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Abstract. For several classes of rings A, we prove the “sandwich theorem” for all normal subgroups of
GL,A: for every normal subgroup H of GL,A there is a unique ideal B of 4 such that
[E, A, E,B] « H = G,(A4, B).

Introduction

For any associative ring A with 1, let GL, A denote its multiplicative group, i.e.,
the group of its units, and GL, A4 the group of all invertible 2 by 2 matrices over A.
For any ideal B of 4, let E;B denote the subgroup of GL, A4 generated by all
elementary matrices b''2 and b*'! where be B. We denote by E, (A4, B) the normal
subgroup of E,A generated by E,B. Let GE, 4 be the subgroup of GL,A4
generated by all its diagonal and elementary matrices.

Let GL, B denote the principal congruence subgroup of GL, 4, i.e., the kernel
of the homomorphism GL, A — GL,(A/B). Let G,(A4, B) be the inverse image of
the center of GL,(A4/B) under this homomorphism. Clearly, the center of
GL,(A/B) consists of scalar matrices over the center of the ring A/B.

We will assume that

(1) ZAGL,A-1) = E(GLIA — 1)A = A4, ie., no proper one-sided ideal of
A contains all u — 1, where ueGL, A.

The formulas [diag(u, 1), b!'2] = (ub — b)*? and [diag(u, 1), b*'] = (bu™* — b)*!
give the following result.

PROPOSITION 2. Under condition (1), E;(A, B) = [E, B, GE, A] for every ideal
B of A.

To obtain the “sandwich theorem”, we will use one of the following conditions
on A:

(3) sr(A4) < 1, i.e., A satisfies the first Bass stable range condition;

(4) A/rad(A) is von Neumann regular;

(5) for every element aeA there is a finite sequence x,, ..., xy in 4 such that

X;+-++xy=1 and 1—ax;eGL,; 4 for all i
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See [3], [23], [24], [11] about condition (3). Under this condition, GE, 4 =
GL, A.

In condition (4), rad(4) means the Jacobson radical of A. Recall that a ring A4 is
called von Neumann regular if for every aeA there is xeA such that axa = a.
Replacing, if necessary, x here by xax, we can have both axa = a and xax = x. If
A/rad(A) is commutative, condition (4) implies (3).

Taking x; = 1/N with alarge N (depending on a) in condition (5), we satisfy this
condition for any Banach algebra A, as well as for the ring A of all bounded
smooth functions on any smooth manifold. More generally, condition (5) holds
for any connected topological ring A with 1 with GL, 4 open in A.

If A is a semilocal ring, i.e., A/rad(A) is the product of matrix rings over division
rings (e.g, A4 is an Artinian ring), then both (3) and (4) hold. Condition (1) for
a semilocal ring A is equivalent to condition (5) as well as to any of the following six
conditions:

A has no factor rings of two elements;

every element of A4 is the sum of two units;

condition (5) holds with N = 2;

E,A = [E;A4,GL,A];

E,A =[E,A4,GL,A4];

(6) every element of A4 is a sum of elements of the form u — v, where u,veGL, A.
Moreover, every semilocal ring A satisfies the following condition:

(7) every element of A4 is a sum of units.

Note that condition (6) implies both (7) and (1) for an arbitrary 4. Obviously,
condition (5) implies (1) (because 1 — ax;eGL, 4 implies 1 — x;aeGL, A4, see
[19D).

Here is the main result of this paper.

THEOREM 8. Assume conditions (1) and (7) and one of the conditions (3), (4), or (5).
Then for every subgroup H of GL, A which is normalized by GE, A there is a unique
ideal B of A such that [E,A,E,B] « H = G,(A, B).

EXAMPLE. Let A be a semilocal ring. Then the conditions of Theorem 8 hold if
and only if A4 has no factor rings of two elements. Now we given an example of
a commutative local ring A with 4/rad(4) = Z/2Z and a normal subgroup H of
GL,A4 = GE, 4 such that the conclusion of Theorem 8 is false. Let 4 be the
commutative algebra with 1 over the field Z/2Z with a single generator z subject
to the relation z? = 0. Clearly, rad(4) = {0, z} and A/rad(4) = Z/2Z. Let H be the
subgroup of GL, A consisting of the following 4 matrices:

10 14z 0
1 = i =
2 [0 1], diag(l + z,1 + 2) [ 0 L+ z}

l+z z 1z
h= I= .
l: z 1:|’h [z 1+z]
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Then g2 = 1, for all ge H and hh’ = diag(l + z, 1 + z). Clearly, [E,A4,E,B] c H
for an ideal B of A only when B = 0. (Indeed, otherwise B = rad(A) or 4, and the
commutator subgroup [E,A4,E,B] contains a matrix, namely [1!'2 z*] =
diag(1 + z,1 + z)z"2, outside of H. On the other hand, H is normal in
GE,A =GL,A4 and H is not contained in the center G,(4,0) = {1,,diag
(1 + z,1 + 2)} of GL, 4. Thus, condition (1) in Theorem 8 cannot be dropped.

The question arises naturally whether the converse to the conclusion of
Theorem 8 is true. To be more cautious, one may ask the following question:

(9) suppose that E,(A, B) € H = G,(4, B) for a subgroup H of GL,4 and an
ideal B of A; is then H normalized by GE, A?

The positive answer for local rings 4 was “obtained” in [7]. However, Bass [3]
pointed out a gap in [7], and [26] gives a counter-example (with a local ring A,
i.e., A/rad(A) is a division ring) to the results of [7]. Namely, let F be a field, and let
A be the associative F-algebra with two generators x, y subject to the relations: all
the 8 monomials of degree 3 in x, y are 0. Then dimyA4 = 7 and rad(4) is the
six-dimensional F-vector space with a basis x, y, yx, xy, x2, y2. Let B be the
four-dimensional subspace with the basis yx, xy, x2, y*>. Then B is an ideal of
A, F + B is the center of A, and the factor ring A/B is commutative. Then
[G,(A4, B),E,A] is not contained in E,(A4, B) which shows that the results of
[7] are wrong.

Using this example, we will show that the answer to (7) is negative, in general,
even for local rings A. Namely, if we define H to be the subgroup of G,(4, B)
generated by GL,B and the diagonal matrix diag(l + x, 1), then E,(4, B) =
H = G,(4, B), but H is not normalized by diag(l + y, 1)e GE, A.

However, H is normalized by [E, A4, E, A] under the conditions of Theorem 8,
by [3], [20], [22]:

PROPOSITION 10. Suppose that one of the conditions (3), (4), or (5) holds. Then
[GZ(A9 B)a [E2A9 EZA]] < EZ(A9 B)

for any ideal B of A. Therefore, if H is a subgroup of GL,A such that
E,(A, B) = H < G,(A, B) for an ideal B of A, then [H,[E;A,E,A]] < E;(A, B),
hence H is normalized by [E, A, E, A].

Indeed, by [3], [20], and [22], [GL,B,E;A] < E;(4, B). Take now an
arbitrary he G,(4, B) and consider the map ¢: E, A4 — (GL,B n E,B)/E;,(A, B)
given by ¢(g) = [g, h]E,(A, B) for any g€ E, A. Then ¢ is a group homomorphism
into an abelian group, so ¢([E, 4, E;A]) = 1,. Thatis,[[E, A, E; A], h] < E,(A, B).
So [G,(4,B),[E;A,E;A]] < E»(4, B).

The question arises naturally whether

(11) [E;A4,E,B] < H = G,(4, B) for every subgroup H of GL,A which is
normalized by E, A?

This question is partially answered in [15]. By [21], a necessary condition for
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(11) to be true is that every quasi-ideal of A is an ideal. Recall [21, Section 4] that
a quasi-ideal Y of a ring A is defined as an additive subgroup of A such that
aya, yay€eY for all aeA and yeY.

If every element of A has the form 2¢ + d, where ¢ belongs to the center of A and
d belongs to the ideal of 4 generated by the additive commutators ab — ba, then
every quasi-ideal of A is an ideal, see [21, Section 4]. In particular, this is the case
when A is semilocal and either 4 is commutative with 24 = A or A4 has no factor
fields. Another example is any Banach algebra A4 with 1 which is either
commutative or simple. Yet another example is any von Neumann regular ring A4,
see [15].

See [15] for results about subgroups H of GL, A which are normalized by E, A4.

Theorem 8 will be proved in the next section. The uniqueness of the ideal B in
Theorem 8 is easy to see. It follows, for example, from the following fact which is
true for an arbitrary associative ring 4 with 1: if H is a subgroup of GL, 4 such
that [E,A4,E,B] = H = G,(A, B) for an ideal B of A, then B is the ideal of
A consisting of all non-diagonal entries of matrices in H. Also B coincides with the
set {xed:x"?x>'eH}.

Some partial positive results about normal subgroups of GL,A4 were known
for: von Neumann regular rings A4 (see [20]), Banach algebras A4 (see [21]), rings
A with sr(A4) = 1 (see [3]), including commutative rings A with sr(4) = 1 (see [4],
[13], [26]), commutative local 4 (see [1], [6], [9], [10], [12], [14], [17]),
commutative semilocal rings (see [2] and [5]). If 24 # A, then quasi-ideals
appear even for commutative local rings [1]. In [8], Theorem 8 is proved for any
semilocal ring satisfying the following two conditions: there is a unit ¢ in the
center of A such that 1 — ¢ is also a unit; 4 has neither factor rings which are
division algebras with centers of <5 elements nor factor rings which are
isomorphic to M, Z/27.
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Proof of Theorem 8

LEMMA 12. Let G be a subgroup of GL, A. Let H be a subgroup of GL, A which is
normalized by E,A and all diagonal matrices diag(u,v) with u,ve G. Set K =
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{ge GL,A:[g,E, A] = H}. Let K contain a matrix

a b
h=
o]
with ae GL, A. Then (1 — v)ca™*(1 — u)(1 — w))*' €K for all u,v,we G.
Proof. Note that K is a subgroup of GL, 4 containing H and normalized by

E,A and all diagonal matrices diag(u, v) with u,ve G. We write h = (¢')*!
diag(a, d')(b)*2, where ¢ =ca '€ A, b’ =a~'b, and d = d — ¢'b. We have

h, = [h,diag(u™",1)] = (¢')** diag(a, d')b"*(—u~'b')"*?
x diagu™'a " ‘u, (@) —cu)*!
=(c")*! diag([a,u™ '], DY) "*(—cw*' e K,
hence h, = (—c'w** h,(Cuw)?! = (¢’ — cuw')*>! diag([a,u™ '], 1)(*)e K.

So hs = [hy, diag(l,v)] = (¢ — cuw)** diag([a,u™'], 1)¥)"? ((c' — cw))*' €K,
hence

hy = (¢ — Cw)> hy(—v(c’ — Cu)> = (1 —v)c' — cw)*'(»)?eK.
Since h, = (1 — v)c' — cw)**(»)?e K, (1 —v)c' — cw))**eK. So

[((1 = o)X’ — cw)*!,diagw, 1)] = (1 — X' — cuw' )1 — w)>'eK.

COROLLARY 13. Under the conditions of Lemma 12, assume that LA(G — 1) =
3(G — 1)A = A and that every element of A is a sum of units from G. Then
(AcA + AbA)*! c K.

Proof. Set B = {xe A:x*!e K}. We have to prove that Ac4 + AbA < B. Since
K is normalized by all diagonal matrices diag(u, v) with u,ve G, the condition
XG = A gives that B is an ideal of 4. By Lemma 12, (1 — v)c'(1 — uf1 — w)eB
for arbitrary units u, v and w of 4, where ¢’ = ca”! e B. Using the condition
ZA(G — 1) = Z(G — 1)A = A), we obtain that Ac’A = AcA < B.

Now we apply this to the element tht~! of K instead of h, where t =
142(—1)>! 12 E, A. This gives that AbA — B.

LEMMA 14. Let

ab
h= [c d:le GL,A4

commute with E, A modulo the center G,(A,0) of GL,A. Then ae GL, A.
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Proof. Case 1. A is commutative. Then the second entry in the first column of
the matrix [1':2, k] € G,(4, 0) is ¢*/det(h) = 0, hence c* = 0. So ad = A.

General case. Since 112h = h 1'2diag(u, ) with p in the center of A4, we
conclude that a + b = ap, hence ab = ba. Similarly, every off-diagonal entry of
h commutes with every diagonal entry of h.

Since tht '€ G,(4,0), where t = —t~ ! = 13(—1)>* 11'2€ E, A4, we conclude
that ad = da and bc = cb. So the subring A, of A generated by 1, a, b, ¢, d is
commutative. Consider now the dominion of 4, in A [16]. This is a commutative
subring of 4, and it contains all the entries of h~ 1 [16, Propositions 1.1 and 1.3]. So
we are reduced to Case 1.

LEMMA 15. Let G, H, and K be as in Lemma 12. Suppose that ZA(G — 1) =
3(G — 1)A = A, i.e, no proper one-sided ideal of A contains all 1 — u with ue G.
Assume one of the conditions (3), (4), (5). Assume also that K is not contained in the
center of GL,A. Then there is a non-zero y€A such that y**e K.

Proof. Pick a matrix h in K outside the center G,(4,0) of G,(4, A) = GL,A.
Write

a b a b
h= H Leth™!= .
(& dfem =[G
Case 1. ae GL, A. By Lemma 12 and the condition on G, we can assume that
b = ¢ = 0. Since h is outside the center, there is xe 4 such that ax # xc. Then

[h,x*?] = y*2e K with y = axd~* — x # 0. Note that we did not use any of the
conditions (3), (4), (5).

General case. Under the condition (3), we argue as follows. By (3), there is ee 4
such that a + xcis a unit of A. Replacing h by e**? h(—e)':?, we can assume that a is
a unit. So we are reduced to Case 1.

Under condition (4), we argue as follows. If b, c € rad(4), then ae GL, A4, so we
are done by Case 1. Otherwise, we can assume that c ¢ rad(4) (the case b ¢ rad(A4) is
similar).

We pick z € A such that czc = ¢(mod rad(4)) and set e = zce A. Note thate? = e
and ce = ¢ (mod rad(4)). Replacing h by (—az)'*?h(az)!>€ K, we change a by
a — azc = a(l — e), and keep the same c. So we can assume that a = a(l — e).

Thend'c = d'ce = (d'c + c'a)e = 0 (mod rad(A)) and the first row of the matrix
[h,e*?] (modulo rad(4)) is (1, —e). Since ce = ¢ # 0 (mod rad(A4)), e # 0 (mod
rad(A)). So [h, e!*?] € H is outside the center of GL, 4, and we are reduced to Case
1.

Under condition (5), having Case 1 done, we can assume, by Lemma 14, that
there is an elementary matrix g which does not commute with » modulo the center.
Say, g = z"2. By condition (5), we find x;e 4 such that 1 + ¢'azx,e GL, 4 and
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GL, A and Zx; = 1. Since g = z"'? = Il(zx;)"?, we can pick some i such that
(zx;)*% does not commute with h modulo the center. The first entry of the first row
of the matrix b’ = [h, (zx;,)""*]e His 1 + azx,c' e GL, A. So we are reduced to Case
1, applied to k' instead of A.

Now we can complete our proof of Theorem 8. We define

K = {geGL,A:[g,E,A] < H}

as in Lemma 12 above. We want to prove that E,(4, B) « K < G,(4, B) for an
ideal B of 4. Set B = {xe A: x*'e K}. Since K is normal in GL, 4, condition (7)
gives that B is an ideal of A. Since t = —t~' = 1"%(—1)>'1"?€E,4 and
tB>t~! = B*! we obtain that E,(4, B) = H. We have to prove that K = G,(4, B),
ie, f(H) is central in GL,(A/B), where f:GL,(A/B) is the canonical homomor-
phism.

Set H' = f(H) and K’ = {ge GL,(4/B): [¢,E,(4/B)] « H'}. Note that both
H’ and K’ are normalized by f(GL, A). Clearly, f(K) = K'. So it suffices to show
that K' = G,(A4/B, 0), the center of GL,(A/B).

Note that the conditions of Theorem 8 on A imply the corresponding
conditions on A/B. We assume now that K’ is not central, and will obtain
a contradiction.

Applying Lemma 15 (with G being the image of GL, A in GL,(A4/B)) to H’ and
K’ instead of H and K, we obtain that K’ contains a non-trivial elementary
matrix. Say, c"2e K’ with 0 # ¢ = a + Be A/B, where a€ A\B. Then [¢!?,t] =
ct2c*'e H' = f(H). Thatis, H contains a matrix of the form hg, where he GL, B
and g = a"2a*>!. Now we use that [GL,B, E,A) < E,(4, B) (see [3], [20], and
[22]). In particular, [1%>!,h]€ E,(4,B) < H. So [1*!,g] =[1*!,a"*]€e H.
Therefore (—1)1°2[1%, a*2] 112 = (—a)**(—a)*"?e H < K, hence (—a)*' e K
by the definition of K and ae B by the definition of B. A contradiction!

References

. E. Abe, Chevalley groups over local rings, Téhoku Math. J. 21 (1969), 474-494.
. J.-B. An and X.-P. Tang, The structure of symplectic groups over semilocal rings, Acta Math.
Sinica (N.S.) 1:1 (1985), 1-15.

. H. Bass, K-theory and stable algebra, Publ. Math. IHES 22 (1964), 5-60.

4. D.L. Costa and G.E. Keller, On the normal subgroups of SL(2, A), J. Pure Appl. Alg. 53:3 (1988),
201-227.

5. C.N. Chang, The structure of the symplectic group over semi-local domains, J. Algebra 35 (1975),
457-476.

6. W. Klingenberg, Lineare Gruppen iiber lokalen Ringen, Amer. J. Math. 83 (1961), 137-153.

7. W.Klingenberg, Die Structur der linearen Gruppe iiber einen nichtkommutativeen lokalen Ring,

Arch. Math. 13 (1962), 73-81.

N =

w



164 L.N. Vaserstein

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.
24.

25.

26.

. L. Yu. Kolotilina and N.A. Vavilov, Normal structure of the full linear group over semilocal rings,

J. Sov. Math. 19:1 (1982), 998-999.

. N.H.J. Lacroix, Two-dimensional linear groups over local rings, Can. J. Math. 21(1969), 106-135.
. N.H.J. Lacroix and C. Levesque, Sur les sous-groups normaux de SL, sur un anneau local, Can.

Math. Bull. 26:2 (1983), 209-219.

B.A. Magurn, W. van der Kallen, and L.N. Vaserstein, Absolute stable rank and Witt cancellation
for noncommutative rings, Inv. Math. 91:3 (1988), 525-542.

A.W.Mason, On GL, of a local ring in which 2 is not a unit, Can. Math. Bull. 30:2 (1987), 165-176.
B.R. McDonald, GL, of rings with many units, Commun. Algebra 8:9 (1980), 869-888.

B.R. McDonald, Geometric algebra over local rings, New York-Basel, Marcel Dekker, 1976.
P. Menal and L.N. Vaserstein, On subgroups of GL, over Banach algebras and von Neumann
regular rings which are normalized by elementary matrices, preprint, 20 p.

H.H. Storrer, Epimorphic extensions of non-commutative rings, Comm. Math. Helv. 18 (1973),
72-86.

S. Tazhetdivon, Subnormal structure of two-dimensional linear groups over local rings, Alg.
Logic 22:6 (1983), 707-713.

S. Tazhetdinov, Subnormal structure of two-dimensional linear groups over rings that are close
to fields Alg. Logic 24:4 (1985), 414-425.

L.N. Vaserstein, K,-theory and the congruence subgroup problem, Mat. Zametki 5 (1969),
233-244 = Math. Notes 5 (1969), 141-148.

L.N. Vaserstein, Normal subgroups of the general linear groups over von Neumann regular rings,
Proc. Amer. Math. Soc. 96:2 (1986), 209-214.

L.N. Vaserstein, Normal subgroups of the general linear groups over Banach algebras, J.P.A.
Algebra 41 (1986), 99-112.

L.N. Vaserstein, Subnormal structure of the general linear groups over Banach algebras, J. Pure
Appl. Alg., 52 (1988), 187-195.

L.N. Vaserstein, Bass’s first stable range condition, J. Pure Appl. Algebra 34:2-3 (1984), 319-330.
L.N. Vaserstein, An answer to the question of M. Newman on matrix completion, Proc. Amer.
Math. Soc. 97:2 (1986), 189-196.

L.N. Vaserstein, On stabilization for general linear groups over a ring, Mat. Sbornik 79:3 (1969),
405-424 = Math. USSR Sbornik 8, 383-400.

L.Q. Wang and Y.Z. Zhang, GL, over full rings, Chin. An. Math. ser. B, 8:4 (1987), 434-439.



