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CONGRUENCE PROPERTIES OF
THE HYPERKLOOSTERMAN SUM

S. Sperber

Abstract

The article treats p-adically the n-variable Kloosterman exponential
sum defined over a finite field of g (= p®) elements using the method
of Dwork. The sum has been treated ¢-adically (¢# p) by P. Deligne
[SGA 4}, Lecture Notes in Mathematics 569, ‘“Applications de la
Formule des Traces aux Sommes Trigonométriques”, 168-232,
Springer-Verlag, Berlin 1977]. New proofs are given for some of
Deligne’s results, in particular for the functional equation of the
associated L-function. The main result is the determination of the
Newton polygon of the L-function: if p =n +3 and if {y,}}2] are the
eigenvalues of Frobenius, then their order may be arranged so that
ord y; = a(i—1). In addition, it is proved that an excellent (Tate-
Deligne) lifting of Frobenius does not generally exist in the hyper-
kloosterman example.

0. Introduction

After proving the Riemann hypothesis for curves, Weil [12] applied
this result to certain exponential sums in one variable over a finite
field, among them the Kloosterman sum, obtaining precise estimates
for their absolute value. Recently, Deligne applied his generalization
of the Weil result [1] to exponential sums in several variables, treating
[2] the hyperkloosterman exponential sum
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a
(0.1 Sn(fa) =2 z/fm(x1+° : '+xn+m)

(where a belongs to F,, the finite field with g elements, ¢,,: F = —C*
is an additive character, and the sum ranges over all elements
(x1, ..., X,) €(F¥)"). Using ¢-adic methods he derived the archime-
dean estimate |S,(f.)|<(n+ 1)g"™"? the eigenvalues of Frobenius
{y:}22! and their conjugates all having complex magnitude g2 Dwork,
in [7], examined the congruence properties of the Kloosterman sums
(i.e. n =1 in (0.1)), proving that the eigenvalues of Frobenius may be
arranged so that ord, y; =0, and ord, y,= 1 (where ord, is the valua-
tion normalized so that ord,q = 1). The present paper complements
Deligne’s work [2] and generalizes Dwork’s result [7]. We treat the
hyperkloosterman exponential sums p-adically.

In a previous article [11], making use of Erdelyi’s integral
representation formula [8] for the hypergeometric functions
oF,(1,..,1;x) =37, (xXI(j")"', we constructed Dwork-type
cohomology spaces 28, having dimension n + 1 over (2, an algebraic-
ally closed extension of @,,, having an inverse-Frobenius action:
a,: W, > W,». By studying the dual spaces &,, we obtained sharp
p-adic estimates for the norm of the Frobenius action. Dwork’s
deformation equation in this case is the hypergeometric differential
equation,

0.2) 8"y —xu =0, (8 =x ix)

This equation, like the Bessel equation studied in [7], has an irregular
singular point at «. In the cases arising in algebraic geometry from a
parametrized family of projective hypersurfaces, the deformation
equation has only regular singular points. Hence [11], like [7] earlier,
extends the domain of definition for p-adic cohomology.

We also examined in [11] the Frobenius action on the solution
space of this differential equation at the origin and at infinity using the
classical solutions at regular and irregular singular points. The study
at the origin, a regular singular point, yielded the result [11(4.2.14)]
that for p# 2, the determinant of the matrix of the Frobenius map &,
is p"®*Y2 for x in £ satisfying ord x > —(n + 1)[(p — 1)/p?]. This result
carries important arithmetic information. At a Teichmuller lifting
z=1z%0f a €EF, (q =p"), the Frobenius action B,(&@) = &,/ - - d»° @,
is linear on 28, and eigenvalues {7;}/{ are related (via Dwork’s theory) to
the hyperkloosterman exponential sum by
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0.3) Sm(fa) = Dy T +y7 +- -+ yau}

In fact, if we form the L-function associated with the hyper-
kloosterman sum,

L(fo t) = exp(i S_mgﬁtm)’

m=1 m

then

0.4 L(f., )" = det(I — tB,(&))

Hence, the result [11(4.2.14)] on the determinant of the Frobenius
matrix implies that for p # 2,

n+1

(©.5) [ % =g

Deligne, using ¢-adic etale cohomology, has derived this result with
no restrictions on p. As a consequence, since the eigenvalues are
known to be algebraic integers, they are ¢-adic units for ¢# p. The
present article handles the remaining case ¢ = p, determining the
p-adic absolute values of the eigenvalues {y;}7*!. The main result is
Theorem (2.35). This result shows that the Newton polygon for
det(I —tB,(a)) assumes its known lower bound, [11(2.5.11)]. (We
remark that corollary (2.5.11) of [11] which gives this lower bound
should have been stated, in the language of this introduction, as
follows: if p=n+3, z= 2% a Techmuller lifting of a €EF,, then the
Newton polygon of det(I] —tB,(a)) (using ord, as the normalized
valuation) is contained in the convex closure of the set of points
{(,j(j — D/2}125.) By an elementary algebraic argument due to Dwork,
the theorem is a corollary of Proposition (2.1) which uses the estimates
for the norm of the Frobenius map derived in [11] in an essential way.

In addition to the main result, we give in §1 a p-adic proof for the
functional equation for L(f,, t). The proof uses the information pro-
vided by our study [11(§5)] of the classical normal solutions at an
irregular singular point. Finally, in the last section we show (3.23) that
unlike the case of the Bessel equation [7], an excellent (Tate-Deligne)
lifting does not exist for n > 1 (assuming p = n + 8).

We will use some of the familiar notation of p-adic analysis. Let £
be a complete, algebraically closed field of characteristic zero with a
non-archimedean valuation normalized so that (unless otherwise
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specified) ord p = 1. It will be convenient to assume that {2 contains a
generic unit ¢, i.e., a unit whose reduction in the residue class field is
transcendental over F,. It has the important property that for f(x) a
polynomial with coefficients algebraic over Q,,

[f(8)] = sup|f(x)],

where the supremum runs over x € D(0, 1*). We are here using the
notation

D(a,r)={x€||x—a|<r},
D(a,r)={x €Q||x —a|=r}.

We will mean by D(a, r) either of the two above disks. Finally, we
note that we will often use the notation, diag(a;, . . ., a,), to denote the
n X n diagonal matrix with diagonal entries {a,, ..., a,} in that order.
As usual 7 will denote a fixed determination of (—p)"?~! in 0.

We thank F. Baldassarri and I. Berkes for several helpful dis-
cussions, S. Shatz and W. Messing for their help and encouragement,
and B. Dwork for his generous and invaluable assistance.

It is convenient to recapitulate some of the results of [11] which
will be useful in the following. We always assume throughout this
paper that p denotes an odd prime. Let b =(p —1)/p, b'=b/p, e =
b—(1/(p —1)). Define L(x; b) = U .cr L(x; b, c), where

L(x; b,c) = { S c@r | c@en,
ord c(a) = ¢ + b3(a) + s(a)(n + Db + ord x)}, [113.1.1)]

(where for a =(ap, asz...,a,) EZ", t* =t{t52---ton, 3(a) =2\, ai,
and s(a) = max{0, —a;, —az, ..., —}).

If we define

Dy =tigrta(ti- ), [113.13)]
then the quotient space 2, = L(x; b)/2}., D,,L(x;b) is an (n+1)-
dimensional vector space over 2 with basis {(#t,)'}!~, provided
ord x>—(n+1)b. A linear map (Frobenius) a,: I, -»>W,» is con-
structed as follows: on the chain level (i.e. on L(x;b)), define
a, = ¢ o F(x, t) where F(x, t) = F(x, )/E(x?, t*), F(x, t) =
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exp w(tiy+---+t,+x/tity---t,), and  is linear and defined on
monomials by

HO= (5 e
If we define
0.6) o(t)=exp w(t—t°)= "‘20 Bt™,
then [3(§4)]
(0.7a) ord B,, = mb’,

and for 0 = m < p? the stronger estimates

(0.7b) ord B,, = p—”‘_—i

are valid. If we write

F(x,0)= 3 F(a)t",

a€Z

then by definition

(0-8) F(a) = 2 Ba|+vBa2+v cte Ba"+,,B,,x”.

v=s(a)

To obtain precise estimates for the norm of &,, we constructed the
dual space &, of T8, with basis {£X}"o dual to {mt{}"-, under a pairing
defined so that in terms of the Kronecker delta,

0.9) 8; = (mtl, £€¥) = coefficient of ¢° in =t} - £¥.

Furthermore, we constructed a dual map a¥*: 8, » &, whose matrix
with respect to the dual basis is the transpose of the matrix of &, taken
with respect to the bases {mti}’-o of W, and W,,. We may write
£ =3 bP(a)x"t* where the sum runs over (vy;a)€E Z"*! satisfying
y = s*(a) where by definition s*(a)= min{0, —ay,..., —a,} and the
coefficients b¥(a) € £ satisfy
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(0.10) ord b9(a) = min{ (% - s*(a)) ord x,
S(a) + ;nfll)s*(a)} 11026

By use of the dual pairing, explicit formulas for the entries {A,;}7iL;
of the matrix A of a¥ are computed: let U; € 2", (1 <i <n), be the
vector with 1 in the i™ position and 0 elsewhere, let U = =, U,, then

.11 Ay =1 b O)F(— (k- 1)Uy
+ Z, S b4 M),  [11254)]

where the inner sum in the second term on the right side runs over
a=-3\jU, js €N, (N denotes the set of positive integers), and

re@ = (7 )x'F-pa+k-DU)+(;" | )F=pa ~ (k- DU).

Using these formulae, we deduced for p=n+3 and ordx>
—(n + 1)/p(p — 1), the factorization

0.12) A(x) = diag(1, p,..., p") - A(x) [11(2.5.9)]

where A(x) is a matrix with coefficients taking values in the integers
O, for x in the given disk.

For x and z sufficiently close, a deformation isomorphism exists,
T, .: W, >W,. Viewing z as fixed and x as variable, and extending
coefficients from (2 to the field of germs of meromorphic functions at
z, we defined the connection € so that the following diagram com-
mutes:

The horizontal sections of the connection satisfy a differential equa-
tion, Dwork’s deformation equation, which was identified by Katz
[9] (in the cases arising in geometry) as the classical Picard-Fuchs
differential equation. After the change of bases

(0.13) (1, e'),...e" )=V -, amty,... ()", [113.2.15)]
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this differential equation is just the hypergeometric differential equa-
tion, (0.2), which may be written in matrix form

0.14) xY'=YG [11(4.1.1)]

where G is an (n + 1) X (n + 1) matrix of the form

G= (0 ""H") [11(3.2.16)]

0.15) I, 0

in which I, denotes the n X n identity matrix. The change of basis
matrix V = (v;) is lower triangular and has the properties: v; = 1 forall i,
vy =0;;=0 for j>1; and vy =( — Dvi_1j+ viyj, for i,j>1. If we
write W = V7! then [11(3.2.15)] w; = 1 for all i, and in all other cases

(0.16) w; = (=1)MEY (i - 2) [112.2.12)]

where E®(r) = O unless 0 < k < r and in this case E®)(r) is the sum of all
products taken r — k at a time from {1, 2,...,1}, i.e.

E(k)(r) = 2 (r'/lllz s ik)-

I=i<ip<- - -<ig=r
Let &¢'(x) be the Frobenius matrix with respect to the new bases

{€(D}o of W, and W,». Let H(x)=(H;(x)). Then for ord x >
—(n+ b, (and recalling e =b — (1/(p — 1)),

ord 521“ = 0;
0.17) ord ;1 =(i — 1e; [11(3.3.2)]

ord ;= (i — e + (p+l_ b:>, fori=1,j>1.

Furthermore, for ord x > —(n+ 1)/p(p — 1), the factorization (0.12)
holds here as well,

(0.18) oA(x) = diag(1,p,...,p") - A(x),

where &(x) takes values in the integers for x in the given disk. At
x=0, for A >1,
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A-1
A,1(0) = El (n N 1) 2 (- l)z(")ﬂ_lﬂ_ﬂa)Bpa;Bpaz e Bpa.'
= 1

1 ay,...,a;>0

(0.19) x S E%a;—1)--- E%a;— 1), [11(3.3.3)]

dy+dyt-Fdi=A—i-1

The Frobenius action extends to the solution space of the hyper-
geometric differential equation. Let J be the maximal unramified
extension of Q, in (2. Let o be the Frobenius automorphism of 7
over Q,, and we extend o to I (=) by setting o(7) = 7. If a is a unit
in 7 and Y is a fundamental solution matrix at a, then so is Y ??s{(x),
where ¢ denotes the p-power map on the argument. Hence,

(0.20) Y°A(x) = MY [11(3.4.4)]

for a locally constant matrix M.
The classical solutions at a =0 may be written,

0.21) Y(x)=x"-Px), [11(4.2.1)]

where P(x) is analytic in a neighborhood of 0, and H = (Hj;) is
defined in terms of the Kronecker delta by H; = §;_,;. We may
assume P(x) normalized so that

Pu(x) = oF(l,.... 1; 7*x) = 3 T2
= ()
0.22) [11(4.2.7)]
P,'](O) =0, fori>1.
Furthermore,
(0.23) Y_ d(x) = x"P((-1)"'x) [11(4.2.3)]

is a fundamental solution matrix to the adjoint differential equation
0.24) xY'=YG_, [11(4.1.2)]
where G_, is the image of the matrix G above, (0.15), under the

action of the element of the galois group of J(#)/, which takes 7
into —a. If

(0.25) 0= (_) B [11(4.1.5)]
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then for Y, Y_, given above
(0.26) YOY! . =6 [11(4.2.8)]

in D(0, 17). Furthermore, in D(0, 17),

0.27) Y*?A(x) = MY, [11(4.2.11)]
where

1 0 0 0

a D 0 --0
(0.28) M=d0)=| a pa, p? -0

4y Pan-i planp---p

in which a; = &;,1,(0). It follows (taking determinants in (0.27)) that
for ord x > —(n+1)b’, and p# 2,

0.29) det o(x) = p""*VP2, [11(4.2.14)]

1. Duality

The form in which we will prove the functional equation is as
follows:

(1.1) AOHAL, =p"O

where O is the constant matrix (0.25). Denote {;(¢) = €/(1), so that
(1.2) (Qo(2), &1(0), ..., L) = VA, wty, ..., (7t)")

where V is the change of basis matrix, (0.13). The subscript —7 will
indicate the effect of choosing —7 as (p — 1)st root of —p (instead of
ar) in the preceding theory. It follows from (1.2) that {i—-(—t) = (2).
Since F_.((-D"*'x,—t) = F(x, t),

(1.3) A_(x) = L(-1)"*'x).

As a consequence &, (0) = #£(0), so that by (0.27)

(1.4 Yod =M.,Y .
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where Y_, is the solution matrix at 0 (0.23), and M_, = &/(0) = M.
Hence to prove (1.1) it is sufficient by (1.4), (0.27), and (0.26) to prove

(1.5) MOM', = p"@.

Using (0.27) and computing directly, we find

3

(1.6) MOM:, = p"{@ +3 c,-@TZ‘}
<0

where the ¢;’s are constants and where T = (T;) is the (n + 1) X (n + 1)
shift matrix with entries (in terms of the Kronecker delta) given by
T; = 8,j-1. More precisely, if in abbreviated notation a{® = /{?},(0),
(where the superscript denotes the n-variable case) then the constant
ci(a™) is a quadratic form in the a{®:

2i
(1.7) ci(= ci(a™) =Y (—1Ya$;a{".
j=0

It is sufficient for the proof of (1.5), to prove ci(a™) =0, for 1=i=<
[3]. By (0.19), if

=2 ()7 *E“"Ya—-1)B,, (i>0),

a>0

then

i +1
(1.8) ai” =2 (n)\ )E Ualay "~ Uay

A=1

the inner sum running over subscripts d; > 0 satisfying d;+ d,+- - - +
d, =1i. Set ug=1. Then

© n+l n
j=

(1.9) =0

© n+l1
(20 (') = > (Dafx! +x"gi(x),
j= i=

where gi(x) and gx(x) belong to Q,(m)[[x]]. Multiplying the two
equations of (1.9) together yields

i Bl
(1.10) (3 citwx®y™t = 35 cama + hxxe!
=0

i=0
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where h(x) € Q,(m)[[x]]. If we compare coeflicients on both sides of
(1.10), then for 1 =j <[3],

(1.11) ci(@™) = (n + Dej(u) + gj(ci(u), . . ., ciy(u)),

where q;€Z[Y},..., Y], and ¢;(0,...,0)=0. If we assume by in-
duction that c;(a® ") =0 for i <[%"], then by (1.11) c:(u)=0 for
i <[%1 so that c;(a™) =0 for i <[] again by (1.11). It remains to
prove c;(a®™) =0 for n even and i = n/2.

In this case, since M'OT"(M",)™' = p™"@T", we compute by (1.6),

(1.12) Y'M'OM' (Y ) '=p™"O@ = p Tcyp(@®)Y 'OT(YL,)

Since the first term on the left-side is simply o '@(s£",)”", the left
side is convergent for x, ord x > —(n + 1)b’. Using (0.22) to compute
Y 'and (Y*,)"!, we find that the (i, j) entry in Y'OT"*(Y",) ' is

(1.13) (1) M8 Py (X)NE" T Pyy(x))

where Py (x) is given by (0.22) and Py, _.(x) = Py;((—1)"*'x). In parti-
cular, (1.12) implies that the (n+1,n+1) entry, R(x)=
Pu((-D"*'x) - Pyy(x) converges in a disk D(0,1+¢€), € >0. Given
Deligne’s Riemann hypothesis result in this example [2], we obtain a
contradiction of c,»(a™) # 0 as follows. If 7y,..., m.. are the eigen-
values of Frobenius, then by Deligne,

(1.14) |mi|=p™?,

for m; and all its conjugates (i =1,2,...,n+1). On the other hand,
A(x) = Py(x)/Py1(xP) has continuation to D(0, 1*) [4(Theorem 3)] and
at a Teichmiiller unit a, a = a®, « = A(a) is an eigenvalue of Frobenius
equal to m; for some i. If Py(x)- P -.(x) converges on D(0,1+ ¢),
then aa_,=A(a)A_,(a) may be evaluated by substituting a into
Py(x)Pyy - (x)/ Py (xP) Py —(x?), obtaining aa_,=1 since a’=a.
Since a and a_, are both algebraic integers, they are ¢-adic units for
all finite primes ¢. Together with (1.14), this contradicts the product
formula. Thus c,2(a™) = 0 and this completes the proof of duality.

(1.15) TueorReM: For p#2, if o is the Frobenius matrix, then

AOAL, = p"0.
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Under the additional hypothesis that p > n + 1, the result may also
be proved via p-adic analysis. In fact, in no case does R(x)=
Pu(x)P((—=1)"*'x) converge in a disk D(0,1+€), € >0. For n odd,
R(x) = Py;(x)% In this case the non-extendability of R(x) is implied by
the non-extendability of the logarithmic derivative m, of P;(x) be-
yond D(0,1%) [11(5.1.20)]. In the case of interest, n is even, and
R(x) = P;i(x)Py1(—x) is the product of a solution to (0.2) at 0 and a
solution to the adjoint equation [11(4.1.4)] at 0. It follows that if R(x)
can be extended to a point b, then at b, R(x) is a linear combination of
products of local solutions at b of (0.2) and its adjoint [11(4.1.4)]. If b
is a point of the annulus

U(l,1+e)=D0,1+€)—-D(0,1%), €>0

then modulo the substitution x — x"*!, the local solutions at b are
given in [11(§5)]. Hence, we may write

(1.16) R(x")=x" 20 C;;vi(x)vi(x) exp(({' — ) m'x)
L=

where C;; € £, vj(x) converges on the complement of D(0,1%) in £,
7' =(n+ 1), { is a primitive (n + 1)st root of 1 in 2, and exp(cx) (for
c € ) represents a local determination at b of a solution to the
differential equation y’ = cy, say exp(c(x — b)). Note that by assump-
tion p >n +1 so that ord #'=1/(p —1). If ¢y, ..., ¢ are integers in 2
which lie in distinct residue classes, then {exp(v'c,-x)}}Ll are linearly
independent over the field of functions meromorphic on U(l, 1+ €).
(In fact, they are linearly independent over the larger field of func-
tions meromorphic on D(b, 1*).) We may therefore equate coefficients
on both sides of (1.16) as follows. Consider all pairs (j, j') of indices
0 <j, j’ =< n such that

(1.17) = ¢"'=0mod P,
where 2, denotes the maximal ideal in the valuation ring 0, of (2.

Since p and n +1 are relatively prime (1.17) is equivalent to j=j'.
Therefore, the assumption that R(x) continues to D(0, 1+ €) implies

x"R(x"*) = 2,: C; vi(x)vj(—x).

The left side converges for |x| <1+ €', € > 0; the right side converges
for |x|>1. Hence x"R(x"*") converges on the sphere. By Liouville’s
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theorem, x"R(x"*'") is constant. Therefore, evaluating at x =0, it is
identically zero. Hence R(x) is identically zero, which contradicts
R(x) = Py(x)Py(—x). W

The functional equation may also be expressed as follows: let
aE€F,let b=(—1)""a, then

Yi=>q"vi

is a one-one correspondence from the set {y;}7=} of reciprocal zeros of

L(f., )" onto the set {y;_.}12} of reciprocal zeros of L(f,, )"

2. Eigenvalues of Frobenius
The main theorem (2.35) is a corollary of the following proposition.

(2.1) ProrposrTiON: If x€ J(7w), ordx=—(n+1/p(p—-1), p=
n + 3, then the coefficients of the Frobenius matrix o satisfy

AnxX)/p*'=1(modw) A=12,...,n+1.

j(x)Ip* =0 (mod w), forj>A.

ReMARk: This result may also be formulated in terms of the matrix
(x), (0.18). The proposition then states

1

A(x) = B _ (mod ).

ProoF: By definition [11(§3.3)], & = W'AV* where A’ is the matrix
of the Frobenius map with respect to the basis {(7t:)'}2e, W=V,
and V is the change of basis matrix (0.13). Thus,

n+l

M3

i
2.2) A\ = vWaAa.
=2 k=1
Define
(2.3) r(d)‘,-) = i UikAAk-

k=1
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Then r(s,;) has the property by (0.18)

2.4) ord(s,; — r(A))) = A.

We are reduced, therefore, to showing

"(JJM\)/PA_1 =1(mod )

2.5) s )
r(s,)/p*'=0(mod =), forj>A.

By [11(§1.3)], both are known for A = 1. For j > 1, v;; = 0 so that
i

(2.6) r(sty) = k}_jz VA

By (0.11), for A > 1, b*~Y(0) =0, so that

n
Au =713 Y b Na)fAa),
i1
where the inner sum runs over a = — E jeUg je EN,
=1

@ = (s Flepa+ =D+ (," | )Fi=pa ~ k= DU,

and the b*(a) are the coefficients of the member of the dual basis,
&¥ 0, (0.10). Following the argument of [11(2.5.9)], we write

(’i')x"—'F(—pa +k-DU) = r(a)xi*!

where the sum runs over j = s(—pa +(k —1)U). Hence
n n
@)= (7)1 Byt
and for all j (by (0.7a))

Q.7 ord ri(a) = (—p3(a)+(n + 1)j + n(k - 1))b’

Note that for @ as above s*(a) = 0 and (0.10) (with variable equal to x?)
becomes
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ord b* a)=3(a)/(p - 1).
Using this and (2.7) when j = p, then
ord ' A (a)ry(a)x™* ' = (n +2)e > n,

in which the strict inequality makes use of the assumption p =n + 3.
By utilizing the sharper estimate (0.7b) when j<p, and the fact
[11(2.5.9)] that b* P(a) = 0 for « in the index set with —= (a) <A — 1, we
show, as in [11(2.5.9)] that for k > 1 and under the hypotheses of the
proposition

ord 7* b * V(a)ri(a)x* 1> — 1

with strict inequality a consequence of the assumption k > 1. This
shows that for k > 1,

ord w*-'bu-"(a)('i')x*-lF(—pa +(k-DU)>A—1.

(We take this opportunity to note that contrary to the assertion
[11(p.569)], for k > 1, we only get the weak inequality

ord w164 Y@)(, " VF(-pa = (k- DU =1 -1
arising from the second term of I'{P’(a).) Hence
A= (l. n 1) S b Y a)F(=pa — (k- DUy (mod p*~' )
i=1 - a

where the inner sum runs over a« = —-3X%_, j,U,, je €EN. This may be
improved somewhat since we know by the proof of [11(2.5.9)] that
b*Y(a) =0 for those a, —3(a) <A —1, and it is easy to show that

ord (. )64 @) F(—pa = (k= DUY > A~ 1
for those a, —3(a)> A — 1. Hence

A-1
Ap=mS (if 1) S b Ya)F(—pa —(k -~ 1)U, (mod p*~' )

a€KW
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where the index set K of the inner sum is the set
K®= {a ezt I a=2 jU,j, EN,—3(a)= A — 1}.
=1

If « € K, then1=j,=<p —3(since p = n + 3). Hence we may apply the
estimates (0.7b) obtaining

F(—pa d (k - 1) Ul) = BPil‘(k‘l)BPiz . Bp,". (mOd ,n.p(A—l)-(k—l)+I)‘

Thus,

A—1
Au =t ( i ) 2 b*a)By_«-By, - -+ By, (mod p*~'r)

SN - o
2.8
For each a = -3%.; j,U, € K?, define

i
29 D(j; a) = kZ_z v ™ - b @) By, By, - * By
so that
A—-1 n .
2.10) =3 (;") = DGia).
i=1 \1 «eK®

We claim that for « € K, i > 1,
2.11) D(; a) =0 (mod p)‘_l'n').

We know by (0.10) that for such « (x and p as in the hypotheses)

ord b* Ya) = ——=,

-A-1
p—1

and by (0.7)

Die

ord BPi[ = ;_——1,

since jo<A —1=n <p. Hence to show (2.11) it is sufficient to prove

. ji—(k—1
ord(z vjkBpj|-(k—1)) >!L!_—) .
k= p—1
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By definition (0.6),

so that

-1 s __piy—(k=1)—sp+s
_ (_1) Pt P
(2.12) Bpj,-te-n = ;::o sGi—s)p—(k—Dr

It suffices, therefore, to demonstrate

(2.13)

j
ord X S k=TT

Using VW =1, and the definition of w; in terms of elementary
symmetric functions (0.16), we conclude that

(214) Dj2+ 21: Ujk(X - 1) e (X - (k —2)) = Xj_z.
k=3

Hence, letting X = ¢p,

L Vjk _ (fp)i_2
2.15) 2@ k=Dl -DF

Using (2.15) with € =j,—s, we derive that the left side of (2.13) is
precisely s +j —1—j;. For j = A, this is strictly greater than s, since in
the case i > 1, j, and in particular j, is strictly less than A — 1. This
establishes (2.11), and (2.10) becomes

(2.16) r(sty) = D(j;~(A = DU)) (mod p*'m).
By definition of the dual basis b*P(—(A — 1)Uy = #"*". Hence

substituting (2.12) into (2.16) and recalling the definition 77! = —p, we
obtain

1 A= A=2 —s j vk
Fr(du)—( 1) Z I —1=s)p k=D (mod 7) .
By (2.15), we are reduced to
p '—2—3(A -1- s)i——z
(2-17) pr r(d)q) ( l)A ! z ) '[(A 1-— s)p _ 1]' (mOd 77.)'
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But, clearly

j—2-s

D .
M -T-sp-G-Dn

—A

so that the proof of the proposition in the case j > A is complete. If
j = A, we use Wilson’s theorem repeatedly, so that

1 _FEpya-1-97?
(2.18) ;A—.fr(&fu)=s=0 sIA—2—5)!

(mod 7).
However there is an elementary identity from the calculus of finite
differences,

(2.19) mt= SO (T)(—l)‘(m +1—5)" (mEN)

which states that the m™ successive difference of the consecutive m™
powers 1™,2™ ..., (m+1)" is m! The proof of proposition for j = A,
now follows from (2.18) by taking m = A —2 in (2.19). n

Now suppose a €EF,, (g =p"), and z = z? is a Teichmiiller lifting of
a in 0. If 7, denotes the unique unramified extension of Q, of degree
r in £, then z € J,. We wish to evaluate p-adically the eigenvalues of
the Frobenius map

Bz(&) = @0 ayea;: 2Bz—)qu,

viewed as an endomorphism of 28, over the field k, = ,(w). These
eigenvalues are related to the hyperkloosterman exponential sum by
the equivalent relations (0.3) and (0.4). Let 0, and 0., be the respective
rings of integers of the fields k, and k.= J(m); let #, and 2. be the
respective maximal ideals. Let o denote the lifting of the absolute
Frobenius to k, and k. defined by setting o(7) = 7. Recall that for z a
Teichmiiller unit, o(z) = z”.

Our original proof of theorem (2.35) was an induction proof on n,
utilizing the normalization of the solution matrix as in [6]. We hope to
return to this argument in a future article to present a (p-adic) analytic
formula for the unit eigenvalue of Frobenius. We are indebted to B.
Dwork for the following argument which shows that the theorem is
indeed a corollary of proposition (2.1). To see this we proceed with
(semi-) linear algebra. With an eye toward future applications, we
employ greater generality than necessary for the theorem.
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(2.20) PrROPOSITION: Let D be an N X N matrix with entries in O,

and let D be the reduction of D mod ?.. Assume D is block lower-
triangular and invertible, so we may write

D_=

where the D; are invertible i; X i; matrices, and =i-, i; = N. Let

A=dia’g(p""'"p’l9p'2""’p’29'"’p’s"'"prs)

iy i iy

where 0=<r, <r,<-:--<r,areintegers. Let % = AD. Then
(a) there exists M € GL(N, 0.) such that

2.21) M9y = AM,

(b) under the additional hypotheses that D is lower triangular (so
that iy=i,---=1i;=1) with I’s on the main diagonal, and that

A = diag(p", p?,...,p™)
with 0<r ,<r,<---<rn, then M may be chosen so that
M =]y (mod 2.).

ProoF: We may assume without any loss of generality that r; = 0.
Suppose s =1, so that A is the N X N identity matrix. We wish to
find M so that

M°9 =M.
We can view
2.22) p:x—>x°9Y

as a semi-linear transformation on k%, stable on 0%. Then by Dieu-
donné’s theorem [5(Theorem 1)], [10], there exists B =(B;) €
GL(N, k) such that

B°% = diag(p™, ..., p™)B.
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Taking determinants of both sides, we deduce from det 9 0 that
mi=m,---=my=0. Let b€k, |b|=max;;|B;]. If we set M=
(1/b)B, then M € GL(N, 0.) is as desired.

We proceed by induction on s. Let F, be the residue class field of K.
Consider the reduction mod 2., of the map p (2.22) acting on OX:

- = _ o _ D— 0
p:(Xpy ..., Xn)—> (X5, x5,.. "x‘;")(o‘ 0)

Again by Dieudonné’s theorem, there exist i; linearly independent
fixed points of the map in (F,)V say & = (%, .. ., %, 0, . . ., 0).

By a standard argument, these fixed points can be lifted to fixed
points &,. .., & of p in O such that if & = (x;;, ..., X;v) then
(2.23) lxal <1, for k> i,

and if Al = (x,-k), j, k= 1, 2, .o ey i|, then ,detAll = 1. Set
_ (A Az)
Yi= (0 §

where (A; 'Az) has for its rows the vectors &, A, is an i; X i; matrix
with det A;# 0, and A, is an i; X (N — i;) matrix, with A, =0 (mod 2.,).

Writing @ = (Z’ Il-..I’), we have by a straightforward computation
corv - I; 0
Y19Y11=< HA; | 90 )

where 9P =—HA7'A,+ I Note that we may factor @V =APYDD
where

(2.24) A® =diag(p”,...,p% .., P"...,p")

and D® is an (N —i;) X (N —i;) square matrix with entries in O,
whose reduction mod 2. by (2.23) satisfies

(2.25) D®=T= Dy 0

Bl
',_D_:

*
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It is convenient to call HA™' = U and use block notation so that

I, | 0

YIPYi!=
U2 @(212) c 9(2?

1 1
U |29 9%

where Uj is an i; X i; matrix with coefficients in p0., and 2§ is an
ij X i, matrix with coefficients in p'i0.. We wish to find

such that

. I.10
ziviovrzi' = (3 0y).

Therefore, we need to solve the simultaneous equations
s
Vi+U—-Y 2PV, =0, k=2,...,5,
i=2

for the matrices V,. Since p" divides both U, and @, it also divides
V.. It is sufficient to show that for every integer ¢ we can find matrices
V{9 such that

(2.26) VO = VY (mod p i)

and

2.27) VO + U — §; DYV =0(mod p’m).
=

For ¢ < r, we take Vi =0 for all k. For ¢ = r, we take

V{?=-U¢" (mod p~),
V{?=0(mod p2 m), for k>2.
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Assume for some ¢, €=r,, V¥ has been determined for all k with
properties (2.26) and (2.27). Set

Vs‘t’+1) — VS(()+p(7TWg((+1).
Then letting
& =V + U, - 22 DYV,
=

we solve
S +plaW —pla Y YW =0 (mod p“'w)
=
by noting that since r, =1, p divides all 2, and it suffices to take

Wl =— # 87" (mod p).

We complete the construction of Z; by setting V, =lim,.., V{©.
By induction, there is a matrix M® € GL(N - i;, 0.) such that

M(D"@(l) = A(I)M(l)

If we now take

Ll 0
M=<0 M")Z'Y"

then the proof of part (a) is complete.
For the proof of part (b) we note that by the additional hypotheses,

5-()

Hence the fixed point & = (x4, ..., xx) may be taken so that

x;=1(mod 2,),
x;=0(mod #.), forj>1.

The conclusion now follows as above but here the induction
hypothesis gives M® in GL(N — 1, 0.) satisfying
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M(l) = IN-] (mod ?oo) ]

(2.28) CoroLLARY: Under the hypotheses of part (a) of the pro-
position, M is determined up to multiplication by a diagonal matrix in
GL(N, 0y) (i.e. up to multiplication by a diagonal matrix whose
coefficients are units of Q,(w)).

ProOF: Since M € GL(N, 0.), any other solution may be written
EM for some E = (E;) € GL(N, 0.). Substituting in (2.21) and eliminat-
ing M gives

E’°A = AE.

Thus Ejp’'=E;p"!, and E is diagonal with coefficients fixed by
o B

(2.29) CorOLLARY: Let 9,4, D, M be as in part (a) of proposition
(2.20). Assume furthermore the coefficients of D lie in O,. Let

2.30) D, =99 ... 9
and
(2.31) E=M"M"".

Then (i) E is diagonal with unit coefficients in 0.

(ii)) MZ,M'=E'A" (i.e. M diagonalizes 9, as linear transfor-
mation over k,).

(iii) If furthermore 9, A, D, and M are as in part (b) of proposition
(2.20), then the units along the diagonal of E are all principal and

E = Iy (mod ).
ProOF: Apply o' to (2.21) so that
(2.32) M9 = AM°
But 9 is fixed by o', and hence with E as in (2.31), EM satisfies
(2.21). Thus (i) follows from corollary (2.28). (iii) follows from the
definition of E, (2.31), and the known properties of M, (2.20b). By
2.32),

M@ .. 9. @ =AM,
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Thus
M9, =AM.
(ii) now follows from the definition of E, (2.31). W

(2.33) CorROLLARY: (a) Let D, A, 9, M be N X N matrices satisfy-
ing the hypotheses of proposition (2.20), part (a). If in addition we
assume that the coefficients of D belong to 0, q=p’, then the
eigenvalues {y;}}L; of D, (2.30), (viewed as a linear map of kY overk,),
belong to Oy, the ring of integers of Q,(), and may be ordered so that

[4 £+1
(2.34) ord,y;=r, forjsuchthat) i <j=<> i,
k=1 k=1

(the r, are the integers in the statement of proposition (2.20) part (a)).
(b) If D, A, 9, M are as in proposition (2.20) part (b) then the
{y;}}X, may be ordered so that

viqi=1(mod 7). A

In our case, N=n+1, D=4(z), A =diag(l,p,...,p"), and by
(2.1), D, 4, 9 satisfy the hypotheses of proposition (2.20) part (b).

(2.35) THEOREM: Let {y;}/*! be the eigenvalues of B,(@) acting
linearly over k, on B,. Then the {y,}!2! are integers in Q,(7) and may
be so arranged that

vlg"'=1(mod 7). W

3. Non-existence of Tate-Deligne lifting

We treat the possibility of normalization by a good choice of lifting
of Frobenius. Let ¢;(x) = x? + z(x) where z(x) is analytic, defined over
Q,(7), and |z(x)]<1. Let 4®’ be the matrix of the map d&¥=
F(x,t)° ¢18,,—> 8, relative to the bases {{¥},0=<i=<n+1,[11(§3.2)].
Then ¢, is an excellent (Tate-Deligne) lifting of Frobenius provided the
entries &{{” (2=<i=<n + 1) all vanish. This is equivalent via the Katz
identification [9] to the stability of the absolute Frobenius on
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holomorphic n-forms in the Monsky-Washnitzer dagger cohomology
theory.

We proceed in two steps. First, we prove that there is a unique z(x)
as above for which &£$%”(x) =0. In the second step we show that for
this z, #$"(x) is not identically zero.

If Y is a solution matrix to (0.14) at a € 7, then [5(Prop. 3.1)]

3.1 Y = Yo,
Thus

(3.2) A x) = x7(x?, 2)H(x),
where

3.3) x(x,2)= Y '(x+2)Y(x),

x being defined whenever x and x +z belong to the domain of
definition of Y. x then satisfies the partial differential equation

X _9x _
(34) ax 9z XGo

where Gy = (1/x)G, G defined in (0.15). Hence, we may write

(3.5) X% =3 S M

where M, is a matrix of rational functions of x which satisfies by (3.4)
the recursive relation

(3.6) M, = M,— M,Go, (My=1).

If M,(x)=(M,(i,j; x)), then (3.6) translates into the following recur-

sions on entries:

3.7 MG, J) =M, 4G ) —x""M,(i,j+ 1), (j#n+1),
M/(G,n+1)=M, (in+1)— x""'M,_,(, 1).

It follows from (3.7) that, given the initidl condition My = I, M,(i, j)
(eQ,(m)(x)) is in fact a homogeneous polynomial of degree » in #"*!
and x~! with coefficients in Z. Furthermore, M,(i, j) is divisible by
x~ D where
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n
n+1

3.8) r,(i,j)=[ (v+1—i+j)J+i—j,

(in which [] denotes the greatest integer function). Therefore, if
x(x, 2) = (xii(x, z)), then

3.9 Xii(x, ) = &; + E M.,G,j; x) ‘ZV—,

v=t(i,j)
where (i, j) is the least positive residue of i —j module n + 1. Clearly

Xi = Xi
By (3.2),

n+l

(3.10) A% (x) = ; X2i(x?, 2)sli(x).

Let f; = ofi1/sf1;. Then £%V(x) =0 is equivalent to
(3.11) €(x, z) = —fox),

where
n+1

-1 P (x?. V.
(3.12) l(x,z)= 7.2 { Xxa(x?, z) + ,Z; X2i(x, Z)f,(x)}.

It is a standard computation to show Xii(x?, z) converges in the
region

A={(x,z)6.(22|ordz>ordx"+ 1 , for——wSordx";
p—1 -1
ord z > 2 ord x? for—(n+1)b<0rdx"s—(n—+ll}
n+1 i p-DJ
Let
1 ifordx">—<n+l)
p—1
E:
n . P e n+1>
T 1 if ord x? = (p—l'

Then the entries x;(x?,z),i=1,2,...,n+ 1, are principal units on the
region I'. C A,
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- p 1
I.= (x,z)EA|ordz—e-ordx >Iﬁ.

Let g(x, z) = xP¥¢(x, z) + z, so that

© v—1

(3.13) %ﬁz xa(x?, 271 Y (),
v=2 V.

where

(3.19) m,(x)=x"M,(2, 1; x")+ vM, (2, 2; xP)

n+1

+ > X"fl(x)M,2, k; xP).
k=3

For ¢ ER,, define

Fc,e={(x,z)elllordz—e-ordx”—pllzc}.

Then one sees that there exists a constant k, depending on ¢, 0 <k <1
such that |g(x, z)| < k|z| for (x, z) EI... Thus g satisfies the Lipshitz
condition

lg(x, z1) — g(x, zo)| < k * |z, — 2,

for pairs (x, z), (x, z,) € I'... Hence, (cf. [7, Lemma 7.1]), we have the
following proposition.

(3.15) ProprosSITION: The equation w = €(x,z) has a unique
holomorphic solution z = z(x, w) for (x, w) in the region I'._,. In this
region |z(x, w)| = |x|-|w|. A

If w=—f5(x), by (0.17) ord f5(x) = e for ord x* > —(n + 1)b. Hence
a holomorphic solution z exists for (3.11) in the region

T={x€.(2 le—(e—l)ordx"—p_l_ >0,

1

ordx?>—(n+ l)b}.

The condition (e — 1) - ord x? < e — (1/(p — 1)) is equivalent to p > 3 and
ord x? > —(n+ 1)b — (2/(p — 1)). Therefore,
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(3.16) T={x€.(2|ordx">—(n+1)<b-—%)},

for p >3. Note T D D(0, 1*). We summarize the above results.
(3.17) CorOLLARY: There exists a unique lifting of the Frobenius
map
e1(x) = xP + z(x),
(where z(x) is analytic and |z(x)| <1 for x € T) for which A%’(x) =0
for x €ET. ¢, is defined over Q (7). B

As the second step, we prove that %" is congruent to a non-zero
polynomial mod p*. As a consequence, for x a generic unit,
AL (x) #0. Since .szi #)(x) is a power-series, this implies it does not
vanish identically in any neighborhood.
By (3.15), for x a unit, |z|] =|f«(x)|. Hence ord z=e. By (3.13),
ord g(x, z) > ord z. Evaluating (3.14) for x a unit, ord m,(x) =0. For
2=y <p,ord(z*/v") > ve. For v=p,

(3.18) ord( ) >%

for p >3. Hence,

(3.19) LEMMA: If p >3, then ordg(x,z)=2e. B

By (3.2) and (3.9),

|)
520 (x) = —T,«z,l(x)+( +2—2—)a¢2.(x)

+ly(0+ 3 L

where ord a,(x) =0. By (3.18) for p >§,
(o) z? Z 2 3e
AG(x) = 535 n(x) + (= Z5+ 5035 ) () + stu(x) (mod p) .

Since, ord o,(x) > e, ord 3,(x) > 2e, and

An(x)

Aux) T E®D

z=2x"
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with ord g(x, z) = 2e, therefore,

21 Ay — A3
o) 281431 21 3e
A =g (mod p*).

In terms of the Frobenius matrix A [11(§81.4)],

_ A2
_gggeln)EZAu;;u An (mod p*).

By [11(§1.2)], the coefficients A; may be approximated by An,
ord A;; > (i—1)e, ord(Aj— Ay)=ie for ordx>—(n+1)b, where
explicitly

An= 7~ Eo 2{: E (Bpa|+t’BPaz+t’ e Bpa,.+e’Be)X',
t=

in which for each t, ¢ runs from 0 to (n+ 1t +p(i—1), and for
j=(t— €)|p € Z, the inner sum ranges over n-tuples (ay,..., a,) €EZ"
such that Zf_;ar =(n+ 1)j+ (i — 1), pay = —¢ for all k. It follows that

2A Ay — A3
(@) — 114131 21 3e
A =" 24 (mod p~)

for x a unit.

(3.21) LEmMA: Forp =n +8,2A,, A3 — A}, is congruent mod p*toa
non-trivial polynomial.

PrOOF: The usual estimates (0.7) for the constants B; yield

. . 22 [pl(n+1)]
2A1A5— Ay = 20 C.x*(=C(x)) (mod Pu)
fre=
where
_n+l1l 2 pn+l 2 n-1pn+l
(3.22) Cu="—1 > (2B,,..BiB"*'+nB%,,B}'B"
—(n+ l)Bp+ABp+yB:B:)

the sum running over all A, yEZ, A +y=u, 0=<A, y<[p/(n + 1)].
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By (3.21), Cy = ((n + 1)/ =% (2B,, — B2) which is easily shown to be
trivial mod p* (for p # 2). Similarly, C; may be computed from (3.20).
Using the explicit values of the B,, we compute

~ pon 1 11
Ci= 4 0m 2 a1 T

+ n(ﬁ—#)z}

Let D= Cy/(n + )a®*" !, It follows that D=n +2 (mod p), and D is
a unit for p > n + 2. Hence,

ordC, =2+ 13,
p—1

forp=n+8. N

(3.23) THEOREM: For p =n +8, an excellent lifting of Frobenius
does not exist.

ProOF: Since the coefficients of C(x) belong to Q,(), therefore if
t is a generic unit, then |C(t)| =|C|o(1) where the right side denotes
the Gauss norm, the supremum of the p-adic magnitudes of the
coefficients of C. Since C; is non-trivial mod p>* clearly C(t) is
nontrivial mod p*. It follows that &£$°(t) is nontrivial and #$°(x), a
power series, is not identically zero. W
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