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THE POINCARE-LELONG EQUATION ON
COMPLETE KAHLER MANIFOLDS

Ngaiming Mok, Yum-Tong Siu and Shing-Tung Yau

Dedicated to the memory of the late Professor Aldo Andreotti

In [11] Lelong studied the Poincaré-Lelong equation iddu = p,
where p =i Z;;pijdz’ A dZ' is a positive d-closed (1, 1) current defined
on C". He showed that under suitable growth conditions on p, the
equation can be solved by reducing it to ;Au =3;p; (pi; being
measures on C").

In this paper we are interested in the Poincaré-Lelong equation on
complete Kihler manifolds. We present here two different tech-
niques. The first one is a Bochner identity obtained by considering
Alliddu — p|*, where u is a solution of 3Au = 3, p;. When the complete
Kihler manifold M has nonnegative holomorphic bisectional cur-
vature Al|idgdu — p|* =0. When p grows suitably, we can choose u so
that ||liadu — p|[® decays to zero at infinity. The sub-mean value inequality
implies that iddu = p. We use this technique to prove an isometry
theorem (isometric to C" with the Euclidean metric) on complete
Kihler manifolds of nonnegative holomorphic bisectional curvature
when the scalar curvature grows like 1/r**¢ in terms of the geodesic
distance r, under certain auxiliary conditions. Under similar con-
ditions but assuming the scalar curvature grows like 1/r’, we can
show that M is a Stein manifold.

The second technique in solving iddu =p is based on the L’*-
estimate of 3 of Andreotti-Vesentini [1] on complete Kihler mani-
folds. Suppose M is a complete Kdhler manifold with a pole (i.e., the
exponential map at this point is a diffeomorphism) such that the
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184 Ngaiming Mok et al. 2]
sectional curvature is bounded by + A/(1 + y?)'*¢, where A. is a suitable
constant depending on €; then by suitably choosing weight functions
on subdomains and using the Harnack inequality of Moser [11], the
equation i3du = p can be solved with u bounded whenever p grows
like 1/r**c. We make two applications of this method. When M has
sectional curvature bounded by =A.(1+ r®)'*¢ and possesses a pole,
we prove that M is biholomorphic to C". When M has nonpositive
sectional curvature bounded by —C/1+ r**¢ from below, n =2, we
show that M is actually isomertrically biholomorphic to C". For this
we combine the above method with some intermediate results of Siu
and Yau [13].

After completion of our research, we conjectured that the analogue of
parts of our results should also hold for Riemannian manifolds. Namely,
(1) of Theorem 2.1 should be true if we replace bisectional curvature by
sectional curvature; and the last statement of Theorem 2.2 should be
true in general. Recently, Gromov told us that he could prove our
conjecture.*

We remark that Bishop and Goldberg [17], Goldberg and Kobayashi
[18] obtained long ago Bochner identities basically equivalent to the
one we need. For the sake of completeness, however, we have
included here a proof of the identity. For the convenience of the
non-specialist we have also included standard iteration techniques of
Moser [12] necessary for our estimates in §1.
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* Recently R. Greene and H.-H. Wu [19] have also announced similar theorems in
Riemannian geometry.
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§1. The Poincaré-Lelong equation on complete Kahler manifolds with
nonnegative holomorphic bisectional curvature

(1.1) A BOCHNER IDENTITY FOR THE POINCARE-LELONG EQUATION

The crux of the argument in this section is the following Bochner
identity on complete Kdhler manifolds of nonnegative holomorphic
bisectional curvature.

PRrROPOSITION: Let M be a complete Kdihler manifold of non-
negative holomorphic bisectional curvature. Suppose p is a d-closed
(1,1) form on M and f is the trace of p with respect to the Kdihler
metric. Let u be a solution of jAu=f. Then |[iadu —p|? is sub-
harmonic, where | - | denotes norms measured in terms of the Kahler
metric.

ProoOF: We assume without loss of generality that p is a real
2-form. In local coordinates p =i Z p;j dz; A dZj, (p;) being hermitian
symmetric. The Laplace-Beltrami operator is given by Au=
23,;87(0%uldz, 32)) where 2 Re 3;; g5 dz' ® dz' is the Kihler metric on
M and (g"’r ) is the inverse matrix of (g;). The trace of p is defined by
f =trace(p) = 2;; g"fpi,f. Fix a point x on X. We can choose a complex
geodesic coordinate system (z) at x, so that gj(x)=8; and
(3/9z¢)gif(x) = (8/3Z)gi(x) = 0. Write v =iddu —p =i Z;;vjdz’ A dzZ'.
Then, in a neighborhood of x,

® liadu = ol = 3, &"s" oyt

From the equality

@ 2 e'er=35

and
i. .r(x) = i .r(x) =0 .r(x) = &,
Er 8ij ErA 8ij ,  8if i
it follows that at x, by differentiating (ii),

(ii) 0'g" (yy= 0B

82,02, 08z,0%,
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The curvature tensor at x in terms of the coordinates (z) is given by

Rir(x) = 5%;—( x).

It follows from (i) and (iii) that, at x,
(iv)  z4[iadu — plP(x) = (2’ — Rigp ity + Zk - Ril?pﬁvifﬁii)(x)
iy, LL,K.P

3 (5]« oo

2 (% w3 Z2 o

Lhp

Recall that

Yau =73 gug =3, g¥pir,
k,I kI
so that
V) % g o = g, g (ur — pur) = 0.

Differentiating (v), we obtain, at x,

Z az,az,( x)— 2 leuvkl =0.

Since dp =0 and p is of type (1,1), locally p = iaé-w, so that v; =
(3%v/3z;82;) for some smooth v, and

vy _ 'vp
92107 02,0%,

Hence, at x,

3%y
. if
(Vl) % aZpaZp Uij 2 R"(I]vkl—vlj

Since v; is hermitian symmetric, after a unitary change of coor-
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dinates, v; = a8, a; real. Substituting (vi) into (iv),
%A"iagu - P"2 = % - 2Rii—pﬁal? +2 g Rippaia,
= 2;, —2Riipp(al —2aia, + a})
= 21; - 2Ripp(a;i — @)%
Since M has nonnegative holomorphic bisectional curvature,

> Riaaabb, <0 for all (a;), (by).

ij,k,l
In particular, R;j;; =<0, so that
$Aliadu - plf =0,
proving the proposition.

(1.2) CONDITIONS FOR REDUCING THE POINCARE-LELONG
EQUATION BY TAKING TRACES

To make use of the Bochner identity, we show that [iadu — p|?
decays to zero at infinity under suitable growth conditions. More
precisely, we have

THEOREM 1.1: Let M be a complete Kihler manifold of complex
dimension n = 2. Suppose M has nonnegative holomorphic bisectional
curvature bounded by c/r? and volume (B(x, r)) = cr*™, where B(x,r)
denotes geodesic balls and ¢ >0. Suppose furthermore that |p| <
(cy/rd), and f = trace(p) where | - || denotes norms measured in terms
of the Kdhler metric. Then, there exists a solution u of 3Au = f, such
that u is of order 0(log r) and satisfies automatically id3u = p.

For the proof of the theorem we need the following gradient
estimate on Riemannian manifolds due to Cheng and Yau [4].
Gradient estimate on geodesic balls (Cheng and Yau [4]): Let u be a
C? function on a Riemannian manifold M. Suppose on the geodesic
ball B(xy, a) u satisfies

|Aul = Ci(u +c¢), |V(Au)||= Cxu+c).
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Then, |[Vul = Cs(u + c)(a*a*— r)[max(Ci, C}*, a|K|+1/a)], where
r(x) = d(x,, x) is the geodesic distance, and the Ricci curvature
dominates —K on B(xy, a).

PrOOF OoF THEOREM: First we solve ;Au = f with |u| = 0(log r). By
Croke [6] the isoperimetric inequality is valid for all compact sub-
domains of M. (For this we only need nonnegative Ricci curvature and
the condition on volume growth.) It follows that the Sobolev inequality
with compact support is valid. Let vg be the solution on B(R) of
Avg = x8(), Vr =0 on dB(r), where B(r) = B(x,, r), with x, fixed, r =R,
and x stands for characteristic functions. By the Sobolev inequality

n—1/2n 12
([ loat=t) ™ = e(f g 1708)
B(R) B(R)

where c¢ is an absolute constant. Write k = (n/n — 1). By the Holder
inequality

12
llorllox = Cl(j URAUR)
B(R)

12
=C,<f URXB(r))
B(R)
" 1/2k snst n+1/2n 9112
+
<O ([ o) (g o) ]
B(R) B(R)

= Cl"”R"%?"XB(r)"%zlnﬂ, so that
"vRIIZk =C ﬂ'XB(r)I|2n/n+l-

To iterate the argument, for any integer p =0

(f 'vR|2k9+l)|/2k
B(R)
([ o)™
B(R)
sC,(I |Vv‘,‘{]2)l/2
B(R)

(NG )
B(R)

c (J‘ k2p - )IIZ
~ "\ 2k =18 Xo®

= Cok™| oI5 | x5 rll -

12
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So,
lorllzko+t < (Cok?2)™ Jlog 1358 xa w33 -

By iteration

"URHZk"“ < (IEI C%lkq)(lz[ kq/m)
g=1 q=1
o (1T Ixmcolgpto-omee---c-omon Yo zomo
q=1

To get uniform estimates of vy we show that the infinite products
obtained by letting p - « converge. In fact

log(‘!ill Ci"‘") (

log(f[ k"’”‘") <39 sialogk=Cy forall p.

q:l q_

ﬁ:k‘,)logC2<C3 forall p

q=1

Since ||zl = [vol B(r)]"*, and vol (B(r)) < r* because M has non-
negative Ricci curvature,

1 1 1
log||vr|laxr+1 < Cs+ log r[i kq(Zk )(l_ﬁ(‘l—*f) . (1 _W)

(i 4)0-k) (15

1
+ (1 - ﬁ)"vR"z,‘.

Clearly the term inside the bracket =(n/2) Z;-; (1/k*)+ (n+1) <,
Since ||vg|lax = Cllxscllawn+1, We obtain by taking limits that

sup |vg| = Crb.
B(R)

Notice that supp, |vr| is now independent of R. Let v = limg-... vg. By
scaling the metric g so that g =rg’, A'v (with respect to g’), is then
rlAv, which therefore gives

supsw |v|=Cr* forall R>r.
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(Recall that Av = yp(r), obtained by solving Dirichlet boundary prob-
lems on subdomains.)

Fix a number R>1. The trace of p can be decomposed as
2;=1fXB(RP)—B(R"_1)~ Let Up solve Au,, = fXB(R")—B(R”’l), obtained by solv-
ing on subdomains with Dirichlet boundary conditions and taking
limits. Since |f|=0(1/r%, by the above supy |u,|<C. Let u=
251 (u, — uy(x0)). u, is harmonic on B(R”™"). Using the Sobolev
inequality with compact support as above and the abstract John-
Nirenberg inequality in Bombieri and Giusti [2], the iteration tech-
nique of Moser [12] can be adapted to prove the Harnack inequality
for positive harmonic functions on geodesic balls in M and hence the
Holder estimate

4y ()~ 1y ()| = € (4382

for some y >0, for d(x,, x) <R?™..
From this clearly u = 27, (u, — u,(x,)) converges and u = 0(log r).

Estimate for the Green function

The Green function with pole xo, G(xg, ¥), exists on the manifold
M. Moreover, there exist positive constants A and B such that
(Ald(xo, y)™ 3 =|G(x0, y)| = (Bld(x0, y)*"?. To prove this, observe
first that Gg(x, y), the Green function on the geodesic ball B(x,, R)
with pole xy, is always well defined, harmonic on B(x,, R)—{xo} and
positive. Let p = d(xo, y) and R >p. On B(y,3p), by the Harnack
inequality

inf  |Gr(xo,z| >Cym sup |Gr(xo, 2)|,
ZEB(y, 1/2p) ZE€B(y, 1/2p)

where Cy is a constant depending only on M. Let vz be the solution
of Avg = xBiy12p ON B(x, R), vr I;,B(,(,'R)EO. By the estimates in
Theorem 1,

sup |vg| = Cd(xo, y)~.
B(xg,R)
From

|vr(x0)| = inf |Gr(xo, z)| - volume(B(y, 3p))

ZEB(y, 1/2p)
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and

volume(B(y, ip)) = Cd(xo, y)*",

and the Harnack inequality, we obtain

A
su Gr(x0, 2)| = 5——373-
zes(y.Il)lzp)| r(xo, 2) d(xo, )™

From a standard comparison theorem

1 1
lGR(x()’ )’)| = B (d(xo, y)2n—2 - R2n—-2)'

Taking limits as R — o we obtain the estimate for the Green function.

Gradient estimates of u

The Green function G(x;y) is harmonic in x on M —{y} and
positive. From the estimate of the Green function (A/d(x,y)* )=
|G(x, y)| = (B/d(x, y)*"® (A and B being independent of x) and the
gradient estimate of Cheng and Yau [4] it follows that |V,G(x, y)| =
(Cld(x, y)*""). From Riesz representation the solution of 3Au = f we
obtained can be given by

u(x)=lim )(GR(x; y) — Gr(xo; y)f(y) + C

R JB(xo, R

where Gy stands for the Green kernel on B(xo, R), and f(y) = 0(1/r?).
It follows by differentiating the Green kernel that ||[Vul| = 0(1/r).

Second order estimates of u

We are going to estimate the average of ||dou| over geodesic balls.
Fix a base point x,. Let ¢ be a Lipschitz cut off function on B(x¢; R),
¢ =1 on B(xq; R/2), ¢ =0 outside B(xo;3R/4) and ||V¢| =(C/R) on
B(xo; R). We first assume that B(xo, R) lies in a coordinate neighbor-
hood with holomorphic coordinates (z;). With respect to this coor-
dinate system, the covariant and contravariant metric tensor will be
denoted by (g;) and @M. u, u; will mean du/dz; - 3*u/3z:9%;, etc; and
g8z, will be written g'] etc. Then, integrating by parts and assuming u
real

[ ol
B(xp; R)
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P i\" _ _
f 2“ o’ g g usig det(g,,q)<§> dzindZ A+ A dz, A dZ,
B(xg: R) (K,

1~ 3, 0 s det(a,a)
+ ¢ g %g uuy; det(g,q)
+ ¢’g™g Tuuy det(gyq)
+ g™ 8w det(gy)

+ g g Tuug det(g,,q)](%) dziandZin- - Adz, AdZ,

We then perform integration by parts on the last term to get

L( o ..2“ [¢%e* g Tuu det(g,q)] (%) dzyndZ A0 A dz, A dZ,
Xos R) L1k,

The

I - > Rodig*g uwu; det(gyq)
B(xg; R)

ij.k,!
+ ¢2gKg Ty det(gyg)
+ ¢’ *g fuu; det(g,q)

+ ¢’gg I'Tuiun" det(gpq) &

+ ¢2g";g”_u,~,;u,,- det(gpq)] (%) dzyadZ A+ - Adz, AdE,.

two integration by parts are obtained by applying Stokes’

Theorem to the compactly supported (2n — 1) forms

O =9’ _2“ g% g wu det(gyq)
LI,K,
(%) dzl/\dflf\-~Ad2,-/\&§,-/\~--/\dz,,/\df,,
br= * ,2;,1 g%gTuuy; det(g,q)
LIK,!

(%) dz,AdZ./\---dzkAZlEkA---dz,.Adi,,

where A denotes removal of the differential form. Since both are
obtained by suitably contracting (with the contravariant metric ten-
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sor) and taking wedge products of the forms 9du, du and the volume
form, they are in fact independent of the choice of local coordinates.
Integration by parts is therefore valid on any B(x,; R) and the
integrand can be computed pointwise by using complex geodesic
coordinates, (gi;(x)=28; and (dg;/oz)(x) = (dgii/3Zc)(x) = 0), which
simplies to the form

[, oMoaul=]  4%daur-20(u r 38, odu)
B(xg; R) B(xo; R)
+2¢(u, 0d)3Au).

Recall that |[Vul = 0(1/r)Au = 0(1/r>) and |V¢|=<(C/R) on B(xo; R).
From the Schwarz inequality it follows that for R large

= C ci FORTD
Hooull == + J adu
IB(xo;R) ¢ " " R B(xo; R) m! B(xq; R) ¢z" "

+ f G 3
B(xg; R) 1+7r

Therefore,
j oosult = CR™ + C.,.
B(xo: R)

By Proposition (1.1) ||igdu — p|* is subharmonic. Since p = 0(1/r?), at
any x with d(xp; x) <(R/2)
liddu — plF(x)

= Rgfg 2||adu|l* + 2||p|[* (sub-mean value inequality)
B(xo; R)

Ce

=R

where the sub-mean value inequality is obtained by using Moser’s
iteratiorl technique as above. Fixing x and letting R - < we conclude
that [|iddu — p|(x) = 0 proving Theorem 1.1.

(1.3) APPLICATION TO KAHLER GEOMETRY

Finally, we make two applications of the Bochner formula to study
noncompact complete Kahler manifolds of nonnegative holomorphic
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bisectional curvature. The results are summarised in the following
theorem.

THEOREM 1.2: Let M be a complete Kdihler manifold of nonnegative
holomorphic bisectional curvature of dimension n=2. Let R denote
the scalar curvature and B(x, r) denote geodesic balls. Then
(D) If R=0(1/r") volume (B(x,r)=Cr™ (C>0), then M is
isometrically biholomorphic to C" with the Euclidean metric under
either of the following additional assumptions:
(i) the Riemannian sectional curvatures are nonnegative, or
(ii) the complex manifold M is Stein.
(2) If the Ricci curvatures are positive and there exist positive con-
stants C,, C, such that (Ci/1+r>)=<R =(Ca/1+r?), and volume
(B(x,r))=Cr™ (C >0), then M is a Stein manifold.

PRrROOF: (1) By Theorem 1.1 one can solve for du = Ricci form by
reducing it to 3Au = R. When R = 0(1/r**¢), the solution obtained in
Theorem 1 is actually bounded. Furthermore, by a simple estimate of
the infinite behavior of the solution u in terms of harmonic measures,
which can be estimated by the Poincaré inequality, the solution u
thus obtained is actually 0(1/r*) for some «a >0. We have thus
obtained a smooth bounded plurisubharmonic function u (since the
Ricci form is positive semidefinite) decaying to zero at infinity. To
prove Theorem 1.2(1), it suffices to show that adu = 0, so that the Ricci
form and hence the holomorphic bisectional curvatures vanish iden-
tically. First we show that (3du)" = 0. In fact, if dB(x,, r) is smooth,

I (83u)" = I au A (3du)" .
B(xg, 1)

aB(xq, 1)

Since 8du = Ricci form, ||9du|| = 0(1/r**<). By the estimates of Vu in
Theorem 2, ||du|| = 0(1/r). Furthermore, since M carries nonnegative
Ricci curvature, the exponential map at x, is volume decreasing,
implying volume (8B (x, r)) = 0(r**""). Hence,

= 1
ou)" = O(T_e)
IB(xo, r)( ) rv?

But n =2 and (83u)" = 0. Taking the limit as r »», (39u)" =0 on M
identically. To show that u =0 we make use of one of the additional
assumptions. If we assume (ii) the complex manifold M is Stein, then
M can be embedded as a closed complex submanifold of some CV,
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with coordinates (z,,. .., zy). Let ¢ denote the restriction of =, |z
to M. Suppose u is not identically zero. Then M. ={u <c} is rela-
tively compact for ¢ <0. Let x be a point on dM, such that ¢ is
maximum. We can choose ¢ such that dM, is smooth. Then x is a
strictly pseudoconvex boundary point of M. Since u is a defining
function for M., du is positive definite on the complex tangent space
of dM, at x. (Strict pseudoconvexity is independent of the choice of a
C? defining function.) dde” = e*0du +e“du A du is then positive
definite at x. But the argument in the previous paragraph shows
(39e*)" =0 too, giving a contradiction. Hence u =0.

If we assume (i) the Riemannian sectional curvatures are non-
negative, we can make use of the geometry of such manifolds in
Cheeger and Gromoll [3]. Under the growth condition,
volume (B(x,r)=Cr™, we are going to show that there exists a
geodesically convex function v whose minimum is attained at a single
point, obtained from the Busemann functions. Then by piecing v with
the function u we obtain a bounded plurisubharmonic function u’
which is strictly plurisubharmonic at one point in a weak sense.
Finally, we justify by smoothing arguments that [, (3ou’)" > 0. This
contradicts the fact that (9du’)" =0, similarly obtained as (39u)" =0.
The proof is pretty long and will involve a number of lemmas.

From now on M is assumed to have nonnegative sectional cur-
vature. Let y be a geodesic ray on M. Then g,(x)=
lim,,(d(7y(t), x) — t) is called the Busemann function associated to v;
—g, is geodesically convex by Cheeger and Gromoll [3]. For any set
E C M we define the totally convex set Cg={x € M :—g,(x) =0 for
all geodesic rays issuing from q € E}. Then sets Cg are compact and
totally convex. The set of nonempty Cg can be partially ordered by
Cg, = Cg, if E D E,. We can choose a minimal Cg which has to be
nonempty by compactness. We assert that Cr must reduce to a single
point. Otherwise pick a, b € Cg and join them by a geodesic w, which
must lie on Cg by geodesic convexity. Pick a point ¢ in the interior of
the curve w, and consider all geodesics issuing from c¢. We have the
following lemma.

LEMMA 1: Suppose M is the complete Kdihler manifold in Theorem
1.2(1) satisfying the condition (ii), the Riemannian sectional curvatures
are nonnegative. Let w, ¢ be as in the last paragraph. Then, all geodesic
rays y from ¢ must be perpendicular to . Moreover, this implies that, for
any € >0, volume (B(c, r)) <er™ for r large enough. Hence by con-
tradiction Cg must reduce to a single point.
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PROOF OF LEMMA: Suppose y is a geodesic ray from ¢ which is
not perpendicular to w. Then, for a fixed t, t — d(y(t), x) >0 for some
X € w. In particular, —g,(x) >0 so that x lies outside the half space
defined by {-g,(x)=0}, contradicting with the minimality of C.
Define now a cone K, in the tangent space T, of c¢ as follows. v € K,
if it makes an angle = a, a <(w/2) fixed but arbitrary, with the tangent
space of w at ¢. We claim that exp.(K,) almost covers M in the sense
that the complement is relatively compact. Otherwise pick a sequence
{x.} outside exp.(K,), and join them to ¢ by minimal geodesics 7,.
The vy, converges to a geodesic ray intersecting w at an angle
=a <(m/2), contradicting the first assertion. Since the exponential
map is volume decreasing, volume (B(c, r)) < er™ for r large enough.

Now we will piece the plurisubharmonic functions u from 3Au =
scalar curvature and v coming from the Busemann functions. Sup-
pose b <a <0. Let p be a smooth function on the negative real axis
such that p(t)=0 for t=a, p(t)=1 for t =b, 0=<p =<1 in between.
Consider the function Ce" + p(u) exp(a exp v)

33(p(u) exp(a exp v) = p(u)dd exp(a exp v) + 2Re dp(u)
A 9 exp(a exp v) + 3dp(u) - exp(a exp v)
= exp(a exp v)[p(u)(a exp v + a’ exp 20)dv A v
+ p(u)a exp v99v + 2Re(a exp v)p'(u)du A dv
+p"(u)du A du + p'(u)ddu]

39Ce" = Ce"3du + Ce"du A du.
There exists a Cy (depending on p) such that
Coe"3du + Coe"du A du + exp(a exp v)p"(u)du A du
+exp(a exp v)p'(u)ddu =0.
We use the inequality

3(Au+v) A 3(Au +v)= A%u A du +2ARedu A dv + v A dv =0

in the sense of distribution. We can choose p so that p”>0 on
[a—¢, a] and

Vp'p=3p' on [a—¢al
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Then, for suitable a >0,

p(u)(a exp v + o’ exp 2v)dv A dv + 2Re(a exp v)p'(u)du A v
+p"(u)ou Adu=0 on [a—e¢,al,
and
p(u)(a exp v + a® exp 2v)dv A dv + 2Re(a exp v)p'(u)du A dv
+(p"(u)+ Cie")ou A du=0 on [b,a—e],
so that if u’ = (Co+ Cy)e" + p(u) exp(a exp v),
ddu’ =0 on M in the sense of distribution.

Recall that the geodesically convex function v attains a unique
minimum at some point ¢, v(¢) =0. Fix a small holomorphic coor-
dinate neighborhood U of ¢ with coordinates z;...z, such that
2i(c)=0. We can assume B(1) C U, and v = 8'>0 on dB(1). We claim
the following is true for plurisubharmonic functions.

LEMMA 2: Let ¢ be a smooth weakly plurisubharmonic function on

a neighborhood of B(1) such that ¢(0)=0, ¢ =0, ¢(z)=1 on dB(1),
and 3(z) <4 on B(a), 0<a <1. Then

I (39¢)" = C >0, c independent of ¢.
B(1)

PrOOF: Write r’=X |z %, ¢ — (r*/2) =3 on 8B(1), (¢ — (r*/2))(0) = 0.
Write U(a) ={z € B() = ¢(z) - (z|*/2) = a}. When n = 1,

2 2 2
r 1 r r
T2 A( __>=-I V( —_)
fumz) ((P 2 2) ®72 vam ' \* 72

Since ¢ — (r}/2)—3=0 on aU ()

rhe)se=[  G+5-e)a(3)

s+5—¢)de = s+>—¢)Al5

[U(l/Z) (2 2 %)¢ vap \2 2 2
1

1 [ (rz) .
_<__ —_— )
3 B(S)A 5 ) since <p(z)s4 on B(d)

2

=0.

= % vol (B(8)) > 0.
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Hence [0 A¢ = [uap Ag (since 0=<3+(r*/2)—¢ <1 on U()
=jvol(B(8)) = C >0.

In higher dimensions we proceed by induction

r2 1) _( rz) 2 B
~L_ad(e -5 ) A (030)
IU(UZ) (<p > ~5)99\ ¢ —5 ) A (39¢)
r\ - r -
=—J’ 3<¢—7>A3<¢—-2—>A(33(p)"_150
uan)

since (8d¢)" "' = 0. Hence,

2 2

3t5— 30d)" = —4 r et
Iv(l/z)(Z 7~ ¢ )(09P) vap\2 2 ¢ 39\ | A (30¢)

By the same method and induction,

Lu/z) (% +%2_ ‘P)(ag(%z»p A (33p)" P

5+ 0)(58(5)) " naser
= S+t5—¢ )33\ 5 nopl
>me (2 7 "¢ > A (8d¢) ;

hence,

2 n
f (939)" = (95¢)"= 1 (35 (’—))
B(1) uan 4 Be) 2
- ‘—i 2" volume (B(3)) = C > 0.

Recall now u’ = Ce" + p(u) exp(a exp v) is such that 90u =0 (in the
sense of distribution), v(c) =0, and c is the unique minimal point of v.
u' is smooth outside a compact set K. Cover M by a locally finite
family of open coordinate balls (U;) such that U, is an open neigh-
borhood of c¢. We assume further that U; € Uj, where U} are coor-
dinate balls. For each U; intersecting K we define u.; by smoothing
u' with the standard symmetric kernels. On each U; disjoint from K,
define u.; = u'. Each u.; is then smooth and plurisubharmonic, and
converges pointwise to u'. Recall that v is a supremum of Busemann
functions so that |v(x) — v(y)| = d(x, y). Hence, u.; actually converges
to u' uniformly on U, By taking p; =1 in a neighborhood U € U, of ¢
and applying Lemma 2 to U, we have [y (3du’)" = C >0, for some C
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independent of e. From the definition of u.; and =;p; =1,
ou. = 2.: pidouL; + Z dp; A duL; + 2‘ (3dpuL;
= E.: pidduL; + 2. api Ad(uli—u")+ Z ddpi(uL;—u').
Since u.; # u' only possibly for U; N K# ¢, by integrating by parts
f,, Giur=-ce@ sw [l

where C(e)—0 as € > 0.
The last integral is nevertheless bounded independent of € and i, by
the following lemma of Chern-Levine-Nirenberg [5].

LeEMMA 3 (Chern-Levine-Nirenberg [5]): Suppose A; € A are poly-
discs. uy, ..., u, are C* plurisubharmonic functions in A with 0 <u; <
1.Let T =(u,.ojr), K=(ky,.. 0, k), 1=j1<---<j,=nand 1=k, <
-+ - <k, =n be multi-indices. Uiz will denote the coefficient of dz; A
dzy n - - - ndz AdZ in AU A -+ - A 30u,. dV will denote the Euclidean
volume. Then

I |Ujk|dV = C’, independent of u.
4

From this lemma it follows that
(*) EYAY _ '
(ou)"=C - C(e)C'.
M

Since u. is smooth and equal to u outside a compact set, the
argument at the beginning of the proof implies that

[ @ar=o,

which is a plain contradiction with (*) when € is sufficiently small.
Hence in the case of (i) the Riemannian sectional curvatures are
nonnegative u =0, so that M is isometrically biholomorphic to C"
too.
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ProoF oF THEOREM 1.2(2): We assume the Ricci form is positive
definite and there exists C;, C,>0, (C/1+r) =R =(Cy/1+r?, and
volume (B(x, r)) = Cr*. By Theorem 1 we can solve ddu = Ricci form
by reducing it to 3Au = R (scalar curvature). To prove Theorem 2(2),
by Grauert’s solution of the Levi problem, it suffices to show that u is
an exhaustion function. u is strictly plurisubharmonic because the
Ricci form is positive definite. Fix some r>1. We can write R =
=5-1R,, where R, is zero outside B(xy,r’) and (C;/r*®) =R, =
(Cy/r™), Cs, C4>0 fixed. Let u, be the solution of ;4u, =R, on M,
u,(xo) = 0. By the supremum estimate in Theorem 1 for the Laplacian,
sup|u,| = C independent of p. Consider the solution u of 3Au =R
obtained by taking u = Z;_, u,. Fix a base point x,, and fix x such that
ri=d(xo; x)=r?!. We are interested in estimating a lower bound
u(x). Let u,, be the solution of %Au,,,k = R, on B(xo, k), u,, = constant
on dB(x, k) and u,,(0) = 0. Then u, is the limit of u,, uniformly on
compact sets. From a standard comparison theorem Ad(x, x)* < 4n.
Therefore, there exists a constant C'>0 such that u,x =C’ on

dB(xo, k) whenever k = r®. Fix now any x such that r? =d(x,, x)=
rq+l’

u(x) = () + 2 up(x).
pP=q p=q+l
We estimate the terms wi(x) =Z2,<,up(x) and wy(x) =Z,-4:1 Up(x)
separately. For p = g, u, is harmonic at x(%Au,, = 0 outside B(x,, r?)).
By the estimates in Theorem 1, u, =~ C on dB(xy, r’). By comparing

to harmonic measures using estimates for the Green function at x,, we
obtain

Curp(2n—2) 1
-_ G _ e "
uy ()= =C+(C+ (1 d(xO’x)zn_z)(c = 1).

There exists an m such that for g = p + m, we have
u(x) =¢€>0.
Let a be the absolute value of 1 - C". Then,
wix)=e(g—m)—-m(C(1+ a)+ C'a).

To estimate w,, by the gradient estimate on Riemannian manifolds
(Cheng and Yau [4]), |[V,G(x, y)||=0(1/d(x, y)™ "), which gives by
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integration ||Vu| < (C,/r?) on all of B(x,, r"). Hence,

wix)=— 1d(xo,x) 2 =—

_1
pEan rf r

Finally,
ux)=wix)+wyx)=e(q—m)-m(C(l+a)+C.)—C,

diverges to infinity as d(xo, x) > . (Actually, u(x)= € log d(x,, x) —
C,.) This finishes the proof of Theorem 1.2.

§2. The Poincaré-Lelong equation on manifolds with a pole
(2.1) CONDITIONS FOR REDUCING THE EQUATION BY TAKING TRACES

In this section we study the Poincaré-Lelong equation ddu = p on a
complete Kédhler manifold with a pole p (i.e., the exponential map at p
is a diffeomorphism) under suitable curvature assumptions. The basic
tool comes from the L%-estimate of 3 on complete Kihler manifolds
as developed by Andreotti and Vesentini [1]. Since we shall allow M
to have curvature of mixed signs, the weight functions in solving a
(Ho6rmander [9]) will come from geometric comparison with a certain
model with nonpositive (radial) curvature.

In Theorem 2.1 we study sufficient growth conditions on the cur-
vature tensor of M and on the (1, 1) form p in order to solve 3du = p
by reducing it to 3Au = trace (p). In Theorem 2.2 we shall apply this to
find conditions under which M is isometric or biholomorphic to C".

THEOREM 2.1: Let M be a complete Kdhler manifold of dimension
n =2 such that the exponential map at p is a diffeomorphism. Let r(x)
denote geodesic distances from p. Suppose the Riemannian sectional
curvature is bounded by

A sectional curvature < A
R =TT

where A, is a suitably small constant depending on €, and suppose p is
a closed (1,1) form such that |p||=0(1/r*) (| || denotes norms in the
given Kdhler metric). Then, there exists a unique solution of 3Au =
trace(p) such that u = 0(log r). Moreover, u automatically satisfies the
Poincaré-Lelong equation iddu = p.
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Before the main part of the proof, we shall need a few lemmas.
First, we shall need the following criterion which guarantees that the
exponential map at p is a quasi-isometry.

LeEMMA 1 (on quasi-isometry) (Greene and Wu [7]): Let M be a
complete Riemannian manifold with a pole p. Let r(x) denote the
geodesic distance from the pole p and 3/dr, denote the radial tangent
vector of unit length, at any x# p. Let K(X,Y) denote the Rieman-
nian sectional curvature of the 2-plane generated by the tangent
vectors X and Y at a point x.

Suppose now for x# p,
~C(N=K (air,, X)W=Cin), C(n, C=0
and furthermore
I: rCi(r) <o, I: rCx(r)=1.

Then, the exponential map at p is a quasi-isometry.

To prove Theorem 2.1, we observe first that by making A, sufficiently
small, the complete Kihler manifold M in Theorem 2.1 satisfies the
Quasi-isometry Theorem. The Laplace-Beltrami operator is therefore
uniformly elliptic in terms of normal geodesic coordinates at p. By
classical estimates of the Green kernel G(x, y) (cf. Stampacchia [15])
there exists constants C;, C, such that

C[ C2
dGx, )= G, = d(x, y)™?

where d(x, y) denotes geodesic distances on M. Moreover, by the
Holder estimates of harmonic functions of Di Giorgi-Nash-Moser (cf.
Moser [12]) and the same estimate as in § 1, Theorem 1.1, it follows that
we can prove Au = trace(p) with uo = 0(log r). To prove Theorem 2.1
of this section, we shall produce a solution u of i9du = p such that
u = O(r®) with < Holder exponent y in the Harnack inequality on
M. It follows that u — u,, being harmonic with growth order 0(r®) must
be a constant, so that in fact iddu, = p. To find u we do this by solving
8 with LZ-estimates, using results of Andreotti-Vesentini [1] and
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Hormander [9]. For the construction of weight functions we shall
need geometric comparison with C" equipped with a certain Her-
mitian metric. We collect information on this model in the following
lemma.

LEMMA 2: Let € >0 be given and A. =0 be such that [§ (rAJ(1+
r’)*¢)dr <1. Then there exists a smooth Hermitian metric on C"
invariant under the orthogonal group such that the curvature
K(X, (8/dry)) of any 2-plane containing the radial tangent vector with
respect to the pole 0 is equal to (AJ(1+r?)'). Suppose w is the
largest positive number such that for the exponential map exp, at the
origin,

p|v| = llexpo of| <[],

where v is a tangent vector on R*™ = To(C") and |- |, || - || denote norms
on R™ and on C" equipped with the above metric respectively. Write
s=3%]z% (z1,. .., z:,) being the complex coordinates on C". Then,
for any small 8 >0, there exists constants C(5, €, A) and Ciy(e, A.)
such that

Cl(aa €, As)r(llu)_s =5§= C2(€a Ae)rllu~

Proor or LEMMA 2: According to Greene and Wu [7, p. 58], given
any smooth function K(r)=0 such that [¢’rK(r) =<1 there exists a
one-dimensional rotationally symmetric model N with a smooth
metric such that the Gaussian curvature is given by K(r), where r
denotes the geodesic distance from the pole. By Blanc-Fiala-Huber
(cf. [8]), with the canonical conformal structure, N is biholomorphic
to the complex plane, giving a metric 1(s)dz @ dZ on C, s =|z|,
written dr?+ fX(r) d6* in normal geodesic polar coordinates (r, 8). On
C", consider the metric n(s)(dz;Q dz,+ - -+ dz, Q dz,). By sym-
metry the metric is dr’+ fX(r) d®? in geodesic polar coordinates,
where d®? is the canonical metric on the Euclidean unit sphere.
Letting K(r) = (AJ(1+ r’)!*¢) we get the metric in Lemma 2.

We denote this metric by N.. If (M}, p)), (M2, p2) are two Riemmanian
manifolds of dimension m with poles p,, p, respectively, we say that M,
is more positive than M», (M, p1) = (M, p») to mean that if x, = exp,,(v),
X2=expp(v)v ER™, then for any tangent vectors X; X,
X11(3/9r,)X,1(3/drp) at xi, x, respectively, K(a/drp, Xi)(x1)=
K(3/3r,,, X2)(x2). In this sense (N, 0) is more positive than (M, p) in the
hypothesis of Theorem 2.1.
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To estimate r(z) = dy,(0, z) in terms of s = (2 |z[)'%, it suffices to

describe an explicit biholomorphism @ : N, = C in the case of dimen-
sion 1. Let (r, 8) be geodesic polar coordinates on (N, 0) and r = r(s),
where s =|®(r, 0)| is independent of 6. The metric on N, can be
written as

dr*+ fA(r) d6* = r'(s) ds*+ f¥(r) de*.
Since the metric is Hermitian on C, we have

fin): =42
')’ "

Since f(r) >0, r'(s) >0, we have

f(r) dr ds

=8, = —.
r'(s) f(r) s
Integration then gives

1 - " dr
logs=C+ O

By Lemma 1 on quasi-isometry (Greene and Wu [7]) there exists
@ >0 such that, for any tangent vector v on To(N.) = R?,

pl|x| <lexpox||<|x|, sothat ur<f(r)=r.

More precisely, f(r) satisfies the Jacobi equation

£ =~ oy [0 = =K OF0),

and hence
frn =1+ f "frydr=1- f "K(f(r) dr
0 0

where f(r) <r at some point unless K(r)=0.

If we set uw=1-[; K(r)f(r), then f'(r) decreases from 1 to wu,
lim, . f'(r) = w, and f(r)/r decreases with lim,.. (f(r)/r) = w. From (1)
it follows that given any & >0 small enough, there exists constants
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Ci(8, €, A.) and Ci(e, A.) such that
C1(8, €, Ae)r(”“)-s =5s= C2(€, Ae)rllu + 1’

proving Lemma 2. We shall henceforth call u the modulus of quasi-
isometry of the manifold (N, 0).

The next lemma collects information on weight functions used in
solving 3. Let 7~, :R?" > N, be the exponential map at the origin 0 of
N. and 7y :R?™ > M be the one at the pole p of M. myry. defines a
diffeomorphism N.—>M preserving distances to the poles.
(Tm;,i)*f (r) will also be written f(r) on the manifold M for any radial
function f(r) on N.. In case of ambiguity we write fy, and fy for the
two functions on N, and M respectively.

LEMMA 3: Let M be the complete Kdhler manifold as in the
hypothesis of Theorem 2.1, and let s = (2 |z|)'? be first defined on N in
terms of the underlying complex coordinates. s = s(r) is a radial
function. If sy = (tymN)«s(r) on M, then for any x € M, x# p, and
any tangent vector v of type (1,0) at x, we have the inequalities

(i) (99 log(1+ s%), v A D)= (Cy(p, 8, €, A)[1 + r¥2+emyy|2 p >
0,6>0

(ii) (39s%, v A D)= Cx(8, €, A)(1+ r® 22 4 D)||v|?, § >0

(iii) (90 log sy, v A T)=0
where . stands for the modulus of quasi-isometry of N..

SKETCH OF PROOF: In (1) for example we need to compute

(30 log(1+ s8), v A 5) = s H(log(1 + s§))(Re(v), Re(v))

+4H (log(1 + s3))Im (v), Im(v)),
where H (log(1+ s§)) denotes the real Hessian. By standard com-
parison theorems (cf. Greene and Wu [7] and Siu and Yau [13])

iH(log(1 + s§))(Re(v), Re(v)) +; H (log(1 + s§))(Im (v), Im(v)),
={H (log(1 + sk )(X, X)+ 4 H(log(1 + sk )Y, Y)

where X and Y are orthonormal tangent vectors at xo = TN;r;}(x) such
that the angle which X makes with 3/dry, equals to the angle between
3/3ry and Re(v) (same for Y and Im(v)).

If JX =Y, where J is the J-operator on N, then the !_a_st two
quantities simply give (33(log(1+ sf), (X + V-1JX) A
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(X +V-1JX)). In general, since the metric on N, is of the form
n(s)(dzy @ dz,+---+dz, @ dz,). X and Y are orthogonal in the
Euclidean metric. By means of a real orthogonal change of coor-
dinates, we can change the complex structure of the underlying linear
space R*" without affecting the metric. With such a change X and Y
would generate a complex plane Y = J'X with the new J-operator.
Given these considerations, it remains to estimate the complex Hes-
sians of the functions on N, by direct computation and making use of
the inequality C,(8, €, A)r*® < s = Cy(e, A)r'’* in Lemma 2.

PRrROOF OF THEOREM 2.1: In using the weight function log(1 + s”) on
M, to take care of the non-differentiability at the pole for 0 <p <1,
we introduce once and for all a smooth convex function x on the real
line such that x(t)=1 for t=<1 and x(t)=t for t=2. Then the
function log x(1+ s?) is smooth and plurisubharmonic at p. The
function log(1 + s?), which is smooth everywhere, will be used for the
part near the pole in solving d with L%-estimates.

Let p=32_,p;dx' ndx' in terms of normal geodesic coordinates
(x1,...,X2,) at the pole p of M. We first solve dv =p on M by the
Poincaré lemma. Then, decomposing v into the (1,0) component vy
and (0, 1) component vy, in the complex structure of M, dv =0 means

31)1,() =0
51)0,| =0
51)1,0+ avo,. = p.

On the geodesic ball B(p, R) we solve dugo= vp;. Without loss of
generality we can assume that p is a real 2-form. Then v is real (from
the Poincaré lemma) and ©y; = vyo. Putting ug = ugo— iiro, ugr is real
and 3dug = dvy, + dv10 = p. This approach was used in Henkin [6] and
Skoda [12] in studying holomorphic functions in the Nevanlinna class
on strictly pseudoconvex domains.

THE POINCARE LEMMA: Let F=[0,11XxX —>X be defined by
F(t, x) = tx.

Define v by v(x) = [{Z; F*(p(tx)). By the Poincaré lemma dv = p.
2n

F*(p(tx)) = __El pi(tx)(t dx; + x; dt)(t dx; + x; dt)

L=

1
vy(x) = fo (2 ot dt) dx, v =3 v(x) dx,

i



[25] The Poincaré-Lelong equation on complete Kihler manifolds 207

If x = rw, |w|= 1. Then,

w0 [2a() 5

r r

1 r
= ;J:) 2 p,'j(SW)sWi ds
_ QI’ 1 _ (log r>
vi(x) = " 0——(1+s)2sds—0——r .

Let 2;;g; dx' ® dx’ be the metric on M in terms of normal geodesic
coordinates at p. The volume form is given by \/det(g.]-) dx'an-- oA
dx’. By Lemma 1 (on quasi-isometry, Greene and Wu [7]) the metric
is uniformly equivalent to the Euclidean metric. In particular, det(g;)
is bounded between positive constants. v = vy, + vy, is the decom-
position of v into (0, 1) and (1,0) components. Since vy; and v are
perpendicular, ||vg|| = 0(log r/r). Hence

IB(R) ”U()JIIZVE dx1 A A de,,, G = det(g,-j)

B —
= f f l00,1()IPV G do,(x) dr + C,
1 aB(r)
(where do, = Euclidean volume element on dB(r))
R 2
= sz rin-l (10%") dr + C;
1

= 0(R™(log R))

To solve 5uR,o = vy, we need the following version of L%-estimates of
3 on M (cf. Siu and Yau [13, p. 244)).

LEMMA 4 (L%estimates of 3): Suppose M is a complete Kdhler
manifold of complex dimension n. Let ¢ be a smooth plurisub-
harmonic function on M and c¢ be a positive continuous function on
M. If, for any tangent vector v of type (1,0) at any point x of M,

(3d¢ + Ric, v A D) = c(x)|v|f,

where Ric stands for the Ricci form on M. Then, for every C%(0, 1)
form g on M with dg =0, there exists a C* function u on M such that
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ou =g and
- e’
[ pee = 1ep
M M C

For (n, 1) forms a similar statement holds if
(30, v A B) = c(x)||v].

Furthermore, similar existence theorems and estimates hold on Stein
subdomains of M.

REMARK: For the last statement, we can, in a standard manner,
reduce to the case of a strictly pseudoconvex subdomain  which is
defined by {¥ <0} where ¥ is a smooth strictly plurisubharmonic
function on 2. In this case one can follow Hérmander [9] to dispose
of the boundary term in the estimate of the square Laplacian for
forms, using Morrey’s trick.

By the Poincaré lemma we solved dv = p, ||[v|| = 0(log r/r). On the
geodesic ball B(p, R), which is Stein and defined by {s’>— s%R) <0}
(s? is strictly plurisubharmonic on M by Lemma 2), we are going to
solve 5uR,0= vy;. By Lemma 2, when A, is sufficiently small, there
exist constants «, B >0 such that

39(a log(1+ s+ Blog x(1+s?)+Ric=0 on M,

where p is chosen such that (p/u) <€, u = modulus of quasi-isometry
of the model N.. Moreover, if we fix p, then a and B can be chosen to
decrease to zero as A, decreases to zero. We now choose the weight
function ¢ = a log(1+ s%) + B log x(1+ s?) + (s*/s(R)?), then

= . _ C 2
(8d¢ + Ric, v A D) ZW ol

for any tangent vector of type (1,0) at x € B(p, R), again by Lemma
2, where we have used the weaker fact that 9ds3; dominates a positive
multiple of the Kihler form on M. By the L%*estimate of § (Lemma
3), there exists ugy satisfying dugo = vy, such that

f lugo’e*V'G dxi A - - - A dxan < S(R) f oo’ *V G dxin - - -
B(R) B(R)
A dX2,.

= O(R™ *@(log R)?).
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Recall that ¢ = a log(1 + s%) + B log x(1+ s?) + (s?/s(R)?. Putting g =
2a + pB, then

12
I lugol dxi A -+ A dXop = (j lugo(1+ s) 4 dx; A A dX2,.)
B(R) B(R)

12
X(I (1+S)qu1A"'/\dX2n)
B(R)

= O(R n—1+(1/p) log R)O(R n+(q/2u))
— 0(R2n—1+(llu)(l+(¢1/2)) lOg R)

Fix a number a >1, and write R, =a™m =0. For notational con-
venience we Write Ugm) = Ug,, Where ug = Ugg— iiro solves ddug = p on
B(p, R). NOW U(m+1)— U(m) 1S @ harmonic function on B(p, R,) and

2n-1+(1 1+(q/2
j U1y = Uom) dX1 A+ * A dXg = O(REHHUROHED Jog R).
B(R,,)

Since the exponential map at p € M is a quasi-isometry, the Laplace-
Beltrami operator is uniformly elliptic in terms of normal geodesic
coordinates at p. Hence the sub-mean value inequality for non-
negative subharmonic functions holds on M. Applying the sub-mean
value inequality to SUp(Ugm+n— Uemy, 0) and sup(Uem)— Um+), 0), We
have

SUp |Ugms1y = Uem| = O(REH2W Jog Rpn).

B(Ry1)
For m = 1 we replace Uy by Ugm) = Um)(P) + Um-1y(P), sO that um)(p) =
up(p). We retain the notation ug. for the new solutions after nor-
malizing at the pole p. Fix m =1 and let x € B(p, R.-1) and write
Ripkm(X) = Umi)(X) — Um)(X). Now,

u(m+k)(x) = u(m)(x) + hm+1,m(x) + hm+2‘m+1(x) +eeet hm+k,m+kfl(x)-

Since supp,.,_p|hm+i+1m+1] = O(REIF* " log Ru+1), and by the Holder
estimate in the Harnack inequality, for any harmonic function h on
B(p, R), h(p) =0|h(x)| = C sup|h|d(p, x)?, for some y >0 depending
on the manifold M, we obtain the estimate for ugn.r(x), x €
B(p9 Rm—l)

|“(m+k)(x)| = Iu(m)(x) +hpeim(x)+- 0+ hm+k,m+k~1(x)|

k-1 ,
= |uem(x)| + 2 (CiR$™) " 1og Rt + Cz)C<dI(Qp’ X)> .
1=0 m+|
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Recall that u is the modulus of quasi-isometry of the model N, with
(radial) curvature (AJ(1+ r)'*), (p/u) <e. « and B are such that

39 (a log(1 + s3) + B log x(1 + s7)) + Ric = 0.

The Ricci form is bounded by (AJ/(1+ r)'*¢) times the Kihler form,
and v is the Hélder exponent in the Harnack inequality. Moreover, u,
p, o, B, v depend on A, in such a way that u approaches to 1 as A,
approaches zero, and with p fixed for p close to 1, « and B can be
chosen to approach zero as A, shrinks to zero. The Holder exponent
v can be taken=1vy, whenever A.= A? for some A? fixed and
sufficiently small. It follows, by fixing y =y, and taking A. small
enough, so that (q +2/2u)— 1 <1+,, we have for x € B(p, R,,~)

k—1
ltm 110X = [ty (x)] + C3(§) RGP271% log Ryei)d(p, x) + Cy
< |Umy(x)| + CsREHW 1 og R, + C,.

Finally we estimate uu)(x). On the geodesic ball B(p, R.), tm
satisfies the estimate

[l o 0 i iy = OCREE 100 g Ry,

m

Recall that since the closed (1, 1) form p grows like (1/r?), there is a
solution u’ of 3Au’ = trace(p) with u’=0(log r). Then u,, — u' is har-
monic on R,, and

I [gmy— /| dxy A -+ - A dXgy = O(RE1HAP220 |00 R ),
B(R,,)

Since u(m— u' is harmonic, by the sub-mean value inequality, for
X € B(p’ Rm—l)’

[umy(x)] < CsREF+*~"log R,y + C,

|Umsi(X)] = (Cs + CoORZ™ ™' log Ry + (C4+ Cy).

independent of k.

It follows that the limit lim;.. uyy=u converges uniformly on
compact sets, ddu =p, and |u|=0(r*¥)'1og r). Recall that (q +
2/2u) — 1 <y, (Holder exponent), so that the harmonic function u — u’
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is actually a constant by the Holder estimate. Hence ddu’ = p, proving
Theorem 2.1.

(2.2) APPLICATION TO KAHLER GEOMETRY

In this section we apply Theorem 1 to study complete Kéhler
manifolds with a pole. Results are summarized in the following
theorem.

THEOREM 2: Let M be a complete Kdihler manifold of complex
dimension n with a pole p. Let r denote geodesic distances from the

pole p.

Suppose n =2 and the curvature of M is bounded by

- S < sectional ure < ——ss
UTVQTTE ectional curvature A+ )=

where A, is a sufficiently small constant depending on €. Then, M is
biholomorphic to C" In case of n =1, M is biholomorphic to C if
(- C/1+ r***) = Gaussian curvature. On the other hand, if n =2 and
there exists a constant C =0, such that (—C/1+ r**) < sectional
curvature <0, then M is isometrically bioholomorphic to C".

PROOF: For the second part we shall make use of Theorem 2.1 and
intermediate results of Siu and Yau [13]. In the latter article it was
proved that M is biholomorphic to C". In an intermediate step, they
proved

LEMMA: Let M be a complete Kdhler manifold of nonpositive
sectional curvature such that (—C/1+ r**<) < sectional curvature <0.
Then there exists a holomorphic n-form & of slow growth, such that
for any 8 >0, ||£]| = 0(r®). Moreover, ¢ is invertible, unique up to a
multiplicative constant, and ||1/¢|| = 0(r®).

We solve the equation ddu = Ric. Since the Ricci grows like 1/r*"
and the Green kernel is bounded by C’/d(x, y)**~?, there is a bounded
solution u’ of 1Au’ = —R (scalar curvature). On the other hand, by the
technique of Theorem 2.1, we are going to solve ddu = —Ricci form
with |u|=0(r®), 8 >0 arbitrarily small. By the Holder estimate of
harmonic functions u — u’ is a constant, ddu’ = —Ricci form, so that
there is a bounded plurisubharmonic function on M. Since M is
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biholomorphic to C", u’=constant, Ricci form=0, and M is flat
(sectional curvature =0).

In solving ddu = Ricci form, we follow Theorem 2.1, except that the
equation 5uR,0= vo, on B(p, R) is replaced by d(ugo A 8) = vy A & for
(n, 0) forms. In this case we choose the weight function ¢ = (r’/R?).
Then (3d¢, v A 5) = (1/R?)|v|? for any tangent vector v of type (1,0).
We have no need to dominate the Ricci form in solving for (n,0)
forms, which creates trouble when C is too large. Finally ugp is
estimated from 1/£ and ugp A &

To prove the first part we observe first that in case of dimension
n=1, since volume (B(p,r))=0(r) by a standard comparison
theorem, M is parabolic by a theorem of Cheng and Yau [4]. For
n=2, we are going to produce holomorphic functions of minimal
degree (fi, . . ., f») which will define a biholomorphism F: M - C". We
shall solve 3 in the space of smooth (n,0) forms. Let z,,...,2, be a
system of local holomorphic coordinates at p defined on a neighbor-
hood U. Let p be a smooth cut-off function such that p=1 in a
neighborhood of p, and Supp€EU. Let ¢ =
vlog(l1+s?)+(2n+2)logs, v>0. Then ddp >0 and there exists a
smooth (n,0) form u; such that

ou; = d(pz;dz; A - - - A dz,) and f |ui|Pe*
M
SJ’ 8(pzidzi A - - - A dz,)|
M

c

where (33v log(1+ s%), v A 5)=c|jv|? on U for any tangent vector of
type (1, 0).

Define g = u; —pzidzy A+ - A dz, (globally defined on M). g is
holomorphic, and because of the singularity (2n +2) log s, u;(p) = 0. If
g =h;dz; A+ A dz, in a neighborhood of p, then dh;(p) = dz;(p). Let
g be the holomorphic n-form obtained from solving 34 log||g|* = Ricci
form, from Theorem 1. Since Ricci form = 0(1/r**¢), both |g|| and 1/|g||
are bounded. If g =hdz;A---Adz, on U, then at p,

It follows that F = (fy, .. ., f,) defines a local biholomorphism at p. To
get pointwise estimate for f;, it follows from 1/||g|=0(1) and
IuluilPe® <o that [y (fi /(1 + sD)"s™ D) dx A+ - Adxy, <. By
Lemma 2 to Theorem 1, for any & >0, there exists constants



[31] The Poincaré-Lelong equation on complete Kahler manifolds 213

C,e,A) and C'(e, A) such that C(8,e A)r'?=<s=<
C'(e, A)r'* + 1, (u = modulus of quasi-isometry of the model N,).
By the sub-mean value inequality, for x such that d(p, x) = R,

f00l = Ifil dxi A+ - A dxan
B(x, (R/2))

C (I lﬂ2 )m(j 1+ 5% 2n+2)l/2
=R" By (1+87)’s B(x,(m»( s)'s

- O(R 1+n((1/p)-D+ u/u)).

Next we show that F =(fy,...,f,) is locally biholomorphic. We
estimate df; A - - - A df, by the following lemma.

LEMMA 2: (Cauchy estimates for derivatives of holomorphic func-
tions): Suppose M is a complete Kihler manifold with a pole p satisfying

(1—_:-%; = sectional curvature < ——-é‘—;?:; r(x)=d(p, x)

where A, is sufficiently small, depending on €. Let f be a holomorphic
function on M. Then for t sufficiently small, t > 0 there exists a positive
number p which depends only on t, n, A,, € such that when

0<n=2(r(x)—p)

" ldf GOIP < =z (1 + £ f I
n B(n)

If mq is fixed, then for n < ny and x arbitrary,

@ lafCoP =5 [T

PRrOOF: The proof is exactly as in Siu and Yau [13] with obvious
modifications regarding the sub-mean value inequality and the integral
inequality

I Aus%f u 0<A<1, u=0 subharmonic
B(x,An) M JB(xm

obtained for example by using the fact that the Laplace-Beltrami
operator is uniformly elliptic. The new metric on (1,0) forms with
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nonpositive curvature can now be defined by [ul§=
(lu|/(1 + s®%(1+ s”)) for appropriate p and g, which allows us to
apply the sub-mean value inequality for vector bundles (pg. 239).

REMARK: The estimate for ||dfi|| can also be obtained by using the
gradient estimate for harmonic functions on Riemannian manifolds
(Cheng and Yau [4]). Given the lemma, it follows that (R = d(p, x))

Idfi(x)|| = O(R"Vw=DrGl+ti2yy gy >  arbitrary, t >0 sufficiently small
||df1 A A df,.(x)|| =0(R nz((llu)—l)+(nu/u)+(nt/2))

Recall that when A, is sufficiently small, we can assume the Holder
exponent y for harmonic functions to be fixed independent of A..
Then, n’((1/p)— 1)+ (nv/n) + (nt/2) <y when u is close to 1, with v, t
suitably chosen. If g is the holomorphic n-form obtained from
Theorem 2.1 by solving 3 log||g|* = Ricciform. Then df; A - - - A df./g is
a holomorphic function of order O(R"(/W-D+miw+mi2) " \which is iden-
tically constant by the Holder estimate. Finally, to prove Theorem 2.2
we show that F is biholomorphic. We shall present two different
proofs. For both proofs we need the following lemma on holomorphic
vector fields.

LEMMA 3: Let X; be holomorphic vector fields defined by inverting

df,, i.e., (X,, df:) = Xif; = 8; at each point x. Then X; satisfies the growth
condition for d(p, x) sufficiently large

Cld(p, x)‘[n(llu)—1)+(V/u)+(tl2)] < ||X.(x)|| < Czd(p, x)[n(l/u)*1)+(vlu)+(tl2)](n—1).

PRrROOF OF LEMMA: X; is obtained by inverting the matrix df/dz; in
local coordinates. Since ||dfi A - - - A df,| is bounded between positive
constants,

IXil=C _sup |dfi,n-- - rdfi,_|
< <in-y
= O(R[n((l/u)*I)+(V/u)+(tl2)](n—l))’

R =d(p, x)

(by using local coordinates such that % are orthonormal)
j
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On the other hand,
X ()l = | S(u)ﬁ 1 [(Xi(x), o(x))], @(x) cotangent vector of type (1,0) at x.

Since Xi(x)fi(x) =1 and ||dfi(x)]| = O(RW/w-Dr+0C/k3+tD) \we have
1 Xi(x)|| = CR™MWm=DH6I+2)] for R sufficiently large.
We now prove the final part of Theorem 2.

PROPOSITION: The map F = (f,...,f,)=M —>C" is a biholomor-
phism.

ProoF I. The first proof will be obtained by directly inverting the
map F. Define an ‘“exponential map” & :R?" - M by integrating linear
combinations of real imaginary parts of the holomorphic vector fields
X; as follows. Let w; = u,~+\/:_1v,~ be local coordinates at some x
with wi(x) = fi(x). Then X;=3((8/ou;)— V—1(38/dv;)), (Re X;)(Re )=
38, (Im X)(Imf;) = 368;(Re X;)(Im f;) = (Im X;)(Ref}) =0, ReX; and
Im X; being real and imaginary parts of X;. For any unit vector
w=3" ae, (¢) the canonical basis of R, define X, =
2'i12a;Re X; + 21 2a,+;Im X;. Now define ®(tw), t ER to be the
trajectory of X, at time t, ®(0)=p. @ is clearly smooth where
defined, and F(®(by, ..., by))=(by+V—1b,.y, ..., by + V=1by,). We
use normal geodesic coordinates (x,,..., X5;,) (with respect to p) on
M. Then &(tw) is defined by the ordinary differential equation

9

2n
O = X, (W) = 3 Xeiw) 1

Since the exponential map at p is a quasi-isometry,

12

2n
IXW,;(x)I = 0(|x'[n((l/u)—1)+(vlu)+(t/2)](n—1))’ |x| = (,Z, Ixi|2)
Let g(t), t =0 be the solution of, with initial value g(0) =0,
di g(t) = Clg(t)[n((l/u)—1)+(vlu)+(tl2)](n—l) + C2 Cl, C2 =0.
t

Then, for a unit vector w, ®(tw) = (x,(t, ), ..., X2n(t, W), |x:i(t, w)| =

lg()].
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Write s =[n((1/p)— 1)+ @/pn)+({#/2)(n—1), g is an increasing
function of t satisfying

dg _ 1/1-s
—_C.g‘ G dt, hence g(t)=Cit + C,.

Therefore, when A, is small enough, we can choose v and t such that
s <1. In this case ®(tw) is defined for all t =0, and moreover, for
suitable constants Cs, Cs

1/2(1-5s)
by b =C(SIhP)  +Ce

Since F(®(by,...,byw)=(bi+V—1buy,....by+V—1by) for x
belonging to the image of @, and suitable constants C,, Cs, Co, Cyo

Crd(p, 1)'™" = CoS|F(x)| < Cad(p, x) "W DD 4 €,

To prove F is a biholomorphism, and at the same time establish the
above estimate for all x, it suffices to show that (R>") = M. #(R™) is
clearly an open subset of M. To show closedness, let x, be a sequence
of points in @ (R?") converging to some point x € M. Let x, = ®(t,w,),
|w,| = 1. Passing to a subsequence, we can assume w, converges to w,
|w|=1. From the smooth dependence of solutions of ordinary
differential equations, ®(R*) would be closed if we show that (t,) is
bounded. But since F(®(t,w,))=t, and |F(x)|=C:d(p,x)"*— Cs,
t, < C1iF(x,)""* 4+ Cy, is bounded, proving that ®(R>") is closed and F
is a biholomorphism.

Proor II (that F is a biholomorphism): In the second proof we are
going to construct Taylor series expansions of global holomorphic
functions f in terms of the holomorphic functions of minimal degree
fis- -+ fn Since s? is a smooth strictly plurisubharmonic exhaustion
function on M, M is a Stein manifold. Hence, for any divergent
sequence (x,) of points on M, there exists a holomorphic function f
on M such that sup,|f(x,)| = ©. From the Taylor expansion of f, this
implies that sup,.|f.(x,)] = and hence the properness of the
map F = (fy,..., fn). Since df, A - - - A df, is nowhere zero, F is a local
biholomorphism. Properness of F implies that it is a covering map.
Since C" is simply connected, F is a biholomorphism.

Let X, ..., X, be the holomorphic vector fields obtained by invert-
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ing f; in Lemma 3. Formally, define the Taylor coefficients

_XiX%... Xif(p)
t-eodn T i, in!

a; ) ik = 0
Clearly f=Z,-0a;,....,f ... fk if the right hand side converges uni-
formly on compact sets. We are going to estimate the coefficients by

means of the Cauchy estimate in Lemma 2 and the estimates of the
holomorphic vector fields X; in Lemma 3. Fix R > 0. Then

~ - R t2—1
su |le| = sup |le| =C sup |f|R(" DIp) l)"+("/#)+('/2)](7>
) B(R)

B(R/2) aB(R/2

where for R large enough (=p) we used Lemma 2(1) and for R small
(=p) we used Lemma 2(2). Performing differentiation successively,
we obtain

. 1 Mgt i g+ Fig o)
Iaiw'-'n‘Sm(C)' "R "

where o = (n — D[((1/p) — Dn + (v/p) + (t/2)] + (t/2).

Recall that p is equal to the modulus of quasi-isometry for the
model N, with (radial) curvature AJ/(1+r)'*c. By taking A.
sufficiently small, and choosing v, t small, we can assume o < 1.

Consider the infinite sum Z; - a,~,_“,-"W'}l ...wh It is bounded by
i i)+ +igo-1) %I(IRR Ifl
’ iy ’ in (it - +ig)o—
ikzao(cw') - (Cwa)"R Nt

Clearly the series converges if |w;|<(R'°/C’). Since o <1, letting R
go to infinity, the formal series £ a;,_; f'...f converges uniformly
on compact sets on M. This proves the Proposition and concludes the
proof of Theorem 2.2.
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