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DUALITY THEOREMS FOR I'-EXTENSIONS OF ALGEBRAIC
NUMBER FIELDS

Kay Wingberg

Introduction

There is a remarkable analogy between the theory of algebraic function
fields in one variable over a finite field and the theory of algebraic
number fields. Namely, on the one hand let C be a complete, non-singu-
lar curve of genus greater than zero defined over a function field F, let #
be the Jacobian variety of C and let #, be the p-primary subgroup of
the group of points of # defined over the algebraic closure F of F (p an
odd prime distinct from the characteristic of F'). The Frobenius automor-
phism of F/F induces an endomorphism of ¢, and a fundamental
theorem of Weil asserts that the characteristic polynomial of this endo-
morphism is essentially the zeta function of the curve C. On the other
hand let X, be the cyclotomic Z -extension of #'= K(u,), where K is
a totally real number field and p,~ denotes the ( ™)™ roots of unity. Let
A, be the p-primary subgroup of the ideal class group of X, =" (p,n+1)
and let 4 be the inductive limit of the groups 4, and A =(1 —0)4,
where o is the automorphism of the CM-field X% induced by the
complex conjugation. Iwasawa has proposed that the I' = G(X /X" )-
module 4~ should provide an analogue of ¢, and the “main-conjecture”
of this theory is that the characteristic polynomial of (47)* =

Hom(A4~, Q,/Z,) should be very closely related to the p-adic zeta
function of K. To prove this conjecture is extremely difficult and has
been fully established for abelian number fields by Mazur/ Wiles.

This idea in mind, we might expect a functional equation for the
characteristic polynomial of (A4 7)*. But there are fields /¢ with 4™ =
Q,/Z, (for example %#'=Q({;)) and consequently there cannot in
general exist a non-degenerating, skew-symmetric pairing on (A47)*
analogous to the Weil scalar product on #,. One aim of this paper is to
show how to obtain a functional equation in the case of CM-fields by
adding certain “local factors” to 4.

Namely, in §9 we defined two I'-modules %, and £ which have
many of the desired properties. The most important result is the follow-
ing: Tensoring these. modules with Q, we get two non-degenrating,
skew-symmetric, I'-invariant pairings and therefore a functional equation
for the characteristic polynomial #Z_ (T') of £,, namely:

Af + —
k(¥)" AL (T=1) =T £ (k(v)T ' = 1),
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334 T-extensions of algebraic number fields

where 2A3 is the Z,rank of ., vy, a generator of T' and «k the
cyclotomic character k: I' > Z . In the function field case we obtain the
well known function equation for the zeta function of J¢".

We will see that assuming the Leopoldt-conjecture for all the fields in
the cyclotomic tower %, ® Q,, is the symplectic @ ,[|I'|]-module studied
by Iwasawa in [9] §11. Conjecturally this module is trivial (see Greenberg
(5D.

The module £, however, is in general non-trivial and turns out to be
an interesting object of consideration. We obtain the following remarka-
ble properties: In a finite p-extension E/K the Z ,-ranks of £ (E) and
&£ (K) are connected by a relation analogue to the Riemann-Hurwitz
formula for the genus of a curve. Further, . does not contain any finite
non-trivial I'-submodule. The module .# is defined as the Galois group
G(M' /X )= G(L(X )YM(K*")/X,)/U, where L'(X") is the maximal
completely decomposed abelian p-extension of ., M(K™") the maxi-
mal abelian p-extension unramified outside p of the maximal totally real
subfield K* of & and U is generated by the projective limits of the
roots of unity of (K),, b|p, considered via the reciprocity homomor-
phism in G(M(K™),/(K%),) < G(M(K")/K,). In the case when none
of the prime divisors of p splits in the extension /K™ this field M’ is
simply the compositum of M(K*) and the maximal unramified abelian
p-extension L(X¢") of X . If there is only one prime p above p in X,
we shall see that Z_(T) is the product of the characteristic polynomials
of the global group (A ™)* and the local galois group G(M(K™),/(K3),).

To obtain these results we first need a description of the Z ,[|I" X
G(X/K) |]-module structure of the local Galois groups
G(X(p)y/H,)", b|p, where X (p), denotes he maximal p-exten-
sion of the completion |, of X" (§6). Secondly we strongly used the
global duality theorem, whereas most of the fundamental results obtained
by Iwasawa in [9] are proved by means of Kummer-theory. We want to
show that the application of the duality theorem of Tate/Poitou not only
gives some finer results (e.g. formulas for the A-invariants of the three
Iwasawa-modules usually considered (§§7, 8)), but also leads to a duality
theorem for certain other G(¢, /% )-modules in a natural way (§7).

The Riemann-Hurwitz formula for £ relies heavily on a Riemann-
Hurwitz formula for the Z ,-ranks A;(E) and A (K) of the modules
G(M(E)/E,)and G(M(K)/K ), where E/K is a finite p-extension of
a totally real ground field K for which u(K)=0:

M(E)-1 =(>\1(K)—1)[Eoo:Koo] +2 (ev_l)’

where e, denote the ramification indices for the extension E_ /K.
From this easily follows the result of Kida [16] and Iwasawa [11] for the
Z ,rank of (A47)*. The proof in §7 is using the analogue of Riemann’s
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existence theorem for p-closed number fields [20]. In particular, it is
necessary to consider non abelian extensions of K resp. E.

The facts about finite I'-submodules are based on certain cohomologi-
cal criterions for arbitrary noetherian I'-modules and group extensions.
By these general methods we will obtain the following. Let K /K be an
arbitrary I'-extension, let K (p) be the maximal p-extension of K,
which is unramified outside the finite set S of primes containing all
divisors of p and oo and let X be the galois group G(Ks(p)/K, ).
Assume the weak Leopoldt-conjecture is true, then the Z ,[|I'|]-rank of
X is equal to the number of complex primes of K and X contains not
any finite non-trivial I'-submodule. If K /K is the cyclotomic extension
or if the Leopoldt-conjecture is valid for K, this is the well known result
of Iwasawa [9] resp. Greenberg [6].

Finally I would like to thank U. Jannsen for his careful reading of the
manuscript and R. Silhol for his help with the English version of this

paper.
L. A-modules
§1 Notations and conventions

Let I' denote a compact abelian group isomorphic to the additive group
of Z, and A=2Z,[[T]] the ring of all formal power series in an
indeterminate T. The ring A is local, noetherian, regular, of dimension 2
and compact in the »-adic topology, where » = (p, T') is the maximal
ideal of A. By a theorem of Lazard we have a homeomorphism

A>Z,[|T|]=proj limZp[F/F”"]

Yo a generator of I', and we obtain an equivalence of category between
the category of compact (discrete) A-modules and the category of com-
pact (discrete) I'-modules.

For a compact (discrete) I'-module M we have the (co-) homology
groups

(H(T, M) =) Hy(T, M)=M",
(Hl(r’ M)z) Hy(T, M) =M;.

If 0-M —>M—->M"'"—0 is a exact sequence of compact (discrete)
I’-modules, then there exists an exact (co-) homology sequence

0—>M’F—>MF-»M"F’—>M'r—’Mr—’M’r")0, (1.1)
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since I' is of cohomological dimension 1. By the lemma of Nakayama we
see that a compact (discrete) I'-module M is zero if and only if M. =0
(M" =0).

Since A is a local ring a compact A-module M is A-free, if and only if
M is A-projective. By the above remark the homological dimension
hd , M is equal or less than 2; consequently there is a free resolution of M

0—-> A5 A5 Ao> M0,

where I, j=0,1, 2, are sets of indices. In particular we will be interested
in compact A-modules M of homological dimension < 1.

The following criterian for A-freeness of a noetherian A-module turns
out to be useful:

M is A-free & M" =0 and My is Z ,-free. (1.2)
For the proof of the non trivial implication consider the exact sequence
¢
0->N->A"->M-0
where m is the Z -rank of M} and N = Ker ¢ (the surjection ¢ exists by
Nakayama’s lemma). Now, the exact sequence
0->N.—Z)—>Mr—0

shows that N =0 and consequently that N = 0.

We will need the following notations:
For an abelian local-compact group A4 let 4* be the Pontryagindual,
A( p) the p-primary part of 4 and for m € N let the groups ,,4 and 4,,
are defined by the exact sequence

0>, A>A>A4—4,-0.

As usual we put H'(U) for the cohomology group H'(U, F,) of a
pro-finite group U.

In the following M will be a noetherian A-module. We define the
generator-rank by:

d(M)= dimlF,, Hy(T, M),
and the relation-rank by:

r(M)=dimg Hy(T, M), +dimg ,Ho(T, M).

From Nakayama’s lemma follows the existence of a surjective homomor-
phism A“™ — M with kernel N; considering the exact sequence (1.1) we
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obtain easily the equality d(N)=r(M). In particular, if hd M <1, we
get an exact sequence

0 — A, AdM) | ar (1.3)

According to the general structure theory for noetherian A-modules
[1] VII §4.4, theorem 4 and 5, we have a quasi-isomorphism

M~ E(ey; b, ..., p&)=A®A/p]S...0N/pE,
where e, > 0 and the p,=f(T)-A, i=1,...,s, are prime ideals of height
1 in A, that means: f,(T)=p or f(T) is a Welerstrass-polynomial
(f(T)=T" mod p). We say that E(egy; b?',..., p%) is the elementary
A-module associated to M.

If T,(M) is the A-torsion module of M and F,(M) the quotient
M/T,(M), then we have the quasi-isomorphism M ~ F,(M)® T\(M)
with

Tu(M)~ E(pf,....v%) and F(M) ~ E(e,) = AS,

where e, denotes the A-rank rk\M of M. Since rkz T\(M)r=
rkZpTA(M)r we obtain

rkaM =rkg,(My)—rkz (M") (1.4)
and in particular, if hd, M < 1 holds, then by (1.3) we have:
rkaxM=d(M)—r(M). (1.5)

The polynomial

(1) = T11(0)"

of degree
A(M) = deg f,,(T)

is called the characteristic polynomial of M; we have the alternative
description

fu(T)=p*™ - det(T— (v, - 1); M®, Q,),
where p(M)=1,e, is given by the Z ,-torsion module Tz,,(M ) of M:

Ty (M)~ @ A/p*. (1.6)
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We say a sequence
¢ ¥
M ->M->M
of noetherian A-modules is quasi-exact, if there is a quasi-isomorphism

Ker ¢ ~im ¢.

If M is a A-torsion module quasi-isomorph to the A-module N, then it is
easy to see, that there exist A-homomorphism ¢’ and ¢’ such that the
sequence

9’ Y’
M/ — N — M//

is quasi-exact (see the proof of theorem 5. [1] VII §4.4).
For two I'-modules M and N we give HomzP(M, N) a A-module
structure by defining

(v/)(m)=vf(y"'m), y€T, feHomg(M,N), meM.
Let a(M) the adjoint of a A-torsion module M, then we have [9] (1.3):

a(M) = proj lim Hom, (M/7,M, Q,/Z,)." (1.7)

Here the inverse limit is taken with respect to the homomorphism
induced by

M/'n."M - M/W’HM

,m>=n>=0,
amod 7, M- (=, /7 )amod m, M

where {7,} is a sequence of non-zero elements in A such that 7, € »,
7,1 € m,~, and such that the principal divisors 7, A, n > 0, are disjoint
from the annihillator of M. We get a contravariant, quasi-exact functor
M — a( M) on the category of noetherian A-torsion modules. If M ~ M’,
then a(M) ~ a(M’).
For a compact I'-module M we define a new I'-structure by yem =
Y~ 'm, y€T, me M, and denote this new module by M. Obviously
M=M
and if we consider M as A-module we see that for £(T)€ A and me M

E§(T)em=&(T)m=¢(T)m,

! The definition of a(M) in [9] is slightly different because another I'-structure for a(M)
is considered.
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where T € m is defined by
Q+T)Q+T)=1.
In particular we obtain for a A-torsion module M a quasi-isomorphism
a(M)~M, (1.8)
and an isomorphism for an elmentary A-torsion module E
«(E)=E.

We shall frequently consider the following elements of A

w,=(1+T)" =1 ,n>0
p-1 n—1
gnz(")n/(“’n—l= Z (1+T)’p ’n>1?
i=0

£0=w0=T.

For each n> 0, let I'" the unique closed subgroup of I' with index p".
Finally we prove the following

LEMMA 1.9: Le: M be a noetherian A-module, then:

i) proj lim proj lim (.M )f» = a( ,,mTz,,(M)) o
n m

ii)  proj lim proj lim (M, ) Mx = a(TA(M)/TZF(M)).

PrROOF: First let M= A& T\(M)/ Tz,,(M )@ Tz,,(M ) be an elementary
A-module. We then have

(p"‘M)r" = (meZ,,(M))r,.

and

" e

(M) = ((Ta(M)/ Ty (M) ) 5
Since the prime divisors §,A, n>0, (resp. pA) are disjoint from the
annihilator of sz(M ) (resp. Th(M)/ Tz,,(M )), we take in (1.7) for &, the

element w, resp. p"” and obtain the assertions of the lemma in this case.
To conclude in the general case we observe that

a(&) = proj lim, ,,(,»&) .r = proj lim,, (& m)rn.

is zero, if & is a finite A-module.
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§2 A-modules of homological dimension < 1

The following proposition characterizes noetherian A-modules of homo-
logical dimension equal or less than one.

PROPOSITION 2.1: Let M be a noetherian A-module, then the following five
assertions are equivalent:
1) hdyM < 1.
i1) There exists an exact sequence 0 - M — E — &— 0, where E (resp.
&) is an elementary (resp. finite) A-module.

iii) M"" is Z ,-free for all n > 0.

iv) M™ is Z y-free for an integer n > 0.

v) M does not contain any nontrivial finite A-submodule.

PROOF: If hd, M < 1 we obtain the following commutative exact diagram

gll
0— A - A 5 M0
lp |
E:E
{
&

with finite A-modules & and &’ and an elementary A-module E. By the
snake lemma we get an exact sequence

0->AN™M 5 Kerp—>& -0

and thereore, since (Ker ¢)" < (A“M)I' =0, the inclusion
(g/)r N (Ar([tl))r = Z;(M).
This shows that (£”)" =0 and consequently that & =0. Since E”
Z ,-free for all n > 0, ii. implies iii. The assertion iv. is obviously equlvalent

to v., because a finite A-module & is zero if and only if &7 =0 for a
number n > 0. Now assume v. There exists an exact sequence

0> N->AM M0,
where N is a noetherian A-module with N' = 0; the exact sequence
0->M"'> N - Zd™

shows that Ny is Z -free, since M isz ,-free, and therefore by (1.2.) the
A-freeness of N.
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COROLLARY 2.2: Let M be a noetherian A-mocule with hd\M < 1. Then

all the A-submodules of M have homological dimension smaller or equal to
1.

Following Iwasawa, we shall call compact I'-modules M n-regular, if
M" =0, and regular, if M is n-regular for all n> 0.

PROPOSITION 2.3: Let M be a noetherian A module. Then the following
assertions are equivalent

1) M is regular.

il) M is ny-regular for an integer ny = A(M).

PROOF: By 2.1 the assertion ii. follows immediately from i. Now let
0> M- E(e; pi,...,p5)>E-0

an exact sequence of A-modules, where & is finite, we see that the
n-regularity of M is equivalent to

(A/pe) =0 for i=1,...,s.
respectively to:

p,#EA for i=1,...,sandall v=n.
Consequently M is regular if and only if none of the prime divisors p,,
i=1,...,s, are equal to £,A, » > 0. But for » = n, this is true by ii) and

for all »>ny > A(M)=deg f,,(T) this follows from the fact that deg &,
=(p—Dp"'>w

83 Galois theoretical A-modules

We shall consider in this section A-modules of the following type: Let G
be a finitely generated pro-p-group with an exact sequence

1-H->G->T-1,

then the conjugation of G on H defines on H** = H/[H, H] a T-struc-
ture. First we prove a few simple lemma’s.

LEMMA 3.1: Let A be a discrete p-primary G-torsion module. Then the
following sequence is exact

0 H'(T, H'\(H, A)) > HX(G, A) > H*(H, 4)" >0.
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This is a part of the Hochschild-Serre-spectralsequence, since we have
cd,(I')=1
Since (H**)"' = H\(T, H'(H, Q,/Z ,))* we get by 2.1
LEMMA 3.2: The following assertions are equivalent:
i) hdyH* < 1.
iy H(T, H'(H, Q,/Z,)) is a divisible group.
LeMMA 3.3: Let U be a pro-p-group. Then we have the equivalent assertions
i) U is a free pro-p-group.

iiy H(U, Q o/ L p) is divisible (this means: U isz p-torsionfree) and
H*(U, Q,/z2,)=0.

For the proof consider the following exact cohomology sequence
0—»(pU””)*—>H2(U)—>pH2(U, Q,/z2,)-0 (3.4)
induced by
P
0-2z/p-Q,/z2,-Q,/Z,-0.

We want now to determine the generator- and relation-rank of H“’.
For this we set

¢,=dim; H'(G), i>0,
x2(G)=4— 6+ 4,
t=dim; ,H*(H,Q,/2,)".

PROPOSITION 3.5: Let hd\H®® < 1; then there exists an exact sequence of
A-modules

0> A" AT S HP S0,

and therefore
rgaH® = —x1(G) +1.

PRrROOF: The generator-rank is calculated in the following way:
d(H®)=dim Hy(T, H*),=dim H,(T, H)

=dim H°(T, H'(H))=dim H'(G) - 1;



K. Wingberg 343
since H'(T", H'(H, Q,/Z,)) is divisible, we get because of 3.1
r(H®)=dim H\(T, H*"),+dim, Hy(T, H*")
=dim, H'(T, H'(H,Q,/Z,)) +dim,( H{")
=dim, H*(G,Q,/Z,) —t + dim,( H{").
Finally the exact sequence
0->H>G"->T -0
combined with 3.4 shows that:
r(H®)=dim, H*(G,Q,/Z,) -t + dim,G*" = £, — 1.
The assertions 1.3 and 1.5 complete the proof.

THEOREM 3.6: The following properties are equivalent:
i) H® does not contain any nontrivial finite A-submodule and rk , H*®
= —x2(G).
i) H*(G, Q,/Z ) is divisible and H*(H, Q,/Z ) =0

PROOF. Because of 2.1 and 3.5 the assertion i. is equivalent to hd, H** < 1
and 7= 0. Now, ¢ = 0 is valid if and only if H*(H, Q,/Z,) s trivial and
we obtain the theorem using 3.1 and 3.2.

For the pro-p-group H we get the following

THEOREM 3.7: The following assertions are equivalent:
i) H is a free pro-p-group.
ii) H*(G, Q,/Z),) is divisible, H?*(H, Q,/2,)=0 and p(H)=0.

PrOOF: Using 3.3 and 3.1 we must show:

H is Z ,-torsionfree if and only if (H is Z ,-free and p(H*)=0.
But, if (H"” )" is Z ,-free, it follows from 2.1 ii. that the group ,H" is
zero if and only if p(H“b )=0.

COROLLARY 3.8: Suppose cd ,(G)< 2 and let U be an open subgroup of G,
V=HNUand I"=U/ V< T. Then V°® is a noetherian T'-module and
the following assertions are equivalent:

i) u(H*®)=0 and H*(H, Q,/Z,)= 0

i) p(V®)=0and H*(V,Q,/Z )=



344 I'-extensions of algebraic number fields

PrOOF: Since ¢d,(U) = cd,(G) < 2 the cohomology groups
H*(G, Q,/Z,)and H*(U, Q,/Z ) are divisible. Since cd ,(H) = cd ,(V')
([23] 1.33 prop. 14) the corollary follows from theorem 3.7.

Next we want to study the connection between the characteristic
polynomial fy.»(T) of H* and the defining relations of the group G.
We assume that

H*(G,Q,/Z,)is divisible and H*(H,Q,/Z,) =0

(and therefore: hd,H*’ < 1).
Let F be a free pro-p-group with free generators xg, xy,..., X,
n+1=4, and

1>R->F->G-1

a free (minimal) presentation of G such that x, is mapped on a lifting of
Yo €T and the images of x;,...,x, are elements of H. We get the
commutative exact diagram

(Xg) =T

T T
1-R-> F -G -1

I N

1-R—-> E —-H-1,

where E is a free operator-pro-p-group over I' and

E®= @ Ax,, X,=x,mod[E, EJ;
1=1

(see Jannsen [14], Satz 3.4). We obtain the following exact sequence of
A-modules

0- R[E, E]/[E, E]> E®®—> H - 0;

because hd, H*® <1 we get that
R[E, E]/[E, E]= @ Ar,
1=0

is a free A-module of rank m = £, (3.5) with generators
rr=w,mod[E, E], i=1,...,m,

where the elements w, = w,(x,,..., x,) € R are defining relations for G.
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Since w,€ E, i=1,..., m, we have
w,=x%-_ -xymod[E, E], a,€A, i=1...m.
We call the matrix
Re=(a,)) €M, (A)

the relation-matrix for G (relative to (x,) and (r,)). By [1] VII §4.6 Cor
we obtain the following

THEOREM 3.9: If H*(G, Q,/Z,) is divisible, H*(H, Q,/Z,)=0 and
X2(G) =0, then we have for the characteritic polynomial of the A-torsion
module H®®

fHub=det(.@G)'€, e A”.

If H* is not a A-torsion module, it is easy to prove the following
more general

THEOREM 3.10:  Suppose that H*(G, Q,/Z,) is divisible and
H*(H,Q,/Z,)=0 and let S=N,(A/D,), where {p,} is the finiteset of
prime ideals of height 1 containing the annihilator of H®, and Ag the
(semi-local, principal) ring of fractions. Then there exists matrices P €
Gl,(Ag) and Q € Gl,(Ag) such that

P‘@GQz (_‘S ..... ce | : I EMnm(A)’

and
m
H*~AN""& @ A/(N,);
i=1
consequently we have

m
fus=T1A;-e, eeX™.
i=1

II. A-modules in algebraic number theory

§4 Class field theory and the global duality theorem

In this section we summarize the topics from class field theory that we
will use in this paper and introduce notations that will be needed in
chapter II.
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Let p > 2 be a prime number,

1, the group of the (p™ )" roots of unity,

Py =1y im p,»=Q,/Z (1), proj im p ,» =7 (1),

pp=p,~ N F, Fa field,

F( p) the maximal p-extension of F.

Q, will be the unique subfield of Q(p =) with G(Q ., |Q)=Z . Let K
be a finite algebraic number field,

K, =U7_K, a I'extension of K — K, is called cyclotomic, if K, =
K-Q,—,

S, =S5,(K) (resp. 2= Z(K)) the set of primes of K above p (resp. p
or o),

S = S(K) a finite set of primes of K containing X,

K(resp. K¢(p)) the maximal ( p-) extension unramified ouside S,

G =G4(K) (Gs= G4(K)) the Galois group of Kg/K (Ks(p)/K),

Hg = Hy(K) (Hg = Hg(K)) the Galois group of Ky /K.
(Ks(p)/K.,)

G =G,(K) (G, = G,(K)) the Galois group of the algebraic closutre
of the completion K of K under the valuation corresponding to p(resp.
G(K,(p)/K,))

M= M(K) (resp. L= L(K); resp. L’ = L’(K)) the maximal abelian
p-extension of K which is unramified ouside =(K ) (resp. unramified;
resp. unramified and all primes p € 2(K ) split completely).

The abelian groups Xg(K)= H&, X, (K)=H =G(M|K,),
X,(K)=G(L|K,), X5=G(L'|K,) are in a caonical way noetherian
A-modules ( X,, X; are A-torsion modules), [9] th. 4, 5, 8, with invariants

MSZHS(K)ZI‘(XS(K))’
nu'rzlu‘r(K) Zp'(Xr(K))’
)\S=}\S(K)=}‘(XS(K))’
A =M\(K)=A(X.(K)), r=1,23.
The global duality theorem of Tate/Poitou is essential in the sequel

(see [8] theorem 1): let 4 be a finite p-primary Gg-module, then the
sequences

0 - ker'(Gg, 4) > H'(Gg, A)- [] H'(G,, 4) (4.1)
pesS

0 - ker’(Gg, 4) > H*(Gg, A)

- |1 H*(G,, 4) > H°(Gg, A')* =0 (4.2)
pesS

are exact, where A" = Hom(4, u,~), and there is a canonical non-degen-
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erating pairing

ker'(Gg, 4) xker’(Gg, 4)—Q,/Z, (4.3)

which has the following functorial behaviour, [8] 5.6, 5.3: let K’'| K be a

finite extension in Kg and m, m’ €N, m’>m, then the following
diagrams are commutative

ker'(G4(K), A) Xkerz(GS(K), A)-Q,/Z,
corl lres cor?t lres I 4.4)
ker'(G4(K), A)Xkerz(GS(K’), A)-Q,/Z,

ker'(Gs(K), ) X ker(Gs(K), Z/p") »Q,/Z,
6,1 1, (45)
ker'(G5(K), pp) X ker’(Gs(K ), Z/p")~Q,/Z,,

where 6, (resp. 6,) denotes the morphism induced by the p-power map
(resp. the canonical projection).
Finally let

#(K,,)=proj imK;;, K"
m

be the p-completion of the multiplicative group K, of K, p € S,(K,),

X,

and Ul(Knb) the principal units of K, ; for a prime ¥ |p we put

gy = proj lims? (K, ) = proj im G (K,) " = Gy (K0)“,
n n
Uy = proj imU'(K,g),

and

Ag= @ DAy, U= @ U
PES,(K) Bip PES,(K) B|p

E(K,) (resp. E'(K,)) denotes the units (resp. the S,(K,)-units) of K,

E,=E(K,)=injimE(K,), E'.=E'(K,)=injlimE’'(K,)
n n

and E(K,) (resp. E'(K,)) the topological closure of the images of
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E(K,) (resp.E'(K,)) by

EK) S T1 vk,)- I1 UK,

peS,(K,) pES,(K,)
) ! i
di K.,
1ag
Ek)~> II k., - TI #k,)
pES,(K,) pES,(K,)

and
E=E(K,)=projlimE(K,), E=E'(K,)=projlimE'(K,).
n n

By the global class field theory we have the following commutative exact
diagram:

O—>E—>U1—>X1—')X2_)O
R (4.6)
0-FE > ->X,->X;-0

(see for instance [18, Theorem 5.1], where the exactness of the upper row
is proved on a finite level; for the other row the exactness can be proved
in a similar way).

5. Application of the results of Sections 2 and 3

In the sequel the “weak Leopoldt-conjecture” will play an essential role.
This conjecture states that for a I'-extension K | K the cohomology
group H*(Hs(K), Q,/Z,) is zero. It is well known that this is true for
the cyclotomic I'-extension if u,C K, p>2 [22]. Here we will give a
short proof for p > 2 and an arbitrary number field K.

ProposITION 5.1: Let K_|K be the cyclotomic I'-extension. Then
H*(Hs, Q,/Z,)=0.

PROOF: Let )= K(p,); passing to the direct limit we get from (4.2) the
exact sequence

0 — inj lim ker*(Gg(t,), p,») = H>(Hg(X'), p,»)

n,m

- @ Hz(Gp(‘){oo)7 p‘p”)'

pES,(H,)
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On the one hand, we have by (4.3)
inj lim kerz(GS(){,,), ﬂpm) = (proj lim ker'(Gg(X},), Z/p’"))*
=inj lim Clg(X,),»=0,

because of the finiteness of the S-ideal class group Clg(.¢},). Since the
strict cohomological p-dimension of G,(K,) is 2 for a finite prime p, on
the other hand we have H*(G,(X,), =)= H*(G,(X,), Q,/Z,)=0.
This is also true for p|oo: Let p be real and p =2, then the group
HZ(GD(QKOO), Pye)=H*Z/2,Q,/Z,) is zero. Consequently, we obtain

H*(Mg(o), p,=)=H*(Hs(¥'),Q,/Z,)=0.

Let A be the Galois group of the extension X" | K, then the order of A is
1 or prime to p. Hence, by the Hochschild-Serre spectral sequence,

0= H'(G(Ks/Ks(p)), Q,/2,)"™
~ HY(Hg(K),Q,/2,) > HX(W4(K),Q,/2,)
and
H*(Ws(K),Q,/2,) = HX(Hs(X),@,/2,)" =0

the proposition is proved. O
LEMMA 5.2: The cohomology group H*(Gg, Q,/Z,) is divisible.

PRrROOF: Since the group Gy is of cohomological dimension 2 for p # 2 the
assertion is clear in this case. Now let p=2; by the global duality
theorem [8, Theorem 1c.] and [8, Cor. 1 of Prop. 22], there are isomor-
phisms

H(Gs, Q,/Z,)> @ H*(G,,Q,/Z,)

p real

= @ H*(G,,Z/2)< H*(Gs,Z/2).

p real

Considering the exact cohomology sequence

2
Hz(Gs» Q,/z,) - Hz(Gs’ Q,/Z,)~ H3(GS)

2
;’H3(Gs’ Q,/z,) -0,
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2
induced by0->2/2-Q,/Z, > Q,/Z, — 0, finished the proof. O

Using Theorem 3.7 we now obtain the following result (see also [11,
theorem 2]):

THEOREM 5.3: Suppose H*(H, Q,/Z,)=0 (for instance, let K, | K be
cyclotomic). Then the following are equivalent:

(i) ps=0.

(i) H=G(Ks(p)/K,) is a free pro-p-group.

By [8, Prop. 22, Cor. 5], and Theorem 3.6 and Lemma 5.2 we get the
next theorem:

THEOREM 5.4: Suppose H*(H, Qp/Z,)=0; then
(1) rgp\Xs =1y, 1y the number of complex primes of K
(i1) Xy does not contain any finite non-trivial A-submodule.

REMARK: By Theorem 3.6 we see that the condition H?( Hy, Q,/2,)=0
is necessary for the validity of (i) and (ii). The above result is due to
Iwasawa [9], if K | K is the cyclotomic I'-extension, and to Greenberg
[6], if the Leopoldt-conjecture holds for K, that is if H?*(Gs, Q,/z,)=0
(which is, by Lemma 3.1, a stronger condition than ours).

Applying proposition 2.3 we obtain:

PROPOSITION 5.5: Let K = UK, be a I'-extension of K; the following

assertions are equivalent:

(1) The Leopoldt-conjecture is true for all intermediate fields K ,,.

(11) There exists a number ny > A\, such that the Leopoldt-conjecture holds
for K, and the weak Leopoldt-conjecture H *(Hs, Q@ »/L,)=0 is
valid.

ProoOF: The non-trivial implication is proved as follows: By Lemma 3.1
we have that H2 is n-regular,

ab\ T
(Hgb) — Hl(rno, HI(HZ, QP/ZP))*
=H*(Gs(K, ), Q,/Z,)* =0,
and by Proposition 2.1 that hd, HZ" is equal or less than 1. Therefore
HZ is a regular A-module by Proposition 2.3 and consequently

H*(Gy(K,), Q,/Z,) is zero for all n>0.

In the following sections we will only consider the prime set S =X,
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because we have:
PROPOSITION 5.6: Let S 2 2 be a finite set of primes, then
bs =
and, if the weak Leopoldt-conjecture is verified for K | K,
As=A +#{peS(K )\Z(K,): 1, (K,), -

PrOOF: The analogue of Riemann’s existence theorem [20, Theorem 2]
tells us that the Galois group G(Ks(p)/Ks(p)) is a free pro-p-product

Gs.s=G(K K = T,
S\Z (Ks(p)/Ks(p)) peS(K:)\Z(Kw) ’

where T, is the subgroup of G\ » generated by all inertia groups Ty, B’
a fixed prime lying over 8 and 3 varies over all primes of Ks(p)
dividing p. The inertia group Ty, is isomorphic to Z ,, if (K3)y contains
the group p,, and otherwise equal to {1}. The exact sequence

0- GS\Z[HS’ Hg)/[Hg, Hg] - Hsb - gb -0

shows the equality p¢ = ps, since the kernel is finitely generated. Now, if
H*(Hs, Q,/Z,) is zero, we get

GS\Z[HS> Hs]/[Hs’ Hs] = GS\E/[GS/Z’ Hs]-
If p, is contained in (K,), we have dim H'(T,)">=1 and, since Hg"
contains no finite nontrivial A-submodule, H'(T,, Q ,/Z p)HE =7Z,. This

proves the second part of the proposition. O

COROLLARY 5.7: Let S22 be a finite set and H*(Hs, Q,/Z,)=H*
(Hs,Q,/Z,)=0. Then Hy is a free pro-p-group if and only if Hy is free.

6. The A[A]-module structure of the local groups .7 and U

In this section p will be an odd prime, K /K the cyclotomic I'-exten-
sion, X'=K(u,), X, =K(p,=), d=[X":K],

A=G(H/K), G,=AXT=G(X,/K)
and
ViG> 1,

the cyclotomic character given by the operation of G,, on p,.. The
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restrictions of ¢ on A resp. I' are denoted by (resp.)
6:A->2/p—1, k:T—(1+pZ,).

Furthermore A(i), i € Z, is the usual i-fold Tate twist of a p-torsion
G,-module 4: A(i)=A® Z (i) with

z,00=2,,

z,(i)=2,(i-1)®Z,(1), i>1,

z,(i)=Hom, (Z,(-i),Z,), i<O.
There are canonical I'-isomorphism

A =A(i) = (e_A)i), i€z,

where e A4 is the maximal submodule (or factor module) of 4 on which
o € A acts as multiplication by #(o)’. Finally

Gop =By xTy <G,

denotes the local galois group of the extension %, |K,, b€ S,(K)
and B |p an extension on & .
Let us analyse now the G_y-module structure of

&y = proj lim A, /A"

If the group Ay, is trivial, this is completely done in [9]. More generally,
in [26], Z;, X Ay-extensions, r > 1, are considered but no explicit descrip-
tion of the module structure of 7, 1is given. The reason for the
difficulties to do this for Ay # 1 lies in the fact that certain results of the
representation theory are only valid for p-groups. Using the cohomologi-
cal methods established (for p-groups) in [15] and especially their gen-
eralisation to arbitrary finite groups by Jannsen in [13], we get the
wanted description of Zy. The result below is easily obtained by the
methods developed in [13], but for the convenience of the reader we shall
prove it here. We need two lemma’s:

LEMMA 6.1: Let G be a finite group and A and C finitely generated
Z ,[G]-modules. if A is cohomological trivial and C Z ,free, then
Ext(C, 4)=0.

PrOOF: Let

0->P —->P,—>A4-0
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be a presentation of A by projective finitely generated Z ,[G]-modules
P,. This is possible by [7; 10.7, Theorem 3], since the kernel P; of a
surjection of a projective module P, onto a cohomological trivial module
A has to be cohomological trivial. Because of the Z ,-freeness of C we
obtain an exact sequence

0— Homg (C, P;) > Homg (C, P,) - Homg (C, A)—0,

in which the middle and left module are projective [7; 10.1, Ex. 2]; hence
HomZP(C, A) is cohomological trivial and therefore Ext(C, A)=
H'(G, Homg (C, 4))=0(7; 10.1, Prop. 2]. O

LEMMA 6.2: Let G be a finite group with a minimal number of generators
d=d(G) and M ; be the class of all finitely generated Z ,[Gl-modules M
with
(i) H(G,, M)=0,
(ii) HZ(GP, M)=2/(G,:1),
for a p-Sylow group G, of G. Furthermore, let
1-R,»F,—>G—1

be a minimal presentation of G by a free pro-finite group F, of rank d and a
closed normal subgroup R ; of F,;. Then the following assertions are valid for
M €M ; with a cohomological trivial Z ,-torsion module TZP(M ):

(a) There exists an m > d and a Z ,[G]-projective module N such that

MoN=(RY®Z,)0Z,[G]" "©T, (M)
(b) If there is an integer n> 0 and a Q ,[G-isomorphism
M®Q,=Q,9Q,[G]",
then
M=(RY®Z,)02,[G]"" "oT, (M).

PrOOF: Let x ; be a generator of the cyclic group H 2(Gp, M/ Tz,,(M )=
H 2(Gp, M) corresponding to the group extension

1->M/T, (M)~ E—>G,—1
and let
1-R, > F,~>G,~1

be a presentation by a free pro-finite group F,, of rank m > d, for which
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there exists a surjection ¢: F,, > E, and a closed normal subgroup R, of
F,. We get a commutative exact diagram:

1- R?rt) - F;n/[Rm’Rm] _-)Gp -1
19 ¥ ll

1-M/T, (M)~ E -G, —>1

Because scd,,( F,,) = 2 there existst a x € H*(G,, Ri)=Z/(G,:1) with
P*(xr)=xe-

Let N be defined by the exact sequence

0->N->Ry®Z,>M/Ty (M)—0.

Since H'(G,, M/Ty(M))=0= H*(G,, R{>®1Z,) the exact cohomol-
ogy sequence

0- H*(G,, N) > H*(G,, R*® Z,)
5 HY(G,, M/T, (M)) > H*(G,, N) -0

shows that
H*(G,, N)=H*(G,, N)=0

for all the £#Sylow groups G, of G. Now, a theorem of Nakayama [19]
says that N is a cohomological trivial Z ,[G]-module. Hence, by Lemma
6.1 the sequence

0->N->RP®Z,>M/Ty (M)—0

splits. By the lemma of Shanuel [7;8.10, Lemma 11] and the semi-local
cancellation theorem [7;10.6, Theorem 1], we then get the Z ,[G]-isomor-
phism

M/T,(M)eN=(RY®Z,)®Z,[G]" "
Again by Lemma 6.1 there is a splitting
M=M/T, (M)®T, (M)

and therefore the assertion (a) is proved. Now, let M ® Q, be isomorphic
to @, ® Q,[G]", then by the Krull-Schmidt theorem and since

RY®Q,=0,00Q,[G]""
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we get
. m—n—1
N®Q,=Q,[G] )

A theorem of Swan [24, Corr. 6.4] shows, that the projective module N is
Z ,[G]-free. Hence the cancellation theorem proves the assertion (b). O

THEOREM 6.3: Let K |k be a finite cyclotomic extension of p-adic number
fields, G=G(K |k), n=[k:Q,), p#2, and ||, the valuation of K.
Then there is a commutative exact diagram of Z ,[G}-modules:

0-J@Z,G]" '®ux—Z,[Gl"epc@®Tx—>2Z,—0
1 N I ,

I
0 UVK) A(K) 52,0

where Ty is the galois group G(k(p,=)|K)=1Z, and J is a Z ,[G}-module
with an exact sequence

0->J-2,[GleTy—>Z,-0.

(One can show: If K |k is unramified (resp. totally ramified) then J is
isomorphic to Z ,[G] (resp. I ® I'y), where I is the augmentation ideal of
Z ,[G]; futhermore, the above theorem is also valid for p =2 and p., C k.)

ProOF: We have the following facts: by local class field theory &/ (K) is
an element of #;; py is cohomological trivial for the Galois group of
the cyclotomic extension K |k; the group of principal units U'(K)
contains a free Z,[G]-module of rank n with finite index (by the
well-known argument using the p-adic exponential map and the normal
basis theorem). Consequently we have Q ,[G]-isomorphisms

#(K)eQ,=(U'(K)®Q,)®Q,[G]"sQ,,
and therefore by Lemma 6.2(b) the Z ,[ G]-isomorphism
#(K)=(R"®Z,)0Z,[G]"o py.
The free presentation
0->R,>Z-G(K|k)-0,

Ry =Tx (G (k(n,) 1):1) - T12,<T]2,=2,
P

shows that R; X Z , = T. Finally, let ¢ be the homomorphism Z ,[G]" &
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px ® Iy = Z, induced by ||, then ker ¢ contains px and (after chang-
ing the basis) a free Z [G]-module of rank n—1. Thus we get the
structure of U'(K). O

COROLLARY 6.4: There is a commutative exact diagram of G q-modules:
0-2Z,[Tpl[AglmeZ,0)—>Z,[Tl[As]"®Z,1)—>Z,—-0

T T I )
0 — Uy oy —7,-0

where n, is the degree [K,: Q ].

PRrOOF: This follows by Theorem 6.3 passing to the inverse limit; indeed,
the exact sequence

0 —J, =proj lim J(X,y) = ZPIII\B]][A%] -Z,-0
shows, on the one hand, that J_, is a free Z pl[l“%]]-module of rank #A
(see (1.2)) and on the other hand, because (p, #Ay)=1, that J is a
cohomological trivial Ay-module and hence Z [Ty ][Ay]-projective [7;

10.7, Theorem 3]. Since Z, is a Z,[T'y]-torsion module we have, by
tensoring with quotient field of Z ,,|[I‘~B]],

quot(Z [T,]) ®J, = quot(z [T, 1)[A,]
and therefore by [24, Cor. 6.4]

J,= Zp[[l'\B]][A,B].
This proves the corollary. O

THEOREM 6.5: We have the following commutative exact diagram for the
[[A]= &y ,Z,ITl[Ay)-modules U' and 2

0 0

) )

@ (AlA]™ e A/(w,)[A/48,)1) —=—>U'
pES,(K)

) I

@& (AlA]™e A/(w)A/A,)1)—= =4
PES,(K)

8 \

® Ao, [4/4,] = @ A/(w)A/4,]

peS,(K) pPES,(K)

! N

0 0

where r, = (I': T)).
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7. A-invariants for cyclotomic I'-extensions; a dulaity theorem.

With the notations and conventions of section 6 we consider the A[A]
modules Z, = X, (") and their decomposition by the action of A,

Z= & %, r=1,23.
imod d

We put
p=p(e,) and XP=X(e);

if K is totally real, in which case #'= K(p,) is a field of CM-type with
maximal totally real subfield K, then we set

= @ % and %, = @ e%,

r 1 re

i mod d 1 mod d
i even iodd
AS= Y AD and A, = Y AP, r=1,2,3.
i even 1 odd

Let i, j€Z and p € S,(K); we define
0|, =1 1, i=j
3,p={1’ el 3u={0 v
0, otherwise , LF]

Obviously we have

d-1
Z alu = (A Ab)
1=0

and

= I (38)-% LI o

pES,(K,) )

where s, is the number of primes dividing p in an algebraic number field
F.

Our first objective is to study the connections between the u,-in-
variants for finite p-extension of K. For the A,-invariant we obtain an
analogue of the classical Riemann-Hurwitz formula for compact con-
nected Rieman surfaces.

ProOPOSITION 7.1 ([10, Theorem 3): Let E C K( p) be a finite extension of
Kand E,=K_FE, then

p(E)=0 if and only if p,;(K)=0.
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PrOOF: Let S22 be finite with E C K (p). Since H¢(E) is an open
subgroup of Hg(K') and cd ,( Hg(K)) < oo we obtain by [23; I, 3.3, Prop.
14]

d, (Hs(K)) = ed, (Hy(E)).

The assertion now follows from Propositions 5.1 and 5.6, and Theorem
53. 0O

THEOREM 7.2: Let E| K be a finite extension of totally real number fields,
EcCK(p), E,=K_ E and p,(K)=0. Then we have the equality

AI(E)_l =(}\1(K)—1)[E00:K00]+ Z (ev_ 1)’

pip

where e, is the ramification index of a prime p of E,, for the extension
EOO |KOO'

PrOOF: Let S(K,)2 S,(K,) be the set of primes which ramify in K,
or divide p, and S(E.) the set of primes lying above S(K). Proposi-
tions 5.6 (and 5.1) yields the equalities

As(E)=M(E)+ #S(E,)\S,(E,,).

As(K) =M (K)+ #S(K,)\S,(K,,),
and by Propositions 7.1 and 5.6 we have

ps(E)=ps(K)=0.

By Theorem 5.4 the Z -modules Hg(E )2 and Hg(K ) are free of rank
Ag(E) (resp. Ag(K)). For the Euler—Poincaré characteristics x(£) and
x(K) of the free pro-p-groups H¢(E) (resp. Hg(K)) we obtain (The-
orem 5.3)

As(E)—1= —x(E)= —x(K)[E,: K]
=(As(K)-1)[E,: K]
Since we have

[E.: K, ] #S(Kw)\Sp(Kw) — #S(E,)\S,(E,)

=) (ev‘l)’

ptp

the theorem is proved. O
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In [25] we proved the above theorem for K = Q; it is possible in this
case to give a more explicit description of Hg(E)* even for p = 2.

Next we established a duality theorem, which gives us relations
between the invariants A{ " and A%’. We need the following lemma’s.

LEMMA 7.3: Let i€ Z, then

inj lim inj lim ker'(Gg (K, ), Z/p"(i)) = (e,%:)(—i)*.

n,res

PROOF: Passing in (4.1) to the direct limit we obtain the exact sequence

0 — inj lim ker'(Gg (K,), Z/p"(i)) = H'(Hs(K), Q,/Z,(i))

n, m

- JI H'Y(G,(K,).Q,/Z,(i)).

PES,(K,)

Since d| p — 1 and by [8; Prop. 22, Cor. 1] there are isomorphisms
1 . 1 NS
H'(H(K),Q,/Z,(i))=H'(Hs (X).Q,/Z,(i))
=H'(H;(X'),Q,/2,)(i)"

(and similiary for the cohomology groups of the local Galois groups).
Hence

inj lim ker'(Gs,(K,), Z/p" (1)) =23 (i) = (Z3(=1),)*

=(e23)(—i)*. O

LEMMA 7.4: The following diagram commutes and is exact:

Hz(Gsp(Jifn), Q,/Z,(i) 5 Negf )HZ(Gs(%% Q,/Z:,(i))
M i) i
(TA(Z)(—i)")* (TA()(— i) )*

— inj lim H(G5 (F,), Z/p"(1 = i))* >0

N

——— (T(EN-i)™* ——0

in particular,

T.(E)=Z,01).
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PRrROOF: By (4.6) and (4.2) (passing to the direct limit) the lines are exact.
The vertical morphisms are defined as follows: By the spectral sequence,
Lemma 3.1, we have a commutative diagram

(G (A )pm(—iN' = (G (X )(—iphrt™
i ¥
H(Gg (X,), Z/p"(i)) > H*(G(X,). Z/p" (1))

where the right map is an isomorphism because of ¢d (G, (X)) = 1.
Since we have

*
kil

inj lim (65 (A, )15 (—1)) = (2,(=0)") = (Ta(2)(~)"")

injlim @ (G, () (1) =(a(=)")
m  PES,(X)

= (T()(-1)")
and

inj limH? (W, 2/p"(i)) = H*(Hy . Q,/Z,)(i) =0,

m

by Proposition 5.1, we obtain the left square and hence the right. Now,
because of

T\(E')C Ty(#)= pege(K)A/(w,‘,)[A/Ap](l),

Thereom 6.5 and T, (E")" "=p x, We obtain the last assertion. O

LEMMA 7.5: Let i € Z, then there is an exact sequence
0— O‘(TA(e,gLrl)(_i)/sz(elgl)(_i))

- proj lim proj limHz(GSp(K,,), Z/p"’(i))

n, cor m
- a(TZp(elgl)(_i)) - O’

furtheremore, there exist a quasi-isomorphism ¢, and two isomorphisms ¢,
and ¢, such that the following diagram with quasiexact upper line and
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exact bottom line commutes:

o(Ty (e, 21)(=1) 7 prOJ'nlim H? (Gs(K,), Z/p"(i))

im @ HXG,(K,).Z/p"(i)

pES,(K,)
I
@& Afw ) (i—1)

—

a(T) (e, )~ 1)) j proj

2

v pESﬂ(K)
a(Ty(e,E'X(—i)) = projlim H® (Gg(K,), Z/p"(1-i)*
3 n, m
’ Il
Z,(i—1)%-o
0 0

ProOF: By [8; Prop. 22, Cor. 1] and because of Lemma 3.1 and
(p, d)=1 we obtain the exact sequence

0 BT, H'(Hg (), 2/p"(1))) = HX(65(K,). 2/p"(i))
> HA(Hy (o), 2/p"(1) =0,
Since

Hl(r", HI(HSP(%”), Z/p”'(i)))A

N

(“0{1 (_i)F”)A i

pm

il

(e, Z)(—i)) *

and because of proposition 5.1

In

)F"XA

12 (Hy (o). 2/pm(0) 0 = () (=)

In

(e 2)(=1) "

Lemma 1.9 proves the first assertion.

The lines of the diagram are quasi-exact resp. exact by (4.6) resp. (4.2).
With the diagram in the proof of Lemma 7.4 (now passing to the inverse
limit) and the structure theorem (Theorem 6.5) we obtain the commuta-
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tive diagram

ol e(Th( 2/ T () (=) > ale Ty (#)(—i)) = @ A/(e)" *(i=1)

pes,(K)
) ¥ o,
proj IimHz(GSp(K,,),Z/p'"(i)) - projlim & Hz(GD(K,,), Z/p'”(i))
n,m n,m DPES(K,)
¥

afe, Ty (Z))(~1))

Since the vertical exact sequence is quasi-splitting and a(7,(%/)) is
Z ,-torsion free, we can define the quasi-isomorphism ¢, such that the
left square commutes. By Lemma 7.4 we have

(T (E)(~i)) = Ty(E")(i - 2) = proj lim T (E")(i—2)"
> proj lim HO(GSP(JY,,), Z/p"(i— 1))

Thus there is an isomorphism

¢ a(e,Ty(E')(=i)) > proj lim H’(Gs(1,), Z/p"(1~1i))*,

n, m
which because of Lemma 7.4 commutes with ¢,. O

LEM~MA 7.6: Let M and N be noetherian A[A]-torsion modulgs, ieZ and
let  be a (I X A)-invariant pairing with finite kernels; let +,, th pairing
induced by .

Y M X N* >Q,/Z, i)
) 3 1 1
Ui MuX  (N¥)=p™"Z,/Z,(i)

Then there exists a (I' X A)-invariant pairing ,

Y M X a(N/T, (N) = Z,()
M ¥ M
Y1 Mon X Hom(N,»,Q,/Z,)—>Z/p" (i),
such that the pairing ¥,,, m >0, induced by , are equal to ¥, and the
pairing

mo

y8Q,: (MeQ,)x(a(N)2Q,)-Q,(i)
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is non-degenerated.
PRrROOF: It is easy to see, that the diagram

‘I‘n
My X, (N¥) S Z/p"(1)~>Q,/Z,(i)
i * pnfm *Can \Lpn*m

Y
M X o(N¥)  SZ/p™i) - Q,/Z,(i)

commutes. Since we can choose 7, =p™ to obtain the adjoint of
N/TZP(N), we get

proj lim ,» ( N*) = proj limpm(N/TZpN)* = a(N/TZp(N))

and hence a pairing i := proj limy,, with the required properties. O

Now we define the A[A]-torsion module & by the following exact
sequence, which is induced by (4.6):

0 T(E) ~ T\ () > T (%) > Z— 0. (7.7)
Lemma 7.5 implies a quasi-isomorphism

((e,2)(—i))° ~ proj lim ker?(Gs (K, ), Z/p"(i)), (7.8)

and therefore we get by the global duality theorem, that is (4.3), (4.4),
(4.5) and Lemma 7.6 the following duality assertion:

THEOREM 7.9: There exists a pairing induced by the cupproduct
(elsz})* x(elg)*’ - Qp/Zp(—l)

with finite kernels and hence a quasi-isomorphism
((e;2)(—1))° = (&1, 23)(i - 1).

This bilinear form induces a non-degenerated pairing of Q ,-vector spaces
Y (e, %0Q,) X (e,20Q,) > Q,(1),

for which we have

Yo 7 (vx, vz) =k (v)¥§ O (x, 2),
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vyel, x€e,_250Q,, 2€¢,Z® Q,, and a I'-invariant pairing with
finite kernels

sz(el-zg{z) X sz(e,g) -Z/p"(1),

with p=p{’ = p§ ™",

COROLLARY 7.10: Let i € Z; then the following sequence is quasi-exact:

0 (e Z)(i= D) > T(eZ)(~1) > @ A/(a,) "
peS,(K)

NI .
-Z,(1-1i) - 0;
As a consequence, we have
pPO=p87" and NP=N37"4n_,—8_, .
where

nj= Z 8],;\, JEZ,
PES,(K,)

and in the case pn,C K =X
pr=p; and Ay =A3+s, —1.

COROLLARY 7.11: Let X be a number field of CM-type with maximal
totally real subfield K™, then

AT =A% +sx- -1, AT =A3 +sy —sgs.

ReMARK: The assertions of Corollary 7.10 and Theorem 5.4(i) in the case
1, © K (without the exact description of the factors w,» of the character-
istic polynomial of %) is due to Iwasawa [9, Theorems 15 and 16] (if
T:=rk(y,)(1+ T)" ! —1 denotes the “Iwasawa-involution”, we have for
a compact A-module M the equality M = (M(—1))° = M(1)).

COROLLARY 7.12: Let E|K be a finite extension of totally real number
fields, EC K(p), p,(K)=0, &= E(n,) and %= K(p,), then

AP(E)=1=(AP(H)=1)[é, - A ]+ X (n,—1),
PES(EL)
F‘PCEOOD
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where S(E_)) is a finite set of primes containing S,(E.) and all prime

divisors, which ramify in the extension E_|K_, and n,=[E_, : K_,]
(= ramification index if 3 +tp).

0

PrOOF: We have

n(K)= Y 8,=#{peS,(K,): p,CK ).

pES,(K.)
hence
n(K)E,:K,]J-nm(E)= ¥ (n,—1).
PES,(EL)
I‘/:CExv

Since the condition p, C E is necessary for n,> 1, p € S(E,)\S,(E),
and AD(&) =\ (E), }\(o)(% )=A,(K) the corollary follows from Theo-
rem 7.2 and Corollary 7.10. O

Finally, we give a description of the fixed part of Z;(—1) used in the
next section. For this we define

B:=T\(#)/T\(E"),
and obtain the following:
PROPOSITION 7.13: Let n > 0 be sufficiently large, then
n
B(-1)=2,(-1)

ProoF: The assertion follows from the commutative exact diagram in
Lemma 7.4, since we have, for large n (Theorem 6.5),

T()(—1)" = Ty ()(~1),
T\(EY(—1D" =T, (E")(—1) for all n>0 (Lemma 7.4) and by (4.3)
inj lim ker?(Gg (¢;,),Z/p"(1))
= (proj lim ker'(Gs (1), Z /pm))*
=inj lim Clg (X}),»=0,

where Cl Sp()if,,) denotes the finite S,-ideal class group of ¥,.
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8. The relations between \-invariants for fields of CM-type

With the notations and conventions of section 7 we assume further that
K is a totally real number field and hence "= K(p,) is a CM-field with
maximal totally real subfield K*. In this case the subgroup generated by
the units E(K;") and the roots of unity of 2, n> 0, has index 1 or 2 in
the group E(.¢},). since p # 2 we have

e(E,®Q,/Z,)=0 foriodd. (8.1)

To get the relations between the invariants A, and A; we use Kummer-
theory.

We summarize some results of [9, §7]: Let I/ be the free abelian
group on the non-archimedian primes of 2, which do not lie above p.
Define @ by the exactness of the sequence

0->M-AE®Q,/7, 51, 0Q,/Z,,

where @(a® a)=(a) ®a, (a) = ) v,(a)p with the p-adic valuation
p+p
v,. Then there exists the perfect Kummer-pairing
():HxM-Q,/7,(1) (8.2)
satisfying (ox, om) = o(x, m) for all 6 € I' X A. For the fields

N=X (EY"") and N =xX,(EY"")

exist quasi-exact sequences induced by the above pairing [9, Lemma 10
with the remark following it and Theorem 11]:

0-%,(1)>%, > G(N/X,,)— 0, (8.3)
0->%,(1)>%, > G(N'/A,,)— 0. (8.4)

Since the duals of E,®Q,/Z, and E, ® Q,/Z, are free Z ,-modules
we see by Proposition 2.1 that

hd,G(N/#,)<1 and hd,G(N'/X,)<]1. (8.5)

Now, from the exact sequence (4.6) we obtain by the structure
theorem (Theorem 6.5)

g < ), n,=n=[K:Q].
peS,(K)
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Since 27 is a A-torsion module and

1gA % = 18,21 = ) 180 %1 =n-d/2
iodd

(Theorems 5.4) the following proposition is proved:
PROPOSITION 8.6:

i odd,

n
rg.e &, = >
Ba€i%n <O, i even.

Since a noetherian A-module M is quasi-isomorphic to TH(M)&®
F, (M), the quasi-exact sequence in Corollary 7.10 induces a quasi-exact
sequence

0-G(N'/x,)— (A[A]") @ pege(K)A/(er)[A/Ap](l)

~Z,(1)->0. (8.7)

Especially we see that the p-invariant of the A-torsion module G(N'/N)
is zero, hence

By =y =ps. (8.8)

Since e,(E,®Q,/Z,)=0 for an odd number i we get via Kummer
pairing e, _,G(N /X )= 0 (i odd). The existence of a quasi-isomorphism

((elg’z)(—i))° ~(er_, Z)(i—1)=Ty(e;_,%,)(i—1), iodd,
(8.9)
follows from (8.3).
From this last assertion and Theorem 7.2 we obtain now a

Riemann-Hurwitz formula for A’ which for K= K" is the result
obtained by Kida [16] and Iwasawa [11].

COROLLARY 8.10: Let E|K be a finite extension of totally real number
fields, EC K(p), p(K)=0, &= E(pn,) and A= K(p,), then

A(E)=1=(ADQ(H)-1)[E,: A ]+ X (e,— 1),
ptp

where e, denotes the ramification index of p for the extension & /X .
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PROPOSITION 8.11: Let i € Z be odd, then the sequence

8,
0> @ Aw )" —eZ,—eZ—0
PES,(K) v can

is exact. Consequently

}\(]1‘1) = }\(21) = >\(31)+ n,
and

Sy, 12N =N3> Ay =AY =50~ Sk
PrROOF: Since we have the equalities

Z",=wa_ Z > 8, =Sy, ~Ski

1 odd PES,(X,) 1 even
and
A TO=AP=XP+n,, iodd,

(by (8.7) and Corollary 7.10) we get A; — A5 =5, — sg+. The quasi-ex-
act sequence (8.7) shows the inequality

A=A =MG(N'/N)) <SNG(N' /A L)) =55, — 1.
By the snake lemma and the exact sequence (Theorem 6.5)

0-elU' e /> @ A/(wru)ﬁ. " 50,
vES,(K)

we obtain from the commutative exact diagram (4.6) the exact sequence

?(K)A/(w'v)‘s“ue! - el‘g[2 - 61‘923 - 0.
PES,

If i is odd, the equality A% =A%)+ n, yields the injectivity of the left
morphism. O

Let
v = T/\(f[l)l

be the orthogonal complement of 7,(Z;) in the Kummer pairing (8.2).
Since the morphism

can

Hom(E,®Q,/Z,,Q,/Z,(1))=G(N/X,,) > F(Z))

=Hom(v,Q,/Z,(1))
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is surjective, we have the inclusion
VCE,®Q,/Z,.

In [2, Theorem 5], Coates showed that these groups are equal, if there is
only one prime of 2, lying above p. But in general this is not true; we
prove that this assertion is still valid under the weaker assumption
sg+ =1 and, if the Leopoldt-conjecture is true for all fields K;, n>0,
that this condition is also necessary for the equality v = E,®Q,/Z,.
PROPOSITION 8.12: Let sx: =1, then
(@) N 70=AP=AP+ (54, —1)8 40, i=01,...d=1;
in particular N\ = \7.
(b) G(N'/X,)~Ne@Z,(1)"".
() G(N/X,)=F(%)~AN"and v =E,®Q,/Z.

PrOOF: With S, (K7)={p} and A"=G(X,,/K;) we have A/A*=
(A/A%),=A, A" /A" hence A=A A™;

Se=1 = A=8,and n,=5, =5,
wazz = A=Ap®A+ andn1=81,b=81,0+8’»d/2'

By Proposition 8.11 we obtain the assertion (a) for an odd number i;
furthermore we see from the equality

wa_l =A2—'A3=A£ —>\;
that

A =AD  for i even,
and that d/2 is necessarily odd, if s, is equal to 2. Hence, by Corollary
7.10 the assertion (a) is proved for all i. The quasi-exact sequence (8.7)
proves (b). Because of the equality A(G(N'/N))=X,—A3=5, —1

and the fact, that G(N /X ) does not contain any nontrivial submodule
(8.5), the kernel of the surjection

G(N/X,) > F\(%,)

has to be trivial. O
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PROPOSITION 8.13: The following assertions are equivalent:
(i) A5 =A3.
(i) MG(N/KH ) =5k — 1.

ProoF: This is trivial because of
A=A =2 A5=(A; =A3)=A(G(N'/N)) = sy, +skz
=Sg: — 1 —A(G(N/)ifw)).

REMARK 8.14: We may conjecture that A3 = A3 is true in general and
not only for sg+ =1 (Proposition 8.12) (Greenberg’s conjecture asserts
even more: A\ =0 and hence A] = 0). Proposition 8.13 shows that for
fields K with AJ = A3 the equality v = E_, ® Q,/Z , holds if and only
if 5+ =1. In analogy to the quasi-exact sequence (8.7) we may further
expect the existence of a quasi-exact sequence

0 G(N/X,)— (A[A]") @ Ue;e(K)A/(w,p)[A/ADAJr](l)

-Z,(1)-0.

We shall now prove the conjecture A3 = A7 assuming the Leopoldt-
conjecture. For that purpose we consider the following fundamental
exact sequence obtained by the snake lemma form the commutative exact
diagram (4.6) and the exact sequence

0-eU'»e /> @ A/(w,)a""e,—>0:
pES,(K) ’

0-eE—eE > @ A/(w,p)s"”e, —e %, > e %, 0.
PES,(K)

(8.15)
We show now:
PROPOSITION 8.16: Let ny> A{ and let the Leopoldi-conjecture be true for
the maximal totally real subfield K,fo of X,, (for example, if K/Q is an
abelian extension). Then the equality
AN —n,+8,0=AP=X2, ieven,
holds, and in particular

AL =AL
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PrROOF: By Propositions 5.5 and 5.1 the Leopoldt-conjecture is true for
all fields K", n > 0, and hence by Lemma 3.1

(e,%”l)rn =0 forievenand all n.
Consequently, the characteristic polynomials f{(T) of e, %, i even, are
prime to w, for all n. Since 27 is a A-torsion module, this also holds for
the character polynomials f(T) of e,%,. Hence, because of the exact

sequence (8.15) the kernel of e,%, — e, %, is finite and therefore we
obtain A9 =A%, i even. O

In the following we describe the A[A]-module structure of E and E’.

THEOREM 8.17: Let n be the degree [K:Q), then there are A[A]—
isomorphisms

E(X,)=E(KL)®E(X,) =A[A/A"]"0Z,(1),
E(X,)=E(KL)®E(X,) =A[A/A*]" @ Z,(1).

PROOF: Since the operation~ commutes with the A-action, we get

E(X,)=E(K,)® py,
hence

E(X,)=E(K})®projlimpy, =E(X,) @ E(X,) .

The exact sequences (8.15) and (8.11) show, for an odd i, that
eE=eFE’,

1 1

hence by Lemma 7.4
z,1)=(E) =(E) =T\(E).

Consequently the module (E")* is A — torsion free. Let C, and C, be
defined by the commutative exact diagram

0 (E)* >F(&)—>C, >0

* # %
0- EF -» o -C; -0
I by )

0->T(E)—>T(«)—> B -0
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the A — torsion free module (E’)* the quasi-isomorphism

Since C; €% is a A-torsion module, it follows from Theorem 6.5 for

e, E'~ A", ieven.

We show now that (E')} is Z ,-free. Indeed, by Proposition 7.13 we get,
for a large n,

B(-1)<G(-1)" <& (=) =B(-1),
and hence the first map in the exact sequence
0-B(-1)>G(=D)" > G(=)" > B(-1)

is an isomorphism. Therefore C,(—1)"" is Z -free (B(—1)=2Z,(— HMis
Z ,-free, by Theorem 5.4 (ii)) and consequently C,(—1) (resp. () does
not contain any non-trivial finite A-submodule. Now, the exact sequence

0-C > (E): »F()r= Z;'#A
proves that (E’)¥ is Z p-free. By (1.2) we see
e,E'=N\", ieven,
and then the exact sequence (8.15) yields our assertion for e, E. O

For the homological dimensions of the A-modules 2, and %35 we
obtain the following:

PROPOSITION 8.18:
hd,\ %, <1 and hd, %57 <1.

PrROOF: Because (E’)”= T (E’) the diagram in the proof of Theorem
8.17 implies T,(C,)” = B~ and hence induces the following commutative
exact diagram:

F\(#)” S F(C)

~ 3 3
0-(E) » & —C[ —0.
I 1 1

0->T(E) -»T(&) -»B -0
By Proposition 7.13 we obtain for large n
— _ rn
T,(C) (=) =B (-1 =B(-Dar=(£(-1)"),.

=((-1)a) =27 (-1)".
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Since B(—1) is Z ,-free, the exact sequence
0->T,(C) (=) =>C (=)= F(C)—0
shows C; (=1)p» to be Z -free too. Furthermore, we have
Cr(-D"=T(c) (=D =27 (-)"

and hence an inclusion induced by the exact sequence 0 —» C; - %, —
Xy —0,

2 (-1 > (=1)

This proves the proposition for Z5 and the exact sequence (8.11) gives
the assertion for Z, . O

REMARK: There are examples by Greenberg [5] showing that the module
Z5 is finite but not trivial, hence hd , 25 > 1.

Since %, does not contain any non-trivial finite A-submodule we
have as a consequence of the exact sequence (8.11) the following divisibil-
ity assertion which is connected with the famous Lichtenbaum-conjec-
ture:

PROPOSITION 8.19: Let i € Z be odd and the order of the group (e, Z3)(—i)r
be finite. Then the order of e, %,(— i)y is finite and divisible by

I1 Wz(Kb)’

pES,(K)
where w,(K,) = max{ p’: [K,(p,,): K,]|i}.
REMARK: (a) For i > 1 this is the well-known result of Lichtenbaum [3,
Theorem 9; 4].

(b) For negative i the group (e,%Z5)(—i)r is finite. This is proved in
[22; §7, Satz 12] using results obtained by algebraic K-theory.

ProoOF: The exact sequence (8.11) induces the exactness of the following
sequence

(eZ) (=)= @& As(w,)" (~i)r
pES,(K)

= (e, 2,)(=)r— (e, Z5)(=i)r =0,
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i odd. Because of our assumption (e,%Z5)(—i)r and consequently
(e,%;)(—i)" are finite groups; hence, (e,%3)(—i)" is zero (Proposition
8.18). Now with the equalities

#( @ Ase) (=i

peS,(K)

=#( 1 ]_[HO(G-%(KOO),Q,,/Z,;("))*)

pES,(K) R[b .

=#( n HO(GD(K)’QP/Zp(i))*)z el—[ w’(K”)’

PES,(K) PES,(K)
we obtain

#(e %) (—i)r= . l_[(K)wi(Kp)'#(e,%)(—i)r-

€S,

Or expressed in another way: if ||, is the normalized valuation of C,
with | p|,=p~" and if f”(T) denotes the characteristic polynomials of
e, %,, r=2, 3, we have the equality

A0 1) 150 =TT (K) - 1A (ko)™ = 1)1

peS,(K)

9. Symplectic paarings for CM-fields

We keep the notations of section 8. In the following we shall define two
A-modules %, and £ with skew symmetric, I'-invariant pairings ¢,
resp. ¢_, which are non degenerated after tensoring with Q,. Thus we
obtain functional equations for their characteristic polynomials. In the
function field case this will be the well-known functional equation for the
zeta function of ¢ (in this case we get £, =% =2%3).

Because T\(E") " =(E")", T\(E)*=0 and T\(%,)=2%, the exact
sequence 0 > E' > .o/—> %, > Z; — 0 gives us the following commutative
exact diagrams:

0 —=F(H) = (%) ¥ -0

_ t 0 0
0->(E)Y » & - % -% -0 9.1
l i i) )

0-(E) »Ty() > Ty(24)) »2 >0
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0 0
N 7
@+
3 7N
0-(EN" »F(&)" - Z'> 27 -0
i A 3 o, (9.2)
0-(EN* > o - &> % -0
) I
T()" =——T\(¥)"

where %~ = F,(%,)/F\(«)” and &" = F,(&/)*/(E’)*. The A-invariant
of the A-torsion modules % and & are (Theorem 7.9)

AMZT)=A3, AMZT)=A7, (9.3)
MPZT)=A3 —A3,  MZT)=A7 —A5; '
further we obtain the exact sequences
0>t - %, ->Y 0. (9.4)
b S
Zy oz

REMARK: If X is not necessarily a number field of CM-type, instead of
(9.4) we get the exact sequence

0- TA(FA("Q{)/FA(E,)) B 22
_’FA(gl)/FA(FA(M)FA(E/))_’0- (9.5)

As before, let B =T,()/T,(E’); we define the A-torsion modules
% and £ by the commutative exact diagrams

0—— F(¥) —F%)~>% -0

~ 3 3 3
0—E’ > o - %, - %, -0 (9.6)
Il N) 7 i)

0> E > Ty(#)@F(&) > T(2) — £ -0
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and

0\4@/+ /0
7 \z

0 (E) ——F\(H)" Z3; -0
4 3 A I
0> E N4 Z, Z,—0
T ) 1
0-T(EN->T(H)®F\(&) —BoF () — 0
9.7)
Obviously, we have
L=G(L'/L'NT), T=M(x)™"
L=G(M /X)), M = M( )P M(KY) L
(9.8)
By the exact sequence (9.4) we obtain
L=%0Z and L=%; 027, (9.9)
hence
AMZ)=2A7 and A(L)=2A;. (9.10)

In the case when none of the prime divisors of p splits in the extension
A7K*, we have T,(/)" =0, hence by (9.2) and (8.11)

L =% X =G(M(K*)L(X')/H,).

Further, we have the following properties of the A-module £ : Let
E*/K" be a finite extension with E*C K*(p) and &=E"(p,). If we
assume u(k*)=0, then the A-invariants of £ (&) and L (X") are
connected by a Riemann-Hurwitz formula; indeed by Corollary 7.12 we
get

(A(2(6)-2)=(M&(x))-2)[€, : x.]

+ Y (n,-1). (9.11)

p
B, C(EQ),

Secondly we see that % does not contain any finite A-submodule:
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PROPOSITION 9.12: We have hd (£ )< 1.

PROOF: In the exact sequence induced by 0 > B® Fy(«) =%, > &L —
0 (9.7),

0-B(-1)>%(-1)" >2(-1)" > B(-1)@ F ().

the first map is an isomorphism for sufficiently large n (Corollary 7.13);
consequently, the Z ,-module #(— 1) is free and by Proposition 2.1 the
proposition is proved. O

In order to prove the existence of a functional equation for the
characteristic polynomial of # (resp. .#.) we define two pairings,

Vv, (£.00,)x(£.0Q,)~Q,1);

1P+(x’ y)= E E),)(elx’ el*ly)_lpg)(ely’ e]*lx)

i even

and

Yo(x, p)= X ¥ (ex, e, p) =96 (e,y, e ,x),

i odd

where ¢ is the pairing introduced in Theorem 7.9.

Recall the following definitions: Let R be a commutative ring with 1,
A an associative algebra over R and a — a* an involutory antiautomor-
phism of A. A symplectic A-space is a pair (M, ¢) consisting of a
A-module M and a nonsingular skew-symmetric 4-invariant (that is,
o(xa, y)=¢(x, ya*), x, y€ M, a€ A) R-bilinear form ¢ on M. We
say ¢ is hyperbolic, if there exists a direct decomposition of M in totally
isotropic A-submodules. Two forms ¢, and ¢, on M are said to be
equivalent if there exists an A-isometry, that is an A-isomorphism p such

that ¢,(x, y)=,(p(x), p(y)) for any x, y € M.
By Theorem 7.9 and the decomposition (9.9) we obtain:

THEOREM 9.13: The pairings
Y, (=2,0Q,)x(£,©Q,)-Q,(1)
are T'-invariant, that is,
Valrr, w)=x(v)¥.(x, »), vel, x,yeL,0Q,

nonsingular, skew-symmetric and hyperbolic.



378 T-extensions of algebraic number fields

REeMARKS: (i) If the divisors of the A-module G(L’/L’ N N’) are disjoint
from all principal divisors (w,), n > 0 (for instance, if the Leopoldt-con-
jecture holds for all intermediate fields #,, n > 0 [9, Lemma 21]), then
there is a quasi-isomorphism G(L'/L'NN)~G(L'/L'NT)=2% (see
(9.10) and [9, Theorem 24]) and Iwasawa defined in [9, Theorem 23] a
pairing ¥, on the A-module .%, with the same properties as .. Now, a
theorem of Jakovlev concerning symplectic hyperbolic forms [12, Theo-
rem 1], tells that the forms ¢, and ¢, are equivalent (the involutory
antiautomorphism on @ [T] is given by T+ T=(T+ 1) k(y,) - 1).
Remember that if the conjecture of Greenberg (A3 =0) is true, the
pairing ¢, is trivial. ’

(i) In [17] Kuz'min obtained a pairing on % ® Q, with the properties
of Theorem 9.13. The same argument as in (i) shows that this pairing is
equivalent to {_.

COROLLARY 9.14: The characteristic polynomials 4. (T) and /4_(T) of &,
resp. £ satisfy the following functional equations

k(1) AT =) =T 4, (e(v) T 1),
k(v0)" A(T=1)=T™ -4_(k(v)T "' = 1).
PROOF: Since the p"-factor is the same on both sides of the equations the

corollary follows by a standard argument of linear algebra (see for
instance [Hartshorne, Algebraic geometry, p. 456]. O

Considering the exact sequence
0> >L->%, -0

we may say, that Z_(T) is the product of the “global” characteristic
polynomial £;(T) of %, and the “local” polynomial of #™. In order to
justify this terminology we consider the commutative exact diagram
induced by (9.7),

0->G(M /L)=F > F* -&5-0

3 0 I
0-G(M(KY)L /L)> &y —% -0
) )

T\()" T\()"

Hence, the group #* is generated by the local galois groups

G(My/H ) = G(M/L;), Dlp.
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If sx+ =1 we obtain the following exact sequence:

0->T(H) —— (Z)),— Y =%">0;

Il I I
Z,1)* G(M(K"),/KZ,) G(M/H )

oop
and consequently an isomorphism
¥*=G(M(K"),|KL,), ifp,K}.
Thus, by Corollary 9.14 (and Proposition 8.12(a)) we get:

THEOREM 9.15: If there exists only one prime p of X, dividing p and if
fo(T)EZ,[T] denotes the characteristic polynomial of the local galois

group

’

ab
p

G(M(K*)1KL,) = G(K3(p)/K3)
then the polynomial f, - f,, f, = f; , satisfies the functional equation
A
k(%) S (T =1 (T -1)

=T 'fp(K(YO)T_] - 1)f2("(Yo)T71 - 1)'

Appendix: The analogy with the function field case >

Let X be an algebraic function field of one variable over the finite
constant field F containing the pth roots of unity (hence p # char F).
Let A denote the subgroup of all points of p-power order in the jacobian
variety associated with & and F, the field generated over F by A.
Replacing F by a finite extension we may assume that every point in , 4
is rational over F. Thus F_, = F(p,~) and X, =X F,, are I'-extensions
of F (resp. X°).

We fix a prime p of X7; if B,,..., B, denote the finitely many primes
of )¢, dividing p and = = { p}, then with the notations of Chapter II (if
it makes sense) we have L =L’ and %, =%, and by global class field
theory we obtain an exact sequence of A-torsion modules

0> Ey »>A>% —>%,—0;

4 1§

I
z,(1) z,[r/r,]Q)

2 (see[9; 12.3].
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hence
A=A +s—1.

It is well known that as Z ,-modules
X,=15,

where g denotes the genus of the function field J#°. Consequently we get
p=0, Ay=2g.

Since F, (%)= 0 we obtain by the analog construction (9.6), (9.7) for
&, the module Z; and, since the global duality theorem is also valid in
the function field case, a symplectic paaring = .,

Vv (4,0Q,)x(2,0Q,)—>Q,(1).
Let g = k(y,)= #F then the functional equation
¢ f(T—-1)=T? f,(¢T" ' - 1)

induces the functional equation for the zeta-function of the curve X
associated with ¢,

Z(X,1/qT)=q' " #-T*"*%.Z(X, T),

where
Z(X,T)= det(1-v,'T, Hy(X.Q,))  T7(17'-1)
0 (A-1T)(-¢1)  (1-T)(1-gT)’
X=XX.F,.
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