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TAMAGAWA NUMBER OF REDUCTIVE ALGEBRAIC GROUPS

0. Introduction

The purpose of this paper is to give a formula for the Tamagawa
number of a reductive quasi-split algebraic group G defined over an
algebraic number field in terms of the Tamagawa number of a
maximal torus of G (cf. Theorem 7.1).

The Tamagawa numbers of classical groups were determined by
Weil [23]. In [15] Langlands determined the Tamagawa number of all
split semisimple groups. We extend the result of Langlands to quasi-
split groups.

I am most grateful to R.P. Langlands for explaining his methods to
me. I would like to thank M. Rapoport for sending me his paper [18]
and J. Arthur for useful suggestions.

NOTATIONS:
F = number field
F, = completion of F at the place v
F = algebraic closure of F
v |0 =1 is an infinite place
v <o =y is a finite place
0, = 05, =ring of integers of F, (v <)
q = order of residue field of F,
@, = uniformizing element of 0, (v <)
A = adeles of F, Ay = adeles trivial outside &
| |, = normalised absolute value at v (v <®): |@,|, = q
|| = adelic absolute value.
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154 K.F. Lai [2]
For an algebraic group H defined over F, we write

H, = H(F,)
Hf = {(hv) € H(A)

h, =1if v |}

H.=]]H,

v|w

Hy={(h,)EH(A) | h, =1 if v& ¥}
H?Y ={(h,)EH(A) | h, EH(O,) if v& ¥}.

For a complex valued function f(x), write f(x) for the complex
conjugate of f(x).

1. Quasi-split algebraic groups

1.1. Let G be a connected reductive algebraic group defined over
F. We say that G is quasi-split if one of the following equivalent
conditions is satisfied

(I) G has a Borel subgroup B defined over F,

(IT1) the centralizer in G of a maximal F-split torus is a maximal
torus of G,

(IIT) G has no anisotropic roots.

In the following G denotes a connected reductive quasi-split group.

1.2. Let A be a maximal torus of G lying in B and defined over F,
L the group of characters of A, L = Hom(L, Z), 3(3) the set of roots
(coroots) of G with respect to A, A basis of 3 with respect to B and
A the elements of 3 corresponding to A. There is a bijection between
F-isomorphism classes of triple (G, B, A) and isomorphism classes of
based root system o(G) = (L, A, L, A). This bijection yields a con-
nected reductive C-group G° with based root system (G =
(L,A, L, A). Let A° (resp. B% be the maximal torus (resp. Borel
subgroup) defined by Yi(G°).

Let E be a Galois extension of F such that G splits over E. If
o € Gal(E/F), A € L, we denote the action of & on A by oA where
oA(a)=o(A(0'a)) for a €EA. As G is quasi-split, 0A = A. We can
define a homomorphism u :Gal(E/F)— Aut (G). Since we have
canonical Aut y(G) = Aut Yo(G°), we may view p as a homomor-
phism of Gal(E/F) into Aut ys(G°®). Moreover there is a split exact
sequence
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(1 (1)~ Int G°> Aut G° - Aut ¢i(G%) — (1)
and a splitting yields a monomorphism
Aut ¢o(G% = Aut(G°, B°, A%).
Together with the u above we get a homomorphism
p':Gal(E/F)- Aut(G°, B®, A%

The associated group to, or L-group of, G is then by definition the
semidirect product

G = G*x Gal(E/F).
(See Borel [3]).

1.3. Let Z be the identity component of the centre of G and G’ be
the derived group of G. Then G =ZG' and A=ZA' where A’'=
ANG'. Let °L* be the group of rational characters of Z and °L™ be
the elements of °L* which are 1 on Z N A’. Let 'L~ be the lattice of
roots of A’. (Note that there is a bijection between the roots of (G, A)
and (G’, A’) and the corresponding Weyl groups can be identified. We
shall not use a separate notation.) We denote the Weyl group of the
root system by W. There exists a non-degenerate W-invariant bilinear
form (.,.) on 'L~ ®; C such that its restriction to 'L~ ®_R is positive
definite. Let 'L be the lattice of rational characters of A’ and

_ 2\, )
1 +_{ 1 }
L= AEL@C|(’ )EZforallrootsa

Set L"="L"@'L and L*=°L*@'L*. We define dual lattices by

L*=Hom(L",Z)=Hom(°"L",Z)Hom('L~,Z)="L*'L*
L =Hom(L, 2)
L~ =Hom(L*,Z)=Hom(°"L*,Z)®Hom('L*,Z2)="L-®'L".

We then have L' CLCL*CL®;Cand L - cLcL*cL®.C.

For the pairing L X L - C, we use the notation (A, X) = A(A) where
AEL, X €L and we extend it meaningfully to the other lattices. The
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form on 'L* ® C adjoint to the one given above on 'L~ ® C will also
be denoted by (., .), i.e. if u,» €L~ X C, and if the elements i, # of
I[* ® C satisfy the equations

A, a)=@,pn) and A, D)=(A,v)

for all A €'L”®C, then (u, v) = (i, ).

Suppose v is a finite place of F. We define a map »: A(F,)»L®Q
by the condition
(03 [A(@)], = |@, ¢
for all A € L and a € A(F,), where @, is the uniformizing element of
F, and |+, is the normalized valuation of F,. For u € L& C, define
t, € A’=Hom(L, C*) by
©) £,(X) = @, ¢
for all X € L. We sometimes write { for £,

We write Ly for the lattice of F-rational characters of A. Similar
notation will be used for the lattices °L* etc.

1.4. Next we write down explicitly the Galois action on the derived
group G’ of G°. Put A’= A°NG'. Let & be the Lie algebra of A’.
Choose H,, ..., H, € a so that

where A €'L* and A ={ay,...,a,} are the simple roots. Choose
vectors X.; belong to the +da; respectively such that

[Xs, X-4]1= H.
For o € Gal(E/F), éa = oa for a € A. If we put o(&;) = d,), then the
Galois action on the Lie algebra 8’ of G’ is the unique isomorphism
satisfying
O-(H) = Ha(i)’ O-Xta‘i = XI&.,(,-)

(see Jacobson [9] Chap. VII).

1.5. Let 3 denote the set of F-roots of G with respect to Ay, the
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maximal F-split torus in A. As G is quasi-split, each element of 3 has
a nontrivial restriction to A, and 3¢ is equal to the set of restriction
to Ay of elements of 3. In fact, if G splits over a Galois extension E
of F, the Galois group Gal(E/F) acts on 3 and each orbit restricts to
an element of 3. In each orbit choose a representative a and denote
the corresponding orbit by 0, and the element in 3¢ to which the
elements in O, restrict, is denoted by ar, i.e. ar = | Ag

The Weyl group W of 3 is given by N(A)/Z(A) while the rational
Weyl group Wr of 3¢ is N(Ay)/Z(As). We can identify Wy as a
subgroup of W.

Let (3 be the reduced F-root system consisting of the indivisible
F-roots of 3, i.e. o3¢ = {ar €3¢ |3arZ 3r}. SF=03r N3+

Next we define the elementary subgroup G, of G for ar € ,3F. Let
A, = (ker ag)’. Then G,, = ZsA,,, i.e. we take the centralizer in G of
Aar

It can be easily proved that G, is connected reductive quasi-split
group of semi simple F-rank 1.

1.6. There is a non-empty finite set ¥ of places of F, containing all
the infinite places such that the F-group G can be regarded as defined
above Spec(0y), where 0y is the ring of the elements of F which are
integral outside &. Thus G(0,) is defined for those v not in &.

For v |°°, let K, be a maximal compact subgroup of G, such that
G, =B, - K, is an Iwasawa decomposition. For v <o, let K, be a
special open maximal compact subgroup of G,, in the sense of
Bruhat-Tits [4]. In particular, for almost all v, K, can be taken to be
G(0,). Similar considerations can be given to G,,. Therefore, when we
consider the finite set {G, G.,}. e,z Of groups taken together, except
for a finite number of places, we have simultaneously

G, = B,G(0,)
G, (F,) = B, (F,)Ge, (0,)

)
where ap € \3f.

Let us now fix K;=I,cuK,, Ko=1II,|«K,, K=KK; Then
G(A)=B(A)- K.

1.7. Let X(G) be the lattice of rational characters on G. Let
L(s, G) be the Artin L-function corresponding to the Gal(E/ F)-module
X(G)®Q and let L,(s, G) be its v-component.

Let x be a nontrivial character on A trivial on F. x defines a
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nontrivial character y, of F, at each place v of F. Let dx, be the
additive Haar measure on F, self-dual with respect to y, and let
dx =TI, dx,. For v finite, the Haar measure on F} is chosen so that
the measure of 0} is one.

Let w be an F-rational left-invariant nowhere vanishing exterior
form of highest degree on G. For each v, v and dx, defines a measure
|lw|l, on G, (cf. [23]). We put dg, = L,(1, G)|w|,, for finite v, and
dg, = |o|, for infinite v. Then the Tamagawa measure dg on G(A)
is the Haar measure on G(A) defined by

T 1
© de =lim 77T, 6y L1 98¢

where r the rank of the lattice of F-rational characters X(G)r of G
(cf. [17]). This measure is independent of choice of y and w.

Let xi,.-,x, a basis of X(G)r. Then the map g-—
(Ux1(®)); - - -» [x-(8)]) defines a homomorphism G(A)— (R%). Let G'(A)
be the kernel of this homomorphism. Also, the restriction of yi,.. ., x:
to the split component Z; of the radical of G defines an F-homomor-
phism & from Z; to GL(1)". This defines a homomorphism 8. from the
identity component of Z;, to GL(1)%. For each t ERZ, call £(t) the
idele (£(t),) such that £(t), = 1 for every finite place and &(t), =t for
every infinite place. Then t — £(t) is an isomorphism of R onto a
subgroup GL*(1).. of GL(1).. Let Z: be the identity component of
inverse image of GL*(1)% under §.. Then Z! is isomorphic to (R})"
and G(A) = G(A)' X Z%. If we put the measure dt = A7_,(dt,/t;) on R%,
then

6) dg =dg'xdt

defines a Haar measure on G'(A). This measure is independent of
choice of xi,. .., x»- The Tamagawa number 7(G) is the finite number
defined by

) (G)= dg'=

f dg.
G(F\G!(A) G(F)ZHG(A)

1.8. Let N be the unipotent radical of B. Then we can define
Tamagawa measures da (resp. dn) on A(A) (resp. N(A)) as in the
case of G. We normalize the measure on K, by the condition

] dk, = 1.
K,
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Then we have dk =11, dk, and

jdk=1.
K

Let p be the half sum of the positive roots of G with respect to A.
To simplify notation we write p for the quasi-character on A(F)\A(A)
determined by p. Since G(A) = B(A) - K = N(A)A(A)K, there exists a
positive constant « such that for any f € C.(G(A)),

® f f(g)dg =« f f(nak)p~(a) dn da dk.
G NWAWK

According to the Bruhat decomposition of G we have

()] G,= U N,AwN,.

wEWL
v

But except for the Weyl group element w, that sends all the positive
roots to negative roots, the cosets NAwN has lower dimension than
that of G, and so NAwN has measure zero. Thus if we write
g, = n,a,won,, we have

(10) dg, = p(a)dn, da, dn;

where da, is the local measure on A, induced by |w|,.

2. Eisenstein series and M(w, A)

2.1. For our purposes it is sufficient to consider the contribution to
the spectral decomposition of $¥(ZiG(F)\G(A)/K) from the Borel
subgroup B. We can define the adelic analogue of the function spaces
E(V, W), D(V, W) and X(D(V, W)) of §2 and 3 of [13] with respect
to the Borel subgroup B, the trivial representation of K and a
character A of Z:A(F)\A(A) which is trivial on the image of B(A) N
K in N(A\B(A).

2.2. Define Al (resp. A(A)") in the same way as Z: (resp. G(A)").
Let (ZZA(F)\A(A))* be the set of characters of Z:A(F)\A(A). Fix a
basis {x;} of Lr. Each element A =2 s;x; of Lr® C can be considered
as a character of Z:A(F)\A(A) via the formula
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Ma) =T haa)ls.

In this way Lr&®C is identified with a subset of (ZiA(F)\A(A))*.
From now on we shall consider only those A in L& C.

Let &(\) be the space of continuous functions on
N(A)B(F)\G(A)/K satisfying the condition

ey P(ag) = A(a)p(a)P(g)

for a € A(A), g € G(A).

Let (M) be the space of functions ®(-, g), with values in €(A),
which is defined and analytic in a tube in Lr® C over a ball of radius
R with R > (p, p)"* and which goes to zero at infinity faster than the
inverse of any polynomial.

2.3. Let D, be the unitary characters of Z:iA(F)\A(A). Then
(ZEA(F)\A(A))* is also the union of sets of the form

D, ={x € (Z:A(F\A(A)* | |x| = o}
where o is a fixed character with values in R3. We equip D, with the
dual Haar measure via Pontrjagin duality and give D, the measure

obtained by transport of structure from D,.
We write 9 for the space spanned by functions of the form

e s@=]  onin

where @ € ¥#(A) and A, is a character with values in R%. By means of
Fourier transform we get

3 DA, g)= é(ag)r(a)p '(a) da.
ZEAFNAMN

According to Langlands [13, 14], for ¢ € 9 the theta series

@ @)= X ()

YEP(F)\G(F)

belongs to £X(Z:G(F)\G(A)). Combining with (2), we get

&) s@=-[ E@onn
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where

©6) E@g o, 0= Y ©&(1v2)

yEP(F\G(F)

is an Eisenstein series. It converges uniformly for g in compact
subsets of G(A) and A € Lr® C such that Re()A, a) > (p, a) for every
positive root a.

We define the constant term of the Eisenstein series E(g, @, A) by

@) Eyg, ®,0) = E(ng, ®,A) dn.

N(F)\N(A)

2.4. ProPOSITION: The constant term is given by the following
formula:

Eyg @, \)= X MW, )P, g)

weEWE

where Wk is the F-rational Weyl group of G and

® M(w, )P, g) = @ (A, wng) dn.

wTIB(F)wNN(F)\N(A)

Proor: We have

Eo(g, ®,A) = Y @A, yng)dn.
N(F\N(A) p(F)\G(F)

The proposition is immediate once we break up the sum over
B(F)\G(F) into a sum over Wr = B(F)\G(F)/N(F) (Bruhat decom-
position) and a sum over (w™!B(F)w N N (F)\N (F).

2.5. We can define local version of €(A) as the space &,(A) of
continuous functions @, on N,\G,/K, satisfying

P,(a.g,) = A(a,)p(a,)P(g)

(here p(a,) is to be interpreted as |p(a,)|,)-
For @ € €(A), we let @, denote its restriction to G,. Since D is
right invariant under K =11 K, where K, = G(0,) almost all v, and
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G(A) is the direct limit of G¥, we can write

o) =[] .(2.).

(Here it is understood that &(1) =1.)

Furthermore, M(w, A) is a linear map from &(A) to €(A") where
A*(a) = A(waw™"). In fact it is just multiplication by a constant to be
calculated below. Moreover, M(1,A) =1 because Vol(N(F)\N(A)) =
1.

2.6. PrRoOPOSITION: Let YN =w !NwNN and N*=w 'NwNN
where N is the unipotent subgroup opposite to N. Define a linear
transform M,(w,A): €,(A)—> &,(A*) by

© M, (%, )0(@) = [ ®(wng) dn

for g € G,. Then we have

(10) M(w,A) =[] My(w, A).

(Here one regard the M,(w, L) as complex numbers.)
ProoOF: First we have N ="N - N". So
*N(F)\N(A) = ("N(F)\"N(A)) - N¥(A).

It follows that, for @ € €(A)

Mw,\)®(g) = d(wng) dn

WN(F)\N(A)

=f I ®(wn,w! - wnog) dn, dn,.
YN(F\*N(A) JN*(A)

The formula (10) now follows from the above and the fact that we
have normalized our measure such that

I dn. =1.
YN(F)\*N(A)
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3. M,(w, A) in the rank one case

3.1. We shall compute M,(w, A) for those places v of F satisfying
the following conditions:

(i) G is a connected reductive quasi-split group over F,.

(i) G splits over an unramified extension of F,.

(i) G, = B,K, and K, = G(0,).

(iv) G is of semisimple F,-rank one.

Let us write E, for the unramified extension of F, over which G
splits and write @ for the uniformizing element of both E, and F,. We
denote by o the Frobenius element in Gal(E,/F,).

Under the assumption, the F,-rational Weyl group Wg, = {1, we},
where w, sends all the positive roots to negative roots. We know that

M,(1,A)=1.

It remains to calculate M,(wy,A). As &,(A) is one dimensional it
suffices to calculate

) M, (Wo, A) = M, (wo, )P\, 1) = f (A, won) dn
N:O

where @(A) is €(A) is chosen to satisfy
d(A 1) =1.

G has F,-rational rank 1 also implies that Ly, ® C is isomorphic to

C and hence can be replaced by the set {p° I s € C}. Thus it suffices to
consider M(wy, p°*). We define @(p°) by:

D(p’, a) = |p(a)|;*' if a €A,
P(p*, ngk) = P(p’,g) if n EN, k EK,.

Let us write M(s) for M(w,, p°). Then (1) becomes
M(s) =I p**(won) dn.
N*o

We can further assume that w, € K,, then changing variable by the
map n - wonwp!, we have

¥)) M(s) = L_’ p*t\(n) dn,
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and

p'(a) = (o] & @y.

3.2. PROPOSITION: Let it be the subspace of the Lie algebra of G
spanned by the positive root vectors. Then

det(I —|@|r,0 Ad ;)
det(I — o Ad {];)

3 M(s) =

where { = f,,.

Let G’ be the derived subgroup of G. Then the unipotent radical of
the Borel subgroup of G’ is the same as that of the corresponding
Borel subgroup B of G. Thus we only need to compute the integral
M(s) for connected semisimple quasi-split groups of F,-rank one.
Henceforth, in this subsection we shall assume G to be of such type.

According to Steinberg’s variation of Chevalley’s theme, the quasi-
split form of G is determined up to F,-isomorphism by its Dynkin
diagram and the twisted action of galois group (modulo inner twis-
ting). As a result, up to central isogeny, G can only be one of the
following types:

() G splits over G, and has a connected Dynkin diagram, i.e.
G =SL,.

(II) G is a twisted form of a F,-split group whose Dynkin diagram
is type A,, ie. G(F,) =SUs(E,/F,)=(g € SLi(E,) I ‘gJg =T} where
E,F, is a quadratic extension; the conjugation by the nontrivial
element of the Galois group Gal(E,/F,) is denoted by x — X; ‘g is the

conjugate-transpose of the matrix g:J = ( 1 l) is the matrix of
1

the Hermitian form with respect to the nontrivial element of
Gal(E,/F,).

(III) G is a twisted form of a F,-split group whose Dynkin diagram
consists of n copies of A, i.e. there exists an extension E,/F, of
degree n and G(F,) = SLy(E,).

(V) G is a twisted form of F,-split group whose Dynkin diagram
consists of n copies of A,; there exists field extensions E,, E, of F
such that [E, : E!] =2, [E, : F,] =2n. If x - X is the nontrivial action of
the Galois group Gal(E/E;) then G(F,)=SUy(E/E))=
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1
{g € SLs(E,) I ‘gJg =J} where J = ( 1 )
1

It is obvious that it suffices to calculate (2) up to isogeny (see for
example [18] §4.3). Moreover Rapoport [18] pointed out that it is
possible to avoid the calculation of (2) for the cases (IIT) and (IV) by
proving a general lemma on the behaviour of (2) under restriction of
ground field.

3.3. When G is SL,, it is well known that

— 4G+

1
M(S) =—1—':qF—.

The Lie algebra i in this case is one dimensional and it is trivial to
check the formula (3). We shall omit the details.

3.4. ProprosITION: Let E,/F, be an unramified quadratic extension
of local fields such that 2 is a unit in E,. Then for the quasi-split
group SU;(E,/F,) we have

(1-q**N(1+q ") det(I —|@|ro Ad ;)

M(s)= .
© (1-g*)(1+q7>) det(I — o Ad f);)

ProorF: First we have

a
_ a,beE;
A(F”)_K b d_.) b5=1,abd"=1}’
1 x oy o
N(Fv)=[( 1 —f) y;y;ex%_o}’
1 tl v

K =SUs(0g,).

E is an unramified quadratic extension of F, so there exists an
element ¢ € 0, — &0F, such that its image in Or/@&0f, is not a square
and E, = F,(V¢). Let the map ordg, : F; > Z be defined by the con-
dition

|x|g, = |@|¥F:  for x € F3.
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Similar condition defines ordg,. Note if x € F,, then |x|g, = |x|}, im-
plies ordgx = ordgx.

Next, let us determine the measure dn on the nilpotent group
N(F,). Let x, y € E, such that y+j+xx =0. Then we can write

y= y.\/E — XX where y1 € F,. Note that xx = Ng ¢ (x) also belongs to

2
F,.
A typical element of N(F,) can now be written as

1 x 1x—’i2’310y1\/2

1 —x )= 1 —x 1 0
1 1 1

Thus we can write N(F,)= N,;N, (as sets) and take dn to be the
image of the product of the measure on E, and F, respectively under

the maps;

XX
1 x ——2—
xX—>n, = 1 -x |, x€E,,
1
1 0 y Ve
y—n= 1 0 5 yIEFv.
1

We normalize the measures on E, and F, by the condition that the
volume of the respective maximal compact subrings is one.
The nontrivial element of the Weyl group corresponds to the matrix

Wo = -1
1
We have
N 1 y+y+xx=0
Nv: _; i 1 x’yeED

Ifii € N,, then by Iwasawa decomposition of SU3(E,/F,), we get
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d_l

&
Il
|
A TSN
I
=
o
w

o
)
S

for some n €N,, k € K,.

As noted we can write y = wVe —-52{ for some y, € F.

Then ordgy = inf(ordg,y;, 2 ordg x) and

'alE,, — 'é'ig:(o, ordE"x, ordEpy)-

The zero in the “inf” is put into account for the case when both x and
y are integral, and i1 € K,.
Direct calculation using the definition of p* gives

p* b =|alg,, s€C.

To calculate the value of p**'(i1), we have to consider four cases:

1. ordgx =0 and ordgy, =0
>ordgy =0
= inf(0, ordg x, ordg,y) = 0
>pt ()= 1.

2. 2ordgx =ord g y;, ordg y; <0, ordg,y, is even.
if ordgx =0 then ordg,y; <ordgx.
If ordg x <O then ordgy, =2 ordgx <ordgx.
Thus inf(0, ordg,x, ordg,y) = ordgy, and
ps+l(ﬁ) — la_l'sﬁ‘:l — q2(s+1)ord5”y|_

Note: if ordgy, = —2m then

dy, _ _
2

o
ordgx =

3. 2ordgx =ordgy; <0, ordg,y, is odd
= inf(0, ordg x, ordgy) = ordg,y,
éps-ﬂ(ﬁ) —_ q2(s+l)ord,;”y,.
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Note: if ordgy,=—(2m —1), m =1 then
ordgx =—m+} or ordgx =—(m—1).

4. 2 ordgx <ordgy;, ordgx <0
>ordgy =2ordgx
: ps+l('-i) — q2(s+l)2ord5”x'

Note: if ordgx = —m then ordgy, > -2m =—(2m —1).

Now we are ready to calculate the integral M(s). We break the
integral up into four pieces corresponding to the four cases above and
transfer the integral over N (F,) to those over E, X F,, viz.,

M@= mem=[[pM®@mmm
N(F,,) N, N>

f f dx dy, + 2] 2 f ! nq“””"z'"’dx
—zm P m—

E "-PF

o
+ 2 f j q—2(s+1)(2m-]) dx d)’;
m=1 PE(m_l) p;.(lm“Z)_pE(ZM—z)
v v v

+ 2 f q2(s+l)(—2m) dx dy
m=1Jpgm-pg(m-1 Jpp@m-1 !

where Pg, (resp. Pg,) is the maximal prime ideal of E, (resp. F,). We
normalized measure on E,, F, by foE dx =1 and foF dy,;=1.

Further calculation gives

J. dx dyl =1.
Op, JOF,

2 I q2(s+l)(—2m) dx dy.
P;-"‘—P;(Z""‘)

m=1

©

= El q2m(q2m _q2m—l)q—4(s+l)m’

m=

=(1-q 52@”?=L—%§—
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=2(s+1)2m-1) d
x d
m2=| J:;.}—Elm—l) _’;F‘(’zm—l)_P‘—c'(JZm—z) 9 B

M

2m-2¢ _2m—1 2m-2y ,—2s+D)(2m—
]qm (qm _qm )q (s+)(ml)’

=@ ~aMa" 3 @),

m

_@'-gPg™
1— q—ds .

o
2_ f—m —(m—l)f—(2m—l)q2(s+])(‘2m) dx dyl
m=1JPE"-PEg! PE

(qu _ q2m—2)q2m—lq—4m(s+l),
1

—(1-qq" 21 @,

M

_(@'-gPg*
1 _q—4s .

Adding all the terms, we have

_ (1 _ q—2s—2)(1 + q—2s—l)
(1-g>*)1+q7>) "~

M(s)

169

To complete the proof of the proposition, let us look at the Lie
algebra § of the analytic group G associated with G. We can take § to
be 81,(C) and let 3* ={ay, &,, @3}, &3 = &, + &,. There exists root vec-

tors X;,, X;,, X;, such that
[X&,, X&z] = Xaz-

¢ has a Dynkin diagram of type A,

/// \‘
o0

AW -7 A
Ay ~— - aly

the arrows indicate the action of o € Gal(E/F), i.e. o(X;)= X,
Since this action is to be extended to a Lie algebra isomorphism, i.e.

o[X;,, X)) = [0X;,, 0X5,), so 0X;, = [Xs, Xz 1= — Xy
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Also, we have

(Ad DX; = &(DX; = @YX,

=|6[:X: if @ =a or d,

or = l(:)l%:‘ix,; lf (i = &3,
because {p, &) = Z(EIL’S)—) =1 if a simple and

(ps @3) = {p, a) +{p, az) = 2.
We take fi=CX;, +CX;,+CX;,. Then

det(I — o Ad £]3)

0 |af 0
=det|I—-||al, O 0 |l
0 0 ol

=(1-q*)1+q7%),
and

det(I —|@|r,o Ad f]?)
= (1 _q—2s—s)(1 + q—ZS—l).

This completes the proof of the proposition.

3.5. Let us now consider the case (III). G is a connected semi-
simple quasi-split algebraic group defined over Fy, splits over an
unramified extension E,/F, of degree n.

The absolute Dynkin diagram of G consists of n copies of A;, and
the action of the Frobenius o in Gal(E,/F,) is the cyclic permutation
as indicated

The action has only one orbit; G is of F-rank 1 and G(F,) = SLy(E,).
The integral that we are interested in becomes M(s) = fﬁp p*i(n) dn
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where
m-{(* Oker)
x 1
w{(o 2)fees)
and
s s a
jalg’ = ((* ,1))-
So by §3.3
1_ qE(s+l)
M(s)= T—;.T— where gg, = modulus of E, =q",
—q5
1_ q—n(s+l)
=g

n copies
r—— e,

But on the other hand fi = 8l,x ... x8l,. Let X, be the root vector
corresponding to the positive root & of the i'™ copy of 8, in the
product. Then

(Ad )X, = 6:(D)X;, = |@

i:(f’&")X&i =q"°X;
because p =13q; and as the diagram is disconnected (a;, G;) = 0 if i # j,

and <%, di> = 1. So,

det(] — Ad f|p) = g
Similarly,

det(I —|@|r,o Adfl;) =1—q™"¢*D,

and we are done.
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3.6. Finally, let us look at the last case IV. Here G is a F,-form of a
split group with a Dynkin diagram consisting of n copies of A,. G is
defined over F, splits over an unramified extension E, of degree 2n;
there exists a field E; in E,/F, such that [E,: F,] = n; the non-trivial
element of Gal(E,/E;)(C Gal(E,/F,)) give rise to the twisting; the

action of this element is shown in the diagram

dio— o Bl O— 0 e oes 0 o————o0

This determines a special unitary group SU;(E,/E!) with respect to

the form

)

such that

G(F) = SUL(E,/E}) = {g € SLy(E,) | ‘gg =T}

Thus, using the result in §3.4, we get

(1 _ q~2n(s+[))(l + q—n(2s+l))
(1 _q-2ns)(1 +q—2ns)

M(s) =

(Note: modulus of E, = g™.)
To establish the formula

_det(I —|a|r,o Ad £3)
det(I — o Ad{l;)

M(s)

we shall evaluate the determinants directly.

Let us denote the simple root system A by {a}, B;;..

calculate

(Ad H)X;, = @&(D)X;, = |63 X,
=q _SX&i.

.3 G, Bn}. We
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Here p = % Shi(ai+Bi+ (o + B)),

n
(p, &)= {p» @) where p;=a;+B;,

j=1

because i# j

i 6:) =0,
and
(i, @)= 1.
Similarly
(AdD)X;5=q"° X3,
and

(Ad D)X= q > Xs5,

Next we write down the effect of the Galois action as indicated by
the arrows in the above diagram. For 1=i=<n—1,

O'X&I. = X&

i+1?

O-Xﬁi = Xﬁiﬂ’

o X5+ = 0[Xs, X5 = [0X5, 0Xg]

= [X&H.]’ Xﬁi+|] = X&i+l+§i+l’
and
UX&n = XB‘I’
oXg, = X&l’

X+, = [0Xs,, 0Xg, 1= [X5,, Xa ] = —Xs45,-
If we take the basis of n to be Xy, X3, X, +p» - - -» Xa,» Xon> Xa,+4, (i

that order), then it is trivial to show that

det(I — o Ad f];)
=(1-g7)1+q™),
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and

det(I — o Ad {];)
— (1 _ q—2n(s+l))(1 + q—n(2s+1)).

Thus the required formula is proved. With this we complete the
proof of Proposition 3.2.

4. Reduction to rank one

To determine the local factor M,(w, A) for almost all v for G of
arbitrary F-rank, we use the method of reduction to F-rank one which
was first studied by Bhanu-Murti [1] and was extended by Gindikin
and Karpelevich [6]. This method has also been used in Langlands’
Euler Product (Yale, 1971) and in the thesis of Jacquet (Paris) and Lai
(Yale). Here we shall follow Shiffmann [19].

4.1. We want to calculate the integral (9) of §2. For A € LrQC,
E(A)#0 and so €,(A)#0 for all v. We have Wy C W We can
consider w as an element of Wy, and do the rest of the calculation
over Fy. Moreover for almost all v, €,(A) is one dimensional. It is
sufficient to evaluate the integral for the following function in &,(A):

M D(g,) = A (a)p(ay)]s

where g, = n,a,k, € G,. The linear transformation M,(w, ) is just
multiplication by the following constant which we also denoted by
M,(w, \):

M,(w,A) = wa ®(wn) dn.

Changing the variable by n—w™'nw and writing N* = wN*w™! =
wNw™'N N, we have

&) M,(w,A) = I_ & (nw) dn.
NY

Recall that the length £(w) of w is the smallest integer g of such
that there exists g simple F,-roots By, ..., B, with
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3) W =Sg,..., S,

(so; is the symmetry with respect to ;). Moreover the F,-roots
aj =S, - - 88.,(Bj) i =1,..., €(w) are positive and if we write

SEW) ={a €3}, | Ya <0}

then

oz;'r,,(w) ={ay, ..., axm}-

We quote the following lemma from Schiffmann ([19], Prop. 1.3).

4.2. LEMMA: Let w, w', w" be three elements of wr such that w =
w'w”  with €(w)=€(w')+{¢(w"). Then the map 4) (n',n")—>
n'(w'n"w'™") defines a variety isomorphism N*' X N*'—> N".

4.3. Using the above lemma, and assuming the integrals involve
converges, we have

M,(w,A) = P(n'w'n"w''w)dn' dn”,

NY'xNY

B T
NY

and so
5) M,(w, L) = M,(w', A*)M,(W", A).

If we write w as a product of symmetries (as in (3)) then formula (5)
allows us to reduce the calculation to the case €(w)=1, ie. the
F-rank one case, and in this case the convergence follows from the
explicit formula given in §3. To summarize we have

4.4. ProposITION: Let N, =G, NN for a €3} and N, the uni-
potent subgroup of G, opposite to N,. Then the integral (2) converges
for A € LE® C with Re({A, @)) >0 for all a € 3 H(w),

©® M,w, )= ][] f &, (7) dii

a€g3 Hw) INalFy)

where @, is the restriction of @ to G,.
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4.5. As each G, has F,-rank one we can apply Proposition 3.2 to
get

) f . det( —|@|,o Ad £];)
P, = .
No(F,) () dA det(I — o Ad fli,)

Let fi be the nilpotent subalgebra of 4 spanned by §, for a €
03 F,(w). The action of o Adt on ¥ preserves the subspaces fi,.
Hence

®) det(I ~ |@],o Ad f]ix) _ det(I — [&],0 Ad fs)
det(I —o Ad fli*)  .epri oy detd —o Ad{li,)

The following proposition follows immediately from (6), (7) and (8).
4.6. ProprosITION: For almost all v, we have

det(I —|@|,0 Ad f]i+)

© _
M, (w, 1) det(I — o Ad f|;»)

where o is the Frobenius and t = f,.

5. Value of the local factor at one

5.1. Let & be a finite set of places of F containing all the infinite
place of F, all the ramified places of F and all the places at which the
conditions (i) to (iii) of §3.1 are not satisfied. Let us write

My(s) = [] M,(wo, p*)

VES

where s €C and w, € W sends all positive roots to negative roots.
Then My(1) can be considered as a linear map Ey(p)—> E4(p™!) and

M M, ()®(g) = fN ®(wong) dn

for @ € €4(p), g € Gy. Now Gy = B4K, implies that &,(p) is one
dimensional and My(1) is just multiplication by a constant which we also
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denoted by M,(1). We have

@) M, (1) = fN p(won) dn.

5.2. Let L(s, G) be the Artin L-function of the Galois action on the
rational characters of G, L,(s, G) be the local factor at v of L(s, G)
and

pg =lim(s —1)°L(s, G)
s->1
where r; is the rank of X(G)r Similar definitions are made with A
replacing G.
ProrosITION: For & sufficiently large we have

(3) MKG Lv(l’ A)
Ms(1) =k — || =% 1 K,
9’( ) K"‘A UIE-‘[(/ Lv(19 G),gvo

where the vol K, is calculated by the local measure dg,.

Proor: Let h be an integrable function on Ny + Ay Let f be a
function on G(A) which vanishes at g except if g, €K, for all v& &
and if the latter condition is satisfied, we have

f(@)=f(gs)=h(n,a)

for g = nak. First of all we have

“ f f(@)dg =« f h(ny, ay)p~%(a,) dn, da,.
G(A) NyxAg

On the other hand, suppose that g lies in the large cell NySewoNy
of the Bruhat decomposition: g, = n,a,won; where a,€ A, and
n;, N2 € Ny and if we write won; =n(n)a(n)k with n(n,) € Ny and
a(n)) € Ay, then gy = n,a;n(ny)az'a,a(n)k and

®) f f(g)dg
G(A)

= [T vol(k,) h(n,a;n(nyas', a,a(ny)p*(ay) dn; da; dn,.

vES NgAgNg
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After changing the measures, the integral in the above formula
becomes

f pX(a(n))h(ny, a)p *(a2) dn; da; dn,.
NgAgNg
Substitute this and

da; = (I1 Lo(1, 4)) da;

VES

into (5). Comparing the result with (4), we obtain (3) by noting that the
choice of h is arbitrary.

5.3. COROLLARY: For v& &, if we write
M,(1) = M,(wg, p) = L p*(won) dn

then
©6) M, (1) = vol(K,) - L,(1, A)/L,(1, G).

ProoFr: Apply the proposition to &' =% U {v}. The corollary then
follows immediate form

My(1) = M,()My(1).

5.4. REMARK: We have followed Rapoport [18] in the proof of
corollary 5.3. An alternative approach is given in my thesis (Yale
1974) in which (6) is deduced from (9) of §4 by calculating directly
vol(K,) via reduction mod v.

6. The constant functions

We calculate in this section the projection of & into the subspace of
constant functions in LX(ZiG(F)\G(A)).

6.1. Let £ be the closed subspace of £X(Z+G(F))\G(A) generated
by ¢ for ¢ € P. Write ¥ for the union of #(A) for all A in LQC.
Suppose that f is a complex valued function defined, bounded and
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analytic in a tube in L& C over a ball of radius R with centre at zero
and R > (p, p)"2. Assume also that f(*\) =f(\) for all w € Wr. Then

&>V =fd

where Y(A, g) = f(A)D(A, g), defines a linear map on # and induces a
bounded linear operator

A():$—> ¢

on % If a>(p,p) and f(A)=(a — (A, 1))}, then A(f) is self-adjoint.
We define

A=a-Af)"
It is an unbounded self-adjoint operator on ¥ (& is introduced in
Langlands [14] §6 and [15]). It is obvious that if ¥(A,g)=
(A, A)D(A, g) then ofd = . The following two lemmas and the corol-

lary are easy to prove.

6.2. LEMMA: Let (,) be the inner product on £*(Z 1G(F))\G(A) and
1 be the constant function. For ¢ € ¥, we have

§)) (@, 1) = k®D(p, 1).
6.3. LEMMA: For ¢ € £ and A as defined above we have
0] (4, 1)=(p, p)(&, D).

6.4. COROLLARY: &1 =(p, p)l.

6.5. For z€E€C, let R(z, ) =(z— )" be the resolvent of . For

M E Lr@R if Re z > (A, Ag), then it is easy to show that
A3) MW, PN T (="X) da
zZ— (A’ A) ’

Rz, Dd, W)=k >,

wEWE [Al=Ao

Let E(x), —» <x <« be a right continuous spectral resolution of
the self-adjoint operator . It is obvious that (p, p) belongs to the
point spectrum of & and corollary 6.4 implies that the constant
functions are in the range of the projection E((p, p)) — E((p, p)—0) =
E(say). Suppose a >(p,p)>b, and a—b is small, then (Ed, ) is
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given by Stieljes inversion,
@ H(E(a)$, )+ (E(a—0)d, )} —HED)S, ) + (E(b — 0)d, )}
— lim = f (R(z, ), ) dz
C(a,b,c.€)

e—0" 2mi

where C(a, b, c, ¢) is the following contour:"

b+ic a+ic
b +ie a+ie
% » Re:z
b —ie (p,p) a—ie
b —ic a-—ic

6.6. Next we want to determine the dual measure for the Fourier
transform on A.

We have put on A(A) the Tamagawa measure da which can be
written as da =da'dt corresponding to the decomposition A(A) =
A'(A)AL. In §2.3 we put a measure on (ZZA(F)\A(A))* via Pon-
tryagin duality. But

(ZIAF)\A(A)* = (A(F)\A(A))* x Hom(Z1\Az, C%)

and (A(F)\A(A))* is discrete, Hom(Z\ A%, C*) is a vector space over
C. Thus we can give (Z:A(F)\A(A))* the structure of a complex
manifold; as such, it has a natural measure which gives the measure 1
to the identity element of the Pontryagin dual of the compact abelian
group A(F)\A'(A); while the dual measure to da' gives the measure
1/vol(A(F)\A'(A)) to the identity element.

The measure on A; (resp. A':, Z3) is fixed by identifying it with a
power of R* by means of a basis of the lattice Lr (resp. 'Lg, °L}).
Since AI=Z:A’;, we see that the dual measure to da gives the
measure 1/f to the identity element of 'Lp where f=
['Le@°Lt: Le)[°L%:L7.

Now AL is identified with 'Lr®R. Let {u;} be a basis of 'L and let
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{.} be a dual basis in 'Lr@R defined by (uj, fix) = 8;. Take the
Euclidean measure dA on 'Lr®R to be the one induced by
identification of 'Lr@R with R via the basis {u;}, where r is the rank
of 'Lr. Suppose we change the basis of 'Lr@R, namely, we use the
Euclidean measure dA* with respect to 'L} @R. Then dA* =edA
where e = ['L#:'Lr]. Choose a basis {u]} of 'L} such that (u}, &)=
8, where {a,} is the set of simple F-roots. Let

A C->'Lr®C
be the isomorphism defined by
o) A(S1, ..., 8),&)=s, l<k=r
That is we identify 'Lr® C with C" via the basis {u]}. Then e dA =
dsy, ..., ds,. Finally we remark that for Fourier inversion in Euclidean
space, the dual measure to 'L®R =R’ is (2i)”" times the measure

on 'L-®R.
To summarize we have the following lemma.

6.7. LEMMA: The measure induced on 'Lr@C by that of
(ZLIA(F)\A(Q)* is

6) ds;...ds,/c vVOI(A(F)\AA)Qmi)
where
¢ = ef =[L§:Le)/[’LE:"LF).
6.8. REMARK: In the remainder of this section we essentially

reproduce Langlands [15] in adelic form. We follow Rapoport [18] in
the proofs of lemma 6.9 and 6.10.

6.9. LEMMA: All the local factors M,(w, A(s)) are holomorphic in s
in an open half space of C' containing the point (1,...,1).

PrOOF: Rewriting the formula (6) of §4 as

™ Mw, A= [ MS(A(s), &)

€S Hw)
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we see that it is sufficient to consider the F-rank 1 case. And in this
case, if ¢ is a locally constant function with compact support on F,,
then the integral of ¢(p(a(i1))) over Ny exists.

Thus there exists a non-negative measure du on F, such that

[ so@anan=[ s an
Ny F,

s+1

for all reasonable functions ¢ on F,. In particular, for ¢ :t— |t|
(Re s >t), we get

M,(s) =L [t .

That is M,(s) is the Mellin transform of a non-negative measure and
is continuous at 1 (§5). 6.9 now results from a variant of Landau’s
lemma.

6.10. LEMMA: M(w, A(s)) is meromorphic in s. There exists a
positive number € such that the only singularities of M(w, A) in the
region 1—e<Res;<l+e (i=1,...,r) are simple poles in the
hyperplane s; =1 for i corresponding to a simple positive root in

o2 F(w).

Proor: By the preceding lemma, we can leave out a finite number
of factors M,(w, A) from M(w, A). In the relative rank 1 case, up to a
finite number of factors, there are four cases:

= _Lr(s)
D MO=Z6+p

1—16, |12 M1 + |@, |+

<

() M(s) = __—Cf(i(i)l)

|@, B )1+ |@[EH
(1+]e,)E)

av) Mcs)=:@s) []4=

v <o

where {r (resp. {g) is the Dedekind zeta function of F (resp. E). It is
clear that in the cases (I) and (III) M(s) has a simple pole at s =1 and
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in cases (II) and (IV) M(s) is holomorphic in an open half-space of C
containing 1. The higher rank case now follows immediately from (7).

6.11. ProrosITION: For @, ¥ € ¥, we have

® L(s, G)

or KA .
(B, ¥) = cr (X M L(s, A)

M(wy, sp)D(sp) ¥(3p)

where wy € Wk is the unique element which sends all the positive roots
to negative roots.
First we introduce some functions:

fr(w; s) = M(w, A(s)PA () P(—"A(s))
fa(W; s1,...,8) = Res fou(W; §1,..., 8q41) for 0s=q=7—1

Sq+1=

Q:(s) =(A(s), A(s))
Qu(S15+ - 05 80) =Q(S15. . s S 1,.. ., 1).

We also write s? for (sy,. . ., Sg).

6.12. LEmMA: (i) For 0=gq=r, the functions f,(w,s?) are
meromorphic in all the s?-spaces. In the region

{s?|Resi>1,1=i=<gq)}
fqa(w, s7) is holomorphic, goes to zero faster than the inverse of all
polynomials as the imaginary past of s? goes to infinity and the real
part stays in a compact subset of this region.
(ii) There exists a positive number € such that the only singularities
of fi(w; s9) in the region

{s“Il—e<Res;<1+e;i=1,...,q}

are simple poles lying the hyperplane s; = 1.

PrOOF: (i) is just a restatement of the corresponding property of
property of M(w, A) which is a consequence of the global theory of
Eisenstein series (cf. [14]). (ii) follows from lemma 6.10.

6.13. It follows from §6.4 and 6.5 that



184 K.F. Lai (32

®) ¢ VOl(A(F)\AYA))ES, §)
= im = 1 f,(w;s)
=2A WEZWF !i.rg 271 Jewasen {(271_1-), hesse Z — O(8) dsy... ds,} dz

provided each of these limits exists. We shall show by induction that
there exists the limit

(10) 1 { 1
eh—f(l)1 21Ti C(a,b,c.€) z (2711)"

fo(w; s9)
XLC:“=;3_Z_Q:_—Q_;(—S‘I—)ds1 LIRS dsq}

if s =s(s01---5504) With so;>1, 1=i=gq. Note that analyticity
implies that expression is independent of the actual value of s¢,
provided its coordinates are strictly greater than one.

Take two small positive real numbers u, and v such that u is much
smaller than v. Set si=(+u,...,1+ul+v) and si'=
(1+wu,...,1+u). Then Q,(1+u,...,1+u,1—v)<(p, p). Pick b such
that Q(1+u,...,1+u,1—v)<b <(p,p). Then, we can find a con-
stant 7 such that if either

{Resi=1+u, l=i=q-—-1
Res,=1—v

or
Res;=1+u, 1=i=qg-—-1
l1-v=Res;=1+v
Im sg| =7

then

Re Qy(s) <b ~1.

We integrate

1 faw; s%)
@) Jresoesy 2 — Qs 451+~ 9

first with respect to s,; we change the contour Re s, = s, to



[33] Tamagawa number of reductive algebraic groups 185

1-v+ir ——Tl+v+i7

Ci(v, 7):

l-v—itt—u 1+v—ir

The result is

1 for(w; s97H
1
Qi) T J;es"_l=sg_l z—Qu (s ds;...ds,
plus
_1 faw;s97H }
(2mi)? Jresa-1-sg! {J'cq(m) Z— Qs dsqpdsi. .. dsg-r.

For s7' fixed and s, in CY(v,7), the image in the Z-plane of
C = C%uw, 7) under Q, is given in the following diagram

It follows that for Re s ' = s§~' and s, € C the function 1/(z — Q,(s%))
is holomorphic in a region containing C(a, b, c, €) such that

lim L

- = = 0
-0t Je@apee) 2 — Qq(s?)

and (10) becomes
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i = dz .
ot 2 Cabce  Qmi)*!
Samilwi sTY)
XJ];es""=s“ 1z— Qq (s 1) ds; ... dsq—l-

Finally, we get, for g =0
tim fo) 4z ) = fo(w).

P 27i Cla,b,ce) 2 — (P,

But it follows from lemma 6.10 that fo(w) is zero unless w = w, and
wy takes p to —p. We have

folwo) = Lim(s — 1)'M (w, sp)P(sp) ¥ (wo(—5p)).
Hence

__ klim(s =M (wo, sp)P(sp) ¥ (3p)
(Ed, ¥) = c vOl(A(F)\A(A)

and (8) now follows from Ono’s formula for Tamagawa number of the
torus A (cf. [17]).
Using the formula

M(Wo, A) = My(Wo, A) n MD(WO’ A)

vEYS

and the result in §5 for the values of M, we see immediately that

® (Ed, §) = k*(cT(A) ' D(p) ¥ (p).

7. Computation of Tamagawa number

7.1. THEOREM: Let G be a connected reductive quasi-split group
defined over an algebraic number field F. Let A be a maximal torus of
G defined over F lying inside the Borel subgroup of G defined over F.
Then

7(G) = c1(A)
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where 7(G) (resp. 7(A)) denotes the Tamagawa number of G (resp.
A), and ¢ =[L}: Lr]/[°'L}:°L7).

ProoF: In the Hilbert space LY Z:G(F)\G(A)) we have
(1 (¢, DA, §) = 1, 1P, Ph).

According the last formula of §6, the dimension of the image of E is
at most one. As we have already pointed out that the constant func-
tions are in the image of E, we get E = % and so

(P, Ph) = (cT(A) ' P(p) ¥ (p).

Since (d;, 1) =xk®P(p), (1, a[;) = Kll_/(p) and 7(G)=(1, 1) the theorem is
proved.

7.2. Weil conjectured that the Tamagawa number of a semi-simple
simply-connected connected algebraic group is one [17]. This con-
jecture holds for all classical groups (#3D,,°D,) (Tamagawa, Weil,
Mars), for some exceptional groups (Mars, Demazure) and for Che-
valley groups (Langlands), but it is not yet completely solved. We
shall show that the Weil conjecture is true for simply-connected
connected semi-simple quasi-split group G. This in fact follows im-
mediately from our formula

7(G) = c1(A)

where A is a maximal torus of G.

First, we observe that G is simply-connected implies L} = L, i.e.
¢ = 1; and the representation of the Galois group in the lattice of
weights in a direct sum of permutation representation. Thus by
duality theory of algebraic tori, we have

A= ﬁ Rgir(Gn)

i=1

where E; are finite separable extension of F which is the field of
definition of G, and G, is the 1-dimensional multiplicative group.
Now we have (by Ono [17])

12(A) = [T 76 Reye(Gn) =] 76(Gm) = 1,
i=1 i=1
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because 7(G,) =1 (which follows from the value of the residue of
zeta function (¢ at 1).

Thus by the formula of the preceeding subsection 7(G) = c7(A) =1
for a simply-connected semi-simple quasi-split connected algebraic

group.
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