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Avant-propos

Ce mémoire rassemble plusieurs travaux réalisés dans le cadre du doctorat de mathé-
matiques sous la tutelle de deux universités : 'université de Yale & New Haven (USA)
sous la direction de G.A. Margulis d’une part et l'université Paris XI & Orsay et le
laboratoire de I'Ecole Normale Supérieure DMA & Paris (France) sous la direction de F.
Paulin d’autre part. Il est écrit en partie en anglais et en partie en frangais conformément
a la convention de cotutelle du 19 juin 2001 signée par les deux universités.

Il comporte deux parties relativement distinctes. Chaque partie débute par un cha-
pitre introductif qui présente les problématiques développées dans les chapitres suivants,
fait le point sur les résultats connus auparavant, et énonce les principaux théorémes
de la these en donnant parfois soit des indications sur les méthodes utilisées soit la
démonstration d’un cas particulier. Les chapitres introductifs 1 et 5 exceptés, les cha-
pitres peuvent étre lus de maniere indépendante. Les chapitres 3, 4 et 7 ont été chacun
soumis a publication et le chapitre 6 a déja fait I’objet d’une publication dans le Journal
of Algebra de mars 2003.

La partie I traite des marches aléatoires et de la théorie des probabilités sur les
groupes. Les résultats proposés généralisent certains théoreémes classiques du calcul des
probabilités pour les sommes de variables aléatoires au cas non-commutatif des produits
de matrices aléatoires, notamment le théoréme limite local et les théorémes d’équiréparti-
tion de marches aléatoires. Le chapitre 2 présente un travail en cours sur 1’équirépartition
des marches symétriques sur les groupes de Lie nilpotents et les marches unipotentes sur
les espaces homogenes. Le chapitre 3 reprend un article ou1 'on démontre un théoréme
limite local sur le groupe de Heisenberg pour les distributions centrées & support com-
- pact sans hypothese de densité, ainsi qu’'un théoréme de comparaison entre la marche
aléatoire et le noyau de la chaleur associé. Cela permet en outre d’obtenir une version
probabiliste du théoreme d’équirépartition de Ratner pour les flots unipotents sur les es-
paces homogenes. Au chapitre 4, on introduit la notion de distribution diophantienne sur
R? et on montre que cette propriété gouverne la vitesse de convergence dans le théoréme
local classique. On montre aussi un théoréeme de comparaison pour les écarts modérés
ainsi qu'un principe d’invariance pour les fonctions bornées (voir ci-dessous).

La partie II rassemble des articles qui sont le fruit d’une recherche en commun avec
Tsachik Gelander (Université Hébraique de Jérusalem). Le théme général de ce travail
est la construction de groupes libres dont le plongement dans les groupes de Lie ou les



groupes algébriques satisfont certaines contraintes. Ces problémes et leurs méthodes se
situent dans la lignée de la céleébre alternative de Tits sur les groupes linéaires. Notre
théoréme principal énonce que tout sous-groupe dense d’'un groupe de Lie non résoluble
contient un sous-groupe libre et dense. Au chapitre 6, on démontre ce fait pour les groupes
de Lie réels connexes et on indique au passage une méthode simple pour construire des
sous-groupes denses dans les groupes de Lie. Au chapitre 7, on généralise ce théoreme
au cas non connexe et p-adique et on présente certaines applications a des domaines
variés comme la théorie des actions moyennables ou bien I’étude des groupes profinis.
Enfin dans ’appendice a cette partie, on donne 1’esquisse d’un travail en cours sur une
question proche : la détermination d’une version effective de 1’alternative de Tits.

Pour conclure cet avant-propos, nous résumons ci-dessous quelques-uns des énoncés,
parmi les plus significatifs, qu’on démontrera dans cette these.

Partie I

Théoréme (3.1.1 et 3.1.2 Théoréme limite local sur le groupe de Heisenberg) : Soit
N le groupe de Heisenberg des matrices triangulaires supérieures 3 x 3. Soit p une
probabilité centrée, apériodique et a support compact sur N. Soit (v;); un semi-groupe
gaussien associé a p. Alors pour toute fonction f continue a support compact sur N, on
a

i n? [ fadu (@) = ) [ f(a)da

n—+0o

ot c(u) > 0 est la valeur en e de la densité p, correspondant ¢ vy (i.e. le noyau de
la chaleur associé 4 p). De plus pour tout borélien borné B de N dont la frontiére est
négligeable par rapport a la mesure de Lebesgue (i.e. |0B| =0), on a

lim n?sup|u"(zB) — va(zB)| =0

n—-+0o reN

Ce théoréme généralise le théoreme limite local classique sur R? et sa version uni-
forme due & Stone [161] au groupe de Heisenberg. La méthode utilise les représentations
unitaires de N ainsi que le théoréme limite central sur N, ce qui permet de s’affranchir
de ’hypothese d’existence d’une densité continue pour la probabilité u, hypothese sous-
laquelle ce type de théoréme avait été démontré par le passé (voir Alexopoulos [5] [6]

[7)-

Théoréme (2.0.4 Version probabiliste du théoréme d’équirépartition de Ratner) :
Soit G un groupe de Lie réel connere et I' un réseau de G. Soit H un sous-groupe
simplement connexe unipotent de G. Soit u une mesure de probabilité symétrique et a
support fini sur H, et (Sp)n>0 la marche aléatoire sur H associée. Alors pour tout x
dans G/T et toute fonction f continue et bornée sur G/T

lim E(f(S,-2)) = fdm,



ou, pour tout point x de G/I’, on note m, la probabilité ergodique H -invariante dont le
support est H - x fournie par le théoréme de Ratner.

Ce théoreme répond a une question de G.A. Margulis et compléte I’étude des marches
aléatoires sur G/I" développée dans [54].

Théoréme (4.3.2 Théoréme local pour les écarts modérés) : Soit u une probabilité
centrée et apériodique sur R admettant un moment fini d’ordre v > 2 et v la loi gaus-
sienne associée. Soit o2 la variance de pu, I = [a,b] un intervalle fermé de R et ¢ un
réel dans 10,7 — 2[. Alors on a

im AU +2)
n—+00 V"(I —+ :IZ)

uniformément quand |x| < \/co?nlogn.

Théoréme (4.4.5 Principe d’invariance pour les fonctions bornées) : Soit u une
probabilité centrée sur R admettant un moment d’ordre 4 et soit v la loi gaussienne
associée. On suppose que p est diophantienne. Alors il existe ko > 0 tel que

Jfdw _

=1

Hm
n—+00 f fdvn
pour toute fonction C* , avec k > ko, bornée non nulle f > 0 sur R dont toutes les
dérivées jusqu’a l’ordre k sont bornées.
Au chapitres 1 et 4, on montre comment ce théoréeme peut étre appliqué a 1’équidis-
tribution des marches aléatoires sur les espaces homogenes.

Partie 11

Théoréme (7.1.2 Version topologique de I’alternative de Tits) Soit I' un groupe de
type fini et 0 : ' — GLy(k) un homomorphisme injectif de ' dans GL, (k) ot k est un
corps local. On munit I' de la topologie la moins fine pour que o soit continue. Alors soit
I' contient un sous-groupe ouvert résoluble, soit I' contient un sous-groupe dense qui est
un groupe libre de type fini.

En particulier, ce théoréeme montre que tout sous-groupe dense d’un groupe de Lie
connexe non résoluble contient un sous-groupe libre et dense.

Terminons par trois corollaires de ce théoreme :

Théoréme (7.8.3 Conjecture de Connes-Sullivan généralisée) Soit G un groupe lo-
calement compact et T' un sous-groupe dénombrable de G. Alors T’ agit moyennablement
sur G par translations a gauche si et seulement s’il existe un sous-groupe I'y de T' qui



est moyennable en tant que groupe abstrait et qui est relativement ouvert dans I' pour la
topologie de T' induite par celle de G.

Théoréme (7.1.6) Dans un feuilletage Riemannien sur une variété compacte, la
croissance des feuilles est bornée uniformément par une fonction polynomiale, ou bien le
revétement d’holonomie de chaque feuille est a croissance exponentielle.

Théoréme (7.7.1 Conjecture de Dixon-Pyber-Seress-Shalev) Soit I' un groupe linéaire
de type fini et I' sa complétion profinie. Alors soit I contient un sous-groupe résoluble
d’indice fini, soit ' contient un sous-groupe libre et dense de type fini.

Paris, le 6 octobre 2003
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de Lie
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Chapitre 1

Introduction

Dans ce premier chapitre introductif, nous allons présenter les problématiques qui
font 'objet de ce travail en commencant par les resituer dans le cadre de la théorie des
probabilités sur les groupes. Les premieres sections sont consacrées a la description suc-
cincte de résultats connus concernant les marches aléatoires. Par marche aléatoire sur un
groupe G, nous entendrons le processus aléatoire S, = X, -...- X, donné par le produit de
n variables aléatoires indépendantes et de méme loi & valeurs dans un groupe G que ’on
s’est fixé au départ. De fagon similaire, on parle de marche aléatoire sur un espace X,
muni d’un groupe de transformations G, si a chaque pas on applique une transformation
aléatoire choisie dans G selon une méme loi de probabilité et de fagon indépendante.
Dans les premieres sections, la plupart des énoncés généralisent les théorémes classiques
du calcul des probabilités (la convergence en loi, la loi des grands nombres, le théoréme li-
mite centrall, son équivalent local, les principes de grandes déviations, etc) & un contexte
non-commutatif. Ensuite, on annonce les principaux résultats démontrés aux chapitres
suivants en en traitant parfois certains cas particuliers significatifs. Ce chapitre a notam-
ment pour objectif de préparer la suite en indiquant les préliminaires nécessaires.

L’accent sera mis sur les problemes d’équirépartition (on dit aussi équidistribution)
des marches aléatoires dans les groupes de Lie (théorémes locaux et théorémes quotient en
particulier). Il s’agit de comprendre comment une marche aléatoire, aprés un temps tres
grand, finit par occuper tout I’espace de fagon plus ou moins homogene, et en particulier
d’estimer la vitesse a laquelle ce phénomene se produit. Ces problémes ont déja fait 'objet
de trés nombreuses études par le passé. Nous renvoyons le lecteur aux exposés [78] et
[77] pour une introduction historique et bibliographique ainsi qu’a la monographie [68],
& ma connaissance le premier ouvrage entierement consacré a la théorie des probabilités
sur les groupes.

Comme nous le verrons, les propriétés arithmétiques des distributions considérées
jouent un réle important. Dans la grande majorité des situations (le cas abélien ex-

!Nous adopterons le point de vue de G. Pélya, pere de la terminologie “théoréme limite central”,
selon lequel c’est le théoréme qui est central (i.e. fondamental dans la théorie des probabilités) et non
la limite.
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cepté), les théorémes d’équirépartition connus ont été obtenus sous I’hypothése que la
distribution initiale possede une densité par rapport & la mesure de Lebesgue ou la me-
sure de Haar du groupe de Lie ambiant. En ’absence de cette hypothése, par exemple
lorsque le support de la distribution est donné par un nombre fini d’éléments possibles
qui engendrent ensemble un sous-groupe dense, les questions arithmétiques entrent en jeu
de fagon cruciale. C’est le cas par exemple pour les marches aléatoires sur la sphére ou, a
chaque pas, on applique une isométrie aléatoire : comprendre la vitesse d’équidistribution
des groupes libres et denses dans SO(3) reste un important probléme ouvert (voir plus bas
§1.2.2). Il en est de méme pour le théoreéme limite local sur le groupe des déplacements de
R? : au paragraphe 1.2.3 on en donne une preuve pour les déplacements du plan inspirée
du théoréeme quotient de Kazhdan ([96], [74]), le cas d > 3 restant largement ouvert.
Au chapitre 4 aussi est introduite la notion de distribution diophantienne sur la droite
réelle : on montre que cette propriété gouverne la vitesse d’équidistribution des marches
centrées sur R.

Les études faites aux chapitres 2 et 3 concernent le cas particulier du théoreme li-
mite local pour les groupes de Lie nilpotents. Il existe un vaste ensemble de travaux
de nombreux mathématiciens a propos des marches aléatoires sur les groupes de Lie
nilpotents, mais le théoréme local en lui-méme a été peu étudié (voir cependant [105])
jusqu’a 'imposant récent travail d’Alexopoulos ([5], [6] et [7]) qui traite le cas des mesures
centrées possédant une densité. Plus bas dans ce chapitre, on décrira quelques-uns des
résultats qui nous serons utiles par la suite, et on introduira quelques notions de base sur
les groupes nilpotents et les marches aléatoires sur ceux-ci. Nous présenterons deux ap-
proches différentes pour traiter le probleme du théoréme local. La premiere, développée
au chapitre suivant, consiste a tirer parti des résultats déja connus dans le cadre des
marches aléatoires symétriques sur les groupes nilpotents de type fini (voir [171], [175],
[85], [6]) et de les combiner & un théoréme d’équidistribution a la Weyl sur les groupes
de Lie nilpotents. La seconde, expliquée dans le chapitre 3, met a profit la théorie des
représentations unitaires irréductibles des groupes de Lie nilpotents (voir [99]) et suit un
schéma semblable & la preuve du théoréme local sur la droite réelle due & Stone (voir
[30]). Cependant, pour mener & bien cette stratégie simple, un important travail analy-
tique est nécessaire et nous a forcé & nous restreindre au cas du groupe de Heisenberg?.
Néanmoins, cette méthode présente ’avantage de fournir des résultats tres précis sur la
distribution des marches aléatoires (voir le théoréme 3.23) ainsi que de permettre d’ob-
tenir le théoréme local et sa version uniforme pour toutes les distributions apériodiques,
centrées et a support compact sans hypothese de densité, ce qui constitue quasiment
autant d’information que ce dont on dispose dans le cas classique ot G = R¢.

Ces études ont été motivées en partie par un travail récent d’Eskin et Margulis
[54] qui met en lumiére une propriété de récurrence des marches aléatoires dans les
espaces homogenes de volume fini G/T'. En guise d’application, ils obtiennent en [113]

2La démonstration du chapitre 3 est écrite pour le groupe de Heisenberg, mais elle est valide telle
quelle pour tout groupe nilpotent de rang 2.
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une nouvelle preuve du théoreme de Borel et Harish-Chandra sur la finitude du volume
des quotients arithmétiques des groupes algébriques semi-simples et ils compléetent la
preuve de la conjecture de Raghunathan sur la classification des mesures ergodiques
sous I’action d’un sous-groupe quelconque engendré par des unipotents (voir [54] et [160]
Theorem 19.14). Les marches aléatoires considérées dans [54] sont algébriquement denses
dans un groupe semi-simple. A 'inverse, nous nous intéresserons aux marches aléatoires
qui évoluent dans un sous-groupe unipotent de G. Nous disposons alors de la théorie trés
riche de la dynamique des sous-groupes unipotents dans les espaces homogeénes G/T" et
en particulier du théoréme de Ratner (voir §1.5.1). Ce que nous proposons au chapitre
3 est un analogue probabiliste du théoreme d’équirépartition de Ratner-Shah (voir aussi
le paragraphe §1.5.2 de ce chapitre pour le cas des flots unipotents) pour les marches
aléatoires symétriques et a support fini dans un sous-groupe unipotent quelconque de
G. Nous démontrons qu’il y a récurrence comme dans [54] et méme équirépartition.
Un phénomeéne intéressant apparait lorsque ’on considére une marche décentrée le long
d’un flot unipotent. Lorsque ’espace G/I" n’est pas compact alors une marche décentrée
peut se retrouver dans un voisinage de !'infini avec grande probabilité et ce a des temps
arbitrairement grands. Ce phénomene dépend des propriétés diophantiennes du point de
départ de la marche aléatoire (voir ci-dessous le §1.5.4). Les théorémes locaux établis aux
chapitres 2 et 3, ou plus exactement leur version fine qui donnent un controle uniforme
sur les translatés d’'un compact dans une boule de rayon /n, permettent de passer de
I’équirépartition déterministe a I’équirépartition probabiliste.

Au chapitre 4, on effectue une étude fine de ’équirépartition des marches aléatoires
centrées sur R%. Dans ce cas, déja tres étudié par les probabilistes dans le cadre de la
théorie du renouvellement, on étudie la vitesse de convergence dans le théoréme local et
on montre qu’elle dépend des propriétés diophantiennes de la distribution qui gouverne
la marche. On obtient aussi un théoréme local pour les écarts modérés sous une condition
faible de moment : il stipule que le théoreme local habituel qui fournit I’estimation de
P(S, € I + z), ou I est un intervalle de R et S, une marche centrée, est uniforme en
z sur toute la plage [—cyv/nlogn,cy/nlogn| dés que la distribution posséde un moment
d’ordre > ¢? + 2. Enfin, on s’intéressera dans ce chapitre (voir aussi plus bas le §1.4.3)
a l’asymptotique des quantités E(f(S,)) lorsque f est une fonction continue bornée sur
R ou R? sans hypothése sur son comportement & l'infini. Il s’avere que si f est assez
réguliere ou bien si x4 a de bonnes propriétés arithmétiques, alors cet asymptotique est
indépendant de la marche centrée de variance 1 choisie. Un tel principe d’invariance est la
clé derriere les théoremes d’équirépartition déja mentionnés pour les flots sur les espaces
homogenes.

1.1 Définitions et notions de base

Soit G un groupe localement compact a base dénombrable engendré par un voisinage
compact de l'identité e. On considére G en tant qu’espace mesurable pour la tribu des
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boréliens. On munit G d’une mesure de Haar invariante & gauche dg. On notera u une
mesure de probabilité sur G, c’est-a-dire une mesure positive o-additive sur les boréliens
de G telle que u(G) = 1. Le support de u est le plus petit fermé de G de p-mesure 1.
Commengons par définir quelques termes de base :

Définition 1.1 On dit que la mesure de probabilité u sur G est adaptée si son support
engendre un sous-groupe dense dans G.

Définition 1.2 On dit que p est apériodique si son support n’est pas contenu dans
une classe (a4 gauche ou a droite) d’un sous-groupe fermé propre de G.

Soit U un voisinage compact de 'identité engendrant G. On pose
du(g9) =inf{n > 0,9 € U"}

La fonction dy est sous-additive et constitue une mesure de I'éloignement par rapport &
e dans G.

Définition 1.3 On dit que p posséde un moment d’ordre o > 0 si

/ 6u(9)%dp(g) < +oo

On vérifie aisément que cette définition ne dépend pas du choix de U. L’existence

d’un moment d’ordre 1 implique que les homomorphismes continus G — (R, +) sont
dans L(p).

Définition 1.4 On dit que p est centrée si u admet un moment d’ordre 1 et si pour
tout homomorphisme continu x : G — (R, +) on a

/ x(9)du(g) =0

Définition 1.5 On note u=! la symétrique de p, c’est-a-dire la probabilité définie par
p Y (E) = u(E~") pour tout borélien E de G. On dit que pu est symétrique si p = p™'.

Remarquons que les mesures symétriques possédant un moment d’ordre 1 sont centrées
et que si p est symétrique alors u est apériodique si et seulement si p * u est adaptée.

1.1.1 Marches aléatoires et récurrence

De fagon analogue a la théorie classique des sommes de variables aléatoires réelles, on
va s’intéresser au produit de variables aléatoires a valeurs dans le groupe G, en particulier
au produit de variables aléatoires indépendantes et identiquement distribuées. On note
Sp = Xy - ... - X le n-iéme terme de la marche, les variables X; étant indépendantes
et distribuées selon une unique mesure de probabilité p sur G. On suppose en général
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que la mesure u est adaptée. Dans le cas contraire, c’est que la marche vit en fait sur
un sous-groupe fermé propre de G, et on peut se restreindre & celui-ci. La loi de S,, est
tout simplement la n-iéme puissance de convolution de p, c’est-a-dire p** (plus loin on
notera par abus p" au lieu de p*"). Rappelons que la convolution de deux mesures sera
notée p * v et définie par la formule

[ i) = [ [ samutavn

ol f est une fonction quelconque continue et bornée sur G. Soit X une variable aléatoire
a valeurs dans G dont la loi de probabilité est u. Si Y est une autre variable aléatoire
de loi v cette fois et indépendante de X, alors la loi du produit XY est précisément la
mesure [ * U.

Une des premiéres constations simples (voir [75] pour la preuve) que 1'on peut faire
sur le comportement de S, est l’existence de la dichotomie suivante :

e ou bien, la suite S, part & l'infini presque sirement (c’est-a-dire pour tout compact
K, S, ¢ K aprés un certain temps), on parle alors de transience.

e ou bien, presque slirement, la suite passe un temps infini dans chaque ouvert de G,
on parle alors de récurrence.

On remarque aussi que la marche est transiente si et seulement si le potentiel ) ., u*"
est une mesure de Radon sur G, i.e. finie sur les compacts. Dans le cas contraire, le
potentiel d’un ouvert quelconque est infini.

1.1.2 Convergence en loi et représentations unitaires

Le théoréme classique de Lévy qui affirme 1’équivalence entre la convergence en loi
d’une suite de probabilités et la convergence point par point des transformées de Fourier,
ou fonctions caractéristiques, s’étend naturellement dans le cadre de I’analyse harmonique
non-commutative, avec essentiellement le méme énoncé, comme nous allons le voir plus
bas.

Si G est un groupe localement compact, I’ensemble des classes d’isomorphismes de
représentations unitaires irréductibles de G s’appelle le dual unitaire de G et est noté
G. Rappelons qu’une représentation unitaire 7 € G est une action continue de G sur un
espace de Hilbert H par automorphismes linéaires qui préservent le produit scalaire. Elle
est dite irréductible s’il n’y a pas de sous-espace fermé invariant.

Si p est une mesure de probabilité définie sur les boréliens de G, et 7 une représentation
unitaire de G, on leur associe naturellement 'opérateur 7(u) défini pour £ € H par

()€ = /G m(g9)€u(dg)

Par exemple, si G = R9, les représentations unitaires irréductibles sont de dimension 1
et sont données par les caractéres m;(z) = €*%, ot € G X R% et z € G = R%. Dans ce
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cas, my() est simplement un nombre complexe de module inférieur ou égal & un : il s’agit
de la transformée de Fourier classique, ou fonction caractéristique i(t), de u. De plus,
chaque représentation unitaire m de G établit un morphisme d’algebres de Banach entre
les mesures complexes sur G et les opérateurs bornés de H, I’espace de la représentation
7. En d’autres termes,

m(p* v) =m(p)m(v)
Pour étudier le comportement de la marche aléatoire S,, on est donc amené & étudier

les puissances des opérateurs 7(u) pour 7 € G.
Avec ces notations, la généralisation du théoréme de Lévy s’énonce ainsi :

Théoréme 1.6 Soit G un groupe localement compact et G son dual unitaire. R

o Si p et v sont deuzx probabilités sur G telles que w(p) = m(v) pour tout m € G, alors
= v (unicité de la transformée de Fourier).

o Si (pn)n est une suite de probabilités sur G qui converge étroitement vers une autre
probabilité v (c’est-a-dire [ fdu, — [ fdv pour toute fonction f continue et bornée sur
G), alors m(uy,) converge fortement vers w(v) (c’est-a-dire w(pn)€ — w(v)€ pour tout
E€EH). :

o Sim(un) converge faiblement vers w(v) (c’est-a-dire (w(un)€,n) — (w(v)€,n) pour
tout §,m € H), alors (un)n converge étroitement vers v.

La preuve de cet énoncé (voir [68]) est une généralisation naturelle de la preuve
classique du théoréme de Lévy, par approximation des fonctions continues sur les com-
pacts par des polynomes trigonométriques (i.e. des combinaisons linéaires de coefficients
matriciels g — (m(9)&,n)).

1.1.3 Equirépartition

Nous définissons ici ce que nous entendons par équirépartition.

Définition 1.7 Nous dirons que la marche aléatoire associée a la probabilité p sur le
groupe G est équirépartie s’il existe une mesure de Radon m sur G telle que

lim LS _ [ fdm

n—too [ gdun [ gdm

(1.1)

pour toutes fonctions continues et a support compact f et g sur G avec g > 0 non nulle.

Si la marche aléatoire est équirépartie, on dit aussi, de fagon équivalente, que la
mesure y satisfait un théoréme quotient. Lorsque 1'on dispose d’une suite ezplicite (a,)n
de nombres réels positifs telle que

lim an/fdu"=/fdm
n—-+00
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pour toute fonction f continue & support compact sur G, alors on dit que u satisfait un
théoréme limite local.

C’est cette propriété particuliere des marches aléatoires sur les groupes que nous
allons étudier dans la suite dans certains cas particuliers.

1.1.4 Processus de diffusion et formule de Lévy-Khinchine-Hunt

Dans son article de 1956 [90], Hunt caractérise les semi-groupes continus de mesures
de probabilité sur les groupes de Lie connexe. Comme dans le cas classique ol G = R? ces
semi-groupes correspondent aux processus a accroissements indépendants et stationnaires
(PAIS). Quand G = R? la célébre formule de Lévy-Khinchine caractérise leur loi de
probabilité en donnant une formule explicite pour la fonction caractéristique (voir [30],
[65]). Sur un groupe de Lie, la généralisation naturelle consiste & caractériser les PAIS par
le générateur infinitésimal du semi-groupe de mesures associé agissant sur les fonctions
C? sur G.

Soit G un groupe de Lie connexe. Par semi-groupe continu de mesures de proba-
bilité sur G nous entendons une famille (y;)¢~0 de probabilités sur G telle que :

() e * s = pe4s pour tous s,t > 0.

(4) pe = e quand ¢t — 0 (i.e. [ fdu, — f(e) pour toute fonction f € Cy(G)).

On pose T f(g) = [ f(gh)dps(h). Alors les (T;) forment un semi-groupe d’opérateurs
linéaires bornés sur ’espace C,(G) des fonctions continues bornées de G tel que T;f
converge uniformément vers f pour tout f € Cp(G) quand t — 0. De plus on définit le
générateur infinitésimal L de T; par la formule

d

Lf(g)= o

T:f(9)

Le théoréme ci-dessous montre que le domaine de L contient C?(G), (I’espace des fonc-
tions & support compact et deux fois différentiables).

Un processus a accroissements indépendants et stationnaires (PAIS) sur G
est un processus stochastique (X3, P, Q) tel que :

(’L) X() =e€.

(it) pour tous temps s,t 0 < s < t < 00 la loi de X;'X; ne dépend que de t — s.

(¢ii) pour tous ty,...,t; tels que 0 < ¢; < ... < t; les variables aléatoires X .4 T
sont indépendantes.

(tv) quand t — 0, X; converge en loi vers e.

Les PAIS sont en correspondance biunivoque avec les semi-groupes continus de me-
sures de probabilité sur G. Plus précisément, si (X, P, ) est un PAIS, alors si I’on note
it la loi de X, les (u); forment un semi-groupe continu de mesures de probabilité sur

3Par théoréme limite central en revanche, on entend en général un théoréme qui précise le comporte-
ment limite en loi d’une suite Y,, de variables aléatoires renormalisées par un coefficient de contraction
qui tend vers l'infini avec n (ou une dilatation du groupe si Y,, prend ses valeurs dans G et si G possede
de telles dilatations, voir les paragraphes suivants)

21



G, et réciproquement, si (i) est un tel semi-groupe, alors on peut construire un espace
probabilisé (P, 2) et un PAIS (X;) défini sur (IP,Q2) tel que p soit la loi de X;. De plus,
on peut toujours trouver une version cadlag (continue a droite avec limite & gauche en
tout point) de (X).

On fixe une base Xi,..., Xy de 'espace vectoriel de l'algebre de Lie g de G et un
voisinage Uy de l'identité dans G sur lequel le logarithme est un difféomorphisme bien
défini. Ceci permet d’associer a tout élément g € G appartenant a Uy des coordonnées

.....

g=exp()_ zi(9)X:)

On fixe une fois pour toute une fonction ¢ sur G qui est identiquement égale a 1 en dehors
d’un voisinage compact de l'identité et qui vaut ¢(g) = 3. z;(g)? sur Up. Les éléments
de ’algebre de Lie g de G peuvent étre vus comme appartenant a ’algebre universelle
enveloppante de g qui s’identifie a ’algebre des opérateurs différentiels invariants a gauche
sur G. En particulier, pour une fonction différentiable f sur G et pour X € g, on note

Xf(g) = Eu:of (geX)

On a alors :

Théoréme 1.8 (Hunt) Soit (11¢)t>0 un semi-groupe continu de mesures de probabilité sur
G et (T}) le semi-groupe d’opérateurs associé sur Cy(G). Alors le générateur infinitésimal
L de (T;) est bien défini pour toute fonction f de classe C? et & support compact sur G
et admet la forme suivante :

Lf(g) = Z bixif(g)% Z a:; X X; f(9)+ /G { fgh) — f(g) - in f(g)a:i(h)} ‘Z’(_(hh))
’J , (1.2)

ot les (b;) (aij) sont des nombres réels, la matrice (a;;) est symétrique semi-definie
positive et dn est une mesure positive finie sur G telle que n({e}) = 0. De plus, l'opérateur

du second ordre 3, ; a;; X;X; et la mesure %:T) sont indépendants du choiz de la base

(X;) et de la fonction ¢(g). Enfin, le semi-groupe (ut); est déterminé de fagon unique
par Uopérateur L restreint a C*(G).

Réciproquement, tout opérateur L défini sur C2(G) par la formule (1.2) est le géné-
rateur infinitésimal d’un semi-groupe continu de mesures de probabilité.

Lorsque la mesure g (appelée mesure de Lévy) est nulle, on dit que le semi-groupe
(ut): est gaussien (de fagon équivalente (y;): est gaussien si et seulement si pour tout
voisinage U de 'identité P(X; ¢ U) = o(t)). Dans ce cas et seulement dans ce cas, le
processus associé (X;) est & trajectoires continues presque sirement. De plus le semi-
groupe gaussien (u); est symétrique (i.e. on a 1’égalité en loi X; L X; 1) si et seulement
si les b; sont tous nuls.
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Dans le cas gaussien, I’ opérateur du second ordre L = ), b; X; + 5 Ef 1 i X X; peut
étre mis sous la forme Eq + > 7 | E?, 1 < p < d, pour certains vecteurs E; dans g.
Soit b 'algebre de Lie engendrée par les vecteurs Fj, ..., B, ainsi que tous les crochets
de tout ordre entre les E;, 0 < ¢ < p, faisant intervenir au moins une fois Fy. On dit
que l'opérateur L = L, est un sous-laplacien, si 'opérateur différentiel -g—t — L, sur
R’ x G est hypoelliptique, ce qui revient a dire, d’apres le théoréme de Hérmander, que
h = g. Dans ce cas et dans ce cas seulement, le semi-groupe gaussien (u:)¢>o possede une
densité p;(z) par rapport & la mesure de Haar de G : c’est le noyau de la chaleur associé
& L, (voir par exemple [174] dans le cas ol p; est symétrique, [156] et [157] dans le
cas général). Les (pi())t0 sont de classe C*°, forment une famille de Dirac, et vérifient
Péquation de la chaleur (2 — L,)p; = 0. On montre que py(z) décroit plus vite, & ¢ fixé,
que e~*4®?)* pour une certaine constante ¢ = c(t) > 0 (voir [171] pour une étude précise
du noyau de la chaleur p; en fonction de la géométrie du groupe G). Si la matrice (a;;)
est définie positive (i.e. p = d) alors les densités p;(z) sont des fonctions analytiques sur

G ([87] Theorem 6.3.1).

Evidemment, le support de p; (u: est toujours supposé gaussien) est mclus dans
I’adhérence du sous-groupe analytique Gy de G dont ’algebre de Lie est 1’algébre de Lie
go engendrée par les vecteurs Ey, ..., E,. La sous-algebre de Lie h est un idéal de go et
h = go si et seulement si les u; sont absolument continues par rapport a la mesure de
Haar de Gy. Si b est un idéal strict de go alors le support de u; est concentré sur la
classe Het® ou H est le sous-groupe de Lie de G d’algebre de Lie h. D’autre part le
support de y, contient la classe MetFe ot M est le sous-groupe de G correspondant &
I'algeébre de Lie m engendrée en tant qu’algebre de Lie par les vecteurs Ej, ..., E, ([156]
Theorem 4). En particulier si E, ..., E, engendrent tout g alors supp(u;) = G. Lorsque G
est simplement connexe nilpotent m est stricte si et seulement si f est stricte. Donc dans
ce cas supp(p:) = G si et seulement si p; possede une densité par rapport & la mesure
de Haar. Pour un groupe de Lie G quelconque, il se peut que le support de y; soit strict
bien que y; soit absolument continue (voir [156] example 3.4b, en particulier p;(z) n’est
pas analytique en général).

1.1.5 Loi des grands nombres, théoréme limite central

Il y a plusieurs fagons de généraliser la loi des grands nombres d’une part et le
théoréme limite central d’autre part aux marches aléatoires sur les groupes de Lie. Une
approche consiste & étudier les variables aléatoires d(e, S,), ou d est une métrique Rie-
mannienne invariante a gauche sur G, et obtenir une loi des grands nombres pour celles-ci,
c’est-a-dire une convergence du type

d(e, Sp)

—

ol 7y est un réel > 0. Dans [76], Guivarc’h montre qu’'une telle convergence a toujours
lieu presque stirement (le théoréme de [76] traite le cas général d’un groupe localement

23



compact) et que I'on peut préciser le nombre 7 dans de nombreux cas : par exemple si G
n'est pas moyennable alors 7 > 0. Plus précisément, on peut se demander si un théoréme
limite central est valide, c’est-a-dire si on a une convergence du type

de, Sn)-7n v
W

ou X est une variable gaussienne centrée non-dégénérée. Nous ne nous occuperons pas
de cette question ici (cf. [76] et [79] et le livre [28]).

Une seconde approche consiste a considérer des produits Pn = Xhn =... «X1h de
variables aléatoires indépendantes telles que la taille typique de X”n est trés petite, de
I'ordre de £ ou 1/y/n. Lorsque G est Rd ou un groupe de Lie nilpotent homogene (voir
plus bas 1.3.1), G posséde un semi-groupe a un parametre de dilatations (St) qui sont
des automorphismes ayant la propriété que 6t(K) —»e quand t — O pour tout compact
K de G. On peut alors poser Xkbn = et étudier Pn= 6j_(Sn). Quand G = Rd

yin yin

la convergence en loi, sous certaines hypothéses, des variables Pn vers une loi gaussienne
constitue le théoréme limite central classique. Dans le cas d'un groupe de Lie connexe
général, cette approche infinitésimale permet d’obtenir le théoréme limite fondamental
énoncé ci-dessous.

On garde les notations du théoréme de Hunt énoncé plus haut.

On se donne a présent une famille {jik,n)i<k<rn<+oo de mesures de probabilité sur
G et X™n des variables aléatoires indépendantes a valeurs dans G de loi fikn- On pose
fin= nin* —* HMn On fait de plus I'hypothése que, au sein d’'une méme ligne a n
fixé, les Hkn 1 < k < rn commutent, i.e. *Hj<v= n™n*ji™n. Alors on a le théoréme
suivant :

Théoréme 1.9 (Wehn [172] [173] [68]) Sous les hypotheses suivantes :

W E U ./ Xi(g)xj(g)dpLk,n{g) converge vers un réel ay quand n —»+00 quels que
soient i etj entre 1 et d,

(*) £fc=i T xi(g)dfikin(g) converge vers un réelbi quandn —>+00 et lasuite |1 E(<T)M(<D)!
reste uniformément bornée quel que soit i entre 1 et d,
(iu) E lligw converge vers 0 quandn —+00 quel que soit le voisinage

U de l'identité dans G,

Alors, la suite de mesures (nn)n converge vers la mesure W\ qui appartient a un semi-
groupe gaussien {vt)t>0 de mesures de probabilité sur G dont le générateur infinitésimal
est donné par

d - d
Lu= Y,brXIl+ -Y ,a'iXiXj
=1 =1

Dans la formule ci-dessus, les éléments Xi de I'algébre de Lie sont considérés en tant
gu'opérateurs différentiels agissant sur C2(G). La matrice (a”) est par définition semi-
définie positive et le semi-groupe (ut) associé a Lv par la formule de Lévy-Khinchine-Hunt
est gaussien.
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La condition (#ii) est 'analogue de la condition de Lindeberg dans le cas classique.
La preuve de Wehn repose sur la théorie des semi-groupes et certains théoremes de
convergence pour les suites de semi-groupes établis par Hunt. Stroock et Varadhan [165]
ont généralisé ce théoréeme en donnant une condition nécessaire et suffisante semblable
aux conditions du théoréeme 1.9 (et sans 'hypotese de commutativité au sein d’une
méme ligne du systéme triangulaire) pour que le processus par morceaux X;(n) égal a
Xin s Xppatn sur Uintervalle [Tr’:f], E—ﬁf—][ converge en loi vers le processus gaussien

(Vt)tejo.1)- Leur preuve est purement probabiliste et, comme la preuve de Wehn, ne fait
intervenir aucune propriété de structure spécifique au groupe de Lie G.

1.2 Le théoreme local sur les groupes compacts ou
abéliens et leurs extensions

1.2.1 Théoremes locaux sur les groupes abéliens

Sur R? on dispose du théoréme suivant, classiquement appelé théoreme limite local,
dont la preuve repose sur I’analyse réelle et la transformation de Fourier.

Théoréme 2.1 (voir [30] Theorem 10.17) Soit 1 une probabilité centrée et apériodique
sur R? admettant un moment d’ordre 2 fini, et K sa matrice de covariance. Alors pour
toute fonction continue f & support compact sur R?, on a

lim nd/g/fdu" = —1——/ f(z)dx
n—+oo V(2m)ddet K Jrd

Remarquons que la condition d’apériodicité est nécessaire pour obtenir la convergence
ci-dessus. Il est naturel qu'on la retrouve dans tous les autres énoncés d’équirépartition.
D’une certaine facon, le cas R? est le cas idéal, le cas le mieux connu, et on cherche &
obtenir des théoremes semblables sur d’autres groupes. Dans cette these, il sera question
presque exclusivement de groupes moyennables ou a croissance polynomiale. Dans les
groupes non moyennables le comportement des p" est tres différent mais les questions
d’équirépartition s’y posent de la méme fagon (voir §1.6).

Sur les groupes abéliens plus généraux on dispose toujours d'un théoreme quotient.
On a

Théoréme 2.2 (Stone [162]) Soit G un groupe abélien localement compact a base dé-
nombrable et engendré par un voisinage compact de ['identité. Soit u une probabilité
apériodique et centrée sur G. Alors on a

_opt(A) A
lim = —
n—+oo "(B)  |B|

pour tous boréliens relativement compacts A et B de G de mesure de Haar > 0 et dont
la frontiére est négligeable.
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Remarquons que dans ce dernier théoreme, on suppose seulement l'existence d’un
moment d’ordre 1.

1.2.2 Groupes compacts

Si le groupe est compact, on a toujours équirépartition. C’est un vieux théoreme de
Ito et Kawada (cf. [95]).

Théoréme 2.3 (Ité-Kawada) Soit ju une probabilité apériodique sur G compact. Alors
la suite ™ converge en loi vers la mesure de Haar normalisée de G.

Une preuve possible consiste a appliquer le critere de Lévy pour la convergence des
mesures (i.e. le théoreme 1.6). En effet, les représentations unitaires irréductibles de G
sont de dimension finie et donc les opérateurs 7(u) sont des matrices. Il suffit de vérifier
que si m n'est pas la représentation triviale, alors les puissances 7(u)" tendent vers 0.
Pour cela, il suffit de voir que la norme d’opérateur de 7(u) est < 1 ou encore que toutes
les valeurs propres de 7(u) sont de module < 1. On vérifie aisément que 1’existence d’une
valeur propre de module 1 contredit 'apériodicité de u. Cette méthode est en substance
celle qu’avait déja utilisée Poincaré dans son traité sur les Probabilités de 1912 [134]
pour démontrer ce théoreme dans le cas particulier ou le groupe G est le groupe fini des
permutations de n éléments.

Ce théoreme implique en particulier I'équirépartition de toute marche aléatoire évo-
luant sur un groupe compact. Par exemple, le probleme de I'équirépartition sur la sphere
considéré par Arnol’d et Krylov (cf. [13]). Toute marche aléatoire sur la sphere S? par
isométries engendrant une orbite dense dans S? est équirépartie.

Le probleme de la vitesse de convergence dans le théoreme précédent est un probleme
tres délicat. Si f est une fonction C* sur GG, peut-on estimer la vitesse de convergence de
[ fdu™ vers |, < f(9)dg? En décomposant f en une somme d’harmoniques correspondant a
la décomposition de la représentation réguliere de G en somme directe de représentations
irréductibles (7, ),, on peut ramener en partie ce probleme a étudier la suite des normes
|Tn(e)]]. Nous ne nous intéresserons pas ici a cette question difficile. Bornons-nous a
faire quelques remarques. Si pu n’est pas étrangere a la mesure de Haar alors il existe
un “trou spectral” c’est-a-dire que les ||m,(u)|| sont < a < 1 pour une certaine borne
« indépendante de n. En revanche, si u est singuliere, et en particulier atomique, le
probleme reste largement ouvert lorsque G n’est pas commutatif. Quand G est un groupe
de Lie compact semisimple, Dolgopyat [51] a récemment obtenu une borne polynomiale
du type ||m,(1)|| < 1—-5 ce qui permet d’obtenir une vitesse de convergence polynomiale
pour les fonctions C'*° dans le théoreme local. Cependant il est conjecturé, par exemple
pour SO(3,R), que I'on a toujours un trou spectral (voir le livre de Sarnak [147]). Pour
ce groupe, seuls des exemples tres spécifiques de mesures p possédant un trou spectral
ont été exhibés (voir [147] [60] et [107]), tous provenant de considérations arithmétiques
dans le cadre de la solution au probleme de Ruziewicz (voir [107]).
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1.2.3 Equirépartition dans le plan

Dans ce paragraphe, nous allons considérer le cas d’'une marche aléatoire dans 'espace
euclidien R? vu comme espace homogene du groupe des déplacements de R?. On pose
donc G = SO(d) - RY, X = R? et une marche aléatoire S, - z. Partant de z, & chaque
étape on applique un déplacement aléatoire en suivant une probabilité p fixée sur G.
Un élément de G s'éerit g = (7,p)ou 7 € R? est une translation et p € SO(d) est une
rotation. Le premier résultat important concernant cette marche aléatoire est qu’elle
satisfait un théoreéme limite central, a savoir

Théoréme 2.4 (TLC pour SO(d)-R?) Soit ju une probabilité adaptée sur G = SO(d)-
R? telle que I'image de p sur R par la projection G — R?, g — T posséde un moment
d’ordre 2 fini*, que l'on note 0? = fG |T|2du(g). Soit S, = (Tn, pn) le produit de n va-

riables aléatoires indépendantes de méme loi . Alors la variable aléatoire ﬁTn converge

en loi vers une gaussienne N (0,0?), centrée et de covariance diagonale o?Id.

Il en résulte que ﬁSn - x converge aussi en loi vers la méme limite. Ce théoréme est
une conséquence du théoreme d’Ibragimov-Billingsley sur les différences de martingales
(cf. [91] et [23] Theorem 35.12). De tels processus satisfont toujours un théoreme limite
central sous la condition de Lindeberg. La suite .S, écrite sous la forme X -...- X, (dans
cet ordre) et projetée sur R? est un tel processus pourvu que E(T;) = 0, car elle s’écrit
Ty + p1(To) + ... + pu_1(T,) ou T; est la projection de X; sur R%. Voir aussi [75] pour une
autre preuve par Roynette et aussi l'article de Gorostiza [67].

Passons maintenant au probleme de 1'équirépartition. En 1965, Kazhdan (cf. [96]) a
démontré le théoréeme suivant (la preuve fut plus tard corrigée et complétée par Guivarc’h
dans [74]),

Théoreme 2.5 ([96] et [74]). Soit G = SO(2) - R? le groupe des déplacements du plan.
Soit 1 une mesure sur G adaptée, symétrique et a support fini. Alors pour x € R? et
pour toutes les fonctions continues positives a support compact ¢ et ¥ sur R%, on a le
théoreme quotient suivant :

hm fC,‘ ¢(g ’ ‘T)d:uQn<g) — fR2 ¢(y)dy
n—+oc [ (g x)dp?(g) [ v(y)dy

Dans [105], Le Page a donné une autre preuve (qui traite le cas un peu plus général
d'une mesure symétrique a support compact) de ce résultat reposant sur 'absence de
solution autre que la mesure de Lebesgue a un scalaire pres a I’équation de Choquet-Deny
Hxo=o.

Ci-dessous nous généralisons ce résultat en prouvant le théoreme local correspondant
en toute généralité :

4Remarquons que cette condition d’existence d’un moment d’ordre 2 fini est indépendante de la
projection G — R?, g — g - x choisie.



Théoréme 2.6 (TLL dans le plan) Soit ju une probabilité apériodique sur G = SO(2)-
R? telle que 'image de p sur R? par la projection G — R?, g~ g-0, posséde un moment
d’ordre 2 fini o%. Alors quel que soit x € R?, et f une fonction continue a support compact
sur R?, on a

lim n/fg x)du"(g) =

n—-+o0

ol IRACIL (13

Preuve. L’idée consiste a généraliser la preuve classique du théoreme limite local sur
R en considérant la transformée de Fourier. On fait tout d’abord la réduction classique
suivante (voir [30]) :

Affirmation 2.7 Il suffit de démontrer la convergence (1.3) pour les fonctions f sur
R? dont la transformée de Fourier est continue et a support compact (ces fonctions sont
intégrables mais ne sont plus a support compact).

Preuve de Uaffirmation. Soit h une fonction continue, intégrable et strictement posi-
tive sur R? telle que sa transformée de Fourier h soit & support compact (une telle fonction
existe! voir [30] 10.2). D’apres le critere de Lévy sur la convergence étroite des mesures,
la suite de mesures finies v, = nh(y)u" * 0,(dy) converge vers la mesure 5=—h(y)dy
car la masse totale v, (R?) converge vers ;== [ h et les fonctions caractéristiques 7, (t)
convergent point par point vers la fonction caractéristique de la mesure limite. En effet
Un(t) n’est autre que n [, hi(g - x)dp"(g) ot hi(y) = e*¥h(y) et hy est la translatée de
h par t, donc est a support compact. Maintenant si f est continue a support compact
sur R?, f/h l'est aussi et la quantité [ f/hdv, égale n [ fd(u™ x §,) et converge vers la
limite souhaitée. [J

Reprenons maintenant la preuve du théoreme. Clairement, il suffit de démontrer
I'équidistribution pour = 0. On a alors (f est un vecteur unitaire dans R?)

@) = [ [ Fayemsdedi (o) (1.4)
_ / = / )6 o (g rdr

=/0 <7rr(/t) 1afr>L2(Sl)

ol 1 est la fonction constante égale a 1 sur le cercle S ! fr est la fonction définie S* par
f(r6) et m, est la représentation unitaire irréductible de G' définie sur 1'espace L2(S!)
par

m(9)(6) = "0 (p™'0) (1.5)
our > 0et g=(r,p) €G. Ensuite, on effectue le changement de variable r — r\/n
dans (1.4) et on constate que d’apres le théoreme limite central 2.4, pour tout r > 0 et
eSS ona

~

lim_f,/=(6) = F(0)

n—-+00
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et

. ir2n.g
— vn
dm ma(01e) =l E ()
— E( irN~0)
— e—r 202/2

oll N est la loi normale N(0,0?). Par conséquent <7r,./\/5(u)"1,fr/\/;> converge pour

> 2.2 . . . N . . .
chaque r > 0 vers 27 f(0)e™""?"/2. Si I'on peut justifier le passage & la limite sous le signe
intégral, on aura donc la conclusion recherchée, a savoir

lim n/ F(r)du™(g) = F(O )/27re r20% 2y =
R

n—-+0oo

Carf = zw)fo

Pu1squ on a choisi f?a support compact, on peut limiter I'intégration dans (1.4) a un
compact [0, M]. On a alors le lemme suivant :

f (y)dy
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Lemme 2.8 Il existe une constante ¢ > 0 telle que ||x,(p)|| < 1—cr? lorsque r est dans
un voisinage de 0, soit [0,¢], et de plus s = sup, ¢ pp |7 ()| < 1.

Avant de démontrer ce lemme on termine la preuve du théoreme. D’apres le lemme,

on obtient R
|(moy )™, By )| < 7| F| L — 0

des que r € [ey/n, M+/n], ce qui permet de négliger ce terme dans U'intégrale. Et

(rters )] < 0= o ] = .

pour l'intervalle r € [0, £y/n], ce qui permet finalement d’appliquer le théoreme de conver-
gence dominée de Lebesgue pour justifier la convergence. [

Preuve du lemme. La preuve de ces inégalités repose sur le fait essentiel que G est
résoluble parce que d = 2. Remarquons d’abord que puisque |7, (u)||* = |70 (% =) |
on peut supposer que u est symétrique et adaptée. Démontrons la premiere inégalité.
Pour cela, fixons deux éléments xy et yo qui ne commutent pas et appartiennent au
support . Le commutateur (zg,yo) est une translation pure non triviale de G. De méme
on peut se donner deux autres éléments wy et zgayant les mémes propriétés et donnant
lieu & une translation pure (wg, z9) qui soit non colinéaire & (xq, yo). Ceci résulte du fait
que p est adaptée. On fixe alors un voisinage de l'identité U dans G tel que la norme
du vecteur de translation (z,y) ol x € zoU et y € yoU et celle de (w, z), w € woU et
z € 2U soient minorées par un certain réel positif, disons o > 0 ainsi que I'angle entre
ces deux translations. On a

p= [ vegsanlduldy(duw(d:

S s n
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8
Soient fi, et fu,0 les restrictions normalisées de o a zoU et yoU. Alors il existe ¢g > 0
et deux mesures de probabilité v, et vy telles que

Veyaw,z =

o= covy + (1 —cy)vy

n = /Vx,y,w.,zﬂz‘oU(dl'),“yoU(dy)/‘on(dw)l»"ZOU(dz)
On a donc

L= |lm ()l = co(l = [[m (1))
2

Co (1 - sup ”ﬂ'r (Vx,y.w.z)
xexoU.,...,z€20l

)

Il suffit donc de montrer l'inégalité voulue pour v, ., . et ce uniformément quand z €
xoU, ...,z € zU. Mais il est facile d'obtenir cette borne car il suffit de 'obtenir pour
Vpyw.- & la place de vpy,.: et vy, est une probabilité symétrique dont le support
fini contient les translations pures (x,vy), (z,y)"!. (w,2) et (w, 2)~!. La longueur de ces
translations étant minorée par o > 0 ainsi que 1'angle entre elles, on a immédiatement
que pour r petit, et uniformément en . ..., z

1 - HW‘T(V:t,y.uf.:)H > C- 7‘2

pour une constante C' > 0 qui ne dépend que de p. Cela résulte du fait que puisque 'angle
entre t; = (z,y) et to = (w, z) est borné inférieurement, la quantité (t; - )%+ (to - 6)? est
minorée par une constante strictement positive quand @ varie dans S'. Cela termine la
preuve de la premiere estimation.

Pour la seconde, plus facile, on renvoie le lecteur a la proposition 3.9 plus bas, ou
bien au chapitre 3 oli on retrouvera le meme argument (déja présent pour l'essentiel dans
[73]). O

Notons que le théoreme est énoncé pour la dimension 2 seulement. Sa validité en
dimension supérieure est une question ouverte a ce jour. Méme 'extension du théoreme
quotient 2.5 a la dimension supérieure reste inconnue.

A la lumiere de cette preuve, il apparait qu'un ingrédient essentiel est ’estimation de
la norme ||7(u)|| pour une représentation unitaire = donnée et en particulier la preuve
d'un “trou spectral” ||7w(p)|| < 1.

1.3 Le cas des groupes nilpotents

Dans cette section. N désignera toujours un groupe de Lie réel nilpotent simplement
connexe. On notera (C*(N));~;.. , la suite centrale descendante qui lui correspond, ou
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CYN) = N, C**Y(N) = [N,C*N)] et r est le plus grand indice tel que C"(N) est non
trivial. De plus, on note

d(N) =Y i-dim(C'(N)/C*(N)). (1.6)

1>1

nombre que l'on appelle exposant de croissance du groupe N, ou encore dimension ho-
mogene de N.

1.3.1 Normes homogenes et jauges

Pour ce paragraphe, on renvoie le lecteur aux deux articles de Y. Guivarc’h [76] et
[73] ainsi qu’au livre [66].

Algebre graduée associée, dilatations

Soit N 'algebre de Lie de N. L’application exponentielle établit un difféomorphisme
exzp : N — N. On note gr(N) l'algébre graduée canoniquement associée a N. Par
définition gr(N) = @5, C'(N)/C™*(N) est munie du crochet de Lie induit par celui
de N. Soient Dy, = @, C*(N)/CH(N). IIs forment une filtration de gr(N), cest-a-
dire : B

gT‘(N) =D, 2 Dy 2 ... D D, = {0} et [Dk,Dl] C Dy

de la méme facon que les C*(N) forment une filtration de N.

On se donne un ensemble de sous-espaces vectoriels (m;);>; de N tels que m; est un
supplémentaire de C**1(AN) dans C*(N). Alors N = ;51 m; et, dans cette décomposition,
on notera un élément quelconque x de N (ou N par abus de notation) sous la forme

i>1
Cela permet aussi de définir une application linéaire

¢=(¢1,..r) : N — gr(N)

par la propriété que si x € m;, ¢(x) = ¢i(x) = r modC**H(N'). Ainsi ¢ est un isomor-
phisme d’espaces vectoriels qui préserve les filtrations respectives, i.e. ¢(C*(N)) C D;.
De plus, ¢ induit sur m; un isomorphisme avec C*(N')/C**(N) qui coincide avec 1'ap-
plication quotient canonique.

Ceci permet de définir sur A/ une autre structure d’algébre de Lie en prenant 'image
réciproque par ¢ de la structure d’algébre de Lie de gr(N). Soit N 'espace N’ muni de
cette nouvelle structure : N ~ gr(N). Le nouveau crochet de Lie vérifie alors [z;,y;]" =
[0 yjlis-
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Le choix des supplémentaires (m;);>; permet de définir un semi-groupe (d;)s>o d’ap-
plications linéaires de A/ appelées dilatations par la formule

0i(z;) = t'm

Ces dilatations préservent la nouvelle structure d’algebre de Lie N’ mais ne préservent
pas a priori la structure initiale de . D’autre part on voit que N et N’ (ou gr(N)) sont
isomorphes en tant qu’algebres de Lie si et seulement si les §; sont des automorphismes
de V. Nous dirons que N (ou N') est homogene (on dit aussi gradué) s’il existe un bon
choix de supplémentaires (m;) telle que ce soit le cas.

Normes

Le but ici est d’introduire une classe naturelle de normes sur le groupe N. Soit G un
groupe de Lie connexe et U un voisinage compact de l'identité. On définit alors comme
plus haut pour tout g € G

du(g) =1inf{n > 0,9 € U"}

On vérifie que la fonction oy (-) est sous-additive (i.e. oy (gh) < dy(g) + o (h)) et que
pour différents choix de U, les fonctions obtenues sont équivalentes (i.e. il existe des
constantes positives A et B telles que dy/(g) < Adv(g) + B et vice-versa).

Définition 3.1 On dit qu’une fonction mesurable positive | - | sur G est une jauge s’il
existe une constante ¢y > 0 telle que pour tous g et h dans G, |gh| < |g| + |h| + co. Cest
une jauge principale si elle est équivalente a oy .

Il est facile de voir que toute jauge est localement bornée (i.e. sup .y |g| < +o0
pour tout compact K). En particulier la jauge | - | est principale si et seulement s'il
existe un voisinage compact U de l'identité dans G tel que pour tout entier n la boule
{9 € G.|g| < n} est contenue dans U".

Supposons maintenant que G = N est nilpotent simplement connexe. Soit (m;); une
suite de supplémentaires de C*+}(N') dans C*(N') comme au paragraphe précédent. Soit
||-||; une norme quelconque sur m;.

Proposition 3.2 (/73] lemme I1.1) Quitte a changer chagque ||-||; en une norme propor-
tionnelle A ||-||; (A\s > 0), la fonction |z|xy = max; Hasi||i1/2 est une jauge principale sur
N.

Les définitions suivantes nous seront utiles dans la suite :

Définition 3.3 FEtant donné un choix de supplémentaires m; comme plus haut, et une
base (X1, ..., X,) de N associée & ce choix, on appelle rectangle de N tout ensemble
constitué des éléments v = t,X| + ... + t,X,, tels que t; € [a;, b;] pour des intervalles
fermés quelconques [a;, b;].
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Définition 3.4 On dit qu’une fonction continue positive |-| est une norme homogéne
sur N pour le semi-groupe (8;):>0 de dilatations lorsque

(i) |z =0 2=0

(i) |0¢(x)| = t|z| pour tout t > 0

Clairement, deux normes homogenes quelconques sont équivalentes (plus précisément,
il y a une constante ¢ > 0 telle que *|-|, < ||, < ¢||,). La fonction introduite a la
proposition 3.2 présente 'avantage® d’étre a la fois une norme homogene et une jauge
sur V.

On en déduit que pour toute norme homogene |-| sur N il existe C' > 0 tel que :

(i) 27! < C - o]

(i) Jlill; < C- Jaf

Remarque 3.5 On peut aussi définir une jauge en considérant des coordonnées de
deuxieme espece au lieu de la paramétrisation utilisée ici d'un élément de N par les
coordonnées de son logarithme dans l'algébre de Lie. Si (X1, ..., X)) est une base adaptée
a la somme directe N' = @;>1m; telle que vect(Xy, ..., X,,) soit un idéal de N pour chaque
k, on peut considérer l'application

o N —N
Zthz > Hexp(thl)

Alors ¢ est un difféomorphisme polynomial et son inverse aussi est polynomial (voir
[43]). De plus on peut poser §(x) = |¢~ (x)|n ot |- |y est la jauge définie d la proposition
3.2. On obtient alors une jauge sur N.

1.3.2 Croissance des groupes nilpotents

Dans toute la suite, on notera | - |x ou simplement | - | la norme introduite a la pro-
position 3.2. L’existence d'une telle norme sur N permet de démontrer le fait important
suivant :

Théoréme 3.6 (Guivarc’h) Soit U un voisinage compact de ['identité dans N. Il existe
deux constantes C; > 0 et Cy > 0 telles que pour tout entier n > 1

Cy - nd™) < |UM < Cy - @) (1.7)

ot | X| désigne la mesure de Lebesgue de l'ensemble mesurable X et d(N) est l'exposant
de croissance défini en (1.6).

®Dans [86] on montre que si N est homogene (i.e. §; est un automorphisme pour tout t > 0) il existe
une norme homogene | - | qui est lisse sur N\{e} et telle que |zy| < |z| +|y| et |z71| = |z|.



Comme la norme | - | est une jauge principale, il existe une constante ¢ > 0 telle que,
en notant B, = {zr € N,|z] <n} on a

Un/c C Bn c U™

Ainsi, on peut remplacer U™ par la boule B,, dans l'estimation (1.7).

Si maintenant I' est un groupe nilpotent de type fini, disons sans torsion, alors d’apres
un théoreme de Malcev (voir [137] Theorem 2.18), il existe un groupe de Lie nilpotent
simplement connexe T tel que I est un sous-groupe discret cocompact de I. On en déduit
aussitot le

Théoréme 3.7 (Guivarc’h) Soit T un groupe nilpotent de type fini et S un systéme de
générateurs symétrique. Alors il existe deux constantes C; > 0 et Cy > 0 telles que pour
tout entiern > 1

Cy-n" < #Bs(n) < Cy - 0™

ot d(T) = d(T') est Uezposant S i - rk(C*(T)/C+Y(T)).

Ce théoreme a aussi été démontré ultérieurement mais indépendamment par H. Bass
par une méthode plus combinatoire (voir [84] pour une discussion de ce résultat et des
références antérieures, voir aussi [92]).

1.3.3 Représentations unitaires irréductibles des groupes nil-
potents

Fonctions harmoniques

On a déja souligné I'importance des fonctions p-harmoniques dans 1'étude des pro-
blemes d’équirépartition. D’apres un résultat récent de Raugi [143], si G est un groupe
nilpotent localement compact a base dénombrable (l.c.b.d.), alors pour une mesure de
probabilité p adaptée quelconque sur G, toute fonction pu-harmonique continue et bornée
sur (G est constante. Ce résultat, reposant sur le théoreme de convergence des martingales,
prouve en toute généralité ce qui avait été obtenu auparavant par d’autres méthodes sous
des hypotheses restrictives sur la mesure p. Le cas ou G est de type fini et le support
de p engendre G en tant que semi-groupe a été démontré par Dynkin et Malioutov dans
[52]. Dans [73], Guivarc’h traite le cas général d’un groupe nilpotent l.c.b.d. pour une
mesure i possédant un moment d’ordre > 0. En fait Guivarc’h démontre un résultat
plus précis qui s’apparente au théoreme local :

Théoréme 3.8 (Guivarc’h) Soit G un groupe nilpotent l.c.b.d. et jn une mesure de pro-
babilité apériodique sur G. Alors pour toute fonction mesurable f intégrable sur G et
d’intégrale totale nulle [, f =0, on a

NHTOC [l f”ml((;) = 0.
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Ce théoreme nous sera utile au chapitre 2 pour démontrer certains théoréemes d’équi-
répartition sur les espaces homogenes. On en déduit 'absence de fonctions harmoniques
non-constantes de la fagon suivante : si ¢ est continue bornée et p-harmonique, alors
¢ * " = ¢ pour tout entier n. Ainsi

16 % flloe = llo* 1" * fllog < 10l 1™ * £l

et d’apres la théoreme ci-dessus, ¢* f est nulle pour toute fonction intégrable f d’intégrale
nulle. Cela signifie que ¢ est constante.

La méthode utilisée repose essentiellement sur la théorie des représentations et sur la
propriété de trou spectral suivante que vérifient les opérateurs associés a une probabilité
apériodique :

Proposition 3.9 Soit G un groupe l.c.b.d. nilpotent et u une mesure de probabilité sur
G. Alors les conditions suivantes sont équivalentes :

(7) p est apériodique

(1) pour toute représentation unitaire irréductible non triviale m de G, ||7(u)| < 1.

Des arguments semblables pour figurent déja dans [68] et aussi dans [73] (Prop. V.4).

Preuve. Supposons que p est apériodique et 7 est une représentation unitaire irréductible
non triviale de G et démontrons (¢) = (éi). Tout d’abord, si G est abélien, alors 7 est
un caractere non trivial x de G et si ||7(p)|| = |x(p)| = 1, alors il existe un nombre
complexe z de module 1 tel que pour u-presque tout g € G, x(g) = 2. Ceci contredit
I’apériodicité de p car ker x est un sous-groupe fermé propre de G.

Supposons maintenant G quelconque et ||w(u)|| = 1. D’apres le lemme de Shur, la
restriction de m a C"(G) (qui est inclus dans le centre de G) coincide avec un caractere
de C"(G), soit x : C"(G) — C*. On choisit (&,) telle que ||m(u)€,|| — 1, ce qui s’exprime
aussi

[ (96 €} 1 1™ (dg) — 1

‘
7

Quitte & extraire une sous-suite, on peut alors supposer que & * p~'-presque partout
(m(9)&nsEn) — 1 ce qui équivaut & 7(g)&, — & — 0. Mais I' = {g € G.7(g)&, — & — 0}
est un sous-groupe de G, tel que p * p~}(I'") = 1. La condition d’apériodicité entraine
alors que T est dense dans G. Il en résulte que C"(I') est dense dans C"(G). De plus, si
v € C"(I), (x(v) — 1)& — 0, et cela entraine que x(7) = 1. Par conséquent, x(g) = 1
pour tout g € C"(G) et x est le caractere trivial. Ainsi la représentation 7 passe au
quotient G/C"(G) et m(p) = 7(1x) ot @ est I'image de p dans la projection canonique sur
G/C"(G) et T est une représentation unitaire irréductible non triviale de G/C"(G). Mais
puisque g est apériodique, 1 'est aussi et par récurrence sur le rang de la suite centrale
descendante de G, il résulte que ||T(77)|] < 1 ce qui fournit la contradiction recherchée.
Passons a la réciproque : si p n'est pas apériodique, alors il existe un sous-groupe
fermé propre H de G et g € G tel que pu soit supportée sur gH. La conclusion résulte
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alors du lemme suivant qui présente un intérét en soi® :

Lemme 3.10 (/72]) Soit H un sous groupe fermé propre d’un groupe nilpotent loca-
lement compact. G. Alors il existe un caractére continu non trivial x de G tel que
H C ker x.

Ainsi il existe 6 € R tel que x(z) = € pour p-presque tout x dans G. Donc |x(u)| = 1.
Pour démontrer ce lemme, on remarque d’abord que si H est distingué alors on peut
prendre n'importe quel caractere non trivial du quotient G/H. Sinon, on procede par
récurrence sur le plus grand entier p tel que H contienne C**1(G). Si p = 1 alors 'image
de H dans la projection canonique sur G/[G,G] est un sous-groupe fermé propre de
G/[G,G] qui est abélien : on est ramené au cas distingué. Supposons la propriété vraie
pour k£ < p—1. Si H n’'est pas distingué, son normalisateur L est un sous-groupe fermé
propre contenant CP(G), donc par hypothese de récurrence L (et donc H) est contenu
dans ker y pour un certain caractere non trivial de G. [

Estimation quantitative du trou spectral

La preuve classique du théoreme local sur R est repose sur une estimation au voisinage
de l'identité de la norme de la fonction caractéristique ji(t) de la mesure u. Il en va de
meéme pour la preuve que l'on donne plus haut du théoreme local sur le groupe des
déplacements de R? (lemme 2.8). Au chapitre 3, on démontre le théoréme local pour les
mesures centrées sur le groupe de Heisenberg en suivant une stratégie semblable. Il nous
faut estimer la norme de ||7(u)|| lorsque 7 est dans un voisinage de la représentation
triviale pour la topologie de Fell sur le dual unitaire du groupe. Pour la définition de la
topologie de Fell, on renvoie & [99] et & [84].

Pour un groupe de Lie nilpotent, le dual unitaire est bien compris d’apres la théorie
de Dixmier-Kirillov (voir [100]). Pour toute forme linéaire ¢ sur 1'algebre de Lie Lie(N)
de N, on peut trouver une sous-algebre m telle que [m, m] C ker ¢ et qui soit maximale
pour cette propriété. Cela permet de définir un caractere du groupe M = exp(m) en
posant x,(exp(v)) = e, puis de définir une représentation 7, de N en induisant ce
caractere & N tout entier 7y, = Indy;x,. On a alors (voir [100]) :

Théoréeme 3.11 (Kirillov) La représentation my q est irréductible et deux choix distincts
pour l'algebre mazximale m conduisent a des représentations équivalentes. Deux formes
( et ¢ sont conjuguées sous l'action de N si et seulement si elles conduisent a des
représentations équivalentes. De plus toute représentation unitaire irréductible de N est
équivalente a une représentation de cette forme.

Il en résulte que le dual unitaire de N s’identifie a 'espace des orbites de ’action
de N sur l'espace vectoriel dual de Lie(N) (action co-adjointe). Il se trouve que cette

SEn particulier n éléments de N engendrent un groupe dense dans N si et seulement si leur projection
dans le quotient abélien N/[N, N] engendre un sous-groupe dense.
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identification est de plus un homéomorphisme entre la topologie de Fell d’un coté et la
topologie quotient de I'autre ([34]).

La preuve du théoreme 3.11 passe par l'étude préliminaire d’un cas particulier im-
portant : le groupe de Heisenberg. Pour ce groupe, ces résultats sont la conséquence du
théoreme suivant de Stone et Von Neumann.

Théoréeme 3.12 (Stone-Von Neumann) Soit H un espace de Hilbert séparable et A et
B deuz opérateurs auto-adjoints sur H tels que AB — BA = ild. Alors H se décompose
en une somme directe dénombrable H = @&;>0'H; de sous-espaces fermés invariants H;
isomorphes a L?(R) et sur lesquels A et B sont simultanément équivalents (i.e. conjugués
par une méme transformation unitaire) aux transformations Ty = i% et T = t, la
multiplication par t dans L*(R).

Pour les sous-groupes a un parametre d’opérateurs unitaires, ce théoreme admet la
formulation équivalente suivante : si p; et py sont deux représentations unitaires du
groupe (R,+) dans H telles que py(u)pa(v)py (u)py (v) = €™ (¢ > 0) alors H se
décompose en H = $;50H; ot H; ~ L*(R) et py(u) et pa(v) sont conjugués a la transla-
tion par cu et la multiplication par €.

Ce théoreme permet de classer les représentations irréductibles du groupe de Heisen-
berg comme suit’. Rappelons d’abord que le groupe de Heisenberg H est par définition
le groupe des matrices triangulaires supérieures unipotentes dans GL3(R). Dans ces co-
ordonnées matricielles, la multiplication s’écrit :

(r,y,2)- ("¢, 2") = (@ + 2y + ¢ 2 + 2 + ay)

Les représentations irréductibles sont de deux sortes : il y a d’une part les caracteres
(x(z,y,2) = '@ pour tous réels a et b) et d’autre part une famille & un parametre
de représentations de dimension infinie (7)), paramétrée par les caractéres non-nuls A
du centre de H. Une réalisation de my est donnée de la facon suivante dans L?(R) :

maey.2) - S() = X L+ )

Au chapitre 3, nous utilisons le théoreme de Stone-Von Neumann pour obtenir I'es-
timation suivante :

Proposition 3.13 Soit p une probabilité sur le groupe de Heisenberg H dont le support
n’est pas contenu dans une classe d’un sous-groupe abélien propre de H. Alors il existe
une constante ¢ > 0 telle que pour tout A # 0 assez petit :

[ma(u)ll < 1= clA] (1.8)

7A la place du théoreme de Stone-Von Neumann, on peut aussi utiliser un théoreme de Mackey sur
les représentations induites : voir par exemple [179] Theorem 7.3.1 et Example 7.3.2.
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En particulier, ce résultat s’applique lorsque p est la mesure symétrique pg = i(éa +
da-1 + 0 + 0p-1) ot a = (1,0,0) et b = (0,1,0). On peut voir alors I'opérateur m(p)
comme agissant sur ¢?(Z). On retrouve alors I'opérateur de Schrodinger discret bien
connu dit de Harper dont le spectre a été tres étudié : voir notamment la figure 1 de [19]
et le théoreme 2.1. de [24] qui justifient 'estimation (1.8).

1.3.4 Théoremes limites pour les groupes discrets nilpotents

Dans ce paragraphe, nous allons citer quelques-uns des nombreux résultats connus sur
le comportement asymptotique des puissances de convolution d’une mesure de probabilité
sur un groupe de type fini. Nous nous limiterons aux groupes a croissance polynomiale,
c’est-a-dire virtuellement nilpotents d’apres le théoreme de Gromov [71]. Si le groupe G
est discret, toute mesure de probabilité sur GG est absolument continue par rapport a la
mesure de Haar de G, i.e. la mesure de comptage. Dans ce cas, les méthodes analytiques
initiées par N. Varopoulos et développées aussi par de nombreux autres mathématiciens
s'averent remarquablement efficaces (voir les livres [171] et [175]). Cependant elles ne
permettent pas a ma connaissance de traiter le cas des probabilités singulieres (par
exemple atomiques) sur les groupes de Lie, cas qui comporte d'une certaine facon un
aspect arithmétique.

Commencons par un théoréme tres général da a Avez [14] :

Théoréme 3.14 (Avez) Soit T' un groupe moyennable de type fini et u une mesure de
probabilité symétrique a support fini sur I'. Alors pour tous x ety dans T,

2n
p)

Ce résultat est une conséquence du critere de Kesten sur la probabilité de retour
(cf. [98]). Dans [171]. Varopoulos obtient un théoréme local faible pour les mesures
symétriques a support fini sur un groupe de type fini a croissance polynomiale. Plus
exactement :

Théoreme 3.15 (Varopoulos) Soit T un groupe de type fini a croissance polynomiale et
[ une mesure de probabilité symétrique, adaptée et a support fini sur I'. Alors il existe
une constante ¢ > 1 telle que pour tout n > 1

1 1 .
i S H(E) < ¢

e nd@D)/2 = nd(T)/2

L'exposant d(T") est I'exposant de croissance du groupe I'. D’apres le théoreme de
Gromov, le groupe a croissance polynomiale I' contient un sous-groupe nilpotent I,
d’indice fini. Alors d(T") est donné par la formule (1.6) avec I';, en place de N.

Comme p est symétrique, p?"(r) < p?*(e) pour tout r € I' (comme il résulte
immédiatement de l'inégalité de Cauchy-Schwartz : voir [14]). De fagon plus générale,
sans I’hypothese de symétrie, on a toujours la borne supérieure suivante :
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Théoréme 3.16 (Varopoulos, [170]) Soit T un groupe de type fini a croissance po-
lynomiale et p une mesure de probabilité adaptée et a support fini sur I'. Alors il existe
une constante C > 0 telle que pour tout n > 1

C

. n
sup p"* () < T

zel

Ces résultats ont été améliorés notamment par Hebisch et Saloff-Coste dans [85]

(cas symétrique) et par Alexopoulos dans [6] (cas centré) qui obtiennent une estimation
gaussienne valable sur une large portion du support de u".

Théoréme 3.17 ([85] et [6]) Supposons que T est a croissance polynémiale et u est
une mesure de probabilité centrée sur I' dont le support est fini et contient un systéme
symétrique S (S > e) de générateurs de T'. Alors il existe des constantesc > 1 et € (0,1)
telles que

(1) pour tout entier n > 1 et tout x € T

" 1 d(e,z)?

)

(47) pour tout entier n > 1 et tout x € T tel que d(e,x) < 6n

cn

1 d(e, x)?
;.L"(:r) > W exp(—('

)

ot d est la distance invariante a gauche induite par le systeme de générateurs S.

Dans [6], Alexopoulos améliore ces estimations gaussiennes et obtient le théoreme
limite local avec un controle de la vitesse de convergence dans sa version uniforme la
plus précise comme suit. On suppose toujours que I' est a croissance polynomiale et
que p est une mesure de probabilité centrée sur I' dont le support est fini et contient
un systeme symétrique S 3 e de générateurs de I'. D’apres le théoreme de Gromov, I’
contient un sous-groupe nilpotent d’indice fini. Il est facile de voir que, quitte a prendre
un sous-groupe d’indice fini plus petit, on peut toujours supposer que I' contient un
sous-groupe nilpotent d’'indice fini I'y qui soit distingué et sans torsion ([137] Lemma
4.6). D’apres le théoreme de Malcev (voir [137]), il existe & isomorphisme prés un unique
groupe de Lie nilpotent simplement connexe N tel que I'y s’identifie & un sous-groupe
discret cocompact de N.

Soit ¢i. ..., gr des représentants dans I' des classes de I'/T'y. D’apres le théoreme de
rigidité de Malcev ([137] 2.11), les automorphismes h — g;hg;' se prolongent & tout N.
Cela permet de définir le groupe de Lie G = {hg;,h € N,1 < i < k}, dans lequel T se
plonge comme sous-groupe discret cocompact.

Alexopoulos définit alors sur N un sous-laplacien invariant a gauche L, associé a la
mesure p. Lorsque I' lui-méme est nilpotent ce sous-laplacien a la forme simple donnée
par la formule (1.9) intervenant dans le théoréme central. Le noyau de la chaleur p,(r, y)
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(x,y € N) associé a L, est lisse (voir ci-dessus §1.1.4) et son comportement asymptotique
est bien connu (voir [171]). On l'étend & G en posant

1.
pelgit, g5y) = Zpt(ln Y).

Théoréme 3.18 ([6]) On a
(2) 1l existe un réel C(u) > 0 tel que pour tout x € T
lim nd0/2 . " (2) = C(p)

n—o

(1) 1l existe une constante ¢ > 0 telle que pour tout entiern > 1 et tout x €T on a

. - c _d(e,x)?
() = pales )] € e oww -

Ce théoreme est dans une large mesure optimal (il généralise évidemment les théorémes
de [65] obtenus dans le cas abélien par I'analyse de Fourier) et permet de répondre a de
nombreuses questions sur le comportement des marches aléatoires centrées sur un groupe
de type fini a croissance polynomiale (récurrence, équirépartition, fonctions harmoniques,
etc). Les preuves reposent sur une inégalité de Harnack ad hoc pour les solutions de
I’équation de la chaleur associée a p. Remarquons qu’on a ici une vitesse de convergence
en 1/y/n. Au chapitre 4, on fera I'observation que dans le cas non-discret, et déja sur R,
la vitesse de convergence dans le théoreme local peut étre arbitrairement lente pour une
mesure p arbitraire et dépend en fait des propriétés arithmétiques de p.

1.3.5 Théoremes limites pour les groupes de Lie nilpotents
Théorémes centraux

Nous avons déja mentionné plus haut le théoreme limite central de Wehn (§ 1.1.5).
Dans le cas des groupes de Lie nilpotents simplement connexes, ce théoreme prend la
forme simple énoncée ci-dessous. Fixons une suite de supplémentaires m; de C*t1(N)
dans CY(N) (cf. §1.3.1) et notons §; le semi-groupe de dilatations associé a ce choix.
Notons aussi N’ le groupe de Lie gradué correspondant et A/’ son algebre de Lie. Fixons
Xi,.... X4 des champs de vecteurs invariants a gauche sur N tels que X;(e), ..., X4(e) soit
une base de N adaptée a la décomposition en somme directe N' = &;>1m;. Pour g € N,
on note z;(g) les coordonnées de log(g) dans cette base, i.e. log(g) = >_ x;(g)X;(e). On
note aussi n; = dim(m; & ... &m;) et X les champs de vecteurs invariants & gauche pour
le produit dans N’ tels que X](e) = X;(e).

Théoréme 3.19 (TLC cas centré) Soit 1 une mesure de probabilité centrée sur N
ayant un moment d’ordre 2. Soit S, la marche aléatoire associée a i et partant de
lidentité. Alors on a la convergence en distribution suwivante :

54 (S,) 5 X

1
Vo
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ou X = X est la valeur au temps 1 du processus gaussien (X;);>o sur N’ dont le

générateur infinitésimal (voir §1.1.5) est le sous-laplacien N'-invariant a gauche donné
sur C*(N) par

ny 1
i=ni+1 1<i,j<ny
avec
aij = /ﬂ%(l')a?j(x)du(ir) sil<i,j<m (1.10)

b; = /xi(x)du,(x) sing <1< g

La loi limite est non-dégénérée si et seulement si la matrice (a;;) est définie positive,
ou bien ce qui revient au méme, si le support de la mesure u n’est pas contenu dans un
sous-groupe fermé connexe propre de N. Dans ce cas, la loi limite possede une densité
C* par rapport a la mesure de Haar sur N (voir plus haut 1.1.4).

Le processus (X;); est stable pour (J;) c’est-a-dire qu’on a l'identité en loi X, <
07(X1).-

Dans 'écriture de L, les éléments de N sont considérés en tant qu'opérateurs différentiels
agissant sur C?(N). Notons que la limite (X et L,) dépend du choix du semi-groupe de
dilatations, i.e. du choix des supplémentaires (m;). si 'on considére deux choix possibles,
disons (a) et (b), tels que N = @iZlmﬁa) = @izlmgb)

limites Xt(a)(,u) et Xt(b) (p) vérifient 'identité en loi

alors les processus de diffusion

San( X7 (1)) £ X (1) (1.11)

ol @y est 'endomorphisme de ’espace vectoriel N sur lui-méme qui & tout élément de
mﬁ“’ associe sa projection sur mgb). L’application ¢, établit un isomorphisme entre les
algebres de Lie induites N@ et N'® sur A par le choix (a) ou (b) de supplémentaires
(cf. §1.3.1) et ¢py = ¢, . La relation entre les semi-groupes de dilatations est donnée par

c b
dap 0 0. = 57 0 dup

La relation (1.11) résulte aisément du théoreme et de 'observation suivante : on a
lidentité en loi X\ (dpa(pt)) L X () car aij(Ona(pt)) = azi(pe) si 1 < 4,5 < ny et
bi(Ppa(t)) = bi(u) siny < i < mny. En effet, on vérifie que a:§‘” O Ppa = .’L’Ea) sil<i<mn et
;" 0 Py = xﬁ“) + éi(av(la), s :rﬁfl)) ol /; est une certaine forme linéaire si ny < i < ny; en
prenant les moyennes par rapport a p et en utilisant le fait que p est centrée, on obtient
les identités voulues.

Lorsque N est homogene (cf. §1.3.1), le théoreme est un cas particulier du théoréme de
Wehn 1.9. Pour une preuve élémentaire, en supposant N homogene et sous la condition
que p possede un moment d’ordre 2r, voir [79]. Sans hypotheése sur N, le théoréme
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est dii & Crépel et Raugi [46]. On peut pousser plus loin I'approximation de 5%(511)

par la loi gaussienne et obtenir les termes suivant dans ce développement asymptotique
(développement de Edgeworth). Pour cela, on renvoie a [22].

Dans le cas non centré la situation est radicalement différente (voir [142] et §1.6
ci-dessous).

Théoremes locaux et équirépartition

Passons maintenant aux théoremes d’équirépartition. Le premier théoreme de ce type
est di a Le Page et concerne les mesures p symétriques a support fini telles que u(e) > 0 :

Théoréme 3.20 (Le Page [105]) Soit G un groupe nilpotent l.c.b.d. et u une probabilité
symétrique a support fini sur G telle que u(e) > 0. Alors pour toutes fonctions continues
¢ et 1 positives a support compact

lim f,(bd'u = f(?dg
n—too [dp"  [wdg

La preuve de ce théoreme repose sur le fait que ( f ddp™)Y/™ tend vers 1 car G
est moyennable (voir [98] et [76]) et sur I'absence de fonctions harmoniques positives
démontrée dans ce cas par Margulis dans [112].

Un autre résultat ancien de ce type concerne I'équirépartition dans les espaces ho-
mogenes et est un corollaire du théoreme 3.8 :

Théoréme 3.21 (Guivarc’h [73] [74]) Soit  une probabilité apériodique sur N. Soit
X un espace métrique compact muni d’une mesure de probabilité m. Supposons que N
agisse continument sur X en préservant m et de sorte que m soit la seule mesure de
probabilité invariante sous l'action de N (unique ergodicité). Alors pour tout x € X et
toute fonction continue f sur X, on a

i [ 7o 2 9) = [ fam) (112)

Par exemple, X peut étre un espace homogene compact de N, ou bien X peut étre le
fibré unitaire tangent d'une surface de Riemann compacte avec 'action de N = R par le
flot horocyclique, dont I'unique ergodicité a été démontrée en premier par Furstenberg
(cf. [58]). Remarquons qu’on ne suppose pas p centrée dans ce théoreme. On peut se
passer d'une telle hypotheése car on a supposé 'unique ergodicité. Plus bas on donne
I'exemple du flot horocyclique sur une surface de Riemann non compacte X pour laquelle
la convergence (4.4) n’a pas lieu pour presque tout point de départ z € X des que u
n'est pas centrée sur R.

Lorsque la mesure p possede une densité a support compact, les travaux récents
d’Alexopoulos permettent d’obtenir 'analogue du théoreme 3.18. Le théoreme suivant
est obtenu selon les mémes méthodes que 3.18. On fixe une norme homogene | - | sur N.
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Théoréme 3.22 (Alexopoulos [7]) Supposons que p est centrée et posséde une densité
continue a support compact ¢ sur le groupe de Lie nilpotent N. On suppose aussi que
¢(e) > 0. Soit L, le sous-laplacien invariant a gauche sur N donné par

ou les coefficients a;; et b; sont définis par les relations (1.10). Soit p;(x) le noyau de la
chaleur associé a L, sur N (voir §1.1.4). Alors il existe une constante ¢ > 0 telle que
pour tout v € N

neN e o c ||
10" (2) — pa(x)| < a2 P (_E> (1.13)

De plus, il existe une constante c(¢) > 0 telle que, uniformément quand x reste dans un
compact de N,
lim ndM/2n (1) = ¢() (1.14)

n—-+oo

Alexopoulos obtient aussi une estimation de ce type dans le cas général des groupes
de Lie connexes a croissance polynomiale, mais dans ce cas, la définition de L, est plus
délicate.

Lorsque p n'admet pas de densité par rapport a la mesure de Haar, les analogues de
(1.14) ou (1.13), c’est-a-dire le théoréme limite local et sa version uniforme, restent des
problemes ouverts. Au chapitre 3 cependant on démontre ces résultats pour le groupe
de Heisenberg. La preuve reste valide pour les groupes nilpotents de rang deux et il est
possible que les méthodes du chapitre 3 puissent apporter un jour une preuve du cas
général. Nous avons :

Théoréeme 3.23 (voir Théoréme 3.1.1 et 3.1.2) Soit N le groupe de Heisenberg des
matrices triangulaires supérieures 3 x 3. Soit u une probabilité centrée, apériodique et
a support compact sur N. Soit (1;); un semi-groupe gaussien associé a p et défini par
son générateur infinitésimal L, donné en (1.9). Alors pour toute fonction f continue a
support compact sur N, on a

lim n? / F(@)dp(z) = () /N f(2)de

n—-+o0o

ot c(u) > 0 est la valeur en e de la densité p; correspondant a vy (i.e. le noyau de la
chaleur pour le sous-laplacien L, ). De plus pour tout borélien borné B de N dont la
frontiére est négligeable par rapport a la mesure de Lebesque (i.e. |0B| =0) on a

lim n?sup |p"(xB) — vp(zB)| =0 (1.15)

n-—+0oo TEN

Le théoreme est valable pour un choix quelconque de v. Notons que N est homogene et
le choix de v ne dépend que du choix d’un supplémentaire du centre de . A chaque choix
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correspond un unique semi-groupe de dilatations (J;) de N, qui sont ici des automor-
phismes de N. Le semi-groupe (14) est stable par rapport au semi-groupe de dilatations
correspondant (0;), i.e. vy = § ;z(11). Si X, Y, Z est une base de NV telle que [X,Y] = Z,
alors le groupe des automorphismes de N est

{(é‘ 2) A € GLy(R), detA:b}

Soit &; l’automorphisme tel que A = tId, b = t?, C = 0 et (1) le semi-groupe gaussien
correspondant. Alors les autres groupes de dilatations sont de la forme ¢ o §;, o ¢!
pour un certain automorphisme ¢ de la forme A = Id, b = 1. Le semi-groupe gaussien
correspondant & (¢ o &; o ¢~ 1), est (¢(v4));. Les densités correspondantes ont la méme
valeur en e et donc ¢(u) est bien indépendant du choix du semi-groupe gaussien.
Notons que dans le théoreme 3.22, I'estimation (1.13) montre qu’on a une vitesse de

convergence au moins en % dans le théoréme local (1.14) (car n¥/?p,(x) converge aussi

avec une vitesse en 1/4/n, par [7] 1.9.2). Comme on 'a déja mis en évidence dans le cas
commutatif (N = RY), une telle vitesse dépend fortement de la régularité de la mesure
[ et est liée aux propriétés diophantiennes de o (voir §1.4.2). Dans le cas ot N = RY et
i a une densité comme dans ’énoncé de 3.22, on a en fait une convergence plus forte en
1/n comme il résulte par exemple de [57] ch. XVI, Théoreme 1. Si en revanche le support
de p est fini et trés bien approchable par des éléments d'un sous-groupe discret de N,
on ne peut espérer obtenir aucune vitesse de convergence dans (1.15).

Au chapitre 2, on obtient des résultats plus faibles que ceux du théoreme 3.23, mais
pour un groupe nilpotent N quelconque en suivant une autre méthode. Nous avons :

Théoreéme 3.24 (voir Théoreme 2.0.4) Soit N un groupe de Lie nilpotent simplement
connezxe et ji une probabilité a support fini symétrique et adaptée sur N. Alors il existe
une constante C' > 0 telle que pour tout borélien B de mesure de Haar positive dont la
frontiére est négligeable, on a

1 |B]|
O nd(N)/2

n Bl
<p (B) < CW

dés que n > ny = ny(B). De plus la borne supérieure dans cet encadrement est uniforme
quand B est remplacé par un quelconque de ses translatés xB, r € N.

La méthode de preuve ici consiste a utiliser les résultats connus pour les marches
aléatoires sur les groupes discrets, plus précisément le théoreme 3.17 du a Hebisch et
Saloff-Coste dans le cas symétrique, et de démontrer un théoreme d’équidistribution
“déterministe” a la Weyl pour les plongements denses de groupes discrets nilpotents
dans les groupes de Lie.

D’autres théorémes limites sont connus sur les groupes nilpotents (on peut voir [127]), et
notablement un principe de grandes déviations ([17]). Nous n’en aurons pas besoin dans
la suite.
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1.4 Equirépartition et version fine du théoreme local

1.4.1 Equirépartition le long d’une orbite

Soit ¢ une probabilité apériodique et centrée sur Z. Soit D une partie de Z telle que
la densité d(D) de D sur Z existe, a savoir

#{Dn [=n.n])

li =d(D) >
'n—lgloo 2n+1 ( ) =
Une question naturelle se pose : a-t-on
lim p"(D)=4d(D)? (1.16)

n—-+oc

Comme nous allons le démontrer plus bas, la réponse est oui des que, par exemple,
possede un moment d’ordre 2 fini o2. Ce type de question apparait lorsque I’on cherche
a démontrer I’équirépartition d’une marche aléatoire. Supposons que (X,7T,m) est un
systeme dynamique ergodique et inversible qui conserve la mesure de probabilité m
sur un espace topologique X et supposons que la trajectoire {T™x},cz du point x est
équidistribuée, c’est-a-dire que

lim

i e 3 0= [

pour toute fonction f continue & support compact sur X (d’apres le théoreme ergodique
de Birkhoff, ceci a lieu pour m-presque tout point z). Alors la marche aléatoire de loi p
évoluant le long de la trajectoire est aussi équidistribuée, c’est-a-dire que

hrf f(Tr2)dp™ (k / fdm (1.17)

En effet, il suffit de montrer cette convergence pour les fonctions indicatrices f = 15 ou
B est disons un ouvert de X avec m(dB) = 0. Alors on prend D = {k € Z,T"x € B}
et on est ramené a la question envisagée ci-dessus. Il est important de noter ici que
la convergence (1.17) a lieu pour le méme point de départ z. si 'on recherche (1.17)
seulement pour m -presque tout point, alors la conclusion est plus facile et résulte d'un
théoreme ergodique aléatoire (par exemple [130]).

La preuve de (1.16), simple, nécessite la version uniforme du théoréme limite local

sur Z :
lim /nsup | (z) — plz/v/n)v/n| =0 (1.18)

n—+00 T€Z

ou p est la gaussienne centrée de variance 0. Ce théoréme classique pour Z est démontré
dans [65] par Panalyse de Fourier. Si p est a support fini, c’est évidemment un cas



particulier du théoreme 3.18 (4i). On a aussi d’apres le théoreme limite central : pour
tout € > 0 il existe C' > 0 tel que

. utz)<e (1.19)

En combinant (1.18) et (1.19) on voit qu’il suffit de montrer la convergence pour

p(x/\/n)/\/n, cest-a-dire
im Y " p(a/v/n)/vn = d(D)

€D

En approximant p par une fonction par morceaux, on se ramene a démontrer que pour
tout I = {z € R, |z| € [a,b]},b>a>0o0na

lim ——#{I\/iN D} = d(D)(b— a)

n—+o0 4/MN

Mais ceci résulte directement de 'hypothese faite que D admet pour densité d(D).
De facon semblable, on montre que si cette fois p n’est pas centrée alors on a toujours
une convergence au sens de Cesaro. Plus précisément, si la moyenne de p est > 0 et si

lim #{DN[Ln]} _ d(D) >0
n—+oo n
alors
1 n—1
. L k _
ngrgoon;u (D) =d(D)

Toute cette discussion faite ci-dessus sur Z s’étend a R et RY. En particulier 'outil
principal, le théoréme limite local uniforme (1.18) admet la forme suivante sur R. Sa
preuve, assez délicate, est due a Stone [161].

Théoréme 4.1 (Stone) Soit ju une probabilité centrée et apériodique sur R admettant
un moment d’ordre 2 fini o® et v la loi gaussienne centrée de variance o%. Alors il existe
une suite £, décroissante vers 0 et ne dépendant que de p telle que pour tout intervalle
fermé I de R on ait

lim nsup|p"(I + ) — V"I + )| < e,(1+ |I])

n—+00 rER
ou |I| est la mesure de Lebesgue de I.

Le théoréme entraine comme plus haut un corollaire analogue. Les détails de la preuve
sont donnés au chapitre 4.
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Théoreme 4.2 (voir Corollaire 4.5.4) Soit u une mesure de probabilité sur R centrée,
apériodique et ayant un moment d’ordre 2 fini. On suppose que f est une fonction uni-
formément continue et bornée sur R telle que la limite suivante existe

T
lim%/o Ft)dt =1 (1.20)

quand |T| — +oc. Alors
i [ o =

Remarque 4.3 Le théoreme 4.2 est énoncé pour les marches centrées et la méme
conclusion est évidemment fausse pour les marches non centrées. Cependant, dans ce
cas, on a quand méme, comme dans le cas évoqué plus haut d’une marche sur Z, une
convergence au sens de Cesaro. A savoir, si ju est apériodique et décentrée et f vérifie
les hypothéses du théoreme, alors

n—1

Jim T Z / fdut =

La preuve de cette assertion est semblable a celle du théoreme.

De méme, le théoreme 4.2 permet d’obtenir un résultat d'équidistribution probabiliste
des que l'on dispose du résultat déterministe correspondant. Plus précisément, soit X un
espace localement compact et (¢;), un flot agissant continiiment sur X en y préservant
une mesure de borélienne finie m. Le corollaire qui suit montre que si la trajectoire d'un
point z € X par le flot est équidistribuée par rapport a m, alors toute marche aléatoire
centrée le long de cette trajectoire s’équidistribue de la méme fagon. On fixe une mesure
de probabilité u centrée et apériodique sur R avec un moment d’ordre 2 fini et S, la
marche aléatoire de loi ™ associée.

Corollaire 4.4 Supposons que la trajectoire (¢y)ier - x soit équidistribuée par rapport a

m, c’est-a-dire
1 . - (.
mfliocT/ f(¢r - x)dt /Xf(y)dm(y)

pour toute fonction continue a support compact f sur X. Alors on a aussi
n—-+0oo

La preuve découle aussitot du théoreme 4.2 appliquée a la fonction t — f(¢; - ) qui
est bornée et uniformément continue sur R, puisque f est a support compact. Dans cet
énoncé, le fait que p est centrée est essentiel. Si p est décentrée, on a convergence au
sens de Cesaro d’apres la remarque 4.3.
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1.4.2 Théoreme local et vitesse de convergence

Au chapitre 4, on étudie le probleme de la vitesse de convergence dans le théoreme
limite local sur R (i.e. théoréeme 2.1). Pour cela, on introduit la notion de “probabilité
diophantienne” sur R. On dit que p est diophantienne si elle ne peut pas étre tres bien
approximée par une mesure a valeurs dans une progression arithmétique de R. Plus
précisément on a :

Définition 4.5 (voir 4.4.2.1) Soit | > 0. On dit qu'une probabilité p sur R est [-
diophantienne si ['une des propositions équivalentes suivantes est vérifiée :
(7) 3C > 0 telle que si |x| est assez grand,

1nf /{a:a +y}2du(a) > <

|z

ou {t} désigne la partie fractionnaire de t.
(2) AC > 0 telle que si |z| est assez grand,

C

N(r)] <1 - —
|i(x)| < T

ot Ji est la fonction caractéristique de .

On obtient alors les résultats suivants qui précisent la vitesse de convergence dans le
théoréme local et montrent le role joué par les propriétés diophantiennes de la mesure .

Théoréme 4.6 Soit i une probabilité centrée sur R qui posséde un moment fini d ordre
4.

(i) On suppose que p est l-diophantienne. Alors pour toute fonction f a support
compact et de classe C* avec k > 31/2 + 1, il existe une constante C = C(f) > 0 telle

que
n_ 1 C(f)
l/ fep \/27702n,/f(r)d ny/n

(i1) Si p est symétrique de la forme u = v * v=! et si u n'est I-diophantienne pour
aucun | > 0 alors pour tout £ > 0 et tout entier p > 0 il existe une fonction C? a support
compact f telle que

| <

— 1
lim n2*e
n—-+0oo

= 400

| fau - ﬁ [ fada

(7ii) La mesure p est l-diophantienne pour un certain [ > 0 si et seulement s’il existe
k > 0 tel que, pour toute fonction C* a support compact sur R, on ait

[ st [ gie g

ou v est la loi gaussienne centrée de méme variance que fi.

sup
teR

=o(-)
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1.4.3 Théorémes locaux et grandes déviations

Un autre phénomene lié aux deux paragraphes précédents apparait lorsque l'on
cherche a déterminer le comportement a l'infini de I'expression

/ fau”

quand f est une fonction continue bornée sur R qui ne tend pas nécessairement vers
une limite en l'infini. Un premier résultat dans ce sens est le théoreme 4.2 cité plus
haut. Mais que se passe-t-il si f ne satisfait pas 'hypothese (1.20) ? Il est alors naturel
d’essayer de comparer le comportement de [ fdu™ & celui de [ fdv™ ot v est la loi
gaussienne associée & p. En effet la quantité [ fdv" est plus facile & comprendre car v
est connue explicitement. Le théoreme ci-dessous montre que sous certaines hypotheses
de régularité. le comportement asymptotique de [ fdu™ est le méme pour toutes les lois
[t centrées de méme variance. Plus précisément :

Théoreme 4.7 (voir Théoréme 4.4.5) Soit p une probabilité centrée sur R admettant
un moment d’ordre 4 et soit v la loi gaussienne associée. On suppose que ji est [-
diophantienne. Alors pour tout k > 3l/2+1 on a

[ fdpt

(1.21)

pour toute fonction C* bornée non nulle f > 0 sur R dont toutes les dérivées jusqu’a
l'ordre k sont bornées.

Au chapitre 4, on donne, pour chaque k > 0, un exemple d’une fonction f; de classe
Ck, dont toutes les dérivées jusqu’a l'ordre k tendent vers 0 & l'infini, et d'une loi p
diophantienne centrée et a support fini, tel que la limite (1.21) n’ait pas lieu.

La démonstration du théoreme 4.2 requiert un controle uniforme de la quantité " (z+
I') sur un large intervalle de valeurs de x (I est un intervalle fermé fixé). Cette information
est donnée par le théoréme local uniforme de Stone (théoreme 4.1). Remarquons que ce
théoréme ne donne une information significative que dans la plage |z| < Cy/n ou C est
une constante positive. Comme conséquence immédiate du théoreme 4.1, on a

p (I + )

lim ——% =
n—+oo V([ + )

uniformément en = quand |z|/+/n reste borné. Lorsque 'on cherche a controler p™(I +x)
pour des valeurs de x plus grandes que C'\/n. on est confronté a un probleme de grandes
déviations et une hypothese de moment supplémentaire sur p est nécessaire. Pour les
déviations modérées, on obtient le théoreme local suivant :
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Théoréme 4.8 (voir Théoréme 4.3.2) Soit u une probabilité centrée et apériodique sur
R admettant un moment fini d’ordre v > 2 et v la loi gaussienne associée. Soit o2 la
variance de p, I = [a,b] un intervalle fermé de R et ¢ un réel €]0,r — 2[. Alors on a

(I +a)
lim ———~
n—+oo V"(I + I)

uniformément quand |x| < \/co?nlogn.

Ce théoreme étend donc le théoreme local de Stone aux déviations modérées. Dans
le cas particulier ou g possede une densité par rapport a la mesure de Lebesgue, ce
théoreme était déja connu (voir [11]).

=1

1.5 Marches aléatoires unipotentes et théoreme de
Ratner

1.5.1 Equirépartition des orbites unipotentes dans G /T’

Dans ce paragraphe, nous présentons brievement le théoreme de Ratner et certains
résultats qui s’y rattachent. Soit G un groupe de Lie connexe et I' un sous-groupe discret
de G' de covolume fini. On dit qu'un élément g € G est unipotent si I'automorphisme
Ad(g) de T'algebre de Lie de G est unipotent, c’est-a-dire que toutes ses valeurs propres
sont égales a 1. Un sous-groupe U de G est dit unipotent si tous ses éléments sont
unipotents. De facon assez surprenante, et en contraste fort avec les actions de sous-
groupes diagonaux par exemple, les orbites des points de G/T" sous l'action d'un sous-
groupe unipotent ou plus généralement d’un sous-groupe engendré par des unipotents,
ont un comportement tres régulier.

Ce comportement a d’abord été conjecturé par Raghunathan, Dani et Margulis au
cours des années 70 et 80, puis prouvé partiellement par de nombreux auteurs (Dani,
Margulis, Shah, etc.) et finalement prouvé en toute généralité par M. Ratner au début
des années 90 (cf. [160], [138]).

Théoréme 5.1 (Ratner) Soit H un sous-groupe connexe de G engendré par des éléments
unipotents. Soit x € G/T'. Alors il existe un sous-groupe fermé F de G contenant H tel
que H-x = F - x et tel que lorbite fermée F - x posséde une mesure de probabilité
invariante a gauche par F', mesure que l'on note m,. De plus la mesure m, est erqodique
pour laction de H. Enfin toute mesure de probabilité sur G/T' qui est ergodique sous
laction de H est de cette forme.

Un ingrédient essentiel de la preuve est le théoreme de récurrence suivant du a Dani :



Théoréme 5.2 (Dani) Soit U = (uy); un sous-groupe unipotent ¢ un paramétre de G.
Fizons v € G/T" et € > 0. Alors, il existe un sous-ensemble compact K de G/T tel que
e 1 .
TEI:Ii-loo-T Hte[0.T),u-x ¢ K}| <e
Ce théoreme implique en particulier le fait non trivial suivant : aucune orbite d'un flot
unipotent (u;); ne s’en va a U'infini dans G/, elles reviennent toutes dans un compact.
Ce phénomene a été pour la premiere fois mis en évidence dans [111] par Margulis qui
s’en était servi dans la preuve originale de 'arithméticité des réseaux non cocompacts
en rang supérieur. La preuve du théoreme 5.2 repose sur la nature polynomiale des flots
unipotents et utilise les méthodes introduites dans [111].
Afin de démontrer le théoreme 5.1, Ratner généralise le théoréme de Dani et montre
qu’en fait les orbites des sous-groupes unipotents a un parametre sont équiréparties dans
leur adhérence.

Théoreme 5.3 (Ratner) Si U = {u;,t € R} est un sous-groupe ¢ un paramétre uni-
potent de G, alors pour tout x € G /T, il existe un sous-groupe fermé F de G contenant
U tel que lorbite F - x soit fermée et porte une mesure de probabilité F-invariante m,

telle que
17 '
i _ ’ T = d T
TETQOT,/O flug- z)dt /(,/Ff m

T

pour toute fonction f continue et bornée sur G/T.

Plus tard, répondant & une question de Ratner, N. Shah a généralisé ce résultat au
cas d'un groupe unipotent simplement connexe quelconque (voir [150]). Soit U un sous-
groupe unipotent simplement connexe de G et X7, ..., X,, une base de son algebre de Lie,
telle que pour chaque k € [1,n] les vecteurs X, ..., X,, engendrent un idéal de Lie(U).
On introduit les sous-ensembles de U

S(Sl, ...,Sn) = {H exp(tiXi) € U,O <t < Si}

Théoréme 5.4 (Shah) Soit U un sous-groupe unipotent simplement connexe de G et
x € GJT. Alors on a

lim

)
flu-2)\(du) = fdm,
A(S(51, 005 8n)) A(S(81...08n)) ( JA(du) G/T

ou A\ représente une mesure de Haar sur U et f est une fonction continue bornée sur
G/T et tous les s; tendent vers +oc.

Dans un [151], Shah généralise les théoremes de Ratner pour I'action d'un groupe
H tel que Ad(H) est contenu dans I'adhérence de Zariski du sous-groupe engendré par
(i.e. le plus petit sous-groupe algébrique contenant) les éléments unipotents de Ad(H).
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On ne suppose plus H connexe. Cela permet de traiter les cas des sous-groupes dis-
crets engendrés par des unipotents, par exemple les réseaux non cocompacts des groupes
semisimples. Il obtient

Théoréme 5.5 (Shah) Pour tout x € G/T, il existe un sous-groupe fermé F D H de
G tel que H-x = F -z et tel que Uorbite fermée F - x posséde une mesure de Radon
invariante a gauche par F', mesure que l'on note m,. De plus la mesure m, est ergodique
pour laction de H. Enfin toute mesure de Radon sur G /T qui est ergodique sous l’action
de H est de cette forme.

On observe que dans cet énoncé la mesure m, est une mesure de Radon (i.e. finie
sur les compacts). Shah conjecture dans [151] que les m, sont en fait finies et montre
que cette conjecture se ramene au cas ou GG est semisimple de rang supérieur et I' est un
réseau irréductible. Typiquement, le fait que m, est fini entraine que si H est discret alors
toute orbite discrete de H dans G//T est en fait finie. Dans le méme article, il conjecture
que les seules mesures de Radon H-ergodiques sont des mesures finies. Récemment Eskin
et Margulis [54] ont répondu affirmativement a cette question et montrent que si H est
Zariski dense dans G semisimple, alors toute mesure de Radon H-invariante sur G /T est
en fait finie. Leur preuve remarquable passe par 'étude d’une propriété de récurrence
des marches aléatoires sur G/T" évoluant sur une orbite du groupe H. Nous décrivons
leur résultat au paragraphe suivant.

1.5.2 Une version probabiliste du théoreme d’équirépartition
de Ratner

On se donne comme précédemment un groupe de Lie connexe G et un sous-groupe
discret I' de G tel que G/TI" soit de volume fini. On garde les notations du paragaphe
précédent, en particulier my désigne la mesure invariante associée au point x dans le
théoreme de Ratner (théoreme 5.1).

Eskin et Margulis obtiennent dans [54] le théoreme suivant :

Théoréme 5.6 (Eskin-Margulis) Supposons G semisimple de centre fini et T irréductible
dans G. Soit p une mesure de probabilité sur G tel que son support soit Zariski-dense
dans G. Alors pour tout ¢ > 0 il existe un compact K dans G/T tel que, quelque soit
x € G/T, on ait
PO (K)>1—¢

dés que n > ng = ny(x). De plus x — ny(x) est localement bornée.

En particulier, la suite de mesures (1" * dx),, est relativement compacte dans 'espace
des probabilités sur G/I". La preuve utilise les propriétés de I'opérateur associé a y sur les
fonctions sur G et notamment la positivité du premier exposant de Lyapounov (voir par

exemple [79] pour une preuve rapide de ce théoreme du a Furstenberg), et s’inspire des
méthodes introduites dans [55] pour démontrer la version quantitative de la conjecture
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d’Oppenheim (voir le survol [15]). Comme corollaire immédiat, ils obtiennent que toute
mesure de Radon p-stationnaire sur G/T" est en fait finie, répondant ainsi a la question
de N. Shah.

Dans ce théoreme, le support de p est Zariski dense dans G supposé semisimple. On
peut se demander ce qu’il en est si le support de p est par exemple contenu dans un
sous-groupe unipotent de G. Ce cas est d'une certaine facon plus simple car on dispose
déja du théoreme de Ratner et on sait que les orbites des sous-groupes unipotents sont
équiréparties (théoremes 5.3 et 5.4). Plus bas et aux chapitres 2 et 3 on étudie ce probléme
et on met en évidence le fait que les marches aléatoires centrées évoluant le long d’une
orbite d'un sous-groupe unipotent de G (G est supposé de Lie connexe quelconque) sont
équiréparties. On peut passer de l'équirépartition de l'orbite (théoremes 5.3 et 5.4) a
I'équirépartition de la marche aléatoire en utilisant une version fine du théoreme limite
local sur le groupe unipotent considéré (voir le corollaire 4.4).

Lorsquun tel théoreme est disponible, on obtient aussitot comme corollaire I'équi-
répartition de la marche aléatoire correspondante dans 'espace homogene G/I. Pour
les sous-groupes unipotents a un parametre, ou plus généralement pour les sous-groupes
unipotents abéliens, nous avons :

Théoreme 5.7 Soit U = {u;,t € R} un sous-groupe a un paramétre unipotent de G et
i une probabilité apériodique et centrée sur U possédant un moment d’ordre 2 fini. Si
x € G/T. alors

lim " % 0y = my (1.22)

n—-+oo

au sens de la convergence faible des mesures.

Ce théoreme est la conséquence directe de la combinaison du théoreme 5.3 et du
corollaire 4.4 que nous avons déduit du théoreme limite local de Stone a la section
précédente (voir chapitre 4).

Lorsque U n’est pas abélien, le théoreme limite local est encore a 1'état de conjecture.
Au chapitre 3, nous démontrons le théoréme limite local et sa version fine (i.e. I'énoncé
analogue au théoreme de Stone 4.1) pour le groupe de Heisenberg (voir théoreme 3.23 ci-
dessus) et on en déduit comme corollaire I'équirépartition des marches centrées évoluant
le long d'une orbite d'un sous-groupe unipotent de G isomorphe au groupe de Heisenberg.
C’est le cas par exemple pour les marches aléatoires centrées sur les horospheres des
variétés hyperboliques complexes de volume fini.

Notons aussi que si la mesure p possede une densité continue a support compact
alors le théoreme "Alexopoulos permet de la méme maniere de démontrer la convergence
(1.22).

Au chapitre 2, on démontre un théoréme limite local faible pour les mesures symétriques
a support fini (voir théoreme 3.24 plus haut) sur un groupe de Lie nilpotent simplement
connexe quelconque. En combinant ce résultat au théoreme 3.8 de Guivarc’h, nous par-
venons a montrer 1’équirépartition de la marche associée dans G/I". Nous obtenons :
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Théoreme 5.8 Soit U un sous-groupe simplement connexe unipotent de G et p une
mesure de probabilité symétrique et a support fini sur U, alors pour tout x € G/T

lim g % 0y = my
n—-+o0o

1.5.3 Convergence au sens de Cesaro

Dans ce paragraphe, nous allons montrer qu’on a toujours équirépartition au sens de
Cesaro, que la marche soit centrée ou non.

Proposition 5.9 Soit U un sous-groupe a un paramétre de G et p une probabilité
apériodique sur U de variance finie. Alors pour tout x € G/I', on a la convergence
des mesures

,IEEIOC - Zu * Ox (1.23)

Pour démontrer cette proposition, nous pourrions faire comme dans le cas centré et
utiliser la remarque 4.3. Cependant, nous allons utiliser une méthode un peu différente
qui a I'avantage de demander moins de précisions sur la marche aléatoire que n’en donne
la version uniforme du théoreme local. Au chapitre 2, on applique cette idée au cas des
groupes nilpotents.

Nous allons démontrer que la suite des moyennes de Cesaro est relativement compacte
dans V'espace des probabilités sur G/T" puis que toute mesure limite est absolument
continue par rapport a my. Cela résultera du lemme ci-dessous comme on ’explique plus
bas. Or toute mesure limite de la suite de Cesaro est p-stationnaire. D’apres le théoreme
de Choquet-Deny [42] une mesure p-stationnaire est nécessairement invariante par U
tout entier. Comme my est U-ergodique, il en résulte alors que toute mesure limite est
précisément égale a my, ce qui acheve la preuve de la proposition. Il nous faut montrer :

Lemme 5.10 Soit ;1 une probabilité apériodique sur R de variance 0> < 400 et de
moyenne d = 1. On note S, + n la marche aléatoire associée (S, est la marche centrée
associée). Alors pour tout € > 0 il existe & > 0 tel que si f est une fonction bornée
0 < f <1 et uniformément continue sur R, telle que

TEIEOO—/ f(t) (1.24)

alors
.
Nlir_lgoo g]E f(Sp+n)) <e (1.25)

Soit ¢ une fonction continue & valeurs dans [0, 1] sur G/T telle que ¢ = 0 sur un
compact K et ¢ = 1 en dehors d'un compact plus grand. En prenant f(t) = ¢(u;-x) dans



. . . —1 \ N .
le lemme ci-dessus, on obtient que la suite de mesures (+ "7~ 1* % 6x),, est relativement

compacte. Il suffit de voir que (1.24) a bien lieu si K est assez grand d’apres le théoreme
de récurrence de Dani.

Maintenant si ¢ est continue & support compact sur G/T" et satisfait [ ¢(y)dmy(y) < &
alors f(t) = ¢(u, - x) satisfait (1.24) d’apres le théoréme d’équidistribution de Ratner,
donc pour toute mesure limite v de la suite de Cesaro, [ ¢(y)dv(y) < e d’apres le lemme.
Cela montre que v est absolument continue par rapport a my et on conclut par ergodicité.

Preuve du lemme : Tout d’abord on remarque qu’il suffit de démontrer

lim% S E(f(S,+n) <6 (1.26)

N—+o0
N/2<n<N
au lieu de (1.25) comme on le voit en découpant la somme dans (1.25) en sous-sommes
de N/2*1 & N/2'. De plus, comme f est uniformément continue, il suffit de montrer
(1.26) en remplagant f par une fonction g en escalier de la forme

g(t) = Z filfz‘

i€Z

ou I; est l'intervalle [ih, (i + 1)h] et h > 0 est fixé et f; € [0.1] (pour obtenir (1.26) pour
f on prendra h < w(d/2) ol w est un module de continuité uniforme pour f) . La seule
information probabiliste que I'on utilise est la borne supérieure suivante qui résulte du
théoreme local de Stone : il existe une constante C' > 0 telle que, pour tout intervalle
fermé I de R, on a, a partir d'un rang ng qui dépend de [

P(S,el+z)<—+ 1.27
g H = e

Ceci étant donné, on fixe une grande constante D > 0 et on écrit :

¢
n

=Y EGSitn) <= S E@(Sa+ )l cpvw)+  max P(|Su| > DVN)
N N

N/2<n<N
N/2<n<N N/2<n<N

On peut choisir D assez grand de sorte que le reste dans le terme de droite soit plus petit
que £/2 dés que N est assez grand. Pour le premier terme, on écrit pour N assez grand



en utilisant (1.27) :

> E(g(Sa+n)lg, <pyw) < 2 Yo fP(Sa€Li—n)
N/2<n<N 2<n<N |ih—n|<DVN
1 C 71,+D\/N
< = g(t)dt
N N/2<n<N V N/2 Jn-pvF

+ n)dt

C N
ER
N/2<n<N N/2 J-pvN
1
< 5 Z/ (t+n+k)dt

N/2<n<N |M<D\/_
C N+k
< / g(t)dt
|k\<D\/_ Nf2+k

mais grace a '’hypothese faite sur g, a savoir (1.24), chaque terme dans la somme ci-dessus
est, disons, < 2§ pour N assez grand. Ainsi on obtient

J\rlil-lf-looN > E(9(Su+n)l,<pyw) < 8CDS
N/2<n<1\

Il suffit alors de choisir ¢ tel que 8C'DJ < £/2 et cela termine la preuve. O

Remarque 5.11 Notons que la proposition (5.9) n’est pas un corollaire du théoréme
ergodique aléatoire de Kakutani. D’apres ce théoréme, quelle que soit la probabilité m
sur G/T', si m est U-ergodique (et ici U peut-étre nimporte quel sous-groupe de G),
alors la convergence (1.23) a bien lieu pour m-presque tout point de départ x dans G/T
(sous l'hypothese que o est adaptée a U). Ici au contraire, on cherche a controler le
comportement de la marche aléatoire quelle que soit lorbite de U sur laquelle elle se
promene. '

1.5.4 Un contre-exemple dans le cas non-centré

Nous donnons ici un exemple qui montre que si le flot U n’est pas uniquement er-

godique, alors on ne peut se passer de I'hypothese que j est centrée dans le théoréeme
5.7.

Proposition 5.12 Soit G = SLy(R) et I' = SLy(Z) et U un sous-groupe unipotent a
un parametre de G. Soit p une mesure de probabilité non centrée sur U de variance
0? < +oo et de moyenne d # 0. Alors pour tout compact K de G/T et pour presque tout
point x € G/T', on a

lim inf p" %0 (K) =10 (1.28)

n—4oo
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Preuve : Nous dirons que le réel 8 est bien approximable des deux cotés si pour tout
e >0et o€ {—1,1} on peut trouver deux entiers = et y dans Z*\{(0,0)} tels que

z(y —0z)] < «
ox(y—0x) > 0

11 est facile de vérifier que 6 est bien approximable des deux cOtés si et seulement si son
développement en fractions continues [ag, ai, ..., an,...] est tel que les deux sous-suites
(agn)n €t (agn+1) solent non bornées. De plus, au sens de la mesure de Lebesgue sur R,
presque tout réel 6 est bien approximable des deux cotés.

On identifie SLy(R)/SLo(Z) a V'espace des réseaux unimodulaires de R? et on pose
comme a I’habitude SLy(R) = G et SLy(Z) = I'. Soit ||-|| la norme euclidienne canonique
de R?. Rappelons que d’apres le critére de Mahler (cf. [25] 1.9), un sous-ensemble K C
G/T est relativement compact si et seulement s'il existe 6 > 0 tel que ||v|| > & pour tout
réseaul x € K et tout vecteur non nul v € x. On pose aussi xo = Z>

Soit (us); un sous-groupe unipotent de SLy(R), D la droite de R? qu’il laisse stable
et 6 € R la pente (supposée finie) de cette droite. Dans la base canonique de R?, I’action

de u; s’éerit :
wl Yot at(y — 6z)
"Ny ) \ y+abty—ox)

pour un certain & € R\{0}. On fixe un compact quelconque K de G/T et on se donne
un § > 0 qui lui correspond par le critere de Mahler (on peut choisir § petit de sorte

que 2|6]6* < 1). On note 2 I'ensemble des réels ¢ tels que u; - xg ¢ K. Pour j €

(2)

Q={t,ut'X0¢K}= U Az‘,y

z,yeZ?\{(0,0)}

Z*\{(0,0)} on note A, , = {t €R,

< 5}. Alors

On fait maintenant I’hypothese que 6 ¢ Q et que 6 est bien approximable des deux cotés.

Fixons k = |2a| max{|f|,1} et not(?ns tey = sme=y €t Loy = {1, [t] < 71672—_;;\} On peut
alors trouver des entiers z et y arbitrairement grands tels que

lz(y — 0x)| < &* (1.29)
et t,, a le signe que 'on veut. On vérifie que, puisqu'on a choisi 0 assez petit,
toy + Loy C Agy.

Soit maintenant S,, = X; + ... + X,, une marche aléatoire centrée de variance o2 > 0 et
d € R\{0}. Alors S,, + nd est une marche aléatoire décentrée avec un ternie de dérive



(drift) égal a d, donc S, est de loi ™. Comme x peut étre pris aussi grand que l'on veut,
on peut supposer que |l ,| > 2|d|. Ainsi on pourra trouver un entier positif n tel que

1
nd €ty + 5 1oy (1.30)

Alors, si S, n'est pas trop grand, i.e. si [Sy| < 1[Iy,
vérifie (1.30) alors

,on aura S, +nd € Q. Mais si n

nd < 2zl
oz — y]
Gréce a (1.29). il en résulte que si |S,| < Csy/n, ot C5 = 3+/|ad|/2x? alors |S,| < Y[I,.,|.
Ainsi nous avons trouvé un entier positif n arbitrairement grand (car |t ,| est arbi-
trairement grand) tel que 'on a
S, +nd e Q)

des que |S,| < Csy/n. Comme § peut étre pris aussi petit que 'on veut, Cs est arbitrai-
rement grand et pour tout £ > 0, il résulte du théoreme central limite classique que pour
tout n assez grand :

P(|S,| < Csv/n) > 1 — <.

Ainsi on a, pour tout compact K de G/T,
lim sup P(us, 4nd - X0 ¢ K) = 1. (1.31)

Nous avons donc établi (1.28) pour x = xq et deés que la pente 6 de la droite fixée
par U vérifie la condition diophantienne énoncée au début de ce paragraphe. Revenons
a la situation de 1’énoncé de la proposition. Soit E l’ensemble des g € G tels que (1.28)
a lieu pour x = ¢! - x¢. Alors E est précisément ’ensemble des g € G tels que (1.31) a
lieu pour tout K lorsque (u;) est remplacé par son conjugué (qusg~!); dont la droite fixe
est 7! D. Donc E contient 'ensemble des g € G tels que la pente de gD est irrationnelle
et bien approximable des deux cotés. L’application de G dans R qui associe a g la pente
de gD est différentiable et sans points critiques (elle s’identifie & la translation a gauche
dans G/P ou P est le stabilisateur de D). Il en résulte que, pour la mesure de Haar de
G, presque tout g appartient a F. Cela termine la preuve de la proposition. [

Remarque 5.13 Dans cet exemple, on a montré que la marche décentrée peut rester
tres probablement trés loin dans la pointe a des temps trés grands, mais la méme idée
montre que la marche peut aussi rester tres probablement trés proche d’une orbite fermée
de U et ce a des temps arbitrairement grands. Dans tous les cas, cela empéche qu’il y
ait équirépartition de la marche. L’exemple est décrit dans SLy(R)/SLo(Z), mais un
phénomene semblable se produit des que U n’est pas uniquement ergodique, sur G/T, i.e.
sl existe des sous-espaces homogénes propres de G /T stables par U.



1.6 Questions et remarques

(1) Revenons au théoreme 3.23 et remarquons que l'estimation uniforme (1.15) im-

plique en particulier que

p(@B)

uniformément quand |z|/y/n reste borné. Cela résulte en effet de la borne inférieure
gaussienne satisfaite par le noyau de la chaleur p;(x) associé a u (i.e. la densité de 1y).
Cependant, cela ne dit rien sur le comportement de ce quotient sur une plage plus large
de valeurs de z. Il serait intéressant d’obtenir un énoncé semblable au théoreme 4.8 dans
le cas des groupes nilpotents, sous une condition de moment supplémentaire a préciser.
Le méme probleme se pose déja quand p a une densité, i.e. dans le théoreme 3.22.

(71) Nous n’avons pas parlé de ce qui se passe sur un groupe de Lie nilpotent lorsque
la marche aléatoire n’est pas centrée. Dans ce cas, on dispose du théoreme limite central
de Raugi [142], qui montre que sous une certaine renormalisation dy, 5 de N par des
dilatations linéaires (pas des automorphismes de 1'algebre de Lie) déterminées par la loi
i, la loi de dy) /m(p" © de-nx), ot X € N représente la moyenne de p dans /[N, N,
converge vers une loi non-dégénérée qui est la loi au temps 1 d'un certain processus
de diffusion sur l'espace vectoriel N' dont on connait le générateur infinitésimal. Le
trait remarquable qui distingue ce cas du cas centré, est que la renormalisation d;, z
peut étre plus prononcée dans le cas non-centré. Plus précisément, soit D(u) 'exposant
de dilatation des dy, i.e. I'entier tel que si B est un voisinage compact de l'identité
|d;(B)| = tP?W|B| pour tout t > 1, alors on a toujours d(N) < D(u) < 2d(N)—dim(N).
De plus D(u) = d(N) (resp. D(u) = 2d(N) — dim(N)) si et seulement si I'application
ad(X) : NP /N — NHL/N2 est nulle (resp. surjective). Donc en général, on peut
avoir D(u) > d(N); c’est que les automorphismes intérieurs “étalent” la marche sur un
domaine plus vaste. Par exemple, pour le groupe de Heisenberg, d(N) =4 et D(u) =4
(cas centré) ou 5 (cas non centré). On peut alors se demander ce qu’il en est pour les
théoremes locaux. En particulier, dans le cas d'un groupe nilpotent de type fini I" vu
comme plongé dans un groupe de Lie nilpotent en tant que réseau cocompact, si p n’est
pas centrée, a-t-on en fait (voir le théoreme de Varopoulos 3.16)

C
n
igIF)H (z) < TR ?

(#41) Revenons maintenant au probleme de I’équidistribution dans I'espace euclidien (§
1.2.3). La preuve que I'on a donnée du théoreme local pour les groupes des déplacements
du plan passe par une estimation de la norme de certains opérateurs associés a p par
les représentations irréductibles de G (lemme 2.8). Lorsque d = 2, cette estimation est
possible essentiellement parce que G est alors résoluble. Si d > 3, G possede un facteur de
Levi SO(d) qui est un groupe compact semisimple non trivial et la preuve du lemme 2.8
est caduque. Il est cependant légitime de se demander si on a toujours un trou spectral
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dans ce cas, c’est-a-dire si
[l () || < 1

des que r > 0. La représentation unitaire 7, de G est irréductible si 7 > 0 et est définie
sur L?(S97!) par I'équation (1.5). Lorsque 7 = 0, on retrouve la représentation réguliere
de SO(d). L’existence d'un trou spectral quand r = 0 est précisément la question posée
par Sarnak dans [147], et semble tres délicate.

(7v) Considérons le théoreme 5.6. Il implique en particulier que la suite des moyennes
( SThZg 11F % O5)y est relativement compacte dans l'espace des probabilités sur G/T. On
peut se demander si cette suite converge vers la probabilité invariante m, du théoreme
5.5. Clairement toute valeur d’adhérence de cette suite est p-stationnaire. Il suffirait alors
de démontrer que toutes les mesures p-stationnaires sont invariantes par les éléments du
support de p, ¢’est-a-dire en quelque sorte, une propriété a la Choquet-Deny. Dans [59],
Furstenberg appelle cette propriété “stiffness” et montre qu’elle a bien lieu si p n’est pas
étrangere a la mesure de Haar de G. Il pose aussi la question de savoir ce qu'il en est si
I’on suppose seulement que le support de p engendre un groupe dense, ou Zariski-dense
dans G.

(v) Nous n’avons pas abordé ci-dessus le probleme de l'équidistribution dans les
groupes non-moyennables. Dans les groupes de Lie semisimples, on dispose du théoreme
limite local de Bougerol [27] pour les mesures de probabilité 1 dont une certaine puis-
sance n’est pas étrangere a la mesure de Haar. Cependant le probleme reste ouvert a ma
connaissance pour les mesures singulieres. En particulier, soit G un groupe semi-simple
et a et b deux éléments pris au hasard (pour la mesure de Haar) dans un petit voisinage
de l'identité. Alors comme on l'indiquera dans la Partie B, le groupe engendré par a et
b est libre et dense dans G. Soit u la mesure donnant un poids 1/4 a a et b et leurs
inverses. A-t-on un théoreme quotient pour p ? De facon semblable, on peut se poser la
question analogue pour les moyennes faites sur les boules du groupe libre au lieu de la
moyenne effectuée selon .
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Chapitre 2

Equidistribution of symmetric
random walks on nilpotent Lie
groups

In this chapter, we present one approach to tackle the local limit and equidistribution
problem for random walks on nilpotent Lie groups. We will work under the hypothesis
that the probability measure is finitely supported and symmetric. This allows to make
use of the known results for random walks on discrete nilpotent groups. They need to be
combined with “purely deterministic” information about how a finitely generated dense
subgroup of a nilpotent Lie group is embedded in it. More precisely, we need to show
that elements of the dense subgroup densify uniformly in the Lie group. In this respect,
Theorem 1.1 is a (weak) analogue of the classical Weyl’s equidistribution theorem for
dense Z-orbits in the torus.

In the problem of the local limit theorem on a nilpotent group, the upper bound
(see estimate (2.1)) is usually the more difficult part of the question. It is obtained here
via the equidistribution of dense subgroups just mentioned and a gaussian upper bound
for probability measures on discrete nilpotent groups. The lower bound follows from a
standard argument involving the central limit theorem.

As an application of these methods we obtain the “probabilistic Ratner theorem” for
symmetric finitely supported random walks on unipotent subgroups (see Theorem 0.4
below and Chapter 1 for background on this question and Ratner’s theorem). We show
that symmetric unipotent random walks on a finite volume homogeneous space do equi-
distribute to the invariant ergodic measure supported on the closed unipotent orbit on
which they live. Three main ingredients are used in the proof : first the “deterministic”
Ratner-Shah equidistribution theorem for actions of unipotent subgroups (see Chapter
1), second the uniform upper bound for translates of a bounded set (Theorem 0.1 be-
low), third a theorem of Y. Guivarc’h which allows to show that every limit measure is
invariant.

We stress the importance of the uniformity in x in the upper bound (2.1). Already
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in the local limit theorem on RY this uniformity does not follow from the classical local
theorem, but requires Stone’s uniform estimate. Here, it is the key to show the recurrence
of the random walks, when the homogeneous space is not compact (see Proposition 3.3).

Let us state first the main theorems of this chapter. Throughout the rest of the
chapter, NV will denote a simply connected nilpotent Lie group, and

d(N) = kdim(C¥(N)/C*1(N))

the exponent of polynomial growth of N. We will freely make references to Chapter 1
when is appropriate.

Theorem 0.1 (Uniform local upper bound) Let u be an aperiodic symmetric probability
measure on N with finite support. Then there ezists a constant C' = C(u) > 0 such that
for any bounded borelian subset B C N with negligeable boundary (i.e. |0B| = 0) and
positive Lebesgue measure, there exists an integer ng = no(B) > 0 such that whenever
n > ng

|B|

n(,
u'(xB) < C’nd(N)/2

(2.1)

uniformly in r € N.

Theorem 0.2 (Weak local limit theorem). Let o be an aperiodic symmetric probability
measure on N with finite support. Then one can find positive constants Cy; and Cy de-
pending only on p such that for any bounded borelian subset B C N with negligeable
boundary and positive Lebesgue measure, there exists an integer ny = ni(B) > 0 such
that whenever n > n,

|B| n |B|

1 d(N) /2 <u'(B) < C2nd(N)/2
Remark 0.3 As will follow from the proof, in this theorem, the lower bound is uniform
with r when B is the ball B, of radius r centered at identity and v € [0,1], but is not
uniform for, say, all translates of a fired B. Whereas the upper bound is by essence not
uniform for B = B,., r < 1, but is uniform for translates of a given B as Theorem 0.1
shows.

Theorem 0.4 (Equidistribution of unipotent random walks) Let G be a connected Lie
group and I a lattice in G. Let N be a connected unipotent subgroup in G. Let u be an
aperiodic symmetric probability measure on N with finite support. Then for every point
x € GJT, the sequence of measures p™ x 0, converges to the unique N-invariant ergodic
probability measure m, whose support is Nx.
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2.1 Equidistribution of dense subgroups

In order to prove Theorem 0.1, we will use two main ingredients : one is a similar
upper bound for random walks on discrete nilpotent groups and the other is a result of
equidistribution of dense subgroups in nilpotent Lie groups.

Theorem 1.1 Let be given a finitely generated nilpotent group I" together with an homo-
morphism o : I' — N into a simply connected Lie group N. Let S be a finite symmetric
set of generators of I' and Bg(n) the ball of radius n in the word metric on I' defined by
S. Let d(N) (resp. d(I")) the exponent of growth of N (resp. T'). Assume that o has dense
image. Then there is a constant C = C(S,0) > 0 such that for every Borel measurable
subset B C N with negligeable boundary (i.e. |0B| = 0) and positive Lebesque measure
(i.e. |B| > 0), one can find an integer ng > 0 such that whenever n > ng

#{y € Bs(n),o(y) € tB} < C -|B| - n4M=dN) (2.2)
uniformly in x € N.

The general strategy of the proof is to proceed by induction on the rank of I' and
thus reduce to the case when I' is abelian. The abelian case follow from an application
of Weyl’s equidistribution theorem.

Proof: Since the elements of torsion of I' form a finite normal subgroup of I' and N is
simply connected, they belong to the kernel of 0. Hence we can assume that I' is torsion
free. We start by pointing out the fact that changing the generating set S only affects
the constant C', so it is enough to prove the theorem for one choice of a generating set.
More precisely, by Malcev’s theorem there exists a simply connected nilpotent Lie group
I" such that I is a lattice in T' (see [137]). Let us choose a homogeneous norm |- |r on I
as in Proposition 1.3.2. Since | - |r is “almost” subadditive (see Definition 1.3.1), there
exists a constant C} > 0, depending on S, such that for all positive integers n, we have
Bs(n) C {v €T, |7|r < Cin}. Consequently, in the proof of the theorem, we can replace
the left hand side of (2.2) by #{v € T, |v|r < n and o(v) € zB}.

Now observe that every borelian subset B C N with negligeable boundary can be
approximated by a finite union of rectangles in the following way. For every € > 0 there
are finitely many pairwise disjoint rectangles Ry, ..., R, in N (see the definition of a
rectangle above in 1.3.3) such that B C |JR; and ) |R;| < |B| + €. Since |B| > 0, we
can choose ¢ < |B|, so that _ |R;| < 2|B|. Therefore it suffices to prove the theorem
when B is a rectangle.

First, assume that I" is abelian. Then N is abelian too and we will proceed by induc-
tion on dim(N). First assume dim(N) = 1 and identify N with the additive group R.
Then d(N) =1 and d(T") is equal to the rank of I' as a finitely generated abelian group.
In this case, the result is a consequence of the classical Weyl equidistribution theorem
as follows. Let k := d(I') and &, ..., & be free generators of the free abelian group I
Since o(I') is dense in N, there must be two generators, say &;, & such that o(&;) and
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0(&;) are not commensurable. Rescaling N if necessary, we can assume that o(&) = 1
and o(§;) = o ¢ Q. Splitting B in smaller intervals if necessary, we can assume that B
is an interval [a, b] lying in [0, 1]. Then

#{yeTNzB,|y|r < n} = #{(n1....,nx) € Z*,|n;| < n and Znifi € B+ux}
< (2n+ 12 sup #{(n1,ny) € Z*,|ns] < n and nja +ny € B + 1}
zeR

< (2n+ 1) sup #{n, € Z,
zeR

ni| < n and njo € B+ 2 mod(1)} (2.3)

Weyl's equidistribution theorem says that as n tends to infinity

1
2n +1

2: XB%A{ka})—%LB|

k=-n

where x g, is the indicator function of the set B + x considered projected in R/Z, and
{ka} is the fractional part of ka. From the proof of Weyl’s theorem via Fourier analysis,
it is easy to check that this convergence is uniform in x € R. Combining this with
equation 2.3, we obtain the existence of an integer ny = no(B) > 0 such that whenever
n > ny

#{velnaB,|y|r <n} <22n+1)'.|B

This shows (2.2) with C := 2**! for instance.

Let us now pass to the case when N is abelian and dim(N) = d. Since o(T) is dense,
there are d generators among &, ...,& of I', say &1, ..., &, such that o(&;),...,0(&y) are
linearly independent over R. We identify N with R? according to this basis and let T
be the torus R?/Z? in these coordinates. Suppose now that for some ¢ € [d + 1, k], say
¢ = d+1, the cyclic group generated by (&) is dense in T'. Then we can conclude as above
by the multi-dimensional version of Weyl’s equidistribution theorem. More precisely if
B is a given rectangle in R? which we assume contained in [0, 1]¢ and not reduced to a
point,

#{v € TnzB,|vr <n} =#{(n1....,nx) € Z*, |n;| < n and Znia(fi) € B+ 1}
d+1
< (2n+ DY Csup #{(ny, ..., ng1) € Z4 |ny| < noand Znia(fi) € B+ 1}
reRd ie1
< (2n+ DFED gup #{ngi1 € Z, |ngs1| < n and ng10(E41) € B+ 1 mod(Z%)}
r€ER4

< 2(2n+1)*7.|B]

where the last inequality holds as soon as n is large enough.

We can thus assume that the subgroup generated by o(&). d +1 < £ < k is never
dense in T. However since o(I') is dense in [V, this subgroup cannot always be finite. It
follows that for some ¢ € [d + 1, k], the group generated by &1, ..., &4, & is a proper closed
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subgroup H of R? whose connected component of identify H° is non trivial. Hence T
contains a subgroup [y, the inverse image of H° under o, such that o(I'y) is a connected
subgroup of R? of strictly lower dimension.

Now observe that the short exact sequence

1-Ty—=T—-T/T)—1

splits, because I'/Ty has no torsion : indeed it embeds in the quotient vector space N/H°®.
We have rk(T') = rk(To) + rk(I'/Ty) and we can then find free abelian generators of T,
which we again denote by &, ..., & such that &, ..., & are generators of ['y and &1, ..., &
are representants in I' of the generators of I'/Ty. We take | - | to be the homogeneous
norm on I' defined by this set of generators. We also identify N with R so that RY x {0}
coincide with T, where d’ = dimTy. As above we can assume that B is a rectangle, then
B = R, x Ry where R; C R and Ry, C R*?_ Then, if r = (1, 25) and n large enough

#{v € T'nzB |ylr <n}=#{(n1,...n) € ZF, |ns| < n
1 k
and Znifi € R+, Z ni& € Ry + 9}
i=1 i=l+1

l
= #{(ny,....ny) €Z',|n;] <n and Z'n.i& € Ry + 11} %

=1

#{(n1+1. nk) Zk_l,

m

k
ni| < n and Z ni&i € Ry + 12}

i=l+1
< C)-|Ry = x Cy - |Ry| . pk=l=(d=d’)

where in the last inequality we have used the induction hypothesis on the dimension of
N. This concludes the proof when I' is assumed abelian.

Now suppose that I" is a general finitely generated torsion free nilpotent group. We
will proceed by induction on the rank of I'. Let C*(T") be the descending central series,
with C°(T') = T and C*(T") = [[,T]. Let r > 0 be the first integer such that C"*(T)
is trivial. Then Ty := C"(I') is a non trivial subgroup in the center of I'. Similarly
we define C'(N). Since o(T') is dense in N, every o(C*(T")) is dense in C*(N) and in
particular C"*1(N) = {1} and Ty is dense in Ny := C"(N). Then the map ¢ induces a
map o : ['/T'y — N/N, with dense image. We identify N with its Lie algebra and write
elements of N in the form = = (m(x), mo(x)) where 7y(z) € Lie(N) and mo(z) € Lie(N)
are the components of x in the decomposition the Lie algebra of N as a direct sum of
vector subspaces Lie(N) = V) &V, where V, = Lie(Np) and V) is just a supplementary
subspace which is identified with Lie(N/Ny). So we have x = ™ @em(@) = em@)+m2(z)
since Ny belongs to the center of N. Note that in these coordinates, elements of N, are
written (0,y) for any y € Lie(Ny). Let B be a rectangle under this decomposition, i.e.
B = R, - Ry, where R; = e* for some rectangle L; C V; for i = 1, 2.
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Let A,(z,B,n) be the set {y € T, |y|r < n and o(y) € «B}. Given ¢ € I'/T; we
define in a similar way the set A,(z, B,n,c) to be the subset of A,(z, B,n) consisting
of elements lying in the coset c. Now note that if o(y) € =B then 3(3) = o(y) € 2B =
e™@ R;. Moreover, observe (from the choice of |- |r in Chapter 1 Proposition 1.3.2) that
Flr/re < 7| It follows that

{ceT /Ty, Ay(x,B,n,c) # 0} C Az(em@), Ry, n)

If N = Ny then @ is a constant map and m;(x) = 0 and R, = {1}. Then the cardinality
of this set is bounded by the growth of I'/T'y, which is well known ([73]) :

#{ce /Ty, As;(x,B,n,c) # 0} < {ce€T/To,|c|rr, <n} <C- nd(T/To)

Otherwise, if Ny is proper in N, since B has positive measure, R; also. And since I’y is
non trivial, we can apply the induction hypothesis and we get that for some constant
C; > 0 independent of x; and R; the following inequality holds as soon as n is large
enough (n > ng(Ry)) uniformly in z; :

#A5(21. Ri.n) < Cy - |Ry| - nHT/ToI=dN/No) (2.4)

Finally, pick an element v; € A,(z, B,n,c). If v also belongs to A,(z, B,n,c), then
~v = Y17 for some 7 € T'y. But from the definition of the homogeneous norm on T,

7r = max{ [Flr/ro. [1m2(71) + m2(70) 17}

It follows that ||m2(v0)|| < 2n", or equivalently, |vo|r, < 2n". Now let o(y;) = zb and
o(v) = xb’ where b’ € B. Then zbo(vy) = xb', so bo(y) € B, or equivalently mo(b) +
7a(0(v0)) € Ly = log(R»). Therefore

Aa(fL’, B.n, C) C m- {"/0 €T, |"/0|1“0 < 2n', O'("/o) € e‘m(b)Rg} (25)
C 1 Ao’o(e—TrZ(b)a RQa 2,’?’)

where g : I'g — Ny is the restriction of o to I'y and Ny. It has dense image. If N is trivial
then the map is constant Ry = {1} and m2(b) = 0, hence a bound on the cardinality of
this set is obtained by the growth of I'y

#A4,(x, B,n,c) < {0 € To, |nolr, < 20"} < C - (n7)™*10)

Combining this with (2.4) we obtain the desired result, because d(I') = d(I'/T) + r -
T I\/(F())

Now assume Nj is not trivial then Ry has positive measure, because B has positive
measure too. And since ['yis abelian, we can apply the first part of the proof to conclude
that there is a constant Cy > 0 independent of 9 and Rs such that for any large enough
n (n > ng(Ry)) uniformly in x,

#Agy (2. Ro.m) < Cy + | Ry| - rF(To)=rk(No) (2.6)
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Combining (2.4), (4.4) and (2.6) we obtain for large enough n,
Ay, B.n) < 2°C1Cy - | Ry] [ Ry - meC/T0)+rrk(Co) (/o) =r-rk(o)

This concludes the proof of the theorem if we observe that |B| = |R;||Rs| and d(T') =
d(T/Ty) + 1 -rk(Ty) and d(N) = d(N/No) + 1 - rk(Np). O

2.2 Uniform local limit theorem on nilpotent Lie
groups

Here we complete the proof of the “weak local limit theorem” for finitely supported
aperiodic symmetric probability measures on a simply connected nilpotent Lie group and
its uniform version for translates (Theorem 0.1).

2.2.1 Proof of the uniform upper bound for translates

Proof of Theorem 0.1. We are going to make use of the following well known theorem
(see [HS], [Woe] Theorem 14.12 and [Ale] Theorem 1.8.) and combine it with theorem
1.1.

Theorem 2.1 Let ' be a finitely generated nilpotent group and p a finitely supported
symmetric probability measure on I'. Given a homogeneous norm |- |r on I' (see above
Chapter 1, Definition 1.3.4) there exists a constant ¢ > 0 such that for all v € T and all
n €N, [
() < —or expl— ) 2.7
— ndd)/2 cn
Remark 2.2 The corresponding lower estimate has also been established (see [HS], [Ale]).
It holds for |y|r < On for some 6 € (0,1). The proofs of these estimates are based on a
Harnack principle for harmonic functions whose proof makes use of on an earlier uni-
form upper bound due to Varopoulos (see [Var]), which asserts that if u is an adapted
probability measure on the discrete nilpotent group I', then

n
S;é?ﬂ (7) < A2 (2.8)

We keep the notations of Theorem 0.1. We consider the measure p as a symmetric
probability measure on the group I' generated by the support of u. Let (S,), be the
random walk on N corresponding to p and starting from the identity element in N. We
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let |- | be a homogeneous norm on I'. We write :

P(S, € «B)=) u"(Mxen(7) (2.9)
yel’
Z 1 (V)X () + Z ¥)Xz5(7)
v<vn Vn<lyl<n

The first term satisfies the following upper estimate :

c
Z 1 (Vxes(y) < Ry Yo #{v €T, |7 < Vnand~ye B}

[y <vn
c
< iy C Bl (Va) D
< G
- i /2‘ |

where the first inequality follows from (2.7) and the second inequality follows from Theo-
rem 1.1 and holds uniformly in € N as soon as n is larger that some integer ng(B).
The second term of (2.9) can be written

Z wWvxes(v) = Z Z 1 (V) XeB ()

vn<lyl<n 120 20 \/n<|y|<2i+/n
C —4i/c N ~ i+ S ~
< ;W( -#{yveTl, |y <2 \/Eand € 2B}
i>0
C —4i/c +1
S e Y e C|Bl- (27 )
i>0
c-C —4i /¢ it 1\d(T)—d(N)
= <—>/IB|Z ‘(2
12>(
Cy
< — |B| (2.10)

where C; > 0 is the (finite!) constant ¢ - C - 3, e */¢(2i+1)40=dN)  The inequality
holds (thanks to Theorem 1.1) uniformly in € N and for all n larger than some integer
ng depending on the choice of B.

Combining the two terms of (2.9) we obtain the desired result. [

Proof of Theorem 0.2. We have to prove the lower bound. First we are going to show
that the lower bound holds for B = B, being any ball centered at the identity element
in N and of radius < 1 (for some left-invariant metric on V).

2.2.2 Lower bound for centered balls

This follows from a standard Cauchy-Schwarz argument and from the central limit
theorem on N.
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Lemma 2.3 Let () be a compactly supported bounded measurable function on N and
X 6 N. Thenforn GN

(VN* &0 —("n* NIV

Proof: Since jx is symmetric, {/ih* (j), ()* &) = (fin* gnn* §* ) . By the Cauchy-
Schwarz inequality, thisis< JW* (A [P * 45 5XN\= o * R Again, since ixis symmetric, |[fn* SR
(H2n*(f>,(t>). O

Let O = XBr is the above lemma. Then (/in* (f), <fi) = P(52,™ € Br)dx < \Br\m
P(Sin € BrB~I). Hence

(N2h* &4 < |Br]*P(52n € S2r)

Besides, (j)*Sx = XBrx-1- From lemma 3.4 below, we can find m0O> 0 depending only on
N and, for any radius r > 0, countably many points Xi € N such that for any t > 0,

XX < X<t @ *~xi < mo. Then, there is Cg> 0 and n0> O, such that as soon as
n > no

MZ*<i Yj t*6°) A (»2n<>XW\<SI)
\ [zl /

> j E(G2W)iix

> E(] (t>{x)dx)
ISR N

> Pfigd < o[B

> Cqe*\Br\

where the last inequality follows from the central limit theorem on N. On the other hand,
applying lemma 2.3

B2n>* o nzn * 5X)

\ |a?i]jv<2\/n / |Niljv<2v/ri

< #{i\%I\N <2\/n}(n 2n*/><!>)

< mO—’\’I\#||J3r|—P(5286 5 2r)
r

Hence
\Br\ iBir
>C

Pl Sj B2
Sin GB2) | ox3y/n)d N2 (2n)

for some absolute constant C > 0 (since B J/|B2r]is bounded below by a positive
constant uniformly inr € (0,1), see lemma 3.4 below).
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2.2.3 Lower bound for translates

We now prove the lower bound for translates of the ball B,. This can be done directly
using a ratio limit theorem proved by Le Page (see [LeP0]). However we will give another
argument following the spirit of the proof of Theorem 0.1.

Let B = B,. From the upper gaussian estimate (2.7), there is ny = no(B) > 0 such
that if n > ng and z € N,

Yo Mxestr) <Y, W) (2.12)
n2/3<|y|<n n2/3<|y|<n
< ¢ -nexp(—n?/c)
¢ 1Bl
< — . 1=Z0
— 100 nd/2

Combining the upper and lower gaussian estimates, we find positive constants ¢ and ¢,
such that .
1 ()
()

for any ~v; and 7y, such that |y;|r < 6n. Now let 7o be some fixed element in I'. Then, for
n large enough (i.e. n > n; = ny(y) > 0)

P(SQn € 'YOB ZMM X'yOB Zﬂgn /()/ (213)

YeB
Y 1w (0)

YEB,|y|r<n?/3

, & ’
Co - Z ALQH(V)GXP(*E;{ ““/\f“ - \”/”/0\12“’)

VEB.|[vlr<n?/3

Co 2n (o
> 5 Z H 1(/)

YEB.|y|r<n?/?

> coexp(—— H%\r 12l?])

AV

v

The last inequality above follows from the fact that if |y|p < n?/3

17E = lvwlt] = 1vle = olel [YIe + [vvolr
< C(y0) - n*?

Then combining 2.13 and 2.12 we get, as soon as n is larger than some integer n;
depending on 79 and B

C 1B

P(Szn € 7B) 25 2(P(San € B) - 100 a2’ (2.14)
C()C ‘BI
= 4 pdn



Now let x € N be arbitrary. Since I' is dense in N we can pick 79 € T" inside the ball
xB, so that 7B,/ is contained in xB,. The lower bound (2.14) shows that for n large
enough

| B; |

nd/2’

where C; > 0 is an absolute constant such that 2C; < (coélBrD/(éllBr/Q]).
To pass from Sy, to S, is now easily done.

P(Sgn € JTBT) 2 201 .

P(Spnsr € 2B,) — / B(Son € y~'2B,)duly)

Since p is finitely supported, for n large enough, the right hand side is also larger than
2C1|B,|/n%?. This establishes the lower bound for translates.

2.2.4 General case

The general case follows immediately from the lower bounds for translates, because
given a bounded open set O, one can always find finitely many disjoint balls B; contained
in O such that |O| < 2(>] |B;|). Hence, for all large enough n

0]

P(S,€0)>C; - 7o

O

Remark 2.4 This upper and lower estimate still do not prove the expected local limit
theorem on N, i.e. the conjecture that in fact n®N)/?P(S, € B) converges to c(u) -
|B| where c(u) > 0 is the value at identity of the heat kernel associated with pv by the
central limit theorem. The above estimates show that every limit measure is an absolutely
continuous Radon measure on N. Making use of an argument in the proof of a theorem
of Guivarc’h (Theorem 3.6 below), and of the uniform upper bound above, it is possible to
show that every limit measure is invariant by some abelian subgroup of N. It is reasonable

to believe that a modification of Guivarc’h’s argument would yield the invariance by the
whole of N.

2.3 Completion of the proof of Theorem 0.4

The proof will follow several steps. First we show, by use of the above uniform upper
bound for translates (Theorem 0.1), that the sequence of measures (u" * 9, ), is relatively
compact in the space of probability measures on G/I'. Then we show that any limit
measure must be absolutely continuous with respect to the ergodic measure m,. Making
use of a theorem of Guivarc’h (Theorem 1.3.8 in Chapter 1 and 3.6 below) we then prove
that any limit measure is N-invariant. These last two properties imply that the limit
measure is unique and equal to m, thus establishing the convergence of (u™ * d,),,.
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Proposition 3.1 Under the assumptions of Theorem 0.4, the sequence of measures pu™ *
Oy is relatively compact in the space of probability measures on G/U. In other words, for
every x € G/T', and every € > 0, there exists a compact K C G/T" such that " *9,(K) >
1 — ¢ as soon as n is large enough.

Proposition 3.2 Under the assumptions of Theorem 0.4, suppose that a subsequence of
measures { "™ % O, }i. converges to a probability measure v on G/T'. Then v is absolutely
continuous with respect to m..

The two last propositions will follow from the following result about random walks
on N :

Proposition 3.3 Under the assumptions of Theorem 0.1, for every ¢ > 0 there exists
d > 0 such that if h denotes any right-uniformly continuous function on N such that
0 < h <1 and such that the following bound holds :

x|<t h( d ~
i< J;é 7y <9 (2.15)

T
tig—%ovol({:r €N,

then we also have

lim /h(m)du”(z) <e

n—+oc

Proof: Let € > 0 be given. Let S,, be the random walk in NV associated with p and
starting at the identity. The proof makes use of the uniform upper bound for translates
given in Theorem 0.1 and of the central limit theorem on N (see above Theorem 1.3.19
in Chapter 1).

Let h be any right-uniformly continuous function on N such that 0 < h < 1. Let B,
be the ball of radius r in N centered at identity for some left-invariant metric on N. Let
wh(r) = supyep, [|h(zu) — h(z)|| . From the definition of A we have that lim,_ows(r) =
0. We need the following lemma :

Lemma 3.4 Let G be a connected Lie group endowed with a left invariant metric. Let
B, be the ball of radius v centered at the identity element e in G. Then there exists
an integer mg = mo(G) > 1 such that, for every real number r € (0,1) there exist a
countable set of points {x;}ic; in G which gives rise to a covering

G= U ZITZ'BT
iel
with multiplicity at most my.

Proof: The proof is essentially a Vitali covering argument. We look at the collection
C of all translates of B,. We take a maximal subset S of C consisting of pairwise disjoint
balls. It must be a countable subset ; we denote by I the set of all centers of these balls :
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S = {x;B,,i € I}. Since the metric is left invariant, 2B, is the ball of radius r centered
at . Now any y € G lies at distance less or equal to 2r from one of the x;’s. Indeed, if
not then the ball y B, would be disjoint from all x; B,’s, contradicting the maximality of
S. Hence

G= U .’Z'iBgr
icl
Finally, let us show that the multiplicity od the covering in bounded. Given y € G,
suppose that y € x;B, for some i € I. Then for any 2z € x;B,, d(y,z) < 3r hence
2 € yBs,, i.e. ;B, C yBs, or y~'a;B, C Bs,. But all y~'2;B, are pairwise disjoint. If
there are at least N different such ¢’s then N - vol(B,) < vol(Bs,). But one can find
positive constants C; and Cy such that for all r < 3/2,

Cy-r? <wol(B,) < Cy -1

where d = dim(G). We conclude that N < 39C,/C). Take mgto be the largest integer
smaller or equal to 3¢Cy/C,. We are done. [

Let p(x) be the heat kernel associated to j by the central limit theorem. This theorem
shows in particular that for any positive A > 0, the following limit holds :

lim P8, 2 AVA) = [ pla)ds (2.16)
nee | >A

for any homogeneous norm |- | on N.
We fix once and for all A > 0 such that flx}zAp(:c)da: < g/(4mg) where mg = mo(IV)
is the multiplicity in the above lemma for G = N. _
Now, with the notations of lemma 3.4, write h(x) = >, ; h(2i) Xz, (). Then we
have for all x € N N
h(z) < h(z) + wp(r)

Hence E(h(S,)) < E(h(S,)) +wi(r). Then for any A > 1

E(h(S.)) = Y h(z:)P(S, € 2:B,)

> P(S.€xB)+ Y, h(@)P(S,€xB,) (2.17)
|| >(A-1)y/n |z;| <(A-1)v/n

IN

If z € x;B, and |x;] > (A — 1)\/n then |z| > |z;| — diam(B,) — ¢, for some constant
co > 0 (see above the almost subadditivity of the homogeneous norm in Chapter 1, 1.3.1)

hence |z| > Ay/n as soon as r < 1 and n is large enough. Therefore the first term in
(2.17) satisfies :

> P(Sp€xiB,) <mg-PB(IS,]| > AVn) <¢/3 (2.18)
|z;|>(A=1)v/n
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as soon as n is larger than an integer n; > 0 depending only on p and determined by
the convergence (2.16) in the central limit theorem. Note that the multiplicity mg is
independent of the radius r > 0.

Let us now focus on the second term in (2.17). We can apply Theorem 0.1 to the
random walk S,, and we obtain the existence of a constant C' > 0 such that for every
r > 0, there exists an integer n(r) > 0 such that whenever n > n(r), we have for any
1€l C.1B
Hence

C- ‘Br|
> h(@)P(Sy € 2;B,) < — S h(w)
lzs] <(A=1)y/n | <(A-1)vn
But for any ¢ € I and r > 0,

h(z)|By] < / h(2) Yo, (€)dz + | Bylr ()
Hence for all n > n(r),
Bl Y k) < Y / B(2) e, (@)dz + | Brlon (h) - {2, 2] < (A = 1)y}
lz:|<(A=1)v/n |z:|<(A-1)v/n

< mo/ h(z)dx + mg - we(h) -vol({z € N, |z| < Av/n})
lz|<AVn

But, from Guivarc’h’s theorem on the growth of nilpotent Lie groups (Theorem 1.1.7 in
Chapter 1), there is a constant Cy > 0 such that whenever Ay/n > 1

vol({x € N, |z| < Ayn}) < Cy - (AVn)™)

Hence

Jinic s h(x)da
h(z;)P(S, € 1;B,) < moCCy - A*N . lzl<Avn + wy,(h
lu|§(§;1)ﬁ o )= e vol({z € N, [z < Av/n}) ")

Now let § := £/(12 x moCCy x AY™M) > (0 and choose once and for all » > 0 so that
wr(h) x meCCy x A¥N) < ¢/6 and w,(h) < /2.

Suppose (2.15) holds for h and this §. Then for n larger than some ny = ny(h, A) and
larger than ny(r) we have

> h(@)P(S, € 2:B,) <
|| <(A-1)y/n

Putting together (2.20), (2.18) and (2.17) we obtain for all n > max{n;,n,}
E(h(S,)) <e

_+_

(2.20)

[JCR N

:
6

[«23 L)

We are done. [
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Remark 3.5 Obviously the proposition also holds for left-uniformly continuous func-
tions on N.

We now turn to the proof of the two propositions 3.1 and 3.2 that we had left behind :
they are corollaries of Proposition 3.3.

Proof of Proposition 3.1. Let z € G/T" and € > 0 be given. From the Margulis-Dani-
Shah recurrence theorem (see above Theorems 1.5.2, 1.5.3 and 1.5.4 in Chapter 1), there
exists a compact subset K in G/I" such that

vol , <t g-xz€KF°
T vol{g € N,|g| <t,g-z € K}

<0 2.21
t—+00 vol{g € N, |g| < t} - (221)

where K¢ is the complement of K in G/I" and é > 0 is the number obtained in Proposition
3.3. Let K’ be another compact subset of G/I" containing the interior of K, i.e. such that
K and (K')¢ are disjoint (this is always possible since G/T" can be exhausted by compact
subsets). By Uryshon’s lemma we can construct a function ¢ on G/T" which is continuous
and such that

X(k)e < @ < Xke

Now define h(g) := ¢(g - ), which turns out to be a left-uniformly continuous function
on G since ¢ may vary only within the compact set K’. Clearly the estimate (2.21) yields
the bound (2.15) for h. It follows from Proposition 3.3 that all large enough integer n

P(S, -x ¢ K') <E(6(S,-z)) <&

This is what we needed. [J

Proof of Proposition 3.2. What we have to do is to find, given an arbitrary € > 0, a
real number 0 > 0 such that whenever ¢ is a non-negative compactly supported function
on G/I" such that [ ¢(y)dm,(y) < & then [¢(y)dv(y) < e. Let h(g) := ¢(g - z). By
Shah’s equidistribution theorem (see above Theorem 1.5.4 above in Chapter 1), we have

f|g'<t /¢ dmz

t—+30 v0l{g € N, lgl <t}

Besides, h is a left-uniformly continuous function on N and we can apply Proposition
3.3. We obtain that
E(¢(S,-z)) <e¢

for all n large enough. Hence if v is a limit probability measure, then [ ¢(y)dv(y) < e.
O

We now finish up the proof of Theorem 0.4. By Proposition 3.1, it suffices to show that
every limiting probability measure v, arising from a subsequence p™* x ¢, is equal to m,.
We will first show that v is N-invariant. This is a consequence of the following theorem
of Y. Guivarc’h. The same idea was used by Guivarc’h in his proof of equidistribution of
random walks on nil-manifolds in [73]. Recall (Theorem 1.3.8 in Chapter 1) :
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Theorem 3.6 (Guivarc’h) Let pu be an aperiodic compactly supported probability mea-
sure on a nilpotent Lie group N. Let f € Li(N) an integrable function with zero integral
on N. Then

Lim A" * fllpa vy =0

n—-+oo

Let ¢ be a bounded continuous function on G/T'. Let 7,(¢) be its translation by an
element of G : 7,(¢)(x) = ¢(g - =). This is again a bounded continuous function on G/T
and we have the following convergence for every gg € G :

i | 7,0(6)(g - )di™ (g) = / 700(6) () (y)

k—-+o00

Let ¥(go) denote the limit on the right hand side. It is a continuous and bounded function
on G. Its restriction to N is also continuous and bounded, we call it ) again. Let f be
any integrable function on N whose total integral vanishes, i.e.

/N f(h)ydh =

By Lebesgue dominated convergence theorem, we obtain the following convergence :

kEI-iI—loo/ f(h /Th (g-x)du™(g)dh = /(/J (h)dh

On the other hand :

/j;ff(h)/.Th(¢)(g z)dp* (g)dh = /Nf(h) /‘QS(h,g.:r)dlu"k(g)dh

B /N/ fhg™)d(h - x)dp™ (g)dh
) /N o / (g™ )" (g)dh

) [n@)s x)du“k(g)dhl < ol /N / f(hg'l)du""(g)‘dh
< 9l “f*/im‘”Ll(N)

From Guivarc’h’s Theorem 3.6 we have || f * u"(| 1) — 0 as n — +oc. It follows that

/N F(Ryo(h)dh =

for every choice of an integrable function f € L}(N) with [ f = 0. Since ¢ is continuous,
this implies that v is in fact a constant function on N. In particular

/ 7(6) (y)di(y) = / o(y)dv(y)

and




for all h € N and all bounded continuous functions ¢ on G/I'. This means that the
measure v is invariant under the action of N. Yet we know, from Proposition 3.2, that
every limiting measure v is absolutely continuous with respect to m,, hence is of the
form dv = f - dm, for some non-negative function f € L'(m,). Hence f is essentially
N-invariant. The ergodicity of m, under the action of N shows that f is essentially equal
to the constant 1 and v = m,. This concludes the proof. [

Remark 3.7 In the above proof of Proposition 3.3, we made use of the local uniform
upper bound (Theorem 0.1), whose proof was based on the upper gaussian estimate for
discrete nilpotent groups. However, Varopoulos’ uniform upper bound (2.8), combined
with the central limit theorem for T' (viewed as a lattice in a simply connected nilpotent

group f), yields in the same way a proof of this proposition.
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Chapitre 3

Local limit theorems and
equidistribution of random walks on
the Heisenberg group

The goal of this chapter is to show the local limit theorem for centered distributions
on the Heisenberg group along with some of its refinements and applications. The local
limit problem on non-commutative Lie groups has been studied by many authors in
the last thirty or forty years (Ito-Kawada, Arnold-Krylov, Kazhdan, Bougerol, Le Page,
Guivarc’h, Varopoulos, etc.). In the classical commutative case or in the compact group
case, the local limit theorem is available under the weakest assumptions on the probability
distribution (see [161] and [95]). Random walks on semisimple Lie groups as well as on
nilpotent Lie groups have been extensively studied and in particular the problem of the
local limit theorem. In a recent work, Alexopoulos [7] obtains a very precise local limit
theorem and estimates a la Berry-Essen for distributions with a continuous density of
compact support on an arbitrary connected Lie group of polynomial growth.

However, in this problem, an assumption of absolute continuity of the distribution
with respect to the Haar measure is often made, while the case of a possibly singular
(e.g. finitely supported) distribution remains generally open. Such cases include finitely
supported distributions on the group of isometries of the Euclidean 3-space (see [96],
[74]) or the case of semisimple groups [27]. Similarly the speed of convergence to equidis-
tribution is not well understood and seems to depend on difficult arithmetic questions
(cf. the spectral gap conjecture [147] for equidistribution on the sphere). In this paper
however, we shall treat the case of an arbitrary, possibly singular, measure. We shall
focus on the simplest nilpotent Lie group : the first Heisenberg group.

We shall also obtain a uniform version of the local limit theorem yielding a very
precise estimate on the asymptotic behavior of centered random walks on the Heisenberg
group. This generalizes a result of Stone [161] in the commutative case. This estimate
allows to show further equidistribution results for random walks on homogeneous spaces.
Following this strategy, we show at the end of the paper that centered Heisenberg-
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unipotent random walks on homogeneous spaces G/I', where T is discrete of finite co-
volume in a Lie group G, are equidistributed in the closure of the orbit on which they
live. This yields a “probabilistic equivalent” of M. Ratner’s equidistribution theorem for
orbits of unipotent subgroups in homogeneous spaces (see [138], [150], [160]). In the non-
centered case, an interesting phenomenon can occur : non-centered unipotent random
walks may not converge to any distribution on G/T". For instance if " is not co-compact,
they may wander outside an arbitrary compact set with high probability at arbitrary
large times. Hence the hypothesis that the walk should be centered is crucial (unless of
course the Haar measure is uniquely ergodic for the unipotent subgroup).

Finally let us remark that the results of this paper should extend to the case of an
arbitrary simply connected nilpotent Lie group, but the technical difficulty of the forth-
coming proofs forced us to restrain our attention to the Heisenberg group.

3.1 Statement of the results

Let G be the group of 3 x 3 upper-triangular unipotent matrices and e the identity
in G. Let us fix the Haar measure on G, dg = drdydz where

g:

[ el
o = R
— @ W

is simply denoted by g = (z,y, z). We shall also denote by |A| the Haar measure of a
borelian set A and we fix a homogeneous norm ||g|| = max{|z|, |y, |2|*/?} on G.

We shall consider a probability measure ¢ on G with the following properties :

e compactly supported

o centered : [ p(x)du(z) =0 where p: G — G/[G,G] is the canonical map.

e aperiodic : for any proper closed subgroup H & G and any = € G, u(zH) < 1

In particular, we make no assumption of smoothness for u, which can be for instance
finitely supported.

The convolution product of measures is denoted by u * v and convolution powers are
simply denoted by u".

The central limit theorem for G is well known (see the work of Wehn [172], as well as
Tutubalin [169] and Crépel-Raugi [142]). It states that if (d;); is the semigroup of dilations
given by di(z,y, z) = (tx,ty,t*z) then the sequence d 3 (u™) converges to some gaussian

measure v on G (in the sense of probability measures, i.e. [ fod + dp™ — [ fdv for every

bounded continuous function on G). The measure v lies inside a gaussian semigroup of
probability measures (14);~¢ defined by its generating distribution

Af = 50.f(e) + T02, £ () + 5T0EF(e) + 502 (e) (3.1
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where Z = [ zdu(z.y, z) and Ty = [ zydu(z,y.z). Then v = vy and 1, = p,(g)dg where
pi(g) is the heat kernel associated to the operator defined by (3.1) hence is a strictly
positive fastly decreasing smooth function on G. It is the density of the Brownian Motion
corresponding to A on G.

Let ¢(u) = pi(e) > 0. For general references about gaussian semigroups and the
Levy-Khintchin-Hunt formula, see [68], [127] and the original article of Hunt [90].

We shall say that p satisfies Cramer’s condition if

sup
t2+s2>1

/ ) du(a,y, 2)| < 1

We obtain the theorems below without this assumption, but at some point we get a
slightly stronger result if this assumption is made (apparently for technical reasons, but
we have no guess whether it is necessary).

Let us state the local limit theorem for GG together with a uniform version for trans-
lates of a bounded set. These results generalize to the Heisenberg group the well known
theorems of classical probability theory on R" (see Bre and [161]). The method makes
use of the unitary representations of G.

Theorem 1.1 (Local limit theorem) Let i be a compactly supported aperiodic centered
probability measure on G. Let f be a continuous function on G which is compactly sup-
ported. Then the following convergence holds uniformly when z varies in compact subsets

of G
hmn /f 2)du" (g) = e(p) /f

Theorem 1.2 (Uniform local limit theorem) Let y be a compactly supported aperiodic

centered probability measure on G and (v;)¢>¢ the corresponding limit gaussian semigroup.
Then for all bounded borelian B C G with |0B| = 0,

lim supn?|u"(zB) — v,(xB)| =0

n—+00 ze(

If we assume additionally Cramer’s condition, then

lim sup n? " (xBy) — v,(xBy)| = 0
n—+00 3 ye@

Let us remark that the choice of (14);~0 depends on the choice we made of a semi-
group of dilations (d;);~0. Any other choice (d});~o for the semi-group of dilations is of
the form ¢od,o0¢™! for some automorphism ¢ of G. The associated gaussian semi-group
(14)i>0 1s obtained from (v;);~0 by composing by some automorphism of G and theorem
1.2 remains valid if we take (1});~¢ instead of (v;);>0.
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Theorem 1.3 (Concentration function) Under the assumptions above for u, for every
bounded set K C G, there is a constant Cx such that for all integers n

Ck
sup " (zK) < =5
zeG n

If we suppose additionally Cramer’s condition, then

sup p"(xKy) < C—;\
x,yelG n
This uniform version of the local limit theorem for translates enables to show the
following corollary. The point of this result is that the function f is not assumed to tend
to 0 at infinity, and in particular, can have a periodic type of behavior. For the classical
commutative case see Chapter 4.

Corollary 1.4 Let f be an arbitrary left-uniformly continuous function on G such that
the following limit exists

. . (T (T T
Tl-—rioo.Tyl—l»Igoo.Tz—»iooTITyTz/0 /0 /O f(z,y, 2)dzdydz = (3.2)

where £ € C. Then

n—oo

lim /G Fg)du(g) = ¢

This corollary enables to prove further equidistribution results on homogeneous spaces.
In the last section we show how to derive a “probabilistic Ratner’s theorem” for Heisenberg-
unipotent random walks on homogeneous spaces, such as horospheric random walks on
complex hyperbolic manifolds, namely,

Theorem 1.5 Let G be a connected Lie group and ' a lattice in G. Let H be a closed
subgroup of G consisting of unipotent elements and isomorphic to the Heisenberg group.
Let i be a centered compactly supported aperiodic probability measure on H. Then for an
arbitrary x € G/T' and for any bounded and continuous function f on G/T,

lin_ [ f(hydu(h) = | f(g)dma(o)
=T JH JG

where my 1s the unique H-invariant ergodic probability measure on G /T whose support
is the closure of the orbit Hx.

The existence of the measure m, is given by Ratner’s theorem (see [Ratl to 3],
[160]). The corresponding deterministic result was proved for one parameter subgroups
by Ratner (cf. [138]) elaborating on a weaker qualitative recurrence result due to Margulis
and generalized by Dani, and for general unipotent groups by Shah (cf. [150]).
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Note that this also implies that the only p-stationary probability measures on G/T’
(i.e. the measures v such that p* v = v) are the H-invariant ones. This means, in the
terminology of Furstenberg (cf. [59]), that the action of H on G/ is stiff with respect
to p. But this also follows from the fact that (H, i) has the Choquet-Deny property (i.e.
the absence of bounded p-harmonic functions) as follows from the work of Guivarc’h
[73].

Also note that according to a general random ergodic theorem of Oseledec (cf. [130]),
which is proved in the case when p is symmetric (i.e. u(A) = u(A~1)), the convergence
of theorem 1.5 above holds for m-almost every z in G/I" for any H-ergodic probability
measure m on G/T.

In the above theorem, the assumption that u is centered cannot be removed. A simple
use of the central limit theorem shows that for certain lattices in R?, any non centered
unipotent random walk starting at that point in the space of lattices SLo(R)/SLy(Z)
will diverge, i.e. may remain very far with high probability at some arbitrary large time.

When H is uniquely ergodic on G/I" (e.g. the horocycle flow on a compact Riemann
surface), then theorem 1.5 follows easily from Théoreme V.5. in [73] and holds even when
i is not centered.

This application was originally motivated by the work of Eskin and Margulis [54],
where they studied the case of random walks on G/I" obtained by a measure ;¢ whose
support is Zariski dense in a semisimple group. Their main result is that the sequence
u™ * &, is relatively compact in the space of probability measures on G/T.

3.2 Notations and outline of the paper

We keep the notations and terminology introduced in the last section. Let p be the
regular representation of G on the functions on G : p(g)f(z) = f(g~'z).

G is identified with its Lie algebra g by writing g = (x,y, z) with the help of the
diffeomorphism

g — G (3.3)
X +yY +2Z — ¥ erXeZ

where X, Y and Z are the upper triangular elementary matrices, with [X,Y] = Z.
The product in G is given by

99 =@+ y+v, 2+ +xy)

In the sequel, we will need to look at possible other parametrizations of G, in parti-
cular at those of the form

C,bg - RP= @G
(1,_‘ v, Z) — (LC, Y, 2+ U(-Tv U))
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where o(z,y) is a quadratic form in z and y. The Fourier transform of a function on G
can be defined in different ways depending on the choice of a parametrization. Given a
function f : G — C, we shall denote by F,(f) : (R*)Y — C the Fourier transform taken
in the parametrization defined by ¢,. When o = 0, we simply write Fy(f) = f The
variable in the dual space (R?)Y will be denoted by & = (¢, s, A). The formula reads :

E(f) B ~C 3.4
€ = (5N = o [ £Ooa )T dadyds

Let C.(G) be the space of continuous and compactly supported functions on G. Let
be a probability measure satisfying the properties listed in the introduction and (X, Y, Z)
a random variable on G distributed according to . We set once and for all

E(XY)

Theorem 2.1 Let o(x,y) = ay?® and F, the Fourier transform just defined. Let f and
g be two functions on G with f € C.(G) and F,(g) € C.(G). Then

lim n* (p(u")f, g) = c(p / /

and, if we suppose additionally that F,(g) is absolutely continuous, then uniformly when
2 varies in compact subsets,

Jim n? [ gl a)di @) = () [ g

Below, we derive theorem 1.1 from theorem 2.1. The strategy for proving theorem
2.1 follows the general scheme provided by Stone’s proof of the local limit theorem on
R? [161] and is as follows. Looking at the Fourier transform of the integral, we give an
explicit decomposition of the regular representation of G into a continuous direct sum
of primary representations and treat each part of the integral to show that only the part
with small A’s and small s and t’s gives a contribution. Then we gain control on this
part by showing a domination condition on the integrand. This is achieved by performing
a Taylor expansion in s,t, A of the characteristic function of u". Lebesgue’s dominated
convergence theorem combined with the point-wise convergence granted by the central
limit theorem on G completes the proof. The proof of theorem (1.2) makes use of the
estimates previously obtained and goes along similar lines.

3.3 Irreducible unitary representations of GG

The irreducible unitary representations of G are well known. Apart from characters,
there is a one-parameter family of irreducible unitary representations m, (A € R\{0})

83



modeled on L?(R) by '
m(9)f(t) = I f(t+ Ay)

The following two propositions will be crucial in the proof. The first is quite standard
(see [68], and [73]) :

Proposition 3.1 Let p be an aperiodic probability measure on G. Then for any closed
interval I C R\{0}

sup [|[ma(u)]| <1 (3.6)
Xel

Proof: Let \, — X € I such that

<7r/\n(ﬂ * N_l)fn(t)~ fn (t)> —1

for some sequence of vectors f, € L?(R) of norm 1. Then, up to taking a subsequence,
for 1 * p~t-almost every z,

(o (@) fu (1), fn(8)) — 1

ButI' = {z € G, (my,(x) fu(t), fu(t)) — 1} is clearly a subgroup of G, and pu*p=(T) = 1.
Since p is aperiodic, I' is dense in G, hence [I',T'] dense in the center of G. In particular,
we can find (0,0, z) € ', such that Az ¢ 27Z. Then

”ei/\nzfn - fnll - O

which implies €** = 1 and provides the desired contradiction. [

The next proposition gives an estimate of the norm of the operators 7y (p). When
is taken to be the symmetric Dirac measure on (1,0, 0) and (0, 1,0), this operator can be
viewed as acting on ¢*(Z) and then coincide with the well-known Harper operator (see
[19]) studied in mathematical physics.

Proposition 3.2 Let i be a probability measure on G whose support is not contained
in a coset of an abelian subgroup of G. Then we have

1 —|lma(p)

lim inf | >0 (3.7)

A0 ||
Proof: Note that if we define u='(B) = u(B™') for every borelian subset B of G,
then 7, (p™?) is the adjoint of my(u) and my(u~" * p) is self-adjoint and non-negative.
If (7.3.1) does not hold, then we can find unit vectors fy € L*(R) such that for
arbitrarily small \’s

(Al ) fas fr) = 1= Jo(N)]
From the assumption made on p, we can find two non-commuting elements xy and x;

lying in the support of ="' * p. For each A we can then find x} close to 2o and z7 close
to x1 (ie. ||} — 2] and ||z — zo|| < |21 = o]l /3) such that for i = 0,1

Re (my(z}) fr, [r) > 1= |o(N)]
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The commutator (), z7) belongs to the center, hence is of the form (0,0, cy). From the

choice of z} it follows that ¢ < ¢) < 1/c for some constant ¢ € (0,1). From the Stone-
Von Neumann theorem (cf. [43]) we can then find an isometry I, of L?(R) such that,
conjugating by I, m(:pa\) is turned into the translation by ¢y A and 7r,\(:v’1\) is turned into
the multiplication by €. Hence we can assume that for arbitrarily small \’s

Re (fa(t +cx)), fa(t)) = 1 —|o(N)]
Re (" (1), fa(t)) > 1—lo(N)]

Or equivalently
[+ ed) = AL = o(v/IA]) (38)
le" 56 = O] = o(vIX]) 3.9
Let A. = {t € R, d(t,27Z) < £}. We deduce from (3.9) that

N [fa(@®)[*dt = o(|Al/€?) (3.10)

and from (3.8) that for any positive integer n

[x(E + nead) = ()] = o(n/[A])

or
Re (fA(t +nea)), fa(t)) > 1 —o(n?)) (3.11)

We now take n = [Qm] + 1 and € = ¢)/|A|/12. Then for small enough A we have
1 > |neyA| > 3e. So for small A and as soon as £ < (7 — 1)/2, making use of (3.10) and

applying the Cauchy-Schwarz inequality we have

[(fa(t +nead), fa(t)] < \//A |f,\(t+nCA>\)|2/A |fa(®)]? +

¢ [ e [ s

< 2/ [ 160F = o/F/2) = of1)

which yields the desired contradiction with (3.11). O




3.4 Reducing to small values of \

Here we will begin the proof of theorem (2.1). The center of G is the one parame-
ter subgroup H = e®4. We are going to decompose the regular representation of G
into a continuous direct sum of other unitary representations. Every character of H is
determined by a number A € H = R". If f € L!(G), we define for x € G

frx) = \/%/Rf(xezZ)eiAzdz

We check that fy(xe*?) = e7™*f\(x). By the Fourier isometry, if z — f(xe*?) is in
L?(R), then A — fy(x) is in L2(RY), and

[1reepas = [ ineora

By Fubini’s theorem, it follows that, if f also belongs to L?(G) then | fy(x)] is in L*(G/H)
for almost every A. Let us write H, the Hilbert space of measurable functions F' on G
such that F(xe*?) = e"*F(x) and |F(x)| is square integrable on G/H. Then H, is
a realization of the induced representation py = Ind$\, where G acts by left trans-
lations. The above Plancherel formula for f, shows that we have the continuous sum

decomposition
o
p= / prdA

(p(u")f. 9) = / (A (") fxs gadaq, dA

and if f, g belong to L?(G)

It is easy to see that p) is a primary unitary representation of G and that the repre-
sentation 7, defined above is the only irreducible representation of G contained in pj.
Moreover, its multiplicity is infinite :

4
pr = / ma(s)ds (3.12)
with 7, (s) ~ 7, for all s.

Now from Proposition (3.1) and from (3.12) we obtain that for some ¢ € (0,1) there
exists some ¢ > 0 such that for all A € R with |A\] < e and all n € N

oAt < Nloa() ™ < e (3.13)
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therefore for any integer ko > 3, whenever D > kq/c we have

o LV Y el A Ll P PR
DB <|A|<e DRER |\ <e

1
< s [ 1l loalh,
n AER
1
< nko—2 ”f”]ﬂ((;) |9HL‘2(G) — 0 asn — of3.14)

The last step follows from the Cauchy-Schwarz inequality. Hence this part of the integral
tends to 0. Similarly if I denotes any of the intervals [—A, —¢] or [e, A] where A is some
positive number such that g, is identically zero outside [—A, A]. then it follows from
Proposition (3.1) and from (3.12) that there is some constant 3 € (0, 1) such that

sup [lpa(u™)|| < 8"
AET

Hence

IN

2 n 2 on
n //\g (oA (") fxs 9x) d)\’ n*g3 /AER 1Al gl dA

n’g" Hf||L2(G) ||9||L2(G)

C
nko—2 Hf“LZ(G) HQHLZ((;) (3.15)

IA

(A

for some constant C' > 0 depending on 3. The right hand side clearly tends to 0 as n
tends to infinity.

Now observe that if F,(g) (defined in theorem 2.1) has compact support, then g, is
identically zero outside some bounded set of values of X\. More precisely, if for some fixed
A, Fy(g9)(t,s,\) = 0 for all t and s, then g, vanishes identically. The last argument allows
then to reduce to small values of A (i.e. less that Dl-o—rgl—’l for some fixed D > 0).

We are now going to perform Fourier integration one step further, ie. on G/H.
We fix an arbitrary Borel section @ : G/H — G (given in the above coordinates by

(z,y) — (x,y,0(x,y)) where o is some measurable function on R?). Then f)(7(X)) is in
L?(G/H) for almost every .
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Let now f and g be two functions in L'(G) NL?(G) and y be given in G. We have
(e(y)f.9) = / / iy 'xe*?)g(xe*?)dzdx

G/HJH

= / Ay 1x)7, (x)dNdx
G/H JrRY

= [ nxm s
Rv JG/H

= [ [ 50 gt ) dadud
R\/

= /Rv (PA(Y ) fr 9a)y, AN

For notational convenience we set ¢y , (2, y) := fa(y '7(z,y)) and Yo 5 (2, y) := G, (T (2, 9)).

For almost all A € R, these functions belong to 1.?(R?). Performing Fourier transform on
L?(R?) now we get :

(p(y)f g) = / . (ﬁ/y:\(t,S)E(t,s)dtdsd,\
RV 2v

Now a straightforward computation yields that '1/7;\(15, s) is the Fourier transform at
(t,s,A) of g7 defined by

g7 = (z,y,2) — g(z,y,0(x,y) + 2) (3.16)
Yorlt,s) = ¢°(t, 5, \)

Similarly if y = (y.,¥y.¥.) We compute,

@;\(t, s) = /ei(yz(t+/\y)-i-yyﬂw\(y:—o(aﬁ-ym.y+yy)ei(tﬂH—sw—/\z)f(a77 y, 2)dzdydz

1
(27)3/2

Hence, if we suppose additionally that f has compact support on G and F,(g) = ¢° has
compact support on R3, we obtain

1 ‘ N . . . ~_7
_——_(27r)3/? /dxj (x) /Rv /]sz ez[yl(t+Ay)+yys+,\(y;—o(z+y1,y+yy))1ez(tx+sy+x~,)go(t’S’ 2)de

in other words,

(p(y)f.g9) =

d y N
(o(y)f.9) = /C (2—75(3/_2]((3() (eWE¥2 g7 (t = Ay 5, 0) g

where x = (LE-,.% Z) y= (Yaw}’ya)’z)a &= (t,s, )\) and ’U/)<§~y’x) = t(yr+ﬂ?) +S(yy+y) *
/\(Z — Ty +Yy.— O’(L('—Fy:vay +yy))‘
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Let S is a random variable in G with distribution p". The quantity we are interested
in is

WE ((p()£.) = n* | S 0) (BEE59), (e = A W)

Let D > 0. We split it in two parts and write n’E ({p(S)f,g)) = A, + B, where
©odx
A, = /wa(X)Jn(X)
" odx
Bn = /(v (27_‘_)3/2 f(x)‘[”(x)

and
Ju(x) = 71,2/ E(e'(&:5%) ,QA" t— Ay, s, A o A
n( ) I,\fEDJ‘k’ng< ( ) ( Y, s )>IL2(R2)

(%) = n? /Wm (E(E59), 7 (t = Ay, 5, 0))pa gy A

The part A, has already been dealt with, because the above computations show that
A, = 7?/2/ (PA(N")f/\-, 9,\>m dA
A2 Dean

and (applying (3.14) and (3.15)) there is C' > 0 (depending on D, yu and the size of the
set {\,3(t.s). Fy(g)(s,t.X) # 0}) such that if n > 1

C
[An] < =5 1fll2e) 190220 (3.17)

which tends to zero as soon as kg is taken such that D > ky/c > 3/c (where ¢ was the
constant defined in (3.13)).

Hence in the sequel, fixing x = (z,y, z) € G, we shall focus on the term I,,(x). Before
going further, we shall fix once and for all the section o. We take it of the form proposed
in theorem 2.1, that is o(x,y) = ay? where a is defined in terms of the moments of y in
equation (3.5). In this case,

]E(ez‘w(g.s.x) ) — E<ei[t(SI,+x)+s(5y+y)+/\(z+53—U(I+Sl,y+5y))] )
ei(gz+sy+A3)E(ei[tsI+ssy+,\sz —/\a(y+Sy)2] )

ei(tr+sy+/\(;vay2))E(ei[th-i—(s—Qa)\y)Sy+)\(S;—an)]

Hence,
I,(x) = n? / l (E(0,(t. 8. 0)), e g7 (t — Ay. s + 2a)\y, A))pe(ge) A
Jngplean
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where ¢ =tz + sy + Mz — 2y + ay?) and
0, (t, 5, \) = oi[tSz+5Sy+A(S:~aS?)] (3.18)

We shall next estimate E(6,(¢, s, A)) for small values of A.

3.5 Evaluation of the integral for small \

Let us fix D > 0.

The remainder of this section is devoted to finding a suitable bound for the expecta-
tion E(6,(t, s, A)) when |\ < Dl—(’;—‘ﬁ and s and t take values bounded away from 0 and
infinity.

We shall need the following lemma about moderate deviations. Since we could not
find a reference for this precise form of the estimate we want (about the maximum of
the random walk up to time n), we include a proof. It follows the well known argument
of Cramer via Laplace transforms.

Lemma 5.1 Let Uy = 0 and U, = Y, + ... + Y, be a sum of independent identically
distributed real random variables Y,, which are assumed of compact support and centered.
Let A, be the event {maxo<k<n |Ux| < v/nlogn} and let AS be the complementary event.
Then for every non-negative integer p, there are constants c, > 0 and C, > 0 such that
for all integers n € N ,

1P 4.) < —cplog®n

]E(org?gxn |Ur|P14:) < Cpe
Proof: Since Y has compact support, if D > 0 is a bound for the support, we

obviously get

|Un| < Dn

for all n. Hence for any fixed p > 0
P PP c
E(Orél}?sxn\Uk\ 14 ) < DPPP(A;)

Therefore it is enough to show the lemma when p = 0.

We can assume that Y] is not identically 0. Define the Laplace transform A(\) of
Y; by eA = E(eM1) for a positive real A > 0. Then define the Fenchel transform
A*(x) = supyso(Az —A(N)) for a given z > 0. Clearly, A*(z) is a non-decreasing function
of £ > 0. The function A(X) is strictly convex, since its second derivative A”(\) =
e MV(E(ME(Y2e) — E(Yer)?) is > 0 from the Cauchy-Schwarz inequality. In
particular the supremum A*(x) is attained for a unique value A, of A given by the
equation A'(A\;) = z. And if x > 0 then A\, > 0 because A’(0) = 0 since Y is centered.
Differentiating the relation A’(\;) = x, we obtain

d\, 1
dr — A"(\,)
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hence

dA*
dr

Az
and
?A* 1
de? — A'()\;)
Therefore A*(z) is strictly convex for z > 0.

Since Y7 has compact support, it has moments of any order and in particular we have
the following Taylor expansion

>0

2

AQY) = %E(W) + 00

and
A'(N\) = AE(Y?) + O(\?) (3.19)

In particular, as « tends to 0 the value A, tends to 0 too. We set A*(0) = 0. By definition
of A*, we have for any x > 2o > 0

A*(2) > Ary = A(Aay) (3.20)

Now let us study the function A* near 0. From (3.19), we get

e
M By 00
and )
lim ————)\IE(Y ) =1
x—0+ x
Hence

AN(z) = MNzx—A(\)
2
= AT — )\i@%/—) +0(X})

p4

IQ 22

= By )(u - ?) + O(ux)?

where u = \,E(Y?)/z. As z tends to 0, u tends to 1, therefore

A*(z) > (3.21)

AE(Y?)

for any sufficiently small x.

91



Similarly

A A A3
— = Q—IE(Y )+ O(?)
- AI% +O(\2u)
Hence AL 5
() <A (3.22)
T 4

for all sufficiently small z. Fix 2o > 0 such that both (3.21) and (3.22) hold for all
x € (0,z0). From (3.20) we obtain immediately for all z > z

A () > Ny (z — %xo) (3.23)

Now let us now apply these estimates obtained above for A*(x) to the probability
P(U;, > v/nlog(n)). We write for z > 0 and A > 0

E(e?) > MP(U, > )

or
]P)(Un, > 1) < 6_"(/\%_/\()‘))

Hence taking the supremum of A > ()

P(U, > z) < exp(—nA*(%)) (3.24)
Take two integers & and n with & < n. We have
nlogn
B(U, > Vi log(n)) < exp(—kA"(LED))

Suppose first that —‘/i}‘fﬂ > x¢. Then it follows from (3.23) that

3
P(U,. > \/ﬁlog(n)) < exp(—)\xo\/ﬁlogn + kao)\mo)
1
< exp(—i)\xo\/ﬁlog n) < o —c(logn)?

where we can take ¢ = A\, /4.
Now assume that —@% < xg. Then it follows from (3.21) that

P<Uk > \/ﬁlOg(T})) < e—C(logn,)2

where ¢ can be taken to be 1/4E(Y?).
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By taking the lesser of the two ¢ above we can now write
P(Uy, > /nlog(n)) < e—¢logn)?
for all integers n and & with n > k > 1. Hence
P(AZ) < 2nectosm)”

Therefore there is a constant ¢y > 0 smaller that ¢ such that when n is larger than say
ny we have
2
H:D(.Afl) S e—co(logn)

For Cy we may take eco(lo n0)* and we have obtained the desired inequality. [J

Obviously, we may, and do, assume that c,,; < ¢, for all p. This lemma will enable us
to reduce to the case when U, does not take very big values. Let us also remark that in
the above proof, the constant ¢, can be chosen to depend only on the size of the support
of Y, ie. on M = min{t, P(|Y| < t) = 1}. In the sequel, we will use freely the result of
lemma 5.1, in particular the fact that E(|U,[P) = O,(nP/?log?(n)) for any p > 0.

Let G, = (X,,Yn, Z,) be a sequence of independent random variables identically
distributed according to the probability measure u on G. We write S,, = G,, - ... - G, the
product of these variables. The law of S, is u". Bearing in mind the form of the product
on G, we get S, = (Sy.z, Sn.y, Sn..) Where

Sny = Vi+..4Y,
Sn: = D+ + 2, + X1+ X1+ YY)+ .+ X, (V1 + ...+ Y, )

Let 6, be the random variable defined in (3.18) as follows

0, = en(tv s, )\) _ ei(tSn,x+sSn,y+)\(Sn.z—aS'flyy)) (325)
= ialZ H XAV 1) il +2Z4)
1<k<n
and 6 = 1

where Uy = Y] + ... + Y, and Uy = 0 as above. In the sequel we fix the value of o (as in
equation (3.5)) to be
a=E(XY)/2E(Y?).

We will also use the following notation :

B(t,s) = E(e!X1t+¥19))
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3.5.1 Estimate for “large” values of s and ¢

Proposition 5.2 Let ¢, A, D be positive numbers with A > ¢ > 0. Let k be an arbztmry
positive integer. Then the following estimate holds uniformly when A € [—D'%& D——g—]

n
and e < 2+ t2 < A : )

where the constant in O depends on £, A, k, D and p.

Proof: We fix £, A and D and consider (¢, s, A) in the range defined above. The proof
will proceed by induction. Recall that A, is the event {maxo<<, |Ux| < /nlogn}. In
fact we will take for induction hypothesis the following statement, which we denote by
HiyforjeNand ke Z:

‘ log2k+37
E(6.U3) = O(=2—)
where O may depend on j and on k.
Clearly Hgy, for all £ > 0 implies the proposition. Also note that H;; implies Hj 1.
Let k + j > 0. Making use of lemma 5.1 and of the independence of the random

variables G;’s, we have the following Taylor expansion : for all positive integers p < n,
E(0,U7) = E(6,Ui14,) + O(e™%¢°7)
— E(9 ‘lUje-i)\a(QUp_lYp+Y;72)€iXp(t+/\Up_1)ei(sYp+/\Zp)lAp) + O(e—cj logzp)

k+j /\
= E[g,- U] Xpt+)ps)1 Z (d )
Z Cl(Zp - O‘YZ )'"U((Xp — 20Y,)Up-1) ]+

)\k+J+1o(<\/ﬁlogp)k+2j+1)_+_O(€_Cj103217>

Further expanding and using lemma 5.1 again :

<2 (iN)!
]E(e U p . ( crur Yj—r) ei(XpH-YPS)Z .

AR !
=0
l lo g2k+3]+2p
Y CHZy — aY) (X = 20Y,)Up-)"] + 0<W>
q=0
k+j5 1 J l
r va (I r
= Z}:chqq( z') E(0,-.U; 1)
=0 ¢q=0 r=
CE(HXHNYIT(Z) — oY) TI(X, - 2a)))+
logQ(k+1 +3j P
+ 0= )
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The last expression can be written as a sum of [(t, s)]E((),,_lU;_l) (where [(t,s) =
E(e!X1#+Y19))) and a linear combination with bounded coefficients of a bounded number
of terms of the form )\lE(Qp_lUI’]il) with 0 < m < j+land 0 <[] < k47 and
(m, 1) # (4,0).

Let 7 > 0 and £+ j > 0. Now suppose H,, ;41— holds for all 0 < m < j+1 and
0 <1 < k+j except when (m,l) = (j,0). We are going to show that it implies Hjz;.
Since |A| < DI—O% < Dlﬂgﬂ, we have for all these values of m and [ :

1+2(k+1-21)+3m D oo2(k+1)+3]

log log p
l m
NE(6,-1U," ) = O( /2 )= O(p(H—l)/Q)
Hence,
‘ Jog2(k+1)+35

E(6,U3) = (1. $)E(6,-1U;_,) + 0(—p,j:1—)/——)

Therefore, recursively on p, we obtain for all n
_ log 2(k+1)+3j P
E(0,U]) = 25 5,8)"PO( —wrE) (3.26)
n , " log?k+1+37 ¢

As above, since  is aperiodic, it follows that the law of (X,Y’) on R? is aperiodic. Hence

sup  |A(ts)] <1

e<s24+t2< A

therefore (3.26) yields
' log2(k+1)+35
E(6,U%) = O(=ri7—)
Thus we obtain Hj ;.
Now, we note that from lemma 5.1, H; _; holds for all j > 0. This also guarantees
H;, when k+7 < 0. Then we proceed by induction on h = j+k. From the considerations
above, we obtain H;, from the knowledge of other Hj  with j'+ k' < j+ k. So we are

done. O

Remark 5.3 If we make the following additional assumption on p

sup |B(t,s)| <1

t24s2>1

then proposition (5.2) holds uniformly in A and

holds uniformly in (t, s, \) when \ € [—DIL’E—”, Dl%fﬁ] and t* + s*> > ¢ and the constant
i O depends only £, k, D and .
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3.5.2 Estimate for intermediate values of s and ¢

Now we will treat the case when |A| < D' and D% < |(s,t)| < ¢ for some fixed
(large) D > 0.

Proposition 5.4 With the notation above, there is some ¢ > 0, such that uniformly in
A |Al < Dlsr

1
/ E(6a(t, 5. \))|dtds = O(——
DIELR <|(s.1)| <= nlog”n

where the constant in O may depend on u, D and ¢.

Proof: Let us write 7 := |(t,s)] = Vt?2+ s? and now choose ¢ > 0 so that for
|(t,8)] <&, |018(t,s)] = O(r) and |0,0(t, s)| = O(r). We suppose that |A| < Dl—oﬁ’—"
Choosing € smaller if necessary, we can assume that when |(t,s)| < ¢

—Cr? 1 _ i
3C > 0,[8(t s)| <e (i*m—O(rg)

From the computation in the subsection above (with j = 2 and &k = —1), we obtain
that E(6,U2) is a sum of 5(t,s)E(f,—1U7_,) and a linear combination with bounded
coefficients of the terms AE(6,_,U" ) with 0 < m < 2, E(0,_1), E(6,-1Up-1)0p(t, 5),
and AE(6,-1U;_))(016(t, ) 4 02f(t, 5)), with a rest of order O(log®n). Hence, making

use of lemma 5.1, for all n and p, p < n, and if D%% <r < e, we have

E(0,U7) = B(t, s)E(6,-1U;_)) + rO(v/nlog" n)

where O is independent of p and n. Iterating this equation, we then deduce for p, § <
p < n we have

E(0,U2) = B"4(t,s)O(nlog’n) + (14 ... + B(t.s)""*)rO(v/nlog" n)

1 4

= %()(\/ﬁlog‘l n) (3.27)

since 3"4(t, s)O(nlog?n) = O(e~"*)O(nlog®n) = LO(y/nlog" n), because D%—nﬁ <
r < e

Similarly we can express E(,) as above (taking j = 0 and & = 1 in the proof of
prop. 5.2) as a sum of (¢, s)E(f,-1) and a linear combination with bounded coefficients

of the terms AE(6,_1) and AE(6,_1U,-1)(010 + 02/3) with a rest of order O(l—‘lg:—") Since
Dl—%%grgswehave

log® n

NG

E(6,) = B(t. $)E(f-1) + rO(—2=)
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[terating as above, we obtain for § <p <n

1 log’n
E6,) = -
( P) 7"0( \/ﬁ
Now we look at E(6,U,). As above (take j = 1, k = 0) it is a sum of (¢, s)E(6,—1Up-1)
and a linear combination with bounded coefficients of the terms 9>3(t, s)E(6,_1), AE(6,-1),
AE(6p—1Up-1), and X010 4 923)E(0,-1U2_,), with a rest of order 0(13\}57") But thanks

5
T

to (3.28) and (3.27) all these terms are O(%%) when 5 < p < n. Hence,

) (3.28)

log® n

N

And then, iterating this relation, for all p, 5343- < p <n, we get

E(epUp) = B(t, S)E(ep—lUp—l) + O( )

log® n
vn

Finally we again decompose E(6,) but pushing one step further the Taylor expan-
sion and we see by the above calculation (take j = 0, ¥ = 2) that it is a sum of
B(t, s)E(f,-1) and a linear combination with bounded coefficients of the terms AE(6,-1),
)\E(Qp_lUp_l)alﬁ(t, S), AQE(Hp-l), /\QE(ep_lUp_l) and AQE(QP_IUg_l) with a rest of order
O(%) Thanks to (3.27), (3.28), (3.29) and lemma 5.1, they are all of order at most

6
%O(l—ff/—ﬁn) when 2 < p < n. Thus

E(6,U) = 50(-5") (3.29)

log® n

ny/n

E(6,) = 5(t, s)E(6,_1) + %O( )

and consequently for large n
1 log®n
E(0,) = =0
(0n) = 5O

Then, integrating over r when Dk*—‘ﬁ—” < r < ¢ we obtain :

)

log°n. [ 1
/ IE(6,)|dtds < O(==2 ”)/ —rdr
Dln < (s pi<e v pleg e T
1
< Of 2
nlog”n

This concludes the proof of the proposition. [J
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3.6 Study of a dynamical system

In this section we study a quadratic dynamical system in the complex plane and give
precise estimates that will be crucial in the proof of the domination condition in the next
section.

We first fix three real numbers x, v, z satisfying the following condition

A = det =142zyz—22—y?*—22>0

NN R

T
1
Y

—_ g W

And suppose additionally that |z] < 1, |[y| < 1 and |z| < 1. Now define the following
three sequences recursively :

1 5 .
Gher = Gkt g - 2022 + 2iAcyy (3.30)

1 0 .
b = b+ g - 20207 + 2i\by 2

Cos1 = o+ g — 2X2bgcy, + iAbRY + iAckz

where the initial values ag, by and cgare arbitrary and A is a given real number. In the
applications below, A will be small (of order log(n)/n) and the above dynamical system
can be viewed as a perturbation of that given when A = 0. In this section we will study
the behavior of the above three sequences depending on initial values and also on the
values of the parameters x,y, z and .

We first note that (by) is a quadratic dynamical system and is therefore conjugate
to Py : u+— u? + ¢y for some complex number cy. A straightforward computation shows
that if we set

Ty 1= % +idz — 22%h;
then we have x4 = Py(xx) where ¢y = 1 — A*(1 — 2%). In the limit when A tends to
0, then ¢, tends to %, which is on the boundary of the Mandelbrot set. As long as A
is small enough and non-zero, then the Fatou set corresponding to P, has exactly one
bounded connected component. Moreover, as soon as |A| < 1, for every starting point xg
lying inside this component, the resulting sequence of iterates (x;) will converge to the
attracting fixed point x, given by

1
$A=§—\/\|\/i——z?

Thus for A # 0 and |A] < 1, the sequence (by) converges to

iz 4+ sgn(A)V1 — 22
2\

by =
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Now let us define
Yz —x

1—22

Then it is easy to check directly from the equations (3.30) that v satisfies

U = + by

1
Vg1 — v = (x4 + 5)(”(% — ) (3.31)
where .
i Yy—zxz
v = ﬁ 11— 22 (332)

Let us write y, = % + x, then we obtain

vk —v = (Vo= V)Yo " - Yp—1 (3.33)
Similarly, if we let
fe i =ap + ziz__;ck
then we find that
Jesr = fi = ﬁ?-) + (v —v)(1 = (% + afk))zf_—zf —2X% (v — v)?
Making use of (3.31), it follows that for k£ > 1
2 :
ar = fo+ (jliz_——;) b + Zf_w;; (vo — 2vg) + (3.34)
k-1
kQ(Ié 7)) 2X%(vy — v)? p_o(yo Ce e Ypo1)?

We are now going to study the dynamical system (3.30) in the particular case when
the initial values are defined by

a = 0 (3.35)
1

bo = 53

0 = “w

O 7 9

where w is a fixed real number. Then 2y = % belongs to the filled Julia set of Py, and
the sequence () (hence (yx) too) stays on the real line and satisfies

1 -
5 AV =22 =2\ <ap <

[NRE
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Additionally, _
i yz—
2)\(w+ 1 ~22)

Together with (3.31) and (3.32) this shows that v, belongs to iR for all k. With these
initial values, (3.34) takes the form

1 z—z\? 1 1 (yz—= 2y Yz — T
. = — _— 1— 2 —_ ! 3' —
e 2/\<1—32> iz + 30 —oe)) + 2/\<1—22)(w Qe gy

t (yz—x
Y (s [

??0 =

A 1 it ‘
k——— + = (w — Yo oo Yp1)?
+ 2(1 _ 22) + 2 (U I/) pzo(yo yp 1)
taking the real part we get
1 (yz—a2\>1- Yk A
Re(ay) = : k ‘ 3.36
) = g (F5) e (330
1 k—1
S0P o pr)’
p=0

The following lemma summarizes the computations above and enclose the information
that will be relevant to the sequel :

Lemma 6.1 In the dynamical system defined by (3.30), with initial values given by
(3.35), the following holds.

Take |A\| < 1/2. Then for all k >0

(1) |Ak| < 1/V1 = 22 implies 1 — yp > k$A3(1 — 2%), and Re(b) > kl—_j—Q, and

ko(yz —x)?

he(ay) 2 4[ 1—22

+ 27 (w — y)Q]

(@) |Mk| = 1/V/1— 22 implies |\[V1 =22 > 1 =y, > 3A|V1—22 and Re(b;) >
mV1— 2% and

1 (!/~ _Cf) 1 Y.
(#17) |Abe| < 3 and Re(by) >0
(iv) | v <2/(1 = 32) + |w|+1
Ev [Aek] < 3/(1—22) + |w|+1
(vi

vz) Re(ay)Re(by) > Re(cy)?

vii) Re(ay) is a non-decreasing sequence.
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Proof: All these points are easy to check from what was done above. The proof of
(¢) follows by induction ; it is true when k = 0 and, assuming the inequality for k, we get

L=yer = (1=y)ys + A% (1 - 27 (3.37)
1. ( ‘
> kE)\z(l — 2 (1 = AWV = 22) + 221 = 2?)
. ( 1
> kN1 )+ 5N = )2~ VT 2)

> (k+ 1)%%(1 - 2%

Besides, for all p < k we have y, > 1 — |A\|[V1—22 > e~ 2MVI=2% gince 1 —t > 72 if
t € [0, 3]. Hence

(yO Ceee yp—l)2 Z 6_4l/\p’ = Z 6_4

The inequality for Re(ax) in (7) now follows instantly from (3.36) and the fact that
A>0.

Point (i7) follows from the fact (granted by (3.37)) that 1—y, > ¢|A| implies 1—y; >
¢|A| for any real number ¢ with /1 — 22 > ¢ > 0.

We have 2Ab;, = iz4+(1—yx) /A and 0 < 1—y < |A[V1 — 2250 [2Abg| < /22 4+ (1 — 22)
1yields (#22). Similarly vy, — v = (vg — v)yo * ... - Yp_1, hence

20, = i(y — x2)/(1 — 22) +i(w — y)yo - - Yr_1

Since |y;| <1 for all ¢, we get [2A\vg| < |y —22]/|1 — 22|+ |w —y| so [2Av] < 2/|1 — 2%+
|w| + 1, and we have (iv) and also (v) because of (iii) and vy := ¢ + ¥5by.

For (vi), we have Re(ay) > 4 (%)2 = Re(by) (ﬁ:g)? so (recall that the vy
belong to iR)

Re(ax)Re(by) > <Re(bk)yz — ‘”) = Re(cy)?

1—22

Finally (vii) is easily checked from (3.36). O

3.7 Proof of the domination condition for small va-
lues of the parameters s,t, A

In this section, we shall give a domination estimate for a particular type of trigo-
nometric sum that will arise in the proof of local limit theorem. We then apply these
estimates to treat the part of the integral that yields a contribution to the limit, that is
when s, ¢, A are small.
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3.7.1 Estimating a trigonometric sum

Let us consider throughout this section a sequence of independent and identically
distributed random variables (Ay., Bi, Ck, Dy )x>1 in RY. We assume that the distribution
has compact support in R, and that E(4;) = E(By) = E(Ci) = 0. Let us use the
shorthand X to denote the expectation E(X) of a random variable X . We fix the following
notations for the covariances

A1 B, ACh B,Cy

J— ~
A

NN N

We also assume that A; is not identically 0 and that the distribution of the marginal
(Bg, Cy) is not degenerate, i.e. is not supported on a line. This is equivalent to the
condition |z| < 1.

Fix w € Rand then consider the trigonometric product for r, A in R,

€r =

9n _ ( H eir(Ak/\/Af—ka/\/C_f)ei/\Dk) ( H eiABqCp/\/BfC%> e-i%z(Cl—i-...-i-Cn)z/C_-lz

1<k<n 1<p<g<n

(3.38)
The following proposition yields the desired estimate for the trigonometric sum E(6,).

Proposition 7.1 Let us fir D > 0 a positive number and m > 1 an integer. For any

integer n > 1 and any distribution (A, By, C1, Dy), of compact support and as described
2m m

above, the following estimate holds uniformly when r varies in [——Dlogﬁ L, Dlog\jﬁ 2] and

. . 1 ) 1 )
A waries in [=D=58, DR\ [— e 2],

501 < exp( [ 22 T C })+[”'“"r()<1"gm">

5 NIV — NG
where C' = ((w—y)2+ (U~_—:rﬁ>

1—22
2m

2 2

n 1—32’nﬁ__22]7 we
J+ | Of )
4 1—1=z ﬁ

The constant in O(-) depends only on D and on the size of the distribution

Similarly, if v varies in [— D%

n log®™ n : ; .
. ==, D2E=1] and A varies in [
obtain

i

IE(6,)] < exp[—m"2

M = max{|A\|// A}.|Bi|/\/ B}.|C1|// C, | Dul}

Proof: Let n € N and 7, A € R be as in the statement of the proposition. Let Uy = 0
and for k > 1,

U= (Cr+..+C)/VC?
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Let g be the quadratic form
ar(u,v) = qpu® + bpv® + 2cpuv

and let 1y =1 and for k > 1

T = ez‘r(A1+...+Ak)/\/A_§ ( H ei)\BqCp/\/BfCIQ) ei/\(D1+...+Dk)

1<p<q<k

and
Pk(?“, )\) = E(ﬂ'n_ke_qk(r‘)‘Un~k))

We shall define the coefficients ay., by, ¢, recursively as will be shown below.
Note that

qk(’l“, )\Un_k) = Qk(Ts AUp—-1+ )‘Cn—k/ v 65)
= qe(r AUp—jo1) + A2 C2_, /C? +

206 N2 Up 1 C—i/ V C2 + 2. ArCr_i/V C2
We also recall that A, is the event {maxo<r<, |[Ux| < v/nlogn}. We now let
Pi(r, ) = E(m,_pe k(rAUn=1))

2m

Suppose |A| < D% and |r| < Dk"%—l". Then for all k and n with k£ < n — 1 we have

) (3.39)

- 1 , 4 1 6m ’
Py(t,s) = e "N HPARL(ts) + [ i ‘ul} 02"

1— 22 ny/n
where the constant in O depends only on D and on the size M of the support of the dis-
tribution (A;, ..., D1). This crucial estimate follows from the computation below. Recall

that near t = 0 we have the expansion e' = 1+t + t2/2 + O(#3). Making use of lemma
5.1 and bearing in mind that p is centered we can write
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Py

IE (ﬂ-n—-k—leirAn_k/ \% Eei/\Bn—kUn—k—l/ \% ﬁei)‘Dn—ke_qk(T-’\Un—k)>

_ E(lAnWn_k_le—qk(r.wn_k_l)eirAn_k/\/ﬁez‘ABn_kUn_k_l/\/B*z
ei,\Dn_ke—bk,\2cg_k/E—Qbk,\QU,l-k_lcn_k/\/Ff—fzck,\rcn,k/\/??) 4 e log2 n

= E(1,mpp_re” ®AUn—k=0(1 4ir A, _/V A2 +i\B,_U,_y_1/V B +

iNDy_p — bA2C? ) C2 = 206 AUy 1 Cr i)V C% — 20, M7C i/ V C? +

— — 2
l Z.7‘*’471.—19/ \% A? + Z.)\Bn—kUn——k—l/ B? + Z‘)‘Dn—k
2 —bkAQCgvk/—CTQ - Qbk/\QUn—k*ICn,—k/ \% @ - 2()1\‘/\7.071—/6/ \% ﬁ
6m )
+O(10g 7?))) + e—colog n

nyn
A 1 ‘

1 : A
/\QU,3_k_1(§ — 2070 + 2iAby2) — zer,,,_k_l(g — 2\2bcy + iAbLY + iAcyz)]

log®™ n

ny/n

—bpA24+iDA
= € RATF Pk+1 —+ O(

+0(

)

log®™ n

This computation makes sense as long as Aby and Ac¢y remain uniformly bounded
when n grows. With the help of lemma 5.1 and the remark following it, we verify that
the constant involved in the O in the above calculations can be taken of the form ¢-D*- K*,
where ¢ > 0 depends only on the size of the support of the distribution of (A;, By, C1, D1)
and where K is that number that bounds Ac, and A\b,.. We also need to insure that
Re(q) > 0 everywhere, i.e. Re(ag)Re(by) > (Re(c))? and Re(ay) > 0.

For (3.39) to be valid, we must set

)

1
app1 = ap+ 5~ 20%cs + 2icpy (3.40)

1 .
besr = bet g - 2\0; + 2iAbyz

x ‘, . .
Cky1 = Cp+ 3 - 2/\2bk63k + z/\bky + z/\ckz
which are precisely the recurrence relations (3.30) defined in the last section. Finally, if
we let ag = 0, ¢o = 55w for some w € R, and by = 35z as in the last section, lemma

6.1 applies and the conditions Ab; and Ac; uniformly bounded (by const/(1 — z?) +
|w| + 1) and Re(agx)Re(br) > (Re(cx))? hold. Also note that By = E(m,e ®A\Vn)) =
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E(mpe™2Ma=riwln) 5o that
Py(r,\) =E(6,).
And ,
P, =E(e®(M0)) = g=anr",
Iterating (3.39), we now deduce

log®™ n)
NG
The constant involved here in the O is bounded by some ¢D*(1+|w|)?/(1—2%)? where

¢ is a constant depending only on M = max{|A;|/\/ 42, |Bi|/\/ B2 |C1|/1/CZ, | D;|}.

]E(en) = e_/\2 Yrlo bkei/\nﬁe"an"'2 n O(

log®™ n)
vn

From lemma 6.1, if || > \/13—2% then Reb, > ﬁ\/l — 2?2 for all £ > n/2 and

Re(by) > 0 for all k. So the first factor in the above equation leads to the bound

1 p— T3 —z :
e MAVI==%/8 \While Re(ay) > ﬁm (%(w —y)?+ %)

1

|]E(0n)| < €~/\222;0 Rebke_'ﬂRean + O(

1-22

If |A < \/1—2_?% then Re(an) > Re(an/2) > 2e™* ((w —y)?+ M)
So we obtain the desired inequalities.
O

3.7.2 Domination condition

The purpose of this subsection is to give the precise estimate we wanted in the course
of the proof of the local limit theorem (control of the part of the integral where all
parameters s,t, A are small). This is explained is the following proposition :

Proposition 7.2 Let p be a probability measure on the Heisenberg group with the pro-
perties described in the introduction. Let 6,, be the random variable defined in (3.25) at
the beginning of section 3.5. There ezist positive numbers c; > 0 and co > 0 depending
only on w, such that, if D > 0 denotes some positive number, then the following estimates
hold uniformly

(1) when s and t vary in [—DE’%, Dl%\/%—"] and \ varies in [—D™ 8% DIEM]\[_c2 c2]

t? + 52 log** n

6.1 < exp—cr 1N+ =] ) + 0D

AN o _ log®n log® n . . _c2 c2
(it) when s and t vary in | D—% ,D—g——ﬁ | and X varies in [—%, 2],

log*n

Jn

[E(6,)] < exp(—cin(t? + 5°)) + O( )

where the constant in O depends only on p and on D.
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Proof: We are going to apply the results of the last section. In order to do so, we
need to choose carefully the variables A;, By, C;, D; as well as the coefficient w. Take

D= Z/VX2.Y2, C, = Y/VYZ, B, = X/VX? and A, = cos(@)\/—);i; + 2sm(e)\/%
and w = s;n((:)), where a()? = A2 = 1+ 3sin®(0) + 4zsin(6) cos(d) and a(f) > 0. An
easy computation shows that 8 > «a(6)? > (1 — 22?)/5. Clearly the variables A;, B; and
(' are linearly dependent, hence A = 0. But B; and C, are linearly independent since
 is aperiodic, hence |z| < 1.

Then the two expressions 6, in (3.25) and (3.38) agree if we change X into A/V X?Y?2
and let r and 6 be determined by

¢ = T cos(f)
a(h) Voe
. rsin(6)

a(e)\/?—?

From the above inequality on a(f), we conclude that if My y = max{ 7{—1.2 )——1—5} and myy =
11
mln{ﬁ, =H
1-2% , 2 r’ 2 2
mxy (t + s ) S 2},2 S 8]\f[X§/(t + s )

To compute the constant C' appearing in proposition (7.1), let us first compute x, y and

~

e

0
|

= XY/VX?.Y?

z cos(6) + 2sin(h)

4= a(0)
_ cos(0) + 2zsin(0)
‘ a(f)
hence
¢ = (woyrs @I

_(sin(8) + zcos(0)\* (1 - 2?)cos?(f)
B < a(6) ) IO
= a(19)2 [1 — 2z cos(h) sin(0)]

1 1—22
Z aep T2 5
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Also note that |w| < 1/a(f) < /5/(1 — 22). The first estimate in (7.1) now yields

exp(~ {nwv)@ Y“l”’g | o

[E(6n)] 3 IM 1 /———1 =

IA

RN n|/\f 1 log”n

< exp(-VX?2-Y? { I)\|X2 Y264})+O< \/ﬁ)

2+ 5n

< exp(—\/ X2 VI { M*g4t|;| >J)+O<k’\g/ﬁ)
’)

(t? +s log®n
GXp(—Cl |:TL’>\‘ + p\‘ :’) ( \/— )

IA

VX _xY

where we can take ¢; < ¥=—=""—min{1, Mxy/8}, and the constant in O in the
last line depends only on p and D.

We thus have obtained (¢), and (i) follows similarly with ¢; < & (X 2.y? - WQ).
U
3.8 Proofs of the main theorems

We can now finish the proof of theorem 2.1. Let f and g be like in the statement of
theorem 2.1. Recall that the number o was defined in (3.5). As was remarked at the end
of section 3, we can write

n* (p(W") f.g9) = A + B,

where A, and B,, are defined as follows :
Ap = "2/ (OA(K") fs g g, A
|A|>Dlegn

and there is a constant C' depending on D, p and the size of the set {\, 3(¢, s), F,(g)(s.t, \) #
0} such that

C
|An| < ko2 ||f||L2(G) ||9HL2(G) (3.41)

as soon as the integer ko satisfies D > ko/c (where ¢ > 0 is a constant depending on p
only defined in (3.13)). And

dx
By, =/wa(x)fn(x) (3.42)
with

I, (x) = n? /i,\| e (E(0,(t, s, M), e F,(g)(t — Ay, s+ 2aAy,A)>L2(R2)d)\
< O,
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where, keeping the notations of theorem 2.1 F,(g)is the Fourier transform defined in
(3.4), 0,(t, s, A) is defined in (3.25) and x = (z,y,2) € G.
Splitting the integral on R? in the expression of I,(x) above into the parts when

|(t, )] < Dlo\%" on the one hand and |(,s)| > Dl—"% on the other hand, we can write :

Ly(x) = I3 (x) + L; (x) (3.43)

and assert that if ||x|| = max{|z|, |y|, |z|} and 2|a| are less than say K > 1 then F,(g)(t—
Ay, s +2a\y, A) # 0 implies that max{|t|, |s|, |A\|} < A(1+ K?) where A > 0 is a number
such that the support of F,(g) lies inside [—A, AJ®>. Then we may write :

el < P IEL. |

/ 8 |E(0n(t~ S, )\))|dtd9d)\
IA<plen Jplogin <|(t5)| <A(1+K2)

< RO [ L O 3.4
< 1Fs (o)l Oli)

where line 3.44 is granted by the two propositions 5.2 and 5.4. The constant involved here
in O depends only on u, D and the size A of the support of F,(g) and on the maximum
of ||x||. In particular it is uniform when x varies in compact subsets of G.

We can now concentrate on the part I2(x) of the integral which actually gives a
contribution to the limit. From proposition 7.2, we deduce that if |(¢, s)| < Dlog®n and
ca < |\ < Dlogn

s
Vn'y/n'n

and if |(¢,s)| < Dlog®n and |\| < ¢,

log** n

Jn

(0 ( )| < em A/ | o )

log* n
vn

where the constant in O depends only on ¢ and D. But one can check that the function

)| < et 4 ol
(t, S, )\) — e'c("\‘+t2/|)‘\+52/[/\\)

is integrable over R3. And
(t, 5, A) — e c+s")

is integrable in (¢, s, \) € R? x [—cy, ¢a]. Moreover

' log** n log™ n
o( ) =0( )—0
/|)\|§Dlog‘n /\(t,s)lgD]og" n \/}[‘ \/F
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And finally, from the central limit theorem (see [169] or [142]) the following limit holds
point-wise in t,s, A :
t s A
E(l,(—, —, —
where (X,Y, Z) is the limit random variable with gaussian distribution v, as mentioned
in the introduction. Hence if we use the shorthand th :=t/\/n, sp = s/y/nand A, :== A/n
we have (see the definition of ¢, = ¢(\/t— 7= 2)in (3. 18) above), uniformly when x varies
in compact subsets of G

)) — ]E(ei(tX+s}’+)\(Z—-a§’2)))

lim E(en(tnvsnv/\n)) zd>nF (g)(t _)\ny’ 3n+204)\ny9 /\n) — ]E(ei(tx+s}f'+/\(2—ay2)))Fo(g)(0)

n—-+oo

Since the heat kernel corresponding to p is a fastly decreasing smooth function p(x,y, 2)
on R® (see [171]) it follows that E(e(tX+sY+A(Z=e¥)) ig integrable in (t,5,\) € R? and
we compute by the Fourier inversion formula

/ E(ez’(tX+sy+,\(Z-ay2)))dtdsd/\ — (271')31)(0, 0, 0) — (271')30(;1.)
R3

Therefore, by Lebesgue’s dominated convergence theorem, we get uniformly when x
varies in compact subsets

lim I,(x) = lim I7(x)

n—-+00 n—-+oc

<D logn tS ‘<DO 7

= (27T) (u)Fa(g)(O)

Integrating in x we finally obtain

dx

am B = lm | gy (M (x)
= (2m)*%c(u)F,(9)(0) | f

G

= c(p) /G f /(a (3.45)

Combining (3.45) and (3.41) we get

lim n” (p(u™)f, g) = c(p g 3.46
tim 0 (o) £.9) = ) [ f [ 3 (3.46)

as desired.
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We also remark that any translation of g (to the left ,g(x) = g(27'x) or to the right
g:-(z) = g(xz)) has again a compactly supported Fourier transform F,(.g) and F,(g,).
If ~ remains in a compact subset, then the supports of F,(,g) and F,(g.) also remain

within a prescribed bounded set. Moreover || F,(g:)|l = [1F>(:9)|lo and ||g:ll, = |l-9]l
are independent of z. This follows from the computation of of F,(.g) which yields
F,(29)(t,s,\) = €7 F,(g)(t, s — M2z, — 2:), ) (3.47)

where 2 = (2, 2y, 2;) and T = 2t + 2,5 + A(2; — azg). Consequently all the calculations
above, and (3.46) in particular, hold uniformly for translates of g on compact subsets.

Now take f, a Dirac sequence of positive functions supported on a neighborhood of 0
of diameter of order 1/n3. Then || f,||> = O(n?). Choosing D large enough (so that A, in
(3.41) remains negligeable) we see that we can replace f by f, in the above calculations,
hence

Tim 2 (o) o) = clp) /( 7 (3.48)

And the same holds uniformly when z varies in compact subsets and ¢ is replaced by
g: or :g.

Suppose now that F,(g) is absolutely continuous, then it follows! that g o ¢, is real
analytic and that ||z|| d.(g © ¢,) is a bounded function on R?® (where ||z| is the max of
the coordinates of z € R?). For all compact K we can then find a constant C' = C(g, K)
such that whenever y is small enough

sup [ly-129 = gll, < C ||yl
zeK

and
sup [ly-19: — g:ll . < C |yl
zeG

Hence uniformly for z in compact subsets, ||.g * f, —. gl = O(1/n?)
O(1/n?). From (3.48) it now follows that uniformly for z in compact subsets :

tim o [ g7 2)dn" (@) = clo) [ g

and

lim n? /g(asz)du”(:ﬂ) = c(p) /Cg (3.49)

n—oo

O
We now deduce Theorem 1.1 from Theorem 2.1.

Remark that if a function h(z) € L1(R) is such that h(t) € C.(R) and di" € LY(R) (i.e. h absolutely

continuous) then 1;11” is the Fourier transform of 4 (th) hence is bounded
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Proof: For all € > 0 one can find? a strictly positive function h in L'(R?) such that h
is C' and compactly supported, and such that there exists C' > 0, with h(x) ||x||°** > C
for x € R3 large enough. Let g = ho¢ ! Now for all € € R3 and z € G, €97 @)g_(z) also
has C! Fourier transform F, of compact support, hence (3.49) holds for it uniformly when
z varies in compact subsets. By Lévy’s criterion for weak convergence of finite measures,
this shows that the sequence of finite measures dv? = n?g.du" converges weakly (in
the space of finite measures on G) to ¢(u)g.(z)dx uniformly when z varies in compact
subsets. Now let f be a function on G as in the statement of the theorem. Then f/g is
a bounded continuous function, hence

n?/fzdu”=/fz/9zdyvi_’C(“)/Gf

uniformly when 2 varies in compact subsets. [

O

3.9 Uniform local limit theorem for translates of a
bounded set

We intend here to prove theorem 1.2. The probability measure p is assumed to be ape-
riodic, centered and compactly supported. The letter v denotes the associated gaussian
probability distribution. Its density function, the heat kernel, is denoted by p;(z,y, z).
It is a fastly decreasing smooth function on G.

We start by fixing a non-negative function K on G such that F,(K) is smooth and
has compact support and F,(K)(0) = 1. Then we form a Dirac family (K,)q>0 by letting
K,(z) = a'K(d,(x)). Then F,(K,)(§) = FU(K)(d%(f)). Let us also write K)(z) =

K,(271). They also form a Dirac family when a — +oc.

Lemma 9.1 There are two sequences of positive numbers (£,), and (ay)n, depending
only on p, with £, — 0 and a, — +00, such that for all bounded borelian sets B C G
for which max{|y1|, |y2|} < n/logn whenever y = (y1,v2,y3) € B, and all x € G, if we
set PB(x) = y"(xB) and QB(x) = v"(xB), the following inequality holds for all positive
integers n,

n® |P? x K (x) — QF x K (x)| < &, max{1,|B|} (3.50)

an

where |B| denotes the Haar measure of B.

21t is enough to find a function f € L!(R) such that f is C! of compact support and f(z) > TTI%IT:?
for some C > 0 (e.g. see Chapter 4). Then take h(x) = f(z)f(v)f(z) if x = (x,y, 2).
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Proof: We may write

PPy KY(x) — / M (x2"1 B)KY (2)d
G

_ /G E(1g1,p1) Kol 2)dz
= (p(1")f:x9)

where xg is the translate yg(2) := g(x7'2) and f := 1-1 and ¢(z) := K,(z) (note that
K, is real). Then we can make use of the calculations performed in the previous sections
to estimate this scalar product. We use the notations introduced in section 3.8.

As noted at the beginning of section 3.8, we can write

n® (p(Sn)fx 9) = An(1e) + Bu(1)

where A, is controlled by the estimation (3.41) and B, given by (3.42). Since || f|| ;2 =
VBl and |29l 2y = a* || K|l 12 We obtain (take ko = 3 and D = 3/c)

[Au(w] < C(a) - = V/IBI- 1K a6 (3.51)

where C(a) is a positive constant depending only on a. Integrating the decomposition
I.(y) = I3(y)+1E(y) with respect to f(y)dy (see equations (3.42) and (3.43)), we obtain
that B, (u) can be written as a sum BS () + BE (). Note that ||F, (- K,)|l, = | Fo(K)|.
as follows from (3.47). Spliting BL (1) into part when € > |(t,s)| > Dl—o? and the part
when |(t, s)| > £ we have from (3.42) and (3.44)

Bl(u) = Bro(u) + B (1)

1
Lo < . < . S .02
B0 < 1B IFo K)o - Oyl o) (352
as follows from proposition 5.4, and
B|-|F,(K f
o < BBl 7o G m@es ) 5
(2m)3/2

T2|(t.5)|2e,|A|S DR

where T is the size of the support of the functions F,(xg) and L is the Lebesgue measure
of that support :

t—Ays s+ 2 a(ys — x2) + Ax; i)

a a "a?

(£, 5) = Fo(K)(

where x = (11,49, 23) and y = (y;1,v2.93). Note that L is a fixed multiple of a?. Since
|A| < D% i (3.44) and by assumption max{|y;].|y2|} < n/logn, if we suppose ad-

n
ditionally that max{|z|,|z2|} < 2n/logn then the constant T in the above equation
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(3.53) is bounded by some fixed function of a. In proposition 5.2 we showed that there
is a constant Cp such that

sip [E@ (s, ) < EF

- logn 77/3
T>|(t.5)| > |A|<DIEn

Hence for some number (a) < +0o0

BE) < 1Bl (3.54)

The estimations above can be carried out in a similar way for v instead of u. In
particular

DKy (x) = (p(")fx9)
= A,(v)+ Bn(v)

The term A, (v) is dealt with in exaclty the same way since estimate (3.41) is also valid
for v and we have

A0 < Cla) - 2 BT K (359

In order to control B,(u) we made use of the compact support assumption on p. For v
we can use the following direct argument because F,(p;) is integrable since p(z,y, 2)
decays rapidly when (z,y, z) is large. Recall that (14), is a stable semi-group, i.e. v, =
V' =d s (v1). From (3.44) we have

1 p v
|BE(v)| < 5 3/2~IB|-IIFU(K)HOQn2/ [E(8:(t, 5. 0))|dtdsdX
(27) |(t.5)|> DIz
1 -
< 7 |1Bl- |1 Fo(K) oo~/ F,(p1)(t, 5. \)|dtdsd\
(2m)*/2 | |(t.s>|leog*i*nl 1
1 .
< (%)3/2‘|B|-|IF0(K)I|OO-0(1) (3.56)

Therefore it remains to treat BS(u) — B3 (v). From (3.42) and (3.43), we have

1By (1) = By (v)| < A-n? / / IE(6%(t, 5,\)) — E(64(t, s, \)) |dtdsdA
A <DER Jj(t5)| <plegn

(3.57)
with )
A= ————|B| ||Fs(K
CEE |B| - || Fo (K
Now the integral on the right hand side tends to 0 as it follows from Lebesgue’s dominated
converge theorem like we did in section 3.8. In section 7.4 we showed that there exists

oo
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an integrable function v¥(t, s, A) such that for n sufficiently large and for all (¢, s, \) such
that |A\| < Dlogn and |(t, s)| < Dlog®n,

t s A log® n

= )| S Ut N + 0=

On the other hand F,(p;) is integrable and

E(64(

n

)

s A

E(6}(—= f T ) = Eolp)(t.5.)

And by the central limit theorem, we had point-wise

lim B0} (=, =, 2) — B (D= Z= ) =0

Hence by Lebesgue’s dominated convergence theorem,

n—-+0o

lim n’ / / IE(6%(t,5,\)) — E(6%(t. 5, \))|dtdsd\ = 0
A<Dl Ji(ts) <plegr

Therefore (3.57) reads :
| B2 () = By (v)| < |B] - o(1) (3.58)

And finally combining (3.51), (3.55), (3.56), (3.54) and (3.58), we have that for some
sequence €, — (

| P2« K () — QO # Ky ()] < 1B + “sBHC < K|, VBl

whenever x satisfies max{|z1|, |z2|} < 2n/logn. But we can choose a sequence a,, — +00

such that ﬁ (a” and C(a,)= % tend to 0. Changing &, if necessary, we obtain for these values
of x

n? ]Pf * K (x) — By K;’n(x)‘ < e, max{|B|,/|B|}

Now let us examine the case when x takes large values, i.e. when max{|z[, |zo|} >
2n/logn. Then

n
2logn

PB K(\l/( )= / w(zzB)K,, (z)dz < P(|T,| or |U,| > n/2logn) +/ K, (2)d=
G [E1Pd

where U, is as before the sum Y] + ... + Y, and T;,, = X; + ... + X,,. Now since F,(K) is
smooth, K decays rapidly and in particular

. . 1
/ K, (2)dz = / K(z)dz = O(—)
’ ‘> * ‘ﬂzanﬁ n

Qlogn

114



for any k£ > 0. Hence we get from lemma 5.1
PP x K (x) = o(1/n?)

Similarly the same holds for QF x K (x) when max{|zi|, [z2|} > 2n/logn. Changing
(€n)n if necessary, we obtain the desired conclusion, i.e. inequality (3.50) for all x. OJ

The restrictions on the size of B in the above lemma disappear if we make the
additional assumption (Cramer’s condition) that

sup ’E(ei(tX-ksY))‘ <1
t24+52>1

Indeed in this case, we can control E(#*(t, s, A)) uniformly for arbitrary large values of ¢
and s (see remark (5.3)). Therefore we can take T = +oc in the estimation (3.53) above
and the restriction on B is unecessary. We obtain

Lemma 9.2 If we make the following additional assumption (Cramer’s condition) on

sup ‘E(ei(tX+sY))] <1
t24+52>1

then there are two sequences of positive numbers (£,), and (ayp)n, depending only on pu,
with €, — 0 and a,, — +0o0, such that for all bounded borelian sets B C G and all x € G,
if we set PP(x) = y"(zB) and QE(x) = v"*(xB), the following inequality holds for all
positive integers n,

n’|PP « K) () — QF + K (2)| < &, max{1.|B|}

where |B| denotes the Haar measure of B.

Lemma 9.3 Let (a,), be a sequence of positive numbers such that a, — +oo. Then
there exists another sequence (g,), with €, — 0 and a sequence of neighborhoods of
identity (Uy,) converging to identity, such that for all bounded borelian sets B C G, the
following inequality holds for all positive integers n,

n? |QF (x) = QF x K (z)| < p(|UnB\B| + £,|B|)

an

where |B| denotes the Haar measure of B and where we have set Q8 (x) = v™(zB) and
p=p1(0,0,0) > 0.

Proof: The proof is straightforward. We first note that for any bounded borelian set
B, v"(B) < p|B|/n*. Then we simply write :

QK@) - Q8] < [108) - QR ()
< / V' (x(2:BAB)K,, (z)d=
zeU; !
Bl
-1—2])\-“—2l /ﬁw;1 K, (2)dz
< p(|UnB\B| +&,|B|)/n’
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where U, is a sequence of neighborhoods of identity tending to identity such that
Jegu-1 Ko, (2)dz tends to 0 at infinity. O

Now, let us complete the proof of theorem (1.2). Let B be an arbitrary bounded
borelian set satisfying the condition of lemma (9.1), that is max{|y|, |y2|} < n/logn
whenever y = (y1,y2,y3) € B (resp. satisfying no additional condition if we assume Cra-
mer’s condition). In the sequel like above, the Landau notations o and O will correspond
to functions depending only on p. We keep notations of lemma (9.1),

N

PR ) = [ B K, (s

> p"(zB) [ K, (z)dz
Un

where U, is as in lemma 9.3. Now making use of lemma 9.1 we get uniformly in x € G,
PB(2) (1+0(1))P/"B x K (x) (3.59)
(1+o(W)[@Qy"" * K, () + (1 + [Un B|)o(1/n?)]

IA A

And by lemma 9.3,

PP xR (2) < QP(a)+ L (UZB\B| + 24| UnBI)
< Q@)+ |U.B\B| + 5 (UZB\B] + &,|U.B)
< QUa) + G(2AUB\B| + .| UB|)
In particular we have
QP « Ky () < B|U2B)
and, from (3.59),
PP () < |U2BIO(=5) + o( =) (3.60)
Additionally,
PP(x) < Q2 (x) + D|UZB\B| + (UZB| + o( ) (3.61)

Now let us turn to the other direction of the inequality. We have, making use of (3.60)
PEEL@) = [u(sB)K, ()i

< /;L"(:E;B)Kan(z)dz—k/ p(rzB)K,, (z)d=
Un

U
' . 1
< uW"(zU,B) / K,, (2)dz + (|UB| + 1)0(ﬁ)
Ju, ,
1

< PP(x)+ (JUXB| + 1)o(=)

n
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But from (3.60),

P/(z) = PY(x) = u"(2(U.B\B))

1 1
< |U3(UnB\B)|O(‘T;§) +o(—)
Hence
B, v B 2 1 2 1
Py K, () < PY(2) + [Un(Un B\B)|O(—) + ([U; B] + 1)o(—)
Now it follows from lemma (9.1) that
Qn * Ky (2) < Py * Ky () + (1 +|UnBl)o(1/n?)

and from lemma (9.3)
. P
f(f) < QE * K;/n(f) + ﬁ(‘UnB\B‘ + €a|BJ)

Combining the last three inequalities, we get

1
n?

QF(2) < PE) + [UA(UB\B)O(p) + (V2B + ol -5)  (3.62)

Equations (3.61) and (3.62) yield the desired result

P2(x) = QB(w)] < IUHULB\B)IO(;) + (IU2BI + ol 5)  (3.63)

But clearly 1,5, Ux (U, B\B) is contained in E\é . Hence for every bounded measurable
set B such that |0B| = 0 we have

lim sup n*|p" (zB) — v"(xB)| = 0 (3.64)

n—=0cc

And if psatisfies Cramer’s condition the estimate (3.63) holds without the above restric-
tion on B. Hence (3.63) holds uniformly on y for all By. We conclude

lim sup n?|u"(xBy) — v"(zBy)| = 0 (3.65)

n—0 z,y€G

Remark 9.4 It is easy to see from (3.63) that the limits in (3.64) and (3.65) are uniform
in B when B ranges over the set of balls for a given norm on G lying in a given compact
subset of G.

Finally note that theorem 1.3 follows instantly from the inequality (3.60) above.

117



3.10 Applications

3.10.1 An equidistribution result for bounded uniformly conti-
nuous functions

In this section, we intend to give a proof of corollary (1.4). The proof splits into two
steps.

Lemma 10.1 Suppose f is a continuous and bounded function on G satisfying the condi-
tion (3.2) of corollary (1.4) then

lim /‘f(g)du'"(g) =/

n—oc G
where v = vy s an arbitrary gaussian measure on G.

Proof: Let (14); be the one-parameter semigroup of gaussian measures in which v is
embedded. By scaling invariance, v; coincide with the image of v, under the automor-
phism d ; of G. where d;(x,y.z) = (tz,ty, t*z). Hence

/f )dv'( /fodf (9)dg

where p(g) is the density of v. It is known that p as well as its derivatives are smooth,
fastly decreasing functions on G. Let L > 0 be a Lipschitz constant for p in the sense
that |p(g1) — p(g2)| < Lllgr — g2l for all g1, g2 € G where ||g]| = max{|z],|y|, ||} > C
for g = (2,9, 2). Fix € > 0 and let C' > 0 be such that

/ p(g)dg < e
llgll>C

We now have

‘/Ig|\>0 valg)plg )dgy <e|flle

Let us denote by R(g,h) the rectangle [x,x + h) X [y,y + h) X [z,z + h) where g =
(r,y,z) € G and h > 0. We can find a subdivision of the hypercube {||g|| < C} by small
cubes of the form R(g;,h). Hence

/\. I<c J(dy(9))plg)dg = Z/ f(Vnzx, v/ny, nz)p(g)dg

Also

’ZA( ,h)f(\/ﬁx,\/ﬁy,n 9)dg =Y p(g: / f(Vna,v/ny,n=)dg| < Lh||fl|, (2C

R(gi.h)
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Now, note that, by viewing R(g, h) as a difference of several rectangles in R3, the as-
sumption (3.2) made on f easily implies that for all g € G and h > 0

i [ @)y rla)de = £ B3 (3.66)

since Xp(g.n) © d, /T can be written as a finite sum of terms of the form £x(o.7,)x...x[0,73)
for some positive or negative T ..., T3. Hence by (3.66)

lim 3" p(e) [ F(anvaynz)dg = - 3 pla)h®

T—+oo R(gs,h)

But

> plgn® - 1‘ < /n.gn>( dg+Z/ p(9:)| dg

< e+ Lh(2C)?

Therefore, combining the above inequalities, for n large enough

l/f 4 (9))p(g)dg - 4 < e + Lh(2C)) + Lh | ], (20)° + | £l| + =

We finally obtain the desired result since h can be taken arbitrarily small. [

The second step is about comparing the integrals with respect to the probability
measure p and its associated gaussian distribution v. Here, we make use of the uniform
version of the local limit theorem (theorem 1.2). Namely,

Lemma 10.2 Let f be a bounded and uniformly continuous function (with respect to
either right or left uniform structure on G). Let u be a compactly supported aperiodic
and centered probability measure on G. And let v be its associated gaussian distribution.

Then we have
nEToon(g)dM"(g) —/f(g)dV"(g)§ =0

Proof: We may assume ||f||,, < 1. Fix ¢ > 0 and let w > 0 be a modulus of
continuity for f relatively to ¢, i.e. |f(ux) — f(z)| < ¢ if ||ul| < w and = € G, where
llgll = max{|z|, |yl, |z|} for g = (z,y, 2) € G. As follows from the central limit theorem,
we can find a number C' > 0 such that if we let A, = {g = (z.y,2) € G, |z|,|y| <
Cy/n and |z] < Cn}, we have for large n

pr(A) <€

and

VAL) < ¢
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We can then find a cover B, of the cube A, by less than O(n?/w*) disjoint translates
R,h of a small cube of the form R, = d,(R) where h € d,(G(Z)), d, is the dilation on
G with coefficient of contraction w, and R is a fundamental domain for the co-compact
lattice G(Z) in G. Now we can write

Jrue 1

< + 2¢

fdum — / Fdvm

Bn
< f(ha) | (Rhs) — v (Rhy)| + 4e

i
2

< O(%) sup [ (Rh) — V™ (Rh)| + 4¢
heG

Here we can apply the uniform local limit theorem (theorem 1.2) and get

lim n?sup |*"(Rh) — v*"(Rh)| = 0
=0 heG
Thus, we obtain the desired result. [J

The proof of corollary 1.4 now follows immediately from the combination of the last
two lemmas.

3.10.2 Unipotent random walks and a probabilistic version of
Ratner’s theorem

Here we shall conclude this paper and give a proof of theorem 1.5.

Let G be a connected real Lie group and I' a lattice in G, that is, a discrete subgroup
of G such that the homogeneous space G/I" bears a finite Borel measure invariant by
the left action of G. An element u € G is called Ad-unipotent, when the automorphism
Ad(u) € GL(g) of the Lie algebra g of G is unipotent, i.e. every eigenvalue of Ad(u)
equals 1. A subgroup U C G is called Ad-unipotent or simply unipotent is every element
u € U is Ad-unipotent. The action of U on G/I" is called a unipotent flow.

In the early nineties, in a series of papers (see [Rat1-3]), M. Ratner proved the vali-
dity in full generality of the Raghunathan-Dani conjectures for the action of connected
Ad-unipotent subgroups on G/T". These results have had a number of far reaching appli-
cations (some of which were found earlier by proving special cases of the conjecture, like
in Margulis’s proof of the Oppenheim conjecture (1986)), especially to number theory
and lattice points counting problems (see the recent survey [15]). The results, can be
summarized as follows. First, if U is a connected Ad-unipotent subgroup of G, for every
x € G/I', the orbit Uz has a "nice algebraic” closure, that is, there exists a closed sub-
group H C G such that Uz = Hz is closed and bears a unique H-invariant probability
measure m,. Secondly, every U-ergodic probability measure on G/I" is of the form m,
for some r € G/T. We refer the reader to the surveys [141] and [160] for a detailed
exposition of these results and further references (see also [115] for an alternative proof).
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One of the main steps in the proof of the latter conjecture is the following equidis-
tribution theorem for the action of one-parameter unipotent flows :

Theorem 10.3 (M. Ratner) Suppose G is a Lie group and T a lattice in G. Let U =
{u(t),t € R} be a one-parameter Ad-unipotent subgroup of G. Then for any z € G/T,
there is a closed subgroup H of G, such that Hx is closed and bears an H-invariant
probability m,, and the orbit Ux is equidistributed in Hx with respect to m,. In other
words, for all continuous and bounded functions f on G/I', we have

1 (7
Tl—ig—loo 7/, f(u(t)z)dt = /Hw fdm,

Let us emphasize the fact that this equidistribution holds for every point € G/T’
and not only almost everywhere with respect to some U-ergodic measure. This shows
that every point behaves 'generically’.

Making use of the equidistribution theorem above, N. Shah (cf. [150]) subsequently
extended this result to the action of an arbitrary simply connected Ad-unipotent sub-
group U of G. Let us introduce N. Shah’s result.

Let U be any simply connected nilpotent Lie group and (v1, ..., v;) be a basis of the
Lie algebra u of U. This basis is called a triangular basis (or strong Malcev basis) if the
subspaces spanned by (v;, ..., vy) for any 7 are ideals of u, that is [v;, v;] € span(v, ..., vr)
where k = max{i, j} + 1. Such a basis gives rise to polynomial coordinates on U, i.e. the
map

6 : RF—-U
(t1, .. te) —— exp(trvg) - ... - exp(tivq)
is polynomial diffeomorphism. It also sends the Lebesgue measure on R* to the Haar

measure on U. With this terminology, Shah proved (cf. [150] Cor. 1.3.)

Theorem 10.4 (N. Shah) Suppose G is a Lie group and T a lattice in G. Let U be a
simply connected Ad-unipotent subgroup of G. Let (v1, ..., vx) be a triangular basis for U,
and x € G/T'. Then for any continuous and bounded function f on G/T,
1
im
T —o0,....,Tp—00 T1-~~Tk

/ F(O(ty, ot )2)dtydty = | fdm,
[0,T1]%...x[0,T]

Hzx
where my 1s the H-invariant probability measure on Ux = Hr.

This theorem is precisely what we need to apply corollary 1.4 to the situation
of theorem 1.5. Keeping the notations of the statement of theorem 1.5, let f be a
compactly supported function on G/T", and suppose that U is isomorphic to the Hei-
senberg group with triangular basis given by (3.3) in section 3.2. Then the function
F(u) = f(uz) = f(¢(ug, uy, u)x) is a bounded uniformly continuous function for the left
uniform structure on U satisfying the condition of corollary 1.4 with limit £ = | e Jdma.
Therefore this is the end of the proof and of this paper.
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Chapitre 4

Distributions diophantiennes et
théoréme limite local sur R?

Soit S, = X; + ... + X, la somme de n variables aléatoires centrées a valeurs dans
R? qui sont indépendantes et de méme loi . Le probléme du théoreme limite local est
de préciser le comportement asymptotique quand n tend vers l'infini de I'espérance

E(£(S,)) = / fapn

quand f est une fonction définie sur R%. Lorsque f est la fonction indicatrice d’un inter-
valle borné I, cette espérance est la probabilité de retour P(S, € I) dans I au temps n.
Le théoreme limite local (voir [30]) affirme que si la loi u possede un moment d’ordre 2
fini et si son support n’est pas contenu dans une classe d'un sous-groupe fermé propre
de R? (“non-lattice case”), alors n?/2E(f(S,)) converge vers l'intégrale de f sur R?par
rapport a un multiple de la mesure de Lebesgue dés que f est continue et a support
compact.

Il est naturel de se demander si I'on peut préciser le comportement asymptotique
de E(f(S,)), et en particulier estimer la vitesse de convergence dans le théoréme limite
local. La question de la vitesse de convergence a été relativement peu abordée dans la
littérature. Sous I'hypothese que la loi p est absolument continue par rapport a la me-
sure de Lebesgue (ou plus généralement sous la condition de Cramér, i.e. le module de la
fonction caractéristique de p reste éloigné de 1 de fagon uniforme hors d’un voisinage de
0), on dispose du développement classique de Edgeworth (voir [57]), qui fournit tous les
termes suivants de I'asymptotique de P(S,, € I) (sous réserve de |'existence de moments).
Dans le cadre de la théorie du renouvellement, les questions de vitesse ont été étudiées
en partie, notamment dans [38] ou Carlsson obtient, pour le renouvellement sur R, une
asymptotique tres précise de v(] — oo, z]) quand x tend vers +oco, ol v est la mesure de
renouvellement. Il montre aussi que si v vérifie une condition diophantienne, la conver-
gence en est d'autant plus rapide. Mais le cas multi-dimensionnel et en particulier le
théoreme local (qui n’est qu'un cas particulier du théoréme de renouvellement pour la
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chaine mixte (S,,n) en dimension d+ 1) n’a pas fait 'objet d’une étude détaillée a notre
connaissance. Il se trouve que la vitesse de convergence dépend de facon significative de
la distribution des Xj;, et non plus seulement de I'existence de moments. Nous donnons,
dans la premiere partie de cet article, la condition exacte sur la loi p pour que la vi-
tesse de convergence soit optimale (i.e. en %), et en définitive pour que le développement
de Edgeworth tout entier ait lieu lorsque f est suffisamment différentiable ainsi que sa
transformée de Fourier. Cette condition est d’ordre diophantien : elle demande que la
variable aléatoire X; ne puisse étre tres bien approximée par une variable a valeurs dans
une réunion H + Zv d’hyperplans affines de R?. On dira que pu est diophantienne. On
donne le développement de Edgeworth en en précisant les premiers termes au théoreéme
2.7. Notons que seules des puissances entieres de 7—11 interviennent dans ce développement.
L’autre volet de cet article est consacré a l'étude de 'asymptotique de la suite
E(f(S,)) pour des fonctions f qui ne sont plus nécessairement intégrables sur RY. Cette
étude est motivée par des problemes d’équidistribution de marches aléatoires. Etant
donnée la trajectoire d'un flot issu d’'un point x dans un espace X, on montre que si
cette trajectoire est équidistribuée pour une certaine mesure finie sur X, alors toute
marche aléatoire centrée évoluant le long de cette trajectoire s’équidistribue de la méme
fagon (voir le corollaire 5.4). Dans ce probleme, nous avons besoin de pouvoir comparer
la marche S, a la marche gaussienne correspondante sur un domaine plus large que celui
fourni par le théoreme limite local. C’est I'objet du théoréme local de Stone (théoreme
3.3) qui donne une estimation uniforme sur une boule dont le rayon est de I'ordre de
Vv/n. On en déduit en premier lieu une forme tres simple du reste dans I'approximation
gaussienne en fonction de f et de sa variation totale (voir théoréme 4.4). On étend en-
suite le théoreme de Stone aux écarts modérés, i.e. & un domaine de taille y/cnlogn,
sous 'hypothese de l'existence d'un moment d’ordre ¢ + 2 (théoreme 3.2). Ceci permet
de montrer que lorsque u est diophantienne et sous une condition de moment, on a bien
I'équivalent attendu de E(f(S,)) pour toute fonction f bornée sur R? et suffisamment
différentiable. Plus précisément, si f prend des valeurs positives, quand n — 400

E(f(5))
Joa Fay/m)p(@)da

ou p est la densité de la gaussienne associée (voir théoreme 4.5). Lorsque pu satisfait
la condition de Cramér, I'équivalent (4.1) a lieu pour toutes les fonctions holdériennes
bornées. Il y a une compétition entre la régularité de u et celle de f. Sans hypothese
de régularité sur g ni sur f, cet équivalent est faux. Ainsi pour tout entier p > 0 il
existe des distributions (que 1’on peut méme choisir diophantiennes) et des fonctions C?,
intégrables, et dont toutes les dérivées d’ordre < p tendent vers 0 a I'infini, pour lesquelles
la limite (4.1) n’a pas lieu (voir 'exemple 4.4.4). En revanche, sans hypothese sur y autre
que celles du théoreme local cette fois, on montre que si le dénominateur dans I’équivalent
(4.1) tend vers 0, alors le numérateur aussi. Plus généralement, si les moyennes de Cesaro
de f sur de grands rectangles convergent, alors la suite E(f(S,,)) tend vers la méme limite,
pour toute fonction f uniformément continue et bornée (voir théoreme 5.1). Il est assez

(4.1)
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remarquable que 'on puisse déterminer dans ce cas le comportement de E(f(S,,)) sous
ces seules hypotheses. L’application a I’équidistribution des marches aléatoires en découle
aussitot.

4.1 Notations et préliminaires

Bien que la discussion se déroulera le plus souvent (pour alléger les notations) dans le
cas plus simple des variables aléatoires réelles, on indiquera aussi dans la derniere section
comment généraliser ces résultats au cas multi-dimensionnel.

Soit (X,), une suite de variables aléatoires réelles indépendantes et de meme loi.
Dans cet article, on désignera par u la mesure de probabilité sur R correspondant a la loi
commune des variables X,,. Tout le long de ce texte, on fera I’hypothese que la mesure
p possede un moment d’ordre 2 fini, c’est-a-dire que [ #*du(x) < oc.

On notera S, = X; + ... + X, la somme partielle des variables X; jusqu’au temps n
et ©*", ou simplement ", la loi de la variable aléatoire S,,. a savoir la convolée n fois de
la mesure p. La convolution des mesures p et v est notée u x v. De méme p~! désigne la
mesure adjointe & p : p~(A) := pu(—A) pour tout borélien A.

On emploiera également dans la suite les notations de théorie de la mesure, comme
p(A) et [ f(x)du(z), et les notations probabilistes, comme P(A) et E(f(X1)), en passant
de I'une a l'autre des que cela semble mieux adapté.

On désignera par {z} = d(z,Z) la distance du réel = a un entier le plus proche, entier
que 'on notera [z].

On notera f la transformée de Fourier de la fonction f, a savoir

fla) = / e £ (1)t

Aussi pour une mesure de probabilité u, loi de la variable aléatoire X, on note [i sa
fonction caractéristique fi(r) = E(e®*¥) et on notera ¢, le moment d’ordre p de u s'il
existe, i.e.

op = /x”du(a:)

La formule d’inversion de Fourier s’écrit alors f(a:) = 2n f(—x).

On note L!}(R) I'espace de Banach des classes de fonctions intégrables, muni de la
norme usuelle ||-||,. De méme, ||-||,, désigne la norme pour la convergence uniforme des
fonctions. On notera (f, g) le produit scalaire usuel sur L(R).

On dira que pu est apériodique si son support n’est pas contenu dans une progression
arithmétique. Cela revient a dire que

Ve € R\{0} |a(x)| < 1.



On dit que u satisfait la condition de Cramér si elle vérifie I'une des trois conditions
équivalentes suivantes

sup |i(z)| < 1< lim inf |1 —j(z)] >0« lim inf /{xa}du(a) >0
|z| =400 |z| =400

lz|>1

4.2 Distributions diophantiennes

Dans cette section, on introduit une certaine condition sur la mesure p qui, lorsqu’elle
est satisfaite (et seulement dans ce cas), permet d’obtenir une vitesse de convergence
optimale dans le théoréeme limite local pour les fonctions a support compact suffisam-
ment régulieres. Il s’agit en réalité d’une condition diophantienne sur pu, stipulant qu’en
moyenne la variable aléatoire X de loi p ne peut étre tres bien approchée par les points
d’une progression arithmétique réelle. Comme nous 'expliquerons ci-dessous, cette condi-
tion est vérifiée dans “la plupart” des cas.

4.2.1 Définitions

Un nombre réel a est habituellement appelé diophantien si {ga} > C/|g|' pour tout
entier non nul ¢ et pour un certain C' > 0 et un certain entier [ > 0 fixés, oli, rappelons-
le, {x} = d(z,Z) désigne la distance du réel z a P'entier le plus proche. Cette définition
dépend du choix du réseau Z des entiers dans R. De fagon similaire, sur la droite affine
cette fois, on dira qu'un ensemble de points S est diophantien s’il est mal approximé
par une progression arithmétique réelle, ¢’est-a-dire plus précisément s’il existe C' > 0 et
[ >0 tels que

inf sup{za +y} > C/|z|
YER 45

pour tout réel x assez grand (on dit alors que S est 2/-diophantien). Ainsi le réel a est
diophantien si et seulement si le triplet {0,1,a} est diophantien, et tout ensemble de
points dont une partie est diophantienne est lui-méme diophantien. Par analogie, on a
la définition suivante.

Définition 2.1 Soit u une mesure de probabilité borélienne sur R et | un réel > 0. On
dit que p est l-diophantienne s’il existe C > 0 tel que pour tout x € R assez grand en
valeur absolue,

C
inf za+y¥du(a) > —
yeR/{ y} du(a) il
On dit que u est diophantienne si elle est [-diophantienne pour un réel | > 0.

Cette notion signifie donc que la moyenne du carré des écarts a toute progression
arithmétique est minorée par une puissance fixée du pas de la progression. L'introduction
du carré permet d’avoir la caractérisation simple ci-dessous, mais ne joue pas un role
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primordial. Notons aussi que la condition “O-diophantienne” est équivalente a la condition
de Cramér énoncée dans la section précédente.

Avant d’aller plus loin, donnons quelques définitions équivalentes de la notion de
mesure diophantienne :

Proposition 2.2 Soit [ > 0. Les assertions suivantes sont équivalentes :
(7) la mesure p est l-diophantienne
(i2) il existe un réel C > 0 tels que pour tout x assez grand (en valeur absolue), on a

. C
)| <
I/u(l)] <1 IIV

(i11) la mesure symétrisée yu x p~! est l-diophantienne
(1v) il existe C' > 0 tel que pour tout © € R assez grand en valeur absolue,

C

/{ar(a — b)Y du(a)du(b) > W

Preuve: L’équivalence entre (i) et (iv) est immédiate. Clairement l'assertion (ii) est

équivalente a la méme assertion pour la mesure symétrisée u * p~'. En tenant compte

de cette remarque, on obtient aisément 1'équivalence entre (ii) et (iv) si I'on note qu’il
existe deux constantes positives ¢y et ¢y telles que

c{z}? <1 —cos(2mz) < co{x)?

L’équivalence de (iui) avec les assertions précédentes est évidente au vu de (i7). O

On voit aussi instantanément que p est diophantienne si et seulement si p? est dio-
phantienne pour un entier p > 1 quelconque. Observons que si u est diophantienne, alors
son support l'est aussi. On note aussi que si la mesure ;o n'est pas étrangere a la mesure
de Lebesgue, d’apres le lemme de Riemann-Lebesgue, u satisfait la condition de Cramér
donc est O-diophantienne.

Remarque 2.3 [l faut remarquer que la condition : il existe | > 0 tel que

lim inf |2!(1-— fi(z))| >0
lz|—+00
est en général strictement plus faible que la condition “u diophantienne”, contrairement
a ce qui se passe quand | = 0. Pour voir cela, il suffit de considérer une mesure supportée
par deuz points {1,a} avec a diophantien.

Supposons maintenant que p est étrangere a la mesure de Lebesgue. Soit Q(u) l'en-
semble des réels z tels que
(I(2
AE)
£

e—() 2
ou I.(z) représente l'intervalle ouvert de longueur 2¢ centré au point z. On sait que
p#(Q(p)) =1 (voir par exemple [146]). On peut alors énoncer la

= +00
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Proposition 2.4 Supposons que p soit étrangere a la mesure de Lebesque. S’il existe
un ensemble fini S inclus dans Q(u) qui soit diophantien, alors u est diophantienne. Si
W est a support fini, alors p est l-diophantienne si et seulement si support S de p est
l-diophantien.

Preuve: Soit X une variable aléatoire de loi p. Soit [ > 0 et C' > 0 tels que

. ‘ T > l
inf max{sz +y} > C/ |a|

pour tout z assez grand. Comme S C Q(u) est fini, pour tout x assez grand, P(|X — s| <
C/2 |z > 1/ |z|""". Pour x grand et y € R, on peut trouver s € S tel que {sz+y} >
C/|z|". Donc si |X — s| < C/2]z|"*!, alors {zX +y} > C/2]|z|". Do
C? C?

4 |x|21 4 ’I[31+l

E({eX +y}*) = P(IX —s| < C/2[2|")

Le reste de la proposition est immédiat. [J

Rappelons que pour presque tout choix de réels a,b et ¢, par rapport a la mesure
de Lebesgue, le triplet {a,b,c} est diophantien. Cependant, il est facile de construire
un exemple de mesure p a support dans [0, 1], qui soit a la fois apériodique et non
diophantienne, et méme dont le support soit diophantien. Dans le premier exemple, la
mesure j est atomique de support [0.1], dans le second, elle est diffuse et son support
contient [0, 1].

Exemple 2.5 Soit E,, n entier > 1, l'ensemble des rationnels r dont [’écriture en frac-

tion irréductible est r = £ pour un certain entier p premier a n et compris entre 1 et

n. Soit i une mesure de probabilité qui assigne a E, le poids % sin > 2 et assigne un

meme poids aux points de E, et X;, Xo des variables aléatoires indépendantes de loi .
Clairement

E({n!(X: - X5)}*) < 2P(nlX, ¢ Z)
< 2) 1/27 <12

p>n

donc p nest pas diophantienne mais son support est l'intervalle [0,1] tout entier.

Exemple 2.6 Soit (n;);>; une suite d’entiers > 1 telle que n;; > 2™. Soit E = {n;};
la partie de N correspondante et K ['ensemble des réels x qui s écrivent

1
el

pour un choix quelconque d’une partie I de l'ensemble E, la somme valant O st I = ().
On voit que K est un compact inclus dans [0, 1] sans point isolé, totalement discontinu et
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de mesure de Lebesgque nulle (Cantor). 1l est possible de construire une fonction continue
f croissante de lintervalle [0,1] dans lui-méme, avec f(0) =0 et f(1) = 1, telle que la
dérivée f' est nulle en tout point de [0,1]\K et +o0 en tout point de K. La mesure de
Stieljes associée p est une mesure de probabilité diffuse et supportée par le compact K.
Comme K n’est pas diophantien, on voit que p n’est pas diophantienne. On peut aussi
construire une mesure diffuse non-diophantienne dont le support contient tout l'intervalle
[0,1] (par exemple en prenant la somme ¢ - >y * 6y, /25 0t (z,,)n est une suite dense
dans [0,1] convenablement choisie et k, T +00, ¢ > 0).

4.2.2 Une classe de fonctions analytiques de type exponentiel

Dans ce paragraphe, on introduit une classe d’exemples de fonctions sur R qui nous
seront utiles dans les paragraphes suivants, en particulier en tant que source de contre-
exemples. Il s’agit de fonctions analytiques sur R dont la transformée de Fourier est a
support compact.

Soit (ay)nez une suite bornée quelconque de nombres complexes et p un entier > 1.
On lui associe la fonction d’une variable complexe [(z) définie comme suit

Be) = g in®(n) -

— 2p°
nez o Tl) g

C’est une fonction holomorphe sur C qui vérifie |3(z)| < Ce?™*l ot C est une constante
dépendant de sup, ¢z |a,|. Donc [ est entiere et de type exponentiel. Restreinte a la droite
réelle, 3 est analytique et bornée.

Remarquons d’abord que si la suite (a,), est dans £*(Z) alors 3 € L!(R). Il résulte
alors du théoreme de Paley-Wiener que la transformée de Fourier B(t) sur R est une
fonction continue & support compact inclus dans [—2pm, 2p7] et

™

5 )Qpao.

/B(t)dt = 21/(0) = 2n(
Supposons maintenant que la suite (a,), soit un O(1/n?’)au voisinage de I'infini.
Alors, on voit aisément que 3(z) est elle-méme un O(1/|z|*~") au voisinage de I'infini,
lorsque x € R. La transformée de Fourier 3 est donc au moins de classe C' dés que
2(p—1) > L.
Revenons au cas ou la suite (a,), est seulement bornée et supposons de plus que
a, > 0 pour tout n. Alors on a

. 2p
oli [z] désigne l'entier le plus proche du réel z. En effet, 3(x) > ajy (%?g‘) > ajy).
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4.2.3 Développements de Edegeworth locaux pour les mesures
diophantiennes

Lorsque p est diophantienne et admet un moment d’ordre r+2, alors \/nE(f(S,)) admet
un développement asymptotique avec un reste de I'ordre de o(1/n’/?) dés que f est assez
réguliere. C’est I'objet des deux théoremes qui suivent. Ceux-ci généralisent aux mesures
diophantiennes le développement de Edgeworth classique pour les densités qui est valide
sous I’hypothese que 1 soit intégrable (voir [57]).

On pose, pour une fonction numérique f

Cr(f) = max H:rjfll,C’“(.f)=(}g?§xkl|f”’\

0<j<r+1

1 CE) = CH) + Cu(f)

Théoreme 2.7 Soit v un entier > 0. Supposons que la mesure de probabilité . est
centrée et posséde un moment d’ordre r + 2 fini. Si de plus p est l-diophantienne pour
[ > 0, alors pour toute fonction f de classe C* avec k > I(r + 1)/2 + 1et telle que
CK(f) < 400, on a le développement asymptotique (de Edgeworth) suivant

[r/2]

VAE(F(S:)) = 3~ AF- Qulyage) + CE() o

p=0

1
nr/Q

)

ou le o() ne dépend que de r et de la loi pu et les (), sont des polynomes de degré < 2p
dont les coefficients dépendent des moments de p d’ordre < p + 2.

Notons que seules des puissances entieres n'interviennent dans le développement
(comparer avec Feller [57] chap. 16 (2.12) et (4.10), au (2.13) il faut en fait lire Hg
au lieu de H3 dans l'expression de Py). De plus on calcule aisément les premiers termes.
Ainsi

1 1 5 03
VET3Qu(X) = 1, Vamo,i(X) = ——X* = Bx 4+ (B _3) - 2B

o9 o3 8 03 24 03

Preuve: On écrit
VAV2ToE(f(Sa)) = vy | ‘2’; / F@)i(z)"dz (4.2)

La preuve reprend les techniques de Fourier classiques exposées dans [57]. On commence
par traiter dans le lemme suivant la partie de l'intégrale correspondant aux grandes
valeurs de x. Ce lemme nous sera aussi utile plus tard.

Lemme 2.8 Soit ;1 une mesure de probabilité sur R. On suppose que p est [-diophantienne.
Soitr > 0 un réel positif. Alors il existe un réel D(r, ) > 0 tel que pour tout D > D(r, u),

FOE" (t)dt = CH(f) - 0,(—)

n’

/ltlz\/ Dlegn

uniformément pour toute fonction f de classe C* telle que C*(f) < +oc, ot k > Ir + 1.
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Preuve: Sil = 0laloi p satisfait la condition de Cramér, donc le lemme est clairement
vrai. Supposons [ > 0. Puisque p est apériodique (car diophantienne) et fi continue, pour
tout € > 0 et ko > 0, il existe ¢y, 0 < ¢o < 1, tel que |fa(x)] < ¢o quel que soit = avec
£ < |z] < . Dol

/ f(f)ﬁ(;r)"d:r <cy Hf” Ty < chk(f)l'o.
e<|z|<zo &

Puisque p est I-diophantienne, il existe un réel xq tel que si |z| > x( alors
~ !
|fi(z)| < exp(=C/ |z[)

pour une certaine constante C' > 0. Comme f est C* et C*(f) < 400, on a \]?(1)‘ <
Hf(k)Hl / |17|k Il vient

/"| () ds

< / CU) exp(—Cn |af')dz (4.3)
|

z|>x0 ‘II

k C’ o e
< C (f)w/o u(l+1—k)/[du

ol C’ est une constante indépendante de f. En choisissant £ > Ir+1, la quantité ci-dessus
est au plus de l'ordre de C*(f) - o(1/n") quand n croit.

Passons maintenant a la partie de l'intégrale ou |z| < . Puisque p a un moment
d’ordre 2 fini, on peut trouver £ > 0 et ¢ > 0 tels que si |z| < €, on a |fi(z)| < exp(—cz?).
Fixons D > r/c. Alors si v/Dlogn < |z| < /n, on a

ﬁ(%ﬂ < exp(—cDlogn) < niD = 0(%).
Il vient
R PP
‘/\/ngm«f (f) (x/_) NG <) O(nr)
O

On peut donc maintenant se concentrer sur la partie de I'intégrale ol |z| < v/D logn.
On peut écrire au voisinage de zéro

— f(])()
fla) = ; 4! v (2r +1)!

Tr+1

10(x)

ou ¢ est une fonction bornée par Hf(r'“)

< CE(f). 11 vient

~ T A X " }\(J)(O) 1
(___ (___ nd:l? = — b + — . 1 (44)
/|x|< VDlogn \/— \/_ ; ]!nJ/Z J n(r+1)/2 r+
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ou l'on a noté

(=

q>-=/
N

l /l \/I) ogn

®| < CHf /m”lﬂz

(I)r—}-l

Comme p est centrée et possede un moment d’ordre r + 2 fini, il existe une fonction 1),
bornée continue et valant 0 en 0, telle qu’au voisinage de 0

log i(x) = 2%(= 22 + Pu(a)) + 2201 (a)
ou P, est un polynome de degré < r tel que P,(0) = 0 dont les coefficients dépendent
seulement des moments de p jusqu'a 'ordre r + 2. Il vient,
T2

%ﬂw*mﬁw%>wmw) (45)

Si 7 = 0, on obtient directement le résultat du théoreme en appliquant le théoreme
de convergence dominée de Lebesgue. Si r > 1. pour tout z tel que |z| < /Dlogn,
Pexpression ci-dessus & l'intérieur de exp est un O(log*?(n)/\/n), d'ot

o T, "1 ) r 1™ g2 T 1Og3(r+1)/‘2(n)
e 2 M(%) =ZE z Pr(ﬁ) nr/z%(\/—)‘*‘oum(—nm—l)/;—)
En regroupant les termes de la somme ci-dessus qui sont en facteur de 1/n%/2, on obtient
des polynomes A; (de degré au plus 3i) tels que

T

S 1 A log®"*/2(n) .
7% ,,L(ﬁ) = ;WAi(I) 7 wl(\/_) + Opro(—m =) (46)
En tenant compte de (4.6), 'expression (4.4) devient
:‘:i 0)/ 2 Ai(2)e" 5 dz + Co(f) - 0urp(—s)
G Ji<ypregn S

En prenant D assez grand, on peut remplacer I'intégrale ci-dessus par une intégrale sur
R tout entier. Notons maintenant que le polynome A; a méme parité que ¢ et dépend
des moments de p jusqu’a 'ordre i 4+ 2. Donc lorsque 7 + j est impair,

o 1'2
/ I Ai(x)e” "5 dr =0
JR
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Il ne reste plus que des puissances entieres dans le développement. Grace au lemme
ci-dessus, la preuve du théoreme est maintenant complete. [J

Le théoreme qui suit donne ’analogue pour les mesures diophantiennes du développement
asymptotique classique pour les densités donné dans [57]. La suite de polynémes (P,) ci-
dessous est celle de [57] XVI Theorem 2 (pour le calcul des premiers termes, on renvoie
a[45] ) :

Théoréme 2.9 Soit 7 un entier > Oet [ un réel > 0. Supposons que la mesure de
probabilité p est centrée et posséde un moment d’ordre v + 2 fini. Si de plus pu est l-
diophantienne, alors pour toute fonction f de classe C* avec k > l(r +1)/2 + 1 et telle
que C*(f) < 400, on a le développement asymptotique (de Edgeworth) suivant

=32 5 [ favm B @ateds + ) - o)

ot le o() ne dépend que de r et de la loi p, ou g est la densité de la gaussienne associée
a v dans le théoréme limite central et ot les P, sont des polynomes de degré < 3p dont
les coefficients ne dépendent que des moments de p jusqu’a ['ordre p + 2.

La preuve reprend les mémes étapes que celle du théoreme précédent. En particulier,
elle résulte aisément de la combinaison du lemme 2.8 avec le lemme suivant :

Lemme 2.10 Soit i une mesure centrée sur R admettant un moment d’ordre r+2. Soit
D un réel assez grand (D > r/oy par exemple suffit). Alors on a, uniformément pour
toute fonction intégrable f,

, - ro 1
/ItIS\/ﬁ—'ﬁ‘—ﬁf(t)M (t)dt = pz:% W/f(x\/ﬁ)Pp(x)g(m)dx + £l - OTvaN(W)

ou l'on a gardé les notations du théoréme 2.9.

Preuve: On peut reprendre l'estimée (4.6) qui s’écrit, sous les hypotheses du lemme :

tr+2 __2_ 10g3(r+1)/2(n) _%,_z

/7(\/— )" — Z np/z —75€ (—\/——‘) (W—)e

oot2
1l vient alors, comme §(t) = e~ %",

-~ 1
" (—=)dt = E / A,(H)g(t)dt + o(—=) || f
/|t|§\/Dlogn (\/_ \/— Tlp/z |t|</Dlogn rn) p( ) ( ) (nr/g) ” Hl

On sait que le degré de A, ne dépasse pas 3p. donc d’apres le choix de D, pour tout p < r

/ltlz\/mf(%)AP(f)g(t)dt~ < [Ifll, or(m)
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On peut donc substituer l'intégrale sur |t| < y/Dlogn ci-dessus par une intégrale sur
tout R. Mais on a t*g(t) = (—¢)Pg®)(t) pour tout entier p > 0, d’ou

/f )t = \/ﬁ/fasf )g(z)da

ott P,(z) est le polynome tel que 27 A,(—i)g(x) = P,(z)g(z). On a donc bien le résultat

d:r
souhaité. O

4.2.4 Caractérisation des mesures diophantiennes par la vitesse
de convergence

Dans ce paragraphe, on démontre que, pour une mesure de probabilité u centrée, la
convergence dans le théoreme limite local est en général plus lente que ou égale & O(1/n)
pour une fonction f a support compact fixée. On montre aussi que cet ordre de grandeur
est atteint pour des fonctions suffisamment régulieres si et seulement si la mesure pu est
diophantienne. On va démontrer ainsi une réciproque au théoreme 2.7. Plus précisément,
on a la caractérisation suivante des mesures diophantiennes :

Théoreme 2.11 Soit i une mesure de probabilité sur R centrée, et ayant un moment
d’ordre 3 fini. Soit v la mesure gaussienne qui lui est associée par le théoréme de la limite
centrale (i.e. pu est dans le domaine d’attraction de v). Alors u est diophantienne si et
seulement s’il existe un entier ko > 0 tel que pour toute fonction f a support compact et
de classe C* (k > ko) sur R, on ait

[ i~ [ g+ i

ot f(t+ ) désigne la translatée de f par le réel t et ou O dépend de p et de f.

sup
teR

=o(.)

Preuve: Supposons d’abord p diophantienne. Elle est donc apériodique. On peut
reprendre a l'identique le début de la preuve du théoreme (2.7). Notons pour simplifier
fi = f(t+-). On remarque d’abord que f,(z) = e f(z). On obtient successivement pour
£ > 0 et ryg > 0comme dans la preuve ci-dessus

/f<1:c|<x0 fe@)h(z) dz| < ¢ |If ]
pour ¢ €]0, 1]
‘/m»o (z)"da <0i1;1<)kap)Hl%
et
‘/Jm<r|<ﬁA(%)ﬁ(%) dr| < |\ fll, -0 (%) (4.7)
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Ces estimations sont valides uniformément en ¢ € R et sont aussi satisfaites par v a la
place de p. On peut donc se concentrer sur le terme

. 2,2 [~ 2 _apr?
fi(— (u — )" —e T2 ) dx
/\11<\/Dlogn t(ﬁ) (\/ﬁ)

que 'on majore uniformément en ¢ par

.

T /
|z|<v/Dlogn

Mais, puisque g a un moment d’ordre 3 fini, on peut écrire

~ , O3 .
fi(z) = exp (_5%;172 — zg—fzzrs + .’1)31/10(1?))

pour une certaine fonction 1y qui tend vers 0 quand x tend vers 0. Alors lorsque |z| <

v Dlogn,

S R L ST A W ®
L i3 By (e, —— 4.8
M(\/ﬁ) e 2 \/ﬁe e +Iw1(ﬁ \/ﬁ) (4.8)
pour une certaine fonction 1y, avec ¥;(u) — 0si u — 0. 11 vient
~r L \n _oax? CO(M)
fi(—=)"—e 2 |dr < (4.9)
/|;|<\/Dlogn \/ﬁ \/ﬁ

ol co(p) est une constante ne dépendant que de p. Donc il vient

sup < + s |I77)),)
0<p<k

teR n

[ e+ i~ [ g+

pour une certaine constante ¢(u) ne dépendant que de p.
Maintenant, passons a la réciproque. Nous allons d’abord établir la proposition sui-
vante qui concerne le cas particulier des mesures symétriques :

Proposition 2.12 Soit v une mesure de probabilité sur R qui posséde un moment
d’ordre 3 fini. Soit u = v * v='. On suppose de plus que pu n'est pas diophantienne.
Soit S, la marche aléatoire associée a p. Alors pour tout entier p > 0 et tout € > 0, il
existe une fonction f de classe C? et a support compact telle que

>0

nlﬂir&@supns Vny/2masE(f(Sy)) _/.f
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Preuve: On fixe 'entier p et on considere la fonction § du paragraphe 4.2.2 associée
a la suite (ay)nez définie par ag = 0 et a, = # pour n # 0. On prend f = 3. C’est une

fonction de classe C? a support compact et d’intégrale nulle. De plus ]?( ") = 2w 3(x) est
réel et > = ] pour tout z tel que [x] # 0. Comme dans la preuve du théoreme ci-dessus,
on écrit

VRVETE( () = Vi [ T

Comme ci-dessus (p a un moment d’ordre 3), on voit que

F@i(e)de = o(2)

|z|<= n

Maintenant, fixons un entier [ > 2. Remarquons que zi(z) > 0, car on a supposé p =
v * v~ Puisque u n'est pas diophantienne, il existe une suite non bornée (z,,),, telle

que
1

(X)) > e loml

Montrons que chaque z,, est inclus dans un intervalle I,,, de longueur au moins |V N l /2 tel

4
ue tout x € I,,, vérifie fi(x) > e l==I". En effet, supposons que ce ne soit pas le cas, alors
q M p

V?2/o2

fi(x) admet un maximum dans Uintervalle |a,,, by, [ oU by, — @ < P et Ty €]am, by
__4 __ 4
et fi(ay,) <e Il [i(by,) <e Il Soit y, 'abscisse de ce maximum. Alors
~ ~ g2 2
() > pi(ym) — 9 1T — Y|

1
car la dérivée seconde ji(x)” est bornée par oy = E(X?). D'ou fi(an,) > e Il — |x1 T2
m

3
e lml' deés que m est assez grand. Ce qui fournit une contradiction.
Finalement, il vient

f@)i(z)"dz > / F@)fi(z)dx

|z|>e x€lm
]_ 4711 N /2/0‘2
e lzm| -—1/3
[£m]? ||
En prenant n = [z,,)’, on obtient
C C
> =
\/_/f de = nP/l = ne

pour une certaine constante C' > 0. [J
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Passons maintenant au cas général. La mesure p n’est pas diophantienne, mais est
centrée et possede un moment d’ordre 3 fini. Alors la mesure symétrisée & = g * ! non
plus n’est pas diophantienne, mais elle possede aussi un moment d’ordre 3 fini. D’apres
la proposition ci-dessus, quel que soit £ > 0 et quel que soit 'entier £ > 0, on peut
trouver une fonction f & support compact et de classe C* sur R, que I'on choisit aussi
d’intégrale nulle, telle que

[ tar

Or si p satisfait la conclusion du théoreme (2.11), alors

. 1
lim supnz*e
n—-+o0o

>0 (4.10)

sup
teR

o)

/f(t+ dp”

car, puisque f est d’intégrale nulle, on a automatiquement

sup
teR

< Jlef1, O(:)

/ Flt +)do

Mais alors

o

ce qui contredit (4.10) dés que e < 5. O

On peut construire des mesures non diophantiennes qui fournissent des vitesses de
convergence aussi lentes que 'on veut. A cet égard, on renvoie a l'exemple décrit dans
la proposition (4.10) plus bas.

- [ [ B8, — ) < sup (75, - )] = O

teR n

4.3 Théoréme local pour les écarts modérés

4.3.1 Loi des écarts modérés

Le développement asymptotique précédent permet d’obtenir simplement un résultat
de grandes déviations valable sans faire ’hypothese habituelle d’existence d'un moment
exponentiel. Ce résultat, qui traite des écarts modérés (i.e. du comportement de .S,, dans
un domaine de taille v/enlogn), a été démontré par Rubin et Sethuraman dans [145]
(voir aussi [Nag2,3], [118] et [[158]]). Cependant, comme nous en aurons besoin dans la
suite de cet article et que 'argument que nous présentons est tres différent de I'argument
original et se généralise automatiquement en dimension supérieure, nous choisissons de
Iécrire ici.
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Théoréme 3.1 ([145]) Soit r un entier > 1. Supposons que [ est une mesure de
probabilité centrée qui posséde un moment d’ordre r+2 fini. Alors pour tout ¢, 0 < ¢ < r,
on a uniformément en r pour 1 < x < /clogn

(4.11)

ou N est une variable gaussienne normalisée. En particulier

4
P ( Snl >/ 1 ) ~
15 coaniosn n¢/2\2rclogn

Preuve: On peut supposer o9 = 1. La preuve qui suit illustre bien le principe clas-
sique de lissage et “délissage” (voir par exemple [164]). Supposons d’abord que la fonction
caractéristique [ est intégrable. Dans ce cas la variable S, /1/n admet une densité conti-
nue f, et I'on dispose du développement 2.9 qui n’est autre que le développement de
Edgeworth classique pour les densités (cf. [45] ou [57] X VI, 2) et s’écrit :

Falt) = 9(8) = 3" — Py (00g(2)dt + 0 —5)

p=1

ou g est la densité gaussienne normalisée. En intégrant sur |¢| < z, il vient

Viogn
P (|S%| > zv/n) = P(|N| > z) = K!(x) + of —7 ) (4.12)
ou KH(x) = Z;Zl > P,g/n?’? ne dépend que des moments de p jusqu’a lordre r + 2.

Or on peut trouver une autre probabilité i/ dont la fonction caractéristique est intégrable,
qui possede un moment exponentiel fini et dont tous les moments jusqu’a l'ordre r + 2
coincident avec ceux de u. Pour p’ on dispose alors de la théorie des grandes déviations
classiques due & Cramér. En particulier la limite uniforme (4.11) a bien lieu pour S), a
la place de S, et on a (voir [44] ou [57] XVI, 6) :

4 1
P (IN| > Velogn) ~ _
[N crosn ne/2\/2rclogn O(nc/Q)

Mais puisque (4.12) est aussi valide pour u' et que K* = K* d’apres le choix de 4/, on
obtient uniformément en = pour 1 < z < +/clogn

KH(x
lim n(7)

—r - =(. 4.13
71-»+OOP(|N‘ > .T) ( )

En revenant a (4.12) pour u cette fois, on obtient bien la limite (4.11) souhaitée. Ceci
termine la preuve dans le cas ou ji est intégrable.
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Dans le cas général, il faut reprendre 'argument précédent pour la famille de mesures
Jle = [L* g. O g. est la gaussienne d’écart type £. On remarque d’abord que l'estimation
(4.12) ci-dessus reste valable uniformément quand appliquée aux mesures ., si I'on a
1 > ¢, > v/Dylogn/y/npour une certaine constante Dy = Do(n) > 0. Pour voir cela,
il suffit de reprendre la preuve du théoreme 2.9, c’est-a-dire celle des lemmes 2.10 et
2.8. Au lemme 2.10 appliqué & p.,, on remarque que le reste est un o(1/n?0/2) des que
en > VDologn/y/n. De méme, au lemme 2.8, le reste est uniforme quand ¢ est petit.
On obtient donc (4.12) uniformément pour les p., . Dans la suite, on pose p, = p., avec

Ensuite on vérifie que K¥(x)et Kk (x)sont comparables. Plus précisément on re-

marque que
Kk (x // ;1 —ny)9(y)dy + o, /t( 72 )
[t|<z n

ol hy(t) = Y0 By(t)g(t)/n?/?, Kh(z) = Jitj<a Pu(t)dt. Gréce & (4.13). on conclut que
pour tout ¢ < r on a uniformément en = pour 1 < x < y/clogn
Alln (T)

lim —2——~— =0

n—-+00 ]P’(IN| > I)

| ( | Skim oo (ptn) n)
) _ 1
n—lvlﬂl—loo (IN| > .T)

et

Comme o9(1,) = 1 + €2, et d’apres le choix de ¢, on peut remplacer o5(pu,) par 1 dans
la limite précédente.
Finalement, on écrit

Pt > ovi) = [ P(ISH > (4 2tV glt)dt + ofP (N] > )

|t] <2z
D’ou
lim inf P(ISh] > (1 — 2e4)zv/n) .
P(|N| > x)
et
lirnsupIP)“Sﬁ| > (1 +2e,)7/n) <

P(|N| > x) -

Mais d’apres le choix de ¢, P(|N| > x(1 + 2¢,))/P (|N| > z) tend vers 1 uniformément
quand 1 < r < 4/clogn. De plus (4.11) est valable uniformément pour x borné d’apres
le théoreme limite central. Cela termine la preuve. [
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4.3.2 Une version uniforme du théoréme local

Le théoreme limite local classique (voir [30]) donne un équivalent quand n tend vers
l'infini de la probabilité P(S,, € I) ou I est un intervalle borné de R. Analogue local du
théoréeme de Rubin et Sethuraman, le théoreme suivant permet d’estimer P(S, € I + z)
lorsque x varie de facon quelconque dans une boule de rayon au plus v/cnlogn, ou la
constance ¢ dépend du plus grand moment fini de . On obtient donc un théoreme local
pour les écarts modérés en supposant seulement un moment fini d’ordre assez grand. En
particulier, dans le résultat suivant, on ne fait pas d’hypothese sur la régularité de u.
Les cas ou u est supportée sur Z ou possede une densité bornée ont déja été traités dans
[11] et [[158]]. Notons v la mesure gaussienne sur R associée a u dans le théoréme limite
central

Théoreme 3.2 Si pu est une mesure centrée et apériodique sur R de variance oo et
admettant un moment d’ordre r > 2. Soit s > 0 et I = I, = [—s, s[ un intervalle borné
centré en 0. Alors pour tout x € R

w1+ x)

e = | 4.14
71—13—100 v (I + ) ( )

De plus, sir > 2 (resp. v = 2) pour tout ¢ €]0,r — 2[, la limite (4.14) est uniforme en
x et squand |z| + s < /coanlogn (resp. |x| +s = O(\/n)) et s est minoré par un réel
> 0.

Si de plus 1t vérifie la condition de Cramér, alors il existe § = d(u) > 0tel que la
limite (4.14) est uniforme quand |x| + s < \/coanlogn (resp. |z| +s= O(y/n) sir =2)

mais s > e,

Cet énoncé sera la clé des théoremes qui vont suivre dans 1'étude de I'asymptotique de
E(f(Sn)) pour des fonctions qui ne sont pas a support compact ou bien pas intégrables.
Dans le cas r = 2 ce résultat est dit & Ch. Stone (voir [Sto]). Plus précisément :

Théoréme 3.3 (Stone) Sip est une mesure centrée et apériodique sur R admettant un
moment d’ordre 2, alors il existe une suite (£,(1))n>0 ne dépendant que de p et tendant
vers 0 telle que, pour tout intervalle fermé I de R, on a

, en(t)
sup | (I +2) — v (I + )| < L1+ |
sup | (1 + ) = vi(I + )] i 1)
ou v est la mesure gaussienne sur R associée a p dans le théoréme limite central et |I|
la mesure de Lebesque de I.

On remarque en passant que le théoreme limite central pour une telle mesure p est un
corollaire immédiat. Pour des valeurs de x plus grandes que y/n Stone a aussi démontré
un théoreme local pour les grandes déviations sous I'hypothese habituelle d’existence
d’un moment exponentiel fini (voir [163]). Des théorémes semblables au théoreme 3.3

140



ont été démontrés dans le cadre de la théorie du renouvellement (voir par exemple [39],
[124], [159]) et notamment par Hoglund qui obtient dans [89] un théoréme de renouvel-
lement pour les chaines mixtes possédant & la fois une partie apériodique et une partie
arithmétique, cadre qui généralise celui du théoreme local. Keener dans [97] obtient un
analogue du théoréme de Stone pour le renouvellement sous la condition de Cramér et
avec des conditions de moments légerement différentes. Passons a la preuve du théoreme
9.3 :

Preuve : La preuve qui suit reprend certaines idées de la preuve de (4.11) ainsi que
de la preuve de Stone dans le cas 7 = 2. Notons P!(z) = p™(x+1) et Q% (x) = v™(z+1I).
On peut supposer que oy = 1. On fixe une fonction intégrable paire, positive et continue
h > 0 sur R dont la transformée de Fourier h est de classe C'™ et a support compact
inclus dans [—1,1] et vérifie de plus [h = 1 (voir le paragraphe 4.2.2). On introduit

aussi les he(z) = Lh(%) qui forment une famille de Dirac quand ¢ tend vers 0. La preuve

c
£

s'effectue en trois étapes : lissage, preuve pour la quantité lissée, et ”délissage”. Pour
plus de clarté, on écrit ces étapes sous la forme de lemmes.

Lemme 3.4 I existe une suite £,(1) — 0 ne dépendant que de u telle que pour tout
g > 0 fiz€ on ait, uniformément en x et s :

[P he(w) = Qp # he()] < en(1)Qp % helw) + 111 - 02 —=575).

De plus si pu satisfait la condition de Cramér, alors on peut choisir € de la forme e~ pour
un certain a > 0 petit et on obtiendra toujours un o(1/n"=Y/2) dans le reste ci-dessus.

Etant donnés € > 0 et z € R, on pose f(u) = Xr4s * he(u). Alors Pl xh. = [ fodu™.
On peut appliquer a f, le lemme 2.10 et on obtient pour D > r /oy

u n 1
“\/'ﬁ)d'/ (U)+|I|'OT‘D.;L(W)

(4.15)
Comme les polynomes P, ne dépendent que de p et sont de degré au plus 3p, il existe
une constante C) = Cy(u) telle que

fz(u)Pp(%)du”(u) < C1(v/Dlogn)**QL * h.(z)

r—2
it = 21Qt S~ [ 1o
oy 0"t = 27, het3_ o | B

/lulsm
d’autre part, comme P,(u)g(u) < /4

loi normale),

des que u est assez grand (g est la densité de la

Folu) B =) () < 1Al <

D’oli I'on conclut que pour D > 2r et uniformément en x € R, (4.15) devient

1 ~ 1
J— x /\,n ,dtz ]. gn ; ! 2\ *Up ¢
57 ), s B 0t = (1 0a)@h#ela) + 1100 7)

/IU|Z\/Dn logn
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ou la suite €,(x) ne dépend que de p et tend vers 0 uniformément en z.
Passons maintenant aux grandes valeurs de t. Notons que f,(t) = X742(t)h(ct) :

- ‘/ - Rty
V/EEEE <t <1 /e
1

< |I/ at)|" dt = o.(—
———l ()

des que D > r/c ol c est la constante définie dans la preuve du lemme 2.8. On remarque
que si p satisfait la condition de Cramér, alors on peut choisir € de la forme e~ %" pour
un certain a > 0 petit et on obtiendra toujours un o(1/n") dans la ligne de calcul ci-
dessus. En prenant D assez grand et en combinant les majorations ci-dessus on obtient
I'estimation du lemme 3.4. [J

fo(t)" (t)dt

/it|2 /Dlgg n

Lemme 3.5 Pour tout & > 0, il existe £g > 0 tel que si x et s sont des O(y/nlogn),
alors pour tout n assez grand et tout £ €]0, £o[ on a uniformément en x et I = I, = [—s, 5]

|Qn * he(x) = Qn(x)| <6 Qpx)

Soit ¢ > 0 une constante telle que |z| + s < y/enlogn. Notons que pour tous réels u
et t
)

9+ =) = glu)] = glu)(e'e 2 — 1) < Sg(u)

des que |ut| < 1, |t| < 1 et pour tout € assez petit (disons < &g). Il vient
4
|Qule = 2y) = Qu(@)] < 5@ () (4.16)

tant que ¢ < gget |y| < /n/y/clogn. Dot
||

L'y h.(z) — {l <
Q) * he(2) — Qy(x)] Nl Fyp—

n(z) + 2= h(y)dy.

[N e

Mais h est de classe C™ donc h(y) = o(ﬁ) au voisinage de l'infini pour tout & > 0.
Donc
/ hy)dy = o —). (4.17)
lyl=vn/Vclogn
Mais

VERQh(z) > L (4.18)

n nC/Z

donc pour tout n assez grand on a le résultat souhaité. [

Nous allons maintenant terminer la preuve du théoreme. On suppose désormais que
s=1|I|/2 > '3 et lonnote I. = [—s—+/g, s+/Z| et I* = [—s++/, s—/Z]. Remarquons
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d’abord qu'il existe §(¢) satisfaisant 6(e) — 0 si € — 0 telle que, dans les conditions du
lemme 3.5,

QF (z) — QL (z)| < 6() - Qi (). (4.19)

Ensuite on a P x h.(z) > Pl(x _h(y)dy puis d’apreés les lemmes 3.4 et 3.5 pour
n n lyl<1/ve
€ assez petit

Pz

T

~—

[ < Plshe(z) < (14 e,(p)(1 +6)Qk (z) + | 1| - Oa(m)-

Puis en tenant compte de (4.18) (on a supposé ¢ < r — 2) et de (4.19) on obtient que
pour tout n assez grand
Pl(2) < (1+20)Q}(a). (4.20)

On remarque aussi que si la condition de Cramér est satisfaite, on peut prendre ¢ =
e~3% pour un certain a > 0 donc, pour tout ngrand, (4.20) est vraie uniformément

quand s + |z] < \/enlognet s > e~
De facon similaire, on a

P 4 h(z) < P!(x) /

ly

et d’apres (4.20), (4.19) et (4.16), en posant A, = [1/v/=,v/n/+/clogn] dés que ¢ est

assez petit,

h(y)dy + / Pl (z — ey)h(y)dy
<1y W2 1/VE

£

/ P (e — ey)hly)dy < (1+26) / (2  ey)h(y)dy
|y|€An "y‘eAn

< (1+26)(1+6()) / Q! (« - ey)h(y)dy

lyl€An
< Q@+ +0E)1+8) [ hwdy
lyl>1/ve
< 6Qy(x)
et par (4.17) pour tout k > 0 fixé, pour n assez grand
1

Pl (z — ey)h(y)dy < —

/|y|z\/ﬁ/\/—clogn nk’

Finalement par (4.18) pour ¢ assez petit et si s + |z| < y/enlogn, s > /&, on a pour n
grand
P x h.(z) < PH(z) 4+ 6Q" (z). (4.21)

Mais d’apres le lemme 3.4 et (4.18)
Pl s h(z) = (14 0.(1)QF * h(z).

n n
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puis en appliquant le lemme 3.5 puis (4.19)
Py he(z) 2 (1= Jo-())(1 = 8)Qy (x) > (1 = 26)Q}(x)
pour n assez grand. En combinant ceci avec (4.21) on obtient
Pi(x) = (1= 30)Qy(2). (4.22)

On a donc bien la majoration (4.20) et la minoration (4.22) souhaitées. La preuve du
théoreme est complete. [

Remarque 3.6 Lorsque p est l-diophantienne, il est possible de préciser le comporte-
ment asymptotique de la suite (e,(p))n intervenant dans (3.3). Le calcul donne e,(u) =
0(;,%/3) pour tout 0 < § < % st ju posséde un moment d’ordre 3. De méme, si u est [-

diophantienne, I'équivalent est valable uniformément quand s > — pour tout 0 < & < ;.

Remarque 3.7 On donne plus bas un exemple (c.f. proposition 4.10) qui montre que
la convergence vers 0de e,(p) peut étre aussi lente que l'on veut si l'on ne fait pas
d’hypothese sur p. Plus exactement, pour toute suite de réels strictement positifs e, > 0
tendant vers 0, on peut trouver une mesure p (non diophantienne en général) telle que
limsup e, (u)/en > 0.

4.4 Un théoreme limite pour les fonctions bornées

Nous allons maintenant passer au second volet de cet article et nous intéresser au
comportement asymptotique de E(f(S,)) lorsque la fonction f est seulement supposée
bornée et assez réguliere. Commencons par remarquer que pour toute fonction bornée f
ayant une limite [ en £o00, les moyennes E(f(S,,)) convergent vers [. Cela résulte en effet
immédiatement du théoreme limite central. Dans les paragraphes suivants. nous allons
montrer que, en supposant g ou f assez réguliere mais sans aucune hypothese sur le
comportement a I'infini de f, ces moyennes sont asymptotiquement indépendantes de la
marche aléatoire centrée de variance 1 que 'on considere (théoreme 4.5).

Nous commencons dans le premier paragraphe par étendre le théoreme local aux
fonctions directement Riemann intégrables.

4.4.1 Fonctions directement Riemann intégrables

Dans ce paragraphe, on s’intéresse a la validité du théoreme limite local pour des
fonctions qui ne sont plus nécessairement a support compact mais toujours intégrables.

Théoréme 4.1 Soit p une mesure de probabilité centrée et apériodique sur R avec mo-
ment d’ordre 2 fini. Soit f une fonction Riemann intégrable sur R telle que

Zmiu;lf(f)\ < 400 (4.23)

nez
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Alors on a le théoreme limite local pour f, c’est-a-dire que
lil’_il_l V2moan /fd,u" = /f(:z:)d;z: (4.24)
n—-+0oo .

Preuve: On reprend la preuve classique du théoreme local (voir [30]). Notons a, =
max)=n | f(z)| pour tout entier n € Z, et considérons la fonction

B(z) = %sinQ(wx) PP

o 2
nez <l n)

On peut supposer que la suite (a,) n’est pas identiquement nulle. D’apres le paragraphe
(4.2.2) 3 est continue, strictement positive sur R, et appartient & L!(R). De plus 3(z) >
az) > |f(z)]. Enfin 3 est & support compact. Considérons la suite de mesures positives

dvy(x) = 2moonf(z)du™(x). Puisque 3 est a support compact, la suite des masses
totales v, (R) est bornée. De plus, pour tout réel to,

/ Ty (2) =  /Zros / B(% —to)ﬁ”(%)dt

— n,_,+oo/§(—t0) =/eit°“ﬁ(:r)dat

On en déduit que la suite de mesures (v,), converge (convergence usuelle des mesures)
vers la mesure Jdzx.

La fonction f/f3 est bien définie, Riemann intégrable et bornée par 1, donc

nlirfoo\/Qwagn/fdu": lim /édun(a")=/f(:r)dx

n—-4oc

ce qu’il fallait démontrer. [

Remarque 4.2 On qualifie de directement Riemann intégrables les fonctions f Riemann
intégrables satisfaisant la condition (4.23). La notion est introduite par Feller dans [57] et
étudiée en détail (la définition de cette notion peut prendre plusieurs formes équivalentes)
dans [88]. Le théoréme de renouvellement de Hoglund [89] est énoncé pour toute fonction
directement Riemann intégrable. Le théoréme 4.1 est donc un cas particulier du résultat
de Higlund, bien que la méthode de preuve soit ici différente (comparer prop. 2.2.).

Remarque 4.3 En général, il y a des exemples de fonctions f intégrables sur R et de
classe CP, p > 1, dont toutes les dérivées jusqu’a 'ordre de p tendent vers 0 a ['infini,
qui ne vérifient pas (4.24). Plus bas, on donne un exemple d’une telle fonction pour une
distribution p qui est méme diophantienne. Cependant, on verra au paragraphe 4.4.3 que
si o satisfait la condition de Cramér, alors (4.24) a bien lieu des que f est intégrable et
holderienne sur R.
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4.4.2 Fonctions intégrables a variation bornée

Le résultat précédent montre en particulier que le théoreme local est valide pour les
fonctions continues intégrables et décroissantes au loin quand |z| — +oc. En fait, par
une méthode différente, on a aussi le résultat suivant, valide pour les fonctions & variation
bornée.

Théoréme 4.4 Soit a nouveau p une mesure de probabilité centrée et apériodique sur
R ayant moment d’ordre 2 fini. Soit (e,(1t))n la suite qui tend vers 0 intervenant dans
l'énoncé du théoréeme de Stone (théoréme 4.1). Alors pour toute fonction f intégrable et

a variation bornée sur R,
< £l (/ |[fl+ Var(f )

[ fawr = [ ga,

\ v . —z2/2 .
ot Var(f) est la variation totale de f, et dv,(x) = %R(\/%f?—")d:r est la suite de mesures
gaussiennes associée Q .

Comme on 'a remarqué (cf. remarque 3.6), le comportement de la suite (£,(u))n
peut étre précisé lorsque 'on suppose que o est diophantienne. Passons a la preuve du
théoreme.

Preuve: Clairement, on peut supposer que f est a support compact (considérer
f(@)X|z|<nr et faire tendre M vers I'infini a n fixé et remarquant que Var(fxzj<m) —
Var(f)). De méme, en approximant f uniformément par des fonctions en escalier de
la forme ) a;xa, ou A; = [x;,xi11) pour une certaine subdivision zo < ... < zy, on se
ramene au cas ou f a précisément cette forme. Finalement, puisque Var(f) = Var(f*)+
Var(f~) et |f| = f*+ f~, ou f* et f~sont respectivement les parties positives et
négatives de f, on peut supposer que f ne prend que des valeurs positives, i.e. a; > 0
pour tout .

Soit 0 = fo < fi < ... < fk la suite ordonnée des valeurs prises par la fonction
f. Maintenant considérons la famille (B;); de toutes les composantes connexes des en-
sembles de niveau {z|f(z) > f;} pour ¢ variant de 1 a K. Alors

F@) =Y (fi = fic)Xs@zs = O Bixs, (z)

ou I'on définit 3; par f; — fi_1 > 0 si B; est une composante de ’ensemble {z|f(z) > f;}.
Remarquons que chaque B; est une union finie d’intervalles A; adjacents.
D’apres le théoreme de Stone (3.3), on obtient
20 ([1+35)

'/fdu /fdun_*" > Bi(1Bil +1) <

Mais la construction des intervalles B; est de telle sorte que

S8 = gVar()
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En fait, parmi toutes les représentations de f en sommes de la forme ) 3;xp,; avec des
f; > 0 et des intervalles B;, celle definie ci-dessus minimise ) /5;. O

4.4.3 Fonctions bornées

Ici nous allons obtenir 1’équivalent annoncé dans 'introduction pour des fonctions
bornées, sous I'hypothese que u est diophantienne (resp. Cramér). Plus précisément,
nous avons :

Théoréme 4.5 Soit ;i une mesure de probabilité centrée sur R et | un réel > 0. On
suppose de plus que ju possede un moment fini d’ordre 4 et on note v la mesure gaussienne
associée. Enfin on suppose que p est l-diophantienne. Soit kg un entier tel que ko >
31/2+ 1. Alors toute fonction f définie sur R et telle que f et toutes ses dérwées jusqu’a
lordre ko sont bornées vérifie la relation suivante

[ sawr = [ gav = of [ 11007 (4.25)

En particulier, si f > 0 non identiquement nulle
f fdﬂ"
[ fdvr

Si l'on suppose de plus que p vérifie la condition de Cramér, alors (4.25) et (4.26) sont
vérifies pour toute fonction f holdérienne bornée sur R.

— 1 (4.26)

Preuve: Comme on le vérifie aisément, pour chaque n, on peut trouver deux fonctions
fn et ¢, de classe C* telles que f = f, + ¢, avec f, & support dans [—sn — 1,8, +1]
et ¢p(z) = 0 si |z|] < s, ot s, = 2y/nlogn. On peut de plus choisir f, telle que
Cho(f,) < Cy/nTogn pour une certaine constante C. Appliquons alors le théoreme 2.9

aux fonctions f,. Il vient aussitot
Viogn
< 5,,,/|fn|d1/” + C—T—Zg—

| [ i = [ o

ou &, est un O(loj?) indépendant de f. De plus, d’apres la loi des écarts modérés
(théoreme 4.11) p(|z| > s,) et v*(|z] > s,) sont des o(1/n*?). Enfin, d’apres le
théoréme local lui-méme, il existe ¢ > 0 tel que [ |f|dv™ > ¢/\/n si f n'est pas identi-
quement nulle. Le théoreme s’ensuit aussitot.

Si I'on suppose que 1 satisfait la condition de Cramér, alors on écrit f =Y f; + R,
ou f; est la restriction de f a l'intervalle I; et R, la restriction au complémentaire de
[—$n, $n]. Ces intervalles I; sont de longueur e~°" et subdivisent [—s,, s,] (o1 § > 0 est

la constante intervenant dans le théoreme 3.2). Choisissons dans chaque I; un point z;.
Alors

tAU—f@mmﬁSLwaﬁMPMUJ
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et de méme pour v". D’apres le théoreme 3.2, il existe une suite £, — 0 telle que pour
tout ¢
(W (L) — v (L;)| < env™ (L)

Enfin
/ Ruldp® < ||l 17 (2, 2] > 52)

Ainsi d’apres la loi des écarts modérés 4.11, pour tout n assez grand,

foe-

< en Z F(@)v" (L) + 2Lipa(f)e™%™ + || f]l o o(1/n*?)

< 2€,I/|f\du"
O

Remarque 4.6 Remarquons que le théoreme reste valable dans le cas ou p satisfait la
condition de Cramér pour les fonctions f qui sont héldériennes par morceaux sur R, si
ces morceauz sont de longueur bornée inférieurement par rapport a 0 et si les constantes
de Holder sur les morceaux sont uniformément bornées.

Remarque 4.7 Si l'on suppose seulement p diophantienne et si la fonction f posséde
un nombre p insuffisant de dérivées successives bornées, alors I'équivalent (4.26) n’est
pas valable. On donne au paragraphe suivant un tel exemple avec p arbitrairement grand
et i diophantienne, dépendant de p et supportée par 3 points.

Remarque 4.8 En reprenant les preuves ci-dessus et celle du théoréeme 3.2, on constate
que tout ce dont on a besoin pour obtenir l’équivalent (4.26) pour les fonctions holdériennes
bornées est un moment d’ordre 4 et une condition suffisamment forte sur l'éloignement
par rapport ¢ 0 de 1 — |i(t)| quand t est grand. La condition p diophantienne n’est pas
suffisante, mais par exemple, 3g > 0, 1 — |iu(t)| > 1/(log |t]|)? pour t grand, suffit.

4.4.4 Un exemple

Ici on va construire un exemple d’'une mesure centrée diophantienne et a support fini,
pour laquelle on peut trouver des fonctions f continues et intégrables sur R telles que

11111 \/27r02n/fdu" = +00
n—-—+0oo

et qui par suite ne satisfont pas le théoreme local. On verra qu’on peut méme choisir
f de classe CP et telle que f et ses dérivées jusqu’a l'ordre p soient bornées sur R. La
construction de g nous sera aussi utile a la fin de cet article (section 4.5) pour donner
un autre exemple relatif au théoreme de cette section-la.
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Considérons
l—«

5 a—1

oua € (0,1) et a ¢ Q. Alors i = p, est apériodique. De plus Sy = X; + ... + Xy =
pa—q(l—a)oup,qg>0etn=p+q< N.Clest-a-dire

Sy = na-—gq (4.27)
n = #{i <N, X;#0}
q = #{i<N, sX;=a -1}

On fixe dés maintenant deux suites de nombres strictement positifs décroissantes vers

0, (gn)n>0 €t (hn)n>0. On va choisir a sous la forme Y 10~ olt les M; sont définis plus
i>1

=Y 107" (4.28)

1i>1

bas.

On définit récursivement les suites (IV;); et (M;); de la fagon suivante :

.N():l, Mo=0€tM1=1

e Pour ¢ > 1, on choisit N; assez grand pour que 5N <107 Miet N; > 10%M: et Njyy >
5N;. Alors on choisit M;,; de sorte que 10M:i~Mi+1 < ———L et My, — M; > M; — M,;_

La derniere condition implique que « n’est pas ratlonnel et donc que p, est aperlodlque
De plus,

hy
[10Ma]] < 2. 10% M < 2= (4.29)
i
ou on rappelle que {x} = d(z,Z) pour tout z € R, et [z] est I'entier le plus proche de z.
Donc pour tout n entre 0 et N; on a ||n10MiaH < 2hy,. Et il vient

d(Sy,, 107M7Z) < 2. 107 Mipy, (4.30)
Avec ces notations, pour N assez grand (des que hy < 1), on a aussi
ISN| < hy & [na—q] < hy & ||nal| < hy et g = [na] (4.31)

Remarque 4.9 Remarquons que p, est diophantienne si et seulement si le réel o est
diophantien. De plus, on constate d’apres la définition de a en (4.28) que « est diophan-
tien si et seulement si la suite (M;); croit au plus exponentiellement, i.e. 3p > 1 tel que
M; < p'. Enfin, on vérifie que si les suites (g,) et (hy) sont de la forme &, = 1/n® et
en = 1/n%avec a > 0 et b > 0, alors on peut choisir la suite M; comme ci-dessus et
vérifiant M; < p' pour un certain p assez grand, donc p, est alors diophantienne.

La construction précédente permet en particulier de montrer le résultat suivant :
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Proposition 4.10 Pour tout choix de suites (¢,)n et (hy), de nombres strictement po-
sitifs décroissantes vers 0, il existe un o € R et une mesure p, définie comme plus haut,

telle que
lim sup vn toa([=hnsha]) >0

n—+oo En

Ainsi la suite (e,(1))n intervenant dans le théoréme local de Stone (3.3) peut décroitre
vers 0 aussi lentement que ['on veut.

Preuve: On note E, I'événement {X; =0 N —n fois} N {X; = a — 1 [na] fois} N
{llna|| < hn}. Alors pour tout N assez grand

N
P(ISx| < hy) =) P(E,)
n=0
N 1
Z Z 2_]\_/_0;\1101[71,(1](1 _ a)n-[na]CLna]XHnaHShN
n=0
1 n _ [na —[r n
= 2 Q—NCNa[ (1= @) "X o <ny
N/2—VN<n<N/2+VN
= \/N \/,HXHHQHShN

N/2—VN<n<N/24+VN

Dans la derniere inégalité, ¢ > 0 est une constante, telle que QLNCI’\’, > ¢ pour tout N et
n € [N/2—+VN, N/2++v/N] et al"l(1—q)"~ [ il > ¢ pour tout n. Elle est déterminée
par le théoreme limite local pour les distributions non apériodiques (voir [65] chap. 9 §49)
ou bien directement & partir de la formule de Stirling. Ainsi pour tout N assez grand

2

a

P(ISn| < hy) = A(N)

=

ol

A(N) = # {n € [N/2 = VN,N/2+ VN s.t. |na < hN}

Avec le réel a défini plus haut a partir des suites (,,), et (hy)n, on a vu en (4.29) que
[10Miar|| < 2%, Mais, puisque N;10M:/2 > N; et 10M < /N, on obtient A(N;) > 2/

et AN
_L_)_ 2 EN,'
VN
Comme cette inégalité est vraie pour tout 7 > 1, on a bien la conclusion attendue. [J
Passons maintenant a la construction de la fonction f annoncée au début de ce
paragraphe. Soit p un entier > 1 donné. Fixons ¢ > 0 tel que € < 1/(10 + 6p) et notons

a = % — 2 et b= 175:_1 Ainsi b > ¢. Fixons la suite (g,),en posant €, = n™° et la
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suite (hy), par h, = 1/n. D’apres la remarque 4.9, la mesure pu, est diophantienne. Soit
a; = N7 %t b; = N;°. Définissons maintenant la fonction f; en lui donnant la valeur
a; aux points d’abscisse k107" pour tous les entiers k tels que k107 € [11/N;, v/N}]
et posons autour de ces points (i.e. pour |z| < 107M¢) f,(k10~M: 4 1) = a;0(x/b;) ol ¢
est une ”fonction plateau” de classe C*° a support dans [—1,1], & valeurs dans [0, 1] et
égale a 1 dans un voisinage de 0. On suppose de plus que f; est nulle partout ailleurs. La
définition est cohérente car b; = N;* < N7° = ey, < 10-™:. Enfin, on pose f = 3, fi.
La fonction f est C'°°, a valeurs positives ou nulles, et f ainsi que ses dérivées jusqu’a
I'ordre p tendent vers 0 car a;/b? "1 = 1. Remarquons aussi que f est intégrable car

Z(Libi—\/ﬁ——i ZaibiNié-H

10—1\[1‘
—(a+b—e~1
< E N, (ot 2 <o

IA

et d’apres le choix de € et a et b ci-dessus, a +b > ¢ + % et de plus N; > 5.
D’autre part, la relation (4.30) montre que f(Sy,) = a;dés que Sy, € [%\/Ni, V' Ni].
Donc

v

E(f(Sw)) 2 aB(Sy, € [3v/Ne VA)

ca;

v

ol ¢ > 0 est une constante dépendant de p, qui est obtenue par le théoreme limite
central. Mais

a;/ Ny = NP — +00
ce qui fournit le contre-exemple annoncé en début de paragraphe.
Remarque 4.11 Un ezemple du méme ordre est présenté dans [38] (Example 1) dans

l'étude de la vitesse de convergence pour le théoréme de renouvellement classique en
dimension un.

4.5 Théoreme limite pour les fonctions asymptoti-
quement constantes en moyenne

Pour terminer, nous présentons dans cette section un théoréme limite valable sans
hypothese sur ¢ (autre que celles du théoreme local) pour les fonctions dont les moyennes
de Cesaro sur de grands intervalles sont asymptotiquement constantes. On en déduit
ensuite une application a I’équidistribution des marches aléatoires. A nouveau, la clé du
théoreme qui suit est le théoreme local de Stone :
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Théoreme 5.1 Soit 1 une mesure de probabilité sur R centrée, apériodique et ayant
un moment d’ordre 2 fini. On suppose que f est une fonction uniformément continue et
bornée sur R telle que la limite suivante existe

T
nm% /0 F(t)dt =

lim / fdu™ =
n—-+o0
La preuve résulte des deux observations suivantes, que 1'on présente sous la forme de
deux lemmes.

quand |T| — +o0. Alors

Lemme 5.2 En reprenant les notations du théoreme, pour toute fonction f uniformément

continue sur R, on a
lim i/fdu"—/fdu"
n—-+00

\ . —x2/2 S
ou v est la mesure gaussienne dv(x) = @(—f\/%—”)dr associée a .

Preuve: Soit ¢ > 0 et w > 0 un module de continuité pour f relativement a &,
ie. |f(x+u)— f(z)] < esiful < w. Fixons C > logl, et A, = {z,|z| < Cy/n}. En
appliquant le théoreme limite central a la somme de variables aléatoires S,, on obtient
pour tout n assez grand : p*"(A%) < ¢ et de fagon similaire v**(AS) < e. On peut
subdiviser A, en O(y/n/w) intervalles h; + I de longueur |/| = w. On obtient

l/fd“*n _/fdy*n / fdp — / Fdv| +

< ( O (h + 1) — v (b + I)| + 4e

<

< Ifl. <f>iupm*"<h+1>—u "+ )] + 4e

On peut maintenant appliquer la version uniforme du théoreme limite local de Stone
(théoréme 3.3), qui affirme que

hm Vnsup g (h+ 1) —v™(h+ 1) =0
heR

On obtient ainsi le résultat escompté. [J
Le théoreme ci-dessus découle aussitot de la combinaison du lemme précédent et de
I'observation suivante :
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Lemme 5.3 Soit p une densité de probabilité continue sur R. On suppose que f est une
fonction uniformément continue et bornée sur R telle que la limite suivante existe

1 /7
limf ./0 ft)ydt =1

quand |T| — +oc. Alors
lim /f(T:v)p(a:)da::l (4.32)
R

T—+00

Prewve: On choisit une fonction ¢ de classe C' sur R telle que ||p — ||, < . Soit
F(z) = [ f(t)dt une primitive de f. On écrit pour tout A4 > 0

A
/ f(Tz)p(z)dx = / f(Tr)p(x)dr +
R —A
ou |e1| < [|fll flmle p(x)dz. Puis on intégre par parties

A 1 A 1
/_ F(Tapola)ds = [LFT2)o(@), - / (T a)ds

et on fait tendre T vers +oc. Il vient

A

lim /:‘ f(Tz)p(x)dx = lxo(x)]?, —l/ r¢'(r)dx

T—+4oc0 —A
A
= l/ ¢(x)dx
-A

Comme A est arbitrairement grand, ¢ arbitrairement petit, et f bornée, on conclut
aussitot. [J

4.5.1 Exemple

Nous allons maintenant montrer a travers un exemple que les hypotheses du théoreme
ne peuvent étre affaiblies. Plus précisément, nous donnons un exemple de fonction C'*° sur
R vérifiant toutes les hypotheses du théoreme sauf la continuité uniforme, et pour laquelle
le résultat prédit par le théoreme n’a pas lieu.

Nous renvoyons a la section précédente pour la définition de la mesure p,, et du nombre
« obtenu & partir de deux suites (¢,,), et (hy), décroissantes vers 0. Nous reprenons ici
la méme construction pour la fonction f = ) f;, mais cette fois-ci avec a; = N7 % = let
b, = \/—lﬁj =Nl soita=0eth= 3. On fixe aussi ¢ = 1. Ainsi b > . Et la suite (g,),, est
a nouveau définie en posant £, = n~° tout comme la suite (h,),, définie par h,, = e™".

153



Soit a; = N; “et b; = N[b. La fonction f est bornée, de classe C*°, et les moyennes de
Cesaro tendent vers 0 asymptotiquement car, quand j tend vers +oo,

10 M— Zab % ZN‘I—_’O

z<] J i<j z<j

Mais f n’'est pas uniformément continue sur R. Cependant,

E(f(Sn,)) = P(Sw, € \/_; VNi]) >

pour une constante ¢ > 0 déterminée par le théoreme central limit. D’ou

lim sup / fdu™ >0

n—-+0oo

bien que quand |T'| — 400, lim 7 fOT f(t)ydt = 0.

4.5.2 Equidistribution de marches aléatoires

Le théoreme 5.1 permet d’obtenir un résultat d’équidistribution probabiliste des que
I'on dispose du résultat déterministe correspondant. Plus précisément, soit X un espace
localement compact et (¢;); un flot agissant contintment sur X en y préservant une
mesure borélienne finie m. Le corollaire qui suit montre que si la trajectoire d'un point
x € X par le flot est équidistribuée par rapport a m, alors toute marche aléatoire centrée
le long de cette trajectoire s’équidistribue de la meéme fagon. On fixe une mesure de
probabilité u centrée et apériodique sur R avec un moment d’ordre 2 fini et S, la marche
aléatoire de loi pu" associée.

Corollaire 5.4 Supposons que la trajectoire (¢y)ier - * soit équidistribuée par rapport a

m. c¢’est-a-dire
1 [T :
lim = cx)dt = y)dm
iz [ s aa = [ ()

pour toute fonction continue a support compact f sur X. Alors on a aussi

lim E(f(¢s, -z /f Ydm(y

n—-+0o00

La preuve découle aussitot du théoreme 5.1 appliquée a la fonction ¢ — f(¢; - x) qui
est bornée et uniformément continue sur R, puisque f est a support compact. Dans cet
énoncé, le fait que p est centrée est essentiel.



4.6 Cas multi-dimensionnel

Tous les résultats précédents s’étendent sans difficulté au cas multi-dimensionnel. On
énonce ici principaux théorémes valides sur R%, d > 1. Le cas échéant, on indique les
modifications a apporter aux démonstrations.

On se place sur R? o1 I'on note ||z||la norme euclidienne et z - y le produit scalaire
de deux vecteurs. On considére une mesure de probabilité p sur R? qui est centrée et
possede un moment d’ordre 2, c¢’est-a-dire

/ el du(z) < oo

La loi pu se trouve donc dans le bassin d’attraction d’une certaine loi gaussienne, que
I'on note v. De plus on fera I'hypotheése que pu est apériodique sur RY, ¢’est-a-dire que le
support de u n’est pas contenu dans un sous-groupe fermé propre de R%. Cette condition
équivaut a la suivante

vt € R\{0} |a(1)] < 1

ou fi(t) = [e*"du(x).

De maniére analogue, on note {z} la distance du point z € R% au réseau Z? et [x] un
point de Z?¢ qui minimise la distance a .

Enfin S, = X, + ... + X,, est & nouveau la marche aléatoire somme des variables
indépendantes X; qui sont toutes de méme loi p.

La définition des mesures diophantiennes s’étend aisément au cas multi-dimensionnel.
Soit lun réel > 0 :

Définition 6.1 Une mesure de probabilité sur R? est dite |-diophantienne s'il existe
un réel C > 0 tels que pour tout v € R? assez grand en norme,

C
inf/ r-a+yYdu(a) > —
inf /1 }odp(a) il
et p est dite diophantienne si elle est [-diophantienne pour un certain l.

De méme, p est [-diophantienne si et seulement s’il existe C' > 0 telle que pour tout
x assez loin de zéro o

T
]

Ainsi p est diophantienne si et seulement si u * p~! est diophantienne. De méme, i est
diophantienne si elle (ou une de ses puissances) n’est pas étrangere a la mesure de
Lebesgue. Et lorsque p est a support fini, la condition devient une condition sur le
support S de p uniquement.

()] <1
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L’analogue multi-dimensionnel de la construction faite au paragraphe (4.2.2) consiste
a considérer les fonctions suivantes. Soit @ = (1, ...,z4) € R?, on pose pour p > d

d 1 . 5 . an,
Blz) = (Z 7 5in (mvl)> Z W

i=1 nezd

Comme auparavant, 3 est dans L!'(R?)des que la suite (a,) € ¢'(Z%) et dans ce cas
B est a support compact d’apres le théoreme de Paley-Wiener. De plus, si a, est un
O(”n—hz,,—) au voisinage de U'infini, alors ((z) est un O(“I—”%p_—d) Ainsi Fest de classe C! des
que 2(p —d) > L.

De plus, si les a, sont tous > 0 et non tous nuls, alors § est strictement positive sur
R? et de plus on a §(r) > ]

Pour toute fonction f on définit C*(f) et C*(f) par

Ck — D? k — - fl. B £
(F) = max | D, Cr(f) = | max 3 [leafl. [ D],
ol a = (1, ..., 7;) avec chaque i; entier compris entre 1 et det |af :=[.

L’analogue des théoremes (2.7) et 2.9 s'énonce de la facon suivante. La preuve est la
meme.

Théoréme 6.2 Soit ;1 une mesure de probabilité centrée sur R ayant un moment d ordre
r 4+ 2 fini et une matrice de covariance K. Soit | > 0. On suppose j l-diophantienne.
Alors il existe un réel kg = ko(l) > 0 tel que pour toute fonction f de classe C* avec
k> ko

(i) si C*(f) < +o0, alors

BUf(50) = 3 = / Fav By @)g(a)de + CH(f) - of )

(ii) st CE(f) < +o0, alors
[r/2]

(2nn) VAT KE(f(S0) = 3~ (£, Q) gaque) + CE(F) - of

npP

1
nr/2

)

p=0

ou les P, (resp. Qp) sont des polynomes de Ry, ..., xzq4] de degré total < 3p (resp. 2p)
qui ne dépendent que des moments de pu d’ordre < p + 2, et les constantes intervenant

dans les o() ne dépendent que de r et de u (g est la densité de la gaussienne v associée
d,u) OTLG,POZQO:l.

De méme le théoreme (2.11) a la généralisation ci-dessous. Le contre-exemple interve-
nant dans la preuve se généralise a l'identique en faisant intervenir la fonction J introduite
ci-dessus.
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Théoréme 6.3 Soit ;i une mesure de probabilité sur RY centrée, et ayant un moment
d’ordre 3 fini. Alors u est diophantienne si et seulement s’il existe un entier ko > 0 tel
que pour toute fonction f a support compact et de classe C* (k > ko) sur R, on a

1
nld+1)/2 )

/f(t““')dﬂn_/f(tnt-)du"

sup
teR4

:O(

Le résultat sur les écarts modérés et le théoreme local s’étendent eux aussi avec la
méme preuve au cas multi-dimensionnel.

Théoreme 6.4 Soit r un entier > 1. Supposons que ju est une mesure de probabilité sur
R?, centrée, de matrice de covariance K = Id et qui posséde un moment d’ordre v + 2
fini. Alors pour tout ¢, 0 < ¢ < r, on a uniformément en x pour 1 < x < +/clogn

. P(ISu|| > zv/n)
R NED

=1

ou N, de loi v, est une variable gaussienne centrée de matrice de covariance K.

Le théoréme de Stone (3.3) est valide sur RY (voir [Sto]) et énonce que pour tout
rectangle R = [[[—si, si] (s1, ..., 84 > 0)

sup [p"(R+z) —v"(R+7)| <
z€Rd

ol £, () est une suite tendant vers 0 et ne dépendant que de p. La preuve est parfaitement
analogue au cas d = 1. Le théoreme 3.2 reste aussi vrai sur RY. Ainsi

Théoréme 6.5 Si p est une mesure centrée et apériodique sur RY, de matrice de cova-
riance K = Id et admettant un moment d’ordre r > 2 et v la loi gaussienne associée.
Soit R = [][—si, si] un rectangle borné centré en 0 et s = maxs;. Alors pour tout x € R?

lim £ (R +2)

— =1 4.
A R 1) (4.33)

De plus, siT > 2 (resp. 7 = 2) pour tout ¢ €]0,r — 2[, la limite (4.33) est uniforme en x
et s quand ||z|| + s < V/enlogn (resp. ||z|| + s = O(y/n)) et tous les s; sont minorés par
un réel > 0.

Si de plus 1 vérifie la condition de Cramér, alors il existe 6 = 6(u) > 0tel que la
limite (4.33) est uniforme quand |z| + s < y/cnlogn (resp. |z|+s= O(y/n) sir =2) et
tous les s; sont minorés par e=".

Le théoréme (4.1) admet une généralisation évidente & R?, et la preuve est identique
en substituant la fonction 3 ci-dessus a celle sur R. Ainsi
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Théoréme 6.6 Soit f une fonction Riemann intégrable sur R telle que
Z max | f(z)| < +o0
[2]=n
nezd
Alors on a le théoreme limite local pour f, c’est-a-dire que
11111 (2mn)¥?V/det K /fdu /f
n—-+00

L’analogue du théoreme 4.5 est le

Théoréme 6.7 Soit ju une mesure de probabilité centrée sur R et | un réel > 0. On
suppose de plus que j posséde un moment fini d’ordre 3 + det on note v la mesure
gaussienne associée. Enfin, on suppose que p est l-diophantienne. Soit ko un entier tel
que ko > 31/2 + 1. Alors toute fonction f définie sur R? et telle que f et toutes ses
dérivées jusqu’a 'ordre ky sont bornées vérifie la relation suivante

[ sae = [ gar=of [ 1f1avm

En particulier, si f > 0 non identiquement nulle
[ fap"
J fdl/”

Si l'on suppose de plus que p vérifie la condition de Cramér, alors (4.25) et (4.26) sont
vérifiées pour toute fonction f holdérienne bornée sur R?.

Enfin, le théoreme de la derniére section s'étend facilement & R?en procédant de
facon similaire en deux étapes. Le premier lemme utilise la version multi-dimensionnelle
du théoreme local uniforme de Stone, rappelée au début de cette section. On a

Théoréeme 6.8 Soit 11 une mesure de probabilité sur R centrée, apériodique et ayant
un moment d’ordre 2 fini. On suppose que f est une fonction uniformément continue et
bornée sur RY telle que la limite suivante existe

T Ty
t)dt = ¢
Td/ f)

quand |T;| — +oo pour tout i = 1, .., d. Alors

L’application a 'équidistibution des marches aléatoires s’étend verbatim aux flots
multi-dimensionnels.

Remerciements 6.9 Je remercie vivement Martine Babillot pour ses remarques enri-
chissantes sur une version antérieure de l'article et pour ['attention qu’elle a portée,
malgré la maladie, a ce travail.
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Chapitre 5

Introduction

The second part of this dissertation is devoted to the study of some aspects of dense
subgroups of Lie groups. We present here two articles written jointly with Tsachik Gelan-
der (Hebrew University, Jerusalem) about dense free subgroups of Lie groups. Needless
to say, dense subgroups of Lie groups and more generally dense semi-groups have not
been the object of as many studies as discrete subgroups of Lie groups. Nevertheless, they
appear in different parts of mathematics, most notably in the Banach-Tarski paradox
and related problems [107], [84], the theory of amenable actions [178], of Riemannian
foliations [39], [80], and of profinite groups [50]. Other examples are Mosher’s theory of
laminable actions [122], or the existence of Kazhdan groups with no uniform Kazhdan
constant [61].

The main result here is what we call “a topological Tits’ alternative”. Given a real Lie
group G it says that any dense subgroup of GG contains a non-commutative free subgroup
which is still dense in G, unless there is an obvious reason why this may not happen,
that is when the connected component of the identity G° is solvable. Actually, our full
result generalizes this to an arbitrary closed subgroup G of GL, (k) where k is any local
field, i.e. the field of real numbers, complex numbers, a finite extension of the field of
p-adic numbers, or a field of formal Laurent series with coefficients in a finite field. This
question was first asked by Carriére and Ghys in [40], and was communicated to us by
Lubotzky. As I will try to show, this result has many applications to different questions
arising in the subjects mentioned above. In particular, it provides a short proof, as well
as a generalization, of a theorem of Zimmer [178] which was first conjectured by Connes
and Sullivan. As an easy corollary, we also answer a question of Carriere [39] about the
so-called “local growth” of dense subgroups. Finally we prove a conjecture of Dixon,
Pyber, Seress and Shalev about the profinite completion of linear groups.

The goal of this introduction is two-fold. First, I would like to present the main
results as well as some of the main ideas of the proof by giving a short and, as far as it
is possible, self-contained sketch of the proof of a somewhat weaker statement, i.e. the
existence of a non-discrete free group on two generators. Second, I want to show in more
details how the result can be applied to the different issues mentioned above. In the end,
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I ask a few questions and problems related to dense subgroups.

This work consists of two articles. The first deals exclusively with the real connected
case. In the second paper, we handle the general case, in which additional difficulties
arise, and provide some applications. The two papers are appended at the end of this
introduction.

5.1 Statement of the main results

In his 1972 paper [167], Tits showed his famous alternative about linear groups.
Let k be any field and I" be a finitely generated subgroup of GL,(k), then either T’
contains a solvable subgroup of finite index (i.e. is virtually solvable), or it contains a
non-commutative free group on two generators. The assumption that I' is finitely gene-
rated can be removed when the characteristic of &k is 0. This important theorem was first
conjectured by Bass and Serre. Among other things, it implies that finitely generated
amenable linear groups are virtually solvable (see [47]) and it shows the dichotomy po-
lynomial growth vs. exponential growth for linear groups (see [176]). We will come back
to these two facts in later sections.

In fact, what Tits really showed is the following theorem :

Theorem 1.1 Suppose T' is finitely generated and let G be the Zariski closure of I' in
GL, (k). Then either the Zariski connected component G° of G is solvable, or I contains
a non-commutative free subgroup on finitely many generators which is Zariski dense in

G°.

This can be deduced from the methods of [167], where G was assumed Zariski-
connected semi-simple ([167] Theorem 3, see also 5.2.3 below). What we propose here is
a topological analogue of this statement where the Zariski topology is replaced by the
standard topology arising from the field £ which is assumed to be local. More precisely,
let k be a local field, i.e. R, C, a finite extension of Q,, or Fy((t)). Let I' be any subgroup
of GL, (k). We consider I' as a topological group with topology induced by the natural
topology on GL, (k) coming from the field k. Then our main result reads :

Theorem 1.2 FEither T' contains an open solvable subgroup, or I contains a dense free
subgroup.

It should be emphasized here that the terms “open” and “dense” refer to the topology
on the group I' that was just defined above. It may happen that no finitely generated
subgroup of I is dense in I', in this case the free subgroup we obtain has to have infinitely
many generators. But when I itself is assumed to be finitely generated, then the dense
free subgroup can be taken to be finitely generated too. We can also give some bound
on the minimal number of generators of a dense free subgroup (see [32] Theorem 4.7.).
Finally we also have the following easier result :
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Theorem 1.3 The following two conditions are equivalent :
(7) T has no open solvable subgroup.
(i2) T contains a free group F» on two generators which is non-discrete in G Ly, (k)

Let us specialize I" in the last theorem in order to fix ideas and give some consequences.
Let G be the closure of I" in GL, (k).

— Suppose T is closed (i.e. ' = G) and k£ = R. Then Theorem 1.2 says that if the
connected component G° of the Lie group G is not solvable (this is equivalent
to saying that G contains no open solvable subgroup), then G contains a dense
free subgroup. Moreover if G/G° is finitely generated, then we can find in G a
free group on finitely many generators. The existence of dense free subgroups in
real Lie groups was first studied in some detail by Kuranishi in [102], where it is
shown that a connected perfect real Lie group whose Lie algebra is generated by
2 elements contains two-generated non-commutative dense free subgroups. Using
Tits" alternative and an easy Baire category argument already present in [102], it
is easy to show that any non solvable connected real Lie group contains a dense
free subgroup on finitely many generators (i.e. of finite rank). Nevertheless, if G is
not connected this argument fails and Theorem 1.2 is needed.

— We get that SL,(Q,) contains a dense free subgroup of finite rank. This fact has
an interesting application found in [4], namely that the free group F, contains a
proper subgroup H which surjects on every proper quotient of F5.

— Suppose now that I' is finitely generated and that G, the closure of I, is a connec-
ted non-solvable real Lie group. Then by Theorem 1.2, we can find finitely many
elements in I' which generate a free group which is still dense in G. In [31] we
show that we can even take less that 2dim G generators. This was asked in [40]
and proved in the same note for G = SLy(R). The proof in the SLy(R) case fol-
lows easily from the ideas of the proof of the Tits alternative by taking the two
free generators to be two conjugate elliptic elements (and there are many such in
SLy(R) since the set of elliptic elements is open). In the general case this method
fails and other arguments are needed, because the free group obtained in the proof
of Tits’ alternative (generated by large powers of semi-simple elements to produce
so-called proximal elements) is in general discrete in G.

— When G is semi-simple, then two elements are enough to generate a dense free
subgroup in a given dense subgroup I'. In particular, there are two matrices A and
B with determinant 1 and with rational coefficients, which generate a dense free
group in SL,(R).

5.2 About the proofs

The proof results from the combination of the study of two relatively independent
problems : find generators of a dense subgroup (this highly depends on the field &,
with essentially three cases : archimedean, non-archimedean in char(k) = 0, and non-
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archimedean in char(k) = p), and find generators of a free group (the method works
for an arbitrary field). The main strategy of the proof is to make use of the fact that
in many cases, when we perturb generators of a dense subgroup of G (in the topology
of GL,(k)), the new elements continue to generate a dense subgroup. We then find a
perturbation of the generators which gives rise to generators of an abstract free group.

5.2.1 Generating dense subgroups

Let G be a closed subgroup of GL, (k) where k is a given local field. We want to find
a criterium for a given k-tuple g1, ..., gr of elements in G to generate a dense subgroup
of G. This depends on whether k is archimedean or not.

Suppose k is archimedean, that is, G is a real Lie group. The problem of determining
when two given elements of G generate a non-discrete, or dense, subgroup is usually
a hard question. For SLy(R) the monograph [64] gives a rather complete method to
answer this question. The famous Jorgensen inequality [93] is a basic tool. Nevertheless,
in general we have the following properties :

Proposition 2.1 Let G be a connected semi-simple real Lie group. There exists a neigh-
borhood of the identity U in G on which log = exp~! is a well-defined diffeomorphism,
such that for any x,y € U, the pair {z,y} generates a dense subgroup of G if and only
if the pair {log(z),log(y)} generates Lie(G) as a Lie algebra. In particular “generating
a dense subgroup of G” is an open condition on G x G.

The main idea behind this lemma, already present in [102] is to use the Kazhdan-
Margulis-Zassenhaus lemma about commutators in Lie groups. Note that semi-simple
Lie algebras are always generated by two elements ([102]). The method actually yields

a little more. We call G topologically perfect if the commutator group [G, G] is dense in
G.

Proposition 2.2 Let G be a connected topologically perfect real Lie group with Lie al-
gebra g. Then there is a neighborhood of the identity Q C G, on which log = exp™! is a
well defined diffeomorphism, such that g1, ..., gm € (1 generate a dense subgroup whene-
verlog(g1),...,log(gm) generate g as a Lie algebra. Hence “generating a dense subgroup
of G” is an open condition on G™.

Observe (see [31] example 2.2) that the converse may not be true : there may exists
dense proper immersed Lie subgroups in a topologically perfect Lie group. And note that
if G is not topologically perfect, this proposition always fails since G has a non-trivial
homomorphism to the circle. As a corollary, we also obtain :

Corollary 2.3 Let G be a connected Lie group and I' < G a finitely generated dense
subgroup. Then T' contains a dense subgroup on 2dim G generators. If G is compact then
I’ contains a dense subgroup on dim G generators.
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Suppose now that k is non archimedean and Oy is its ring of integers. Let G be a
closed subgroup of GL, (k). Then G(Oy) := GL,(Ox) NG is a profinite group. If k is a
finite extension of @Q,, then G(Ok) is an analytic pro-p group (see [49]). In particular,
it is topologically finitely generated (i.e. contains a finitely generated dense subgroup).
In such groups, it is easy to generate dense subgroups. Let H be a topologically finitely
generated pro-p group. Let F' be its Frattini subgroup, that is the intersection of all
maximal open subgroups of H. Then we have the following fact (see [49)]) :

Proposition 2.4 The Frattini subgroup F of H is open (hence of finite index) and
normal in H. Moreover, if {x1,....x,} is a set of representatives of the cosets of F in
H, then {zy,...,x,} generates a dense subgroup in H. In particular “generating a dense
subgroup of H” is an open condition in H", n = [H : F)|.

It follows that when £ is non-archimedean of characteristic 0 and G is a closed sub-
group of GL,(k), then “generating a dense subgroup of G” is an open condition.

When char(k) = p > 0, then G(Oy) is still a pro-p group, but it may not be topo-
logically finitely generated (for example the ring of integers Oy itself is not). This makes
things a little more complicated, but it is possible to reduce to Proposition 2.4 by first
considering a “sufficiently big” closed subgroup of G(Oy) which we choose topologically
finitely generated (see [32] 4.3).

5.2.2 Generating free subgroups

This is by far the harder part of the proof. I will not try to explain it here, but rather
refer to the next section where a sketch is given. Let me just mention that free subgroups
are generated via the well known “ping-pong lemma” (see [167] prop. 1.1) applied to T
acting on some projective space X via a suitable irreducible representation. Unlike in
Tits’ proof, where large powers of semi-simple elements are used to produce ping-pong
players, we show that players can be obtained easily once we have constructed contracting
elements and a separating set (see below). The main tool is the Cartan decomposition.

Lemma 2.5 (Ping-pong lemma) Let G be a group acting on a set X. Let a and b be
gwen in G. Suppose V,, Vo-1, Vi, and V-1 are subsets of X and p € X\(V,UV,-1 UV, U
Vi-1). Suppose further that the condition a(V,-x UV, U V-1 U {p}) C V, and the other
three corresponding conditions for a=', b and b= hold. Then the pair {a,b} generates a
free subgroup of G.

5.2.3 The non-connected case

In Theorem 1.1, Tits obtained a Zariski dense subgroup of the connected component
of the identity G°of the Zariski closure G of I'. As may be surprising at first glance,
showing that we can actually find a Zariski dense subgroup in the whole of G represents
a significant difficulty. In their remarkable paper [116] Margulis and Soifer, prove this
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result by first reducing to the case when G° is simple, and then treating each case
independently (D, being the most delicate). They derive from it (more accurately from
its proof) the following interesting fact : if I' is a non virtually solvable finitely generated
linear group, then I' contains maximal subgroups of infinite index, even uncountably
many such (if I" is virtually solvable, then all maximal subgroups have finite index).

In the proof of 1.2, we face the same problem when the Zariski closure of I" is not
connected. Observe, that in this problem, we cannot reduce to a finite index subgroup.
Most of the difficulty here is to pass from a free subgroup dense in some finite index
subgroup of I' to a free subgroup dense in the whole of I'. This occupies a large part of
[32]. Our proof does not use the classification of simple groups but uses finite dimensional
representation theory of semi-simple algebraic groups (heighest weights). In particular
we have to consider the problem of determining when a given irreducible algebraic re-
presentation of the Zariski connected component of the identity of some semi-simple
algebraic group extends to the full group. As it turns out, such representations are easily
characterized in terms of their Dynkin diagram and the action of automorphisms of the
Zariski connected component on the roots.

The non-connected case is crucial in the proof of the conjecture of Dixon-Pyber-
Shalev-Seress about the profinite completion of linear groups (see below Theorem 6.1).

5.3 Proof of existence of a non-discrete free sub-
group

In order to illustrate a part of the proof of our main Theorem 1.2 given in the papers
[31] and [32], we are going to explain here in detail a rather self-contained proof of the
following weaker statement :

Theorem 3.1 Let G be a real Lie group and I a finitely generated non-discrete subgroup
of G such that T is not solvable. Then T contains a non-discrete free subgroup on two
generators.

We start by observing that in this statement we can assume G connected and I" dense
in G.
5.3.1 How to find a non-discrete subgroup

The following lemma is a straightforward consequence of the classical Zassenhaus
lemma about commutators in Lie groups. Nevertheless, we present here another proof
using a packing argument suggested to us by Y. Guivarc’h.

Lemma 3.2 Let G be a connected Lie group. Then there exists a neighborhood of the
identity U in G, such that if two elements x and y in U generate a free group, then the
group (x.y) is not discrete.
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Proof: Let B, be the ball of radius r > 0 around the identity in G according to
some fixed left invariant Riemaniann metric. If d = dim G, then there are two positive
constants C, and Cs such that for all r < 1

Cyr? < wol(B,) < Cyr?

Let € > 0 and suppose that x and y lie in the ball B. and generate a free subgroup F
in G. Then, we claim that if ¢ is small enough, F contains a non trivial element inside
the ball Bs for § = ¢/3. This follows from a simple packing argument : by contradiction
suppose this were not the case, then the distance between two distinct elements of F
would be > 24. Let B(n) be the ball of radius n > 1 in the word metric in F' with
respect to the generating set {x*!,y*'}. Then B(n) contains 4 -3"~! + 1 elements and
B(n) C Bye.. Balls of radius 4 around points of F are disjoint, hence as long as n < 1/e,
we have

C13"6¢ < 3"wol(Bs) < vol(Bp.) < Cy(ne)?

We obtain a contradiction as soon as 3" > a—f(?m)d. This can happen if we choose ¢
smaller than some £(G) > 0 which can be explicitely computed from the constants d, C;
and Cs. The claim is proved.

Let a € B./3 be a non trivial element of F'. If € is small enough, then, clearly, for any
h € B; we have hB.;3h™' C B. ;5. Now conjugating a by either z or y, we obtain a non
trivial element b of F' in the ball B./, which does not commute with a. Hence F' contains
two generators of a free subgroup which lie in the ball B, ;. Iterating this process, we

see that I is not discrete. [

Remark 3.3 Since free groups are hopfian, and subgroups of free groups are again free
groups, any two non-commuting elements in a free group are the two free generators of
a free group F,.

With this lemma in hands, we can now concentrate on the problem of finding a pair
of generators of a free group lying in a small neighborhood of the identity in G. Clearly,
Theorem 3.1 follows from the above lemma and the following proposition :

Proposition 3.4 Let G be a connected non solvable Lie group and I a finitely generated
dense subgroup of G. Given any neighborhood U of the identity in G, one can find two
elements x and y in U NT which generate a free group F5.

We can obviously reduce to the case when G is semi-simple by dividing by the solvable
radical of G. Taking the adjoint representation, we can further assume that G is a closed
semi-simple algebraic subgroup of SL,(C). Finally, taking an irreducible composition
factor if necessary, we can assume that G (hence I') acts irreducibly on C"* and n > 2.
We can also assume that U is symmetric U = UL,
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5.3.2 How to find a free subgroup

We say that a given subset Q of SL,(C) is strongly irreducible if the subgroup
it generates acts strongly irreducibly on C" (i.e. does not fix any finite union of proper
subspaces). This is equivalent to saying that the connected component H° of the Zariski
closure of the group () generated by Q acts irreducibly on C". If n > 2, it implies easily
that H° is semi-simple (the radical R, being solvable, fixes at least one line in C" by
Lie’s theorem and [R, R] fixes a non zero vector ; since [R, R] is normal, the set of fixed
vectors is stabilized by the full group, hence is the whole of C", hence [R, R] is trivial
and the group reductive; by irreducibility, its center is trivial, so it is semi-simple).

Now observe that 2 := U NT is a strongly irreducible subset of SL,(C) which is
clearly Zariski dense in G. Since T is finitely generated, we have reduced Proposition 3.4
to the following one :

Proposition 3.5 (main proposition) Let R be a finitely generated subring of C and
Q a strongly irreducible subset of SL,(C) such that Q@ = Q1. Suppose elements of €
have all their matriz entries in R. If Q) is Zariski dense in the group () it generates,
then Q5 contains two elements which are generators of a free group F.

This proposition is the bulk of the proof. Observe that Tits’ alternative for fini-
tely generated subgroups of GL,(C) is a consequence of this statement. Like in the
standard Schottky-Tits argument, in order to produce a free group we have to ”play
ping-pong” on a suitable projective space. Players of this game are usually called proxi-
mal elements. They are projective transformations with a particularly nice action of
the projective space : they contract nearly the entire projective space (everything but
the e-neighborhood of some projective hyperplane, “the repelling neighborhood”) to a
small e-ball (”the attracting neighborhood”) disjoint from the repelling neighborhood. In
[167], Tits produces proximal elements by taking large powers of semi-simple elements.
We cannot apply this method here. In [1], Abels, Margulis and Soifer give another way
to produce proximal elements : via the Cartan decomposition. Our method is inspired
from theirs. I will not give the full proof of Proposition 3.5 here (see [31]), but I want to
sketch it and give the main ideas.

We need a little terminology. Let V' be a finite dimensional vector space over a local
field. Let [|-|| be the standard norm on k", i.e. the Euclidean norm if k is Archimedean
and ||(xy, ..., z,)|| = max; |z;] when k is non-Archimedean. This norm extends in the
usual way to A?k™. We define the standard metric on P(k") by

(o). w]) = 1222l

Al el

A pair of projective transformations a,b € PGL(V) is called a ping-pong pair if a,
a', b and b~! are proximal elements such that the attracting neighborhoods of a and
a™! (resp. of b and b~!) are disjoint from the repelling neighborhoods of b and b= (resp.
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of a and a!). By the well-known ”ping-pong lemma”, if two elements form a ping-pong
pair, they generate a free group F,.

By a contracting element (more precisely e-contracting, ¢ > 0), we mean a pro-
jective transformation that maps the complementary of a repelling neighborhood (i.e. an
e-neighborhood around some projective hyperplane) to an attracting neighborhood (i.e.
an g-ball around some point), with no assumption of disjointness of the neighborhoods.
Finally, we shall say that a finite set S C PGL(V) is an r-separating set (for some
r > 0)if S = S! and for every choice of 4 points v, ...,v4 in P(V) and 4 projective
hyperplanes Hy, ..., Hy there exists v € F such that

1 ~. . ~ -1 . .
(in {d(yvi, Hy), d(v™ v, Hy)} > .
where d is the standard distance on the projective space.
The following easy geometrical lemma (see [31] prop. 3.8 and 3.11) says that a se-

quence of €,-contracting elements (¢, — 0) and a separating set are the only two ingre-
dients needed to produce a ping-pong pair.

Lemma 3.6 Let r > 0 and S be an r-separating set. Then there is g = £o(r) > 0 such
that for any e-contracting element v with 0 < € < &y, one can find hi,hy € S? and
g1. g2 € S? such that {h1vg1, hovgs} form a ping-pong pair and hence generate a free
group F,.

Hence if we can find a separating set S inside €2 and e-contracting elements inside
Qtoo, with £ arbitrary small, then Proposition 3.5 is proved.

The main geometrical idea behind this lemma is the following principle : if g is a
contracting element (with v, a point in the attracting neighborhood and H, a projective
hyperplane in the repelling neighborhood) and f is some other projective transformation,
then fg (resp. gf) will also be a contracting element : its attracting neighborhood will
be a small ball around fuv, (resp. vy) and its repelling neighborhood will be around H,
(resp. f7'H,). It is now clear why a separating set is needed : to isolate attracting and
repelling neighborhoods from one another, hence giving rise to a ping-pong pair. Let us
now focus on how to produce a separating set and contracting elements inside €.

5.3.3 Change of field

The existence of a finite separating set in €2 is easily granted by the assumptions that
() is a strongly irreducible subset and is Zariski dense in the group () : basically if no
separating set existed, then © would have to lie in a proper Zariski closed subset (see
[31] Lemma 4.3).

To get e-contracting elements, we first need to observe the following fact, which allows
to encode this geometrical information into an algebraic quantity (see [31] prop. 3.3) :
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Lemma 3.7 A projective transformation g € PSL,(k) is contracting if and only if
la1(g)/as(g)| is large, where (ay(g),...,an(g)) are the diagonal coefficients of the A-
component ag of g in its Cartan decomposition g = kiagks.

The Cartan decomposition for SL, reads SL,(k) = KAK where K is a maximal
compact subgroup and A consists of diagonal matrices with ordered coefficients; it is
valid over any local field (see [31] section 3).

In order to produce a sequence of ¢,-contracting elements inside €2, we may have to
change field. Indeed, e-contracting elements g € PGL, (k) are large (because |a;(g)] is
large) in the topology of PGL,(k), but © may be bounded in SL,(C). Thus if we want
contracting elements in €2, we should first be concerned with making €2 unbounded. This
is done via the following lemma (see [32] prop. 2.1), which provides a handy generalization
of Lemma 4.1. in [167].

Lemma 3.8 Let R be a finitely generated subring of C, F the subfield of C it generates,
and I an infinite subset of R. Then there is a field embedding o : F — k where k is a
local field, such that o(I) is unbounded in k.

In the proof of this lemma!, there are two extreme cases whose combination leads to a
proof of the general case : that is when R is integral over Z, and when R is isomorphic to
the ring of polynomials Z[X]. The first case is easily dealt with if we consider the diagonal
embedding of R into the ring of adeles of F. Our proof of the second case reduces to the
following striking lemma, first due to Polya (see [133], his proof used potential theory) :

Lemma 3.9 Let P € C[X] be a monic polynomial, then
area{z € C, |P(z)| <1} <7

where the area is the standard Lebesgue measure on C.

In [32], Lemma 2.2, we give an elementary proof that this area is uniformly bounded.
The constant obtained, 7e, is not the best possible but the method works for an arbitrary
local field and a uniform bound independent of the degree of the polynomial is all we
need.

Let us see how to apply Lemma 3.8 to our situation. Since 2 is infinite and all its
matrix coefficients lie in a finitely generated subring of C, Lemma 3.8 shows that there
is some local field k (of characteristic 0) such that if we apply this field isomorphism
o to all matrix coefficients of (2, we get a set, that we still call £ which is unbounded
in SL,(k) (also note that Q remains strongly irreducible on k™ and Zariski dense in

!Observe that, as an immediate consequence of this lemma, we obtain the following fact due to
Zimmer (see [181] and [84]) : if a countable subgroup of SU»(C) (resp. SO3(R), SO4(R), or SLy(Oy)
for k local non archimedean) has Kazhdan property (T') then it is finite. Indeed, every Kazhdan group
acting by isometries on a tree or on the real (or complex) hyperbolic plane fixes a point. The lemma
can also be used as a substitute for Lemma VIL.6.1 in [114].
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(€2)). This implies that the set {|a;1(g)|x, g € 2} is unbounded. If, additonally, the set
{lai(g)/a2(9)|x, g € 2} were unbounded, then we would be done : by Lemma 3.7 we
would have obtained e-contracting elements in €2 with € arbitrary small. If not, then we
have to consider one of the n wedge power representations : i.e. make Q act on A*(k")
for 1 < i < n instead of just k. Then for at least one i, the set {|a;(A'g)/as(Aig)|x,
g € Q} is unbounded. However, €2 may not be strongly irreducible when acting on A(k™).
We then have to find an irreducible subrepresentation p for which {|a;(p(g))/a2(p(9))lk,
g € Q} is unbounded. There always exists one such, because the Zariski closure of
is a semi-simple algebraic group defined over k (which we can always assume Zariski
connected), hence is completely reducible (see [31] Lemma 4.2).
The proof of Proposition 3.5 and Theorem 3.1 is now complete.

5.4 Applications to amenable actions

A famous conjecture of Von Neumann from 1929 was to determine whether a finitely
generated non-amenable group contains a free subgroup F5. Tits alternative gives a
positive answer for linear groups. However, as Olshanskii first proved in [129], there are
examples of non-amenable finitely generated groups with no non abelian free subgroups.

Similarly, an important corollary of the Tits alternative is the characterization of
finitely generated amenable linear groups as virtually solvable linear groups. This fact is
actually easier than Tits’ alternative. In [154], Shalom gave a very slick argument, which,
by means of Lemma 3.8 can even be shortened as follows :

Theorem 4.1 Let I' C GL,(K) be a finitely generated linear group. Suppose I' is ame-
nable, then I' is virtually solvable.

Proof: Suppose I is not virtually solvable but is amenable. Let G be its Zariski closure
with connected component of the identity G°, and let I'° = ' G°. This is a subgroup of
finite index of I', hence still amenable and non virtually solvable, hence we can assume
[' = T'°. The semisimple part of G is non trivial and has an irreducible representation
on some K, n > 2. Hence we can suppose that I' C SL,(K) is strongly irreducible.
Let R be the ring generated by the matrix entries of the (finitely many) generators of
I'. According to Lemma 3.8 there is an embedding of R into a local field k such that T’
becomes unbounded in PGL, (k). But I' is amenable, hence fixes a probability measure
o on P(k™). By Furstenberg lemma (cf. [179] Lemma 3.2.1), x must be supported on two
projective hyperplanes. This contradicts the strong irreducibility of I'. [J

5.4.1 Definitions

We are now going to present the original motivation for our main Theorem 1.2.
Considering that the last statement is a direct corollary of the Tits alternative, it is not
surprising that Theorem 1.2 also has a corollary of a similar nature. Namely, we obtain
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a characterization of amenable pairs (I', G) (where IT" is a countable subgroup of a closed
subgroup G C GL,(k)) as pairs (I', G) where T contains an open solvable subgroup.

Let us recall a few definitions. Let (.S, u) be a regular Borel space and G a separable
locally compact group together with a Borel right action of G on S by Borel automor-
phisms of S which preserve the measure class of . The action is said to be amenable
(equivalently S is an amenable G-space) if one of the following equivalent conditions
holds :

(i) every Borel bundle over S with compact affine fibers has a G-equivariant section.

(1) there exists a G-invariant mean L®(G x S) — L>(S5).

(iii) the representation of G on IL?(.S) is weakly contained in the regular representation
of G and there exists a G-invariant mean from L>*(S x S) — L>(S).

Let us be a little more precise. Condition () was historically the first definition of
amenability of an action as it was introduced by Zimmer (see [180] and [179]). By a
Borel bundle with compact affine fibers, we mean the data given by a separable Banach
space E, together with a cocycle a : S x G — Iso(E) into the isometries of E and a
Borel field {A;}scs of compact convex subsets of the unit ball of the dual E* (varying
in a Borel manner) endowed with the weak-* topology such that for every g € G we
have a(s,g)Asy = Ag for almost all s € S. A G-equivariant section is a Borel map
¢ : S — {As}ses such that ¢(s) € A, for almost all s € S and a(s, g)¢(sg) = ¢(s) for
every g € G and almost all s € S.

If X — Y is a Borel G-map preserving the measure class between two Borel GG-spaces
X and Y, we define a G-invariant mean m : L>(X) — L>®(Y) to be a positive L>*(Y')-
linear map (i.e. linear with respect to those elements of L°°(X) which are pull-backs
of elements in L*(Y) via the above G-map) which sends the constant 1 on X to the
constant 1 on Y and is G-equivariant in the sense that m(g- f) = ¢g-m(f) for all g € G
and f € L*(X). The equivalence between (ii) and (i) was first proved for discrete G by
Zimmer (see [182]) and subsequently in full generality by Adams, Eliott and Giordano
(cf. [2]). Finally the equivalence between (7) and (¢i¢) was proved first by Nevo (cf. [128])
in a special case, then by Anantharaman (cf. [12]) in full generality.

For basic properties of amenable actions see the books [179] and [121] II.5. Among
these, we shall underline the following : let G be a separable locally compact group
endowed with its standard Borel structure given by a Haar measure, and let I' be a
subgroup of G endowed with the induced topology,

— A group G is amenable if and only if it acts amenably on a point. If so, it acts

amenably on any G-space.

— If H is a closed subgroup of G then every amenable G-space is also, by the restricted

action, an amenable H-space.
— If T — S is a G-equivariant map between Borel G-spaces and S is amenable, then
T is amenable.

— Any subgroup I' of G acts amenably on G by left translations if and only it acts
amenably on G/P, where P is a given closed amenable subgroup of G.

— Any subgroup I' of G acts amenably on G if and only if it acts amenably on its
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closure T.
— Suppose S is a Borel G-space and N < G is the kernel of the action. Then G acts
amenably on S if and only if G/N acts amenably on S and N is amenable.
Zimmer also defined the concept of an amenable pair of G-spaces (X,Y). In our
situation, saying that the pair (I', G) is amenable is equivalent to saying that I' acts
amenably on G.

5.4.2 The Connes-Sullivan conjecture

Let us now come back to the main point of this section. As was already mentioned
above, Theorem 1.2 answers a question first asked by Carriére and Ghys in [40] in the
case when G =T'. In their note, they made the following observation :

Proposition 4.2 (Carriére-Ghys [40]) Let G be a locally compact group and I' a
subgroup of G. Suppose I' contains a free subgroup on 2 generators which is not discrete
i G. Then T does not act amenably by right translations on G.

Clearly, the analogous statement holds if we consider the action of I' by left transla-
tions. For completeness, let us give a different argument from that in [40] using Zimmer'’s
definition of amenability.

Proof: By the property of amenable action stated in second above we can assume
that T itself is the non-discrete free group. Suppose I' = (z,y) acts amenably on G. By
Proposition 4.3.9 in [179], it follows that there exists a ['-equivariant Borel map g — my
from G to the space of probability measures on the boundary OT', i.e. the set of infinite
reduced words (read from right to left), with its standard topology and Borel structure.
Let X (resp. Y) be the set of infinite words starting with a non trivial power of x (resp.
y). Let (&,) (resp. 6,) be a sequence of elements of I tending to the identity element in G
and consisting of reduced words starting with y (resp. y~!). By the converse to Lebesgue’s
dominated convergence theorem, up to passing to a subsequence of (), if necessary, we
have that for almost all g € G, mgye, (X) and myg, (X) converge to my(X ). However, for
almost every g € G, mge, (X) = my(£,X) and mgyg, (X) = my(6,X). Moreover X&, and
X6, are disjoint subsets of Y. Hence, for almost every g € G, 2my(X) < mgy(Y'). Since
we also have

mg(X) +my(Y)=1 (5.1)

we obtain my(X) < 1/3 for almost every g € G. Reversing the roles of X and Y we get
mg(Y') < 1/3. This is a contradiction to (5.1). O

Hence, to show the non amenability of the action, it is enough to exhibit a non-
discrete free subgroup. Carriere and Ghys’ goal was to prove the following result which
was first conjectured by Connes and Sullivan, then subsequently proved by Zimmer in
[178] using a completely different method which made full use of ideas from Margulis’
super-rigidity theory :
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Theorem 4.3 (Zimmer) Let G be a connected Lie group and T a cc_)_untable subgroup
of G. Then ' acts amenably on G by left translations if and only if T, the connected
component of the identity of the closure of T', is solvable.

In this theorem, the “if” part follows easily from the basic properties of amenable
actions. In the same note, Carriere and Ghys show this theorem in the case G =T =
S Ly(R) by showing this existence of non-discrete free group inside a given dense countable
subgroup.

Now Theorem 1.3 shows that the Carriere-Ghys approach to the Connes-Sullivan
conjecture can be carried out successfully. Moreover, we can generalize this to an arbitrary
locally compact group (see [32] Theorem 7.3.) :

Theorem 4.4 Let G be a locally compact group and ' a countable subgroup of G. Then T
acts amenably on G (or, equivalently on G/ P, with P closed amenable) by left translations
if and only if T' contains a relatively open subgroup which is amenable as an abstract
group.

For the special case of actions by isometries, this reads :

Corollary 4.5 A countable subgroup of isometries of a symmetric space, or a locally
compact Bruhat-Tits building, acts amenably on it if and only if it contains an open
solvable subgroup.

As was already noted in [178], this theorem implies a classical result of Auslander
(see [137] 8.24) : if T is a discrete subgroup of a Lie group G and R < G a closed normal
solvable subgroup, then 7r—(I“—)o is solvable, where 7 : G — G/R. In particular if T is
Zariski dense in G (G algebraic) and R is the radical of G, then (") is still discrete.
In [136] the case of algebraic groups over a non-archimedean local field is treated. More
generally, we obtain :

Corollary 4.6 Let G be a locally compact group and R a closed normal amenable sub-
group. If a countable subgroup I in G contains an open subgroup which is amenable (as
a discrete group), then the image of I' in G/R also contains a open subgroup which is
amenable (as a discrete group).

5.5 Applications to Riemannian foliations and local
growth

The notion of growth of a finitely generated group was first studied in some detailed
by Milnor and Wolf (see [119], [176]), where it is shown among other things that the
growth of a finitely generated solvable group is either polynomial or exponential. It is
also asked whether this dichotomy holds for an arbitrary finitely generated group. As is
well-known it does not hold, and examples of groups with intermediate growth were found

173



by Grigorchuk (see [69]). Nevertheless, as it follows from the Tits alternative (combined
with Milnor-Wolf’s result for solvable groups), the dichotomy holds for linear groups.
In this section, we will present a similar corollary of Theorem 1.2 which echoes this
dichotomy in the context of dense subgroups.

5.5.1 Local growth

Given a (non-discrete) finitely generated subgroup I' of a given connected real Lie
group, one can define a notion of “local growth” of I' in G. Following Carriere (see
[39], [41]), we define the local growth of a finitely generated subgroup I' in a given
connected real Lie group G in the following way. Fix a left-invariant Riemannian metric
on G and consider the ball Bg of radius R > 0 around the identity. Suppose that S is
a finite symmetric set of generators of I'. Let B(n) be the ball of radius n in T for the
word metric determined by S. And let Br(n) be the subset of B(n) consisting of those
elements v € B(n) which can be written as a product v = 71 -...- %, k < n, of generators
v; € S in such a way that whenever 1 < i < k the element 7, - ... - v; belongs to Bg. In
this situation, we will say that v can be written as a word with letters in S which “stays
all its life in Bg”. Let frgs(n) = card(Bg(n)). As it is easy to check, if S; and S, are
two symmetric sets of generators of I', then there exist integers Ny, N; > 0 such that
frs (n) < fanor.s,(Nin). Analogously, if Ry and R, are two positive radii, and S a finite
symmetric generating set, there is another bigger finite symmetric set S’ and an integer
N such that fg, s(n) < N - fr,s(n).

Recall that two non-decreasing functions f and g : N — N are said to have the same
growth type if there are positive integer constants C;’s such that g(n) < Cyf(Cin) and
f(n) < Cy9(Csn) for all n € N. A function has polynomial growth of order d (resp.
bounded or exponential growth type) if it has the same growth type as n? (resp. 1 or e™).
We also say that f has simply “polynomial growth” if f(n) < Cyn* for some positive
constants Cy and k.

Definition 5.1 The local growth of I' in G with respect to a set S of generators and a
ball Br of radius R is the growth type of frs(n).

Note that I' is discrete in G if and only if the local growth is bounded for any S
and R. For connected Lie groups, the notion of growth is also well-defined, Lie groups of
polynomial growth have been characterized by Guivarc’h and independently by Jenkins
(see [73], [92]) and nilpotent Lie groups have polynomial growth of order d, where d can
be explicited in terms of the ranks of the quotients in the central descending series of
the Lie algebra. However, the following result shows that in a sense the local growth of
I' depends more on I itself than on the ambiant Lie group.

The main statement of this paragraph is the following :

Theorem 5.2 Let T be a finitely generated dense subgroup of a connected real Lie group
G. If G is nilpotent then T' has polynomial local growth (for any choice of S and R). If
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G is not nilpotent, then I has exponential local growth (for any choice of S and any R
big enough).

In particular a finitely generated dense subgroup I' has either polynomial or expo-
nential local growth, independently of the choice of a set of generators S and a large
enough radius R. So one can talk about the local growth of I', without any reference to a
set S or a ball Bg. This dichotomy mirrors the well-known dichotomy about growth of
linear groups.

If G is nilpotent, then I' is nilpotent too and is of polynomial growth, hence only the
second half of the theorem requires proof. This will follow from the combination of the
following two lemmas (cf. [32]) :

Recall that a subset of a given metric space X is called e-discrete if it does not contain
two distinct elements that are less than ¢ apart from each other. A maximal e-discrete
set is an ¢ -discrete set which ceases to be s-discrete as soon as any point of X is added
to it, i.e. any point of X is at distance less than ¢ for some element of the e-discrete set.

Lemma 5.3 Let G be a connected real Lie group endowed with a left-invariant metric.
Let Br be the open ball of radius R centered at the identity. Let S = {sy,...,sx} be a
finite subset of Bgr which forms a maximal e-discrete subset. Moreover, assume that the
elements of S are free generators of a free semi-group. If € > 0 is small enough, then
any finitely generated subgroup of G containing S has exponential local growth.

Lemma 5.4 Let G be a non-nilpotent connected real Lie group and T a finitely generated
dense subgroup. For any finite set S = {s1, ..., sx} of generators of T', and for everye > 0,
one can find perturbations ty,...,t, of the s;’s such that t; € s;B. and the t;’s are free
generators of a free semi-group on k generators.

This second lemma easily follows from the proof of Theorem 1.2 (the strategy in
Theorem 1.2 was precisely to perturb generators into generators of a free group) in the
case when G is not solvable. When G is solvable and not nilpotent, one can adapt the
argument to exhibit a free semi-group.

5.5.2 Riemannian foliations

The notion of local growth was introduced by Carriére in [39] in the context of Rie-
mannian foliations for the purpose of characterizing the growth of leaves of Riemannian
foliations in terms of the underlying structural Lie algebra.

Let M be a smooth compact connected manifold. Recall that a foliation F of codi-
mension g on M is defined in the following way. We start with an open cover (U;);e; of
M and another manifold T (the transverse manifold) of dimension ¢ together with local
submersions f; : U; — T with connected fibers. We also assume that transition maps
hij: fi(UinU;) — f;(U; N U;) are diffeomorphisms such that f; = h;; o f;. A leaf of F
is a connected subset of M which coincides with a fiber of f; when intersected with any
U;.
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A Riemannian foliation on M is a foliation for which one can find a Riemannian
metric on T' which turns the local diffeomorphisms h; ;’s into local isometries. This means
that the leaves of F are equidistant.

A Lie foliation is a foliation on M such that the transverse manifold T is a simply
connected real Lie group G and the transition maps h; ;’s are restrictions of left transla-
tions by elements of G. Since one can always endow G with a left invariant metric, every
Lie foliation is Riemannian. .

Naturally associated to a Lie foliation is the developing map D : M — G from the
universal cover of M to the group G obtained in the usual way by patching together the
transition maps h; ; along a given path. This also yields a homomorphism § : m (M) — G
which makes D an equivariant fibration over G for the action of 7 (M) on M. The image
group I' := §(m(M)) is called the holonomy group of the Lie foliation. Subgroups I'
appearing as holonomy groups of foliations on compact manifolds are called realizable.
As shown by Haefliger (see [117]) they must satisfy the following important condition
called ”compact generation” : a finitely generated subgroup I of a connected Lie group G
is said to be compactly generated if there is a finite generating set S of I' and a bounded
open subset U of G and a compact subset K of G such that UT' = G and every element
in I'NU can be written as a word with letters in S which stays all its life in the compact
K (in the sense defined at the beginning of this section). Clearly if T'is a dense free
subgroup in G (not compact), then I' is not compactly generated, hence not realizable.

It is still not known whether all compactly generated subgroups are realizable. Hae-
fliger showed that dense subgroups in compact Lie groups and nilpotent Lie groups are
realizable, but already in the solvable case things get more complicated (see [62], [81],
[63]). Sufficient conditions have been obtained by Meigniez and a classification of com-
pactly generated subgroups of the affine group of the real line is available (see [117]).

By the structure theorem of Molino, every Riemannian foliation gives rise to a Lie
algebra g, called the structural Lie algebra of the foliation, which is an invariant of the
foliation (for a definition of g and background about Molino’s theorem, see [120], and
[80]). Moreover, to every Riemannian foliation F on M one can associate in a natural
way another Riemannian foliation F on the bundle M over M whose fibers above a given
point consist of all orthogonal frames which are orthogonal to the leaf at this point. By
Molino’s theorem, the restriction of F to the closure of a leaf of F is a G-Lie foliation
(where G is the simply connected Lie group with Lie algebra g).

A Riemannian foliation is said to have polynomial growth (resp. exponential growth)
if the volume of a ball of radius r inside a leaf grows polynomially for any leaf (resp.
exponentially for a generic leaf) with 7 (see [40] and [39]).

In his 1988 paper [39], Carriére shows the following theorem :

Theorem 5.5 Let F be a Riemannian foliation on a compact manifold M with structural
Lie algebra g. Then F has polynomial growth if and only if g is nilpotent.

Using Molino’s structure theorem, Carriere first reduces to the case of G-Lie foliations
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with dense leaves. In this case the growth of the leaves can be read off on the holonomy
group I of the foliation. In particular F has polynomial (resp. exponential) growth if and
only if I' has polynomial (resp. exponential) local growth in G. Carriere proves Theorem
5.5 in two steps : using the Zimmer’s Theorem 4.3 (i.e. the Connes-Sullivan conjecture)
he first reduces to the case when G is solvable then completes the proof by showing
that if G is not nilpotent then the local growth of I' is super-polynomial. He then asks
whether it is in fact exponential. In Theorem 5.2, we answered this question positively.
This implies :

Theorem 5.6 If g is not nilpotent, then the growth of the foliation is exponential.

5.6 Applications to profinite groups

In recent years, there has been quite a lot of interest in questions related to dense
and free subgroups of profinite groups. Recall that a profinite group is the inverse limit
of a system of finite groups, endowed with the inverse limit topology. Equivalently, it
is a compact totally disconnected topological group (see [49] or [144] for background
on profinite groups). Many of these questions are tackled from a “probabilistic” point
of view. The group G, being compact, is endowed with a unique invariant probability
measure, making it a probability space in a natural way. In what follows, by profinite
group we understand “topologically finitely generated” profinite group (i.e. there exists
a dense finitely generated subgroup).

Given a profinite group G, one can ask : does k independent randomly chosen elements
in G generate a dense subgroup, or a free subgroup, with positive probability 7 does G
contains a dense free subgroup of finite rank ? Observe that if the answer to the first
question is positive in both cases (i.e. free subgroup, and dense subgroup) then the answer
to the second question is also positive. The answers to these questions are known in some
cases, widely open in others, but a general theory is not yet available. For instance, Tits’
alternative for profinite groups is still an open problem (i.e. does a non-virtually solvable
profinite group contain a non abelian free group 7). Let us give below a sample of known
examples, before stating our contribution.

Profinite groups for which k elements generate a dense subgroup with positive pro-
bability for some integer k > 1 are called positively finitely generated (PFG, see [108]).
Pro-p groups and pro-solvable groups are PFG. However free profinite groups (i.e. the
profinite completion of a free group) are not PFG (see [94]). Mann and Shalev cha-
racterized PF'G groups as profinite groups with polynomial maximal subgroup growth
(cf. [109]). Similarly, one can ask when do two random elements generate topologically
an open subgroup with probability 1. This is the case for p-adic analytic pro-p groups
(see [108]) and for compact open subgroups of G(k) where G is a simply connected
semi-simple algebraic group over a local field k of positive characteristic (see [18]).

Analogously, many examples have recently been found of profinite groups G for which
k randomly chosen elements in G generate a free group F), with probability 1. This is
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the case for the profinite completion of SLy(Z) and Aut(Fy), (see [50] corollary 6), for
the Nottingham group (see [166]), for Aut(T') where T is a k-regular rooted tree and
for profinite weakly branched groups (see [3] and [4]). Furthermore, the Nottingham
group and profinite weakly branched groups (for example the profinite completion of a
Grigorchuk group of intermediate growth) contain dense free subgroups of finite rank
([166], 3])-

A famous conjecture of Dixon (1969), which was proved partially by Kantor-Lubotzky
in [94] and then completed by Liebeck and Shalev in [106], asserts that the probability
that two random elements in a given finite simple group S generate S tends to 1 as
card(S) tends to infinity. In a recent paper (see [50]), Dixon, Pyber, Seress and Shalev
show that given a non-trivial word w € F5, the probability that two random elements
x,y in a given finite simple group S do not satisfy w(x,y) = 1 tends to 1 as card(S)
tends to infinity. The combination of these two results yields an elegant new proof of
another well-known conjecture of Magnus, first proved by Weigel, which asserts that Fj is
residually S for any infinite collection S of pairwise non isomorphic finite simple groups
(i.e. the intersection of all normal subgroups of F, whose quotient is in S is trivial). Let
us mention that the proof of these last two statements is based on a case by case study
using the classification of finite simple groups.

In the same paper the authors infer the following corollary : if a profinite group G
has infinitely many non abelian finite simple quotients then any k£ random elements in G
generate a free group Fj with probability 1. Using then a deep result of Larsen and Pink,
they show that a non-virtually solvable linear group has a finite index subgroup with
infinitely many non abelian finite simple quotients. This result combined with Dixon’s
conjecture allows them to deduce that the profinite completion I' of a non-virtually
solvable linear group contains a free subgroup of finite rank which is dense in a subgroup
of finite index Gy < I'. The authors then conjecture that in fact one can take Gy = T..
Quite unexpectedly, it turns out that this conjecture in fact follows in a simple way from
Theorem 1.2.

Theorem 6.1 Let T be a finitely generated non-virtually solvable linear group over some
field. Suppose I is generated by v elements. Then, for any k > r, its profinite completion
I' contains a dense free subgroup Fy,.

The proof (see [32] Theorem 6.1.) goes like this : one can always imbed I into GL,,(Oy)
for some local field k, giving rise to a natural map I -Tc GL,(O). Then by the
classical Gaschiitz’s lemma (see [144] Prop 2.5.4), one can lift the generators of the
dense free group in T obtained from Theorem 1.2 to generators of a dense free group on
r.

Let us observe here that this result uses the “non-connected case” in Theorem 1.2 :
as already mentioned, the passage from a virtually dense subgroup to a dense subgroup
requires work.

Additionally, we can give a partial answer to a conjecture of Shalev about coset iden-
tities (see [32] Theorem 7.7.4). For an account on these questions and related problems
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see [152] and [153].

5.7 Concluding Remarks

Let us consider again Proposition 3.5. We would like to relax the assumption that Q
is Zariski dense in (2). In fact the methods of the proof presented above allow to show
the following :

Proposition 7.1 Let R be a finitely generated subring of an algebraically closed field k,
I an infinite subset of SL,(k) and Q a strongly irreducible subset of SL,(k) such that
Q = Q7. Suppose the elements of Q0 and I have all their matriz entries in R. Then,
there exists an integer N (n) depending only on n, and an element x € I such that QN zQN
contains two elements which are generators of a free group F;.

Indeed, it is possible to find a separating set inside 2V, N < N(n), then we can apply
Lemma 4.3. This result gives a lot of freedom in the choice of generators of a free group.
However, we conjecture that even more is true, namely :

Conjecture 7.2 (Effective Tits’ alternative). Let I' be a non virtually solvable fini-
tely generated linear group. Then there ezists an integer N = N(T') depending on T only
such that, for any symmetric set of generators Q (T = (Q), Q= Q1) QN contains two
generators of a free group Fy.

Proposition 7.1 shows that this conjecture holds for infinite generating sets 2. In their
remarkable paper on uniform exponential growth [56], Eskin, Mozes and Oh show that a
weaker property holds in characteristic 0, namely that in QV (for bounded N < N(T'))
one can find two generators of a free semi-group. This, in fact, should hold as long as I
is not virtually nilpotent. At any case, it is enough to yield uniform exponential growth
for non virtually solvable linear groups. For solvable groups of exponential growth, this
was showed independently by different authors (Alperin in [8] (polycyclic case), Osin in
[131], and Wilson). Another quick proof of this fact (for solvable linear groups) can be
derived easily by making use of Lemma 9.6 below.

This effective Tits’ alternative is known to hold in some cases, most notably for
Gromov hyperbolic groups (see [70], [48], [101]), finitely generated subgroups of G Ly (K)
where char(K) > 0 (see [9]) and geometrically finite groups of isometries of pinched
Hadamard manifolds (see [10]). In [33] we sketch another approach for Zariski-dense
subgroups of rank-1 lattices.
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Chapitre 6

On dense free subgroups of Lie
groups!

6.1 Introduction
The main purpose of this paper is to give a proof of the following statement :

Theorem 1.1 Let G be a connected semi-simple real Lie group and I’ a dense subgroup
of G. Then I' contains two elements which generate a dense free subgroup of G.

We shall also give the following generalizations of this result :

Theorem 1.2 Let G be a connected real Lie group which is topologically perfect (i.e. the
commutator [G. G| is dense in G). If its Lie algebra g is generated by | elements, then
any dense subgroup contains a dense free subgroup of rank l.

Theorem 1.3 Let G be a connected non solvable real Lie group of dimension d. Then
any finitely generated dense subgroup of G contains a dense free subgroup of rank 2d.

The finite generation assumption in 1.3 is crucial. Moreover, as it will be clear from
the proofs, one can find a free dense subgroup of rank &, for any integer k& > [ in theorem
1.2 (resp. k > 2d in theorem 1.3). For some particular groups G one can give a smaller
bound for the rank of the dense free subgroup than the bounds [ and 2d given in 1.2 and
1.3. We will give examples to illustrate these facts.

Theorem 1.1 was originally motivated by a conjecture in the theory of amenable
actions of groups on measure spaces. It answers a question first raised by Carriere and
Ghys (see [40]) in a note from 1985 on amenable actions. The authors learned about this
question from A. Lubotzky. Combined with [40] theorem 2, it gives a direct proof of the
following theorem :

!Joint work with T. Gelander [31], appeared in the Journal of Algebra, March 2003
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Theorem 1.4 Let G be a real Lie group and ' a countable subgroup. Then the action of
[ on G (or on G/P for P closed amenable) by left translations is amenable if and only
if the connected component of the closure of I' in G is solvable.

This result was first conjectured by Connes and Sullivan (see [40]) and subsequently
proved by Zimmer in [178] using the techniques of super-rigidity theory. In their note,
Carriere and Ghys show that a non-discrete free subgroup of a real Lie group cannot
act amenably by left translations on the Lie group (see [40], theorem 2) and then give

a quick proof of theorem 1.1 in the case G = SLy(R), hence proving theorem 1.4 for
SLy(R).

A celebrated theorem of Tits (see [167]), asserts that any Zariski-dense subgroup of a
semisimple algebraic group G over a field of characteristic zero contains a Zariski-dense
free subgroup on two generators. Theorem 1.1 can then be viewed as a kind of topological
version of Tits’ theorem. The difficulty of the problem we are considering comes from
the fact that the free group obtained in Tits’ proof is in general discrete. In this paper,
we give a practical method for constructing free generators of a free group in Zariski
dense subsets of G (see theorem 4.5). As an application, we then obtain theorems 1.1 to
1.3. One can also easily derive from it the original statement of Tits’ alternative. The
proof relies on a careful study of the so-called ”"proximal” elements in I' acting on a
projective space over some local field. Unlike in Tits’ paper, where powers of suitable
semisimple elements are used to produce proximal elements, our method is inspired from
that of Abels-Margulis-Soifer (see [1]), which is based on the Cartan decomposition of
projective transformations.

In section 6.2, we give a simple method for producing finitely generated dense sub-
groups in connected real Lie groups. Section 6.3 is devoted to the study of proximal trans-
formations in projective spaces over local fields. We give some quantitative estimates that
enable us to exhibit proximal elements with nice properties. These two sections can be
read independently. In section 6.4 we explain how to find a suitable linear representation
of " and elements in I which have a nice proximal action on the corresponding projective
space. Finally, the last section contains the proof of the three theorems above.

Let us make one remark about terminology.

Remark 1.5 In this paper, we use both the usual real topology (or the Hausdorff topology
induced by a local field k) and the Zariski topology on the groups considered. To avoid
confusion, we shall add the prefix Zariski- to any topological notion regarding the Zariski
topology (Zariski-connected, Zariski-dense, etc.). For the real topology, however, we shall
plainly say “dense” or “open” without further notice. Note that the Zariski topology on
rational points does not depend on the field of definition, i.e. if V is an algebraic variety
defined over a field K and if L is any extension of K, then the K-Zariski topology on
V(K) coincide with the trace of the L-Zariski topology on it.
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6.2 Generating dense subgroups in Lie groups

We call a connected Lie group G topologically perfect if its commutator group
[G, G] is dense, or equivalently, if G has no continuous surjective homomorphism to the
circle.

The following result shows that, in a topologically perfect group, elements which lie
near the identity generate a dense subgroup, unless they have some algebraic reason not
to. Similar statements were established by Kuranishi (see [102]).

Theorem 2.1 (Generating dense subgroups in topologically perfect groups) Let
G be a connected topologically perfect real Lie group with Lie algebra g. Then there is
an identity neighborhood Q C G, on which log = exp™! is a well defined diffeomor-
phism, such that g1, ..., gm € Q) generate a dense subgroup wheneverlog(gy), ... ,1og(gm)
generate g.

Proof:  Recall that a Zassenhaus neighborhood of a real Lie group is an identity
neighborhood €2 for which the intersection 2NY with any discrete subgroup X is contai-
ned in a connected nilpotent Lie subgroup. A classical theorem of Kazhdan and Margulis
(see [137] 8.16) says that a Zassenhaus neighborhood always exists. Checking the details
of the proof of the Kazhdan-Margulis theorem, one can easily verify that the identity
neighborhood €2 established there, satisfies the stronger property that its image under
any surjective homomorphism f is a Zassenhaus neighborhood in the image group (this
is because the properties of the neighborhoods established in 8.18 and 8.20 in [137] are
inherited to their images). Moreover, as in [137], one writes 2 = exp V for a suitable
neighborhood V' of 0 in g, and then, a subset {X;,...,X,} C (df)(V) generates a nil-
potent Lie subalgebra iff exp(Xi),...,exp(X,) generate a nilpotent subgroup in f(G).
We shall call such an €2 a strongly Zassenhaus neighborhood.

Let €2 be a strongly Zassenhaus neighborhood in G, and assume that it is small
enough so that log|q is a well defined diffeomorphism. Pick g1,..., ¢, € Q for which
log(g1),...,log(gm) generate g. Denote by A the closure of (gi,...,gm), and by A its
identity component. We need to show that A° = G.

First observe that A° is normal in G, i.e. its Lie subalgebra a is an ideal in g. Indeed,
since g = (log(g;)), it is enough to show that ad(log(g;))(a) = a for any 1 <4 < m, but

ad(log g;)(a) = (log Ad(gs))(a),

and since g; € A, it normalizes A°,i.e. Ad(g;)(a) = a, which implies also that (log Ad(g;))(a) =
a.

Next consider the quotient map f : G — G/A°. Clearly, f({g1.-..,9m)) = f(A) is
discrete, and generated by the set {f(g1),..., f(gm)} Wwhich is contained in the Zassen-
haus neighborhood f(2). Therefore f ((gl, e ,gm>) is a nilpotent group, but this means
that

log f(g:) = (df )(logg;), i =1,...,m
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generate a nilpotent Lie algebra. As {(df)(logg;)}™, generate g/a, this implies that
G/A is nilpotent. Since G is assumed to be topologically perfect, any nilpotent quotient
is trivial. Thus G = A° and (g, ..., gn) is dense.

In fact, it is enough to require that log(g:),...,log(¢,) generate a Lie subalgebra
which corresponds to a dense Lie subgroup. This phenomenon is illustrated by the follo-
wing :

Example 2.2 Let ﬁQ(R) be the universal covering of SLy(R), and let a € E\Zg(R) be a
central element of infinite order. Let a be an irrational rotation in the circle group T.
Consider the group

G = (SL(R) x T) /{(a,a)).

G is an ezample of a topologically perfect non-perfect group. Its Lie algebra g = sh(R)ER
is not generated by 2 elements, but the 2-generated Lie subalgebra skh(R) corresponds to
a dense Lie subgroup in G. Theorem 1.2 guarantees only that any dense subgroup of G
contains a dense F3, however, it is possible to show (by the same argument which proves
theorem 1.1) that there is always a dense Fy.

However, in general, 2 generators are not enough. This phenomenon is illustrated by
the following :

Example 2.3 Consider the complex Lie group G = SLy(C) - (C?)5, with the ordinary
action on SLy(C) on each of the 5 copies of C. It is easy to verify that
1. G is perfect, i.e. [G,G] = G.
2. The exponential map is onto.
3. Any 2 elements in G’s Lie algebra g = sh(C) - (C?)5 generate a Lie subalgebra for
which the closure of the corresponding Lie subgroup is proper.

These properties imply that there is no 2-generated dense subgroup in G.

It is well known that a real semisimple Lie algebra is generated by 2 elements (cf.
[102] or [29] VIII, 3, ex. 10). In fact V = {(X,Y) € g x g : (X,Y) # g} is a proper
algebraic subset. We therefore obtain :

Theorem 2.4 (Generating dense subgroups in semisimple groups) Let G be a
connected semisimple Lie group. Then there exists an identity neighborhood Q2 C G, and
a proper exponential algebraic subvariety R C Q x Q such that (z,y) is dense in G
whenever (z,y) € Q2 x Q\ R.

Theorem 2.1 yields a lot of freedom in the procedure of generating dense subgroups
in topologically perfect groups. In fact, if G is a topologically perfect Lie group and

g1, .., 9m € G are elements close enough to 1 for which log(g1), . . .,log(gm) generate the
Lie algebra g, and if U C G is a sufficiently small identity neighborhood, then for any
selections h; € g; - U, log(hy),...,log(h,,) generate g, and hy, ..., h,, generate a dense

subgroup in G. In particular, we obtain :
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Corollary 2.5 If G is a topologically perfect Lie group for which the Lie algebra is
generated by m elements, then any dense subgroup in G contains a m-generated dense
subgroup.

Proof: Let g1,...,9m and U be as in the last paragraph above. Clearly, if I' < G is
a dense subgroup then I'Ng;- U # (0. Pick h; e T'Ng;-U, i=1,...,m then (hy,..., hpy)
is dense.

The requirement that G is topologically perfect is crucial for corollary 2.5 as explained
by the following remark :

Remark 2.6 If a connected Lie group G is not topologically perfect then it has a sur-
jective homomorphism to the circle. Let I' < G be the pre-image of the group of rational
rotations. Clearly I is dense in G but, as any finitely generated group of rational rotations
15 finite, I' has no finitely generated dense subgroup.

This remark explains why, when G is not topologically perfect, we shall consider only
finitely generated dense subgroups. Then we can control the number of generators, by
the following reasoning.

Proposition 2.7 Let G be a connected Lie group and I' < G a finitely generated dense
subgroup. Then T' contains a dense subgroup on 2dim G generators. If G is compact then
I' contains a dense subgroup on dim G generators.

Proof: Assume first that G is abelian. Then G = R% xT% and we can find d, elements
in I' which generate a discrete cocompact subgroup. Dividing by this subgroup, we may
assume that G is a torus. Then we argue by induction on dim G. As I is finitely generated
and dense it contains an element ~ of infinite order. By replacing v by some power 4/ if
necessary, we obtain an element which generates a subgroup with connected closure C'
of positive dimension. By induction, the proposition holds for G/C'. Lift arbitrarily to G
a set of dim G/C generators for a dense subgroup of the image of I in G/C. Together
with ~ they generate a dense subgroup in G.

For the general case, we argue as follows. Consider the sequence Gy = [G;, Gy,
where [G;, G| is the commutator group of G, starting at Go = G. As dim G is finite
this sequence stabilizes at some finite step k. Then G}, is a connected closed normal
topologically perfect subgroup. Moreover the commutator [[',T] is a finitely generated
dense subgroup in (), and similarly, the ?’th commutator of I' is a finitely generated
dense subgroup in G;. Thus, by the above paragraph, we can find, for each 7, 0 < i < k,
a set &; of 2dim G;/G;41 (or dim G;/G;4, in the compact case) elements in G; NI" which
projects to generators of a dense subgroup in the abelian group G;/G;;;. Additionally,
by corollary 2.5 there is a set ¥; of dim G, elements in I' N G, which generate a dense
subgroup of Gy (in the non-abelian compact case Gy = G; is semisimple and we can
take ¥y of size 2).

Clearly Uf:O Y generates a dense subgroup and has the required cardinality.
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6.3 Projective transformations, proximality, ping-pong

Let k be a local field equipped with an absolute value |- |. We wish to investigate
the action of projective transformations in PSL, (k) on the projective space P"~1(k).
We shall start by recalling the Cartan decomposition, i.e. the K AK decomposition in
SL,(k), and introducing a nice metric on the projective space P"~!(k).

1. Consider first the case when k is archimedean, i.e. k = R or C. We shall denote
by ||-|| the canonical euclidean (resp. hermitian) norm on k7, i.e.|z||* = 3 |z|* if
x =Y x;e;, where (ey, ..., e,) is the canonical basis of £". The Cartan decomposition
in SL,, (k) reads
SL,(k) = KAK

where,

K = SO0,(R) or SU,(C) according to whether £k = R or C,
and A = {diag(ai,....an) a1 >...2>a, > O,Hai =1},

Any element g € SL,(k) can be decomposed as a product g = kyazk;, where
kg Kk € K and a, € A. We remark that a, is uniquely determined by g, but k., k;
are not. Even so, we shall use the subscript g to indicate the relation to g.

2. Next, consider the case where k is non-archimedean with valuation ring O, and
uniformizer 7. We endow k™ with the canonical norm defined by ||z|| = max |z;|,
where x = ) x;e; is the expansion of x with respect to the canonical basis (e, ..., e,)
of k™. Then we get

SL, (k) = KAK

where

K = SL.(O).
and A = {dlag(ﬂ"h .- -aﬂ-jn) : ji € Z*jl < j’i+la Z]l = 0}

Any g €SL,(k) can be decomposed as a product g = kyagk;, where kg, k; € K and

ay € A (see [132] page 150, or [35] 4.4.3.). Again a, is uniquely determined, but k,, &
are not.

In both cases, the canonical norm on k™ gives rise to the associated canonical norm
on A* k™. We shall then define the standard metric on P*~(k) by the formula

v Awl]

ol ]

This is well defined and satisfies the following properties :

d([v]. [w])

185



- d is a distance on P"~!(k) which induces the canonical topology inherited from the
local field &.

— d is a ultra-metric distance if k& is non-archimedean, i.e.

(o). [w]) < max{d(o]. [u]).d([ul. [u])}

for any non-zero vectors u,v and w in k™.
— If f is a linear form k™ — £k, then for any non-zero vector v € k",

d([v]. [ker f]) = % (6.1)

~ the compact group K acts by isometries on (P"~1(k),d).

In the sequel, we shall denote by a;(g), ..., a,(g) the coefficients of the diagonal matrix
ay corresponding to g in the Cartan decomposition. For further use, we note that in the
above notations, for any matrix g €SL,(k),

llgll = lax(9)|
H/\ZQH = |ai(g)az(g)|-

Let us observe a few properties of projective transformations. For g € SL, (k) we
denote by [g] the corresponding projective transformation [g] € PSL,, (k).

Lemma 3.1 FEwvery projective transformation is bi-Lipschitz on the entire projective space
for some constant depending on the transformation.

Proof: As the compact group K acts by isometries on P"~!(k), the K AK decompo-
sition allows us to assume that g = a4, = diag(a,,...,a,) € A. Thus, one only needs to

2
check the easy fact that a, is -Lipschitz. [J

a
a

n

Definition 3.2 Let € € (0,1). A projective transformation [g] € PSL, (k) is called e-
contracting if there exist a point v, € P"7'(k), called an attracting point of [g], and
a projective hyperplane Hy, called a repulsive hyperplane of [g], such that [g] maps
the complement of the e-neighborhood of H, C P"~(k) into the e-ball around vy. We say
that [g] is e-very contracting if both [g] and [¢~'] are e-contracting.

Note that in general v, and H, are not necessarily unique. Nevertheless, all the sta-
tements we shall make about them will be valid for any choice.

The following proposition shows that “e-contraction” is equivalent to "a big ratio
between the first and second diagonal terms in the A AK decomposition.”
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Proposition 3.3 Lete < ;. If|§%| < €2, then [g] is e-contracting. More precisely, wri-

ting g = kqagky, one can take Hy to be the projective hyperplane spanned by {k' ;' (e;) }io,
and vy = [ky(e1)).
Conversely, suppose [g] is e-contracting and k is non-archimedean with uniformizer

7 (resp. archimedean), then lZfég“ < % (resp. ]ngg] < 4¢€?).

Proof: Suppose that |%‘g’—g\ < €2, Using the Cartan decomposition and the fact that
K acts by isometries, we can again assume that

g = ay = diag(ay, ..., a)

Let [v] € P*~!(k) be outside the e-neighborhood of H,, which, in our case, simply means
that (cf. (6.1))
|’U1 ’
(o], Hy) = 1240 > ¢
7l
Then

lgv Aeall _ laz| - [Jo]
d(lgv], le1]) = < <
oot = Tl = Jaul

since ||gv A e1]| < |ag|||v|| and ||gv|| > |aiv:].

The converse is more delicate. We shall describe the non-archimedean case, and re-
mark that the archimedean case can be dealt with in an analogous way. Again we can
take g = a4. Let f = (fi,..., f,) be a linear form of norm 1 such that ker(f) = H, and
let w € k™ be a normalized representative of the attracting point v,. The fact that [g] is
e-contracting means that for every non-zero vector v € k"

[f(0)] =2 eljvll = [lgv Awl|| < eflgul]. (6.2)
Suppose that for some index g, |f;,| > €. Take v = e;, and get that
|aio| [lei A w]| < €ag,]
So |le;, A w|| = max;;, |w;] < € and hence |w;,| = 1, and i is unique. Since [|f|| =
max | f;| = 1, we must then have |f;)| = 1 and max;4;, |fi| <€

We now claim that ig = 1. Suppose the contrary and take v = e; + e;,. Then [jv]| =1
and f(v) = f1 + fi,- Since |fi,| =1 > € > |f1| we indeed have

[f ()] = ol
Hence, by (6.2), we obtain
lazer Aw + aoei, Awl| < ellarer + aigei, |

which also reads
|ar| < €ay|
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and gives the desired contradiction.
Finally take v = we; + ey, where x € k is chosen such that |z| is least possible and
> €. Then ||[v|| =1 and f(v) = af; + fo. Since |z fi| > € > | fo| we have

[f(0)] = €llv]]

and, again, by (6.2), we obtain
|lzajer A w + ases ANw|| < €l|zae; + ages||
Suppose |as| > € |z||a;| then the last inequality translates to
las| < e max{|za;]|, |as|}

which leads to either |as| < €]as|, which is absurd, or |as| < €|z|-|a;|, which contradicts
the assumption.

Therefore we have obtained that |as| < €|z||a;|, which, considering the choice of z,
implies the desired conclusion : ,

€
< —

7|

a9

3]

O

Note that the factor |7| is not necessary when e belongs to the value group of k.

Lemma 3.4 Let r,e € (0,1]. If I%f—%[ < ¢, then [g] is 5-Lipschitz outside the r-

neiwghborhood of the repulsive hyperplane Hy = [span{k’g"l(ei) n .

Proof: Again, we can assume g = a4, v, = [e1]. Hy = [span(e;);>2]. Let v, w be
arbitrary non-zero vectors in k™. Then ||gv A gw|| < |ajas]| ||v A w]| and ||gv]| > |ayv:]
and ||gw|| > |ajw;|. Therefore

|, [gw |ag] - [Jo]] - [Jw]]
Aloel. lowl) < ]

d([v]. [w]). (6.3)

We conclude by observing that the r-neighborhood of H, = [span(e;);>2] corresponds to
non-zero vectors v for which |vy| < rljvf|. O

Note in particular that if & > 0, any projective transformation [g] €PSL, (k) is (149)-
Lipschitz in some open set of P"~!(k).

The following lemma gives a converse statement to the last result as well as a handy
criterion for e-contraction.

Lemma 3.5 Let [g] be a projective transformation corresponding to g € SL,(k), and
assume that the restriction of [g] to some open set O C P"~(k) is e-Lipschitz for some

a29)| « , . e a2(9)| < € , A
€ < ‘1, then |al(g)| < € when k is non-archimedean, and |(“(g)| < 7= when k is
archimedean.
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Proof: Once again, we may assume g = a,. Let v be a non-zero vector in k" such
that [v] € O. For some ¢ € k\{0} small enough, both [w;] = [v+de1] and [wy] = [v+ dey]
belong to O. Hence, for w,

”CL’U/\€1“ “’U/\GIH
1601 | ——————— = d([av], [aw,]) < €-d([v], [w1]) = €|0| ——— (6.4)
fau - Jawy ~ 4(0eth bonl) < bl ko) = el g, |
thus
lav el
lav]|
In the non-archimedean case, this implies |a;v;| = ||av||, and in the archimedean case,

llav A es| > |ayvi| > V1 — €? |Jav]|. Now, expressing the Lipschitz condition for v and ws
as in (6.4) yields

| [|av A es]|

las < €laq]

[lav]

which, in the non-archimedean case gives

las/a1] <e/v1—e€2 O

Definition 3.6 A projective transformation [g] € PSL, (k) is called (r, €)-proximal (r >
2¢ > 0) if it is e-contracting with respect to some attracting point vy € P*~1(k) and some
repulsive hyperplane Hy, such that d(vy. Hy) > r. The transformation [g] is called (r,€)-
very proximal if both [g] and [g]™' are (r, €)-prozimal.

az/a;| < € and in the archimedean case,

Similar notions of (7, €)-proximality were defined in [1] and [21].

Definition 3.7 A finite subset F C PSL,(k) is called (m,r)-separating (r > 0, m €
N) if for every choice of 2m points vy, ..., vap, in P""Y(k) and 2m projective hyperplanes
Hy, ..., Hspy, there exists v € F such that
; -1
lgriglél%{d(ﬁ/vi,Hj),d(ﬂ/ v, Hj)} > r.
We use the properties described above in order to construct e-very contracting and

(r,€)-very proximal elements from two basic ingredients : an e-contracting element and
an r-separating set.

Proposition 3.8 Let F be a (1,r)-separating set (r < 1) in PSL,(k) with uniform
bi-Lipschitz constant C' = max{biLip([f]) : [f] € F} (see lemma 3.1).

(4) If € < 5 and [g] € PSLy,(k) is an e-contracting transformation, then one can find
[f] € F such that [fg] is (r, Ce)-proxzimal.

(#i) Let d = 4 when k is archimedean and d = \'Tlr_; when k s non-archimedean. If

€ < T and lg] €PSL, (k) is e-contracting, then there is an element [f] € F, such that

l9f97"]
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18 ——V%naie—very contracting.

(#ii) If € < 555 and [g] €PSLy,(k) is an e-very contracting transformation, then there
is an element [f] € F', such that [gf] is (&, Ce)-very prozimal.

Proof: Let vy (resp. Hy) be an attracting point (resp. repulsive hyperplane) corres-
ponding to the transformation [g]. Let [f] € F be such that d([f]v,. Hy) > r. Then [fg]
is clearly Ce-contracting with attracting point [f]v, and repulsive hyperplane H,. The
choice of f guarantees that [fg] is (r, C¢)-proximal. This proves (i).

By lemma 3.5 and the remark following it, there is an open set O on which [g7]
is, say, v/2-Lipschitz. Let [u] be some point inside O. We can find [f] € F such that
d([fg~'u], Hy) > r and d([f g~ 'u], H,) > r. Since [g] is e-contracting, by proposition 3.4

a2(9)
ai(g)

of H,. Therefore both [gfg~'] and [gf~'¢g™'] are Q—C’T#ifLipschitz in some open neigh-
borhood of [u], which implies by lemma 3.5, that they both satisfy % < 2%"{'2. By
V3Td

T

we have ‘ < de?. Hence by lemma 3.5, [g] is %{-Lipschitz outside the r-neighborhood

proposition 3.4 it now follows that they are both
This proves (ii).

Find [f] € F which takes v, at least 7 away from H, and for which [f '] takes v,-1 at
least  away from Hg-1. Then [gf] is (&, Ce)-proximal and [f~'g~'] is (r, Ce)-proximal.
Hence [gf] is (&, C¢)-very proximal. This proves (iii).

O

We end this section by showing how to obtain generators of a free group via the so-
called ping-pong lemma, once we are given a very contracting element and a separating
set. The following definition and lemma are classical (cf. [35]).

e-contracting transformations.

Definition 3.9 (Ping-pong pair) Let k be a local field and V' a finite dimensional k-
vector space. A pair of projective transformations a,b € PSL(V') is called a ping-pong
pair if both a and b are (r, €)-very proximal, with respect to some r > 2¢ > 0, and if the
attracting points of a and a™' (resp. of b and b!) are at least r-apart from the repulsive
hyperplanes of b and b= (resp. of a and a™!).

More generally, a m-tuple of projective transformations ay,....a,, 1s called a ping-
pong m-tuple if all a;’s are (r, €)-very proximal (for some r > 2¢ > 0) and the attracting
points of a; and ai_1 are at least r-apart from the repulsive hyperplanes of a; and aj_l,

forany i #j.
We have the following variant of the ping-pong lemma (see [35] 1.1).

Lemma 3.10 If ay,...,a, €PSL(V) form a ping-pong m-tuple, then they are free ge-
nerators of a free group F,.

The following proposition explains how the above ingredients can be combined to
yield a free group.
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Proposition 3.11 Given ay,...,a, € PSL(V), an (m,r)-separating set F', and an e-
very contracting element v (with € < 557, where c is the maximal bi-Lipschitz constant
of {a1,...,am} U F), there are hy,...,hy € F and go,...,g9m € F such that

vaihy, gayasha, ..., gmYamhm

T

form a ping-pong m-tuple of (%, c3e)-very prozimal transformations and hence generate

a free group F,.

Proof: In this proof, whenever we speak about an e-contracting or (r,€)-proximal
transformation, we shall choose and fix a point and a projective hyperplane with respect
to which it is e-contracting or (r, €)-proximal and shall refer to them as the attracting
point and the repulsive hyperplane of that transformation.

As v is e-very contracting, va; is ce-very contracting. Now by proposition 3.3 (iii),
we can find h; € F such that va,h, is (£, c%¢)-very proximal.

We proceed by induction and suppose that z; = y1a1hy and x; = g;va;h; have been
constructed for all j < i (i = 2,...,m). Let’s construct h; and g;. First note that va; is
ce-very contracting. We take h; € F such that h; ! maps the attracting point of (ya;)™?
at a distance at least r from the repulsive hyperplanes of all transformations z; and l‘j_l
for j < 7, and h; maps the attracting point of any x; and :rj"l (j < i) at least r away from
the repulsive hyperplane of va;. This is possible since F' is an (m, r)-separating set. The
second requirement for h; implies that the repulsive hyperplane H,q.1,) = h; ' (H (ya,)) of
va;h; is at least r/c away from the attracting points of the z;’s and :Ej'l’s.

Then pick ¢g; € F which takes the attracting point of va;h; at a distance at least
r from the repulsive hyperplanes of all z;’s and mj"l’s for all 7 < ¢ and also from the
repulsive hyperplane of va;h;, and whose inverse g; ' takes the attracting point of any T
and xj‘l (j < i) at least r away from the repulsive hyperplane of (ya;h;)~!. This means
that the repulsive hyperplane g;(H(ya;n,)-1) = H(giyashy)- Of giyash; is at least r/c away
from the attracting points all x; and a:]-_l. Additionally we can require that g;' takes the
attracting point of (ya;h;)~! at a distance at least r from the repulsive hyperplane of
("/CLihi)—l.

Then clearly, x; = giyash; is (%, c3¢)-very proximal and (zy, ..., ;) form a ping-pong

i-tuple of (£, c®¢)-very proximal transformations. OJ

6.4 Constructing very proximal elements in [’

Our aim in this section is to establish an action of I', on some projective space over
a local field, which has many very proximal elements. Proposition 3.3 tells us how to get
very proximal elements out of contracting elements when a separating set is available.
We shall show how to construct an action of I', on a projective space over a local field,
with both ingredients : contracting elements and separating set.

For an algebraic number field there are naturally associated local fields - its comple-
tions. The following lemma reduces the general case to this.
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Lemma 4.1 Let G be a semisimple algebraic group defined over Q, and G = G(R)° be
the corresponding connected semisimple Lie group. Let I' be a finitely generated dense

subgroup in G. Then, there exists a number field K C R and a group homomorphism
m: I = G such that 7(I') C G(K) and 7(I") is still dense in G.

Proof: Choose a finite set of generators 7;, 7o, ..., such that 7;,7, are close to 1
and (71, 72) belongs to the complement of the proper exponential algebraic set introdu-
ced in theorem 2.4. Let I' = {71, ....7% | (ra)a} be a presentation of I'. The variety of
representations

Hom(F’G) = {(917 agk) € Gk : \V/OZ, Ta(glw, ,gk) = 1}

is an algebraic subvariety of G* which is defined over Q . Its set of algebraic points is
therefore dense (for the real topology) in its set of real points. Choosing an algebraic
point in Hom(F, G(]R)) very close to the original (1, ..., ), we obtain a representation
7 of I into G such that m(T) is contained in G(Q) and is still dense in G, as small
deformations of v, v9 generate dense subgroups. Finally, since it is finitely generated, it
is contained in G(K') for some number field K. O

As explained in the last section, “e-contraction” is equivalent to “big ratio between
the first and the second diagonal entries in the K AK decomposition.”

Lemma 4.2 (Constructing contracting elements) Let K be a number field and G
be a non-trivial semisimple Zariski-connected algebraic group defined over K. Let R be a
finitely generated subring of K and I an infinite subset of G(R). Then for some comple-
tion k of K there is an irreducible rational representation p : G — SL(V') defined over
k, with dim, V' > 2, such that the set

lal(/)((!))| gel

|a (P(Q))l
is unbounded, where a,(p(g)) and ax(p(g)) are the first and second diagonal terms in a
Cartan decomposition of p(g) in SL(V).

Proof: As R is finitely generated, the discrete diagonal embedding of A in its adele
group gives rise to a discrete embedding of R into a product of finitely many places.
Explicitly, there is a finite set S of places of K. including all archimedean ones, such that
R is contained in the ring of S-integers Ok (S). Projecting to the finite product of places
corresponding to S, we get a discrete embedding



The infinite set I is mapped to some unbounded set in the latter product. Hence for some
place v € S, the embedding G(R) — G(K,) sends [ to an unbounded set. Take k = K.
Since G is also defined over k, there exists a k-rational faithful representation of G on
some k-vector space Vy. Under this representation, the set I is sent to some unbounded
set in SL(V,) which we shall continue to denote by I.

Fix a k-basis of Vj and consider the Cartan decomposition in SL(V}) corresponding to
this basis. Recall the notations of section 3.30. For x € SL(V}), |ai(z)| > |as(z)] > ... >
lag(x)| > 0 denote the corresponding diagonal coefficients in the Cartan decomposition
of x in SL(Vp). Since their product is 1, there is some ¢ (1 < ¢ < d) for which the set

{; Jflﬁg(L‘H }ger is unbounded.

Considering the 7'th wedge product representation of the above representation of G,
we obtain a rational representation

po: G — SL( /\ Vo)

defined over k. Looking at the Cartan decomposition in SIL( A’ Vi) with respect to the
basis of A" Vp induced by the given basis of Vj, we see that a; (po(:c)) = ay(z)...a;(x) and
as(po(9)) = ai1(x)...a;i_1(x)ai41(z), and hence, under this representation, the set

{ lal(pO(.(]))‘ }
|(12(/)0(9))| gel
is unbounded.

The representation py might be reducible. However, as G(k) is a connected semisimple
algebraic group, the k-rational representation py is completely reducible. Let W = A"V,
be the representation space. Decompose it into G(k)-irreducible spaces W = W, &...0W,,.
Any = = py(g) € po(G(k)) < SL(W) stabilizes each W;, and we shall write z; € SL(W,)
for its restriction to the subspace W; (note that the determinant of z; is 1 as G(k) is
semisimple).

The space W is endowed with the norm ||-|| corresponding to the above choice of a
basis of V; (as in section 3.30) for which |a;(g)| = ||g]| and |a1(g)az2(g)| = H/\QQH for any
g € SL(W). Similarly we can choose a basis and corresponding norms ||-||; for each W;

such that \
Nz

As any two norms on the finite dimensional vector space M,(k), (n = dim(W)) are
equivalent, there is ¢; > 0 with respect to which

|ai(zi)| = [|z:|l; and |ai(zi)az(z;)| =

i

1

o ol < el < e o]
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Similarly, for some constant co > 0

- max{“ x)ij

} < H/\ H < czmax{”

Replacing I by an infinite subset if necessary, we can find an index iy < ¢ with
2]l < e ||z ll;, for any @ of the form x = po(g), g € I. As {[|po(g)l}4er is unbounded,
and each z; belongs to SL(W;), we must have dim W;, > 2. Moreover, we have

2 1 2 1 2
IN 2] = SN 2, = |A =],

|ai ()] SC%CQ‘al(Iio”.
|as(x)| |as (i, )|
Hence p = (po)jwy, is the desired rational irreducible representation.
O

which implies

Lemma 4.3 (Constructing separating sets) Let m be a positive integer, k a local
field, G a Zariski-connected k-algebraic group, V' a k-vector space, and p : G — SL(V) a
k-irreducible rational representation. Then for any Zariski-dense subset 2 C G(k), there
exists a finite subset F' C €0 and a positive real number r > 0, which gives rise under p
to an (m,r)-separating set (cf. 3.7) on P(V).

Proof: For each v € T, let M, be the set of all tuples (v;, H;)?™ of 2m points
v; € P(V) and 2m projective hyperplanes H; C P(V'), not necessarily different, such that
for some 1 <i,5 <2m, vy-v; € Hjor v~ !-v; € H;.

We first claim that
()M, =0. (6.5)

Suppose this were not the case. Then there would exist (v;, H;)?™ such that

QC U {WGG(k),'y-vieHj or7"1-viEHj}.

1<4,j<2m

Thesets {y € G(k) : v-v; € H;} and {v~! € G(k) : v - v; € H;} are clearly Zariski-closed
and proper, since G(k) acts irreducibly on V. As G(k) is Zariski-connected, this yields a
contradiction. Thus we have (6.5).

Second, as the sets M, are compact in the appropriate product of grassmannians,
there is a finite subset F' C €, such that

(M, =0. (6.6)

YEF
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The following MaxMin of continuous functions

1 « 7. . —1 . . .
ma (| min {d(y- v H) (v~ v Hy)}) (6.7)
depends continuously on (v;, H;)?™, and by (6.6) never vanishes. Finally, the compactness
of the set of all tuples (v;, H;)?™ in

(P(V) X Gragimvy-1(V)) "

implies that (6.7) attains a positive minimum 7. Thus F' gives rise to the desired (m,r)-
separating set. [J

Putting together proposition 3.3 with lemmas 4.2 and 4.3, we obtain a great liberty
in the choice of very contracting (or very proximal) elements in T'.

Lemma 4.4 Let m be a positive integer, K a number field, G a Zariski-connected se-
misimple K -algebraic group, R C K a finitely generated subring, I C G(R) an infinite
subset, and Q C G(K) a Zariski-dense subset of G. Then there exist :

~ An embedding o : K — k of K into some local field k.

— An irreducible rational representation p : G — SL(V') defined over k,

— A finite (m,r)-separating set F C Q (for some r > 0) for the action induced by p

on the projective space P(V'),

such that for any € > 0, there is g € I and f € F for which gfg™' acts as an s-very

contracting transformation on P(V').

Proof:

Lemma (4.2) yields the local field k, the embedding K — k, and the representation
p, while lemma (4.3) yields the r-separating set F' C Q.

For any £ > 0, we can find g € I with

a1(p(g)) LT

Qg (P(Q)) N 6\/2C'_d

where C' = max{biLip(f) : f € F} and d is as in proposition (3.3) (= 4 in archimedean
case, |—71T—! in the non-archimedean case). By lemma (3.4), g acts as a L———Vv?ai—contracting
transformation on P(V'). Finally, for € small enough, proposition (3.3) provides f € F
such that gfg~! is e-very contracting.

O

Finally, we obtain the following result :

Theorem 4.5 Let G be a Zariski connected semisimple algebraic K -group, where K is a
number field. Let R be a finitely generated subring of K, and Q C G(R) a Zariski dense
subset of G with Q = QL. Then for any m € N and any a,. . ... am € G(K) there are
Ty, .., Ty with z; € Q*a;Q which are generators of a free group F,.
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Proof: This follows from the combination of lemma 4.4 and proposition 3.11. [

Remark 4.6 Note that the original statement of Tits’ alternative ([35], theorem 1) can
be easily derived from the last theorem, first by taking a homomorphism of I into GL, (K),
for some number field K, whose image is not almost solvable (this is possible as the index
of the solvable subgroup of an almost solvable group and the length of the derived series
of solvable groups are both uniformly bounded for groups contained in GL, ) and then
projecting to a semisimple factor of the Zariski closure. Then take 2 = T in the last
theorem.

6.5 Proofs of the main theorems

To complete the proofs of the main results of this paper, we shall need some prelimi-
nary lemmas.

Lemma 5.1 Let G be a connected real Lie group and I' C G a dense subgroup. Then T’
1s generated by I' N U, for any identity neighborhood U in G.

Proof: Let H be the subgroup of G generated by I' N U. Since T is dense and G
connected, H is again dense in G. If v € I we can thus find h € H such that h € yU.
But then v"'heI’'NU C H. Hence ' = H. O

Lemma 5.2 Let G be a Zariski-connected algebraic group defined over R and let G =
G(R)O be the corresponding connected real Lie group. Let T be a dense subgroup in G
and m : I' = G a group homomorphism such that (') is Zariski-dense. Then for any
identity neighborhood U C G, (U NT) is Zariski-dense in G.

Proof: Let (Uy,)n, U, D Upy1, be a nested sequence of identity neighborhoods in G,
such that for any identity neighborhood U, U,, C U for large n’s. Let U], = U, NI and let
X, be the Zariski closure of (U} in G. Since (X,), is a decreasing sequence of Zariski-
closed subsets of G, it stabilizes at some finite step ny. For any g € U}, , gU;, C Uy, , for
n large enough, hence 7(g)X,, = 7(9)X, C Xy,. By lemma 5.1, U] generates I', hence
(1) X, C Xy, Since 7(T") is Zariski dense, this implies X,, = G. Thus 7(UNT) is
Zariski-dense for any identity neighborhood U C G. O

Proof: [Proof of theorem 1.1] The adjoint group H = Ad(G) is a center free
connected semisimple Lie group, hence is of the form H(R)® where H is some Zariski-
connected semisimple Q-algebraic group.

By Corollary 2.5, we can assume that I is finitely generated. By lemma 4.1, there is
a homomorphism 7 of I" into Ad(G) with dense, hence Zariski-dense, image which lies in
H(K) for some number field K. Since T is finitely generated, there is a finitely generated
subring R of K, such that «(T") C H(R).

Consider two elements ¢ and b in T’ and a sufficiently small identity neighborhood
U' in G such that for any z € V(a) := U'aU’ and y € V(b) := U'bU’, (z,y) is a dense
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subgroup of G. By theorem 2.4 this is always possible. Let U be a smaller symmetric
identity neighborhood in G such that U* C U’ and denote

Q=nrTNU).

By lemma 5.2, the conditions of theorem 4.5 are fulfilled. We thus obtain the desired
dense free subgroup.

0

The proof of theorem 1.2 is basically the same as the proof of theorem 1.1 and we
shall not go over it again, but only describe the needed modifications in the above argu-
ment.

Proof: [Proof of theorem 1.2 (outline)]

Pick ay, ..., a, € I close to the identity, and a small symmetric identity neighborhood
U such that for any selection z; € U*q;U ,i = 1,...,m, the group (z,... , Tm) is dense
in G. The existence of such a;’s and U is an easy consequence of theorem 2.1.

Now project G on the semisimple quotient S = G/R where R is the radical of G, and
find as above a projective space over a local field and an action of I' (via S) for which
there is

— a (m,r)-separating set ' C UNT (for some r > 0), and

— for € < 57, (where c is the maximal bi-Lipschitz constant of {ai,...,an} U F

when acting on the projective space), an element v, C U? N T acting as an e-very
contracting element.

Then there are

hi€e F(1<i<m)and g; € F (2<i<m),

such that
<"‘/€CL1h1, 92"/6(12]12 ----- gm’kamh’m>

is dense and free. [

Proof: [Proof of theorem 1.3] Recall that G is a connected non-solvable Lie group
and I < G is a finitely generated dense subgroup. Define Gy = G and G,, = [G,_1, G,_1].
Then as dim(G) < oo the sequence G, stabilizes at some finite step k, H = Gy, is a
connected topologically perfect closed normal subgroup of G, and the quotient G/H is
solvable. Moreover it follows by induction on n that I' N G,, is dense in G,,.

Let | be the codimension of H and let m be the minimal number of generators
of the Lie algebra of H, then [ + m < dim(G). Since the projection of I' to G/H is
finitely generated and dense, proposition 2.7 implies that it contains 2/ elements which
generate a dense subgroup in G/H. Let ay, ..., ay € T be arbitrary lifts of these elements.
Additionally, as in the proof of theorem 1.2, let ag1,...,ay4m be m elements in H N T
near the identity, and let U C H be a small identity neighborhood of H, such that for
any selection x; € Ula;U (21 +1 < i < 2l +m), the group (z941,. .., Torsm) is dense
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in H. Then for any selection z; € U%a;U (1 < i < 2l + m) the group (z1,..., Tosm) is
dense in G.

From this point, we can continue exactly as in the proof of theorem 1.2 in order to
find x;’s such that (xy,...,Ty4m) is free.

Remark 5.3 The bound 2dim(G) is not sharp as the latter proof shows. But 2l + m
can also be decreased in some cases. For example, it is easy to see that if G is a direct

product of a semisimple group with R¢, then max{2,2d} is the sharp bound for theorem
1.5.
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Chapitre 7

A topological version of the Tits
alternative!

7.1 Introduction

In his celebrated 1972 paper [167] J. Tits proved the following fundamental dichotomy
for linear groups :

Theorem 1.1 (Tits alternative) Let K be a field and T' a subgroup of GL,(K). In case
char(K) > 0 assume further that T is finitely generated. Then either T contains a sol-
vable subgroup of finite index, or I' contains a mon-commutative free subgroup on two
generators.

This theorem answered a conjecture of Bass and Serre and is an important step in the
understanding of linear groups. The purpose of the present paper is to give a topological
analogue of this dichotomy and to provide various applications of it.

Let k be a local field, that is R, C, a finite extension of @,, or a field of formal power
series in one variable over a finite field. GL, (k) is endowed with the standard topology, i.e.
the topology induced from the local field k. Now, let I" be a group and o : I' =GL, (k)
some injective homomorphism. We view [' as a topological group endowed with the
topology obtained by pulling back by o the standard topology on GL, (k) (i.e. the open
sets are 0~ '(0) where O is some open set in GL,(k)). We then prove the following
topological version of the Tits alternative :

Theorem 1.2 Suppose I' contains no open solvable subgroup. Then I' contains a dense
free subgroup.

Note that I' may contain both a dense free subgroup and an open solvable subgroup :
in this case I' has to be discrete and free. For non discrete groups however, the two cases
are mutually exclusive.

Yoint work with T. Gelander [32]
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In general, the dense free subgroup from Theorem 1.2 may have an infinite (but
countable) number of free generators. However, in many cases (see below Theorems
5.1 and 5.7), for example when I' itself is finitely generated, then we can find a dense
free subgroup on finitely many free generators. For another example consider the group
SL,(Q), n > 2. It is not finitely generated, yet, we show that it contains a free subgroup
of rank 2 which is dense with respect to the topology induced from SL,(R). Similarly,
for any prime p € N, we show that SL,(Q) contains a free subgroup of finite rank
r = r(p) > 2 which is dense with respect to the topology induced from SL, (Q,).

When char(k) = 0, the linearity assumption can be replaced by the weaker assump-
tion that I' is contained in some second-countable k-analytic Lie group G. In particular,
Theorem 1.2 applies to subgroups of any real Lie group with countably many connected
components, and to subgroups of any group containing a p-adic analytic pro-p group as
an open subgroup of countable index.

In [31] we proved Theorem 1.2 in the special case where kK = R and I is dense in a
connected real Lie group : if I' is a finitely generated dense subgroup of a non solvable
connected real Lie group, then I' contains a free subgroup of finite rank which is also
dense. The main difficulty in the general case lies in the study of representations of
algebraic groups which are not Zariski connected. A similar situation arose in [116].

Theorem 1.2 has various applications. In sections 7.7, 7.8 and 7.9 we shall concentrate
on developing some of them.

When £ is non-Archimedean, Theorem 1.2 provides some new results about pro-finite
groups (see Section 7.7). In particular, we answer a conjecture of Dixon, Pyber, Seress
and Shalev (cf. [50] and [135]), by proving :

Theorem 1.3 Let I' be a finitely generated linear group over an arbitrary field. Suppose
that I' is not wvirtually solvable, then its pro-finite completion T' contains a dense free
subgroup of finite rank.

In [50], using the classification of finite simple groups, the weaker statement, that r
contains a free subgroup whose closure is of finite index, was established. Let us remark
again that the passage from a subgroup whose closure is of finite index, to a dense
subgroup is a central part in the proof of Theorem 1.2. We also note that IT" itself may
not contain a pro-finitely dense free subgroup of finite rank. It was shown in [148] that
surface groups have the property that any proper finitely generated subgroup is contained
in a proper subgroup of finite index (see also [155]).

In Section 7.7 we also answer a conjecture of Shalev about coset identities for p-adic
analytic pro-p groups.

The question of existence of a free subgroup is indeed closely related to questions
concerning amenability. It follows from the Tits alternative that a finitely generated
linear group is amenable if and only if it contains no free subgroups and if and only
if it contains a solvable subgroup of finite index. The topology enters the game when
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considering actions of subgroups on the full group. It follows from Theorem 1.2 that the
action by left multiplications of a countable subgroup I' of G = GL, (k) on G, where k is
a local field, is amenable if and only if I' contains no relatively dense free subgroup and if
and only if I' contains a relatively open solvable subgroup. We refer the reader to [179],
Chapter 4, for an introduction and background on amenable actions. For £ = R this
answers a question of Carriere and Ghys [40] and provides a short proof for a conjecture
of Connes and Sullivan which was first proved by Zimmer [178] by means of super rigidity
methods. We obtain here the following generalization of Zimmer’s theorem for arbitrary
locally compact groups (see Section 7.8) :

Theorem 1.4 Let I' be a countable subgroup of a locally compact topological group G.
Then the action of I' on G (as well as on G/P for P < G closed amenable) by left
multiplication is amenable, if and only if T’ contains a relatively open subgroup which is
amenable as an abstract group.

Theorem 1.4 implies the following generalization of Auslander’s theorem (see [137]
Theorem 8.24) :

Theorem 1.5 Let G be a locally compact topological group, let P < G be a closed
normal amenable subgroup, and let 7 : G — G/ P be the canonical projection. Suppose
that H < G is a subgroup which contains a relatively open amenable subgroup. Then
n(H) also contains a relatively open amenable subgroup.

We also apply Theorem 1.2 to prove the following dichotomy between polynomial
and exponential growth for leaves of Riemannian foliations (see [80], [39], [120]) :

Theorem 1.6 Let F be a Riemannian foliation on a compact manifold M. The leaves
of F have polynomial growth if and only if the structural Lie algebra of F is nilpotent.
Otherwise, generic leaves have exponential growth.

The first half of Theorem 1.6 was actually proved by Carriere in [39]. Using Zimmer’s
proof of the Connes-Sullivan conjecture, he first reduced to the solvable case, then he
proved the nilpotency of the structural Lie algebra of F by a delicate direct argument
(see also [80]). He then asked whether the second half of this theorem holds. Both parts
of Theorem 1.6 follow from Theorem 1.2 and the methods developed in its proof.

The strategy used in this article to prove Theorem 1.2 consists in perturbing the
generators v; of I' within I' and in the topology of GL, (k), in order to obtain (under the
assumption that I" has no solvable open subgroup) free generators of a free subgroup,
which is still dense in I'. As it turns out, there exists an identity neighborhood U of some
non virtually solvable subgroup A < T, such that any selection of points z; in U~;U
generate a dense subgroup in I'. The argument used here to prove this claim depends on
whether k is Archimedean, p-adic or of positive characteristic.

In order to find a free group, we use a variation of the so-called ping-pong method
used by Tits. The original method of Tits (via the use of high powers of semisimple
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elements to produce ping-pong players) is not applicable to our situation and a more
careful study of the contraction properties of projective transformations is necessary. In
a first, more algebraic step, we construct a representation p of I' into some GL, (K) for
some other local field K such that the Zariski closure of p(A) acts strongly irreducibly
(i.e. fixes no finite union of proper vector subspaces). We then make use of the ideas
developed in [31] and inspired from [1], where it is shown how the dynamical properties
of a projective transformation can be read off on its Cartan decomposition. This allows,
provided that some additional assumption on p holds, to produce a set of elements in U
which “play ping-pong” on the projective space P(K"™), and hence generate a free group
(see Theorem 4.3). Theorem 4.3 provides a very handy way to generate free subgroups, as
soon as some infinite subset of matrices with entries in a given finitely generated ring (e.g.
an infinite subset of a finitely generated linear group) is given. The required additional
assumption on p is the existence of so-called proximal elements lying in p(U) (a proximal
transformation is a transformation of P(K™) which contracts almost all P(K™) into a
small ball). In [31] we developed a method to produce such a representation when the
Zariski closure of T" is connected. But in case it is not connected, a much more careful
study of the possible candidates for p has to be made. This is performed in Section 7.4.

One of the main ingredients in the proof of the existence of the representation p with
suitable proximal elements is a result (generalizing a lemma of Tits) asserting that in an
arbitrary finitely generated integral domain, any infinite set can be sent to an unbounded
set under an appropriate embedding of the ring into some local field (see Section 7.2).
This result is crucial in particular when dealing with non finitely generated subgroups.
Our proof uses a striking simple fact, originally due to Pdlya in the case k = C, about
the inverse image of the unit disc under polynomial transformations (see Lemma 2.3).

The paper is organized as follows. In Section 7.2, we give a proof of the above mentio-
ned lemma. In Section 7.3 we recall and complete some of the results from [31] concerning
the action of projective transformations and the Cartan decomposition, then move on
proving Theorem 4.3 in Section 7.4. In Section 7.5, we prove our main theorem in the
case when I’ is finitely generated. In Section 7.6, using the result of the preceding section,
we prove the existence of dense free subgroups on infinitely many free generators. We
then devote Sections 7.7, 7.8 and 7.9 to prove the main corollaries and applications of
Theorem 1.2. In the last section, we discuss some related problems.

Finally, let us give here a few notations that will be used throughout the paper. The
notation H < G means that H is a subgroup of the group G. By [G, G] we denote the
derived group of G, i.e. the group generated by commutators. Given a group I', we denote
by d(T') € N the minimal size of a generating set of ['. If 2 C G is a subset if G, then
() denotes the subgroup of G generated by 2. If T" is a subgroup of an algebraic group,
we denote by I~ its Zariski closure. Note that the Zariski topology on rational points
does not depend on the field of definition, that is if V' is an algebraic variety defined
over a field K and if L is any extension of K, then the K-Zariski topology on V(K)
coincides with the trace of the L-Zariski topology on it. To avoid confusion, we shall
always add the prefix “Zariski” to any topological notion regarding the Zariski topology
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(e.g. “Zariski dense”, “Zariski open”). For the topology inherited from the local field &,
however, we shall plainly say “dense” or “open” without further notice (e.g. SL,(Z) is
open and Zariski dense in SL,(Z[1/p]), where k = Q,).

7.2 A generalization of a lemma of Tits

In the original proof of the Tits alternative, Tits used an easy but crucial lemma
saying that given a finitely generated field K and an element o € K which is not a root
of unity, there always is a local field k and an embedding f : K — k such that |f(«)| > 1.
A natural and useful generalization of this statement is the following lemma, which may
also be considered for its own sake.

Lemma 2.1 Let R be a ring. Suppose that R is finitely generated (as a ring) and has
no zero divisors. Let I be an infinite subset of R. Then there exists a local field k and an
embedding i : R — k such that i(I) is unbounded.

As explained below, this lemma provides a straightforward way to build the proximal
elements needed in the construction of dense free subgroups. It is more general and more
natural than the argument used in [31].

Before getting into the proof of Lemma 2.1 let us demonstrate its usefulness by
proving a straightforward consequence :

Corollary 2.2 (Zimmer [180], Theorems 6 and 7, and [84] 6.26) There is no fai-
thful conformal action of an infinite Kazhdan group on the Euclidean 2-sphere S2.

Proof:  Suppose there is an infinite Kazhdan subgroup I' in SLy(C), the group of
conformal transformations of S?. Since I' has property (T), it is finitely generated, and
hence, Lemma 2.1 could be applied to yield a faithful representation of I" into SLy(k) for
some local field k, with unbounded image. However PSLy (k) acts faithfully with compact
isotropy groups by isometries on the hyperbolic space H? if k is Archimedean, and on a
tree if it is not. As I" has property-(T), it must fix a point (c.f. [84] 6.4 and 6.23 or [180]
Prop. 18) and hence lie in some compact group. A contradiction. [

When R is integral over Z, the lemma follows easily by considering the diagonal
embedding of R into a product of finitely many completions of its field of fractions.
The main difficulty comes from the possible presence of transcendental elements. Our
proof of Lemma 2.1 relies on the following interesting fact. Let k£ be a local field, and
let 4 = pi denote the standard Haar measure on k, i.e. the Lebesgue measure if k is
Archimedean, and the Haar measure giving measure 1 to the ring of integers O, of k
when £ is non-Archimedean. Given a polynomial P in k[X], let

APZ—‘{iL'Ek,

P(z)| < 1}.

Lemma 2.3 For any local field k, there is a constant ¢ = c(k) such that u(Ap) < ¢ for
any monic polynomial P € k[X].
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Proof: Let k be an algebraic closure of k, and P a monic polynomial in k[X]. We
can write P(X) = [[(X — ;) for some z; € k. The absolute value of k extends uniquely
to an absolute value in k (see [103] XII, 4, Theorem 4.1 p. 482). Now if 2 € Ap then
|P(z)| < 1, and hence

Zlog\r—x,] = log |P(x)| < 0.

But Ap is measurable and bounded, therefore integrating with respect to u, we obtain

Z/A log |x — x;| dp(x / Zlog\:r—mAdu()

The lemma will now follow from the following claim : for any measurable set B C k and
any point z € k,

/ log |« — 2| dpu(x) > u(B) - c. (7.1)
where ¢ = c¢(k) > 0 is some constant independent of = and B.
Indeed, let Z € k be such that |2 — z| = mingex |x — 2], then |z — 2| > |z — Z] for all
xr €k, so

/ log |z — 2| du(x) > / log |z — | du(z) = / loglaldu(r)

Therefore, it suffices to show (1) when z = 0. But a direct computation for each possible
field k& shows that — fx|<1 log |z|dpu(x) < oo. Therefore taking ¢ = p{zr € k, |z| < e} +
| f <1108 |z|dp(x)| we obtain (1). This concludes the proof of the lemma. OJ

Lemma 2.3 was proved by Pélya in [133] for the case k& = C by means of potential
theory. Pélya’s proof gives the best constant ¢(C) = 7. For £ = R one can show that
the best constant is ¢(R) = 4 and that it can be realized as the limit of the sequence of
lengths of the pre-image of [—1, 1] by the Chebyshev polynomials (under an appropriate
normalization of these polynomials). In the real case, this result admits generalizations
to arbitrary smooth functions such as the Van der Corput lemma (see [36] for a multi-
dimensional analog). For k non-Archimedean. the constant is always < 2 and it tends to
1 as the residue field O /7Oy, gets larger.

Let us just explain how, with a little more consideration, one can improve the constant
¢ in the above proof?. We wish to find the minimal ¢ > 0 such that for every compact
subset B of k whose measure is |B| > ¢ we have

/ log ||du(x) > 0.
B

2Let us also remark that there is a natural generalization of Lemma 2.3 to higher dimension which
follows by an analogous argument : For any local field k and n € N, there is a constant ¢(k,n), such
that for any finite set a1,....2,, € k", we have u({y € k" : [I1" |y — @il < 1}) < e(k.n).
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Suppose k = C. Since log |z| is increasing with |z|, for any B

[ ogleldu(z) = | 1ogfaldu(a)
B C

where C' is a ball around 0 (C = {x € k : |z|] < t}) with the same volume as B.
Therefore ¢ = 7t? where ¢ is such that 27 fot rlog(r)dr = 0. The unique positive root of
this equation is t = y/e. Thus we can take

C = Te.

For k = R the same argument gives a possible constant ¢ = 2e, while for k& non-
Archimedean it gives ¢ = 1 + T(q_l—ﬁ where g = p/ is the size of the residue class field and
f is its dimension over its prime field I,,. In particular, the constant ¢(k) can be chosen
to be independent of the local field k.

As in the proof of Lemma 2.3, there is a positive constant ¢; such that the integral
of log |z| over a ball of measure ¢; centered at 0 is at least 1. This implies :

Corollary 2.4 For any monic polynomial P € k[X], the integral of log|P(z)| over any
set of measure grater then c, is at least the degree d°P.

We shall also need the following two propositions :

Proposition 2.5 Let k be a local field and kg its prime field. If (P, ), is a sequence of mo-
nic polynomials in k[X] such that the degrees d°P, — +00 asn — oo, and &, ..., &, are
given numbers in k, then there exists a number & € k, transcendental over ko(&1, ..., &n),
such that (|P,(€)|)n is unbounded in k.

Proof: Let T be the set of numbers in £ which are transcendental over k(&
Then T has full measure. For every r > 0 we consider the compact set

Lo Em).

K, ={z €k Vn |P,(z)| <r}.

We now proceed by contradiction. Suppose T' C |, Kr. Then for some large 7, we have
u(K,) > ¢y, where ¢; > 0 is the constant from Corollary 2.4. This implies

d°P, < / log (| Pu(z)])dp(z) < (K, )logr,
K,
contradicting the assumption of the proposition. [J
Proposition 2.6 If (P,), is a sequence of distinct polynomials in Z[X1, ..., X,,] such

that sup,, d°P, < oo, then there exist algebraically independent numbers &, ..., &y, in C
such that (|Py(&1, ..., &n)|)n is unbounded in C.
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Proof:  Let d = sup, d°P, and T be the set of all m-tuples of complex numbers
algebraically independent over Z. The P,’s lie in

{(PeCX,,....Xp]: d°P < d}

which can be identified, since T is dense and polynomials are continuous, as a finite
dimensional vector subspace V' of the C-vector space of all functions from T to C. Let
| = dim¢c V. Then, as it is easy to see, there exist (T1,...,T;) € T', such that the
evaluation map P +— (P(Z1),..., P(%;)) from V to C' is a linear isomorphism from V to
C4mV Since the P,’s belong to a Z-lattice in V, so does their image under the evaluation
map. Since the P,’s are all distinct, {P,(7;)} is unbounded for an appropriate ¢ < 1. O

Proof: [Proof of Lemma 2.1]Let us first assume that the characteristic of the field
of fractions of R is 0. By Noether’s normalization theorem, R &7 Q is integral over
Q[&1, - .-+ &m] for some algebraically independent elements &,...,&, in R. Since R is
finitely generated, there exists an integer [ € N such that the generators of R, hence all
elements of R, are roots of monic polynomials with coefficients in S = Z[%,ﬁl, v Em)
Hence Ry = R[}.,&,...,&] = R[}] is integral over S. Let F be the field of fractions
of Ry and K that of S. Then F' is a finite extension of K and there are finitely many
embeddings o1, ..., 0, of F into some algebraic closure K of K. Note that S is integrally
closed. Therefore if x € R, the characteristic polynomial of z over F belongs to S[X]
and equals

[[ X =0i2) = X"+ a(x) X7 + ...+ a(x)

1<i<r
where each «;(x) € S. Since I is infinite, we can find iy such that {a;,(x)}.e; is infinite.
This reduces the problem to the case R = S, for if S can be embedded in a local field
k such that {|a;,(x)|}zer is unbounded, then for at least one i, the |o;(x)|’s will be
unbounded in some finite extension of k in which F' embeds.

So assume I C S = Z[%, &1,-..,&m) and proceed by induction of the transcendence
degree m.

The case m = 0 is easy since S = Z[%] embeds discretely (by the diagonal embedding)
in the product of finitely many copies of R and @Q,’s.

Now assume m > 1. Suppose first that the total degrees of the z’s in I are unbounded.
Then, for say &y, sup,e;dg, © = +0o. Let a(z) be the dominant coefficient of z in its
expansion as a polynomial in &,. Then a(x) € Z[%,fl,...,ém_l] and is non zero. If
{a(z)} e is infinite, then we can apply the induction hypothesis and find an embedding
of Z[%,gl, .. -y&m—1] into some local field k for which {|a(z)|}zes is unbounded. Hence
I' := {z € I,|a(z)| > 1} is infinite. Now z/a(z) is a monic polynomial in k[,,], so we
can then apply Proposition 2.5 and find an embedding of Z[%, &1y &m—1)[ém]) = S in k,
such that {z/a(x)},er is unbounded in k. Hence, under this embedding, I is unbounded
in k.

Suppose now that {a(z)} ey is finite. Then either a(x) € Z[1] for all but finitely many
x’s or not. In the first case we can embed Z[% &1s ... Em—1] Into either R or Q, (for some
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prime p dividing [) so that |a(z)| > 1 for infinitely many z’s, while in the second case we
can find &, ..., &,—1 algebraically independent in C, such that |a(z)| > 1 for infinitely
many x in I, Then, the same argument as above, using Proposition 2.5 applies.

Now suppose that the total degrees of the z's in I are bounded. If for some infinite
subset of I, the powers of [ in the coefficients of z (lying in Z[7]) are bounded from
below, then we can apply Proposition 2.6 to conclude. If not, then for some prime factor
p of I, we can write x = 17;1(—5:% where T € Z,[&1,....&y) with at least one coefficient of
p-adic absolute value 1, and the n(z) € Z are not bounded from above. By compactness,
we can pick a subsequence (I),e; which converges in Ly, (€1, ..., &m), and we may assume
that n(z) — oo on this subsequence. The limit will be a non-zero polynomial Z,. Pick
arbitrary algebraically independent numbers 2, ..., 2, € Q,. The limit polynomial Z
evaluated at the point (21,...,2,) € Q)" is not 0, and the sequence of polynomial (7)zep
evaluated at (zy,..., zy) tends to Zo(21,. .., 2,) # 0. Hence (:17(:1, e :m))rel, tends to
oo in Q. Sending the &;’s to the 2;’s we obtain the desired embedding. (Note that in this
case, after p is selected, the specific values of the z;’s are not important.)

Finally, let us turn to the case when char(k) = p > 0. The first part of the argument
remains valid : R is integral over S = F,[¢),...,&y] where &, ... &, are algebraically
independent over [F, and this enables to reduce to the case R = S. Then we proceed by
induction on the transcendence degree m. If m = 1, then the assignment &; — % gives
the desired embedding of S into F,((¢)). Let m > 2 and note that the total degrees of
elements of I are necessarily unbounded. From this point the proof works verbatim as
in the corresponding paragraph above. [J

7.3 Contracting projective transformations

In this section and the next, unless otherwise stated, k is assumed to be a local field,
with no assumption on the characteristic.

7.3.1 Proximality and ping-pong

Let us first recall some basic facts about projective transformations on P(k"), where
k is a local field. For proofs and a detailed (and self-contained) exposition, see [31],
Section 3. We let ||-|| be the standard norm on k", i.e. the standard Euclidean norm if &
is Archimedean and ||z|| = maxi<i<p |2;| where x = 3 x;e; when k is non-Archimedean
and (ej, ..., e,) is the canonical basis of k". This norm extends in the usual way to A%k".
Then we define the standard metric on P(k™) by

( _ |l A wl|
d([v], [w]) = el

With respect to this metric, every projective transformation is bi-Lipschitz on P(k").
For € € (0.1), we call a projective transformation [g] €PGL, (k) e-contracting if there
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exist a point v, € P"~!(k), called an attracting point of [g], and a projective hyperplane
H,, called a repelling hyperplane of [g], such that [g] maps the complement of the e-
neighborhood of H, C P(k") (the repelling neighborhood of [g]) into the e-ball around
v, (the attracting neighborhood of [g]). We say that [g] is e-very contracting if both
[g] and [g™!] are e-contracting. A projective transformation [g] EPGL, (k) is called (r, €)-
proximal (r > 2¢ > 0) if it is e-contracting with respect to some attracting point v, €
P(k") and some repelling hyperplane Hy, such that d(vy, H;) > r. The transformation
[g] is called (r,€)-very proximal if both [g] and [g]~! are (r,€)-proximal. Finally [g]is
simply called proximal (resp. very proximal) if it is (7, €)-proximal (resp. (r,€)-very
proximal) for some r > 2¢ > 0.

The attracting point v, and repelling hyperplane H, of an e-contracting transforma-
tion are not uniquely defined. Yet, if [g] is proximal we have the following nice choice of
vy and Hy.

Lemma 3.1 Let ¢ € (O,i). There exist two constants c¢i,co > 1 (depending only on
the local field k) such that if [g] is an (r,€)-proxzimal transformation with r > cy€e then
it must fix a unique point U, inside its attracting neighborhood and a unique projective
hyperplane H, lying inside its repelling neighborhood. Moreover, if 7 > c1€?/3, then all
positive powers [g"], n > 1, are (r — 2€, (co€) 3)-prozimal transformations with respect to

these same U, and H,.

Let us postpone the proof of this lemma till the next paragraph.

An m-tuple of projective transformations ay,...,a,, is called a ping-pong m-tuple
if all the a;’s are (r, €)-very proximal (for some 7 > 2¢ > 0) and the attracting points of a;
and a; ! are at least r-apart from the repelling hyperplanes of a; and aj_l, for any 7 # J.
Ping-pong m-tuples give rise to free groups by the following variant of the ping-pong
lemma (see [167] 1.1) :

Lemma 3.2 If ai,...,a,, €PGL,(k) form a ping-pong m-tuple, then {(a,...,an,) is a
free group of rank m.

A finite subset FF CPGL, (k) is called (m,r)-separating (r > 0, m € N) if for every
choice of 2m points vy, ..., Ve, in P(k™) and 2m projective hyperplanes Hi, ..., Hopy,
there exists v € F such that

1 7. . ——1 . .
1gﬁlgnzm{d(7U“Hj)’d(’y v, Hj)} > .
A separating set and an e-contracting element for small € are precisely the two ingredients

needed to generate a ping-pong m-tuple. This is summarized by the following proposition
(see [31] Propositions 3.8 and 3.11).

Proposition 3.3 Let F' be an (m,r)-separating set (r < 1, m € N) in PGL, (k). Then
there is C' > 1 such that for every e, 0 < ¢ < 1/C, we have
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(i) If 9] €PGLy(k) is an e-contracting transformation, one can find an element
[f] € F, such that [gfg~'] is Ce-very contracting.

(i7) If ay, ..., am €EPGL,(k), and v is an e-very contracting transformation, then there
are hy,... hy, € F and ¢1,...,9n € F such that

(917a1h17 927a2h'21 cee agmﬁ/amhm)

forms a ping-pong m-tuple and hence are free generators of a free group.

7.3.2 The Cartan decomposition

Now let H be a Zariski connected reductive k-split algebraic k-group and H = H(k).
Let T be a maximal k-split torus and 7" = T(k). Fix a system ® of k-roots of H relative
to T and a basis A of simple roots. Let X(T) be the group of k-rational multiplicative
characters of T and V' = X(T) ®z R and V' the dual vector space of V'. We denote by
CT the positive Weyl chamber :

Ct={veV:VaeA, a(v)>0}.

The Weyl group will be denoted by W and is identified with the quotient Ny (T')/Zy(T)
of the normalizer by the centralizer of T'in H. Let K be a maximal compact subgroup of
H such that Nk (T') contains representatives of every element of W. If k is Archimedean,
let A be the subset of T consisting of elements ¢ such that |a(t)| > 1 for every simple
root & € A. And if k is non-Archimedean, let A be the subset of T" consisting of elements
such that a(t) = 77" for some n, € NU {0} for any simple root @ € A, where 7 is a
given uniformizer for k (i.e. the valuation of 7 is 1). Then we have the following Cartan
decomposition (see Bruhat-Tits [35])

H = KAK. (7.2)

In this decomposition, the A component is uniquely defined. We can therefore associate
to every element g € H a uniquely defined a, € A.

Then, in what follows, we define x(g) to be equal to x(a,) for any character x € X(T)
and element g € H. Although this conflicts with the original meaning of x(g) when ¢
belongs to the torus T(k), we will keep this notation throughout the paper. Thus we
always have |a(g)| > 1 for any simple root o and g € H.

Let us note that the above decomposition (7.2) is no longer true when H is not
assumed to be k-split (see Bruhat-Tits [35] or [136] for the Cartan decomposition in the
general case).

If H = GL, and « is the simple root corresponding to the difference of the first two
eigenvalues A\; — \o, then a4 is a diagonal matrix diag(ai(g),....a,(g)) where |a(g)| =
I%%l Then we have the following nice criterion for e-contraction, which justifies the

introduction of this notion (see [31] Proposition 3.3).
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Lemma 3.4 Lete < 1. If \Z;—g] > 1/€2, then [g] €PGL,(k) is e-contracting on P(k").
Conversely, suppose [g] is e-contracting on P(k™) and k is non-Archimedean with unifor-

mizer T (resp. Archimedean), then [Z—;%I > L%' (resp. [Zlg“ > 25).

The proof of Lemma 3.1, as well as of Proposition 3.3, is based on the latter charac-

terization of e-contraction and on the following crucial lemma (see [31] Lemmas 3.4 and
3.5) :

Lemma 3.5 Let r,e € (0,1]. If ]Zféi;! < €2, then [g] is e-contracting with respect to the
repelling hyperplane

H, = [span{k'~ (e Yoy
and the attracting point vy = [ke,], where g = kayk’ is a Cartan decomposition of g.

Moreover, [g] is %—Lipschz’tz outside the r-neighborhood of H,. Conversely assume that

the restriction of [g] to some open set O C P(k™) is e-Lipschitz, then |Zf—g[ < 2e.

7.3.3 The proof of Lemma 3.1

Given a projective transformation [h] and ¢ > 0, we say that (H,v) is a d-related pair
of a repelling hyperplane and attracting point for [h], if [2] maps the complementary of
the d-neighborhood of H inside the §-ball around v.

The attracting point and repelling hyperplane of an d-contracting transformation [h]
are not uniquely defined. However, note that if § < i then for any two d-related pairs
of [h] (H},v}), i = 1,2, we have d(v},v}) < 26. Indeed, since § < 1, the union of the &
-neighborhoods of the H}’s does not cover P(k™). Let p € P(k™) be a point lying outside
this union, then d([h]p,v}) < § fori =1,2.

Now consider two d-related pairs (H},, v}), i = 1,2 of some projective transformation
[h], satisfying d(vj, H) > 7 and no further assumption on the pair (H?, v}?). Suppose
that 1 > r > 44. Then we claim that Hd(H}, H?) < 24, where Hd denotes the standard
distance between hyperplanes, i.e. the Hausdorff distance. (Note that Hd(H!, H?) =

mazqem{ |fﬁfﬁ)|} where f5 is the unique (up to sign) norm one functional whose kernel is

the hyperplane H, (for details see [31] section 3).) To see this, notice that if Hd(H}, H?)
were greater than 24 then any projective hyperplane H would contain a point outside
the d-neighborhood of either H} or H?. Such a point is mapped under [h] to the é-ball
around either vj or v7, hence to the 34-ball around v}. This in particular applies to
the hyperplane [h™']H}. A contradiction to the assumption d(H},vi) > 4. We also
conclude that when r > 84, then for any two d-related pairs (H*,v") i = 1,2 of [h], we
have d(v', H?) > % for all ¢,j € {1,2}.

Let us now fix an arbitrary e-related pair (H,v) of the (r, €)-proximal transformation
lg] from the statement of Lemma 3.1. Let also (Hy, v,) be the hyperplane and point
introduced in Lemma 3.5. From Lemmas 3.4 and 3.5, we see that the pair (Hg,vg)
is a Ce-related pair for [g] for some constant C' > 1 depending only on k. Assume
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d(v, H) > r > 8Ce¢. Then it follows from the above that the e-ball around v is mapped
into itself under [g], and that d(v, Hy) > . From Lemma 3.5, we obtain that [g] is (1<)
Lipschitz in this ball, and hence [¢"] is (L?)Q”—Lipschitz there. Hence [g] has a unique
fixed point ¥, in this ball which is the desired attracting point for all the powers of [g].
Note that d(v,7,) < e.

Since [¢"] is (é—fj'—f)‘z"-Lipschitz on some open set, it follows from Lemma 3.5 that
|Z—f%%‘ < 2(%%€)2" and from Lemma 3.4 that [g"] is 2(4%€)"-contracting. Moreover, it is
now easy to see that if r > (4C)%, then for every 2(4<¢)"-related pair (H,,v,) for [¢"]
n > 2, we have d(T,,v,) < 4(%<)". (To see this apply [¢"] to some point of the e-ball
around v which lies outside the 2(%¢¢)"-neighborhood of H,). Therefore (H,.7,) is a
6(25<)"-related pair for [g"], n > 2.

We shall now show that the e-neighborhood of H contains a unique [g]-invariant
hyperplane which can be used as a common repelling hyperplane for all the powers of
[9]. The set F of all projective points at distance at most ¢ from H is mapped into
itself under [¢g~!]. Similarly the set §) of all projective hyperplanes which are contained
in F is mapped into itself under [g~']. Both sets F, and §) are compact with respect to
the corresponding Grassmann topologies. The intersection Fo, = N[g™"]F is therefore
non empty and contains some hyperplane ﬁg which corresponds to any point of the
intersection N[g~"$. We claim that F,, = H,. Indeed, the set F,, is invariant under
[97"] and hence under [g] and [g"]. Since (H,,T,) is a 6(<¢)"-related pair for [¢"], n > 2,
and since T, is “far” (at least r — 2¢ away) from the invariant set F, it follows that
for large n, F must lie inside the 6(47&)”-neighborhood of H,. Since F,, contains a
hyperplane, and since it is arbitrarily close to a hyperplane, it must coincide with a
hyperplane. Hence Foo = H,. It follows that (H,.7,) is a 12(%<)"-related pair for [¢"]

for any large enough n. Note that then d(7,, H,) > r — 2¢, since d(v,,v) < € and
Hd(H,. H) < e. This proves existence and uniqueness of (H,,7,) as soon as 7 > ci€
where ¢, > (4C)* + 8C.

If we assume further that r* > 12(4Ce)?, then F lies inside the 6(2£¢)"-neighborhood
of H, as soon as n > 2. Then (H,,7,) is a 12(4¢)"related pair for [¢g"], hence a (ce)"/3-
related pair for [¢"] whenever n > 1, where ¢5 > 1 is a constant easily computable in
terms of C. This finishes the proof of the lemma. []

In what follows, whenever we add the article the to an attracting point and repelling
hyperplane of a proximal transformation [g], we shall mean these fixed point 7, and fixed
hyperplane H, obtained in Lemma 3.1.

7.3.4 The case of general semisimple group

Now let us assume that H is a Zariski connected semisimple k-algebraic group, and
let (p,V,) be a finite dimensional k-rational representation of H with highest weight .
Let ©, be the set of simple roots a such that x,/« is again a non-trivial weight of p

0, ={a e A:yx,/ais a weight of p}.
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It turns out that ©, is precisely the set of simple roots a such that the associated
fundamental weight m, appears in the decomposition of x, as a sum of fundamental
weights. Suppose that the weight space V,, corresponding to x, has dimension 1, then
we have the following lemma.

Lemma 3.6 There are positive constants Cy < 1 < Cy, such that for any € € (0,1)
and any g € H(k), if |a(g)] > % for all « € ©, then the projective transformation
[0(9)] €PGL(V,) is e-contracting, and conversely, if [p(g)] is e-contracting, then |a(g)| >

& for alla € ©,.

Proof: Let V, = @V, be the decomposition of V, into a direct sum of weight
spaces. Let us fix a basis (ey, ..., e,) of V, compatible with this decomposition and such
that V,, = ke;. We then identify V), with A" via this choice of basis. Let g = kjazk:
be a Cartan decomposition of g in H. We have p(g) = p(k1)p(ay)p(ks) € p(K)Dp(K)
where D C SL,(k) is the set of diagonal matrices. Since p(K') is compact, there exists
a positive constant C' such that if [p(g)] is e-contracting then [p(a,)] is Ce-contracting,
and conversely if [p(a,)] is e-contracting then [p(g)] is Ce-contracting. Therefore, it is
equivalent to prove the lemma for p(a,) instead of p(g). Now the coefficient |ai(p(ay))| in
the Cartan decomposition on SL, (k) equals max, |x(ag)| = |x,(g)], and the coefficient
las(p(ag))] is the second highest diagonal coefficient and hence of the form |x,(ay)/a(a,)]
where « is some simple root. Now the conclusion follows from Lemma 3.4. [

7.4 Irreducible representations of non-Zariski connec-
ted algebraic groups

In the process of constructing dense free groups, we need to find some suitable linear
representation of the group I' we started with. In general, the Zariski closure of I' may
not be Zariski connected, and yet we cannot pass to a subgroup of finite index in I' in
Theorem 1.2. Therefore we will need to consider representations of non Zariski connected
groups.

Let H° be a connected semisimple k-split algebraic k-group. The group Auty(H®) of
k-automorphisms of H° acts naturally on the characters X(T) of a maximal split torus
T. Indeed, for every o € Auty(H), the torus o(T) is conjugate to T' = T(k) by some
element g € H = H(k) and we can define the character o(x) by o(x)(t) = x(¢'o(t)g).
This is not well defined, since the choice of g is not unique (it is up to multiplication
by an element of the normalizer Ny(T)). But if we require o(x) to lie in the same
Weyl chamber as x, then this determines g up to multiplication by an element from the
centralizer Zy(T'), hence it determines o(y) uniquely. Note also that every o sends roots
to roots and simple roots to simple roots.

In fact, what we need are representations of algebraic groups whose restriction to the
connected component is irreducible. As explained below, it turns out that an irreducible
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representation p of a connected semisimple algebraic group H° extends to the full group
H if and only if its highest weight is invariant under the action of H by conjugation.

We thus have to face the problem of finding elements in H°(k)I" which are e-contracting
under such a representation p. By Lemma 3.6 this amounts to finding elements h such
that a(h) is large for all simple roots « in the set ©, defined in Paragraph 7.3.4. As will be
explained below, we can find such a representation p such that all simple roots belonging
to ©, are images by some outer automorphisms ¢’s of H° (coming from conjugation by
an element of H) of a single simple root «. But o(a)(h) and «(o(h)) are comparable. The
idea of the proof below is then to find elements s in H°(£) such that all relevant a(o(h))’s
are large. But, according to the converse statement in Lemma 3.6, this amounts to fin-
ding elements h such that all relevant o(h)’s are e-contracting under a representation p,
such that ©,, = {a}. This is the content of the forthcoming proposition.

Before stating the proposition, let us note that, H°® being k-split, to every simple
root a € A corresponds an irreducible A-rational representation of H°(k) whose highest
weight x,, is the fundamental weight 7, associated to o and has multiplicity one. In this
case the set ©,, defined in Paragraph 7.3.4 is reduced to the singleton {a}.

Proposition 4.1 Let a be a simple root. Let I be a subset of H°(k) such that {|a(g)|}ser
is unbounded in R. Let Q C H°(k) be a Zariski dense subset. Let o1, ....0,, be algebraic
k-automorphisms of H°. Then for any arbitrary large M > 0, there ezists an element
h € H°(k) of the form h = fi07'(g) ... fmo}(g) where g € I and the f;’s belong to Q,
such that |o;(a)(h)| > M for all1 <i <m.

Proof: Let e € (0,1) and g € I such that |a(g)| > %. Let (pa, V) be the irreducible
representation of H°(k) corresponding to « as described above. Consider the weight
space decomposition V, = @V, and fix a basis (e1,...,e,) of V =V, compatible
with this decomposition and such that V,, = ke;. We then identify V with k" via
this choice of basis, and in particular, endow P(V') with the standard metric defined in
the previous section. It follows from Lemma 3.6 above that [p,(g)] is eC-contracting on
P(V) for some constant C' > 1 depending only on p,. Now from Lemma 3.5, there exists
for any € H°(k) a point u, € P(V) such that [ps(x)] is 2-Lipschitz over some open
neighborhood of u,. Similarly there exists a projective hyperplane H, such that [p, ()]
is T%-Lipschitz outside the r-neighborhood of H,. Moreover, combining Lemmas 3.4 and
3.5 (and up to changing C' if necessary to a larger constant depending this time only
on k), we see that [p,(g)] is igz—Lipschitz outside the r-neighborhood of the repelling
hyperplane H, defined in Lemma 3.5. We pick u, outside this r-neighborhood.

By modifying slightly the definition of a finite (m, r)-separating set (see above Para-
graph 7.3.1), we can say that a finite subset F' of H°(k) is an (m, r)-separating set with
respect to p, and oy, ...,0, if for every choice of m points vy,..., v, in P(V) and m
projective hyperplanes Hy, ..., H,, there exists v € F' such that

min  d(pa(ow(y))vi. H;) > 1 > 0.

1<i,5,k<m,
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Claim : The Zariski dense subset () contains a finite (m,r)-separating set with
respect to p, and o1, ..., o, for some positive number r.

Proof of claim : For v € Q, we let M, be the set of all tuples (v;, H;)1<i<m such that
there exists some 4, j and [ for which po(0i(v))vi € H;. Now [, .o M, is empty, for other-
wise there would be points vy,..., v, in P(V) and projective hyperplanes Hy, ..., H,
such that € is included in the union of the closed algebraic k-subvarieties {x € H°(k),
paloi(x))v; € H;} where 4, j and [ range between 1 and m. But, by irreducibility of p,
each of these subvarieties is proper, and this would contradict the Zariski density of €2
or the Zariski connectedness of H°. Now, since each M, is compact in the appropriate
product of Grassmannians, it follows that for some finite subset F' C €, ﬂve M, = 0.
Finally, since max,ecp mini<; ji<m d(pal(0i(7)vi, H;) depends continuously on (v;, H;)7,
and never vanishes, it must attain a positive minimum 7, by compactness of the set of
all tuples (v;, H;)™, in

(P(V) X Graimv)-1(V)) ™"

Therefore F is the desired (m,r)-separating set.

Up to taking a bigger constant C', we can assume that C is larger than the bi-Lipschitz
constant of every p,(z) on P(k") when z ranges over the finite set {ox(f),f € F,1 <
k < m}.

Now let us explain how to find the element h = f,,0.-1(g) ... fio;*(g) we are looking
for. We shall choose the f;’s recursively, starting from j = 1, in such a way that all the
elements o;(h), 1 <i < m, will be contracting. Write

oi(h) = 0i(fmoy'(9). .. fro7'(9) =
(0i(fm)aiog' (9) - - - 0ulf)) g (ou(fisr)oioicalg) - ... - oi(fr)aior ' (g)).

In order to make o;(h) contracting, we shall require that :
— For m > i > 2, 0,(f;_1) takes the image under o;0,_1(g) - ... - 0:(f1)o:07'(g) of
some open set on which a;0;_1(g) - ... - 0;(f1)o:07 *(g) is 2-Lipschitz, e.g. a small
neighborhood of the point

Uu; == (UiUi—l<g) Tl Ui(fl)aial_l(g))(uaidi—l(g)n.uoi(fl)aial_l(g))

at least r apart from the hyperplane H,, and
— For m > j >4, 0,(f;) takes the image of u; under (aiaj_l(g) ..o 0y(f:))g at least
r apart from the hyperplane HU_U—il(g) of aiaj_jl(g) (i.e. of the next element on the
i%;

left in the expression of o;(h)).
Assembling the conditions on each f; we see that there are < m points that the
oj(fi)’s, 1 <j < m should send r apart from < m projective hyperplanes.
This appropriate choice of fi,..., f,, in F forces each of o1(h),...,on(h) to be
2(":;:,,262—Lipschitz in some open subset of P(V'). Lemma 3.5 now implies that o;(h), . ... om(h)

are Cye-contracting on P(V') for some constant Cy depending only on (p, V).
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Moreover h € Ka, K and each of the 0;(K) is compact, we conclude that o1(ay), . .., om(as)

are also Che-contracting on P(V') for some constant Cj. But for every o; there exists
an element b; € H°(k) such that o;(T) = b;Th ' and o;(a)(t) = (b o;(t)b;) for
every element ¢ in the positive Weyl chamber of the maximal k-split torus T = T(k).
Up to taking a larger constant C) (depending on the b;’s) we therefore obtain that
bilor(an)by, ... bylom(ap)b, are also Che-contracting on P(V) via the representation
po- Finally Lemma 3.6 yields the conclusion that |o;()(h)| = |a(b; 'oy(ay)b;)| > # for
some other positive constant Cy. Since € can be chosen arbitrarily small, we are done. [J

Now let H be an arbitrary algebraic k-group, whose identity connected component

H° is semisimple. Let us fix a system X of k-roots for H® and a simple root «a. For every
element g in H(%) let 0, be the automorphism of H°(k) which is induced by ¢ under
conjugation, and let S be the group of all such automorphisms. As was described above,
S acts naturally on the set A of simple roots. Let S-a = {a;....,q,} be the orbit of «
under this action. Suppose I C H°(k) satisfies the conclusion of the last proposition for
S - a, that is for any € > 0, there exists g € I such that |a;(g)| > 1/e? for alli = 1,...,p.
Then the following proposition shows that under some suitable irreducible projective
representation of the full group H(k), for arbitrary small ¢, some elements of I act as
e-contracting transformations.

Proposition 4.2 Let I C H°(k) be as above. Then there exists a finite extension K of k,
[K : k] < oo, and a non-trivial finite dimensional irreducible K -rational representation
of H® into a K -vector space V. which extends to an irreducible projective representation
p: H(K) -PGL(V), satisfying the following property : for every positive € > 0 there
exists . € I such that p(v.) is an e-contracting projective transformation of P(V').

Proof: Up to taking a finite extension of k, we can assume that H° is k-split. Let

(p.V) be an irreducible k-rational representation of H° whose highest weight x, is a
multiple of a; + ... + @, and such that the highest weight space V) has dimension 1
over k. Burnside's theorem implies that, up to passing to a finite extension of k, we
can also assume that the group algebra k[H°(k)] is mapped under p to the full algebra
of endomorphisms of V. i.e. Endy (V). For a k-automorphism o of H® let o(p) be the
representation of H° given on V by o(p)(g9) = p(o(g)). It is a k-rational irreducible
representation of H°® whose highest weight is precisely o(x,). But x, = d(c1 + ...+ a;)
for some d € N, and is invariant under the action of S. Hence for any o € S, o(p)
is equivalent to p. So there must exists a linear automorphism J, €GL(V') such that
a(p)(h) = Jyp(h)J; ! for all h € H°(k). Now set p(g) = [p(g)] € PGL(V) if g € H°(k)
and p(g) = [Jo,] €PGL(V') otherwise. Since the p(g)’s when g ranges over H°(k) generate
the whole of Endy(V), it follows from Schur’s lemma that p is a well defined projective
representation of the whole of H(%). Now the set ©, of simple roots a such that x,/a is
a non-trivial weight of p is precisely {ay....,a,}. Hence if 5. € I satisfies |o;(e)| > %
for all i = 1,...,p, then we have by Lemma 3.6 that p(v.) is Cye-contracting on P(V)
for some constant Cy independent of e. [J
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We can now state and prove the main result of this paragraph, and the only one which
will be used in the sequel. Let here K be an arbitrary field and H an algebraic K-group
such that its connected component H° is semisimple and non-trivial. Let H — GL,4 be
some faithful K-rational representation of H and let R be a finitely generated subring of
K. We shall denote by H(R) (resp. H°(R)) the subset of points of H(K') (resp. H°(K))
which are mapped into GL4(R) under the latter embedding.

Theorem 4.3 Suppose K is finitely generated and Qg C H°(R) is a Zariski dense subset
of H° with Qo = Qg'. Suppose {g1,...,9m} is a finite subset of H(K) ezhausting all
cosets of H° in H and let Q = ¢1Qog; ' U ... U gmQogn'. Then we can find a number
r > 0, a local field k, an embedding K — k, and an irreducible projective representation
p : H(k) — PGLqg(k) defined over k with the following property. If ¢ € (0,%) and
ai,...,an, € H(K) are n arbitrary points (n € N), then there exist n elements z1, ..., T,
with z; € Q™ 2a;Q such that the p(x;)’s form a ping-pong n-tuple of (r, €)-very prozimal
transformations on P(k?), and in particular are generators of a free group F,.

Proof: Up to enlarging the subring R if necessary, we can assume that K is the field
of fractions of R. We shall make use of Lemma 2.1. Since {2y is infinite, we can apply
this lemma and obtain an embedding of K into a local field & such that €2y becomes
an unbounded set in H(k). Up to enlarging k if necessary we can assume that H°(k) is
k-split. We fix a maximal k-split torus and a system of k-roots with a base A of simple
roots. Then, in the corresponding Cartan decomposition of H(k) the elements of €y have
unbounded A component (see Paragraph 7.3.2). Therefore, there exists a simple root o
such that the set {|a(g)|}4eq, is unbounded in R. Let o , be the automorphism of H°(k)
given by the conjugation by g;. The orbit of a under the group generated by the o,,’s is
denoted by {a,...,a,}. Now it follows from Proposition 4.1 that for every € > 0 there
exists an element h € Q% such that |o;(h)| > 1/€? for every i = 1,...,p. We are now in
a position to apply the last Proposition 4.2 and obtain (up to taking a finite extension
of k if necessary) an irreducible projective representation p : H(k) —PGL(V), such that
the restriction of p to H°(k) is also irreducible and with the following property : for
every positive € > 0 there exists h, € Q% such that p(h.) is an e-contracting projective
transformation of P(V'). Moreover, since pe is also irreducible and € is Zariski dense
in H° we can find an (n,r)-separating set with respect to pe for some r > 0 (for this
terminology, see definitions in Paragraph 7.3.1). This follows from the proof of the claim
in Proposition 4.1 above (see also Lemma 4.3. in [31]). By Proposition 3.3 (i) above,
we obtain for every small € > 0 an e-very contracting element v, in hQoh; ! C Q#*1.
Similarly, statement (i7) of the same Proposition gives elements fi,...,f, € Qp and
fls-. ., fl € Qo such that, for € small enough, (z1,....2,) = (fivearfi..... foveanfn)
form under p a ping-pong n-tuple of proximal transformations on P(V'). Then each x;
lies in Q%*24;Q) and together the x;’s form generators of a free group F), of rank n. [
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7.4.1 Further remarks

For further use in later sections we shall state two more facts. Let I' C G(K) be a
Zariski dense subgroup of some algebraic group G. Suppose I is not virtually solvable
and let A < T be a subgroup of finite index. Taking the quotient by the solvable radical
of G°, we obtain a homomorphism 7 of I' into an algebraic group H whose connected
component is semisimple. Let gy, ..., gm € I' be representatives of all different cosets of

Ain T. Then Q = 7(N™,9;Ag; ") NHC is clearly Zariski dense in H° and satisfies the

1

conditions of Theorem 4.3. Hence taking a; = m(g;) in the theorem, we obtain :

Corollary 4.4 Let T" be a linear group which is not virtually solvable, and let A C T be
a subgroup of finite index. Then there is some choice of coset representatives for I'/A
which generate a free group.

The following lemma will be useful when dealing with the non-Archimedean case.

Lemma 4.5 Let k be a non-Archimedean local field. Let I' <GL,(k) be a linear group
over k which contains no open solvable subgroup. Then there exists a homomorphism p
from I into a k-algebraic group H such that the Zariski closure of the image of any open
subgroup of I contains the connected component of identity H°. Moreover, we can take
p: T — H(k) to be continuous in the topology induced by k, and we can find H such that
H° is semisimple and dim(H°) < dim T,

Proof: Let U; be a decreasing sequence of open subgroups in GL, (k) forming a base
of identity neighborhoods. Consider the decreasing sequence of algebraic groups I N U; .
This sequence must stabilize after a finite step s. The limiting group G = TNU,
must be Zariski connected. Indeed, the intersection of I' N U, with the Zariski connected
component of identity of G is a relatively open subgroup and contains I' N U; for some
large t. If G were not Zariski connected, then TN U,  would be a smaller algebraic group.
Moreover, from the assumption on I', we get that G is not solvable.

Note that the conjugation by an element of I' fixes G, since YU;y~! N U;is again
open if v € T" and hence contains some Uj. Since the solvable radical Rad(G) of G is
a characteristic subgroup of G, it is also fixed under conjugation by elements of I". We
thus obtain a homomorphism p from I' to the k-points of the group of k-automorphisms
H =Aut(S) of the Zariski connected semisimple k-group S = G/Rad(G). This homomor-
phism is clearly continuous. Since the image of I' N U is Zariski dense in G for all open
U C GL,(k), I'NU is mapped under this homomorphism to a Zariski dense subgroup of
the group of inner automorphisms Int(S) of S. But Int(S)is a semisimple algebraic k-
group which is precisely the Zariski connected component of identity of H =Aut(S) (see
for example [26], 14.9). Finally, it is clear from the construction that dimH < dim T’
O
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7.5 The proof of Theorem 1.2 in the finitely genera-
ted case

In this section we prove our main result, Theorem 1.2, in the case when I is finitely
generated. We obtain in fact a more precise result which yields some control on the
number of generators required for the free group.

Theorem 5.1 Let I' < GL,(k) be a finitely generated linear group over a local field k.
Suppose I' contains no solvable open subgroup. Then, there is a constant h(I') € N such
that for any integer r > h(I'), ' contains a dense free subgroup of rank r. Moreover, if
char(k) = 0 we can take h(I') = d(T) (i.e. the minimal size of a generating set for T),
while if char(k) > 0 we can take h(T') = d(T) + n?.

In the following paragraphs we split the proof to three cases (Archimedean, non-
Archimedean of characteristic zero, and positive characteristic) which have to be dealt
with independently.

7.5.1 The Archimedean case

Consider first the case & = R or C. Let G be the linear Lie group G =T, and let G° be
the connected component of the identity in G. The condition “T" contains no open solvable
subgroup” means simply “G° is not solvable”. Note also that d(G/G°) < d(T") < oc.

Define inductively G§ = G° and Gy, = [G%, G2]. This sequence stabilizes after some
finite step t to a normal topologically perfect subgroup H := G} (i.e. the commutator
group [H, H]is dense in H). As was shown in [31] Theorem 2.1. any topologically perfect
group H contains a finite set of elements {h;, ...,k }, | < dim(H) and a relatively open
identity neighborhood V' C H such that, for any selection of points z; € Vh;V, the group
(x1,...,27) is dense in H. Moreover, H is clearly a characteristic subgroup of G°, hence
it is normal in G. It is also clear from the definition of H that if I' is a dense subgroup
of G then I' N H is dense in H.

Let 7 > d(I'), and let {v1,...,7} be a generating set for I'. Then one can find
a smaller identity neighborhood U C V C H such that for any selection of points
y; € Uy;U, 7 =1,...,r, the group they generate (y;,...,y,) is dense in G. Indeed, as
['N H is dense in H, there are | words w; in r letters such that w;(vy,...,7,) € Vh;V
for i =1,...,l. Hence, for some smaller neighborhood U C V C H and for any selection
of points y; € Uv;U, j = 1,...,r, we will have w;(y1,...,y,) € VR,V fori =1,... L
But then (yi,...,y,) is dense in G, since its intersection with the normal subgroup H is
dense in H, and its projection to G/H coincides with the projection of I' to G/H.

Let R < G° be the solvable radical of G°. The group G/R is a semisimple Lie
group with connected component G°/R and H clearly projects onto G°/R. Composing
the projection G — G/R with the adjoint representation of G/R on its Lie algebra
v = Lie(G°/R), we get a homomorphism 7 : G —GL(v). The image 7(G) is open in the
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group of real points of some real algebraic group H whose connected identity component
H° is semisimple. Moreover 7(T") is dense in 7(G). Let m = |H/H®| and let g1,...,9m € T
be elements which are sent under 7 to representatives of all cosets of H° in H. Let U, be an
even smaller symmetric identity neighborhood Uy C U C H such that U™ C U where
U, = U;”zlngogj"l, and set Qg = w(Ug N T). Then the conditions of Theorem 4.3 are
satisfied, since )y is Zariski dense in H°(R) (see [31] Lemma 5.2 applied to H). Thus we
can choose o; € I' N U™ 2, U, which generate a free group (a4, ....a,). It will also be
dense by the discussion above.

7.5.2 The p-adic case

Suppose now that k is a non-Archimedean local field of characteristic 0, i.e. it is a
finite extension of the field of p-adic numbers Q, for some prime p € N. Let O = O, be
the valuation ring of & and p its maximal ideal. Let I' < GL, (k) be a finitely generated
linear group over k, let G be the closure of I' in GL, (k). Let G(O) = GNGL,(O) (and
['(O) =T NG(O)) and denote by GL.(O) the first congruence subgroup, i.e. the kernel
of the homomorphism GL,(O) —GL,(O/p). The subgroup G'(0) = G N GL,(O) is an
open compact subgroup of G and is a p-adic analytic pro-p group. The group GL,(O) has
finite rank (i.e. there is an upper bound on the minimal number of topological generators
for all closed subgroups of GL,(Q)) as it follows for instance from Theorem 5.2 in [49].
Consequently, G(Q) itself is finitely generated as a pro-finite group and it contains the
finitely generated pro-p group G'(QO) as a subgroup of finite index. This implies that the
Frattini subgroup F' < G(O) (the intersection of all maximal open subgroups of G(Q)) is
open (normal), hence of finite index in G(O) (Proposition 1.14 in [49]). In this situation,
generating a dense group in G is an open condition. More precisely :

Lemma 5.2 Suppose xi,...,x, € G generate a dense subgroup of G, then there is a
neighborhood of identity U C G, such that for any selection of points y; € Uz;U, 1 <
1 <r, the y;’s generate a dense subgroup of G.

Proof: Note that a subgroup of the pro-finite group G(O) is dense if and only if
it intersects every coset of the Frattini subgroup F. Now since (zi,...,z,) is dense,
there are | = [G(O) : F] words {w;}!_, on r letters, such that the w;(x1,...,,)’s are
representatives of all cosets of F'in G(O). But then, if U is small enough, and y; € Uz;U,
the elements w;(y1, . .., y,) form again a full set of representatives for the cosets of F' in
G(0O). This implies that (yi,...,y.) NG(O) is dense in G(O). Now if we assume further
that U lies inside the open subgroup G(O), then we have z; € G(O)y;G(O), hence
z; € (y1,...,yy) for i = 1,... r. This implies that G = (y1,...,y,). O

The proof of the theorem now follows easily. Let {xy,...,z,} be a generating set for
I'. Choose U as in the lemma, and take it to be an open subgroup. Hence it satisfies
Ul = U for all | > 1. By Lemma 4.5 we have a representation p : I' — H into some
semisimple A-algebraic group H such that the image of U N T is Zariski dense in HY.
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Thus we can use Theorem 4.3 in order to find elements o; € I' N Ux;U that generate a
free group. It will be dense by Lemma 5.2.

7.5.3 The positive characteristic case

Finally, consider the case where k is a local field of characteristic p > 0, i.e. a field
of formal power series F,[[t]] over some finite field extension F, of F,. First, we do not
suppose that " is finitely generated (in particular in the lemma below). We use the same
notations as those introduced at the beginning of the last Paragraph 7.5.2 in the p-adic
case. In particular G is the closure of I'; G(Q) is the intersection of G with GL,(QO) where
O is the valuation ring of k. In positive characteristic, we have to deal with the additional
difficulty that, even when T is finitely generated, G(QO) may not be topologically finitely
generated.

However, when G(O) is topologically finitely generated, then the argument used in the
p-adic case (via Lemmas 4.5 and 5.2) applies here as well without changes. In particular,
if T is compact, then we do not have to take more than d(I') generators for the dense
free subgroup. This fact will be used in Section 7.7. We thus have :

Proposition 5.3 Let k be a non-Archimedean local field and let O be its valuation ring.
Let T' < GLn(O) be a finitely generated group which is not virtually solvable, then T
contains a dense free group F, for any r > d(T).

Moreover, it is shown in [18] that if & is a local field of positive characteristic, and
G = G(k) for some semisimple simply connected k-algebraic group G, then G and G(O)
are finitely generated. Thus, the above proof applies also to this case and we obtain :

Proposition 5.4 Let k be a local field of positive characteristic, and let G be the group
of k points of some semisimple simply connected k-algebraic group. Let T' be a finitely
generated dense subgroup of G, then T' contains a dense F, for any r > d(T).

Let us now turn to the general case, when G(QO) is not assumed topologically finitely
generated. As above, we denote by GL, (O) the first congruence subgroup Ker(GL,(0) —
GLn((’)/p)). This group is pro-p and, as it is easy to see, the elements of torsion in
GLL(O) are precisely the unipotent matrices. In particular the order of every torsion
element is < p". Moreover, every open subgroup of GL.(O) contains elements of infinite
order. Hence the torsion elements are not Zariski dense in GL.(0O). More generally we
have :

Lemma 5.5 Let k be a non-Archimedean local field of arbitrary characteristic and n a
positive integer. There is an integer m such that the order of every torsion element in
GL, (k) divides m. In particular, if H is a semisimple algebraic k-group, then the set of
torsion elements in H(k) is contained in a proper subvariety.
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Proof: Let char(k) = p > 0. Suppose = € GL, (k) is an element of torsion, then z*"
(resp. z if char(k) = 0) is semisimple. Since the minimal polynomial of z is of degree at
most n, its eigenvalues, which are roots of unity, lie in an extension of degree at most n
of k. But, as k is a local field, there are only finitely many such extensions. Moreover, in
a given non-Archimedean local field, there are only finitely many roots of unity. Hence
there is an integer m such that " = 1.

The last claim follows from the obvious fact that if H is semisimple then there are
elements if infinite order in H(k). O

Let p: I' — H be the representation given by Lemma 4.5. Then for any sufficiently
small open subgroup U of GL,(O) (for instance some small congruence subgroup), p(I'N
U ) is Zariski dense in H°. We then have (I" is not assumed finitely generated) :

Lemma 5.6 There are t := dim(H) elements 1, ..., 2, € T(O) such that p({z1,. .., z¢))
is Zariski dense in HP.

Proof: Let U be an open subgroup of GL,(O)so that p(I' N U) lies in H° and is
Zariski dense in it. It follows from the above lemma that there is ©; € I' N U such that
p(x1) is of infinite order. Then the algebraic group A = @~ is at least one dimensional.

Let the integer 7, 1 < ¢ < t, be maximal for the property that there exist ¢ elements
Z1,...,2; € ' N U whose images in H generate a group whose Zariski closure is of
dimension > 7. We have to show that i = t. Suppose this is not the case. Fix such
I1,....x; and let A be the Zariski connected component of identity of (p(x1),...,p(z;))".
Then for any € TNU, (p(z1),...,p(z;), p(z))" is i-dimensional. This implies that p(x)
normalizes A. Since p(F N U) is Zariski dense in H°, we see that A is a normal subgroup
of H°. Dividing H°® by A we obtain a Zariski connected semisimple k-group of positive
dimension, and a map from I' N U with Zariski dense image into the k-points of this
semisimple group. But then, again by Lemma 5.5 above, there is an element z;,; € TNU
whose image in H°/A has infinite order — a contradiction to the maximality of 7. O

Suppose now that I' is finitely generated and let A be the closure in GL,(O) of the
subgroup generated by zi,...,x; given by Lemma 5.6 above. It is a topologically finitely
generated pro-finite group containing the pro-p subgroup of finite index A N GY(O).
Hence its Frattini subgroup F' is open and of finite index ([49] Proposition 1.14). In

particular, p(F N (xy,...,x;)) is Zariski dense in H°, and we can use Theorem 4.3 with
Qo= p(FN(xy,...,x¢)). Note that F, being a group, satisfies ['™ = F for m € N. Also
F is normal in A. Let v,...,7, be generators for I". By Theorem 4.3, we can choose

a € FviF, i =1,...,r,and oy € o F, @ = 1,...,t, so that D = (ay,...,Qp44) 18
isomorphic to the free group F,,; on r +t generators. Clearly D N A is dense in A and
DN F is dense in F. This implies that each ~; lies in Fa;F C D. As the ~,;’s generate I,
we see that D is dense in I and this finishes the proof.
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7.5.4 A stronger statement

The argument above combined with the argument of [31] Section 2 provides the
following generalization :

Theorem 5.7 Let k be a local field and let G < GL,(k) be a closed linear group contai-
ning no open solvable subgroup. Assume also that G(Q) is topologically finitely generated
in case k is non-Archimedean of positive characteristic. Then there is an integer h(G)
which satisfies

- h(G) < 2dim(G) — 1+ d(G/G°) if k is Archimedean, and

— h(G) is the minimal cardinality of a set generating a dense subgroup of G if k is

non-Archimedean,

such that any finitely generated dense subgroup I' < G contains a dense F,., for any
r > min{d(T'), h(G)}. Furthermore, if k is non-Archimedean or if G° is topologically
perfect (i.e. [G°,G°] = G°) and d(G/G°) < oo, then we can drop the assumption that T
is finitely generated. In these cases, any dense subgroup I' in G contains a dense F, for
any r > h(G).

Remark 5.8 The interested reader is referred to [31] for a sharper estimation of h(G)
in the Archimedean case. For instance, if G is a connected and semisimple real Lie group,
then h(G) = 2.

Let us also remark that in the characteristic zero case, we can drop the linearity
assumption, and assume only that I' is a subgroup of some second countable k-analytic
Lie group. To see this, simply note that the procedure of generating a dense subgroup
does not rely upon the linearity of G = T, and for generating a free subgroup, we can
look at the image of G under the adjoint representation which is a linear group. The
main difference in the positive characteristic case is that we do not know in that case
whether or not the image Ad(G) is solvable. For this reason we make the additional
linearity assumption in positive characteristic.

7.6 Dense free subgroups with infinitely many gene-
rators

In this section, we let k be any local field and I' < GL, (k) be any linear group over
k. We shall prove the following :

Theorem 6.1 Assume that I' contains no open solvable subgroup. Then there is a dense
countable subset X C I' which forms a free set. In particular the subgroup (X) < T is a
dense free subgroup of infinite rank.

As above, we denote by G the closure of I'. We can assume that I' is countable.
If £ is non-Archimedean we let O denote the valuation ring of &, and G(O) := G N
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GL,(O) be the corresponding open pro-finite group and let I'(O) = ' N GL,(O). Set
G, := GNGL}(0) where GLI (O) = Ker(GL,(O) — GL,(O/p’)) is the j'th congruence
subgroup, and write I'; := I'N G;. In order to treat both the Archimedean and the non-
Archimedean cases at the same time, we will say by convention that in the Archimedean
case, I'; denotes always the same group H NI where H is the limit of the sequence of
closed commutators introduced in Paragraph 7.5.1.

We now fix once and for all a sequence (z;) of elements of I' which is dense in G. In
the non-Archimedean case, we can also require that the ijijkj’s form a base for the
topology of G for some choice of a sequence of integers (k;). We are going to perturb the
x;’s by choosing elements y;’s inside I'y, ;' which will all play ping-pong together on
some projective space, hence generate a dense free group.

From Lemma 4.5 in the non-Archimedean case, and from the discussion in Paragraph
7.5.1 in the Archimedean case, we have a homomorphism 7 : I' — H(k), where H is an
algebraic k-group with H° semisimple, such that the Zariski closure of m(I';) contains
He for all j > 1. It now follows from Lemma 5.6 when char(k) > 0 and from the
discussion in Paragraphs 7.5.1 and 7.5.2 in the other cases (i.e. from the fact that H and
G; are topologically finitely generated) that I'; contains a finitely generated subgroup A;
such that w(A) is also Zariski dense in H° (we also take A; to be dense in H when k is
Archimedean). From Theorem 4.3 we can find a local field &’ and an irreducible projective
representation on P(Vy/) of H defined over k' such that, under this representation, some
elements of A, play ping-pong in the projective space P(V}). In particular, for some r > 0
and for every positive € < %, there is an element in A; acting on P(Vy/) by an (r, €)-very
proximal transformation (c.f. Paragraph 7.3.1). Furthermore, there is a field extension
R of k' such that under this representation the full group I is map into PGL(Vk) where
Vk = Vv @ K. This field extension may not be finite, nor finitely generated. Nevertheless,
the absolute value on A" extends to an absolute value on K (see [103] XII, 4, Theorem
4.1 p. 482) and the projective space P(Vy) is still a metric space (although not compact
in general) for the metric introduced in Paragraph 7.3.1. Moreover, if [g] €PGL(V}/) is
e-contracting on P(Vy), it is ce-contracting on P(Vj ) for some constant ¢ = ¢(k', K) > 1.
Similarly, if [g] € PGLy (Vi) is (7, €)-proximal transformation on P(Vj/) then it is (%, ce)-
proximal on P(Vk). Let p : I' -=PGL(Vk) be this representation. (The reason why we
may not assume that K is local is that there may not be a finitely generated dense
subgroup in I.)

In the Archimedean case, the discussion in Paragraph 7.5.1 shows that we can find
inside A, elements z;,..., 2, generating a dense subgroup of I'y = HNT', and such that,
under the above representation, they act as a ping-pong [-tuple of projective transforma-
tions. We can find another element g € Ajsuch that (z1,...,z2,9) acts as a ping-pong
(I4+1)-tuple and g acts as an (r, €)-very proximal transformation on P(V}.) where the pair
(r,€) satisfies the conditions of Lemma 3.1 with respect to k. In the non-Archimedean
case, let simply g be some element of A; acting as an (r, €)-very proximal transformation
on the projective space P(V}/) with (7, €) as in Lemma 3.1. As follows from Lemma 3.1, ¢
(resp. g7') fixes an attracting point 7, (resp. 7,-1) and a repelling hyperplane H, (resp.
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H,-1) and the positive (resp. negative) powers g" behave as (Z, (Ce)5)-very proximal
transformations with respect to these same attracting points and repelling hyperplanes.
Note that in the non-Archimedean case, if n; is the index of the j’th congruence subgroup
G, in G(O), then g™ € G; and in particular g™ — 1 as j tends to infinity.

We are now going to construct an infinite sequence (g;) of elements in A; acting on
P(Vi) by very proximal transformations and such that they all play ping-pong together
on P(Vir) (and also together with z1,...,z in the Archimedean case). Since m(4A,) is
Zariski dense in H° and the representation of H° is irreducible, we may pick an element
~ € A such that

{p(V)Tg, p(V)Tg-1, p(v )04, p(y )01} N (Hy U Hy-1 U {0y, 04-1}) = 0.

Now consider the element d,,, = ¢g™'vg™'. When m, is large enough, d,,, acts on
P(V}}) under p as a very proximal transformation, whose repelling neighborhoods lie
inside the e-repelling neighborhood of g and whose attracting points lies inside the e-
attracting neighborhood of g. We can certainly assume that p(d,,, ) satisfies the conditions
of Lemma 3.1. Hence 0y, fixes some attracting points v;,, , Us;.! which are close to, but
distinct from vy, 7,1 respectively. Similarly the repelling neighborhoods of d,y,,, 5;11 lie
inside the e-repelling neighborhood of g, ¢!, and the repelling hyperplanes ﬁgml , —ﬁa;lll
are close to that of g. We claim that for all large enough m,

{Ug,0y-1} N (Hs,, U-H—o-;li) =0, and {Ts,,,, U5zt } N (HyUHy 1) = 0. (7.3)

Let us explain, for example, why T -1 ¢ del and why s, ¢ H,-1 (the other six
conditions are similarly verified). Apply d,,, to the point T,-1. As g stabilizes 7,-1 we see
that

Om, (Tg=1) = g™ g™ (Tg=1) = g™ 7 (Tg-1).
Now, by our assumption, v(T,-1) € Fg. Moreover when m, is large, g™ is a €p,-
contracting with Hymi = Hy, Tgm = T, and €, arbitrarily small. Hence, we may
assume that v(7,-1) is outside the €,,, repelling neighborhood of ™. Hence d,,, (U,-1) =
g™ (7(vV4-1)) lie near B, which is far from F(;ml. Since —I:T(;ml is invariant under o,,,, we
get that 6,71 ¢ Hs,, -

To show that v, ¢ —1179-1 we shall apply ¢g=2™ to Vs, - If my is very large then U5,
is very close to 7,, and hence also g™ (s, ) is very close to U;. As we assume that v
takes v, outside ﬁg—l, we get (by taking m; sufficiently large) that + also takes g™ s,
outside Fg-l. Taking m, even larger if necessary we get that g™ takes vg™'s,, to a
small neighborhood of 7,-1. Hence

-2m— o 2ma s = — M1, Mg
g Uénll - g Omlvfsml - g P\/g U5n11

lies near Ty-1. Since Hy-1 is g~2™ invariant and is far from v,-1, we obtain that Vs, &

H, .

g
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Now it follows from (7.3) and Lemma 3.1 that for every ¢, > 0 we can take j
sufficiently large so that ¢/t and 5%1 are €;-very proximal transformations, and the €;-
repelling neighborhoods of each of them are disjoint from the e;-attracting points of the
other, and hence they form a ping-pong pair. Set g, = (5#“.

In a second step, we construct g» in an analogous way to the first step, working
with ¢’ instead of g. In this way we would get g, which is e,-very proximal, and play
ping-pong with ¢’t72. Moreover, by construction, the es-repelling neighborhoods of g, lie
inside the €;-repelling neighborhoods of g/!, and the e,-attracting neighborhoods of g lie
inside the €;-attracting neighborhoods of g’!. Hence the three elements g;, g, and g/t
form a ping-pong 3-tuple.

We continue recursively and construct the desired sequence (g,). Note that in the
Archimedean case, we have to make sure that the g,’s form a ping-pong Ro-tuple also
when we add to them the finitely many 2;’s. This can be done by declaring g; = z; for
¢t =1,...1, and starting the recursive argument by constructing g, .

Now since all I'y; = Gy, N ["sare mapped under the homomorphism 7 to Zariski
dense subsets of H°, we can multiply z; on the left and on the right by some elements of
Ty, so that, if we call this new element z; again, p(z;)v,, ¢ H,, and p(atj'l)z“zgj-l ¢ ngfl.

Considering the element y; = g;-j T g;.j for some positive power [;, we see that it lies in
['y;2;Tk,. Moreover, if we take /; large enough, it will behave on P(V ) like a very proximal
transformation whose attracting and repelling neighborhoods are contained in those of
gj. Therefore, the y;’s also form an infinite ping-pong tuple and in the Archimedean
case they do so together with z;...., z. Hence the family (y;); (resp. (21,..., 2, (y5);))
generate a free group.

In the non-Archimedean case, the y;’s are already dense in G since we selected them
from sets which form a base for the topology. In the Archimedean case, the elements
21, ..., 2 already generate a dense subgroup of H, and since the g;’s belong to H and
the z;’s are dense, we see that the group generated by the z;’s and y;’s is dense in G.
This completes the proof of Theorem 6.1.

7.7 Applications to pro-finite groups

We derive two conclusions in the theory of pro-finite groups. The following was conjec-
tured by Dixon, Pyber, Seress and Shalev (see [50]) :

Theorem 7.1 Let I' be a finitely generated linear group over some field. Assume that
[ is not virtually solvable. Then, for any integer v > d(T'), its pro-finite completion T
contains a dense free subgroup of rank r.

Proof: Let R be the ring generated by the matrix entries of the elements of I'. It
follows from the Noether normalization theorem that R can be embedded in the valuation
ring O of some local field k. Such an embedding induces an embedding of I' in the pro-
finite group GL, (O). By the universal property of I this embedding induces a surjective
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map I' = T < GL,(O) onto the closure of the image of ' in GL,(k). Since T is not
virtually solvable, T' contains no open solvable subgroup, and hence by Theorem 1.2 (see
also Proposition 5.3), T contains a dense F; (in fact we can find such an F, inside I'). By
Gaschiitz’s lemma (see [144], Proposition 2.5.4) it is possible to lift the r generators of

this F, to r elements in [' generating a dense subgroup in I'. These lifts, thus, generate
adense F,. in I'. O

Let now H be a subgroup of a group G. Following [152] we define the notion of coset
identity as follows :

Definition 7.2 A group G satisfies a coset identity with respect to H if there exist
- a non-triwvial reduced word W on | letters,
— | fixed elements g1, ..., g,

such that the identity
Wi(gihi,....gh) =1

holds for any hy,...,h; € H.

It was conjectured by Shalev [152] that if there is a coset identity with respect to
some open subgroup in a pro-p group G, then there is also an identity in G. The following
immediate consequence of Corollary 4.4 settles this conjecture in the case where G is an
analytic pro-p group, and in fact, shows that a stronger statement is true in this case :

Theorem 7.3 Let G be an analytic pro-p group. If G satisfies a coset identity with
respect to some open subgroup, then G is virtually solvable.

Proof: If GG is not virtually solvable, then by Corollary 4.4, we can choose coset
representatives for H in G which are free generators of a free group. [
In fact the analogous statement holds also for finitely generated linear groups :

Theorem 7.4 Let T be a finitely generated linear group over any field. If ' satisfies a
coset identity with respect to some finite index subgroup A, then T is virtually solvable.

7.8 Applications to amenable actions
For convenience, we introduce the following definition :

Definition 8.1 We shall say that a topological group G has property (OS) if it contains
an open solvable subgroup.

Our main result, Theorem 1.2, states that if ' is a (finitely generated) linear topo-
logical group over a local field, then either I' has property (OS) or I' contains a dense
(finitely generated) free subgroup. In the previous section we proved the analogous sta-
tement for pro-finite completions of linear groups over an arbitrary field. For real Lie
groups, property (OS) is equivalent to “the identity component is solvable”.
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It was conjectured by Connes and Sullivan and proved subsequently by Zimmer [178]
that if [" is a countable subgroup of a real Lie group G, then the action of I' on G by
left multiplications is amenable if and only if I' has property (OS). We refer the reader
to [179] Chapter 4 for an introduction and background on amenable actions. The harder
part of the equivalence is to show that if " acts amenably then it has (OS). As noted by
Carriere and Ghys [40], the Connes-Sullivan conjecture is a straightforward consequence
of Theorem 1.2. Let us reexplain this claim : by Theorem 1.2, it is enough to show that
if I' contains a non-discrete free subgroup, then it cannot act amenably.

Proof: (non-discrete free subgroup=-action is non-amenable). By contradiction, if T
were acting amenably, then any subgroup would do so too, hence we can assume that
I" itself is a non-discrete free group (x,y). By Proposition 4.3.9 in [179], it follows that
there exists a I'-equivariant Borel map g — mg, from G to the space of probability
measures on the boundary OI'. Let X (resp. Y) be the set of infinite words starting
with a non trivial power of x (resp. y). Let (&,) (resp. 6,) be a sequence of elements of
I' tending to the identity element in G and consisting of reduced words starting with y
(resp. y~!). By the converse to Lebesgue’s dominated convergence theorem, up to passing
to a subsequence of (&,), if necessary, we have that for almost all g € G, mg, (X) and
Mg, (X) converge to m,(X). However, for almost every g € G. mgye, (X) = my(€,X) and
Mg, (X) = my(0,X). Moreover £, X and 6, X are disjoint subsets of Y. Hence, for almost
every g € G, 2my(X) < my(Y). Reversing the roles of X and Y we get a contradiction.
OJ

A theorem of Auslander (see [137] 8.24) states that if G is a real Lie group, R a
closed normal solvable subgroup. and T" a subgroup with property (OS), then the image
of I' in G/R also has property (OS). Taking G to be the group of Euclidean motions, R
the subgroup of translations, and I' < G a torsion free lattice, one obtains the classical
theorem of Bieberbach that any compact Euclidean manifold is finitely covered by a
torus.

Following Zimmer ([178]), we remark that Auslander’s theorem follows from Zimmer’s
theorem. To see this, note that G' (hence also I') being second countable, we can always
replace I' by a countable dense subgroup of it. Then, if T" has property (OS) it must act
amenably on G. As R is closed and amenable, this implies that [ R/ R acts amenably on
G/R (see [179]), which in turn implies, by Zimmer’s theorem, that ['R/R has property
(OS).

A discrete linear group is amenable if and only if it is virtually solvable. It follows
that for a countable linear group over some topological field, being (OS) is the same as
containing an open amenable subgroup.

Definition 8.2 We shall say that a countable topological group T has property (OA) if
it contains an open subgroup, which is amenable in the abstract sense (i.e. amenable with
respect to the discrete topology).

The following is a generalization of Zimmer’s theorem :
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Theorem 8.3 Let G be a locally compact group, and let I' < G be a countable subgroup.

Then the action of I' on G by left multiplications is amenable if and only if I' has property
(OA).

As an immediate corollary we obtain the following generalization of Auslander’s theo-
rem :

Corollary 8.4 Let G be locally compact group, R < G a closed normal amenable sub-
group, and I' < G a subgroup with property (OA). Then the image of I in G/R has also
(OA).

Remark 8.5 The original statement of Auslander follows easily from 8.4.

Proof of 8.3. The proof makes use of the structure theory for locally compact groups
(see [123]). We shall reduce the general case to the already known case of real Lie groups.

The “if” side is clear.

Assume that T' acts amenably. Let G° be the identity connected component of G.
Then G° is normal in G and F = G/G° is a totally disconnected locally compact group,
and as such, has an open profinite subgroup. Since [ acts amenably, its intersection with
an open subgroup acts amenably on the open subgroup. Therefore we can assume that
G/G" itself is profinite. By [123] Theorem 4.6, there is a compact normal subgroup K
in G such that the quotient G/K is a Lie group. Up to passing to an open subgroup of
G again, we can assume that G/K is connected. Since I' N K acts amenably on K and
K is amenable, I' N K" is amenable (see [179], Chapter 4). Moreover, as K is amenable,
', and hence also ' K/ K, acts amenably on the connected Lie group G/K. We conclude
that T K'//K has property (OS) and hence I" has property (OA). O

7.9 The growth of leaves in Riemannian foliations

The main result of this section is the following theorem which answers a question of
Carriere [39] (see also [80]) :

Theorem 9.1 Let F be a Riemannian foliation on a compact manifold M. The leaves
of F have polynomaial growth if and only if the structural Lie algebra of F is nilpotent.
Otherwise, generic leaves have exponential growth.

For background and definitions about Riemannian foliations, the structural Lie alge-
bra, and growth of leaves see [39], [80] and [120].

Following Carriere [39],[41] we define the local growth of a finitely generated sub-
group I' in a given connected real Lie group G in the following way. Fix a left-invariant
Riemannian metric on GG and consider the open ball By of radius R > 0 around the iden-
tity. Suppose that S is a finite symmetric set of generators of I'. Let B(n) be the ball of
radius n in ' for the word metric determined by S, and let Bg(n) be the subset of B(n)
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consisting of those elements v € B(n) which can be written as a product v = v, -...- v,
k < n, of generators v; € S in such a way that whenever 1 < i < k the element v, -...-;
belongs to Bg. In this situation, we say that v can be written as a word with letters in
S which stays all its life in Bg. Let frs(n) = card(Bg(n)). As it is easy to check, if S;
and S, are two symmetric sets of generators of I', then there exist integers Ny, N; > 0
such that frs (n) < frene,s.(N1n).

Definition 9.2 The local growth of T in G with respect to a set S of generators and a
ball Br of radius R is the growth type of frs(n).

The growth type of frs(n) is polynomial if there are positive constants A and B such
that frs(n) < An? and is exponential if there are constants C' > 0 and p > 1 such that
frs(n) > Cp™. Tt can be seen that T is discrete in G if and only if the local growth is
bounded for any S and R.

Carriere [39], [80] showed that Theorem 9.1 is a consequence of the following :

Theorem 9.3 Let I' be a finitely generated dense subgroup of a connected real Lie group
G. If G is nilpotent then I' has polynomial local growth (for any choice of S and R). If
G is not nilpotent, then I' has exponential local growth (for any choice of S and any R
big enough).

The rest of this section is therefore devoted to the proof of Theorem 9.3. As it turns
out, Theorem 9.3 is an immediate corollary of Theorem 1.2 in the case when G is not
solvable. When G is solvable we can adapt the argument as shown below. The main
proposition is the following :

Proposition 9.4 Let G be a non-nilpotent connected real Lie group and T a finitely
generated dense subgroup. For any finite set S = {s1,...., s} of generators of ', and any
g€ > 0, one can find perturbations t; € I' of the s;, i = 1....,k such that t; € s;B. and
the t;’s are free generators of a free semi-group on k generators.

Before going through the proof of this proposition, let us explain how we deduce from
it a proof of Theorem 9.3.

Proof: [Proof of Theorem 9.3.] Suppose that ¥ = {g1,...,9n,h1,....hn} is a
subset of Bp consisting of pairwise distinct elements such that both {g;,...,gn} and
{hy,...,hy} are maximal R/2-discrete subsets of Bg (that is d(g;, g;), d(hi, h;) > R/2
if i # j). Then

Bp C U (9iBrj2 N hjBg/2).

1<ij<N

Lemma 9.5 Let G be a connected real Lie group endowed with a left-invariant Rie-
mannian metric. Let Br be the open ball of radius R centered at the identity. Let
Y ={s1,..., 8k} be a finite subset of pairwise distinct elements of Br such that

_B—}_z C U(Si_lBR/Q N S;lBR/Q). (74)

1<j
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Assume also that the elements of ¥ are free generators of a free semi-group. Then any
finitely generated subgroup of G containing ¥ has exponential local growth.

Proof: Let S(n) be the sphere of radius n in the free semi-group for the word metric
determined by the generating set ¥. Let w € S(n) N Bg. By (7.4) there are indices
i # j such that w € s; 1BR/2 and w € sj_lBR/Q. This implies that s;w and s;w belong
to S(n+ 1) N Br(n + 1). All elements obtained in this way are pairwise distinct, hence
card(S(n+1)NBr(n+1)) > 2-card(S(n)NBg(n)). This yields card(S(n)NBg(n)) > 2"
forallm > 0. O

Now observe that any small enough perturbation of a finite set ¥ in By, satisfying (7.4)
still satisfies (7.4). Hence exponential local growth for dense subgroups in non-nilpotent
connected real Lie groups follows from the combination of Lemma 9.5 and Proposition
94. O

Proof of Proposition 9.4. When G is not solvable, we already know this fact from
the proof of Theorem 1.2 for connected Lie groups (see Paragraph 7.5.1). In that case,
we showed that we could even take the t;’s to generate a free subgroup. Thus we may
assume that G is solvable. By Ado’s theorem it is locally isomorphic to a subgroup of
GL,(C), and it is easy to check that the property to be shown in Proposition 9.4 does
not change by local isomorphisms. Thus, we may also assume that G < GL,(C). Let G
be the Zariski closure of G in GL,(C). It is a Zariski connected solvable algebraic group
over C which is not nilpotent. We need the following elementary lemma for & = C.

Lemma 9.6 Let G be a solvable connected algebraic k-group which is not nilpotent.
Suppose it is k-split, then there is an algebraic k-morphism from G(k) to GlLy(k) whose
image s the full affine group

A(k):{(“ ?)a.bek}. (7.5)

Proof: We proceed by induction on dim G. We can write G := G(k) =T - N where
T =T(k) is a split torus and N = N(k) is the unipotent radical of G (see [26], Chapter
III). Let Z be the center of N. It is a non trivial normal algebraic subgroup of G. If
T acts trivially on Z by conjugation then G/Z is again non-nilpotent k-split solvable
k-group and we can use induction. thus we may assume that T acts non-trivially on Z
by conjugation. As T is split over k, its action on Z also splits, and there is a non-trivial
algebraic multiplicative character x : T — Gy,(k) defined over k and a 1-dimensional
subgroup Z, of Z such that, identifying Z, with the additive group G,(k), we have
t2t™! = x(t)z for all t € T and z € Z,. It follows that Z, is a normal subgroup in G, and
we can assume that T" acts trivially on N/Z,, for otherwise we could apply the induction
assumption on G/Z,. For all v € T, this yields a homomorphism 7, : N — Z, given by
the formula 7, (n) = yny~'n~1. Since T and N do not commute, 7., is non trivial for at
least one v € T'. Fix such a v and let N act on Z, by left multiplication by 7, (n). Let
T act on Z, by conjugation. One can verify that this yields an algebraic action of the
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whole of G on Z,. Identifying Z, with the additive group G,(k), we have that N acts
unipotently and non-trivially and 7" acts via the non-trivial character x. We have found
a k-algebraic affine action of G on the line, and hence a k-map G — A. Clearly this map
is onto. [

By Lemma 9.6, G surjects onto the affine group of the complex line, which we denote
by A = A(C). The image of G is a real connected subgroup of A which is Zariski dense.
Hence it is enough to prove Proposition 9.4 for Zariski dense connected subgroups of A.
We need the following technical lemma :

Lemma 9.7 Let I' be a non-discrete finitely generated Zariski dense subgroup of A(C)
with connected closure. Let R C C be the subring generated by the matrix entries of
elements in U'. Then there exists a sequence (V,)n of points of T', together with a ring
embedding o : R — k into another local field k, such that v, = (a,, b,) — (1,0) in A(C)
and () = (0(as).o(b)) — (0,0(8)) in the topology of k for some number 3 in the
field of fractions of R.

Proof:

Let g, = (an, bs) be a sequence of distinct elements of T' converging to identity in
A(C) and such that |a,|c < 1 and a, # 1 for all integers n. From Lemma 2.1 one can
find a ring embedding ¢ : R — k for some local field k such that, up to passing to a
subsequence of g,’s, we have g(a,) — 0 in k. We can assume |o(a,)|r < 1 for all n. Now
let £ = (a,b) := go and consider the element

1 —a™

m —m __

b(1 —a,) + a™by,).
Since |a|c < 1, the second component remains < HTQaFM’C'l — ap|c + |bn|c for all m, and
tends to 0 in C when n — oo uniformly in m. Applying the isomorphism o, we have :

1—o(a)™

A6 = (ol T

o(b)(1 —a(ay)) +a(a)"o(by)). (7.6)

Since |o(a)|x < 1, for any given n, choosing m large, we can make |o(a)™o(b,)|r arbitra-
rily small. Hence for some sequence m,, — +00 the second component in (7.6) tends to
(/) where 3 := & as n tends to +oo. O

We shall now complete the proof of Proposition 9.4. Note that if k is some local field
and v = (ag, bp) € A(k) with |ag|x < 1, then v acts on the affine line k with a fixed point
xo = bo/(1 — ap) and it contracts the disc of radius R around z, to the disc of radius
lag|x - R. Therefore, if we are given ¢ distinct points by,...,b; in k, there exists ¢ > 0
such that for all ay,...,a; € k with |a;|y, < e,7 = 1,...,t, the elements (a;,b;)’s play
ping-pong on the affine line, hence are free generators of a free semi-group. The group
G =T is a connected and Zariski dense subgroup of A(C) : it follows that we can find
arbitrary small perturbations s; of the s;’s within I' such that the a(3;)/5 + b(s;)’s are
pairwise distinct complex numbers. If (v,), is the sequence obtained in the last Lemma,
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then for some n large enough the points t; := 5;7, will be small perturbations of the
si's (i.e. belong to s;B.) and the o(t;) = (0(a(3;)an),o0(a(3:)b,) + o(b(3;))) will play
ping-pong on k for the reason we just explained (the o(a(3;))o(3) + o(b(5;))’s are all
distinet). O

7.10 Some concluding remarks

It is natural to ask : To what extent the analog of Theorem 1.2 holds ¢

Using our methods, one can prove for example the analogous result for products of
finitely many simple linear Lie groups over various local fields, e.g. any dense subgroup
of SL,(R) x SL,(Q,) has a dense free subgroup of finite rank. In some cases, using the
same methods we can show that any subgroup which does not have an open solvable
subgroup has a non-discrete (not necessarily dense) free subgroup. This for example
holds for the group of adéles of a semisimple algebraic group over an algebraic number
field, e.g. for SL,(Ag). However, in general, not every subgroup of a locally compact
group which has no open solvable subgroup contains a non-discrete free subgroup. For
instance, take a finitely generated non virtually solvable group which has no non-abelian
free subgroups, and embed it into its pro-finite completion. It would be interesting to
know if every locally compact group with no open solvable subgroup contains a dense
(or at least non-discrete) free subgroup. In particular, does any pro-finite group which is
not virtually solvable has a non-abelian free subgroup ?
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Annexe A

An effective Tits alternative!

A.1 statements
We prove

Theorem 1.1 Let G be a connected rank-1 simple real Lie group, and let I' be an arith-
metic lattice in G. Then there is an integer m such that if A < T is a Zariski dense
subgroup and if ¥ is a generating set for A, then the m-ball ¥™ contains two elements
which generate a free group. Moreover, m depends only on vol(G/T).

As noted in the Introduction, Chapter 5, this result actually holds for non-elementary
discrete groups of isometries of geometrically finite manifolds of strictly negative curva-
ture (see [10]). However, our methods allow us to prove the following :

Proposition 1.2 If G be a connected semisimple Lie group, and A < Gy a Zariski
dense subgroup. Then there is an integer m, such that if ¥ is a generating set for A
which satisfies ¥ = L1 =t then ¥™ contains generators of a free group Fs.

Moreover, we reduce the proof of the effective Tits alternative (i.e. the validity of last
proposition without assuming that ¥ = X*) to the following conjectural lemma which
we still cannot prove :

Let S be a symmetric space of non-compact type and ¢ a unit speed oriented regular
geodesic in S. The geodesic ¢ determines uniquely a Cartan subgroup of Isom(S) and
an order on its tangent Lie algebra h. There is some H € h and x € S for which
c(t) = exp(tH) - x. We say that ¢ is e-regular, if a(H) > € for any positive root a.

Conjecture 1.3 Let G be a center-free connected semisimple Lie group and I' an arith-
metic lattice in G. Then there are constants m € N, € > 0 (depending on T'), such that
if ¥ C T is a finite set which generates a Zariski dense subgroup, them X™ contains a
reqular element whose axis is e-reqular.

Yoint work with T. Gelander [33]
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The idea of the proof of Theorem 1.1 is to play ping-pong both in the symmetric
space and in the projective space; when it turns out that it is not possible to play ping
pong in the symmetric space, we show that we can in fact do so in some projective space.

This is performed as follows. First we can easily reduce to the case where G <
GL,(R), I' < GL,(Z) and G is invariant under transpose. Let K = G N SO,(R). We
identify the symmetric space G/K to the space of normalized Euclidean norms on R"
by sending any point € G/K to the natural Euclidean norm || ||, on R™ given by the
conjugate of the standard Euclidean norm on R™ by a representative of  in G. It induces
a standard metric d, on the projective space P(R"). Using a generalized version of Bezout
theorem we can find in ¥ two hyperbolic elements a, b whose axis are of positive distance
from each other. The arithmeticity gives a lower bound on the displacements of a and
b. Hence if their axis are farther than some fixed constant then some bounded power of
them plays ping-pong on the ideal boundary of G/K. Otherwise the axis are close, but
then we can find a point in a compact set whose translation by some element of I' is
close to both axes. Using this point and translation we can define a Euclidean norm on
R™ and a standard metric on the projective space P(R™) with respect to which ||al|, ||b]]
are comparable to their diagonal forms, and some bounded powers of a and bab™! form
a pair of proximal elements which plays ping-pong on P(R").

A.2 sketch of proofs

There exists a semisimple group G’ defined over Q and an epimorphism (Gg)? — G
with compact kernel such that some finite index subgroup of G7, projects onto I'. We
shall identify I" with this subgroup of G7,. Clearly, we may assume that I' is Zariski dense
in G'. By Selberg’s lemma, we can also assume that I" is torsion free.

Via the adjoint representation we embed G’ in SL,,(R). Then we choose a Z-structure
on R" so that I' < SL,(Z). As G < G’ are reductive, it follows from a theorem of Mostow
that we can assume that they are both invariant under transpose, i.e. 'G = G,!G’ = G.
The symmetric space S of G embeds naturally as a totally geodesic submanifold of the
symmetric space P,(R) of SL,(R). K = SO,(R) N G is a maximal compact subgroup,
and the embedding is given by

S = G/K < SL,(R)/SO.(R) = P,(R).

We look at P,(R) as the set of normalized Euclidean norms on R™. As SL,(R) is
contained in the algebra of linear transformations of R, any norm || - || on R™ induces
an operator norm on SL,(R) given by

= mnax
lgll = max ol

For x € P,(R) we denote by || - || the corresponding norm on SL,(R) and call it the
z-norm. Observe that if g - 2 = y then ||h||, = ||g~'hg||, for any h € SL,(R). We denote
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by I € P,(R) the point which corresponds to the standard Euclidean norm in R" (i.e.
the coset of 1 in SL,(R)/SO,(R)). Then S coincides with the orbit G - I.

Since R-rank(G) = R-rank(G’) = 1, any hyperbolic element a € G’ has a unique
eigenvalue outside the unit disk. We shall denote this maximal eigenvalue by a(a). Then
a(a) is real and has the same multiplicity as the minimal eigenvalue 1/a(a). For a €
SL,(R) we denote by 7(a) the minimal displacement :

= inf d - T).
T(a) zelPr,ll(R) (z,a-x)

Lemma 2.1 Ifa € G' is semisimple then log |a(a)| < 7(a) < n? log la(a)l.

The following is a consequence of the arithmeticity of I’

Lemma 2.2 There exist 6 = §(I") > 0 such that log a(v) > 0 for any semisimple element
~vel.

We shall use the following lemma (see [56])

Lemma 2.3 (Generalized Bezout theorem) For any proper Zariski closed subset
X C G there is a constant k = k(A, X) such that if 3 is any generating set for A,
then ¥ is not contained in X.

Let now X be a given generating set for A. It follows from Lemma 2.3 that for some
constant my, independent of X, the set ¥ contains two semisimple elements a,, b, with
no common eigenvectors. By replacing R" with an appropriate wedge power we can as-
sume that the multiplicity of the maximal eigenvalue a(a,) of a, is 1.

Let || - || (resp. d(-,-)) denote the norm on SL,(R) (resp. the canonical metric on the
projective space P(R™)) which is induced from the standard Euclidean norm on R". For
v,w € R™\ {0}, the distance d([v], [w]) is defined by

_ lonu

d([v], [w]) =

[oll - Ylwl

where || - A - || is the Euclidean norm on A?(R™) induced from the standard Euclidean
norm on R™.

For a polynomial P(x) = Y I a;z" we denote |P| = max |a;|. If P(z) is monic with

integral coefficients and ag # 0, then any root a of P satisfies 75 < |a| < n|P|. Moreover

for any rational number £ we have |o — §| > % for some constant C' > 0 depending on

P. as long as « is irrational (Liouville). This implies
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Lemma 2.4 Ifv be an eigenvector of a,, then

d([v], [b«(v)]) = max{[la.]l, b1}~
for some constant my € N depending only on n.

Corollary 2.5 For any constants l3, c3, there is another constant mz = ms(l3, c3), such

that of max{||a.|, ||b«]|} < (a(a*))ls, then a,™ and b.a,™b,~" form a ping-pong pair
when acting on P(R™).

Proof: 'We use Proposition 3.3 from [31]. O

So the game now is to find a point x € S so that, with respect to the norm || - ||,
our chosen elements a,,b, satisfy max{||a.|.,||bll.} < o!(a.) for some fixed constant
[ = I(n). This is not necessarily possible. However, we shall show that when there is no
such x € S then a,, b, (or a bounded power of them) form a ping-pong pair with respect
to the action on the boundary of the symmetric space S(o0).

We shall use the following comparison between the norm induced by x € S and the
evaluation of the displacement at x.

Lemma 2.6 For x € P,(R) and g € SL,(R) we have
e%d(z,gm) < Hng < néed(x,g.r)'

Our elements a,, b, are semisimple, and since I' is torsion free they are hyperbolic.
We denote by ¢,, and ¢,, their corresponding axes. Observe that if d(z,c,,) < 1 then
d(z,a, - ) < 7(a.) + 2, and hence

la.]l, < nzem@*2 < ¢y - (ala,))™

for some constants Cy, my. Therefore, if d(c,,,cp.) < 1 then there is © € S such that
d(z,cq,),d(x, cp,) <1, and hence the z-norm of each of them is bounded by Cy times the
maximal eigenvalue to the my. On the other hand, if the geodesics c,,, ¢, are far from
each other, then since 7(a,), 7(bs) > §, we have

Lemma 2.7 If d(c,,,cp.) > 1 then for some constant ms, the couple a,™,b,™ form a
ping-pong pair with respect to the action on the ideal boundary S(oc) of S.
There is the following alternative for the couple a, b, :

1. d(ca,,cp,) > 1, in which case a,, b, generate a free group by Lemma 2.7.

2. d(cq.,c.) < 1, in which case there is a point z € S such that ||a.||. < Ci(a(a.))
and [|b.]|. < Ci(a(b))™.

my
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Below we prove the remaining case, that is we assume that we are in case (2). Let us
first explain the proof of the theorem in the case G/T is compact.

Proof: [The proof in the compact case] As S/I" is assumed to be compact, for
some r < oc the ball B, around I € S contains a fundamental domain for S/T" so the
translations I" - B, cover S. In particular, there is y € B, and v € I with v-y = x. We
will choose the norm which corresponds to 7 - I. This amounts to consider the standard
norm || - || = - ||; composed with the conjugation by v~!. Recall that

1glly-r = 7 gl

for all g € SL,(R).

As d(z,c,,),d(x,cp.) < 1 we have d(I,7 ¢, ). d(I, v ' -¢.) <r+1. Since v ¢,
and v7!- ¢y, are the axes of afl and b7 respectively, it follows from Lemmas 2.6 and
2.1 that

_ -1 s 3
a2 1” < nzedlal D) < 5 2r+)+7(an) < Cg(a(a*))m(’

and similarly
167

I < Cs(ald.))™
Without loss of generality we may assume that «(a,) > «(b,). Then by corollary 2.5
a™ and (a™ )b form a ping-pong pair with respect to the action on the projective space
P(R™). O

Proof: [The proof in the non-compact case] Let M =T\ S denote the corres-
ponding manifold, let € be the constant from the Margulis lemma, and let M5, be the
e-thick part.

We need the following lemma

Lemma 2.8 Any closed geodesic in M intersects M.

Let now B, C S be a ball centered at I whose image in M =T'\ S covers M. Let
m(x) denote the projection of the point = to M. If w(x) lies inside M., then we can
apply the same argument as in the compact case, and in fact we can do this whenever
7(x) lies in the image of (say) B,1+2. Assume now that 7(z) is not in I'\I"- B,4,. Let [ be
the distance of 7(z) from M., then I > 2. Since ¢,, and ¢, pass at distance < 1 from
x and since their projection m(c,, ), 7(c,,) are closed geodesics in M, and hence intersect
M., it follows that the lengths of 7(c,,) and 7(c,, ), which are precisely 7(a.) and 7(b.),
are at least 2(d(m(z). M) — 1) = 2(l — 1). Now from 2.1 we have that

ala.) > exp (n_%r(b*)) > exp (71,‘%2(1 - 1))

and similarly 1

a(by) > exp (n722(1 - 1)).
On the other hand, let y € B, be a point for which the distance to the orbit I' - x is
minimal, i.e. y projects to a closest point to 7(z) in w(B,). Then d(v -y, x) = [ for some
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v € I'. We shall choose the norm || - ||,.; which is given by

lgll-r = llg”™ |l
Since d(v - y,z) = | we have d(v -y, ¢, ), d(v-y,c,) <1+ 1 and thus
d(as-(v-y),v-y) < 7(a) +2(1+1)
which together with Lemma 2.6 gives that
lla*|l.r < nzeT(a)+2(1+1) < C77(a(a*))m7,

and similarly
1641 < Cr(e(bs)) ™
My

This along with corollary 2.5 implies that the couple a*, (a?*)* form a ping-pong pair
with respect to the action on P(R") equipped with the norm which is induced from the

norm || - ||,.; on R™ (note that we can assume a(a,) > a(by)). O
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