28-31].
Below we consider an example of such procedures.

To construct an approximate solution of (4.1) we can apply the iterative algorithm given by:

Ap, =0in X, ¢, =v, onT_,

A'qp =00 X, qn = — (Pobs — V) on 'y, (5.1)
Unt1 =V — T(@Un +q,) onT—, n=0,1,...,

where vg € Lo _ , 7 =2/(2a+ 1) and =, is given by (3.8).
In view of the reflection operator properties and the iterative processes theory results,

Lemma 5.1 [28]. Ifa > 0 and 7 = 2/(2a + 71), then the algorithm (5.1) converges and the estimate

n
N
16 Gully + = anlig + o = vala < € (52 ) o= volza

is true, where C' = const > 0.

To solve the subproblems from (5.1) we can use known numerical methods [2, 5, 6, 9, 10]. Since the errors
of these methods are well-known then we can investigate the convergence property of (5.1) taking into account
also numerical errors. But we do not discuss this issue in the paper.

CONCLUSION

Let us summarize some results formulated in this paper. We considered the methodology of analysis and
numerical solution of some inverse radiative problems. This methodology is based on the optimal control theory
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approaches, solvability results for first- or second-type operator equations and on modern iterative processes.
We hope that it will be applied to other inverse problems for transport equations.

We saw that the crucial issue of solvability and numerical solution of such problems is connected with
properties of reflection operetors S, which are investigated in the “direct” boundary-value problems for transport
equations. If S consists of bounded and compact parts then the theory of second-type equations is a basis for
consideration of an inverse problem; if S is compact then results for the first-type operator equation is such
basis.

The exact controllability problems considered above are rather specific. If S is compact, ker(S) = 0 and
Py (pobs — #) € R(S) then each of such problems has a unique solution. One of the practical implications
of this statement is the following: since S~! is unbounded then the considered inverse problem is ill-posed and
various regularization procedures are useful in numerical procedures. If P)(¢obs — ) is a function from
Lo 1 then (1.3) has no solution, but it can possess a generalized solution, and (1.3) should be replaced by a
weak statement (like (2.8)). The presence of estimates (4.7-4.9, 4.13) is important in numerical practice and it
means that approximate solutions of inverse problems can be obtained for P1)(dobs — p) € Lo ..

Let us conclude this paper with remarks that can useful also in practical calculations.

If & > 0, then equation (4.2) has a “good” operator (ol 4+ S*S). Using the iterative processes theory, it is
possible to write a lot of iterative algorithms to solve (4.1). We can also optimize the convergence rate of these
algorithms using properties of S, S* presented early [29-31].

To solve (4.1) as H — oo, v € Lg?l, (dobs — 90 € Lg?}r the process (5.1) (or some others algorithms) can

be applied also. If Py)(¢ons — ¢(?) € R(S(>)), then there is a possibility to set o = 0. However, numerical
calculations can be unstable in this case.

Assume that p = py(z, o) = pn (2, —pi0) is considered in the original statement of boundary value problems.
To have the property “ker(S) = 0” we can replace this p(z, o) by the perturbed one of form (3.25). This
perturbation of the problems can be considered also as a regularization of inverse problems considered above.

The present investigation has shown the potential of optimal control approaches for investigation and nu-
merical solution of inverse radiative transfer problems and has suggested many directions for further work.
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