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CLOSURES OF OPEN ANALYTIC POLYHEDRA

P. J. de Paepe

Introduction

In this paper we discuss closures of open analytic polyhedra. The main
problem is to find conditions on the defining functions for the polyhedron
under which the closure is a holomorphic set.

A complex analytic manifold of dimension » is called a Stein manifold
if three conditions are satisfied: Hol (M), the collection of holomorphic
functions on M, separates the points of M; for every x € M there exist n
functions in Hol (M) which provide local coordinates at x; finally for
every compact subset K of M, hullyyon(K) = {xe M:|f(x)| < || f|lx for
all feHol(M)} is a compact subset of M. Here || . ||x denotes the supre-
mum norm on K. A compact set K in M is called Hol (M) — convex if
K = hullgan(K). Note that an open subset M of C" is a Stein manifold
if the last condition in the above definition is satisfied. In this paper we
only consider Stein manifolds which are open subsets of C".

A compact subset K of C" is called a holomorphic set if K is the inter-
section of Stein manifolds in C". K is said to be holomorphically convex
if K is the continuous homomorphism space of the function algebra H(K)
consisting of uniform limits on K of restrictions to K of functions holo-
morphic in a neighborhood of K. From a characterization by Birtel, [3],
of holomorphically convex subsets of C" it is evident that holomorphic
sets are also holomorphically convex. The converse is not true, see [4],
[12].

One can show that the interior of a holomorphically convex set in C*
is a Stein manifold, [2]. We are interested in the converse statement : is the
closure of a relatively compact Stein manifold in C* always a holomorphi-
cally convex set? Or perhaps a holomorphic set? The answer is no;
take for M

{z,w) e C%: |z| < W, % < [w| < 1}
U{lzweC*w < lz,3 < |2l < 1}.

Now the closure M of M contains the topological boundary of the closed
unit polydisc in C? and the origin in C? is not contained in M. So the
smallest holomorphic set containing M is the closed unit polydisc in C2
and hence does not coincide with M.
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We here try to solve this problem for special types of Stein manifolds:
open analytic polyhedra. An open analytic polyhedron in a Stein mani-
fold M is a relatively compact subset of M of the form

{xeM:|f(x)) < 1,i=1,---, N},

where f;, -, fye Hol(M)and N = n. In a similar way one defines a com-
pact analytic polyhedron in M. This is a compact subset of M of the form

{xeM:|fix)) £ 1,i=1,---, N},

where f;, -, fye Hol(M) and N = n. In case N = n, the polyhedron is
called a special analytic polyhedron. For convenience we will always as-
sume that none of the defining functions are constant on any of the com-
ponents of M. Note that an open analytic polyhedron is a Stein manifold
and that a Hol (M)-convex subset K of a Stein manifold M is the inter-
section of open analytic polyhedra, so a holomorphic set. For information
on (special) analytic polyhedra, see [1].
It is easy to see that the closure of an open analytic polyhedron

P={xeM:|f(x))<l,i=1-" N}

is not always a compact analytic polyhedron defined by the same func-
tions as the open one. Just take M =C, N=2, fi =Q2z+1)/3, f, =
(z2—3)/2. Here Q = {zeC:|fi(z)| £ 1,|f»(z)| £ 1} is not connected and
the closure of P consists of one of the components of Q.

It can also happen that Q = {xeM:|f(x)| < 1,i=1,---, N} isnot a
compact subset of M:M =C, N=3, fi=¢>, f,=¢7"1, f3=¢%
¢ = e *™ Note that Q contains the half line

{zeC:iz = x+iy,y+x =0,y = —1}.
In these examples every irreducible component of a variety of the form
{xeM: fix) =%, jelJ},

where J < {1,---, N}, is either entirely contained in the closure of
{xeM:|f{x)| < 1,jeJ} or else does not meet this set. This also need not
always be the case: let M = C2, N =3, fi(z, w) = W(z—1)—=1)z—1)+1,
faz, w) =z, fi(z, w) = 3w. Let V = {(z, w)eC?: fi(z, w) = folz, w) = 1},
so V = {(z, w)eC?:z = 1}. Then (1, w), |w| < %, is not in the closure of
P' = {(z, w)eC:|fi(z, w)| < 1, [faz, w)| < 1}, since points (z, w) with
|zl < 1and |w| < +arenotin P’. Indeed, let (z, w) as above, hence x = z—1
=x+iyeD = {teC:lt+1] < 1} = {x*+y*+2x < 0}. So |wz—1)} <
Hol? = Hx?+y?) < —4x. Hence Re(f;(z, w)—1) = Re(—a+wa?) = —x
+3x = —4x > 0. So —a+wa?¢D, therefore | f(z, w)| = 1. But (1, 2) is
in the closure of P’ since the points (x+1+i\/—3x/2, 2) are in the
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closure of P’ if x < 0, x sufficiently close to 0.

In the next we will show that if Q is a compact special analytic poly-
hedron then Q is the closure of its interior. We also show that under
certain conditions on the set of points where the defining functions for an
open analytic polyhedron P in M < C" do not provide local coordinates,
the closure P of P (this notation will be used throughout the following) is
Hol (M)-convex, hence a holomorphic set. Note that this condition is of
the type Hoffman needs in some of his results ([9]). Finally in the case
dim M = 2 we completely solve our problem by proving P is a holo-
morphic set.

We will make use freely of results concerning function algebras, com-
plex analytic manifolds and analytic varieties, stated in [6], [7], [8].

The simplest type of an open analytic polyhedron is the interior of a
compact special polyhedron. The next result is well-known but the proof
gives an indication of the techniques we want to use.

THEOREM 1: Let Q = {xeM:|f(x)|<1,i=1,--,n} be a compact
special analytic polyhedron in the Stein manifold M = C". Then the open
analytic polyhedron P = {xeM:|f(x)| <1, i=1,---,n} is dense in Q.

This result follows immediately from a theorem in [10], p. 132:

Let N be an n-dimensional complex analytic manifold and f: N — C”
holomorphic. Then f is open iff dim, f ~'f(x) = n—m for all xe N.

Now in a neighborhood N = M of Q, the varieties {ze N: (f;," -, f,)(2)
=(f1," " fu)(x)} for xe N are compact hence consist of a finite number
of points. The above result shows that f = (f;,- -, f,) is open hence P
is dense in Q.

Another way to see this is the following: the varieties {ze M: f{z) = €%,
j=1,---,n} consist of a finite number of points. So every irreducible
component B of {ze M: fj(z) = €, s =1, -, m}, m < n, which meets
Q is n—m dimensional. If x € B is a regular point of {ze M: fj(z) = "%/,
s=1,---,m} there exists a neighborhood U of x such that {zeU:
fis2) = €%®, s =1,---, I} is purely n—I dimensional for | < m. It then
follows easily that x is in the closure of {ze M:|fjy(z)| < 1,s =1, -, m}.
So Bis in this closure. Hence P is dense in Q.

Let P be an open analytic polyhedron, defined by f;, - - -, fy.Ifavariety
of the form

{xeM: f{x) = &%, jeJ},
with J < {1, ---, N} consisting of m elements, is under consideration we

always will assume 0; =0, jeJ and J = {1, -+, m}. This causes no loss
of generality since we always may multiply f; by unimodular constants
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and reorder the functions f;,- -, fy.

We now prove several lemmas to be used later on. We denote the Silov
boundary of a function algebra A on a compact space X by 0A. It is well-
known that the peak points for 4 are dense in 04 if X is metrizable. If F
is a collection of functions on a topological space X, separating the points
of X and containing the constant functions on X, and if Y is a compact
sub set of X, then [ F|Y] will be the function algebra on Y generated by the
restrictions to Y of the elements in F.

LemMa 1: Let x ehullgypy(P), xe{yeM: f(y)=1,i=1,---, m}. Then
xehullyopn(P N {yeM: fi(y) = 1,i=1,---, m}).

PROOF: Suppose the lemma were not true, then there is g€ Hol (M)

such that g(x) = 1 > ”gnﬁn{yeM:f.»(y) =1,i=1,m-
Putting h =2""(f,+1)--- (f,,+ 1) we have

(gh(x) = 1 > llghlls
for sufficiently large k, in contradiction with x € hullgy ) (P).

Now {yeM: fi(y)=1,i=1,-,m} is a subvariety of M, so {yeM:
fy=1i=1,-,m} =V UW, where V is the union of the branches
of the variety which do not meet x and W is the union of those branches
which do meet x. Both V and W are subvarieties of M.

LeEMMA 2: With notation as above
if x € hullyypn(P), xe{yeM: fily) = 1L,i=1,---,m},
then x € hullygan(P N (W\V))™.

Proor: Suppose the lemma is false. Since M is Stein, there exists
GeHol(M) with G(x) =1, G=0 on V. Let a = ||G||s. Note that a > 0.
We can find H e Hol(M) such that H(x) = 1 and ||H||E ~ w1y - =< 1/(2a).
So GH(x) = 1, ||GH||# ~w\vy)- <% GH =0 on PN V. Hence the supre-
mum norm of GH on Pn{yeM: f(y)=1,i=1,---,m} is <% while
GH(x) = 1, in contradiction with the initial assumption.

LEMMA3: 3[Hol(M)|(P A (W\V))"] = 6[Hol (M)|P].

Proor: We abbreviate A = [Hol(M)|(P N (W\V))_]. Let z be a peak
point for A which is contained in V. Let X be the closure of the set of peak
points for A which are not contained in V. Suppose z¢ X. Now the
function f € A4, peaking at z is such that f(z)=1, ||fllx<a, 0 <a< 1.
Now there is a point we P (W\V) such that |f(w)| = b > a. Since
weV there exists ge Hol(M) such that g(w) =1 and g = 0 on V. Now
lgf)w)l = b* > a* llgll@ o wiiy- 2 llgf*loa for sufficiently large k. a
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contradiction. Hence z is a limit point of peak points for A which are con-
tained in P n(W\V).

Let y be a peak point of A which is not cortained in V. Let f be a
peak function for y. So there are f,€Hol(M) such that lim f, = f on
PW\V)~ and Ifl g~ wvy- = 1. Let U, U = = M, be a neighbor-
hood of y in hullgean(P) which has a positive distance to V. We may
assume that |f,(x)| < & for all xehullygpn(P N (W\V))", x¢ U if n suf-
ficiently large, where ¢ is a positive number smaller than 1.

Now let h be the peak function of lemma 1. For k sufficiently large, a
component of

{y € hulluyn(P): L) = 1}
is contained in U.

Now we use the following form of Rossi’s local maximum modulus
principle [ 13, theorem 5.3]: Let A be a function algebra on 44, f € A and
2€R, 0 < a=||fllszs. Then every component of {yeAdA:|f(y) = o}
meets 0A. So U contains a point of 6[Hol(M)|P]. We can do this for any
neighborhood U of y. Hence yed[Hol(M)|P]. So 64 < é[Hol(M)|P].

Let B(P) denote the set of all points of M at which at least n = dim M
of the defining functions for P are 1 in absolute value.

LemMa 4: 0H(P) and o[Hol(M)|P] are contained in B(P).

Comment: In [5] Bremermann states the same result in section 5.2,
page 253. It seems to us that the argument produced in his proof is incom-
plete. However using similar arguments as in section 6.5, page 258, the
result can be proved, using the analogue result for compact analytic
polyhedra, [9].

Lemma 5: d[Hol(M)|(P n(W\V))~] = B(P).
The statement follows immediately from the previous two lemmas.

Let fy, -, f, be elements of Hol(M). We define the Jacobian of
fi,°, [, as follows.
of:

J(fis o fu(y) = det (a—z) », yeM.

It is clear that J(fi, -, f,)(y) # 0 if and only if fi,---, f, provide local
coordinates at y.

Let S be the set of all y € B(P) such that J(f;)(y) = OforallI < {1,---. N}
consisting of n elements such that |f(y)| = 1 for all ieI; Here f; stands

for (fiy, " fim) Where {i(1), -, i(n)} = L

THEOREM 2: Suppose there is an open neighborhood U of P such that
Un S =0. Then P is Hol(M)-convex.



338 P. J. de Paepe [6]

PROOF: Let x € hullyoiar(P), x ¢ P; then fi(x) =+ = f(x) = 1,
[fn+1(0)] < 1, | fu(x)] < 1 for some m < N (see the remark before
lemma 1). As in lemma 2 we consider the varieties V and W.

Suppose m = n. Now dim W > 0, otherwise W = {x}, in contradiction
with x ¢ P. By lemma 5, W n P n B(P) # §, say y is contained in this inter-
section. There are k functions f; such that | f(y)| = 1, k = n. By assumption
there is a subset I of {1, - -, N} consisting of n elements such that J( f;)(y)
#0and |f(y)| = 1,ie . IfI = {1,---, m} then y is an isolated point of the
variety {ze M: f(z) = 1, ie I}, hence of W, in contradiction with the fact
that W is connected. Suppose I ¢ {1, -, m}. By the Jacobian condition
not all f;, i€, are constant (near y) on W, So close to y, i.e.in U n W, we
can find a point y’ where at most k—1 = n functions are 1 in absolute
value. Repeating this process, we end op with yoe W, I = {1, -+, m} con-
sisting of n elements and f; such that |f(y,)| = 1 for iel, J(f)(yo) # O,
as above a contradiction.

Now suppose m < n, hence dim W > 0. First, since x ¢ P, the dimension
of every branch of W is > n—m (see proof of theorem 1). Also since
x¢ P, for any g,+1," ", gn€ Hol(M), there is a neighborhood of x in W
where J(f1, ", fus Gm+1>" " " gs) = 0. Hence by the identity principle for
analytic functions on irreducible varieties, J(fi, ", fu> Gm+1>"""> Gn)
vanishes identically on W for all choices of g,+1, ", g.€ Hol(M).
Again, let ye W n P n B(P). As before there is I = {1, -, N} consisting
of n elements such that | fi(y)| = 1,iel, and J(f)(y) # 0. If I = {1, -, m}
we have a contradiction with the above observation about Jacobians.
If {1,---,m} ¢ I, we find y’ € W close to y such that at least n functions
are 1 in absolute value at y’. Moreover the number of functions f; which
are 1 in absolute value at y’ is at least one less than this number at y. This
is possible since the dimension of every branch of W is > n—m. Con-
tinuing the above process we end up with n functions f;, iel, I > {1, -,
m}, and a point yo€ W such that |fi(yo) =1, iel and J(f;)(yo) # 0.
A contradiction. Hence hullyoon(P) = P, so P is a holomorphic set.

ReEMARK: One can prove a slightly stronger result:

Let T be the set of all ye B(P) such that y is not an isolated point of
{zeM: fiz) = fi(y)} for all I = {1,---, N} consisting of n elements such
that | fi(y) = 1 for all iel.

If there is a neighborhood U of P such that UN T = (), then P is
Hol(M)-convex.

The proof of theorem 2 depends on the fact that for an n-tuple f; with
J(fx)#0, |fix) =1, iel, and a positive-dimensional variety W
through x, not all f; are constantly 1 in absoiute value on W. The same is
true replacing J( f7)(x) # 0 by: x is isolated point of {ze M: fi{(z) = fi(x)}
(cf. theorem 11, p. 108 of [8]).
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For our main result we need the following theorem, due to Stein
[14, proposition 2].

Let X be a connected complex analytic manifold, Y a complex space,
7:X - Y a holomorphic mapping such that dim, {t~*(z(x))} does not
depend on x. Let L, L, (n =1, 2, - - *) be connected components of level
sets of 7. Assume that there is a point x, € L such that every neighborhood
of x, is met by almost all L,.. Then every point of L has the same property.

THEOREM 3: Let P be an open analytic polyhedron in a Stein manifold M
which is a subset of C?. Then P is a holomorphic set.

PRrOOF: Assume M is connected. This causes 1o loss of generality be-
cause we may restrict our attention to components of M.

Let x € hullygy(P), x¢P. Let P be defined by f;, - - -, fy and suppose
fix) == fu¥) = L | fus 1X) < L, -+, | fa(x)| < 1. Let W as before be
the union of the branches of {yeM: fi(y) =1, i=1,---, m} through x.
Now dim W = 1, otherwise x would be in P since x € hullgg (P N W).

Let I be the subvariety of M defined as

of; of;
f(z)= f(z)=0forsomei,l§i§N,
521 622

1= {zeM:

and let J be the variety defined by J = {ze M:J(f;, fj)(z) = 0 for some
i, j for which J(f;, f;)is notidentically zero}. Then I and J are of dimension
< 1. We will show xeIu J. Suppose x¢Iu J then

fi i i

2 s 0 s 0.
o, (x) # 0 or oz, (x) # 0, say oz, (x) #

Let
A= {ZEM:a—fl(z) = 0}
0z,

and suppose y ¢ 4. In a neighborhood U of y f; and z, provide local co-
ordinates. Since J(f;, fi)(x) =0 for all i, 2 < i < m, because dimW =1,
J(f1, f) is identically zero by the assumption x¢J. So the value of f;
on U depends only on the value of fi, i.e. dim,{ze M:(f, -, fu)z) =
(fioeon SN} = L. )

Now there is a point ye P n W which is not contained in 4. Take a
neighborhood U of y as above and choose a sequence {y,} of points in
P n U converging to y. Let L, be the connected component of the level
set {ze M\A:(f1," ", fu)@) = (f1," ", fw)(¥,)} through y,. These sets are
1-dimensional.
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Now apply Stein’s theorem to M\A and the map (f, "', fn)- This
shows that every point of W\A, in particular x, is met by almost all L,,
i.e. xe P, a contradiction.

ReMARK : To prove that hullHol(M)(F)\I_’ is contained in a one-dimension-
al analytic variety one also could use the remark on convergence of ana-
lytic varieties on page 5 of [14].

The above shows that for every x € hullyg(P), x € P, there is a neigh-
borhood U of x in C?\ P and a one-dimensional subvariety V of U such that
U N hullggar(P) < V. Let f be a polynomial such that f(x) =0 and f
has no other zeroes on V (after shrinking U if necessary). Let U be an
open neighborhood of x, relatively compact in U. We may assume that if
Z ={zeU: f(z)=0}, Z\U,; has a positive distance to hullyean(P) (by
shrinking U if necessary). Since hullyeas(P) is a holomorphic set there is
a Stein manifold S > hully,ay(P) such that S~ Z = U,. Consider the fol-
lowing data for a Cousin I problem: (S ~ U; 1/f),(S\U,; 0). On the Stein
manifold S this problem is solvable, so there is a meromorphic function m
on S such that m—1/f eHol(Sn U) and m is holomorphic on S\U,.
Therefore the Stein manifold {zeS:|m(z)] < C} for C sufficiently large
contains P, but does not contain x. In other words P is a holomorphic set.

ReMaRK: All results stated above can be proved for the more general
situation where M is a Stein manifold which is a Riemann domain.

COROLLARY : Let P be an open rational polyhedron in a Stein manifold M
in C?, i.e. P is defined by rational functions with pole sets which do not meet
M. Suppose that every function in Hol(M) can be approximated on K by

rational functions with poles off K for every compact subset K of M. If
H*(hullgeyar(P); Z) = O, then P is rationally convex.

ProoF: The condition on M means that hullyyag(P) contains the
rationally convex hull of P. As in the proof of theorem 3 every point
x € hullyoyar(P), x¢ P, is contained in a one-dimensional variety V' such
that for small enough neighborhoods U of x

U N hullygp(P) = Un V.

As above choose Z and a Stein manifold S. Since H?(hullgeiar(P); Z) = 0,
we may assume, replacing S by a smaller Stein manifold, there is an
f €Hol(S) such that Zn S = {f = 0} (see [15], p. 286). Now f has no
zeroes on P and f is holomorphic on the rationally convex hull of P,
so can be approximated on the rationally convex hull of P by rational
functions. This shows that x is not contained in the rationally convex hull
of P, hence P is rationally convex.
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