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Monogenic groups
by

M. Rajagopalan and J. J. Rotman 1

The notion of a uniformly distributed sequence has been general-
ized by L. A. Rubel [4] from compact groups to locally compact
groups. A locally compact group that contains a uniformly distrib-
uted sequence is called monogenic. Our main result is the charac-
terization of discrete monogenic groups as direct sums of divisible
groups and distinguished subgroups of certain cartesian products
of finite cyclic groups and p-adic integers.
The following definitions are included for the reader’s convenience.

All groups are abelian.

DEFINITION. A topological group G is monothetic if it contains a
dense cyclic subgroup [x0]. A generator of such a subgroup is called
a monothetic generator of G.

DEFINITION. Let G be a compact group and M(G) the space of
bounded Borel measures on G. Let {xi} be a sequence in G, and
let ô, be the point mass at xi (i.e., mass 1 at x;). The sequence
{xi} is uni f ormly distributed in G if the sequence 03BCn = 1 /n
(03B41 + ... +03B4n) converges weak * in M(G) to normalized Haar
measure v.

DEFINITION. (Rubel) Let G be a locally compact group, and let
{xi} be a sequence in G. The sequence (az;) is uniformly distributed
in G if {~(xi)} is uniformly distributed in ~(G) whenever gg(G) is
compact and q is a continuous open homomorphism.

DEFINITION. A locally compact group G is monogenic if it contains
an element xo such that {x0, 2xo, 3xo, ...} is uniformly distributed;
such an element xo is called a monogenic generator of G.
The proof of the following lemma is immediate.

LEMMA 0. Let xo be a monogenic generator of a locally compact
group G, H a closed subgroup, and 99: G -+ G/H the nactural map.
Then GIH is monogenic with monogenic generator ~(x0).

1 The second author was supported by NSF grant GP-1568. The first author
was supported by NSF grant GP-227.
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Eckmann [1] has shown that if G is compact, then G is monogenic
if and only if G is monothetic; moreover, xo is a monogenic generator
if and only if xo is a monothetic generator. It is easy to see by duality
that a locally compact group is monogenic if and only if there is an
element xo e G (the monogenic generator) that separates every
discrete subgroup of G*, the character group of G.

It is easy to construct examples of a direct product of two
monogenic groups that is not monogenic, and of an open subgroup
of a monogenic group that is not monogenic. Here is an example
of a continuous homomorphic image of a monogenic group that
is not monogenic. Let Rd be the discrete reals, and let R be the
reals in the usual topology; it is easy to see that Rd is monogenic
and that R is not monogenic, but the identity map is a continuous
homomorphism from Rd onto R.
From now on, all groups are discrete unless stated otherwise.

LEMMA 1. A discrete group G is monogenic i f and only i f there is a
cyclic subgroup A o f G such that, whenever K is a finite group and
f : G ~ K is an epimorphism, then K = f(A).

PROOF : In the definition of monogenic, we consider all ~: G ~ ~(G)
such that 99 (G) is compact and 99 is open. If G is discrete, then p (G)
is discrete, so that we need only consider finite images of G. By
Eckmann [1], all such images are cyclic with generator q(xo),
where [xo] = A.

It follows that every finite image of a monogenic group is cyclic.

PROPOSITION 2. A discrète group G is monogenic if and only
if G contains a cyclic subgroup A with G/A divisible.

PROOF: Let G be monogenic with monogenic generator xo, and
let A = [xo]. Then G/A has no finite images and so is divisible.

Conversely, let K be finite and f : G ~ K be onto. Then f induces
an epimorphism G/A ~ K/f(A). Since G/A is divisible, so is its

image Klf(A). But K/f(A) is finite, hence 0. Therefore K = f(A)
and G is monogenic.
By Lemma 0, any homomorphic image of a monogenic group is

monogenic. In particular, any direct summand of a monogenic
group is monogenic.

Recall that a group G is reduced if it contains no non-zero divisible

subgroups. An arbitrary group G = D ~ R, where D is divisible
and R is reduced. The following proposition lets us restrict our
attention to reduced groups.
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PROPOSITION 3. If G is monogenic and D is divisible, then G p+ D
is monogenic. If G is monogenic and G = E ~ R, where E is divisible
and R is reduced, then R is monogenic.
PROOF: Suppose A is a cyclic subgroup of G with G/A divisible.

Then (G Q D)/A ~ (G/A) 0 D which is divisible, so that G Q D
is monogenic. The second part follows from Lemma 0, for R is an
image of G.

DEFINITION. A subgroup S of G is pure in G in case

for every integer n.
Two examples of pure subgroups are the torsion subgroup and

any direct summand. A partial converse is [3, p. 18] : if S is a pure
subgroup of bounded order (i.e., nS = 0 for some n ~ 0), then S
is a direct summand.

PROPOSITION 4. Let G be a reduced monogenic group with torsion
subgroup tG. Then tG can be embedded in Q/Z, the rationals modulo
one.

PROOF: We prove the following statement from which the pro-
position follows easily: for every prime p, the p-primary component
Tp of tG is cyclic. If T’JJ =1= 0, then G contains a cyclic p-primary
direct summand C [2, p. 80]. Suppose C ~ Tf1. If G = C (D H,
then H is monogenic, and it contains elements of order p. Thus,
H = C’ El) H’, where C’ is a p-primary cyclic, and so G = C El) C’ El) H’.
But now C 0 C’ is a finite image of G that is not cyclic, contra-
dicting the fact that G is monogenic.

COROLLARY 5. If G is reduced and monogenic, then

where P is a set of primes, k(p) is a positive integer, and a(n)
denotes the cyclic group of order n.

COROLLARY 6. If G is reduced monogenic with a monogenic
generator x. of finite order, then G = [xo].
PROOF: Since tG C Q/Z, every finite subgroup of G, e.g., [x.] = A,

is contained in a finite direct summand H of tG. But H is also a

direct summand of G, by the result referred to above [3, p. 18].
Therefore G = H ~ M, so that GjA 92 (H/A) Q M is divisible.
Hence M = 0 (since G is reduced), H = A (since H is finite), and
G=A.
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PROPOSITION 7. If G has a monogenic generator of finite order,
then G = A e1 D, where D is divisible and A is finite cyclic.
We now furnish G with a topology making it a topological group.
DEFINITION. The Prüfer topology 2) on G is the topology in which

a base of neighborhoods of 0 is the set of subgroups of the form
n !G, where n &#x3E; 0.

The following proposition is well known, but we include a brief
proof for the reader’s convenience.

PROPOSITION 8. Let G have the Prüfer topology. A subgroup
B of G is dense if and only if G/B is divisible.

PROOF: Let x e G and n &#x3E; 0. Since B is dense, B meets every
open set. In particular, B n (-x+n!G) ~ 0. There is thus an
element b e B with b = -x+n!g for some g c- G. Therefore

x+B = x+b+B = n!g+B and G/B is divisible.
For the converse, it suffices to prove B n (x+n!G) ~ Ø for all

x e G and n &#x3E; 0. Since G/B is divisible, there is an element h e G
with x = n!h+b, for some b~B. Therefore b =x-n!h~B~ (x+n!G).
COROLLARY 9. A discrète group G is monogenic if and only if,

when it is given the Prüfer topology, it contains a dense cyclic
subgroup.

PROOF: This follows immediately from Propositions 2 and 8.

It follows that discrete monogenic groups can be topologized in
such a way that they become (not necessarily locally compact)
monothetic groups. Now there exist reduced groups that are not

T1 in the Prüfer topology. However, if

is zero, then a norm can be defined on G analogous to the p-adic
norm. If x = 0, set ~x~ = 0; if x ~ 0, set ~x~ = e-n, where
x ~n!G but x o (n+1)!G. G becomes a metric space in the Prüfer
topology, where distance is ~x-y~.
LEMMA 10. Let G be a group having no p-torsion. Then G03C9 is

p-divisible, i.e., G- = pG03C9.
PROOF: If x E G", then there are elements yl, y2, ... in G with

x = py1 = p2 Y2 =.... Since G has no elements of order p, the y,

2 ) This is often called the n-adic topology; W. Krull suggested that it be named
after Prüfer.
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are unique. In particular, yl is divisible by every power of p. We
must show that YI e G6J. Suppose (m, p) = 1. There are then
integers a and b with am+bp = 1, so that y, = amyl-f-bpyl =
- amy1+bx emG, since x c- G6J. Finally, if n &#x3E; 0, we shall show
that yl e nG. Now n = pkm, where (m, p) = 1. There are integers
x and 03B2 with 03B1m+03B2pk = 1, and so y1 = 03B1my+03B2pky1 = ocm(pkg)+
03B2pk(mh) e nG. Therefore y1 e G03C9.

COROLLARY 11. Let G be a group with p-torsion of bounded
order for some p, i.e., there is an integer k so that pkx = 0 for all
x whose order is a power of p. Then G03C9 is p-divisible.
PROOF: The group pkG is a group having no p-torsion, so that

(pkG)6J is p-divisible, by Lemma 10. But (pkG)6J = G6J: if x = n!Yn
for all n, then x = n!(pkzn) for all n, where Zn = ((n+pk)!/n!pk)yn+pk.
The other inclusion is obvious.

PROPOSITION 12. If G is a reduced monogenic group, then G03C9 = 0.
Hence G is metric in the Prüfer topology.
PROOF: If G has no p-torsion, then G" is p-divisible, by Proposi-

tion 10. If G does have p-torsion, it is a finite cyclic group, by
Corollary 5; hence G03C9 is p-divisible for this p by Corollary 11.
Therefore G03C9 is divisible, being p-divisible for all p. Since G is
reduced, G03C9 = 0.

If G is metric (in the Prüfer topology), we denote its completion
G#.
Note that if S is a pure subgroup of a group G, then the Prüfer

topology on S is the same as the relative topology on S induced
from G. The following proposition gives a partial converse.

LEMMA 13. If G is metric (in the Prüfer topology), then G is a pure
su,bgroup of its completion G#.

PROOF: Suppose g = ng#, where g# e G#. There is a sequence
{gi} in G with g, ~ g# in G#, and so ngi - ng# = g in G#. Since
G is a subspace of G#, ngi ~ g in G. For large i, therefore,
ngi-g e n !G, so that g e nG and G is pure.

LEMMA 14. If G is metric (in the Prüfer topology), then

where F is torsion-free.
PROOF : Since tG is pure in G, it is a subspace, and so (tG)# C G#.

Since tG is pure in G, (tG)# is pure in G#. Every complete group
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is algebraically compact 3 [2, p. 84], which says that (tG)# is a

direct summand of G#. The complementary summand F is torsion-
free, for t(G#) C (tG)#.

DEFINITION. Let P be a set of distinct primes, and for each
p E P, let Cp denote either a p-primary cyclic group or the additive
group of p-adic integers. We call the abstract group Il C, a universal
monogenic group. An element x e Il Cp is called a main diagonal
if, for all p, its pth coordinate is a generator of Cp when Cp is
cyclic or a p-adic unit otherwise.

PROPOSITION 15. A reduced group G is a complete monogenic
group if and only if it is isomorphic to a universal monogenic group.
Moreover, a monogenic generator is a main diagonal.
PROOF: Suppose G is monogenic and G = G#. By Lemma 14,

G = (tG)#~ F, where F is torsion-free (and monogenic). Since
G is monogenic, tG = 03A3 Cp, where Cp is a cyclic p-primary group.
Now rj Cp is complete, it contains tG = 03A3 Cp as a pure subgroup
(hence as a subspace), and it contains .1- Cp as a dense subgroup
(for II Cp/03A3 Cp is divisible). Therefore (tG)# = 03A0 C1’.
Let x be a monogenic generator of F, and let E be the pure sub-

group of F generated by x, i.e.,

E = {y e F: my E [x] for some m ~ 0}.
Now E is a subspace of F, and it is dense in F since it contains [x].
Therefore E# = F# = F (for a direct summand of a complete
group is complète). It is well known that E# = 03A0I#p
(I#p = p-adic integers) where p ranges over all primes for which
pE ~ E. Therefore G is a universal monogenic group.
A universal monogenic group G is complete in the Prüfer topology

(it is compact); we show that G is monogenic with a main diagonal
x as a monogenic generator. If ~: G ~ K is onto, where is a
finite group of order n, then nG C ker cp, and there is an epimorphism
G/nG ~ K. But nG = TI nCf)’ and G/nG = TI (Cp/nCp). If

(p, n ) = 1, however, Cp = nCp, so that G/nG is a finite sum of
Cf’lnC1’. It follows easily that G/nG is cyclic with generator ~(x).
Therefore G is monogenic. (It is easy to see that if x is not a main
diagonal, then x is not a monogenic generator.)
THEOREM. A discrete group G is monogenic i f and only i f G=D~H,

where D is divisible and H is a pure subgroup o f a universal monogenic
group that contains a main diagonal.

3 A group is algebraically compact if it is a direct summand whenever it is pure.
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PROOF: By Proposition 3, we may assume that G is reduced.
If G is monogenic, then G is a pure dense subgroup of G#, by

Lemma 13. By Proposition 15, G# is a universal monogenic group.
If r is a monogenic generator of G, then [x] is dense in G, and so
[x] is dense in G#. Therefore x is a main diagonal, by Proposition 15.
Conversely, suppose G is a pure subgroup of M containing x,

where M is a universal monogenic group with monogenic generator
x. Then G/[x] is a pure subgroup of the divisible group M/[x], and
so it is divisible. Therefore G is monogenic.
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