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1. Introduction

The quantized universal enveloping algebra (or quantum group) U ,(g) associated
with a symmetrizable Kac-Moody Lie algebra g has been introduced indepen-
dently by Drinfeld [D] and Jimbo [J] in their study of two dimensional
solvable lattice models. The parameter g corresponds to the temperature in the
lattice model. In particular, g = 0 corresponds to the absolute temperature zero
and hence one can expect some simplifications in the zero limit case. Motivated
by this observation, one of the authors has introduced the notion of crystal
base [K1]. The existence of such bases for any integrable representation of
U,(g) is already known ([K 1], [K2], [MM]). In [K2], the global base has been
introduced. These bases coincide with Lusztig’s canonical bases for the finite
dimensional Lie algebras of type ADE ([Lul], [Lu2]). More recently, Lusztig
and Grojnowski [LG] have proved that the canonical base and the global base
coincide for all Kac-Moody Lie algebras with symmetric generalized Cartan
matrices.

The crystal base which can be thought of roughly as a base at g = 0 provides
a powerful combinatorial tool to study the quantum group U,(g) and its
integrable representations. For example, the crystal base theory is very useful
in decomposing the tensor products. Of course, for this one needs explicit
description of the crystal bases. In [KN1, the description of the crystal base for
any irreducible highest weight modules for U (g) for g = 4,, B,, C,, or D, is
given. In [N], Nakashima has used these descriptions coupled with the
properties of crystal bases to obtain Littlewood-Richardson type rules for
decomposing the tensor products. The descriptions of crystal bases for irreduc-
ible highest weight U,(G,)-modules and the tensor product decomposition
rules are given in [KM1]. Another description of crystal bases for U,(g)-
modules, g = A4,, B,, C,, D,, E¢, or G,, using Lakshmibai-Seshadri monomial
theory is given in [Li].

Using the Fock space representation, the crystal base for any integrable
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highest weight U _(3/(n))-module has been given in [MM] and [JMMO]. It has
been observed that the crystal base for these U,($l(n))-modules can be
parametrized by certain paths which arise naturally in the context of lattice
models. In order to generalize this result to other quantum affine Lie algebras
the theory of affine crystals has been introduced in [KMN1] and [KMN2].
Crucial to this theory is the existence of certain crystals known as perfect
crystals. The existence of at least one such perfect crystal for each integrable
highest weight U (g)-module for g = 4{", B{", C{", DV, A%)_,, AS), or DY,
has been given in [KMN3]. Each such perfect crystal gives a path realization
of the corresponding crystal base (see [KMN2], [KMN3]).

In this paper, we develop the theory of crystals further and give a path
realization for the crystal base of U, (g), g = A", B, CV, DV, AZ)_,, AR,
or D) ,. This, in particular, gives a path realization for the crystal bases of
Verma modules for the corresponding quantum affine Lie algebras. Also note
that the crystal base of any integrable highest weight U (g)-module is a
surjective image of that of U, (g). One of the key ingredients in this realization
is the energy function which is necessary to determine the weight of a path. One
important result in this paper is the explicit description of the energy function
as the maximum of certain linear functions in each case. This result was only
known for g = ALV (e.g., see [JMMO]) from the corresponding result in the
lattice models. It is hoped that these explicit descriptions of the energy
functions may provide further information about the corresponding lattice
models.

The paper is arranged as follows. In Section 2, we recall basic definitions and
develop the theory of crystals further for any symmetrizable Kac-Moody Lie
algebra g. It is worth pointing out that in this paper we have axiomatized the
crystals as purely combinatorial objects. This might be of independent interest
to some researchers. In Section 3, we recall certain results from [KMN2] and
[KMN3] which are used in the sequel. The core of the paper is Section 4 where
we prove the main results like Theorems 4.7, 4.8, and 4.9. These theorems give
the desired path realizations provided we have a suitable classical crystal B
(satisfying (4.1)—(4.5)) and the energy function H:B_® B, — Z (see defini-
tions in Section 4). In Section 5, we give the descriptions of these crystals B,
which satisfy the required conditions. We also determine the corresponding
H-functions for each quantum affine Lie algebra U, (g), g = A{", B", C{", D{V,
AR, A2, or D{?,. Thus we have an explicit path realization of the crystal

2n>

base for U, (g) for these quantum affine Lie algebras.

2. The algebra U (g) and crystals

Let g be any symmetrizable Kac-Moody Lie algebra generated by e, f;
(ielI =10, 1,...,n}) and the Cartan subalgebra ) over Q. Let {«;|iel} < h*
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and {h;|ie I} < b denote the simple roots and simple coroots, respectively. We
normalize the nondegenerate symmetric invariant bilinear form (,) on b* so
that (a;,;)€Z. . Let P denote the weight lattice and P* denote the dual
lattice. Then «;€ P and h,e P* for all iel.

The quantized universal enveloping algebra U,(g) is then the Q(q)-algebra
generated by the symbols e;, f; (i € I) and ¢" (h € P*) with the following defining
relations:

O=1, ¢"¢" = ¢"*" for all h, W' e P*, (2.1)

q"eq " = ¢Me, g'fig™" = g~ "f, for all iel, he P*, 22)
t—t !

[e;, f,] = 511' l — 1> where g; = q®* and L= gl = 615", (2.3)

i i

b b
kzo(—l)"e(}"eje?’"‘& Y (DB P=0 fori+#jand b=1—<(h,a;).

k=0

(2.4)

Here we use the following notations:

k

(=90 g = T (), and e = DKL 9 = £TKIL

i~ 4 m=1

We understand e = /¥ = 0 for k < 0.
It is well known that U (g) has a Hopf algebra structure with a comultipli-
cation A defined by

Ae)=¢,@t7'+1Q®e,
Af)=fi®1+4® f,
A =4"® ¢

for all iel, he P*. The tensor product of two U, (g)-modules has a structure of
U,(g)-module via this comultiplication. For iel, let U,(g;) denote the sub-
algebra of U (g) generated by e;, f;, t; and ;.

For a U, (g)-module M and Z€P, the A-weight space of M is defined by
M, = {ueM|q"u = ¢"u for all he P*}. We say that M is integrable if
M = @, M, and M is a union of finite-dimensional U, (g,)-modules for any
iel. By the representation theory of U,(sl(2)), any element ue M, can be
uniquely written as

U= z Sy, (2.5)

k=0
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where u, e Ker e; " M 14,,. We define the endomorphisms &; and f, on M by
gu=>y f* Dy, (2.6)
fu=Y f** Vy,. @.7)

Let A be the subring of Q(q) consisting of the rational functions regular at
q = 0. A crystal lattice of an integrable U, (g)-module M is a free A-submodule
of M such that M ~Q(q) ® L, L= @,pL; where L, =LA M,, and
&Lc L, f,LcL. A crystal base of the integrable U,(g)-module M is a pair
(L, B) such that (i) L is a crystal lattice of M, (ii)) B is a Q-base of L/qL,
(iti) B = ,.pB, where B, = BN (L,/qL;), (iv) &B < B {0}, f;,BU {0}, and
(v) for b, b'e B, b’ = f;b if and only if b = &b’ for ie . We sometimes replace
(i) by: B,,= B'LI (—B’) where B’ is a Q-base of L/qL. We call (L, B,) a
crystal pseudo-base and B, /{ + 1} the associated crystal of (L, B).

For AeP, = {AeP|<{h;, A1) =0 for all i}, let V(1) denote the irreducible
integrable U, (g)-module with highest weight 4. Let u, be the highest weight
vector of V(4), and let L(2) be the smallest A-submodule of V(1) containing u,
stable under fs. Set B(1) = {beL(2)/qL(2)|b = f; - f,u mod gL(A)}\{0}.
Then (L(1), B(A)) is the crystal base of V(2) (see [K1]). The associated crystal
graph is the oriented colored (by I) graph with B(4) as the set of vertices and
b5 b if and only if b’ = f,.b (hence é;b" = b). This graph completely describes
the actions of &; and f: on B(2). For be B(/), we set

&(b) = max{k > 0| &b # 0}, (2.8)

¢,(b) = max{k > 0| f*b # 0}. (2.9)
Note that B(4) =U,pB(4), and for beB(4),, we have <{h,wt(b)) =
@;(b) — &,(b), where wt(b) = u denotes the weight of b.

Motivated by the nice properties of these crystal graphs, we define the notion
of a crystal as follows.

DEFINITION 2.1. A crystal B is a set B=Ll,pB, (wt(b) =2 if beB))
equipped with maps ¢&;:B, > B, U {0}, f:B,—>B;_,,U {0}, ¢:B—
Z 1 {—o0}, ¢;: B> Z LI {—c0} for all i such that
for be B,, @,(b) = <hyy 2> + £,(b), (2.10)
for be B, we have (2.11)

g(b) = &(&;b) +1 ifeb+#0,
=¢(fib)—1 if fib#0,
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and

@;(b) = g;(e;b) —1 ifgb#0,
=(fib)+1 if f;b#0,
for b, b'eB, &b’ = b if and only if b’ = f;b, (2.12)

for be B, ¢;(b) = ¢;(b) = — oo implies &;b = ]’:-b =0. (2.13)

Sometimes, for emphasis we will say that B is a P-weighted crystal.

DEFINITION 2.2. For two crystals B, and B,, a morphism of crystals from
B, to B, is a map ¥ : B, U {0} - B, LI {0} such that

Y(0) =0, (2.14)
Y(&;b) = 2y(b) for b, ,beB,, and Y(f;b) = fap(b) for b, fibeB,, (2.15)
for be By, ¢,(b) = &,(W (b)), 0;(b) = 0;(W (b)) if Y(b)€B,, (2.16)
for be B,, wt(b) = wr( (b)) if Y(b) €B,. (2.17)

A morphism of crystals y: B, —» B, is called an embedding if  is injective.

The crystals and their morphisms form a category. For two crystals B, and
B, we define their tensor product as follows. The underlying set is B, x B,.
For b,eB,, b,eB,, we write b, ® b, for (b,,b,). We understand b, ® 0 =
0® b, = 0. We define the maps ¢;, ¢;, &, f; for iel as follows:

&b, ® b,) = max(e,(b,), &,(b,) — <{h;, wr(b,)D), (2.18)
@i(by ® by) = max(g,(b,), (b)) + by, wt(b2))), (2.19)
(b, ®b,) =&b, ®b, if @i(b,) > ei(b,),

=b, @b, if @b, <elb,), (2.20)
filb,®b,) = fib, ® b, if @i(b,) > &,(b,),

=b,® fib, if (b, <e&lb,), (2.21)
wt(b, ® b,) = wt(b,) + we(b,). (2.22)

Then the following proposition is immediate.

PROPOSITION 2.3. If B,, B,, and B are crystals, then
(a) B, ® B, as defined above is a crystal.
(b) The map (B, ® B,) ® By > B, ® (B, ® B3) given by (b, ® b,) ® by
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b, ® (b, ® bs) is an isomorphism in the category of crystals. O
Now we give several examples of crystals which will be of interest to us in
this paper.

EXAMPLE 24. For AeP,, let V(1) denote the irreducible integrable U (g)-
module with highest weight A. Let (L(4), B(4)) be the crystal base for V(1).
Then the set B(4) is a crystal with the maps &,, f, ¢;, @; defined by (2.6)—(2.9).

EXAMPLE 2.5. Let U, (g) be the subalgebra of U,(g) generated by the fs.
Then U, (g) has the unique endomorphisms e; and e} such that

tef(u) — 1 'ei(w)

[ei’ u] = 1
q; — q;

(2.23)

for any ue U, (g). Then e; and f; satisfy the following commutation relations:
f, =g M fel + 5, (2.24)
elf; ql ]el (¥ -

Here f; is considered as the left multiplication operator. Then any element in
ue U, (g) can be uniquely written as

u= Z ﬁ(k)uk,

k20

where eju, = 0. Now we define the endomorphisms é; and ﬁ on U, (g) by

gu=Y fi* u, (2.25)
fiu=Y f&* Oy, (2.26)

Then we have é,fiz 1. Let L(o0) be the smallest A-submodule of U, (g)
containing 1 that is stable by fi’s. Let B(o0) be the subset of L(o0)/qL(00)
consisting of the nonzero vectors of the form ﬁf,kl mod gL(c0).
Then (L(o0), B(oo)) is the crystal base of U,(g) (see [K2]). For
b=f, - f 1€ B(c0), define

&,(b) = max{k > 0| &b # 0}, (2.27)
@;(b) = &;(b) + <{hy, wi(b)), (2.28)
where wt(b) = —a;, — --- — o;,. Then the set B(co) with the maps &, fi, &, O;

defined in (2.25)-(2.28) is a crystal. We denote by u, the element in B(c0) that
corresponds to 1€ U, (g). The goal of this paper is to give path realizations of
the crystals B(co) for the quantum affine Lie algebra of type AY, BV, C{V, D,
AS), AG)- 1, and DY .
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EXAMPLE 2.6. For A€ P, consider the set T, = {t,} with one element. Define
g(t,) = 9i(t) = —o0, &t, = fit, =0 for iel and wt(t,) = A Then T, is a
crystal. For any crystals B, BQ T, = T, ® B= B.

EXAMPLE 2.7. Given any crystal B, we can form the following crystals by
taking the tensor product with the crystal T,, 1€ P:

@ B®T,={b@®t,|beB},

where

wt(b ® t;) = 4 + wi(b),
ab®) =¢b®L, fib®1) =fb®1,
g(b ®t;) = ¢i(b), @;(b ®1t)) = @i(b) + {h;, A).
(b) T,®B={1,®blbeB},

where
wi(t, ® b) = 1 + we(b),
éi(tl ® b) =1,® éib’ ﬁ(t;. ®b) = ® J?;b:
&(t, ® b) = g(b) — <h;, 4D, @,(t, ® b) = @;(b).
(c) For 4, ueP,
T,®BRT,= {tl®b®t”|beB},

where
wi(t,®b®t,) = 1+ u+ wi(b),

G, ®b®t)=1,®8b®1,, f(1,®b®1)=1,@fb®1,
g6, ®b®t,) = ¢g(b) — <{hy, A, 9it, ®b®1,) = ;(b) + <{hy, w.

3. Perfect crystals and paths

Let g be an indecomposable affine Kac-Moody Lie algebra defined over Q. Let
{o;]ieI} = b* and {h;|iel} =} denote the simple roots and simple coroots,
respectively. Thus {o;|ie I} and {h;|ie} are linearly independent and dim} =
#1+1. Let Q=2%,Za;, Q, =%, Z>0u;, and Q_ = —Q,. Let 6eQ, be the
generator of null roots and let ceX; Z; oh; be the generator of the center. Set
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ba= @;Qh; = b and b = (P,;Qh)*, and let cl:h* - b* be the canonical
morphism. Then we have an exact sequence

0 — Q5 — b* > % —0.

Fix i€l and take an integer d such that 6 — do; € X, Zo,. For simplicity,
we write 0 for i,. Let af:b%—bh* be a map satisfying cleaf =id and
afecl(a;) =0o; for i#0. Let A; be the element of b} = bh* such that
<hj, Ay = 6;;. Hence we have o, = Z;<hj,a.paf(A)) + 6, ,d~'6. We take P =

¥, Zaf(A) + Zd~'6 = h* and P, = cl(P) < h%. An element of P is called an

afine weight and an element of P, is called a classical weight. Let U,(g) be the
quantized universal enveloping algebra associated with P, and let U,(g) be the
quantized universal enveloping algebra associated with P,. A P-weighted
crystal is called an affine crystal and a P -weighted crystal is called a classical
crystal.

Let B be a classical crystal. For beB, we set ¢(b) = Z,¢,;(b)A; and ¢(b) =
%, 0,(b)A ;. Note that wi(b) = ¢(b) — &(b). Set P = {ie P,|<h;, A> = 0 for all
iel} and for leZ, let (P}), = {Ae P} |{c, Ay =1}

DEFINITION 3.1. For leZ,, we say that B is a perfect crystal of level I if
(3.1) B® B is connected.

(3.2) There exists A,e P, such that wt(B) c Ay + Z;x9Zsocl(2;) and that
#(B.) = 1.

(3.3) There is a finite dimensional Uj(g)-module with a crystal pseudo-base
(L, B,) such that B= B, /+1.

(3.4) For any be B, we have {c, ¢(b)) > L
(3.5 The maps ¢, ¢ : B™" = {be B|{c, ¢(b)) = I} > (P}), are bijective.
The elements in B™" are called minimal elements.
A Z-valued function H on B ® B is called an energy function on B if for any
iel and b ® b'e B® B such that &,(b ® b’) # 0, we have
HEbb) =Hbb) ifi#,
=Hb®©b)+1 ifi=0and ¢yb) = ¢yb),
=Hb®b)—1 ifi=0and @yb) < gyb). (3.6)

The existence of energy functions is proved for the perfect crystals in
[KMN2]. From now on, we assume that g is of rank > 3. For A€ P*, let B(4)
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be the affine crystal with highest weight 4, and denote by u;, the highest weight
element of B(A).

THEOREM 3.2 ((KMN2]). Let B be a perfect crystal of level I, and let b be an
element of B. Then we have an isomorphism of classical crystals

B(af (¢(b))) ® B = B(af (b)) G-

sending t, .y @ b 10 Uy 7 (o (hy- .

For pe(Ps),, let b, be the unique element of B such that ¢(b,) = p. We
define the isomorphism ¢ of (P.}), by ¢(b,) = op. We lift ¢ to an isomorphism
of af(P}),. Then for Zeaf(P}),, by Theorem 3.2, we have

B(}) @ B(cA) ® B

given by u, > u,; ® by We set 2, = ¢*2 and b, = b, _,, for k > 1. Thus by
applying Theorem 3.2 repeatedly, we obtain an isomorphism of classical
crystals

¥.:B(%) = B(1,) ® B®* (3.8)

given by
u,—u;, b, --- b, b,.

The sequence (b, b,, bs,...) is called the ground-state path of weight 1. A A-path
ain B is a sequence p = (p(k)).> in B such that p(k) = b, for k > 0. We denote
by B(4, B) the set of all A-paths. The crystal graph structure on B(4, B) is given
by (2.20) and (2.21).

THEOREM 3.3 ((KMN2]). The crystal B(4) is isomorphic to B(A, B) given by

B(2) 3 b peB(4, B) where Y, (b) = u;, ® pk) ® --- ® p(1) for k » 0. O
The affine weight of elements in B(4, B) can be computed by the energy
function H as in the following theorem.

THEOREM 34 ([KMN2]). If beB()) corresponds to the A-path p=
(p (k) x> 1€ PB(4, B), then we have

wib=2+ Y (@ (wtp(k) — af(wib,)

k=1

—< y k(H(p (k + 1) ® p(k)) — H(by+1 ®bk))> d—'s. U
k=1
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4. Crystal base of U, (g) and paths
Let {B};>, be a family of perfect crystals B, of level | and BP® =

{beB,|{c, e(b)) = I}. We take the index set J = {(I, b)|l€Z, be BPin}.

DEFINITION 4.1. A classical crystal B, with an element b_ is called a limit
of {B,};», if it satisfies the following conditions:

wi(b,) =0, (b)) = 9(b,) =0, @1

for any (I, b) e J, there exists an embedding of crystals 4.2)

Jawy: Ty ® By® T—yy — B,

sending tﬂ(b) ® b ® t—(p(b) to boo’

B, = {J Imfup. 4.3)

(I,b)eJ

If a limit exists for the family {B,}, we say that {B,} is a coherent family of
perfect crystals. Note that for any N > 0, there exists (I, b)eJ such that
g(b) > N and ¢,(b) > N for all ie I

Let B be a classical crystal with an element b, B satisfying the following
properties:

for any N > 0, there exists (I, by) € J such that ¢(by) > N, ¢,(by) > N

for all il and that there exists an embedding (4.4)
v Loy @ Biy @ T- 5y > B
sending t,,) @ by ® _ 5y tO by,

B= ) Imf. 4.5)

N21

Since each By, is connected, B is also connected.

LEMMA 4.2. If (B, b,) satisfies (4.4) and (4.5), then

(a) for any finite subset F of B, there exists N > 0 such that F < Im fy,

(b) &B < B, f;Bc Bforallicl.

Proof. We may assume that F is a connected subcrystal of B containing b,
Take N such that ¢(b) = —N and ¢;(b) = —N for all iel and beF. In this
case, we will show that F < Im fy, é,F < B, and f,.F < B. For this, it suffices
to show that
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(i) for be F nlIm fy, we have &;belm fy,

(ii) for be F nIm f, we have fbelm fy.
Let b = fy(t.om @ b’ @ t— ,py) for some b'e By,. Then ¢,(b) = ¢;(b) + ¢,(by) >
0, which implies &,b’ € B,,. Hence &,;beIm f,. The proof for (ii) is similar. [J

LEMMA 4.3. Let (B,b_) be a limit of a coherent family {B,},>, and suppose
that (B, by) satisfies the conditions (4.4) and (4.5). Then there exists a unique
isomorphism B — B, of crystals sending by to b .

Proof. By Lemma 4.2, any finite connected subcrystal F of B containing b,
is contained in Im fy for some N >» 0. Hence there exists an embedding of
crystals

Wt Susn
F = T4y ® B, ® T_ gy —— B.,
which yields an embedding B — B_. This is evidently an isomorphism. O
COROLLARY 44. A limit (B, b,) of a coherent family {B,},, is unique up to
isomorphism. O

The following proposition is an immediate consequence of the properties of the
perfect crystal B, (see Definition 3.1).

FROPOSITION 4.5.

(a) B, ® B, is connected.

(b) For any be B, {c, (b)) = 0.

(¢) The maps ¢ and ¢ give bijections from BR" = {be B_ |{c, &(b)> = 0} to
(Pdo- O

Let boe BR™. Then b,elm f,, for some (I, b)eJ with g(b) > 0, ¢,(b) » 0.
Define b’ € B, by

Japftery @ b" @ 1)) = bo. (4.6)
Then &(b') = &(b) + &(b,) and @(b') = @(b) + @(b,). Hence b’ e BP" and &(b),

¢(b") » 0. Moreover, the map T_.4,) ® fup) ® T,p, gives an embedding of
crystals

Loy ® By ® T- o) = Tipe) ® B, ® T- 60
such that
Ly @ B @ £ o) Lapo) ® bo @ L ooy 4.7)

Therefore,
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(o) ® By ® T giboys Latho) ® o ® 1 p5)
satisfies the conditions (4.4) and (4.5). Hence we obtain:

LEMMA 4.6. For any be B™", there exists a unique isomorphism

0p:By = Ty ® Boo ® T- oy

such that
0p(b) = tipy @b D t_ 43 4.8)

For b, b” € B™, let b be an element of B, such that
0p(b') = t:y) @ b @ T o).

Then ¢(b) = ¢(b') + ¢(b”) and @(b) = @(b') + @(b”). Hence we have a well-
defined linear automorphism ¢ on (P,), such that co(b) = &(b) for be B™™".

As in Section 3, a Z-valued function H on B, ® B is called an energy
Sunctionif H(b,, ® b)) =0 and if for any ie! and b® b'e B, ® B, such that
e.(b ®b") #0, we have

HEb®b) =Hb®b) ifi#0,

=Hb®b)+1 ifi=0 and oyb) > &ob)
=HG®b)—1 ifi=0 and @b) < sob). 4.9)

Then the existence and the uniqueness of the energy function on B follows
immediately from the corresponding result on B,.

Take Aeaf(P}) such that A(h;) > O for all i, and let B(7) be the affine crystal
with highest weight A. By Theorem 3.2, we have

B()) = B(c)) ® B,

given by u,—u,; ® by, where b, is the unique element in BPM" such that
o(by) = 4, &(by) = oA. Thus we have an isomorphism of crystals

BAO®T,=B(0) @ T-n®T,,® BT, (4.10)
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given by
WL ;P U, R Rl Qb ®L_;.

Note that B(c0) =lim; B(2) ® T_, and B, =lim,; T,; ® B,® T_,. Hence by
taking the limit of (4.10) we obtain:

THEOREM 4.7. There is an isomorphism of crystals
B(c0) = B(0) ® B,

sendingu, tou, ®b,_. O

By applying Theorem 4.7 repeatedly, we obtain an isomorphism of crystals
¥, B(c0) = B(c0) ® BE*
givenby u,—u, ®b Q- @b, ®b,.

The sequence (b, b, b,,...) is called the ground-state path. A path in B is
a sequence p = (p(k)) x>, in B, such that p(k) = b_ for k> 0. We denote by
PB(B,,) the set of all paths in B_. The actions of & and f; (i€ ) are given by
(2.20) and (2.21). Then we have

THEOREM 48. The crystal B(wo) is isomorphic to B(B,) given by
B(c0) 3 bi—p eB(B,,) where Y (b) = u,, ® pk) ® - @ p(1) for k»0. [

Now we will compute the weight of a path in B(B ). Let p=
(k) k>1€P(B,) be a path. By Theorem 4.8, we can find an />0 and
bye B™ such that for all k> 1, p(k) = fuu(p) for pi€ T4y ® T- 4,y Since
p(k) = b, for k> 0, we also have p, = t,4,) ® by ® t_ y,) for k > 0. Note that
if f:B— B’ is an embedding of crystals with energy functions H and H’,
respectively, then f ® f:B® B — B’ ® B' is also an embedding of crystals and
we have wif(b) = wtb for be B and H'(f(b,) ® f(b,)) = H(b, ® b,) for b,
b,eB. Therefore the following theorem is an immediate consequence of
Theorem 3.4.

THEOREM 409. If be B(c0) corresponds to the path p = (p(k)) x>1€B(B,),
then we have

a

wib=Y afwip(k) — ¥ kH(p(k + 1) ® p(k)d~'6. O

k=1
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Here d is an integer such that § — doy €40 Za;.

5. The crystals B_ and energy function

In this section we will give a description of B, and the energy functions by
using a coherent family of perfect crystals given in [KMN3] for g = A\,
AP_,, B, DV, AR, DA | and C{V. We give the proof only in the A{"-case.
The other cases can be proved similarly. The details of these proofs can be seen
in our RIMS preprint [KKM]. In the table below we list the Dynkin diagrams

and the corresponding coherent families of perfect crystals without the 0-arrow.

Lie algebra Dynkin diagram Perfect crystals of level |
Aﬁll) 8.—.? ............ ngl—g B(lAl)
00
A‘Zzn)~1 O———\O—O N o) 0<—0 B(IAl)
1 2 3 n-2n-1 n
00
Bf,l) O——|0—0 veries s O——O=—>0 B(l/\l)
1 2 3 n-2 n—-1 n
0 n
DY BUA,)
O——0Q——0 + " oO——0 0
1 2 3 n-3n-2 n-1
AR oE=o—9 TR pa BUA)®B(I- 1A )@@ B(0)
Qe J— °
D 0= 2 W2 noT BUA)®B((I—DA )@ ®B(0)
I, R 0——0<—0
cp R no2 noi n BQIA)®BQI— DA )@ ®B()

51. AP (n = 2)

Let # = Z/(n + 1)Z and

T v, = o}, b, =(0,0,...,0).

Boo = {(Vi)ie ZI
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Define §;€ Z” by (5)); = ¢;
For b =(v;); and b’ = (v}); in B,

é‘-b=b+5i“6i+l
j:'b=b_5i+6i+l

wt(b = Z (vi —vie DA,
@;(b) =v;, €(b) =vis.

H(b ® b') = max{0,(b ® b')|0 < j < n}, where
j
oj(b ®b) = Z (Vi — v + Vi1
k=1

5.2. A(zzn)._l (n = 3)

Bco = {(vl,...,vn, T)n,...,f)])eZZ" Z Vi+ z vi=0}’ bac =(0, O,...
i=1 i=1

Forb=(v,,...,Vp, Vy,.--,v;) and &' = (V'1,..., Vs, V..., V;) in B,

b=, v, — 1, 0,9+ 1) ifv, >V,
=W, —Lvy...,9,+1,9) ifv, <V,
eb=0,..,v,+1,9,—1,...,9)),
eb=0,...,v;+Lv,, —L...,9) ifvie, >V,
=WpeenVi LV, —1L000,0) i vie < Vi,
fob=pva+ 1,0, 9, —1) ifv, >,
=W+ Lv,..., v, —1,9) ifv, <V,
fb=Wy..0v,— Ly, +1,...,9),
fib=0povi—Lvie + L) v, =90,
=V — L+ Lo b)) v <V,

wi(b) = (v, — v, + 7, — v)A,

+ Z Vi = Vit Vi — Vi DA+ (v, — VA,

i=1
@o(b) =V + (V2 — V)4, gb) = v, + (v, — ;) 4,
@ib) =v; + (Visy —Viny)y fori=1...n—-1,

313

(5.1)

(5.2)

,0)



314 Seok-Jin Kang er al.

&) =V, + (Vi1 —Vipy)y fori=1,...,n—1,
0ulb) = Vs £,(6) = ¥,
where by definition x, = max(x, 0).
H(b®b') = max({0,(b ® ), 0;(b ®b)|1 <j<n—1}u{n;(b ®b),
(b ® b1 <j < n}),
where
j
0;b®b) = k; (Vi — Wi,
j
0i(b ®b) = k; Vi — V)
j

b ®b)= 3, (7~ )+ (j—v),

k=1

J
b @b) =Y (vi—v)+;—7).
k=1
53 BY(n=3)

Bao:{(vl’""vm v07 ns 1)GZ2"X{0 I}IVO—OOl'l

Y ovitve+ Y v,:o}, b, =(0,0,...,0).
i=1

= = ’ ’ ’ = :
For b= (Vy,..-sVp, Vg5 Vps--->¥y) and b’ = (Vy,..., vy, Vo, Vp,...,¥;) in B,

eb=WVpva— 1.9, v, +1) ifv,>7,
=W, ~ 1L v,...,v,+1,9)) ifv, <7V,

eb=y v, vo+ Ly, —1,...,7,) ifvyg=0,
=WpeuV,t Lvg—179,,...,9) ifvg=1,
=W+ Lvie, —14L0.0,9) v, >V,

=WV + LV, —10.0,9) v <V

fob=pva+ L.y¥y, ¥, —1) ifv, =7,

=W, + Lv,...,9, =1, v) ifv, <V,
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fb= gy —Lvg+ 1,7,,...,9,) ifvy=0,
=WpesV Vo— LV, +1,...,9) ifvy=1,
Fb= Vi = v+ 4,00,9,) i vigy = Vg1,
=WV — L+ Lo 9) ifviey <Vigy,
-1

wt(b) = (v, —v, +V, — v2)Ao + Z (Vi = Vi + Ve —Vip DA

i=1
+ 2(v, — VA,
@ob) =V + (V; = vy) i, &ob) = v + (v, = V,) 4,
ob) =v;+(;y; —Vviy)y fori=1,...,n—1,
gD =V, +(viy; — V1) fori=1,...,n—1,

@,(b) = 2v, + v, &,(b) =27, + v,,

H(b ® b) = max({0,(b ® b'), 0(b ® b)|1 <j < n—1}u{n,(b ®b),
ni(b ® b1 <j < n}),

where

0,6@b) =Y (-
k=1
OGN = 3 (h—v)

k=1

J

b @b)=Y ¥, —¥) +(F;—v),
k=1
J
mbb) =Y (vi—v)+ ;- 7).
k=1
54. DY (n > 4)

n n—1
Bm={(vl,...,v,,, Vae sV EZPTH Y v+ ) vi=0},

b, =1(0,0,..,0).

Forb=(vy,...,v,, Vam ..., V) and b' = (v'},...,V,, Vj—1,...,¥;) in B_,

315
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eb=(,v,— L. ,0,, 9, +1) ifv,>7,,
=W, —Lvy,...,9,+1,¥) ifv, <V,

b=V + LV, — LV, V),
eb=w,..,v,+1Lv,_y—1L..,V),
eb=@,....,v;+ Lv,., —1L..,v) ifviy; >9,,

=WV LV, — 1,000, ifv, <V,
fob=, v, + 1,0, 9, —1) ifv,>79,
=W, +1,v,....9,— 1L,y ifv, <9,

Footb=pesVar = Ly + 1L, 5,0 ¥y),

fib=0yvy—1, 0oy + 1,...,7),

fib=0pvi= L +1,..,9) ifviey =9,

=W Vi — L+ 1L000,9) v <V,

n—2
wib) = (v, — v, +V, —v))Ay + Z (Vi = Vi Vi — Ve DA,

i=1
FVpoy F Vo —VIA_ F Vae g = Ve F VA,
Pob) =V, + (V2 = vy)y, &o(b) = vy + (v, — V)4,
o;b) =v,+(V;p, — vy, fori=1,...,n-2
gB)=v;,+(viy; — V1) fori=1,...,n—2,
Gu1(B) = Vy_y, &1 (b) =V, + Y, 1,
@n(b) = Vo y + Vo, £,(0) =V, _,

H(b ®b) =max({0b®b), 0;(b ®b)|1 <j<n—2}u{n(b®b),
(b @ )1 <j < n}),

where

J
0,(b ® b)) = Zl G, —7) forj=1,..,n—2,

k=

j
b @b)=Y (i—v) forj=1,..,n-2,
k=1
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J
nb®b)= Y G, — ) +@F—v) forj=1..,n—1,

k=1

J
Hb®b)= Y (i—v)+,;—¥) forj=1...,n—1,
k=1

n—1

nn(b ® b,) = Z (‘_)k - T’I:) + Vas
k=1
n—1

Mb®b) = 3 (Vi —v)— v,

k=1
5.5. A2 (n =2)
B, = {(Vyseees Vs Voo ) |V Hi€Z} = 22", b, =(0,0,...,0).

FOrb=(VyyeesVp Voo, vy) and b’ = (Vi,...; Vo, Vi, ,v,) in B,

b=, —1v,...,9) ifv, >V,
=WV vy + 1) ify <V,

eb=(v,.. SV, + 1Ly, —1,..,9),

gb=pvi+ Lvigr — L.,V if viey > Vs s

=(v1,...,f’i+1+1,9,-——1,...,91) 1fv,~+1<9i+l,

fob=, 4+ L vy, 9y) ifvy =29,
=Vpees ¥y vy — 1) iy <y,

Fb=p = Ly, + 1,7,

Fb=p0vi— Lvigy + L) i vy 2 Vi,
=WV — LV + 1,9 ifvigy < Vigps

n—1

wi(b) =200, —v)Ao + 2, (i — Vit Ve = Vir DA+ (v, = VA
i=1

n’

Oo(b) = —s(b) + (F; — V)4, go(b) = —s(b) + (v, — V)4,
0;b) =v; + (Vi —vis s fori=1..,n—1,

gb) =V, + (Vg — Vig ) fori=1...n—1,

@n(b) = vy, £4(b) = Vs
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M:

where by definition s(b) = Z

H

1

H(b ®b') = max{0;,(b ® b'), 0;(b ® b), n,(b @ b'), nj(b @)1 <j <

where
0,6 ®b) =2 zl (5 — %) + ) — s(b)
0b ® b) = 2 z‘ (e = v) + 5(b) — s(b),
nib@b) =2 z (P4 — ) + 205, — v) + s(b) — s(b),
w(b @ b) =2 z (k= ) + 20, = ) + s(b) — s(b).

5.6. D&, (n>=2)

={(Visees Vs Vos Vsenes Vi) [ Vo =001 1, v, v,€Z} = Z2" x {0,1},
1 0 l Vi

m=(o, 0,...,00eB,.

n},

Forb=(vy,..., v, Vo, Vp,...,¥;) and b’ = (Vy,..., v, Vo, V5s...,¥,) in B,

b=, — Lvy...,v) ifv, >,
=V ¥y, ¥+ 1) if v, <9y,
eb=vy,...,v,vo+ 1,9, —1,...,9) ifvy=0,
=,V +Lyve—17,...,9) ifvg=1,
eb=,...,vi+Lvie —1,..,9) ifviey >9,,

=WV F LV, —Loov) ifvie, <94,

fob=0,+1,v,...,9) ifv, =29,
=(Vpperns¥y ¥y — 1) ifv, <7y,

fb=Wpeivy—Lvg+ 1,...,7,) ifv, =0,
=V Vo= LV, + 1L 7,,...,9) ifvg=1,

fb=pvi = Lvie + L) v, =9,

=(Vl,...,f)i+1—1, V,-+1,...,T}l) 1fvi+,<f)i+l,
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n—1
wi(b) =2(v, —v))A, + Z (Vi = Vit Vi = Vi A+ 2v, — VA,
i=1

@o(b) = —s(b) + 2(V; — vy) 4, &(b) = —s(b) + 2(vy — V)4,
o) =vi+ (Ve —Vip)s fori=1,...,n—-1,

g§b) =V, + (Vig1 —Viyy fori=1,...,n—1,

@,(0) =2v, + vy, £,(b) =2V, + v,

where by definition s(b) = Y v, + vy + Y. ¥,
i=1

i=1
H(b @ b" = max{0,(b ® b), 0}(b ® bY), n,(b ® b)), n}{b ® b)1 <j < n},

where
0,b @ b) =2 z (5, — 70) + () — s(0)
06 ® b)) =2 z (¥ = vo) + 5(6) — s(b),
1b®b) =2 z (5 — 5) + 27, — v) + s(b) — s(b),
nib®b) =2 :gi Ve —vi) +2v; — ) + s(b) — s(b').

57.CH (> 2)

Bm={(v1,...,v,,, Vs oo s V) ELZP Y v+ Y Tzie2Z},
i=1 i=1
= (,0,..,0€B,.

Forb= (v ...,Vp Vp...,v;) and b’ = (V,..., Vs, Vs,..., ¥,) in B, we have

eb=(v, =2, vy...,V,, V) ifv, 29 +1,
=W, —Lvy..,v,, v, —1) ifv,=9+1,
=(Vy, Vayeoes ¥y, ¥y +2) if v, <V,
eb=W,...,v,+1,9,—1,...,9),
eb=W,...,v;+ 1, v, — 1,...,91) if vy >0,

=V LY, V) b <V,
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Job =0, +2, vy ¥y ¥y) v, =7,
=W, + 1L, vy, vy —1) ifvy =9, —1,
=V Vayeunr Vg, ¥y —2) if vy <V =2,
]’;,b=(vl....,v,.—l,v,-+l+1,...,\71),
fb=pevi=Lvig + 1,5 vy 290,

=V — LY+ Lo b)) iy <V,

n—1
wi(b) = (7, — VAo + Y, (Vi = Vi + Vs = Vig DAV, — VA,

i=1

@olb) = —3s(b) + (7, — V)4,

go(b) = — 35(b) + (v; — V)4,

0ib) =V, + (V;0y —vie1)s fori=1...,n—1,
gM) =V, + (vie1 — iy fori=1,...,n—-1,
@a(b) = vy, £,(b) = V,,

M:

where by definition s(b) = Z

1

H(b ® b) = max{0;(b ® b), 0(b ® b), n,(b ® b)), (b ®b) |1 <j <n},

where

j—1

06@b) = 3. (=5 +¥5(6) —s(b)
0;(b @ b) = z (v — ) + Hs(6) — )
1y(b ® b) = z (= ) + (7, — v) + Hs(b) — s(b).
nb @ b) = zl (Ve = v + (V) — 7)) + Hs(8) — s(b).
5.8. The proof in the case A (n > 2)

We shall give the proof only in the case of A" (n > 2). The other cases are
similar. For any positive integer [, we first recall from [KMN3] the description
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of the perfect crystal B, which is isomorphic to B(IA,) as crystals for U,(4,):
B, = {(x,.),.eZﬂxi >0,) x;= l}.

The actions of &; and f; are the same as that of Section 5.1 replacing v with x,
as well as ¢, ¢; and wt. In this case, we have Bf" = B,. Furthermore, if
A =2X,k;A;e(P}),, then 62 = Z,k;A;_,.

Now let B, be the crystal defined in Section 5.1.

For by = (m));e BM™", let A= ¢(b,) and oA = &(b,). Then 1 =X,m;A; and
oA =2X;m A, For b= (x,, x,,...,X,+) € B, we define the map

Juby: T, ® B®T-; - B,
bY fuplta®b®t_;) =b =(v),
where v, =x;, —m,.

Note that fj .t ® by ® t_,) = b,.. It is straightforward to check that fy ;.
satisfies the condition (2.15). By Example 2.7, we have

wi(t,, @b®t_,) = wt(b) + g1 — A

Z (i — X0 DA — Z (m; —mys A,

= wt(b’),
0t ®b®1t_;) = @i(b) +<hy, — 2> = x; — m; = @(b),
(t,, @b®t_;) =¢(b) —<hy, 02) =Xy —myy | = g,(b).

Hence for any by€B™", fuby: T, ® B® T_; > B, is a morphism of

crystals. By definition, it is clear that f;,:T,, ® B® T, = B, is an em-
bedding and that

B, = U Im fi4,)-

(Lbo)eJ

Therefore B, is the limit of the coherent family of perfect crystals {B,},5, for
U, (4).
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THEOREM 5.1. For b= (v,,...,v,,,) and b’ = (V,...,v,+,) in B_,
H(b ®b) = max{0,(b ® b')|0 <j < n},

where
J
0,b®@b') = Z Vi —v) + Vi1
k=1

Proof. Recall that @y(b) = v, and ¢y(b') = v}. If v,,, =V}, by (2.20) and
(5.1), we have

Eb®b) =8 @b =y —1,.c,Viy + D)@ (Viy.. oy Vos ).
Hence
04(Eob ® b') = 0,(b ® b')
and fori=1,...,n,
0:b ®@b)=0,b®b) + 1.
But since
0,(b @b') — 06(b ®b') = vy — vy 20,
and 0,(éxb ® b') — 0y(Epb @ b) =V, +1 -V >0,
we have H(Ep ® b)=Hb®b') + 1.
If v,4 1 <V}, then by (2.20) and (5.1), we have
eb@b)=b® b =VieiyVar1) @ (Vi — 1,...,Vyyy + 1).

Hence

0,(b ® &,b') = 0.(b ® b)
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andfori=0,1,...,n—1,

0,b @ eb)=0,b®b)—1.
But since

Oob ®b') —0,(b ® V') = vy — vpsy >0,
and

0o(b ® o) — 0,(b ® &b") =V —1 — v, >0,
we have H(b ® é,b)=H(b®b') — 1.

Fori=1,...,n, recall that ¢,(b) = v, and &,(b') = v, ,. If v, > v}, , by (2.20)
and (5.1), we have

Gb®Y)=b @b = y,....vi+ Lvie; —1,0.0,v01) @ (Viy.no, Vir ).
Hence 0,(¢;b®b) =0,(b ®b) -1
and forj #i
0;€b®b)=0,b®Vb).
But since
0,_\(b®b) — 0,(b ® b) = v, — Vs, >0,
and
0,_.b ®V)—0,Eb®V)=v,—Viy; +1>0,
we have H(E;b ® b) = H(b ® b').
If v; < vi;y, then by (2.20) and (5.1), we have

ebRb)=b@® &b =V iyVur 1) @ Vi, Vi+ Lvier — 1.0, Vpi o)
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Hence

0,-,(b®&b)=0,_,(b @) +1

and for j
0,6 ®
But since
0.b®
and

0:(b ®

#i—1

&b =0,b @)

b') —0,_,(b ®b) = Vier —v; >0,

&b) — 0, (b ® 8b) = Vju1 —v;— 1 >0,

we have H(b ® &,b)=H(b ®Vb'),

which proves the theorem. O
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