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WILD HARMONIC BUNDLES AND 
WILD PURE TWISTOR D-MODULES 

Takuro Mochizuki 

Abstract. — We study (i ) the asymptotic behaviour of wild harmonic bundles, (ii ) the 
relation between semisimple meromorphic flat connections and wild harmonic bundles, 
(iii) th e relatio n between wild harmoni c bundle s an d polarize d wild pure twistor D-
modules. A s a n application , w e sho w th e har d Lefschet z theore m fo r algebrai c 
semisimple holonomic D-modules, conjectured b y M. Kashiwara . W e also study res-
olution of turning points for algebraic meromorphic flat bundles. 

Résumé (Fibres harmoniques sauvages et £)-modules sauvages avec structure de twis-
teur pure) 

Nous étudions (i ) le comportement asymptotiqu e d'u n fibre  harmoniqu e sauvage , 
(ii) l a relatio n entr e connexion s méromorphes plate s semi-simple s e t fibres  harmo-
niques sauvages, (iii ) l a relation entre fibres harmoniques sauvage s et D-modules sau-
vages avec structure de twisteur pure. Comme application, nous prouvons le théorème 
de Lefschet z difficil e pou r les D-modules holonomes algébriques semi-simples, conjec-
turé par M . Kashiwara. Nous étudions égalemen t la résolution de s points tournants 
pour le s connexions méromorphes algébriques plates. 
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CHAPTER 1 

INTRODUCTION 

In our previous work ([65], [66], [67] and [69]), we studied tam e harmonic bundle s 
after C . Simpson ([81], [82], [83], [85], for example) , an d w e established thei r foun -
dational property. (Se e also the works of O. Biquard [9] and J . Jos t and K. Zuo [41]). 
In cooperatio n wit h the wor k of C. Sabbah [73] on pure twistor D-module s (base d 
on the theor y o f pure Hodge modules due to M. Saito [77], [78]), w e obtained some 
deep results on algebraic regular holonomi c D-modules. 

In this monograph, w e systematically stud y wild  harmonic bundles  ove r complex 
manifolds of arbitrary dimension , and we obtain generalizations of our previous results 
for tame harmonic bundle s i n the case of wild harmonic bundles . W e also give appli-
cations t o algebrai c meromorphi c flat  bundle s an d algebrai c holonomic D-modules. 
Recently, there ha s been a growing interest i n wild harmonic bundle s an d (no t neces-
sarily regular) holonomic D-modules on curves. (Se e [10], [13], [12], [18], [36], [45], 
[74], [87], [90], [95], for example.) However , in this monograph, we will NOT consider 
moduli spaces , mirro r symmetries , geometri c Langlands theory , integrable systems, 
non-abelian Hodge theory, Painlevé equations, an d other fashionable subject s relate d 
with harmonic bundle s an d Higg s bundles. I t can be said that our goa l is more mod-
est an d basic . Nonetheless , the autho r has bee n deeply impressed wit h what h e saw 
in this study, fo r example an interactio n betwee n the theorie s o f harmonic bundle s 
and D-modules . 

1.1. Contents of this monograph 

Briefly speaking , thi s stud y consist s o f three mai n bodie s an d preliminarie s fo r 
them: 

( A ) :  Asymptoti c behaviour o f wild harmonic bundles . 

(B) :  Applicatio n to algebraic meromorphic flat  bundles . 

(C) :  Applicatio n to wild pure twistor D-modules and algebrai c D-modules. 

Let u s briefl y describ e each part . W e will giv e some more detailed introduction s 
later (Section s 1.2-1.4). 



2 CHAPTER 1 . INTRODUCTION 

We hav e two main issue s in Par t ( A ) . Le t X  b e a  comple x manifold, an d le t D 
be a  normal crossin g hypersurfac e o f X. Le t (E,dE,0,h)  b e a  goo d wil d harmoni c 
bundle on (X , D). Althoug h we will not explain the definition here (see Section 1.2.1, 
or Section 7.1 for more precision), it means that (E1 , 3E, 0, h) is a harmonic bundle on 
X \  D  satisfying som e conditions around eac h point o f D. W e would like to prolong 
it t o something o n X, that i s the first  main issue , an d fundamenta l fo r us. Th e role 
of suc h prolongation ma y b e compare d wit h th e nilpoten t orbi t theore m i n Hodg e 
theory, due to W. Schmid [79]. 

Then, w e would like to understan d mor e detaile d properties . I t i s achieve d by 
showing that w e obtain tam e harmoni c bundle s fro m wil d harmoni c bundle s a s G r 
with respec t t o Stoke s filtrations,  whic h i s th e secon d mai n issu e i n ( A ) . B y this 
reduction, the study of the asymptotic behaviour of wild harmonic bundles i s reduced 
to the tam e cas e investigated in [67]. 

There are two main purposes i n Part (B) . On e is to characterize semisimplicit y of 
algebraic meromorphic flat bundles b y the existenc e of a pluri-harmonic metri c with 
some nice property. Th e other is to show the existence of resolutions of turning points 
for algebrai c meromorphic flat  bundles . 

According to K. Corlette [20], a flat  bundle o n a smooth projectiv e variety has a 
pluri-harmonic metri c i f and onl y if it i s semisimple, i.e., a direct su m o f irreducible 
ones. Thi s was generalized to the cas e of meromorphic flat bundles wit h regular sin -
gularity ([41] and [67]). I n this monograph, we will establish suc h a characterizatio n 
in the irregula r case . W e will als o study th e Kobayashi-Hitchi n correspondence fo r 
meromorphic flat  bundles . 

We hav e a n interestin g applicatio n o f such an existenc e resul t o f pluri-harmoni c 
metric t o th e resolutio n o f turning point s fo r algebrai c meromorphi c flat  bundles , 
which is the other main result in Part (B) . I t seems of foundational importanc e in the 
study of algebraic holonomic D-modules, and might be compared with the resolutio n 
of singularities fo r algebraic varieties. 

Remark 1.1.1. —  Recently , K. Kedlaya established i t in a more general situation i n a 
completely different way . See [46] and [47]. • 

In Par t (C) , w e wil l establis h th e relatio n betwee n wil d harmoni c bundle s an d 
polarized wil d pur e twistor D-modules . Recently , Sabbah introduce d th e notio n of 
wild pure twistor D-module s [75]. Ou r resul t roughly says that polarize d wild pure 
twistor Z}-module s ar e actuall y minima l extension s o f wild harmoni c bundles . To -
gether with the result in Part (B) , w e obtain the correspondence between semisimple 
holonomic D-modules and polarizabl e wild pure twistor D-module s on complex pro-
jective varieties . A s an application , w e wil l sho w th e Har d Lefschet z theorem fo r 
algebraic semisimple (no t necessarily regular ) holonomic D-modules, conjectured b y 
M. Kashiwara . 

ASTÉRISQUE 340 



1.2. ASYMPTOTIC BEHAVIOUR OF WILD HARMONIC BUNDLES 3 

We ma y also say that the resul t in Part (C ) make s us possible to define the push-
forward for wild harmonic bundles, which will be useful to produce new wild harmonic 
bundles, o r to enrich some operations fo r flat bundles b y polarized twistor structures. 

We nee d various preliminaries . Le t us mentio n som e of the majo r ones . W e will 
revisit asymptoti c analysi s fo r meromorphic flat bundles i n a way convenient fo r us , 
which wa s originall y studied b y H . Majima [53] an d refine d b y Sabba h [72]. W e 
will put a  stress on canonically defined Stokes filtrations.  I t i s fundamental fo r us to 
consider G r with respect t o Stokes filtrations, and deformation s cause d b y variation 
of irregula r values . (Se e Chapters 2-4. ) 

As anothe r important preliminary , we show that acceptabl e bundle s ar e naturall y 
prolonged t o filtered bundles . (Se e Section 21.3. ) Afte r th e wor k of M . Cornalba -
P. Griffith s and Simpso n ([21], [81] and [82]) the author studied acceptabl e bundles , 
and h e obtaine d suc h prolongatio n fo r acceptabl e bundle s whic h com e from tam e 
harmonic bundle s ([65], [66] and [67]). T o apply the theory in the wil d case, we will 
establish i t for general acceptable bundles. Althoug h only small changes are required, 
we wil l give rather detailed arguments i n view of its importance. (Se e Chapter 21.) 

1.2. Asymptotic behaviour of wild harmonic bundles 

1.2.1. Prolongation 

1.2.1.1. Harmonic  bundle.  — Recal l the definitio n o f harmonic bundl e [83]. Le t 
(E,dE,9) b e a  Higg s bundl e o n a  complex manifold. Le t ft be a  Hermitian metri c 
of E.  Then , we have the associate d unitar y connection dE  + dE and th e adjoin t 0 * 
of 9  with respect t o ft.  The metric ft is called pluri-harmonic if the connection D 1 := 
dE + dE +  9 + 9  ̂i s flat. In that case, (E1 , dE, 0, ft) is called a harmonic bundle. W e als o 
have another equivalent definition. Le t (V, V) be a flat bundle on a complex manifold. 
Let ft  b e a  Hermitian metri c o f V. Then , we have the decompositio n V =  Vu  + 
where Vu i s a unitary connection and <I > is self-adjoint wit h respect t o ft. We hav e the 
decompositions Vn = dy  + dy an d $  =  0  + 0* int o the (l,0)-par t and the (0 , l)-part . 
We sa y that ft is a pluri-harmonic metric for (V , V) i f (V, dy, 9)  i s a Higgs bundle. I n 
that case , (V , V, ft) is called a harmonic  bundle. 

Let (E,  dE, 9, ft) be a harmonic bundle on a complex manifold Y. Fo r any complex 
number A , we have the flat A-connection (£A,DA), i.e. , the holomorphic vector bundle 
£x :=  (E,dE  +  A0t ) wit h th e flat  A-connectio n DA := dE  +  A0 * +  \dE  +  9.  W e 
also have the famil y o f A-flat bundle s (£,B ) o n C\  x  V, i.e., the holomorphi c vector 
bundle £  :=  (p~^1(E),dE  +  A0 * + d\)  equippe d wit h a  famil y o f flat A-connections 
E> := dE + A0 + + XdE  +  0, where p\ :  C\ x  Y —>  Y  denote s the projection . 

1.2.1.2. Good wild harmonic bundle. —  Le t X b e a complex manifold with a simple 
normal crossin g hypersurface D.  Le t M(X, D)  b e the se t o f meromorphic function s 
whose poles are contained in £) , and H(X)  b e the set of holomorphic functions o n X. 
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4 CHAPTER 1 . INTRODUCTION 

As mentioned in Section 1.1, it is fundamental fo r us to prolong a good wild harmonic 
bundle on X  \  D  t o something o n X. W e would like to explain some more details . 
To begin with, we explain what i s a good wil d harmonic bundle . 

Let u s conside r th e loca l case, i.e. , X : = An = { ( ¿ 1 , . . . ,zn)  |  \zi\ <  1} and D  := 
(Jj=i{^j =  0} - Let (E,  8E, 0, h) be a harmonic bundl e o n X \  D.  I t is called strongly 
unramifiedly good wild harmonic bundle on (X, D ), if there exist a good set of irregular 
values lrr(0) C  M(X,D)/H(X), a  finite subset Sp{6) C  Ce and a  decomposition 

(i) (E,e) 
aelrr(0) a<E.Sp(0) 

aelrr(0) a<E.Sp(0) 

such that the eigenvalues of 8a^a ar e da + Yl\=i  ai' dzi/zi  modul o multi-valued holo-
morphic 1-form s o n X.  (Se e Definition 2.1. 2 fo r good  set of  irregular  values.)  I n 
another brief word, for the expressio n 

Onoc = da + 
LL 

LKL 
(pLj + fa,at,j) ' 

dZj_ 
Z3 

n 

¿=€+1 
ga,cx,j ' dZj, 

the characteristi c polynomial s det( T —  fa,aj) ( j —  1,...,^) an d det( T —  ga,cxj) 
(j =  ^  + 1,... , n) are contained i n # ( X ) [ T ] , an d det( T - / a , « , j ) | {^=o } =  Trank£;"><*. 
We sa y that aelrr(0) a<E.S)0, ft) is a strongly  good wild harmonic bundle on (X , D), i f there 
exists a ramified covering :  ( X ', Z}') — > (X, Z)) such that (p*(E,  d ;̂, 0, ft) is a strongly 
unramifiedly goo d wil d harmoni c bundle , i.e. , (i£ , (9E,0, ft) is the descen t o f an un -
ramifiedly goo d wil d harmonic bundle . 

The definition s can be easily globalized. Le t X b e a complex manifold, and le t D 
be a normal crossing hypersurface. A  harmonic bundle (2£ , 8E, 0, h) on X \D i s called 
a good  wild harmonic bundle on (X , D ), i f the followin g holds: 

• Fo r any point P  G  D, there exists a coordinate neighbourhood Xp around P  such 
that (2£ , 8E, 0, fr)|x P\D i s a strongly good wild harmonic bundle on (Xp, DnXp) . 

We hav e on e mor e additiona l notio n o f wild  harmonic bundle.  Le t Y  b e a n ir -
reducible comple x (not necessarily smooth ) variety. Le t (E,dE ,0,h) b e a  harmoni c 
bundle define d o n the complemen t o f a closed analytic subse t Z  o f Y. W e say that 
(E, 8E, 0, h) is wild on (Y , Z) (o r sometimes (Y , Y \  Z ) ) , i f there exist s a morphism 
of a  smoot h comple x variety Yf  t o Y  suc h that (i ) ip is birationa l an d projective , 
(ii) (f~x(Z)  i s a  norma l crossin g hypersurfac e o f Y ' , (iii ) {p~l(E,dE,0,h) i s a  goo d 
wild harmonic bundl e o n ( Y ' , (f~1(Z)). 

Essential analysi s i s done for unramifiedly goo d wild harmonic bundle . Th e study 
of good wild harmonic bundle can be easily reduced to the unramified case. Th e notion 
of wil d harmoni c bundl e i s rather auxiliar y to giv e statements in the applicatio n t o 
wild pure twistor D-modules. 

Remark 1.2.1. —  I n th e on e dimensiona l case , an y wil d harmoni c bundl e i s good , 
and suc h an objec t ca n b e defined in a  much simple r way . Namely , we only have to 
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1.2. ASYMPTOTIC BEHAVIOUR OF WILD HARMONIC BUNDLES 5 

impose the conditio n that the characteristi c polynomia l of the associate d Higg s field 
is meromorphic. • 

1.2.1.3. Sheaf ofholomorphic sections with polynomial growth. —  W e explain various 
prolongations o f a good wil d harmonic bundl e (E,dE,0,h)  o n (X,  D) t o some mero-
morphic object s on X. W e consider th e loca l case X  : = An and D  :=  {jl=1{zi =  0} . 
The constructions and th e results can be easily globalized. 

For an y A , we would lik e to prolon g th e Л-flat bundl e (£Л,ВЛ) on X  \  D  t o a 
meromorphic A-fla t bundl e o n (X,D).  Fo r any a  €  Re  an d an y open subset U  С X, 
we define 

£ 

(2) Va£\U)  :=  {/ e £X(U n D)  I\f\h =  0 ( П Ve > o } . 

By takin g sheafification , w e obtain a n increasin g sequenc e o f Ox-modules V*£x := 
(Va£x \ae  R£)  an d a n (9X(*£>)-modul e £>£л := иаея* Va£x. Th e following theo -
rem is the starting point of the study on asymptotic behaviour o f good wild harmoni c 
bundle. 

Theorem 1.2.2 (Theorem 7.4.3, Theorem 7.4.5). —  ( P / A , D A ) is  a  good filtered X-flat 
bundle. If(E, &E,  0, h) is  unramified with the decomposition in (1), the set of irregular 
values is given by Irr(P£A,DA) =  { ( 1 + |A|2 ) a | a G  lrr(0)}. • 

We refer to Section 2.8 for details on the notion of good filtered X-flat bundle, but we 
briefly explain the meaning of the theorem in the case where (E, <9#, в, h) is unramified 
with a  decomposition (1) . Le t О denote the origi n ( 0 , . . . , 0) . Eac h Va£X  is a locally 
free Ox-module , and w e have the decompositio n for the completio n at О 

(3) (VaS x,Bx)ld= 0 В*), 
a€lrr(0) 

where B A — ( 1 -f |A|2)da have logarithmic singularities . Moreover , we have such de-
compositions on the completion s at eac h point o f D. 

Let u s giv e a  remar k o n th e proof . W e use th e essentiall y sam e argument s a s 
those i n ou r previou s pape r [67] t o sho w tha t Va£x  ar e locall y free. Namely , we 
give an estimate o n the Higg s field в (Theorem 7.2.1 an d Theore m 7.2.4) as the wil d 
version of Simpson's Main estimate, which briefly means that the decomposition (1 ) is 
asymptotically orthogonal, and that 6a,a —da — Y2&i dz{/zi are bounded with respect 
to h  and th e Poincaré metric o f X \  D.  Then , we obtain tha t (£x,h)  i s acceptable, 
i.e., th e curvatur e o f (£x,h)  i s bounded wit h respec t t o h  an d th e Poincaré metric 
(Corollary 7.2.10) . W e obtain tha t V*£x  is a  filtered  bundl e b y usin g a  genera l 
theory o f acceptable bundle s (Theorem 21.3.1). In the wil d case , we need some more 
arguments to show that B A is meromorphic an d t o obtain th e decompositio n (3). 
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1.2.1.4- Family  of meromorphic  X-flat  bundles.  — Next , w e would like to conside r 
the prolongatio n of the famil y o f A-flat bundle s (£ , D) o n C A X (X \  D)  t o a  famil y 
of meromorphic A-flat bundle s o n C\ x  (X, D). A  naive idea is to consider the famil y 
UAGC VE a, i.e. , the shea f o f holomorphic sections o f S wit h polynomial growth. I n 
the tam e case , i t give s a  nic e meromorphic  object. (But , not e tha t w e need som e 
more consideration fo r lattices.)  However, UAGC^^A canno t b e a good meromorphic 
prolongment i n th e wil d case , becaus e th e irregula r value s ( 1 + |A|2) a o f DA hav e 
non-holomorphic dependenc e o n A , as mentioned i n Theorem 1.2.2. Hence , we need 
the deformation s o f VSX ( A ^ 0 ) caused b y variation of the irregula r value s (Section 
4.5.2). 

1.2.1.4-1- We briefly an d imprecisel y explain such a deformation i n the cas e A  = 1 . 
First, w e can obtai n suc h deformatio n fo r a n unramifiedl y goo d meromorphi c flat 
bundle, b y considering the deformatio n o f Stokes structure. I t i s easily extended t o 
the (possibly ) ramified case, and then the global case. Hence , we explain the essentia l 
part, i.e. , th e loca l a n unramifie d case . Le t X  :=  An  an d D  : — U t = i {^ —  0} -
Let (V , V) b e a  meromorphi c flat  bundl e o n (X,D),  wit h a  lattic e V  whic h ha s 
decompositions as in (3 ) on the completion s at eac h point o f D, for example 

(4) W V ) | S = 0 ( K , V A ) , (Va-da)VacVa®n1x(logD). 
aGlrr(V) 

Such a lattice is called an unramifiedly  good lattice of (V, V) (Sectio n 2.3). W e should 
remark tha t such a lattice may not exis t in general. Fo r simplicity, we also assume a 
non-resonance condition for the lattice, i .e., the difference o f the distinc t eigenvalue s 
of the residues ar e not integers . Le t S be a small multi-sector i n X \  D  whose closure 
contains O.  Le t S denot e its closure in the real blow up X(D)  o f X alon g D, or more 
precisely, the fiber product o f the real blow up along the irreducible components of D, 
taken over X. Accordin g to the asymptotic analysis for meromorphic flat bundles (see 
[53], [72], and Chapte r 3  in this monograph), we can lif t (4 ) to a  flat decomposition 
ofVp: 

(5) ML.?? 
aelrr(V) 

Va,S-

Namely, the completio n of (5) along S  P i 7r-1(0) i s the sam e a s the pull-bac k o f (4). 
We conside r the orde r < s o n Irr(V) give n by a <s b <=> — Re(a)(Q) ^  —  Re(b)(Q) 
at al l points Q  of S whic h are sufficiently close to O.  Then , it can be shown that 

aelrr(0) a< 

aelrr(0) 
Vb,s 

is independent o f the choic e of a lifting (5) . Thus , we obtain the filtration  Ts  o f Vj^ 
or V\s,  whic h i s a  V-fla t filtration  indexe d b y (irr(V) , I t i s calle d th e ful l 
Stokes filtration.  Fo r two small multi-sectors Si  (i = 1,2) , the nitrations FSi satisf y 
some compatibilit y o n S\  f l 52- (Se e Section 3.1.1. ) Suc h a  syste m o f nitrations 
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{Fs(V\s) \S  C  X  \  D}  i s called the Stoke s structure o f V . I t ca n b e show n that 
the meromorphic flat bundle (V , V) i s recovered from the flat bundle V\X^D  with the 
Stokes structure. 

For an y T  >  0 , w e set Irr(V(T) ) : = {Ta  \  a €  I r r (V)} . Th e natura l bijectio n 
Irr(V) ~  Irr(V^T^ ) preserve s the order W e naturally obtai n a system of nitrations 
i^Ta I a  ^  I r r (V) } fo r eac h smal l multi-secto r indexe d b y ( i r r ( V ^ ) , ^s ) , whic h 
gives a  ne w Stoke s structure . W e obtain th e associate d meromorphi c flat  bundl e 
(V^T), V(T)) on (X , D), which is a deformation caused by variation of irregular values. 
As mentioned, it is not difficult to extend it to the global and (possibly ) ramified case. 

Remark 1.2.3. —  Suc h a deformation grew out o f the discussion wit h C. Sabbah. We 
study it in a more general situation . 

After finishin g th e first  versio n of this monograph, th e autho r foun d tha t suc h a 
deformation i n the curv e case appeared i n several works such as [14], [22] and [91]. 
The refere e kindl y informe d tha t th e irregula r value s wer e used a s parameter s fo r 
universal deformation s i n [55]. • 

1.2.14.2. Applyin g this deformation procedur e t o (V£X,BX)  wit h T =  (1 + |A|2)- 1 
for A   ̂0 , we obtain the meromorphic A-fla t bundl e (Q£A,DA) . W e put Q£°  := V£°. 
The nex t theore m say s tha t th e famil y | J Q£x  give s a  nic e meromorphic objec t o n 
C\ x  (X,D).  Fo r simplicity of the description , le t X^x°^  denote a  neighbourhood of 
{A0} x  X i n Cx x  X, and : = X^ n  ( C A x D). 

Theorem 1.2.4 (Theorem 11.1.2). — We  have a unique family of  meromorphic  X-flat 
bundles (Q£,B) on  C\ x  (X,D) such  that  the specialization of(Q£,B)  to  { A } x  X is 
isomorphic to  (Q£A,BA) . Moreover,  we  have a family of  good filtered X-flat  bundles 
(QiXO)£,B) on  (X(Xo\V(Xo>>)  for  each  A0 G C\ with  the KMS-structure  such  that 

Q£\x(^={JQao)£-

We refe r to Section 2.8.2 for KMS-structure. Although it i s quite important i n the 
study of the asymptotic behaviour of wild harmonic bundles , i t has alread y appeare d 
in the tam e cas e [67], where we have studied i t i n detail. Hence , we omit to explain 
it i n this introduction . 

Note that we have the uniqueness of the family because (Q£ , 0 ) { A } X X —  (QfA, D)A). 
Hence, to show Theorem 1.2.4, we only have to consider it in the local and unramifie d 
case. Then , we shall argue in two steps. W e first construct a family of meromorphic A-
flat bundles V(Xo)£  on (X^, £>(A°) ) by using a deformed metric V^Xo)h given in (182). 
Namely, for the metric V^x°^h, we consider an increasing sequence of OX(\0)-modules 
viXo)£ : = (V{aXo)£  \aeRe) give n as in (2) , and the Oxixo)  (*£>(A°))-module V^£ := 
lUi^ ^ao)£-  Th e restriction o f VM£ t o { A } x  X i s denoted by V{Xo)£x. 
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Theorem 1.2.5 (Theorem 9.1.2, Proposition 9.2.1). — (vr0)£,B)  is  a  family of  good 
filtered X-flat  bundles  with the KMS-structure. Moreover,  (7?^A°^A,PA ) is  naturally 
isomorphic to  ({V£X)TI^XQ\"Bx),  where  Ti(A , A0) := (1 + AA0)( 1 + \X\2)~X.  • 

In th e secon d step, w e obtain a  family o f meromorphic A-fla t bundle s (Q(A°)£,D ) 
as the deformatio n (VIXO)£ ,D)№(A>Ao)), wher e T2(A, A0) := (1 + AA0)-1 . B y varying 
Ao G  C an d gluin g Q(A°)£ , we obtain the desired family (Q£,D) . 

Remark 1.2.6. —  W e should emphasiz e that Q£  i s given on C\  x  X.  Contrastively , 
the reduction i n the nex t subsection i s given locally around an y point o f D. • 

1.2.2. Reduction from wild harmonic bundles to tame harmonic bundles 

We would like to analyze more closely the behaviour of good wild harmonic bundl e 
around a given point of  D. Fo r that purpose , w e consider G r with respect t o Stokes 
structure. Th e constructio n i n thi s subsectio n i s give n onl y locally , althoug h th e 
construction i n the previous subsection ca n be easily globalized. W e set X :=  An an d 
D : = IJizzzii^ =  0} , and we will shrink X aroun d th e origi n O without mentio n it . 

1.2.2.1. Gr  of meromorphic flat bundle  associated to  the Stokes structure.  — Befor e 
an explanation of the reduction o f (unramifiedly good) wil d harmonic bundles , le t us 
explain the procedure to take G r with respect t o Stokes structure for a meromorphic 
flat bundl e (V , V) wit h a n unramifiedl y goo d lattic e V.  (Se e Chapter 3  for mor e 
details.) Fo r each smal l multi-secto r S  C  X \  D,  w e have the ful l Stoke s filtratio n 
Ts o f o n S. W e obtain a  graded bundle Gr^Vj^ ) =  ®  G r ^ ( V ^ ) o n S associate d 
to Ts.  Althoug h the filtrations  depen d o n multi-sectors S , the y satisf y som e com-
patibility. Hence , we can glue Gr^(Vj^) an d obtain the bundle Gr^(Vjj^D^ ) wit h the 
induced meromorphic flat connection Va on the real blow up X(D).  I t can be shown 
that i t i s the pull-bac k o f a meromorphi c fla t connectio n (Gr^ (F ) , V0) o n (X,D), 
which is defined to be Gr of (V, V) with respect t o the ful l Stoke s structure. (Suc h a 
construction alread y appeared i n [25] for meromorphic flat bundles o n curves.) 

Although i t i s essentially the sam e a s taking direc t summand s of the decomposi-
tion (4) , there are some advantages. Th e above construction fit s to our viewpoint that 
a meromorphic flat bundles on X i s a prolongment of a flat bundle on X \  D.  More -
over, it is suitable fo r the reduction of a variation of pure twistor structure, explained 
below. 

1.2.2.2. Gr of family of  meromorphic X-flat  bundles  associated  to the Stokes structure 

Let (E,dE,0,h)  b e an unramifiedly  good wil d harmoni c bundl e o n (X,D)  wit h a 
decomposition (1) . W e use the notation in Section 1.2.1. W e set W :=  VU ( { 0 } x X). 
Let X(W)  b e th e rea l blo w u p o f X  alon g W.  Le t S  b e a  smal l multi-secto r i n 
X \  W.  A s in the case of ordinary meromorphic flat bundles, w e have the ful l Stokes 
filtration Ts  o f Q£\g.  B y varying S  an d gluin g Gr^(Qf .g) , w e obtain a  famil y of 
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A-flat bundles on X(W). Moreover , as the descent fo r X{W) —•  X,  w e obtain a family 
of meromorphic A-fla t bundle s Gr^(Q£)  o n C\  x  (X,D)  fo r each a  G  lrr(0). I t ha s 
the uniqu e irregula r valu e a. The y are called the ful l reduction o f (Q£,B) . 

1.2.2.3. Gr of  variation  of  pure twistor  structure.  — Pro m the unramifiedl y goo d 
wild harmoni c bundl e (E,dE,0,h)  o n X \  D , we obtain a n unramifiedl y goo d wil d 
harmonic bundl e (i£ , <9E, 0*,/i) o n th e conjugat e (X^D^).  W e have the associate d 
family o f //-flat bundle s (£^,0*) on C M x (X * \  Z ^ ) , whic h is prolonged to a  family 
of meromorphic //-fla t bundle s (Q£t,Dt ) o n C M x (X+,.Dt) . W e also obtain th e ful l 
reductions Grf(Q£t ) o n C M x ( X * , ! ^ ) fo r an y a  G  lrr(0). Not e tha t lrr (0t) = 
{ a | a G l r r ( 0 ) } . 

Let S  b e a  small multi-sector i n X  \  D . Le t E/(Ao ) b e a  small neighbourhood of 
A0 ^ 0 in Ca- W e have the ful l Stokes filtration Fs {Q£\u(\Q)yls)  ° f 2^|c/(a0)x5* ^e t 
t/(/io) b e the neighbourhoo d o f /io = A "̂ 1 in CM , correspondin g t o f/(Ao) . W e also 
have the ful l Stokes filtration Ts(Q£]  J . W e can observ e that th e filtrations 

are essentiall y th e sam e o n U(X0)  x 5 = U(fio)  x  51" (Proposition 11.1.5). Actually , 
they ar e characterize d b y the growt h order o f the norm s o f flat sections. Hence , we 
have a natural isomorphism Gr f (Q£|i/(a0)Xs) - Gr f ( Q ^ ^ x S t ) - B y gluing them, 
we obtain a  natural identification: 

(6) Gr f (G5) |c jx(x^» *  G aelrr(0).r§(Q&)lC;x(x^D). 

Recall that the gluing of (£, P) an d D*) gives a variation of pure twistor struc-
ture (£A, DA) o f weight 0 on P1 x (X \ £> ) with a polarization S :  £A (g)cr*£A T (0). 
(See [85] or [67]. We will review i t i n Section 6.1.) Becaus e of the isomorphis m (6), 
we obtain a variation of twistor structure (Gra(£A) , D^) fo r each a G lrr(0), on which 
we have the induced pairings *Sa. The following theorem is one of the most importan t 
results in this paper . 

Theorem 1.2.7 (Theorem 11.2.2). —  (Gra(£A),BA,<Sa ) is  a  variation  of  pure polar-
ized twistor structure of weight 0, if  we shrink  X appropriately.  It comes  from a  har-
monic bundle,  which is the tensor product of a tame harmonic bundle (Ea,da,0a,ha) 
and L(a). 

Here, L(a) denotes  a harmonic bundle, which consists of a line bundle  OX^D •  e, 
the Higgs field 6e = e • da and the metric /i(e , e) = 1. • 

In som e sense , Theore m 1.2.7 reduce s th e stud y o f the asymptoti c behaviou r of 
wild harmoni c bundle s t o the tam e case . Fo r example, the completio n of Q£  along 
C\ x  {0} i s naturally isomorphi c to the direc t sum of the completion of C(a) (g) Q£a> 
With the detailed study on Q£a for tame harmonic bundles in [67], we can say that we 
have already understood C(a)  <g> Q£a pretty well , and hence Q£.  Suc h an observation 
is ver y usefu l whe n w e apply th e prolongmen t o f goo d wil d harmoni c bundle s t o 
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the theor y o f polarized wild pur e twistor D-modules . W e can als o derive the nor m 
estimate. 

1.2.2.4- Uniqueness of prolongation. —  Recal l the uniquenes s of prolongation o f a 
flat bundle on X \  D  to a meromorphic flat bundle on (X, D) with regular singularity , 
by which we have a very easy characterization o f Q£ in the tame  case. Namely , assume 
that we have some family o f meromorphic A-fla t bundle s V  on C\ x  (X , D) such that 
(i) the restriction to C\ x  (X \  D)  is {£ , D) , (ii ) each restriction V A (A ^ 0 ) is regular. 
Then, we have the natural isomorphism V ~ Q£ , if (E, &E, 0, h) is tame. However , in 
the non-tam e case , we do not hav e such an obviou s characterization, whic h was one 
of th e mai n obstacle s fo r th e autho r i n this study. H e has no t ye t know n whethe r 
there exist s a n eas y characterizatio n fo r meromorphi c prolongatio n o f a  famil y o f 
A-flat bundle s wit h goo d lattices . However , w e have a  usefu l characterizatio n o f 
meromorphic prolongatio n o f a  variatio n o f polarized pur e twisto r structure . Le t 
(K)J^OO) b e a n unramifiedl y goo d meromorphi c prolongmen t o f (£A,DA,<S) . (Se e 
Section 6.2.) W e have the variatio n of P1-holomorphic bundles (Grjf(£A),DA ) wit h 
the pairin g Sa  for each a € lrr(0) , obtaine d a s the ful l reduction wit h respect t o th e 
Stokes structure of (Vo, V^o)-

Theorem 1.2.8 (Theorem 11.2.2). —  / / (Grjf (f A ) , P f ,Sa) are  variations of polarized 
pure twistor structure  of  weight  0 for any  a  G lrr(0), the  prolongment is canonical, 
i.e., V0  ~ Q£  and  ~  Qj&.  • 

1.3. Application to meromorphic flat bundles 

1.3.1. Resolution of turning points of meromorphic flat bundles 

We recal l the notio n of Deligne-Malgrange lattice. 

1.3.1.1. Deligne  lattice. — Le t X b e a complex manifold, and let D be a normal cross-
ing hypersurfac e wit h the decompositio n into irreducible component s D  =  \JieI  Di. 
Let (V , V) b e a  meromorphic fla t connectio n o n (X,D).  Namely , V  is an Ox(*D)-
module with a  fla t connectio n V  :  V — • V (8) ft^.  I f (V , V) ha s regula r singularit y 
along £> , there exist s a  lattice V  C  V with the followin g properties : 

• V  i s logarithmic with respec t t o V  i n the sens e V ( V ) C  V  (g > 01(logD) . Not e 
that the residu e Res£>.(V ) i s given in End(VJ£>.) for each irreducible componen t 
of D. 

• An y eigenvalue a o f Res£>.(V) satisfie s 0  < Re(a ) <  1 . 
This lattice V  i s called the Deligne  lattice  of (V, V ), whic h plays an important rol e in 
the stud y o f meromorphic fla t bundle s wit h regular singularities , o r more generally, 
regular holonomi c D-modules. 

1.3.1.2. Deligne-Malgrange lattice  (one dimensional  case). — I t i s natural and im-
portant t o as k fo r th e existenc e o f such a  lattic e i n th e irregula r case . I f the bas e 

ASTÉRISQUE 340 



1.3. APPLICATION TO MEROMORPHIC FLAT BUNDLES 11 

manifold i s a  curve , i t i s classically well known . Le t us conside r th e cas e X  :=  A 
and D  : = { 0 } . Accordin g t o th e Hukuhara-Levelt-Turritti n theorem , ther e exist s 
an appropriat e ramifie d covering (p : (X',D') —»  (X,D)  suc h that th e forma l struc-
ture o f the pull-bac k <£*(V , V) i s quite simple . Namely , ther e exist s a  finite subset 
Irr(V) C M(X',D')/H(X') an d a  decomposition 

¥>*(V,V)|f5, 
oeirr(V) 

(K,v'j, 
) 

such that each Vaeg := Va—da has regular singularity. W e have the Deligne lattices 
for meromorphi c flat bundles wit h regular singularit y (V£ , Vaeg), an d w e obtain th e 
formal lattic e 

aGlrr(V) 
V ' c ^ ( V ) l f i / . 

It determine s the lattice V  C ip*V with a decomposition 

aelrr(0) a<E.Sp(0) 

aGlrr(V) 

aelrr(0) a<E. 

such that (i ) V'a—da are logarithmic with respect to V£ for any a, (ii ) any eigenvalues a 
of th e residu e satisf y 0  ^ Re(a ) < 1 . Sinc e V  i s invariant unde r the actio n o f the 
Galois grou p of this ramified covering , we obtain th e lattic e V  C V as th e descen t 
of V.  Thi s is the Deligne-Malgrange  lattice in the one dimensional case. 

1.3.1.3. Good Deligne-Malgrange lattice. — I n the highe r dimensiona l case, the ex-
istence of such a lattice was proved by B. Malgrange [58]. But , befor e recalling his 
result, we explain what is an ideal generalization in the higher dimensional case. (See 
Section 2.7.) 

Remark 1.3.1. —  W e also mentio n th e wor k due t o Z . Mebkhout [59], [60] on th e 
lattice of a meromorphic flat bundle possibly with regular singularit y along a hyper-
surface whic h is not necessarily normal crossing, by using the results on extension of 
coherent sheave s ([28], [88], [92]). • 

Let X  b e a  complex manifold of arbitrary dimensio n with a normal crossin g hy-
persurface D.  Le t V b e a lattice of a meromorphic flat bundle (V , V) on (X , D). We 
say that V  i s an unramifiedly  good Deligne-Malgrange lattice if the followin g holds at 
each P e  D: 

• Le t Xp b e a small neighbourhood of P i n X. Le t I(P) :=  {i \ P G A } - We set 
Dp :=  Xp fl D an d Ar(p) '•=  Xp fl f)iei(p) A - Then , we have a finite subset 
I r r (V,P) C M(Xp,Dp)/H(XP) an d a  decomposition 

aelrr(0) a<E.Sp(0) 

aGlrr(V,P) 
(î>a,Va) 
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such that (i ) V a — da are logarithmic, (ii ) the eigenvalues a of the residues satisf y 
0 < Re(a ) <  1 . Precisely , we impose the conditio n that I r r (V ,P ) i s a good se t 
of irregular value s (Sectio n 2.1) . 

We sa y tha t V  i s a  good  Deligne-Malgrange lattice,  if the followin g hold s fo r eac h 
PeD: 

• I f we take a n appropriat e ramifie d coverin g cp :  (Xp,D'P)  —•  (Xp,Dp), ther e 
exists an unramifiedly goo d Deligne-Malgrange lattice V  o f tp*(V, V ) , an d V\xP 
is the descen t o f V. 

They ar e uniquely determined , i f they exist . I n the on e dimensional case , a  Deligne-
Malgrange lattice is always good in this sense. (Se e [64] for a different bu t equivalen t 
definition.) 

1.3.1.4- Existence  theorem  of Malgrange.  — However , i n general , a  goo d Deligne -
Malgrange lattice ma y not exis t fo r a  meromorphic flat  bundle. Instead , Malgrange 
proved the followin g i n [58]. (See Subsection 2.7.2. 1 for a minor complement.) 

Proposition 1.3.2. —  There  exists an  Ox-reflexive lattice  V C  V and an analytic sub-
set Z C  D with  codimx(^ ) ^  2  such that  V\x\Z is  a  9°°d Deligne-Malgrange  lattice 
of(V,V)\x^z- • 

Although h e calle d i t th e canonica l lattice , w e woul d lik e t o cal l i t Deligne-
Malgrange lattice in this paper. W e have the minimum Zo  among the closed subset Z 
as above. Each point o f Zo is called a turning  point for (V , V ) . 

1.3.1.5. Resolution of  turning  points.  — Th e Deligne-Malgrang e lattice i s a  ver y 
nice clue for the stud y of meromorphic flat  bundles . Fo r example, we will us e i t t o 
obtain a  Mehta-Ramanathan typ e theorem for simple meromorphic flat bundles, i.e. , 
a meromorphi c flat  bundle i s simple if and onl y if so is its restrictio n t o sufficientl y 
ample generic ample hypersurface. (Sectio n 13.2). However , the existenc e of turning 
points i s a  serious obstacl e fo r an asymptoti c analysi s o f meromorphic flat  bundles , 
as Sabba h observe d in his study of Stokes structure of meromorphic flat  bundles o n 
complex surfaces. (W e have already mentioned asymptoti c analysi s fo r meromorphic 
flat bundles i n Section 1.2.1. ) H e proposed a  conjecture t o expect the existenc e of a 
resolution of turning points. W e established i t for algebraic meromorphic flat bundles 
on surfaces [68]. W e will establis h th e followin g theore m i n the highe r dimensiona l 
case. 

Theorem 1.3.3 (Theorem 16.2.1, Corollary 16.4.4). — Let  X be  a smooth proper com-
plex algebraic variety  with a normal crossing hypersurface  D.  Let  (V , V) be  a mero-
morphic flat connection  on (X,  D). Then,  there  exists a birational  projective mor-
phism (f : X' - » X  such  that  (i)  D' :=  ip~1(D) is  a simple normal crossing hypersur-
face, (ii)  X' \  D'  ~  X  \  D,  (Hi)  <p*(V, V) has  no turning points. • 
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1.3. APPLICATION TO MEROMORPHIC FLAT BUNDLES 13 

Theorem 1.3. 3 seem s o f foundational importanc e i n th e stud y o f algebraic mero-
morphic fla t bundles or more generally, algebraic holonomic D-modules. Althoug h it 
is argued i n Chapter 16 , it can be shown more shortly. Actually , it follows from some 
of th e result s in Chapter s 2 , 7 , 8  and Par t III . W e will briefl y discuss ideas o f the 
proof i n Subsection 1.3.2.3 . 

Remark 1.3.4. —  Recently , K . Kedlay a showed a  generalizatio n wit h a  completely 
different metho d i n hi s excellen t work [46], [47]. I n particular, he established i t fo r 
excellent schemes . I n the comple x analytic situation , he obtained a  local result. • 

1.3.2. Characterization of semisimplicity of meromorphic flat bundles 

According to Corlette [20], a flat bundle on a smooth projective variety  has a  pluri-
harmonic metric , if and only if it is a semisimple object in the category of flat bundles 
on X.  Suc h a  characterizatio n wa s establishe d fo r meromorphi c flat  bundle s with 
regular singularity , b y the wor k of Jost-Zuo an d u s ([41], [67] and [69]). W e woul d 
like to generalize it in the irregula r singula r case . W e need a preparation t o state the 
theorem. 

1.3.2.1. yf^lR-good  wild  harmonic bundles and good Deligne-Malgrange lattice 
We explain how good wild harmonic bundle s and goo d Deligne-Malgrange lattice s 

are related. Althoug h we explain the local and unramified case , it is easily generalized 
in the globa l and (possibly ) ramifie d case . 

Let X  := An an d D  : = \J£j=1{zj  = 0} . Le t (E,dE,0,h)  b e a n unramifiedl y 
good wil d harmoni c bundl e o n X  \  D  wit h a  decomposition a s i n (1) . W e say that 
(E,dE,0,h) i s an unramifiedly  y/—lR-good wild  harmonic bundle, i f 

Sp{9) c  (y/^lR)1. 

We sa y tha t i t i s a  \f^\R-good  wild  harmonic bundle,  if i t i s th e descen t o f a n 
unramifiedly >/—T-R-goo d wil d harmoni c bundle . A s mentioned , thes e definition s 
can b e extende d t o th e globa l an d (possibly ) ramifie d case . Then , goo d Deligne-
Malgrange lattices naturally appear in the study of harmonic bundles by the followin g 
proposition, which immediately follows from Proposition 8.2.1. 

Proposition 1.3.5 (Proposition 16.2.6). — Let  (E,dE,0,h)  be  a \f-lR-good wild  har-
monic bundle  on (X,D).  Then,  (PoS1^1)  is  the  good Deligne-Malgrange lattice of 
the meromorphic flat bundle (PS1,!!)1). • 

1.3.2.2. Characterization. — Le t X  b e a  smoot h projectiv e variety , an d le t D  b e 
a norma l crossin g hypersurfac e o f X. Le t (V , V) b e a  meromorphi c flat  bundl e o n 
(X,D). Recal l that ther e exist s a  close d subset Z  c  D  wit h codimx(^ ) ^  2  such 
that (V , V ) | X \Z na s a good Deligne-Malgrange lattice, according to Proposition 1.3.2. 
The next theore m give s a nice characterization o f semisimplicity of (V , V ) . 
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14 CHAPTER 1 . INTRODUCTION 

Theorem 1.3.6 (Theorem 16.2.4). — The  following conditions are equivalent. 
• (V , V) is  semisimple in the  category of meromorphic flat bundles. 
• There  exists a  yf^lR-good wild  harmonic bundle (E, 8E, h)  on  (X \  Z , D \ Z) 

such that  V£\X^Z ~  V\x^z-
Such a metric is  unique up to obvious ambiguity. • 

1.3.2.3. Outline of the proof of  Theorems 1.3.3 and 1.3.6. —  Ou r proof o f the theo -
rems are given by the following flow of the arguments , whic h is an interesting interac -
tion between the theorie s o f harmonic bundle s an d meromorphi c flat  bundles. (But , 
see Remarks 1.3. 9 an d 1.3.1 0 below.) 

Step 0 :  I n th e curv e case , Theore m 1.3. 3 i s classical , an d Theore m 1.3. 6 wa s 
known by the wor k of Biquard-Boalch, Sabbah an d Simpson . 

Step 1 :  W e established Theore m 1.3.6 in the case dim X —  2 by using the mod p-
reduction metho d i n [68]. 

Step 2 (Theorem 1.3.6 in the case dim X =  2 ) :  Thi s step i s the motivatio n 
for th e autho r t o stud y resolutio n o f turning points . W e would like to find a 
pluri-harmonic metri c of (V, V ) | X \ DJ f° r which there is a standard framework in 
global analysis. I t is briefly and imprecisely as follows: (i ) take an initial metric, 
(ii) defor m it along the flow given by a heat equation, (iii ) th e limi t of the heat 
flow should b e a  pluri-harmonic metric . Simpso n [81] essentially establishe d a 
nice general theory fo r (ii ) an d (iii) , onc e an appropriat e initia l metric i s taken 
in (i) . T o construct an initia l metric, we have to know the loca l normal form of 
meromorphic flat bundles. I t requires a  resolution o f turning points i n Step 1 . 

We shoul d remar k tha t w e cannot directl y use th e abov e framework, even 
if (V , V) ha s n o turning points . I t wil l b e achieve d by th e argumen t i n [66] 
and [69] prepared fo r Kobayashi-Hitchi n correspondence o f meromorphic flat 
bundles wit h regular singularities . 

Step 3 (Theorem 1.3.3 in the case dim X =  n  (n  ^ 3) ) : Thi s i s th e easies t 
part. W e have the followin g Mehta-Ramanatha n typ e theorem. 

Proposition 1.3.7 (Proposition 13.2.1). —  (V , V) is  simple if and only if (V , V) | y 
is simple for an  arbitrarily ample generic hypersurface Y.  • 

The "if " part i s clear , an d th e othe r sid e i s non-trivial . Thi s kind o f claim 
is ver y standar d fo r classica l stabilit y condition s i n algebrai c geometry . Th e 
Deligne-Malgrange lattice is equipped with the natural parabolic structure, and 
Sabbah essentiall y observe d that simplicit y and paraboli c stabilit y ar e equiva-
lent. Then , applying the argument s du e to Mehta and Ramanatha n ([61] and 
[62]) we will obtain th e desire d equivalence. 

Then, th e inductiv e argumen t i s easy. Fo r any genera l an d sufficientl y am -
ple hypersurface F c l , ther e exist s a  pluri-harmonic metri c hy  fo r (V , V ) | y . 
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1.3. APPLICATION TO MEROMORPHIC FLAT BUNDLES 15 

There exists a  finite subset Z  C  X suc h that X  \  Z  i s covered by such hyper-
surfaces Y.  So , for P  G  X \  Z , take Y  suc h as P  G  y, an d w e would like to 
define h\p  := /iy|p. W e have to check fty1|y1ny2 = ^IVinYb ? DU t ^ follow s from 
the uniqueness because dim(Y i f l I2) ^ 1 . Thus , we obtain th e desire d metric . 

Step 4 (Theorem 1.3.8 in the case dim X =  n  (n  > 3) ) : I t ca n b e observed 
that we only have to consider the case where (V , V) i s simple (Corollary 2.7.11). 
After Ste p 3 , w e take a  harmoni c bundl e (E,dE,0,h)  o n (X  \  Z , D \  Z)  a s 
in Theore m 1.3.6 . I f (E,dE,0,h)  i s a  \/^LR-goo d wil d harmoni c bundl e o n 
(X, D ) , w e have th e goo d Deligne-Malgrang e lattice an d Po^ 1 o f (VS1^1) 
on X. Because codimx(Z) ^  2  and V£^x^z —  V | X \ Z > w e have the isomorphism 
P£1 ~ V  on X, and V$£  1 is the goo d Deligne-Malgrange lattice of V. Hence , i f 
(E1, V, h) is \/—TjR-good wil d on (X , D) , w e have nothing t o do. 

Of course , i n general, (E,dE,9,h)  i s not \/^LR-goo d wil d on (X,D).  How -
ever, w e have replaced th e proble m with the contro l o f the eigenvalue s of the 
Higgs field 0, for which we can use classica l techniques i n algebraic or complex 
geometry. (Se e Section 13.5. ) I t i s much easie r tha n th e contro l o f irregula r 
values of meromorphic flat bundles, an d i t can be done. (Se e Section 15.3.) 

1.3.3. Kobayashi-Hitchin correspondence for wild harmonic bundles 

We also have a subject relate d t o the characterizatio n o f stability o f good filtered 
flat bundles . Le t X b e a  connecte d smoot h projectiv e variety of dimension n  wit h 
an ampl e line bundle L , and le t D  b e a  simple normal crossin g hype r surf ace. I f we 
are give n a  goo d wil d harmoni c bundl e (£7 , V, h) o n X  \  D,  w e obtain th e filtered 
flat bundl e (P*^1,©1 ) a s i n Theore m 7.4.3. W e can sho w that i t i s /iL-polystable, 
and each stable component has the trivial characteristic numbers . Conversely , we can 
show the following . 

Theorem 1.3.8 (Theorem 16.1.1). — Let  (2£*,V) be  a  good  filtered  flat bundle  on 
( X , D ) . We  put  ( £ , V ) : = (£*,V)|XxjD . / / ( -E. ,V ) is  a  fiL-stable  good  fil-
tered flat bundle  on  (X,D)  with  trivial  characteristic  numbers  par-degL(2£*) = 
Jx par-ch2)L(J^* ) =  0 , there  exists  a pluri-harmonic  metric  h  of  (E,  V) with  the 
following properties: 

• (E,  V, h) is  a good wild harmonic bundle on X \  D. 
• h  is  adapted to  the parabolic structure  of E*. 

Such a pluri-harmonic metric is  unique up to obvious ambiguity.  • 

Remark 1.3.9. —  I f we know Theore m 1.3.3 , i t i s no t difficul t t o deduc e Theore m 
1.3.6 fro m Theorem 1.3.8 a s in the tame case , which will be used i n the surface case . 
However, we use Theore m 1.3.6 t o show Theorem 1.3.3 i n the cas e dim X ^  3 , an d 
so we need some different argument . • 
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Remark 1.3.10. —  A s already mentione d severa l times , afte r th e submissio n o f this 
monograph, Kedlay a [47] obtained th e highe r dimensiona l versio n of the resolutio n 
of turnin g point s wit h a  differen t argument . But , w e keep ou r origina l flo w o f the 
argument. • 

1.4. Application to holonomic D -modules and wild pure twistor D -modules 

1.4.1. A conjecture of Kashiwara on algebraic holonomic D -modules 

Let M  b e a n algebrai c holonomi c Dx -module o n a  smoot h comple x algebrai c 
variety X.  Le t us recal l some operations o n D-modules. 

(Push-forward) :  Le t F :  X —>  Y  b e a projective morphism o f smooth complex 
algebraic varieties: 

• W e have th e push-forwar d F^M  i n th e derive d category o f cohomologi -
cally holonomic Dy-modules. Th e i-th. cohomolog y sheaves are denoted by 
F | A i , whic h are algebraic holonomic -modules . 

• W e have th e Lefschet z morphis m ci (L ) :  F^M  —>  F^2M  fo r an y lin e 
bundle L  on  X. 

(Nearby cycle and vanishing cycle functors) :  Le t g :  X — » C  b e a n alge -
braic function . B y applying the nearb y cycl e functo r an d th e vanishin g cycl e 
functor, w e obtain algebrai c holonomic Dx-modules i/jg(M) an d (f)g(M).  The y 
are equippe d wit h the induce d nilpoten t map s N.  B y taking G r with respec t 
to th e weigh t nitration s W(N),  w e obtain algebrai c holonomi c Dx-niodule s 
G r w W ^g(M)  an d GiwW  <t>g(M). 

More generally , according t o P . Deligne , fo r an y n  G  Z>0 and a G  C^"1], 
we obtain a n algebraic holonomic Dx-module ipgia(M) by applying the nearb y 
cycle functo r wit h ramifie d exponentia l twis t b y a. (Se e Section 22.6.3 . Th e 
author learned this idea from Sabbah.) W e also obtain a  holonomic Dx-module 
qyw(n) tpgia(M)  b y taking G r wit h respec t t o th e weigh t filtration o f the in -
duced nilpoten t map . 

There are several works to find an abelian subcategory C  of the category of algebraic 
holonomic D-modules with the followin g properties : 

• Ox  G  C for any smooth quasi-projective variety X. 
• Mi  0  M2  G  C if and onl y if Mi G  C. 
• C  is stable unde r push-forward fo r any projective morphism F  :  X - » Y. More -

over, Har d Lefschet z theorem hold s fo r C  in the sens e that ci(L)1  :  F^lM —> 
F^M ar e isomorphisms for any i > 0 , any projective morphism F,  an y relatively 
ample line bundle L , and an y M  G  C. 

• C  is stable unde r the functor s Grw  i/jg an d Grw  (j)g fo r any function g. 
For example , the category of (regular) holonomic D-modules is stable for the functor s 
FL G r w ^ an d Gyw  (f)g. However , th e Har d Lefschet z theorem doe s no t hol d i n 
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1.4. HOLONOMIC D-MODULES AND WILD PURE TWISTOR D-MODULES 17 

general. I n thei r pioneerin g wor k [7], A. Beilinson, J . Bernstein , P . Delign e an d 
O. Gabbe r showe d th e existenc e o f such a  subcategor y calle d geometric  origin  b y 
using the technique o f the reduction t o positive characteristic, whic h is the minimu m 
among the subcategorie s wit h the abov e property. I t i s one of the mai n motivation s 
for this study to show the followin g theorem . 

Theorem 1.4.1 (A conjecture of Kashiwara, Theorem 19.4.2). — The  category  of alge-
braic semisimple holonomic  D-modules has  the  above  property.  Namely,  let  X  be 
a smooth  complex  algebraic variety, M be  an algebraic  semisimple holonomic  Dx-
module. Then,  the following holds: 

• Let  F  :  X  —•  Y be  a  projective  morphism  of  smooth  quasi-projective  vari-
eties. Then,  Fj(M) are  also semisimple for any  j , and  the morphisms c\{L)3 : 
F^3 M —>  F^M  are  isomorphisms for any  j >  0  and  any relatively  ample line 
bundle L. In  particular,  F^M  is  isomorphic  to  ®  F^(M)[—i]  in  the  derived 
category of cohomologically holonomic Dy -modules. 

• Let  g be  an algebraic  function on  X, and  let a G C^"1]. Then,  Grw  ifrg^M) 
and Grw 4>g(M) are  also semisimple. • 

The stud y o f thi s kin d o f propert y o f D-module s o r pervers e sheave s wa s in -
vented b y Beilinson-Bernstein-Deligne-Gabber , whic h w e hav e alread y mentione d 
above. M . Saito proved the propert y fo r the categor y of D-modules underlyin g po -
larizable pure Hodge modules in his celebrated work [77]. M. Kashiwara conjecture d 
[42] that th e categor y o f algebraic semisimpl e holonomi c D-modules ha s th e abov e 
property. Sabba h proved in [73] the propert y fo r regular holonomi c D-modules un -
derlying V^-lH-regula r polarizable pure twist or D-modules . Simpso n [84] also sug-
gested such a line of the study . I n [67], we established th e correspondenc e betwee n 
algebraic semisimpl e regula r holonomi c D-module s an d v7—1-R-regula r polarizabl e 
pure twistor D-modules , and henc e the property was proved for algebraic semisimple 
regular holonomi c D-modules . I t wa s also established b y the work s of V. Drinfeld , 
G. Boeckle-C. Khare and D . Gaitsgory ([26], [15], [31]) via the method o f arithmeti c 
geometry based o n the wor k of L. Lafforgue. An d M. de Cataldo-L . Migliorini [19] 
gave anothe r proo f o f the origina l resul t o f Beilinson-Bernstein-Deligne-Gabber b y 
using their ow n Hodge theoretic metho d bu t withou t Saito' s method . 

Remark 1.4.2. —  I n contras t t o th e previou s results , regularit y i s no t assume d i n 
Theorem 1.4.1 . • 

1.4.2. Polarized wild pure twistor D -module. —  Recal l that th e notio n o f a 
harmonic bundle  is suitabl e fo r th e stud y o n semisimplicity  o f flat  bundle s o r D -
modules fro m the beginnin g by Corlette's work . (Recal l also Theorem 1.3.6. ) Then , 
a natura l strategy t o attack Theore m 1.4.1 i s the following , whic h we call Sabbah's 
program: 
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• Introduc e th e categor y of "holonomic D-modules wit h pluri-harmonic metrics " 
which should hav e the propert y i n Section 1.4.1 . 

• Sho w the functoria l correspondenc e betwee n "holonomic J9-modules wit h pluri -
harmonic metrics " and algebrai c semisimple holonomic D-modules. 

Sabbah introduce d th e notio n o f polarized wild pure twistor D-module s as "holo-
nomic D-module s wit h pluri-harmoni c metrics" . W e refer t o [73] and [75] fo r th e 
precise definitio n an d th e basi c properties . (W e will revie w i t i n Sectio n 17. 1 with 
a preparatio n give n i n Chapte r 22. ) Needles s to say , i t i s not obviou s at al l how to 
think "pluri-harmonic metrics " for D-modules. 

A ver y importan t hin t wa s give n b y Simpso n [85]. Fro m th e beginnin g o f hi s 
study [81], he was motivated by the similarit y between harmonic bundle s an d varia -
tions o f polarized pure Hodge structure. I n [85], he introduced th e notio n o f mixed 
twistor structure, and h e gave a  new formulation o f harmonic bundl e a s variation  of 
polarized pure twistor  structure,  which i s formally parallel t o th e definitio n o f vari-
ation o f polarized pure Hodg e structure . I t make s i t possibl e fo r u s t o formulat e 
"the harmoni c bundl e version " (or "twistor version") of most object s in the theor y of 
variation of Hodge structure. An d he proposed a  principle, that we called Simpson' s 
Meta-Theorem: th e theory of Hodge structure should b e generalized to the theory of 
twistor structure. 

In hi s highly original work ([77] and [78]), Saito introduced th e notion of polarized 
pure Hodg e module s a s a  vas t generalizatio n o f variation o f polarized pure Hodg e 
structure, an d h e showe d that th e categor y o f polarized pure Hodg e module s ha s 
nice properties suc h as Hard Lefschet z theorem. I t i s natural to expect that w e can 
define "holonomi c D-modules with pluri-harmonic metrics " as the twisto r versio n of 
polarized pure Hodge modules. 

And i t wa s don e b y Sabbah . Not e tha t i t wa s stil l a  har d work . W e should 
emphasize tha t h e made various usefu l innovation s an d observation s suc h as sesqui -
linear pairings, their specialization by using Mellin transforms ([5] and [6]), the nearby 
cycle functor wit h ramified exponential twist fo r 7^-triples, an d s o on. 

1.4.3. Correspondences. —  On e of the main purposes o f our study is to establis h 
the relation between algebraic semisimple holonomic D-modules and polarizable wild 
pure twistor D-module s through wil d harmonic bundles : 

(7) 
semisimple algebraic 
holonomic Z}-module 

v^TH-wild 
harmonic bundl e 

polarizable y/^ÏR-wïld 
pure twistor D-module 

1.4.3.1. Wild  harmonic bundle and polarized wild pure twistor D-module. —  W e said 
that polarize d wild pure twistor .D-module s were "holonomic Z}-modules with pluri -
harmonic metrics" , a s a  heuristi c explanation . W e make i t rigorou s b y th e nex t 
theorem. Fo r simplicity, we consider the case where X i s a smooth projective variety. 
Let Z  b e a closed irreducible subvariety o f X. 
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Theorem 1.4.3 (Theorem 19.1.3). — We  have a natural  equivalence of  the  categories 
of the following objects: 

• Polarized  wild  pure twistor D-modules whose strict  supports  are Z. 
• Wild  harmonic  bundles defined on  Zariski open subsets of  Z. • 

Theorem 1.4.3 i s not only one of the most important ke y points in the proof of The-
orem 1.4.1 a s mentioned in the next subsection, bu t i t also makes it possible for us to 
consider "push-forward" o f wild harmonic bundle s i n some sense. I n other words , the 
push-forward fo r holonomic D-modules i s enriched b y polarized pure twistor struc-
tures. I t migh t b e usefu l t o investigat e the propert y o f morphisms betwee n moduli 
spaces o f flat bundle s induce d b y push-forward . Fo r example , the stud y o f polar-
ized wil d pure twistor .D-module s is related wit h Fourier transform ([57], [74], [76]) 
or Nahm transforms ([2], [40], [90]) for meromorphic fla t bundle s o r wil d harmoni c 
bundles o n P1. Se e also [87]. I n principle , they shoul d b e the specializatio n of the 
corresponding transforms o f polarizable wild pure twistor D-modules, which could be 
useful fo r the study of the correspondin g morphisms o f the modul i spaces . 

The proof of Theorem 1.4.3 briefl y consist s o f three parts . 
• W e have to prolong wild harmoni c bundle s (E1 , 0E, 0, h) on a Zarisk i open sub-

set U  of Z t o polarized wild pure twistor D-module s on Z.  Th e most essentia l 
case i s that X  =  Z  =  An , D  :=  X \  U  =  U L i t e = °}> and (E,dE,0,h) 
is a n unramifiedl y goo d wil d harmoni c bundl e o n (X,D).  Sinc e the famil y of 
meromorphic A-fla t bundle s (Q£,B ) i n Theorem 1.2.4 i s too large, we replace it 
with the "minima l extension". W e need the detaile d study on the specialization 
along a function o n X.  I n the tam e case , i t wa s done in [67]. Th e wild cas e is 
essentially reduced t o the tame case by using Theorem 1.2.7. 

• Fo r a given polarized wild pure twistor D-modul e T whos e strict suppor t i s Z, 
it i s not difficul t to show the existence of a Zariski open subset U  C Z such that 
T\X-{Z\U) come s from a harmonic bundl e (E,  8E, 0, h) on U. However , we have 
to show that (E,  <9#, 0, fo) is a wild harmonic bundle . Fo r that purpose , w e need 
various preliminaries such as resolution of turning points for meromorphic Higgs 
field (Sectio n 15.3), curv e test fo r wild harmoni c bundle s (Sectio n 13.5) and s o 
on. 

• W e have t o sho w the uniquenes s o f prolongation o f wild harmoni c bundle s t o 
polarized wil d pure twistor D-modules . I n the tam e case , this is rather trivial. 
(Recall that a flat bundle is uniquely extended to a meromorphic flat bundles with 
regular singularity. ) However , i n the wil d case , i t i s not obvious . I t essentiall y 
follows from Theorem 1.2.8. 

1.4.3.2. Semisimple holonomic D-modules and polarizable \f^lR-wild pure  twistor D-
modules. —  Befor e stating the nex t theorem , we need some preparations . 

• Recal l that there exists the subclass of >/^LR-good wil d harmonic bundles (Sec -
tion 1.3.2). W e have the corresponding subcategory of polarized y/^lR-wild pure 
twistor D-modules. 
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• A  polarized wild pure twistor £)-module is precisely a wild pure twistor D-module 
with a polarization. Ther e is an obvious ambiguity in the choice of a polarization, 
as there exist s an obvious ambiguity in the choice of a pluri-harmonic metri c for 
a harmoni c bundle . A  wild pur e twistor D-modul e is called a  polarizable  wild 
pure twistor D-module, i f it has a  polarization. 

For a  polarizabl e v'—^R-wil d pur e twistor D-modul e T, le t EDR(T)  denot e th e 
underlying holonomi c D-module. Th e next theore m mean s th e correspondenc e (7). 
It essentiall y follow s from Theorem 1.4.3 an d Theore m 1.3.6. 

Theorem 1.4.4 (Theorem 19.4.1). — Erm(T)  is  semisimple for any polarizable 
wild pure twistor  D-module  T.  Moreover,  the  functor E^R  gives  an equivalence  of 
the categories of  polarizable y/^-iR-wild pure  twistor D-modules and semisimple holo-
nomic D-modules  on X. • 

By transferring th e operations for polarizable \/^LR-wild pure twistor D-modules, 
we obtain that the category of semisimple holonomic D-modules has the desired prop-
erties considered in Section 1.4.1. I t completes the second part of Sabbah's program. 
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PART I 

GOOD MEROMORPHIC 
£-FLAT BUNDLES 





CHAPTER 2 

GOOD FORMAL PROPERTY OF A MEROMORPHIC 
2-FLAT BUNDLE 

In thi s chapter, we shall study the property for a meromorphic £-fla t bundl e to be 
formally good . 

First tw o sections 2. 1 and 2. 2 are preliminary. W e recall the notio n of good se t of 
irregular value s in Section 2.1. W e study unramifiedly goo d lattic e fo r meromorphic 
formal £-fla t bundl e i n Section 2.2. (Se e [46] for deeper results. ) I n Section 2.3, we 
introduce th e notio n o f good lattic e o f a meromorphi c ^-fla t bundle . I t i s defined 
as a  lattice whose completions at al l points hav e nice properties. W e hope that th e 
completion alon g a  diviso r has a  nice property, whic h is studied i n Sectio n 2.4 . I n 
Section 2.5, we introduce th e notion of good filtered £-flat bundle , which will play an 
important rol e in the stud y of wild harmoni c bundles . I n Section 2.6 , we introduce 
the notion of good lattice at the level m. I t seems useful fo r our study of unramifiedly 
good lattice s fo r which we use inductiv e argument s o n the level . I n Sectio n 2.7 , we 
restrict ourselve s to ordinary meromorphi c flat bundles, an d w e study good Deligne -
Malgrange lattices. I n Section 2.8, we prepare some terminology for families of filtered 
A-flat bundles , whic h is significant i n our study on wild harmonic bundles . 

2.1. Good set of irregular values and truncations 

2.1.1. Definition 

2.1.1.1. The  partial order on IT1. —  W e use the partial order ^zn  (o r simply denoted 
by ^ ) of Zn given by the compariso n o f each component , i.e. , a b  ai  <  bi, 
(Vi) . Le t 0 denote the zer o in Zn. I t i s also denoted by 0n when we distinguish th e 
dependence on n. 

2.1.1.2. Order  of poles of meromorphic functions. —  Le t Ae denote the multi-dis c 

{ ( ¿ 1 , . . . , ^ ) |  \Zi\ <  1, i = 1 , . . . , ^ } . 
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Let Y  b e a complex manifold. Le t X :=  Aex Y.  Le t A := = 0 } and D := |J^=1 Di 
be hypersurface s o f X. W e also pu t =  f)£i=1Di,  whic h i s naturall y identifie d 
with Y. Le t M(X, D)  (resp . H(X)) denot e the space of meromorphic (resp . holomor-
phic) function s o n X  whos e poles are containe d i n D.  Fo r m =  ( m i , . . . , mi) G  Z^ , 
we pu t z™  := Ili=i Î""*- Fo r any /  ^  w e nave the Lauren t expansion : 

/= E /m(»)*m-

Here / m ar e holomorphi c functions o n D^.  W e will ofte n us e th e followin g natura l 
identification withou t mention : 

M{X,D)/znH(X) —  |/ G  M(X,L>) |  fm =  0, Vm > n } . 

Namely, w e wil l ofte n regar d a n elemen t o f M{X,D)  /  zn H(X)  a s a n elemen t of 
M{X, D)  vi a the abov e identification. 

For /  G  M(X, D),  le t ord(/ ) denot e the minimu m of the se t 

S(f) := { m € Z« | fm ?  0 } U  { 0 , } , 

if it exists. Not e that we are interested i n the order of poles, and that ord(/) i s always 
contained i n Z^0 according to this definition (i f it exists) . W e give some examples. 

• I n the cas e /  =  0 , we have S(f) =  { 0 } , an d henc e ord(/ ) =  0. Mor e generally, 
for an y holomorphic function / , w e have ord(/) =  0. 

• I n the cas e /  =  z^z^1  +  z^1 +  z^1, S(f)  i s { ( - 1 , - 1 ) , ( -1 ,0) , ( 0 , -1 ) , 0} , an d 
hence ord(/ ) =  (—1 , —1) . 

• I n the cas e /  =  ziz^1,  w e have S(f) =  {0, (1, —  1)}, an d henc e ord(/ ) doe s not 
exist. 

• I n th e cas e /  =  zf 1 + z^1,  w e have S(f)  =  {(—1,0) , (0 , —  1), 0} , an d henc e 
ord(/) doe s not exist . 

For an y a G M(X, D)/H(X),  w e take any lif t a  to M(X, D),  an d w e set ord (a) := 
ord(a), i f the right-han d sid e exists . Not e tha t i t i s independent o f the choic e of a 
lift a. I f ord(a) ^ 0 , aord(a) is independent o f the choic e of a lif t a, which is denoted 
by aord(a) . 

Remark 2.1.1. —  Le t k  b e a  ring . Th e abov e notion o f order make s sens e fo r th e 
localization o f k\z\,...  ,zn\  wit h respec t t o Z{  (i  =  1,.. . W e will no t giv e this 
kind of remark i n the following . • 

2.1.1.3. Good  set of irregular values. —  W e introduc e the notion of good set of irreg-
ular values , which will be used as inde x sets of irregular decomposition s and Stoke s 
filtrations. 

Definition 2.1.2. —  A  finite subset 1 c  M(X,  D)/H(X)  i s called a good se t o f irreg-
ular values on (X , D ) , i f the followin g condition s are satisfied : 
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• ord (a) exist s fo r each elemen t a G  X. I f a ^ 0  in M(X,D)/H(X),  aord(a) is 
invertible on D^. 

• ord (a — b) exists for any two distinct a, b G X, and (a — b)ord(a-b) i s invertible 
on D£. 

• Th e set {ord (a — b) | a, b G X} i s totally ordered with respect to the partial order 
onZf. • 

The third condition is slightly stronger tha n that considere d in [72], which seems 
convenient for our inductive argument o n levels. 

Remark 2.1.3. —  The condition in Definition 2.1.2 does not depend on the choice o f 
a holomorphic coordinate system such that D = \Jl=1{zi =  0}. • 

Remark 2.1.4. —  We will ofte n us e a coordinat e syste m suc h tha t ord( a —  b) and 
ord(a) ar e contained i n the set ]Ĵ =0 Z<0 x Qe-i for anv a, b G X. Suc h a coordinate 
system is called admissible for X. • 

2.1.1.4- Examples. — The set XQ := { zf 1z2~1 +  zf 1 + z^1} i s a good set of irregular 
values. Th e order o f pole is given by ord ( z ^ z 1̂ +  zf1 + z^1) =  (—1,-1) . Le t us 
consider the following examples: 

2i := { ^ r ^ V r 1 ? 0 } ' ^ 2 := {z^1 z^1,z^1,Z21,0}. 

Then, Xi is a good set of irregular values . Th e orders of poles are given as follows: 

ord^r1^-1) = ( - 1 , - 1 ) , ord ^r1) = ( -1 ,0) , ord(0 ) -  (0,0) , 

ord^f1 - 0) = ( -1 ,0) , o r d ^ r V - 0 ) = ( - 1 , - 1 ) , 

ord(^-1^1-zr1) = ( - l , - l ) . 

However X2 is not. Actually, ord(^j~1 — z^1) does not exist. 
We consider the following examples: 

X3 := {zilZ2~l +  zj~ \ z^z^1},  X4 := {z^z^1 +  z^1 + z^1, z^z^1}-

Then, X 3 is a good set of irregular values . Th e orders of poles are given as follows: 

ord^r1^"1 + zf1) =  ( - 1 , - 1 ) , o r d ^ f 1 ^ 1 ) -  ( - 1 , - 1 ) , 

o rd^r1^1 - z f 1 ^ 1 ) =  ( -1 ,0) . 

However, X 4 is not. Actually, ord((zf +  zf1 + z^1) —  Zi1z^1)  doe s not exist. 
The propert y fo r a set o f irregular value s t o be good i s not preserve d b y some 

canonical constructions . Fo r example, let us consider X = {a * | i = 1,2,3,4} given as 
follows: 

ai =  zf1 , a2 = 2z f\ a3 = 3z!_1( l + z2), a4 = 4z1~1(l + z2) . 

Then, I®iy : = {a* - a, | ij =  1,2,3,4} i s not necessarily good . Actually, 

(a3 - a4) - (ai - a2) = z2z^. 
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2.1.2. Auxiliary sequence. —  Le t J b e a good se t o f irregular value s on (X , D). 
Note tha t th e se t {ord (a) | a G  X} i s totall y ordered , becaus e ord (a) ^  ord (b) 
and ord(a ) ^  ord (b) impl y tha t ord( a —  b) doe s no t exist . W e se t m(0) : = 
min{ord(a) | a G X }. W e have the se t T ( J ) := {ord (a — b) | a, b G 1} contained i n 
Z<0. Not e m(0) m  fo r any m G  becaus e am 7^ 0 for some a G  X. Sinc e 
T(X) i s assumed to be totally ordered with respect t o the partia l orde r ^z* , we can 
take a  sequenc e M := (m(0), m ( l ) , m (2 ) , . . . , m ( L ) , m(L +  1) ) i n Z^ 0 wit h th e 
following properties : 

• T(X) CM an d m (L -f 1) =  0̂ . 
• Fo r each i  <  L , there exist s 1  ^ <  £  such that m(i + 1 ) =  m(i)  + 5^) , 

where <5j := ( 0 , . . . , 0,1,0,..., 0) , 
Such a  sequence i s called an auxiliar y sequence fo r X. I t i s not uniquel y determine d 
by X. W e often omi t t o mentio n m (L +  1) , because i t i s fixed  t o b e 0. Auxiliar y 
sequences ar e convenient for some of our inductiv e arguments . 

Remark2.1.5. —  I n the case where D i s smooth, i.e. , £ = 1, the auxiliar y sequence is 
canonically determined. W e have m(0) : = min{ord(a) | a G X }, an d m(j) : = ra(0)+j. 
In this case, we prefer t o use the order s ord(a ) directly . • 

2.1.2.1. Example.  — I n the exampl e in Section 2.1.1, 

T(I0) = { 0 } , T(I1) = { ( - l , - l ) , ( - l , 0 ) , O } , T(I3) = { ( - 1 , 0 ) , 0 } . 

Hence, M, = { ( — 1 , —1) , (—1,0), (0,0)} i s an auxiliar y sequence fo r them. Not e that 
M! — { ( — 1, —  1), (0, — 1), (0,0)} i s also a n auxiliar y sequenc e fo r 2o5 but no t fo r Xi 
(¿ = 1,3) . 

2.1.3. Truncation. —  Fo r any m  G  Z^0, let r)m  ' M(X,D) ->  M(X,D) b e given 
as follows : 

(8) Vm(a) ••= 
JHJJ 

aelrr(0) a<E. 

Let £ m :  M ( X, D)  M ( X , D)  b e given as follows : 

(9) aelrr(0) a<E.Sp(0) 

JJDDV 

HGHGH 

The induce d map s M(X,D)/H{X)  ->  M(X,D)/H(X)  ar e als o denote d b y rym 
and Cm-

Let J  b e a  good se t o f irregular value s on (X , £>). W e take a n auxiliar y sequenc e 
M = ( m ( 0 ) , m ( l ) , . . . , m ( L + l ) ) fo r J. Th e function a r m « (£m(i+i ) (a)-£m(i)(a)) 
is holomorphic on X, and i t i s independent o f the variabl e z^y W e define 

(10) Cm(t)(<0 := fm(i+l)(a) - fm(*)(<0-
By construction, w e have fm(»)(a) = £j<iCm(i)(a)-
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Lemma 2.1.6. —  For  <Xj  E  I ( j =  1,2) , the  equality  77m(«)(cii) =  ^m(i)(ci2 ) implies 
£m(H-i)(ai) =  Cm(»+i)(<i2), an d Zience Cm(*)(ai) = Cm(i)(a2). In  particular, fm(i+i)(b) 
and Cm(i)(b) ar e we/ Z defined for b  G Vm(i)(T). 

Proof. — Becaus e rym(^(ai ) =  ^m^)(a2) , w e have ord(a i —  a2)  > m(z + 1) . Hence , 
we have ain =  a2n for any n ^  ra(i +  1) , which implies the clai m of the lemma . • 

When w e are give n a n auxiliar y sequence , i t wil l ofte n b e convenien t t o us e th e 
following symbo l for a  G X: 

(11) *7m(*)(a ) :=£m(t+i)(a) . 

Note 77m(£)(a ) =  a  i n M(X,D)/H(X)  fo r an y a  e  X.  W e have the decompositio n 
rjm(i)(a) — Z)j^fCm(j)(^)- Th e set T(m(i))  :=  rJm^X) i s called the truncation of X 
at th e leve l m ( i ) . I t i s also a  goo d se t o f irregular values . W e should remar k tha t 
fjm^i) and th e se t X(m(i))  depen d o n the choic e of an auxiliar y sequence , i n general. 

Remark 2.1.7. —  I n the cas e where D i s smooth, w e have rjp =  r\v fo r p G  Z^o- Q 

2.1.3.1. Example.  — Le t us conside r 2 o introduce d i n Sectio n 2.1.1 . I f we take a n 
auxiliary sequence m(0 ) = (—1 , — l ) , m ( l) = (—1,0) , we have 

Vm(0)(zl 1Z21 + Z2 *) = Zl lz2 1 +z21' 

If we take an auxiliar y sequence m(0 ) = (—1 , —1), m ( l) =  (0 , —1), we have 

Vm(0)(zl ±z2 1 +  zl 1 + z2 *) = Zl lz2 1 +  zl 

Let u s consider the example X\ with the auxiliary sequence m(0) = (—1,-1) , m ( l ) = 
( -1 ,0) . W e have 

Vm(0)(zl 1Z21)=Z11Z2\ Vm (0)(zl * ) =  Vm(0) (0) =  0 . 

Hence, l i( m ( 0 ) ) =  { z f 1 ^ 1 , 0 } . 
Let u s conside r th e exampl e J 3 wit h a n auxiliar y sequenc e m(0) =  (—1,-1) , 

m ( l ) =  ( -1 ,0) . W e have 

*7m(0)(*l ** 2 1 +  Zl * ) =  *7m(0)(*l ±z2 * ) =  ¿ 1 ^2 

Hence, Xs(m(0)) = {z11z21}. 

We have the followin g pictur e i n our min d for truncation. 
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m(5) 

m(4) 

m(l ) m(2) m(3) 

m(0) 

Cm(l) Cm(2) Cm(4) I 

Cm(3) 

MOK 

L = 4 , m(0) = ( -2 , - 3 ) , m ( l ) - ( -2 , - 2 ) , m(2) = ( - 1 , - 2 ) , 
m(3) = (0 , - 2 ), m(4) = (0 , - 1 ), m(5) - (0,0) . 

2.2. Good lattice in the formal case 

2.2.1. Definition. —  W e recall som e definitions relate d wit h forma l connection s 
for ou r use . Se e [46] for deeper properties o f formal connections. 

Let k  b e a n integra l domai n ove r C. Fo r som e 1  ^  i ^ n , w e consider fío := 
k\z\,..., zn\  an d it s localizatio n fí with respec t t o zi  (i  =  1,... , t). Le t X  b e th e 
formal schem e associate d t o ño- Let T>i  denot e th e forma l subschem e of X  corre -
sponding to Zi  = 0 . W e put V  :=  |J¿=i For each I C  w e set Vj  :=  C\ieI T>i. Le t 
K : = Spec/u. W e use the natura l identifications fío = Ox  an d fí = Gx{**D). 

Let b e an (9^-module . Le t ¿> G Recal l that a  ^-connection o f jVi relative 
to /C is a fc-linear map D : At —• > 0  íí^/x: sucn tnat '  5) ~ (°dg)  • s + g - Ds. A 
pairing of D(s) G  A< ®^#//c an< ^ a vec^or field v of A' is denoted by B)(v)s. I t is called 
flat, i f the curvatur e D o D : A4 —> M.  ® i s 0. A  meromorphic £-fla t bundl e on 

P ) i s a free -modul e M. equipped with a flat ^-connection. I f g is nowhere 
vanishing, we obtain a  flat connection £>-1 B relative to K.  I t i s often denoted by D^. 

Remark 2.2.1. —  W e are mainly interested i n the cases (i) k = C an d g  = 1 (ordinary 
flat connection) (ii ) k =  C an d g  = 0 (Higg s field)  (iii ) k  =  C an d g  = X e C (fla t 
A-connection) (iv ) fc is a C[A]-algebra, and £  = A  (family o f flat A-connections). 

We wil l often omit to say "relative to K\  i f there is no risk o f confusion. • 

Let (A4,D ) b e a meromorphic £>-flat bundle on (X,V).  A  coherent (9^-submodul e 
C C  M i s called a lattice, if C^Ox(^D) —  M. Th e specialization C®Ot>¡ is denoted 
by £|^7 . 

Definition 2.2.2. —  A  lattice C  of M i s called a-logarithmic for a G O;*r(*2})/0Af, if 
(i) C is O^-free, (ii ) D  — da is logarithmic for a lift a of a to Ox{^D).  (W e wil l often 
use the sam e symbol a to denote a  lif t t o 0 ^ ( * D ) i n the subsequen t arguments. ) 

If M  ha s a n a-logarithmic lattice, i t i s called a-regular. • 
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Definition 2.2.3. —  A  lattice C of M. is called unramifiedly good , i f there exis t a goo d 
set o f irregular value s Irr(D) C  Ox(*D)/Ox an d a  decomposition 

(12) (£ ,D) = 
aElrr(D) 

0Ca,Bfl) 

such that Da are a-logarithmic . 
If M  ha s a n unramifiedly goo d lattice , we say that M  i s unramifiedly good . • 

The decompositio n (12) induces 

(13) M = 
aelrr(B) 

Ca®Ox(*V) 

The decomposition s (12 ) and (13 ) are calle d irregular decomposition s of C and M, 
respectively. 

Lemma 2.2.4. —  Let  C and  C be  unramifiedly good  lattices  of M. with  irregular de-
compositions C = 0aGlrr(p) £>a and  C! = 0 aGirr/(p) C'a- Then,  we have 

aelrr(0) a<E.Sp(0)aelrr(0) a<E.Sp(0)MI?UN 

for any  a G Irr(D) U  Irr'(B). In  particular,  the  decomposition  (12 ) is uniquely deter-
mined by C, and  the decomposition (13 ) is uniquely determined by M. 

Proof. — Tak e a, b G Irr(D) U Irr'(B) suc h that a  - b  ^ 0  in Ox(*V)/Ox.  W e would 
like to show that th e induce d morphis m a  : £a ® Ox{*D) —•  Cfb  ®  Ox{*D) i s 0. 
There exists 1  ^ i  ^  £  such that the order of a — b with respect t o i is strictly smalle r 
than 0. We may assume i = 1. Le t A b e the localization of k\z2,. •  •, zn] wit h respect 
to rii=2 ano - ^ ^  : ~ B y a standard resul t i n the on e variable case (see 
Corollary 2.2.18 below) , we obtain that the induced morphism Ca  ® —•  C'h ®  7Z is 0, 
and henc e a  = 0 . Then , the clai m of the lemm a immediately follows. • 

2.2.1.1. Residue  and induced B-connections. — I f we are given a n unramifiedly goo d 
lattice £ , w e obtain a n endomorphis m Res*(B ) o f C\pi i n a  standard way . Namely , 
for an y /  G  Ca\z>n  w e take f  G  C  suc h tha t f\<p.  =  / , an d pu t ReSi(Ba) / : — 
(Braeg{zidi)f){Vi, wher e Brae g : = B a -  d 5 fo r a  lif t a  o f a . W e se t Res^(D ) : = 

0Resi(Oa) G  End(£|x>.) . I t i s independen t o f the choic e of lift s /  an d a.  I t i s 
also independen t o f the choic e of the coordinat e function s Fo r an y I  3  i,  th e 
induced endomorphis m o f CyoI is also denoted by ReSi(O). 

If a  doe s no t contai n a  negativ e power of z^  w e can defin e a  meromorphi c flat 
^-connection zBa on Ca\Vi- Let V(ic) :=  A- Th e section dzi/zi o f ^^(logVi) 
induces a  splitting ^^(logVi)^.  ~  f ^ . / ^ ® Le t 7r denote the projection onto 
f2^./K;. I t induces ttlx/K{\ogVi)(*V(ic))  - > ^. / ;c(*£>(ic)). Then , for / G  £a(A, tak e 
FeC suc h that =  / , an d pu t *B( / ) = 7r((BF)lVi).  I t i s independent o f the 
choice of a lif t F.  But , i t depend s o n the choic e of the functio n Z{.  I f we replace Zi 
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with LU Z{ for some invertible a;, th e differenc e between the induce d ^-connection s i s 
(a; 1du)\Vi. 

If w e are give n lift s a  for any a  G I, w e obtain a  fia t ^-connectio n lDa  & o f Ca\Vi 
by the sam e procedure , an d 2Dreg- := ©aGxlBaeg- I t depend s o n the choic e of lifts a 
and th e functio n Z{. 

Lemma 2.2.5. —  Res ^(Da) is  lWeg-flat.  If  p ^ 0,  the  eigenvalues  of Res «(D) are 
algebraic over  k. 

Proof —  Th e firs t clai m i s clea r fro m th e abov e constructions. Th e second claim 
follows from the firs t one . • 

2.2.1.2. Good  lattice 
Definition 2.2.6. —  A  lattice C of M i s called good, if there exists a ramified covering 
(p :  (A", V) —>  (X,  V) an d an unramifiedly goo d lattice £ o f M' =  p*M suc h that C 
is the descen t o f £. • 

If w e take a n e-t h roo t Q of Z{  fo r appropriat e e , w e have a n extensio n o f rings 
Ro C RQ —  fc[Ci, •. •, 0> zi+\->..., zn\.  Le t G be the Galois group of the extension. We 
put M,'  \—  A4 ®R0 RQ.  Then , the abov e condition says that M'  ha s a  G-equivarian t 
unramifiedly goo d lattice £; , an d C  is the G-invarian t par t of £ . 

Lemma 2.2.7. —  Let  C be a good lattice of M. Put  e\  : = (rankAl)!, and  let X \ X 
be a ramified covering such that  the ramification indices at T>i are  e\. Then,  C is  the 
descent of an unramifiedly good lattice C\ on  X\. In  other  words, we  have an a priori 
bound on the minimal ramification indices. 

Proof. — W e take e , X'\  £  an d M!  a s above . W e may assume that e  is divisible 
by ei . W e have a  factorization X'  ->  Xx X.  Not e that Irr (D) C 0X'{^D')jOx' 
is contained i n 0Xl  (*T>i)/0Xl  •  I t i s wel l known in the on e dimensional case . Th e 
higher dimensional case can be reduced to the curve case easily. Then , for the irregular 
decomposition of £, eac h direct summand i s stable by the actio n of the Galoi s group 
of X'/Xi.  Then , the descen t o f £ t o X\  give s the desire d lattice . • 

2.2.2. A criterion for a lattice to be good 

2.2.2.1. Statement.  —  Le t X  — > /C, V an d g  be as i n Section 2.2.1 . Fo r simplicity, 
we assume that k  i s a local ring. Then , X  ha s a  unique close d point O.  Le t ( ,M,0 ) 
be a  meromorphic flat  bundle o n (X,V).  Le t £ b e a lattice o f M. Assum e that we 
are give n the following : 

• a  good se t o f irregular value s T C Ox(*V)/Ox, 
• a  decomposition C = ©aej£a a s an Ox -module, whic h is not necessaril y com-

patible with D, 
such that, if pa denotes the projection onto £a, an d i f we put $  : = ^2aejda-pa, then 

:= D - $  i s logarithmic with respect t o C.  (I t is not necessaril y flat.) 
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Proposition 2.2.8. —  C  is an unramifiedly good lattice of M., and  we have Irr(D) =  X. 

2.2.2.2. Preliminary. —  Le t F  b e a  fre e O^-modul e wit h a  meromorphi c fla t 
^-connection D : F —>  F  (g ) fl^^^V). Le t v b e a frame o f F, an d let A  b e the 
Oxvalued matri x determine d b y 3(zidi)v  =  v  A. Assum e tha t w e have a 
decomposition v —  ( u i , ^) suc h that the corresponding decomposition of A has the 
following form : 

A = ' î îi 0  ' 
0 ft2 

An A12" 
A21 A22 y 

and 
• th e entries of APA are regular, i.e. , sections of Ox, 
• ther e exists m G  Z<0 for some 1 < H\ ^  £,  such that the entries of Qp := z_m Qp 

(p = 1,2) are regular, 
• fii|o  an d f22|o hav e no common eigenvalues. 

Let us consider a change of the base of the following form : 

aelrr(0) a<E.Sp(0)aelrr(0) a<E.Sp(0) 
' 0  T2 
Ti 0 

Here, the entries of Tp (p = 1 , 2) are sections of z\ Ox- W e would like to take G  such 
that B(zi <9i) is block-diagonalized with respect to v' a s follows: 

(14) B{Zldi)v' =  v'B, B  = 
aelrr(0) a<E.Sp(0) 

0 ft2 +  Q2y 

Lemma 2.2.9. —  We  have regular solutions Tp and Qp (p = 1,2) ŝ /c/i (14 ) /io/ds . 
Moreover, z^Tp are  also  regular. 

Proof. — The relation of A, G and B are given by AG + qz\d\G —  GB. W e obtain 
the equations: 

^ i i + i4i2Ti + Qi = 0, fi2ïi  +  A2i + A22Ï1 + ^zidiTi = Tifii + TiQi. 

By eliminating Qi, we obtain 

aelrr(0) a<E.Sp(0)aelrr(0) a<E.Sp(0)aelrr(0) a<E.Sp(0)aelrr(0) 

We obtain the equation: 

(15) ìì2Ti - Tifii + 2~m(,421 + A22Ï1 + TxAn + ozxdxTx + TiAiaTi) = 0. 

We clearl y have a regular solutio n T\  o f (15). Moreover , becaus e ft2Ti  —  Tifi i = 0 
modulo z~m, we obtain tha t zmX i i s also regular. Fo r such Ti, <3i is also regular . 
Similarly, we have desired T2 and Q2, and zrnT2 is also regular. • 
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We pu t Vi  := Zidi (i  <  t) an d Vi  := ft  ( i >  ^ ) . Le t 4 « b e the Ox(*T>)- valued 
matrices determine d b y B(Vi )u = v  A^l\ Assum e that th e decompositio n of A^ 
corresponding to v =  (v 1,1*2) nas ̂ ne f°rm 

aelrr(0) a<E.Sp 'n« 0 
0 n̂ y 

1̂1 1̂2 

2̂1 2̂2 

where the entries of APq are regular, and the entries of z~™£lp ar e regular. Let 
be determined by B ( ^ ) i / =  v'.  Sinc e zmTp ( p = 1,2 ) ar e regular , ha s th e 
form 

aelrr(0) a<E.Sp ni0 0 
0 n« 

°11 °12 

v°21 °22 

where the entries of Cpg ar e regular. 

Lemma 2.2.10. — We  have C$ =  0 and C$ =  0. 

Proof. — Becaus e [ © ( K ) , B(^<9i)] =  0, w e have the relatio n g ^ C ^ +  C^C^ = 
gz\d\C^ +  C^C^\ fro m whic h we obtain the followin g equality: 

C#(ft2 +  Q2) =aelrr(0) a<E.Sp(0)+ (fii + Qi)C$. 

Then, i t i s easy to obtain =  0. Similarly , we can obtain Crfi  = 0. • 

2.2.2.3. Proof  of  Proposition  2.2.8.  — Le t u s retur n t o th e settin g i n Subsectio n 
2.2.2.1. W e use an induction on the number \X\.  If \X\ =  1 , the claim of Proposition 
2.2.8 is obvious. Assum e that we have already proved the claim of the proposition in 
the case \X\  <  mo, and le t us show the case \X\ =  mo. 

We tak e a n auxiliar y sequenc e m(0),..., m(L) fo r X.  Le t Z(m(0)) denote th e 
image o f X vi a ?7m(o)- I t i s easy to observ e that w e only hav e to conside r the cas e 
|X(m(0))| > 1. 

Lemma2.2.11. —  We have aflat decomposition 

(£,D) = 
b€X(m(0)) 

(£^(0),D^(0)), 

and an Ox-decomposition 

rm(0) 
m̂(O) (<*) = & 

(C(0)). 

with the following property: 
• Let  p'a  denote  the  projection  of  C™^  onto  {C™^)a,  o,nd  we  put  \I>™ ^ : = 

^aG_-i ^ dap'a.  Then, B ™^ —  aelrr(0) a<E.Sp(0) are logarithmic with respect to  £™^°\ 
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Proof. — Le t v  b e a  frame o f C compatible with the decompositio n C  —  0aGj£a-
Let di  be determined b y V{ G  Cai. Let Q be the diagona l matrix valued 1-for m whose 
(i,i)-th entr y i s ddi.  B y applying Lemm a 2.2.10 successively , w e obtain a  frame w 
of C  such that Btu =  w  (ft  +  B) , wher e 5 satisfie s th e following : 

• I ? is a matrix-valued logarithmi c 1-form . 
• Bij  =  0 Unless ^m(o)(Oi) =  rjm(0)(*j)' 

For b G J(m(0)), le t b e the subbundle generated b y { i ^ |  Vm(o)(ai) —  Fo r 
a G  X with ^m(o)(& ) =  le t (£™^) a b e the subbundl e generated b y |  = a} . 

Then, they hav e the desire d property . • 

Because C™^  satisf y th e assumption in the proposition , we may apply the induc -
tive assumption. Thus , the proo f of Proposition 2.2.8 i s finished. • 

2.2.3. Unramifledly good Deligne-Malgrange lattice. —  Le t us us e th e set -
ting of Subsection 2.2. 1 with k  = C an d g  = 1. W e use the symbo l V instead o f B. 

Definition 2.2.12. —  A  lattice C  of a meromorphic fla t bundl e (M,  V ) o n (X,T>)  i s 
called an unramifledly good Deligne-Malgrange lattice, if (i) C  is an unramifledly good 
lattice, (ii ) th e eigenvalue s a o f Res^(V) ( z = 1,.. . ,£)  satisfy 0  < R e a <  1 . • 

An unramifledly good Deligne-Malgrange lattice is uniquely determined, i f it exists. 
If C  =  0 £ a i s th e unramifledl y goo d Deligne-Malgrang e lattice o f M,  w e have 
frames va  of Ca such that (Va—da)va =  va (]Cj= i A 7 dzj/z^, wher e Aj ar e constant 
matrices. The y induc e a  fram e v  =  (va)  o f C. Suc h a  fram e i s called normalizing 
frame. 

2.2.3.1. Extension.  — Le t 0 ^ (At*1) , V*1*) -> (A^0), V<0>) -> ( X ( 2 ), V ^ ) - > 0 be 
an exac t sequenc e o f meromorphic flat  bundles on {X,T>).  Le t us show the followin g 
proposition. 

Proposition 2.2.13'. —  Assume  (M^l\V^) (i  = l,2) have  unramifledly good Deligne-
Malgrange lattices and  I : = Irr(A4(1)) U  Irr(A"f(2)) is  good. Then,  (M(0\  V(0) ) 
also has an unramifledly good Deligne-Malgrange lattice .  We  also have the exact 
sequence 0  -> C<®  -> £(2) - * 0. 

Although this also seems to follow some deep results in [46], we keep our elementary 
proof. I n the followin g argument, w e assume that the coordinate system is admissible 
for X. A n element of / G  Ox(*V)  i s called ^-regular, i f / doe s not contain a  negative 
power of Zj. 

2.2.3.1.1. First  step.  — Fo r a, b G X, we have the expansio n a — b = ][](a — b)t  z*. 
We put ord p(a-b) : = min{^ | ( a - b)£ ^  0 } ands (a-b) := {p\ ord p(a-b) < 0 } . W e 
put Vi  := Zidi (i  ^ £)  and V * := di (i  > £). We take normalizing frames (i  = 1,2) 
of compatibl e wit h the irregula r decomposition . W e have the decompositio n of 
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the frame s v « = (v^).  Le t Af b e determined b y V W ( V J >« =  «W A ^. We have 

the decompositio n A^  =  © ( V j ( o ) +  wher e ar e constan t matrices . W e 
—(i) 

also have A^a =  0 for j >  I. 
We tak e a  lif t v{2)  of v& t o A4(0) . Th e frame o f M{Q) given b y an d 5(2) is 

denoted b y (v^\  v^).  Then , we have 
aelrr(0) a<E.Sp(0)aelrr(0) a<E.Sp(0)aelrr(0) FGFDFJH 

0 A?\ 

Here, th e entrie s o f Uj are containe d i n 0; t (*£>) . W e have the decompositio n Uj = 
(Ujta,b) corresponding to the decompositions of the frames =  (v^).  W e will con-
sider transforms o f frames of the following form, wher e the entries of W ar e contained 
in Ox(*T>): 

(16) («(1),t;(2),) = («(1),5(2)) 
' I W 
0 / 

vW(^) (« (1 ) ,» (2 ) ' ) = («(1).«(2)']aelrr(a<E.Sp(0) 
aelrr(0) a<E.S 

o ^ 

Lemma 2.2.14. —  We  can take a lift  tr2 ' such  that Uj,a,b are zp-regular for any  p 0 
$(a — b) and for any  j. 

Proof. — W e will inductively take transforms a s above, such that the following claims 
hold: 

P(m) :  Le t p < m. I f p £ s(a — b) , Up,a,b i s ^-regular . 

Q(m) :  Le t p < m. Hp  $(a — b) , Uj,a,b is zp-regular for any j. 

In the conditions , we only have to consider p satisfying p ^ I. 

Lemma 2.2.15. — / / P(m) holds,  Q(m) also  holds. 

Proof. — Du e to the commutativit y [ V ( 0 ) ( ^ ) , ^{0){VP)]  =  0 , we have the followin g 
relation: 

(17) Vp(Uj)  +  Up Af +  Af Uj  = Vj(Up) +  Uj Af +  Af Up. 

Hence, we obtain the followin g equality: 

(18) zpdpUj,a,b +  V p(a - b ) Uj^b +  Ap]l U^b -  U jia,b 2̂ 

" Vj  (Up,a,b) - Vj (a - b ) UPta,b -  A™  UPtatb +  Up,atf, A% =  0 . 

Assume Ujja,b  0 > and ^  u s conside r th e expansio n E/j,a, b =  X^AT ^\a,b,£ zp, 
where Uji(l,b,N  0 - Assum e N  <  0 , an d w e wil l deriv e a  contradiction . Becaus e 
ordp(a — b) ^ 0 , we obtain th e followin g relation : 

N (7j,o,b ,iV + Ap^a  £/j,a,b,A/ - Uji(l,b,N  Ap^b —  0. 
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Because th e eigenvalue s a  o f Ap^a  an d Ap2^a  satisf y 0  ^  Re(o: ) <  1 , w e obtai n 
Uj,a,b,N =  0 , whic h contradict s wit h ou r choic e of N.  Hence , we obtain N  ^  0 . 
Thus, the proo f o f Lemma 2.2.15 is finished. • 

Assume Q(m —  1 ) holds for a  lif t v^2\  W e would like to replace i t with a  lif t fo r 
which P(m) holds , by successive use of the transforms a s in (16) . W e use the followin g 
equality, obtained fro m the relatio n A{p  W + Uj + Vj(W) =  U'j  + W Af]: 

(19) Vj(a  - b ) Wa,b + Af} Wa,b  -  Wa,bA$l  +  V^W**) +  U^b -  U^b  =  0. 

If m  G  s(a —  b) , we have nothin g t o do , an d s o we assume m £  s(a  — b). Le t u s 
consider th e expansio n C/m>a, b = Yle>N  Um,a,b,e  z^. Assum e N <  0. Le t Wa,b,N  be 
the unique solution o f the followin g equation : 

A^]a Wa,b,i V - Wa^N  A%]b  + N Wa,b,N  +  ̂ m,a,b,iV = 0 . 

By the inductive assumption Q(m—1) ,  Um^^N i s assumed to be ^-regular fo r p < m 
withp £ s(a—b). Hence , Wa,b,N i s also zp-regular. W e put Wa, b = Wa,b, w z%- Then , 
because of (19) wit h j —  m, the obtained a  b ha s the expansion Ylt>N  ^'m a b t zrn-
Because o f (19) , U'-a  b is also zp-regular fo r any j  an d fo r p <  m wit h p 0  s(a — b). 
Hence, w e can eliminat e th e negativ e power s i n Umjaib  afte r th e finite  procedure , 
preserving the conditio n Q(m  —  1), and w e can arriv e a t a  lif t fo r which P(m) 
holds. 

Therefore, afte r a  finite procedure, we can arrive at a  lift fo r which Q(t) holds . 
Thus, the clai m of Lemma 2.2.14 is proved. • 

2.2.3.1.2. End of  the proof of  Proposition 2.2.13.  —  Le t b e a lif t a s in Lemma 
2.2.14. W e would lik e t o replac e i t wit h a  lif t fo r whic h th e U3 [-components ar e 
contained i n Ox,  b y successiv e us e o f (16) . W e put F  :=  z\di(a —  b). Not e tha t 
Fz-ovd(a-b) i g mvertible. W e put Wa,b  :=  -F'1 E/i,a>b - Then, we have the following , 
due to (19) : 

= F ~ 1 (^a,b42 b -A[]luha,b)  ~  V1(F~1  U^b). 
Let k  b e determined b y ord(a — b ) G Z<0, i.e., s(a —  b ) = { 1 , . . . , k).  W e have th e 
subset «ScZfe an d th e expansion : 

Ul,a,b —  ^l,a,b,n(^/c+l, • • • , Zn) Zn, Ui^b,n  ^  0 . 
neS 

Note that S  i s bounded belo w with respect t o ^Zfc . Then , the expansio n o f U[ a b is 
as follows : 

Ula,b = Yl  ^i,a,b,n (*fc+l> • • • i  zn) ^l,a,b,n ^ 0 . 
neSi 

Here Si —  {m —  ord(a — b ) | m G  S}. Hence , we can mak e ordq(Ui,a,b)  sufficientl y 
large for any q  = 1,... , k afte r a  finite procedure. So , we have arrived a t a  lif t v^2\ 
for whic h the entrie s o f U\ a b are contained i n Ox> 
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Let u s show ordq(Uj:a^) ^  0  for any q — 1,..., k and for any j. W e hav e the subset 
5 c Z f e bounde d belo w with respect t o ,  and th e expansio n a s follows : 

aelrr(0) a<E.Sp(0) 

nes 

Ujja,b,n(Zk+l, • • •  5  Zn) aelrr(0) a<E.Sp(0) 

Let n o b e a  minima l elemen t o f S.  Assum e n o 0  Z^0 . Le t u s loo k a t th e 
zn0+ord(a-b)_term of (18) with pz=i9 Not e that Vj(a  - b ) E/Mjb doe s not hav e th e 
zn0+ord(a-b)_^erm^ |3ecause ̂ n e entrie s o f £A,a, b ar e containe d i n Ox-  Hence , we 
obtain £/j?a,b ,7io (a — b)ord(a-b) —  0? and thus £/j,a,b,n0 —  0 which contradicts wit h our 
choice of S. Henc e we have S G  0 . 

Therefore, w e have arrived a t a  lif t fo r which the entrie s o f Uj are containe d 
in Ox-  Le t b e the submodul e o f generate d b y (v^\v^)  ove r Ox-  B y 
Proposition 2.2.8 , £<0 ) is an unramifiedl y goo d lattice . W e have the exac t sequenc e 
0 — > — > — * £^2) — > 0, an d w e can easil y deduce tha t i s also Deligne -
Malgrange. • 

2.2.4. Preliminary from the one variable case (Appendix). —  Le t k  b e a n 
integral domain over C. W e consider IZQ  := k\t\ an d 1Z  := &((£)), which are naturall y 
equipped wit h a  derivatio n dt.  A n 7^-module M.  i s called differentia l module , i f it 
is equipped wit h the actio n o f dt such that dt(f  s)  —  dt(f) s  + f dts  fo r f  €  7Z  and 
s e M.  W e recall some basic fact s o n differential 7^-module s fro m [51] for reference 
in our argument . 

2.2.4-1- Extension  of  decomposition.  — Le t M  b e a  finitely  generated differentia l 
1Z-free module with a n T^o-fre e lattic e C  such that tM+1dtC  C  C  for som e M >  0. 
Note tha t w e have a n induce d endomorphis m G  o f C  (S>n0 k.  Assum e tha t ther e 
exists decompositio n (C  ®n0 k,G) =  (Vi ,Gi ) 0 (V2,G2).  Fo r i  ^  j , we have th e 
endomorphism Gij  o f Hom(Vi, Vj)  given by Gij(f)  =  f o  Gi — Gj o /. 

Lemma 2.2.16. — If  Gij  are  invertible for (z,j) = (1,2) , (2,1) , £/ien we have a de-
composition £ = £ i0£2 such  that  (i)  tMJrldtCi C  Ci} (ii)  Ci®k =  Vi. 

Proof. — W e give onl y a  sketc h o f a  proof , b y followin g [51]. Le t v  b e a  fram e 
of C  with a decomposition v =  (vi,v2)  suc h that Vi\t=o give frames o f Vi. Le t A b e 
the 7£o-value d matrices determine d b y tM+1dtv  =  v  A. Then , A  ha s th e followin g 
decomposition corresponding to v  =  (v\,v2): 

A = 
LL 0 

0 ÎÎ2. 
4n A12  > 

^21 2̂2 

Here, ar e A;-value d matrices determine d b y GiVi =  $"2* ? an d ar e tT^o-valued 
matrices. W e consider a  change of basis of the followin g form: 

v' =  vG, G  = I + 
0 X 

,Y 0 
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Here, the entries of X an d Y  ar e contained in OZQ.  W e would like to take G  such that 

(20) tM^dtvf =  v' B, B  = fii +  Q i 0 
0 Q2  + Q2 

The relatio n between A, G  and B  ar e given b y AG + tM+1dtG =  G£ . W e obtain th e 
equations An  +  Ai2 F +  Qi =  0  and Q2Y  + A2 i +  A22Y  + £M+1<9tF = YVLX  +  FQi. 
By eliminating Qi, we obtain the equatio n 

(21) n2Y  - yfi x +  A2 i + A22F + tM+1aty + Y(An  +  AI2r) = 0. 

By the assumption , w e have the invertibility of the endomorphism o n the space of k-
valued (r2 , ri)-matrices, given b y Z 1—> Q2Z  — ZQi, where Vi := rank£i {i  = 1,2). By 
using a t-expansion, we can find a solution of (21) in the space of £7£o-valued matrices. 
Similarly, we can find desired X  an d Q2.  • 

2.2.4- 2. Uniqueness 
Lemma 2.2.17. —  Let  M be  an 1Z-free differential  module. Assume  that there  exist 
an 11$-free lattice £ C M. and  a G IZ \ IZo  such that tdt —  tdta preserves C. Then, 
any flat section of M is  0. 

Proof. — Tak e /  G  M suc h that dtf  =  0 . Assum e /  ^  0 , an d w e will deduc e a 
contradiction. W e can tak e N  G  Z such that tN  f G  C and th e induce d elemen t of 
C/tC i s non-zero. B y the assumption , w e have 

C 3  {tdt  - tdta)(tNf)  =  (N —  tdta)tNf. 

But, i t i s easy to see that (N  —  tdta)tNf 0  £, an d thus we have arrived at a  contra -
diction. • 

Let Mi  (i  = 1,2 ) b e differential 1Z- free modules with IZ^-iree lattice s Ci  such that 
tdt —  tdtdi preserve s Ci. 

Corollary 2.2.18. —  Assume  a\ — a2 ^ 0  in Then,  any  flat morphism M\ —> 
M2 is  0. • 

2.2.4-3. Let M b e a differential 7^-module . Le t E b e an T^o-htttice of M suc h that 
£m+19tE C E fo r some m >  0 . W e have the induce d endomorphis m G  of E\t=Q. 

Lemma 2.2.19. —  Let  s  G  M. If  G  is  invertible,  we have dts =  0  if  and  only  if 
S =  0. • 

Let Ei  (i  =  1,2 ) b e lattice s o f M suc h that £mi+1d£i ^ C  Ei  fo r som e ra* >  0 . 
Let Gi  be the endomorphis m o f Ei\t=o induced b y £mi+1cV 

Lemma 2.2.20. —  Assume  that Gi are  semisimple and non-zero. Let  Ti be  the set of 
eigenvalues of  Gi. Then,  we have mi =  m2 and  T\ —T2. 
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Proof. — By extending fc, we may assume that th e eigenvalues of G{ ar e contained 
in k.  W e have a  ^-decomposition Ei  =  @beTi  suc h that £^,b|t= o i s the eigen 
space of Gi corresponding to b. We have the induced map <pc  ̂:  E\  ̂ 01Z — » £?2, c ®7£. 
If mi 7̂  777,2 or if î =  ^2 but b  7^ c, we have </?c?b =0 by Lemma 2.2.19. Then , the 
claim of Lemma 2.2.20 follows . • 

2.3. Good lattice of meromorphic £-flat bundle 

2.3.1. Definition. —  Le t X —•  K b e a smoot h fibration  o f complex manifolds. 
Let V  b e a simple normal crossin g hypersurfac e o f X suc h that al l intersections of 
irreducible components are smooth over K. W e will implicitly assume that the number 
of irreducible components o f V i s finite. Let g be a holomorphic function o n /C. For 
a point P  of X, le t P denote the completion of A* at P. In the following, fo r a given 
C^-module ^ ie t ^ -  denot e T' ®ox ®p-

Let (£ , D) be a meromorphic ^-flat bundle on (X, V) relative to /C, i.e., £ is a locally 
free 0^(*D)-coheren t sheaf with a flat ^-connection D : £ — > £ ® ^x/jc relativ e to 1C. 
(A flat ^-connection is defined in a standard way as in the formal case. Se e Subsection 
2.2.1. W e will often omit "relative to /C" if there is no risk of confusion.) 

Definition 2.3.1. —  A lattice E of £ is called unramifiedly good at P G  V, if E^p is an 
unramifiedly goo d lattic e of (£,D)|p. I f E i s unramifiedly goo d a t eac h poin t o f D, 
E i s called an unramifiedly goo d lattice of (£,D). • 

Notation 2.3.2. —  The se t o f irregula r value s o f (E,3)^p  i s ofte n denote d b y 
Irr(£, D, P ), Irr(£ , P) or Irr(D, P). • 

For P g D, let Xp denote a small neighbourhood of P in X, and put Up := XpHV. 

Definition 2.3.3 
• (E1 , D) is called good at P, if there exist a small neighbourhood Xp and a ramified 

covering ipp : (Xp, V'p) —• (Xp,  Vp) such that E is the descent of an unramifiedly 
good lattice E' of ipp£. 

• E  is  called good, if E is good at each point of V. • 

In the condition of Definition 2.3.3, such E' i s not unique, eve n if ipp is fixed. We 
also remark tha t (f*PE  is not necessarily unramifiedly good . 

Remark 2.3.4. —  We will ofte n sa y that (E,B)  i s (unramifiedly ) goo d o n (X,V), 
if E  i s a (unramifiedly ) good lattic e o f a meromorphic £-fla t bundl e (£•(*£>) , D) o n 
(X,V). • 

Definition 2.3.5. —  A meromorphic £-fla t bundl e i s called (unramifiedly ) good, i f it 
locally has an (unramifiedly) good lattice . • 
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If / C is a  poin t an d g  ^ 0 , a  goo d meromorphi c £-fla t bundl e ha s a  globa l good 
lattice. Actually , it i s given by a Deligne-Malgrange lattice. (Se e Section 2.7.) 

2.3.2. Some functoriality. —  Le t E  b e a  goo d lattic e o f a meromorphi c £-fla t 
bundle (£ , D ) o n (X, V). Le t Ev denot e the dual of E in the category of C^-modules, 
and £ v denot e th e dua l o f £ i n th e categor y of (9;r(*X>)-modules . W e have £v = 
Ev ®ox  Ox(*X)).  W e have the naturally induced flat ^-connection D of £v. W e have 
the followin g functoriality fo r taking the dual object. 

• Ev  i s a  good lattic e o f (£V,B) . I f E i s unramified, Ey  i s also unramified. Fo r 
each P  G  V, w e have Irr(£v, P) =  {—a | a G Irr(E, P ) } . 

Let Ei  (i  =  1,2 ) b e unramifiedly goo d lattice s o f (£¿,0$) . W e have the followin g 
functoriality fo r tensor product an d direc t sum . 

• I f Irr(£i ,P) <g > Irr(£2,P) : = {ai + a2 | a. G  I r r ( ^ , P )} i s good fo r any P  G  £> , 
then Ei®E2 i s an unramifiedly good lattices of (£i<8>£2, D) wit h ITT(EI®E2, P ) = 
Irr(£i ,P)(g)Irr(£2,P). 

• I f Irr(£7i,P) 0  Irr(£2,P ) =  Irr(Ei ) U  Irr(£2,P) i s goo d fo r an y P  G  £>, then 
J5a © E2 is an unramifiedl y goo d lattice s o f (Si 0 £2 , D ) wit h Irr(Ei 0 E2,  P)  = 
Irr(EuP)®In(E2,P). 

Let Xi  b e a  complex manifold with a  norma l crossin g hypersurfac e T>i.  Le t F  : 
Xi —>  X b e a  morphis m suc h that (i ) P_1(P) C  X >i, (ii) the induce d morphis m 
Xi — » /C is a smooth fibration,  (iii ) an y intersection o f some irreducible component s 
of Vi  i s smooth ove r /C . Le t E  b e a  goo d lattic e o f (£,10)  o n (X,V).  W e have th e 
following functorialit y fo r the pull-back . 

• F*E  i s a good lattice of F*(£, D) =  F-1(£ , D) <g > (*£>i). I f £ i s unramifiedly 
good, F*E  i s also unramifiedly good , and w e have 

I r r (F*£,P) -  {F *a | a G Irr(£, F(P))}. 

2.3.3. A criterion for a lattice to be good. —  Le t X,  V  an d (£,D ) be a s in 
Subsection 2.3.1 . Let E b e a lattice of £. Assum e that we are given the following : 

• a  good set o f irregular value s X C M(X, T>)/H(X), 
• a  holomorphic decomposition E =  ®aejEa, 

such that, if pa denote s the projection onto Ea, and i f we pu t $  := SaGxda-pa, n̂en 
ID)(0) : — P —  $ i s logarithmic with respect t o E.  (Not e that we do not assume D̂ 0^ i s 
flat.) 

We obtai n th e followin g propositio n as a  corollary of Proposition 2.2.8. I t wil l be 
useful i n the proo f of Theorem 7.4.5. 

Proposition 2.3.6. —  E  is  an unramifiedly good lattice of (£, B ). For  any P G D , the 
set Irr(D,P) is  equal to  the image ofX via  M(X,V)/H(X) - > Op(*V)/Op. • 
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2.3.4. A family of good lattices is good lattice. — Le t X,  D , (£,B) 
be a s i n Subsectio n 2.3.1 . Fo r eac h y  G /C , we set Xy  :=  {y}  XJ C X  an d 

: = {^ } XJC Af . W e have th e induce d meromorphi c £>(?/)-fla t bundl e (£^,By ) 
on (Xy,Vy).  Le t X C M(X,V)/H(X)  b e a  goo d se t o f irregular values . Th e 
image of X via M{X,V)/H(X) -+  Op{*V)/Op i s denoted b y Xp. Th e image via 
M(X,V)/H(X) - > M ( ^ , ^ ) / i J ( ^) i s denoted b y I *. I f P i s contained i n Xy, 
let 0~ be the completion of the local ring 0^y,p, an d let 2~ denote the image of Xy 
via M(Xy ,Vy ) /H(X ae l rr<E.Sp 

Proposition 2.3.7. —  Let E be  a lattice of £. The  following conditions are equivalent. 
• E  is  unramifiedly good, and Irr(B, P) = Xp for any  P G D . 
• For  each y G K,, the SPECIALIZATION EY  =  E  0 Oxv is  AN UNRAMIFIEDLY good  LATTICE 

of{£y,W), ANDLYI{W,P)=Xyp (PeVy). 

Proof. — It is easy to see that the first condition implies the second one. W e will show 
the converse . W e only have to consider the case X =  An x K, and V =  Uf=i{2* =  0} . 
Let O = ( 0 , . . ., 0 ) G An. We only have to show that the completion of E along OxJC 
has the irregular decompositio n with the set of irregular value s X. 

Let H(JC)  denote th e space o f holomorphic function s o n }C. For each y  G /C, w e 
have the specialization eval y :  H(JC) — • C give n by eval2/(/) =  f(y).  W e put Ro  := 
H(lC)lzi,..., zn\  and ko := C f z i , . . ., zn] , and let R (resp. k) be the localization of Ro 
(resp. &o ) with respec t t o Zi (i = 1,... ,£). Th e natural morphism eval ^ :  Ro —> ko 
induces a functor fro m the category of i^o-modules to the category of /co-modules. The 
image of an i?o-module E is denoted by EY. W e use the symbol £y for an .R-module £ 
in a similar meaning . T o show Proposition 2.3.7 , we only have to show the following 
lemma. 

Lemma 2.3.8. — Let  X c R/Ro  be  a good set of irregular values. For any y G )C, let 
Xy C k/ko denote  the specialization ofX  at  y. 

Let (£ ,B ) be  a meromorphic g-flat bundle  over R. Let  E be  a free Ro-lattice of £ 
such that  for each y G /C the restriction EY is  an unramifiedly good lattice of (£y, By) 
with Irr(B^) =Xy,  i.e.,  we have a decomposition (EY ,By) =  0aeX(i£a5 H â) such that 
Ba are  ay-logarithmic. 

Then, E is  an unramifiedly good lattice of (£ ,B) with  Irr(B) =  X. 

Proof. — W e us e an induction o n | T ( I ) | o r \X\.  (Se e Section 2.1. 2 for T ( I ) . ) B y 
considering the tensor product wit h a meromorphic £-fla t lin e bundle, w e may assume 
min{orda|a G T(X)} =  min{orda| a G X }. Le t us tak e a n auxiliar y sequenc e 
m ( 0 ) , . . . , m ( L ) fo r X. (W e use m(0) and m ( l ) . ) W e have m ( l ) = m(0 ) + Sj for 
some j. Le t F denot e the endomorphism o f E\ZJ=Q induce d b y z~rn^I])(zjdj). Th e 
eigenvalues of F ar e given by the set T =  {(z~rn^Zjdja)\Zj=o  \  a G X}. Hence , w e 
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have the eigen-decomposition: 

(22) E\gj=0  = ©  Eb . 
ber 

Lemma 2.3.9. —  We  can  take  a  3-flat  decomposition  E =  @beTEb  such  that 
Eb\Zj=0 = Eb. 

Proof. — W e only give an outline of the proof. Le t v be a frame of E whose restriction 
to Zj = 0 is compatible with (22) . W e have the decomposition v =  (vb)  correspondin g 
to the decompositio n (22) . W e have the following : 

z-^Bizjdrfv =  v (  0 nb  + ZJ  B J. 
VbGT / 

Here, the entrie s o f ttb and B  ar e regular , an d Qb\o  {b € 2̂ ) have no common eigen-
values. Applyin g an argument i n [51] (or the argument i n Subsection 2.2.2.2) , we can 
take v for which B i s block diagonal, i.e., B =  ©b€T Bb.  Le t Eb be the Po-submodul e 
generated b y vb. I t ca n b e shown that Eb  is ID-flat using the argumen t i n the proo f 
of Lemma 2.2.10. Thu s Lemm a 2.3.9 i s proved. • 

Let u s return to the proo f o f Lemma 2.3.8. Fo r b G T, let 1(b) denot e the invers e 
image of b by the natura l map X  — > T. It s specializatio n a t y  i s denoted b y X(b)y. 
We can deduce E\  —  0aGj(b)^ Then , we can appl y the inductiv e assumption to 
each (E'b,Db) . Therefore , we obtain Lemm a 2.3.8 and thus Proposition 2.3.7. • 

2.4. Decompositions 

2.4.1. Openness property. —  Le t X  an d V  b e a s i n Sectio n 2.3.1 . Le t (£,D) 
be a  meromorphic flat  bundle o n (X,V).  Le t E  b e a  lattice o f 8. Assum e that i t i s 
unramifiedly goo d a t a  poin t P  G  V, i.e. , there exis t a  goo d se t o f irregular value s 
Irr(D,P) c  Op{*V)/Op  an d a  decomposition 

( £ , B ) . p = ©  ^Ea^a) 
a£lrr(B,P) 

such that —  da  are logarithmi c with respec t t o Ea.  Fo r a  smal l neighbourhoo d 
Xp o f P, se t Vp  \—  V n  Xp.  W e will prove the followin g propositio n i n Subsectio n 
2.4.6. 

Proposition 2.4.1. —  If  Xp is  sufficiently small, the following claims hold: 
• Irr(D, P) C  M(Xp,Vp)/H(Xp),  i.e.,  it  is  contained  in the  image  of the  mor-

phism M(Xp,Vp)/H(XP) ->  Op(*VP)/Op. 
• E  is  unramifiedly good at any point of  P' G  Vp. 
• The  good set of  irregular values Irr(D, P') of  (E, B)jp, is  the image o/Irr(D, P) 

by M(XP,Vp)/H(X) -  Op,(*V)/Op,. 
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2.4.1.1. Good  system of irregular values. —  Befor e proceeding, we give a consequence 
and prepare a terminology. Whe n we are given an unramifiedly good lattice (E, B) of a 
meromorphic £-fla t bundle , we put Irr(B ) : = {lrr(B, P) |  P G  Then , Proposition 
2.4.1 says that Irr(B ) i s a good system of irregular values in the followin g sense . 

Definition 2.4.2. —  A  system X o f finite subsets Xp c  Ox{*X))p  /  Ox,p {P  G  V) i s 
called a  good system of irregular values , if the followin g holds for each P eV: 

• Tak e a  neighbourhoo d Xp  o f P  suc h tha t Xp  C  M(Xp,Vp)/H(Xp)r  wher e 
Dp =  Xp  f l V.  Then , fo r eac h P'  G  VP,  Xp>  is th e imag e o f Xp  vi a 
M(Xp,Vp)/H(XP) -  Ox{*V)p./Ox,P:  • 

Remark2.4.3. —  A  goo d se t o f irregular value s X  c  Ox{*V)p/Ox,p  naturall y in -
duces a goo d syste m o f irregular value s on a  neighbourhood of P. I n that case , we 
will not distinguis h th e induced system and X. • 

2.4.2. Decompositions along the intersection of irreducible components 

We will also prove a refinement of the second and third claims of Proposition 2.4.1. 
For simplicity, let us consider the cas e X =  An x /C and V  =  \J£i=1{zi —  0}. W e put 
Vi : = {zi =  0} . Fo r a subset I  c  L  w e put £> / := f]ieI Vi  an d V(I)  : = |Ji€j A - Th e 
complement £  \ /  i s denoted b y 1°.  Le t Vj  an d V(I)  denot e the completio n of X 
along Vi  an d ^ ( Z ) , respectively . (Se e [4], [8] and [50]. Se e also a  brie f review  i n 
Subsection 22.5.1.) 

We may assume P G  T>£. Fo r a given small neighbourhood Xp  o f P i n X,  w e put 
V^P : = Pj H  XP and P ( / ) P : = P (7) n  Xp. 

Let (E1 , B) b e unramifiedl y goo d a t P.  Onc e w e kno w Irr(B , P) i s con -
tained i n M(Xp,Vp)/H(XP),  le t Irr(B,J ) denot e th e imag e o f Irr(B,P ) vi a 
M(Xp,VP)/H(Xp) M(XP,V(Ic)p).  W e will prov e the followin g propositio n in 
Subsection 2.4.6 . 

Proposition 2.4.4. —  Let  Xp be  a  sufficiently small neighbourhood of P in  X. For  any 
subset I  C  £, we have a decomposition 

(23) (E ,B) | f5 /p = 0 { % , % b ) a e l 
bElrr(D,7) 

such that  (%b - db)(7Eb ) C  TEh ® (ft^//c(log£>(/)) + Q}X/K(*V(IC))}  ,  where we 

take a lift ofb  to  M(XP,VP). 

The decompositio n (23 ) is calle d the irregula r decompositio n of (E,3)^i  p.  I t 
induces the irregular decomposition at an y point P'  G  P/,p \ Uj^/ n̂ n̂at sense? 
Proposition 2.4.4 refines the second and third claims in Proposition 2.4.1. 

Remark 2.4.5. —  Th e property of Proposition 2.4.4 was adopted as definition of "un-
ramifiedly goo d a t P " in the older version of this monograph. • 
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Remark 2.4.6. —  For b G Irr(D, 7), let Irr(B , P, b) be the invers e image of b via th e 
natural map Irr(B , P) —• Irr(B, I). I f we are give n th e decompositio n (23), we have 
IEblp =  ©aGlrr(]D),p5b) PEa. Hence , it i s easy to deduce 

aelrr(0) a<E 

b6lrr(0,J,c) 
JÊb 

for I  С J an d с G Irr (В, 7), where Irr (В, J, с) is the inverse image of с via the natural 
map Irr (В, J) - » Irr(B, I). • 

2.4.3. Decomposition along the union of irreducible components 

We continu e t o us e th e settin g i n Subsectio n 2.4.2 . B y shrinking X,  w e assume 
X =  Xp. W e will often need a decomposition on the completion along V(I) fo r some 
I С £. Fo r simplicity, let us take a n admissibl e coordinate system (Remar k 2.1.4) for 
the goo d se t Irr(B , P ), an d le t u s consider decomposition s along T>(j)  fo r 1  ^ j  ^  £, 
where j_ := { l , . . . , j } . 

Let Irr(B , j) an d Irr'(B , j) denot e the images of Irr(B, P) via the followin g natural 
maps: 

M{X, V)/H{X)  —>  M(X, V)/M(X,  V(t  x  {j})) 

M(X,V)/H(X) —  M ( ^ P ) / M ( ^ P ( j -  1) ) 

Note tha t th e natura l ma p Irr^B,^ ) — > Irr(B, j) i s bijectiv e by ou r choic e of th e 
coordinate system, vi a which we identify them. W e have the naturall y define d map s 
Irr'(B, i) — • Irr'(B, j) fo r any i  <  j , which induces 7Г^ : Irr(B, г) —> Irr(B, j). 

Lemma 2.4.7. —  There  is the following decomposition: 

(24) (Е,Ш)ФИ)= 0 (EB3{J),BB)  suc h that Ёьзшз,= Ф  %• 
~ b€lrr(D,j) " ~ c€lrr(D,t) 

-*j,i(c) = b 

Proof. — Fo r J  С £, le t z(J ) b e th e numbe r determine d b y i(J)  П J =  0  an d 
г(J) +  1  G J. W e have the map s 

M(X,V)/H(X) M(X,V)/M(X,V(i(J))) M(X,V)/M(X,V(JC)). 

Let Irr'(B, J) denote the image of Irr(B, P) by pi. Then , p2 naturally give s a bijection 
Irr'(B, J) —»Irr(B , J), by which we identify them. I f j >  г( J), w e have the naturall y 
defined ma p Irr'(B , J) — > Irr(B,j), whic h induces 7rJ? j :  Irr(B, J) — > Irr(B,j). Fo r 
b G Irr(B,j), we put JEb  := фа€7Г-1(ь) J^a- B y Remark 2.4.6, we have J.Eb|Sj =  JEb 
for 7  С J an d b G Irr(B, j ). Then , w e obtain th e decompositio n (24 ) by usin g a 
general lemma (Lemm a 2.4.1 2 below) . • 
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2.4.4. Decomposition at the level m(i).  —  W e use th e settin g i n Subsectio n 
2.4.3. Tak e an auxiliar y sequenc e rn(0) , . . . ,m(L),m(L  +  1 ) =  0 fo r Irr(B) . (Se e 
Section 2.1.2.) Le t Irr(D,m(z)) denot e the imag e of Irr(D) vi a r/m^). Le t k(i) denot e 
the numbe r determined b y m(i) G  x  Ot_k{i)-  Le t k(i) :=  k(i). W e remark tha t 

7Tj : I r r (B ,m ( i ) ) — > M (X,V)/M(X,V(j -1 )) 
is injective for j ^  k(i).  W e also have the ma p 

rjm(i)j :  Irr(B>, j) — . M ( * , P ) / M ( , r , P ( j - l ) ) 

given as follows : 

Irr(D, j) ~  Irr'(B , j) C  M ( ^ P ) / M ( ^ P ( j - l )) M ( A \ P ) /  M(X,  V(j_-_\)). 

Here, 6  is induced b y fj^^y A s in Lemma 2.4.7, we obtain th e followin g decomposi-
tion: 

(25) (E,B)imi))  =  _© (E™(i\3b),  wher e £ "f =  ©  (j  <aelrr(0) a<E.Sp(0) 

beIrr(D,m(i)) J_ c€lrr(D,j) 
*7m(t),i(0=*j(b) 

The decompositio n (25 ) is called the irregula r decompositio n at th e leve l m (i). 

2.4.5. Zero of g.  — W e use th e settin g i n Sectio n 2.4.1 . I t i s easy t o sho w th e 
following lemma . 

Lemma 2.4.8. —  Assume  g  is  constantly  0 . Then,  for  a  sufficiently  small  neigh-
bourhood Xp of  P,  we  have  Irr(D,P) C  M(Xp,Vp)/'H(Xp)  and  a  decomposition 
(E,B)\Xp = 0a€irr(D,p)CEajlDa) such  thatBa are  a-logarithmic. • 

Let u s consider the case where g is not constantly 0 . Fo r simplicity, we assume that 
dg is nowhere vanishing on JC° :=  g'^O). W e pu t X°  :=  Xx^/C0 an d V° :=  VxKKP. 
We als o assume that P  G  V°. A s remarked i n Lemma 2.4.8, by shrinking X  aroun d P, 
we hav e a decomposition 

(26) (£7,B)|*o = 0 (EatXo,Ba) 
a€lrr(D,P) 

such that Ba — da^o ar e logarithmic . Le t X° b e the completio n of X alon g X°. Th e 
following lemm a can be shown by a standard argument . 

Lemma 2.4.9. —  We  have a flat decomposition 

(£,B),£0=aelrr(0®(Eaj0,Ba) 

such that (i)  its  restriction  to  X° is  the  same as (26), (ii) its  restriction  to  P is  the 
same as the irregular decomposition o/(E,,B),p. • 
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We have refinements o f Sections 2.4.3 and 2.4.4. W e use the setting there. For b G 
Irr(D, j ), le t Irr(D, P, b ) denote the inverse image of b by the natural map Irr(D, P) — » 
Irr(D,j). W e put EbtSo  := ©aeirr(D,p,b) K*0' W e Put W^  :=  ^ ( i ) u A s in 
Lemma 2.4.7, we obtain the decomposition 

(27) CE,l) := {a7 
bGlrr(D,j) 

CE,l) := {a7 

such that (i ) Ebwmv(j) EB,V(j)i (U) ^b,H (̂7)|̂ 0 EB,X0' Similarly, we have the 
decomposition 

(28) CE,l) := {a7CE,l) := {a7 
bGlrr(D,m(z)) ̂  b,w(fc(0)' 

such that (i ) b,Vy(fc(i))|̂ (fc(i)) 
rpm(i) 

b,S(fc(*))' 
(ii)Emi^ 
V ' b,W(fc(*))l*° 

^mW(a)=bEa,^' 

2.4.6. Proo f o f Proposition 2.4.1 an d Propositio n 2.4.4. —  W e onl y have to 
show the propositions under the setting of Subsection 2.4.2 . In the following, instead 
of considering a neighbourhood Ap , we will replace X by a small neighbourhood of P 
without mention , if it i s necessary. 

2.4-6.1. Ste p 1 . — W e fix / C  £ for a moment. Le t E b e a free 0^>i-modul e with a 
meromorphic flat connection D  : E — » E1® jkS*^ ' Assum e tna^ we are giyen ̂ ne 
following: 

• m  G  Z^0 and z  G / suc h that <  0. W e set m ' : = m +  5̂ -
• X  C Op(*T>) suc h that, fo r any a  G  X, (i) ^_mia is independent of the variable 

Zi, (ii ) z " m a G O p . 
• A  decompositio n E^p =  0aGXpE a such tha t z_m'( B -  da)(pEa ) C  p£ a 0 

n ^ ( I o g O ) . 
We se t X 0 := { ( z ma) (P) |  a G  X} C C . W e have a  naturall y define d ma p 

tt :  X - X0 . W e set p£ b : = ©,(a)=b pEa. 
Let H(T*i ) denot e the spac e o f holomorphic functions o n V j . Le t R denot e th e 

localization of H ( V j ) { zj \  j G  /] with respect to n^=i 

Lemma 2.4.10. — X  i s containe d i n R , an d w e have a  flat  decompositio n E = 

©bez0 E* suc h that Eb\P = PE* ' 

Proof. —  First , we remark that z-mB(zidi)pEa c  pEa , and thus z_mD(^9»)£7 C E. 
Let F  b e th e endomorphis m o f E^jnV _ induce d b y z~rnU)(zidi) . Th e eigen -
decomposition of F|p i s given b y E\P =  ©b€X o P^b|P- W e obtain a  decomposition 

E|p7n^ =  ©bex 0 G*> suc h tha t ( 0 F(G*> ) c  G & (u) =  PEb\P - B y com -
paring F  an d it s completio n at P , w e obtain tha t X  C  R . B y using a  standar d 
argument (se e Section 2.2.4) , w e obtain a decomposition E  =  0bG X E b such tha t 
(i) E b 

\VinVi ~  ^  * s Preserve(i b y z B y a  standard argument a s i n 
Corollary 2.2.18, we can show that E^p =  pEb . • 
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24.6.2. Step  2. — Fo r 1  < p  ^  i,  w e put p  :=  { 1 , . . . Le t E  b e a  fre e Og(p) -
module wit h a  meromorphi c flat  connectio n D  :  E  — > E <g > wir(*^) - Assum e 
that w e ar e give n a  goo d se t o f irregula r value s Irr(D ) C  Op(*V(p))/Op  an d a 
decomposition 

( £ , D ) , p = 0 (PEa ,^a ) 
aGlrr(D) 

such that ar e a-logarithmic. Fo r I dp,  le t Irr(B, I) denot e the image of Irr(D) via 
the natura l map pi  :  Op(*V(p))/Op Op(*V(p))/Op(*V(Ii)),  wher e /1 := p \ J . 
For eac h i " and b G Irr(B, / ) , w e set 

PEB:= 0 p£0. 
aGlrr(D) 
P/(a)=b 

Lemma 2.4.11. —  If  we  shrink X appropriately,  Irr(D) is  contained  in the  image  of 
M(X,V(p))/H(X) — » Op(*V(p))/Op.  For  each  I c  p,  we  have a decomposition 

E\Vt = ©b€lrr(D,/) *E*>  SUch  thQt  %\p  = P£b-

Proof. — W e use an induction on the rank of E. Assum e that the coordinate system is 
admissible for Irr(D). Tak e an auxiliary sequence m ( 0 ) , . . . , m ( L ) fo r Irr(D). W e put 
T :=  { ( z - m ( ° ) a ) ( P) I a G Irr(D)}. W e have the naturally define d map q : Irr(O) - > T. 
For eac h a  G  T, we put p£ a -  0g(fl)=a ^a- Then , E]P = 0 E a i s a flat decompo-
sition. I t is easy to observe that if we are given a flat decomposition E^p = 0aGT PEa 
such that PE'a\p  =  pEa\p, then we have pE'a  —  pEa. 

Due to Lemm a 2.4.10 wit h /  =  (f)(0)} , T/m(o)(&) ar e meromorphi c function s fo r 
any a  G  Irr(D). Hence , by considering th e tenso r produc t wit h a  meromorphi c flat 
line bundle, we only have to consider the case where \T\  ^ 2 . Le t k be determined by 
m(0) G  Zk<0 x  0£_k. 

Take I  C  p.  I f J  f l fc = 0 , th e trivia l decompositio n i s desire d one . Le t u s 
consider th e cas e /  D  k ^  0 . W e take i  G  Ink. Le t raf(O)  b e the z-t h componen t 
of m(0) . W e have z~m(°)D (2^)E C  E . Le t G  b e th e induce d endomorphis m of 
E\p. I t i s semisimple, the eigenvalue s are give n by {ra^(0)o j |  a G  T }, an d th e eigen-
decomposition i s give n b y E\P  =  ®pEa\P,  wher e G\EalP  is th e multiplicatio n of 
mi(0)a. B y applying Lemma 2.4.10, we can extend it to a flat decomposition of E^^ 
i.e., 

E\D =  ©  *E<*i  suc h that IEOL\p  =  pEot\P. 

Then, we obtain TEa^p  =  pEa. Fo r / C  J C  k a s above, we have IEa0j =  JEa. Du e 
to Lemma 2.4.12 below , we obtain th e flat decomposition 

(E,3)lD{k) =  0 (£a,Ba) , suc h that Eal3i  =  X -

We may apply the inductive assumption t o (Ea,na)  o n D(k), an d we obtain Lemma 
2.4.11. • 
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2.4-6.3. Step  3.  — W e can complet e the proo f o f Proposition 2.4.1 and Proposition 
2.4.4 by applying Lemma 2.4.11 to (E,W)^. 

2.4-6.4- General  lemma. — Recal l the followin g general lemma. 

Lemma 2.4.12. —  Let  V  be  a free O  ^-module on  X.  Assume  that  we  are  given a 
decomposition V j ^ =  ©  TVa  for  each  I  C  £, such that /Va|pj =  JVa  for  any  I C  J . 
Then, we have a unique decomposition F  =  0 K onV,  which  induces the decompo-
sitions on Vj. 

Proof. — Le t 77r a be the projectio n o f V j ^ ont o 7Va . Then , we have /7ra|pJ =  J/KA-
Let v  b e a frame of V. Le t 7IIa G Mr(0  ̂)  be determined b y /7ra(v) = v  •  7IIa, where 
r =  rank(F) . Because /napj =  ̂ Ela , we have Il0 G  Mr(0^) suc h that IIa | ^ =  JIIa . 
(Use the exac t sequence in the proo f of Proposition 4.1 [34], for example.) Le t 7ra be 
the endomorphis m o f V give n by 7ra(V|̂ ) = •  IIa, and le t Va  be the imag e of 7ra. 

Then, V  = 0 Vj j gives the desire d decomposition . • 

2.5. Good filtered £-flat bundle 

2.5.1. Good filtered £-flat bundle. — Le t X — > /C , V an d g  be as in Subsectio n 
2.3.1. Le t V  =  UieA^ * ^ e ̂ ne decomposition into irreducibl e components . Recal l 
that a  filtered £-flat shea f on (X,  V) i s defined to be a filtered sheaf 25 * = (a2 5 | a G 
2lA) o n (X,V)  wit h a meromorphic flat ^-connection D of the O  x (*V)-module E — 
UaGHA ^  * s a filtered bundle, (25* , B) i s called a filtered £-flat bundle . Se e 
Subsection 2.5. 3 belo w fo r a  brief account o n filtered sheaf an d filtered bundle . W e 
shall use some notation an d terminolog y given there . 

Definition 2.5.1. —  Le t (25*, B) b e a filtered £-flat bundle . 
• (25* , B) i s called unramifiedly good , i f CE are unramifiedly goo d lattices fo r any 

ceRA. 
• (22*,O ) i s calle d goo d a t P  G  V,  i f ther e exist s a  ramifie d coverin g (fp  : 

(Xp,V'p) —»  (Xp,Vp) suc h tha t (25*,y?*B ) i s unramifiedl y good . Here , 
(Xp,Vp), (Xp,Vp)  an d (fp  ar e as in Definition 2.3.3, and 25 * is induced by (fp 
and 25 * as in Section 2.5.3.3 below. 

• (25* , B) i s called good, i f it i s good a t an y poin t o f V. I n other words , (25*,B ) 
is good, if it i s the descen t o f an unramifiedly goo d filtered £-flat bundl e aroun d 
any point o f V. • 

2.5.2. Residue 

2.5.2.1. Unramified  case.  — Le t X  — • /C, V, g  and (£,B ) be a s i n Sectio n 2.3.1. 
For simplicity, K i s assumed t o be connected. Le t E b e an unramifiedly goo d lattic e 
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of (£ ,B) . Le t T>i  be a n irreducibl e componen t o f V.  Fo r eac h P  G  T>i,  w e have 
Resz>.(D|p) G  End(£(pnr)i). (Se e Subsection 2.2.1.) 

Lemma 2.5.2. —  We  have  the  residue  endomorphism  Resp.(O) G  End(25|x>J such 
that Resp. (D)|p =  Resx^Bjp ) for  any  P GDj . Tft e eigenvalues  of  Res^ (B) ar e £/ie 
pull-back of possibly multi-valued functions on  K if  g  is  not  constantly  0 on  K,.  In 
particular, their  restriction to Vi XJC  {y} are  constant if g(y)  ^ 0 . 

Proof. — Th e first claim follows from the construction o f Respi (B|p) an d Proposition 
2.4.4. Th e second claim follows from the firs t on e and Lemm a 2.2.5. • 

2.5.2.2. Ramified case. —  Le t X  —> /C, V an d g  be a s above . I f (25* , B ) i s unram-
ifiedly goo d o n (X,V),  w e have th e induce d endomorphis m Res^(B ) o n c^|xv I t 
preserves the induced filtration lF  of CE\VI >  an d hence we have the induced endomor-
phism Gr f Res*(B) o f *Grf (CE).  (Se e Subsection 2.5. 3 for the notation. ) 

Proposition 2.5.3. —  Even  if  a  good  filtered g-flat  bundle  (25* , O ) is  not  necessarily 
unramified, we have the induced endomorphism GrFRes^(B) of  lGrF(cE) on  T>i  for 
each i  G  A . It  preserves the  induced filtrations JP of  lGrF (CE)  ^  nV  . 

The eigenvalues o/GrFReSi(B ) are  the pull-back of possibly multi-valued functions 
on K,  if  g  is  not constantly  0 on  K. In  particular,  their  restriction to Vi XJC  {y} are 
constant if g(y)  ^ 0 . 

Due t o Propositio n 2.5.3 , GrFRes^(B ) (i  G  / ) induc e th e endomorphism s o f 
JGrF(ci5), whic h ar e als o denote d b y GrFRes*(B ) o r Res$(B) . I n th e following , 
GrF Res i (B) ar e often denoted by Res ^ (B ) fo r simplicity of the description . 

2.5.2.3. Proof  of  Proposition  2.5.3.  — First , w e consider th e cas e X  =  A n an d 
V =  {zi  —  0}. W e put X  :=  X  an d V  =  D , an d w e have a  ramifie d covering 
ipe :  (X, V) —>  (X,  V) give n by <pe(zi, ..., zn)  = (zf, z2,..., zn)  such that the induce d 
filtered £-fla t bundl e (25* , B ) o n (X,V)  i s unramifiedly good . W e take c  G  R an d we 
put c  := ce. W e have the residu e Res(B ) o f zE o n V.  Le t ne := {LU  G C |  uoe =  1} , 
which naturall y act s o n X  b y w*(z\)  =  uoz\,  an d (25* , B ) i s //e-equivariant . Th e 
endomorphism Res(B ) i s /xe-equivariant. 

We ca n tak e a  fram e v  o f ^E  suc h tha t (i ) it i s compatibl e wit h th e induce d 
filtration F  o f c-̂ |t> > (ii ) f°r eac n P  we have bp  £ Z  satisfyin g 0  ^  bp  <  e  an d 
UJ*Vp —  (J~bpvp. W e put a(vp)  :=  degF(vp).  The y induc e a  fram e o f GrF (ci5) = 

We pu t vp  := zbp vp,  which is a ^-invariant section . Th e tuple v  —  (vp)  naturall y 
gives a frame of CE compatibl e with the parabolic filtration. Hence , it induces a frame 
of GTF(CE)  =  fl}„  Gr f (CE). Th e frames giv e an isomorphism : 

0 c - i < « ^ G r | ' ( c ^ ) . 

(29) Gr£(c£) * 
a—e a£Z 

G r f ( c ^ ) . 
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The decompositio n o f Gr ~ (^E) correspondin g t o (29 ) i s give n b y th e eigen -
decomposition wit h respec t t o th e actio n o f LJ*.  Sinc e Res(D ) i s //m-equivariant , i t 
induces endomorphism s Ga  of GTP(CE).  I t i s eas y t o chec k tha t th e isomorphis m 
(29) i s independent o f the choic e of a frame v.  I t i s also independent o f the choice 
of a  coordinate char t u p t o multiplicatio n b y a  nowhere vanishing functio n o n each 
direct summan d o f the right-han d side . Hence , Ga  is independen t o f the choic e of 
frames an d coordinat e system . Fo r each c  — 1 < a  ^  c%  le t b(a)  G Z b e determine d 
bye—1 <  e a +  b(a)  ^  c . I n this case, w e define the endomorphis m Gr f Res(D) of 
Grp(cE) a s follows : 

Grf Res(D ) : = e'1(Ga +  gb{a)). 

Lemma 2.5.4. —  7/(.E*,D ) is  unramified, it is the same as the endomorphism induced 
by the residue Res(B). 

Proof. — B y considering the completion along V, th e problem can be reduced to the 
regular case . Then , the clai m can be checked by a direct calculation . • 

By using Lemma 2.5.4, we can check that Grf Res(D) is independent o f the choice of 
a ramified covering (X, V) —>  (X,  V). Thus , we obtain the well defined endomorphism 
Grf Res(D ) o f Grp(CE) i n the cas e where V i s smooth. 

Let V\  :=  T>i  \  {JJ^Vj.  W e have obtaine d th e endomorphis m Gr f Reŝ (ED) of 
Grp(c2£)jpo. Le t us show that i t ca n b e extended t o an endomorphism o f Grp(cE), 
and that it preserves the parabolic filtrations eF (£  ̂i).  Sinc e it is a local property, we 
only have to consider th e cas e X  :=  An an d V  —  \}\=\{.zi —  0} - W e have a ramified . 
covering CPE  :  (X,T>)  (X,V)  give n b y (pe(zi,.  zn)  =  (zf,...,z$,zi+1,...,zn), 
such that th e induce d filtered  £-fla t bundl e (22*,D ) i s unramifiedl y good . W e put 
Gal(X/X) : = {a ; =  (a;i, . . . ,u;^) |  u>i G  /xe}. W e have the natural action of Gol(X /  X) 
on X  give n by &*ZJ =  LUJ Z3 for j  =  1,..., £. It i s lifted t o the actio n on (JE7* , B), an d 
(E*,W) i s the descent . 

Let c G  R£ an d c : = ec. Le t Ci  and ci  denote th e z-t h component s o f c an d c, 

respectively. Fo r any c i — 1  < a  <  w e have the endomorphis m Gr ~ Res^.(D) of 
*Gr~ (^E) on V{. I t is Gal(A'/A')-equivariant, and the restriction Gr ~ Res^ (P)\f>C\f>-
preserves the induce d filtration  jF  o f zGr~ (c^)|^.np. . 

We can take a frame v  —  (vp) of zE suc h that (i ) it i s compatible with the filtra-
tions kF (k = 1,... , £), (ii ) there exist tuples of integers bp = (6p,i,... , bpj) satisfyin g 
0 ^  bPjk  < e  - 1  and u>*vpj=  l\{=i  V  (Se e Section 2. 3 o f [67].) W e put 
^fc(Sp) : = kdegF(vp).  Le t b e th e matri x value d holomorphi c functio n o n X ,̂ 
determined b y REST(D)t5|g . =  i.e. , Res*(B)^p. =  ^pA^qV^.  W e have 
Ap?q =  0  unless =  an d ai(vp)  <  a^tJg) . Du e to the Gal(A'/A')-equivarianc e of 
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Res^(P), th e followin g functions ar e holomorphic on T>i  an d Gal(A'/A,)-invariant : 

(30) A(i) :=i4 W 
P,Q ^P,Q 

A(i) :=i4W 

f" ZBP,K-BQ,K 

Moreover, we have ,  ~ ~  =  0  for £  ̂i,  i f either on e of the followin g holds: 

(31) (i) bpj  - bqj > 0, (ii) bpj  = bq,e, a£(vp)  > ae(vq). 

We tak e q  — 1  <  a < q, whic h determines Ci — 1  <  a ^  q  suc h that 6(a ) := 
a — ea G Z. W e put I(a,i)  := {p\di(vp) = a, bpj  = 6(a)}. Le t £ta b e th e tupl e 
(£L « : = il o G /fa. . We ou t 

A(i) :=i4W 

fc 

BP,K ~ 
%K UA,P-

Then, ua  =  (uajP\p  G  I  (a, i)) naturall y induce s a  fram e o f lGrF(cE)  compatibl e 
with th e induce d filtration s eF  (£ ^ i)  o n T>£  P i XV Le t A$  b e th e matri x value d 
holomorphic function o n T>i  give n by (Ap\  |  p, a G /(a, i ) ). B y definition, we have 

Grf ReSi(DK|P i = ua\Vi e~\A^ + gb(a)). 

It implies that Grf^ Res^(D) can be extended to an endomorphism of 1GTF(CE) o n V{. 
If edegF{up)  >  £degF\uq),  on e of (31) occurs, an d henc e Ay  } ,v nT>.  =  0 . I t implies 
that Gr f Res;(B)|x>£n£>. preserves the filtrations  £F (£  ̂i).  • 

2.5.2.4- Some  notation. — Le t us consider the case /C = {y}.  I f £  ̂0 , the eigenvalues 
of Res^(D ) ar e constant . Th e endomorphism s Res^(D ) (i  G  / ) on IGrF(CE)  ar e 
commutative. Hence , we have the generalize d eigen-decomposition 

A(i) :=i4WA(i) :=i4W 
OL 

A(i) :=i4WA(i) :=i4W 

where the eigenvalues of GrF Res^(D) on 1 Gr^E^ (CE) ar e the i-th  component s of a 
Recall that we often consider the followin g sets in this situation : 

KMS(CE,V,I) := { ( o , a ) I 'GrJ^US) ? 0 } 

/CMS(£?.,D,J) 
c€RA 

JJCMS(eE,H,I) 

Sp{cE, D , J) := { a | (a, a ) e  K.MS(CE,  D, J) ] 

<Sp(£?.,B,J) 
c€RA 

Sp(c£,D,J). 

Each element of JCMS(E*,B,I) i s called a KMS-spectrum of (E*,B) a t £>/. 

Remark 2.5.5. — Even in the cas e £ = 0 , a similar notio n makes sense , i f the eigen-
values of ReSi(D°) ar e assumed t o be constant. Th e condition wil l be satisfied whe n 
we will consider wil d harmonic bundles . • 
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2.5.3. Filtered bundle (Appendix). —  Le t X  b e a  comple x manifold wit h a 
simple normal crossing hypersurface D = (JieA Di. A  filtered sheaf on (X , D) i s a set 
of dat a E* =  (E,  {CE}  \ c G RA) a s follows : 

• E  i s a torsion-free coheren t 0x(*£>)-niodule . 
• {CE}  is an increasing filtration by coherent Ox-submodule s of E indexe d by RA 

such that E\X^D  —  cE\X\D f° r anv c- > where the order on RA i s given by a ^ 6 
cii ^  h  (Vz) . W e also have aE =  f)a<bbE, wher e a <  b ai < bi (Vz) . 

• a'E  =  aE ®  Ox(— ^271 j Dj)  a s submodules o f E, wher e a' =  a —  (rij \j G A ). 
• Fo r an y poin t P  G X, le t A ( P ) : = {i  G A |  P  G A } - Then , o n a  smal l 

neighbourhood Xp  o f P, we have a aE\xP =  o'^|x P =  i s a* = (V i G A ( P ) ) . 
• Fo r each c  G jRa, let lT  b e a  filtration  of CE indexed by ]c{  —  1,Q] i s given a s 

follows: 

(32) A(i) :=i4WA(i) :=i4W 

ai 
a^c 

aE. 

Then th e tupl e CE*  : = (cE,A (i) :=i4W G 5 }) is a  c-paraboli c sheaf , i.e. , the set s 
{a |  *Grf (CE) ^  0 } ar e finite. 

See Subsectio n 3. 2 of [66] for some property o f filtered sheaf. Eac h CE*  i s called the 
c-truncation of E*. W e can reconstruct £? * from cE1* . I f each CE  is locally free , E* 
is called a filtered bundle. (Se e Remark 2.5.6 below. ) I n the cas e c  = ( 0 , . . . , 0) , th e 
notation °E  i s also used 

2.5.3.1. Induced  filtrations. — Le t E*  b e a  filtered bundle o n (X,D).  Fo r each c -
truncation cE1 , we have a  filtration  I F give n a s i n (32) . Le t lFd(cE\D.)  denot e th e 
image of the induce d ma p iJrd{cE )\DI —> c-Ejzv I t i s called the paraboli c filtration of 
CE. Fo r / C A, w e have the induced filtrations *F (i G I) o f cE\DJ. I t i s known ([16], 
[17], [37]) that they are compatible in the sense that this family locally has a splitting, 
i.e., fo r each P  G Di, tak e a  small neighbourhood Dj^p  o f P i n Dj,  the n we have a 
splitting cE\DliP  =  © G d such that 7P6(C£,D/,P ) : = h ^ ( c E , D / , P ) =  ®d<bGd.  I t 
also implies the locall y abelian conditio n in [39], i.e., for a small neighbourhood Xp 
of P  i n X, we can tak e a  decomposition cE\xP  =  ®Hd  suc h that ^ ( c E i ^ n X p ) = 

A(i) :=i4WA(i) :=i4W 

Remark 2.5.6. —  Th e abov e compatibility conditio n wa s impose d i n ou r olde r bu t 
equivalent definition of filtered bundle ([66] and [67]). • 

Let /  b e a subset of A. Le t Dj : = f]ieI Di. Fo r a  G R1, w e will often conside r 

IFa{cE\DI) 
iei 

) lFai(cE\Dl) 
T 

7Gr£(c£) 
lFa(cE\Dl) 

Y<b<alFb{cE\Dl) 
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Here, b  < a mean s "6 < a  an d b  ^ a". W e often conside r th e followin g set s in this 
situation: 

Var(cEj) :=  {a e  R1  \  7Gr£(c£) ^  0} 

Var(E*,I):= \J  Var(cE,I). 
ceRA 

2.5.3.2. Compatible  frame. — Fo r P G I, le t Xp denote a small neighbourhood of P 
in X, an d we put DP :=  £>HXP, and Dj,P :=  DjDXp. Le t A ( P) :=  {j G  A | P G  Dj}. 
Let E* b e a  filtere d bundl e o n (X,D).  W e can tak e a  fram e v  o f cE\xP  wit h th e 
following properties : 

• Fo r each vp,  the tupl e o f numbers a(vp) belong to EijeACP ) lci — ^ ' cj\' 
• Fo r J  C  A ( P ) , JFb(cE\Dj,P)  i s generated b y i;p such that aj(vp)  <  6 j ( V j G  J) . 

Such a  frame i s called compatible with the paraboli c structure o f CE. Th e numbe r 
aj(vp) i s often written a s ^degF(vp). 

2.5.3.3. Pull-back  of filtered bundles. —  Le t us recall the pull-back of filtered bundles. 
See [39] for a  mor e systemati c treatment . Le t X  :=  A ™ and D  : — IJi^il^ =  0}-

Let X  : = A™  and D  : = \JJ=I{WJ  —  0}- Le t <p  :  X —>  X  b e a  morphis m suc h 
that <p-\D)  C  D.  Then , tp*{zi)  =  flj U 9%  f°r  som e invertibl e functio n a , 
(i =  1,.. . Le t (p* :  R£ ,Rfc be given by </?*(6) := £*=1 6» . For any b  G 
we set 

S(b) : = { ( o , n ) xZ^0|<p*(a ) +  n< 6 } . 

Let i£ * be a filtered sheaf on (X , D). W e put 

6£:= w-nip*(aE). 
(o,n)G5(b) 

Thus, we obtain a  filtered sheaf 2£* on ( X , I ) ) . I t i s independent o f the choic e of the 
coordinate systems z an d w. 

Lemma 2.5.7. —  If  E* is  a filtered bundle,  E* is  also a filtered bundle. 

Proof. — Le t v b e a  frame o f °E compatibl e with the paraboli c nitrations . W e put 
ai(vp) : = MegF(fp ) an d a(vp)  : = (ai(vp)).  Le t c  =  (CJ)  G  Rk. Le t n ? ^ ) b e th e 
integers determined b y the conditio n cj —  1  < (pj(a(vp))  +  rij(vp)  ^  Cj . W e set 

A(i) :=i4W 

J 

A(i) :=i4WA(i) :=i4W 

Then, we can check that cv :=  (cVp) gives a frame of CE compatible with the parabolic 
nitrations. • 

Let X  (resp . X) b e a  complex manifold with a  simple normal crossin g hypersur -
face D (resp. D). Le t ip :  (X, D)  — > (X, D) be a morphism. Le t 22* be a filtered bundle 
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on (X , D). Applyin g the above procedure locally , we obtain a  filtered bundle E* o n 
(X,D) globally . 

2.5.3.4- Descent with respect  to a ramified covering. — Let X : = A™ and X : = A™. 
Let D  := Ui=i{* = °} and & := ULii^ =  0} . Le t <p :  (X,D) (X,D)  b e a 
ramified coverin g given by <p(wi,..., wn ) =  (w™1 ,..., ,  W£+i,..., wn) . Le t y?* : 
R£ —• R£ be given by <p*(ai,..., a^) = (m i a i , . . ., mi at). 

Let i£* = (bE)  be a filtered sheaf on (X, Z)) , which is equipped with the G&l(X/X)-
action. Le t aE be the descent o f ^^E. Thus , w e obtain a  filtered sheaf E* on 
(X,D). I t is easy to see that E* is also a filtered bundle, i f E* is a filtered bundle. 
The construction i s independent o f the choice of a coordinate system. 

For any general ramified covering of complex manifolds, we obtain th e global de-
scent by applying the above procedure locally . 

2.6. Good lattice at the level m 

We introduce a n auxiliary concept of good lattice at the level m. I t proves usefu l 
in the inductive study on Stokes structure. Becaus e we consider only the unramified 
case, we omit to distinguish it . 

2.6.1. Order of the pole. —  W e introduce a n auxiliary notio n of "order" of the 
pole of a 1-form o r a meromorphic flat  ^-connection. Le t X — » /C , P, g be as before. 
Let P  —  Ui€A^* be the decomposition into irreducible components . Le t m G  Z<0 . 
We put 2 > « : = {jmi<o A an d V™ ~ |Jmi=0 p.. 

Definition 2.6.1. —  Let a; be a holomorphic section of F 0 Q^yA:(*P) , wher e F i s a 
locally free O^-module. W e say ordo; ^ m, if it is contained in 

F ® (z™rtx/K{\ogVW) +  J&/JC(lQgp(2>)). 

We have similar conditions for 1-forms o n formal complex spaces. • 

Let E  b e a locall y fre e Ox -module wit h a  meromorphi c ^-fla t connectio n D  o f 
E(*V). 

Definition 2.6.2. —  We say ord(D) ^  m, if the following holds: 

(33) BE  c  E®  ( zm^ / ; c ( logP(1 ) ) +  fi^/x:(log©(2))). 

We hav e a  simila r conditio n fo r the lattic e o f a meromorphic flat  ^-connectio n on 
formal complex spaces. • 

Let v  be a frame of E. Le t A be determined by H)v = v A. W e have ordD ^ m  if 
and onl y if ord A ^ m. 

Remark 2.6.3. —  For any j suc h that rrij  =  0, we have the induced endomorphis m 
ReSj(D) o f Eyp.. • 
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Remark 2.6.4. —  The condition (33) implies the following : 

(34) BE c  z^E  <g > ft\ ®fi^ /X; ( log©) . 

It wa s adopted a s the definitio n of order in the older version of this monograph. Th e 
difference i s not essentia l fo r our purpose. Th e condition (33) might be more natural, 
and (34) might be easier t o state. • 

2.6.2. Good set of irregular values at the level M. — This subsection i s a 
complement of Section 2.1. Let F be a complex manifold. W e put X  :— A£ x F, an d 

D~ U=1{* = 0} . 

Definition 2.6.5. —  Le t m G  Z^ 0 \ { 0 } . A  finite set o f meromorphic function s X  = 
{a =  amzm} C M ( X, D) i s called a weakly good set o f irregular value s on (X , D) a t 
the leve l m, i f the followin g holds : 

• &m  —  &m ar e invertible holomorphic functions o n X fo r any two distinct o , b G  1 
If moreove r the following condition holds for an integer i such that mi <  0, X is called 
a weakly good se t o f irregular value s on (X , D) a t th e leve l (m , i). 

• &m  — bm are independent o f the variabl e zi. 
A weakl y good set of irregular values at the level (m , i)  is called a good set of irregular 
values at th e leve l (m , i ) , i f the followin g condition is satisfied. 

• o m are holomorphic functions o n X, which are independent o f Zi. • 

Let X  be a  weakly good se t o f irregular value s a t th e leve l (m , i).  W e choose any 
a(°) G  X. Then , the se t X'  := {a — â 0̂  | a £ Z} i s a good set o f irregular value s at th e 
level (m , i ) . 

For a  weakl y goo d se t o f irregula r value s X  a t th e leve l (m ,z) , w e put Xv  := 
{—a | a G X}. Fo r 2* (i  = 1,2) , w e put X\  ®  2"2 := {<*i + ci 2 | a* G  J /} an d X\  0 X 2 = 
X\ UX2, whic h are not necessaril y weakly good a t th e leve l (m , i ) . 

2.6.2.1. Le t J  b e a  goo d se t o f irregular value s o n (X , D ). Tak e an auxiliar y se -
quence m ( 0 ) , m ( l ) , . . . , r a (L) . Le t u s observ e tha t w e have th e associate d goo d 
sets o f irregula r value s o n (X,D)  a t th e leve l (M(i),T)(i)) fo r i  =  0 , 1 , . . . , L , af -
ter shrinkin g X.  Recal l that w e have th e truncation s J (M(i)) : = rjm(i)(^)'  For -
mally, w e set J (M(-1)) : = {0} . Th e se t X™(0 ) : = J (M(0)) i s a  goo d se t o f ir-
regular value s a t th e leve l (m(0) , I)(0)). W e have the naturall y induce d morphism s 
*7m(.),m(j) :  J{™>(j)) for i  >  Fo r anY a € i7(m(z -  1)) , we define 

A(i) :=i4Wa — l/m1(»-l),m(i)(a)' 
A(i) :=i4W 

= { C m ( i ) ( b ) | b e 2 T ( i ) } . 

Then, A(i) :=i4 Ware weakly good set s o f irregular value s a t th e leve l (m(z), ()(i)) , an d 
X™^ ar e goo d sets of irregular value s at th e leve l (M(i), J)(i)). 
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2.6.3. Good lattice at the level m. —  Le t Y  b e a  comple x manifol d wit h a 
simple normal crossing diviso r VY. Le t JC be a complex manifold wit h a  holomorphi c 
function g.  Le t A ^ x F x / C , : = {* * =  0 } and Vz  := (jJU £> .̂ W e also 
put £> y := x  V'Y  x /C and V  :=VZU  VY. 

Let m G  Z<0, and le t ¿(0 ) be an intege r suc h that 1  < i(0)  <  k.  W e put m ( l ) := 
m + ¿¿(0)- Le t b e a  locall y fre e O^-module , an d le t D  b e a  meromorphi c fla t 
^-connection o f E(*V). 

Definition 2.6.6'. —  (E,3)  i s calle d a  weakl y goo d lattic e o f a  meromorphi c £-fla t 
bundle at th e leve l (m, ¿(0)), i f there exist a  weakly good set o f irregular value s X  a t 
the leve l (m, ¿(0)) o n (X,V),  an d a  decompositio n 

(35) (£,D)| S =  ®(EaX) 
1 *  aex 

such that ord(Da —  da) > m ( l ). 
If X is a good set o f irregular value s a t th e leve l (m, ¿(0)), (E,  D, Z) i s called a good 

lattice a t th e leve l (m , i (0)) . • 

The decomposition (35 ) is called the irregula r decompositio n a t th e leve l (m ,z(0)), 
(or simply ra).  I n this situation, we will often sa y that (2?,D,X ) i s a  (weakly ) good 
lattice a t th e leve l (m, ¿(0)). Th e ran k o f Ea  wil l b e ofte n denote d b y r (ct). Th e 
following lemma i s clear . 

Lemma 2.6.7. —  Let  (£,3ED,J ) be  a good lattice at  the  level  (m, ¿(0)). For  any a  G 
M(X,V), we  consider  the line  bundle  C(a) =  Oxe  with  the meromorphic  g-conn-
ectionBe =  e(da). WesetT:={B  +  a\BEL} and  (E',W) : = (E,D) <g> C(a). Then, 
(Ef,W,Tf) is  a weakly good lattice at the level  (ra,z(0)). 

Conversely, let  (E,  D,X) be  a weakly good  lattice at  the  level  (m, ¿(0)). Take  any 
element a EL, and  set T :=  {B - a  \ BE  1}  and  (E',W)  :=  (E,D) ®  C(—a). Then, 
(£,/,D/,X/) is  a  good lattice at the level  (m, i(0)). • 

The followin g lemma ca n b e show n b y the argumen t i n th e proo f o f Propositio n 
2.4.4. 

Lemma 2.6.8. —  The  condition in Definition  2.6.6 is  equivalent  to the following: 
• For  any P E  VZ, (j£,D)| p has  a decomposition  (l?,B)|p =  0a(EJ(pE,a,Da) such 

that ord(Da - da ) ^  m ( l ) . • 

We pu t /C ° := ^_1(0) , X°  :=  X /C° , etc. Fo r simplicity , w e assume that dg  is 
nowhere vanishin g o n /C° . Afte r shrinkin g X,  w e have th e irregula r decompositio n 
(£7,0)|*o =  ®aeX(EaiXo,B^)  suc h that ord(B°-da) ^ m ( l ) . I t is uniquely extende d 
to a  decompositio n (E,D)^ 0 =  0a€j(2?a ^ o ^ a) o n th e completio n Af0 . W e pu t 
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W :=  X° U  Vz. B y using Lemm a 2.4.12, we obtain a  decomposition 

(36) (EMW=  ©(^aW*6* ) 

such that ord(D a —  DA) ^  m ( l ) . Th e decomposition (36 ) is also called the irregula r 
decomposition at th e leve l (m , i (0)) . 

2.6.4. Residue. —  Le t (E,1B,X)  b e a good lattice a t th e leve l (m, ¿(0)). Becaus e 

BE c  E  ® ( z m ^ / K : ( l o g P z) +  n^/K:(log2>y)) 

we obtai n th e residu e Resyj(B ) G  End(i£|py )  for each irreducibl e componen t T>yj 
of X V i n a  standard way. W e obtain th e residu e eve n in the cas e where (E,B),X)  i s 
a weakly good lattice a t th e leve l (m, ¿(0)) b y considering the tenso r produc t wit h a 
meromorphic £-fla t bundl e o f rank one. 

Lemma2.6.9. —  Let  (£ ,B ) be a meromorphic  g-flat bundle  on (X,V)  with  a good 
lattice (E,X)  at  the  level  (m , i (0)) . Let  P  be  any point of  V such  that g(P)  ^  0 . 
Then, we  can find a  good lattice (Ef,X) of  E(*V) at  the  level  (m, i(0)) on  a  small 
neighbourhood Xp with  the following non-resonance property: 

• Let  Q be  any point of an irreducible component T>y,j H  Xp. Then,  distinct  eigen-
values a, ¡3  o/Resy5j(^_1D)|Q satisfy  a —  ¡3 0 Z. 

Proof. — I t can be shown by the standard argument i n the proof of Proposition 2.7.5 
below. Becaus e we give some more details there , w e omit i t here . • 

2.6.5. Some functoriality. —  I n general , w e use th e symbo l Vf1 to denot e th e 
subspace { / G  V2W | / ( V i ) —  0} C  V2V  fo r give n vecto r spaces V\  C  V2l  where V2 
denotes the dual space of V2. I t is naturally extende d in the case of vector bundles. Le t 
(E, D , J) b e a (weakly) good lattice at the leve l (m, i(0)).  W e se t Jv : = { - a | a G X}. 
Then, the dual (£v,DV,JV) i s also a (weakly) good lattice at the leve l (m, i(0)). Th e 
direct summands E%  (o G I v ) i n the irregula r decompositio n are given as follows : 

EVA =  (  e E X. 
\ HEX  J 

Let (Ep,Dp, Xp) (p  = 1,2) b e (weakly ) goo d lattices a t th e leve l (M,i(0)).  W e put 
Xi 0  X2  : = {a i + A2  |  AP G  Xp}.  I f Ji (g ) X2 i s a  (weakly ) goo d se t o f irregular value s 
at th e leve l (m,¿(0)), the n E\  &E2  i s a (weakly ) goo d lattic e a t th e leve l (m,¿(0)). 
The direc t summands of the irregula r decompositio n are given as follows : 

{E7®E2)a= ©  Bijfll ® J52,aa . 
(ai,a2)eXixX2 ai+02=a 
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We put X\  © J2 : = X\ U 2̂ 2- If Zi ©  J2 i s a (weakly ) goo d se t o f irregular value s a t 
the leve l (ra , ¿(0)), the direc t sum E\  ©  E2 is also a (weakly ) goo d lattice at th e leve l 
(m, i(0)). Th e direct summands in the irregula r decompositio n are given as follows : 

(E1®E2)a =  Elta®E2ta. 

A morphis m /  :  ( £ i , B i ) — > (#2,^2) o f (weakly ) goo d lattice s a t th e leve l 
(m, ¿(0)) i s define d t o b e just a  flat  morphism . Not e tha t th e induce d morphis m 
/ :  ( £ i , D i ) |^ — > (i?2,B2) |̂  preserve s the irregula r decomposition. 

2.6.6. Remark on growth order of a flat section. —  Le t (E,V)  b e a  goo d 
lattice o f (£,B ) a t th e leve l (m , i(0)) o n (X,T>).  Le t v b e a  frame o f E. W e have 
the matrix-value d function s Ai  determine d b y Bt; =  v  (Yl7=i  Mdzi). W e have th e 
following: 

• Ai  =  0(\z-1\\z™\) fo r ¿ = 1,...,k. 
• Ai  =  0 ( | zm | ) +  Od^l"1 ) fo r i = k  + 1, . . . , L 
• Ai  =  o(\zrn\) fo r ¿ = ¿ + 1 , . . . , ™ . 
Assume £ is nowhere vanishing on /C, for simplicity. Let 5 b e a small multi-secto r 

of X  \  X^ , an d le t /  b e a D-flat section of E\$, which is nowhere vanishing. W e have 
the expressio n f  =  Ylfivi- W e obtain a  Cr-valued function /  =  (fi)  o n S. 

Lemma 2.6.10. —  The  following holds for some  C >  0: 
t 

| l o g | / | | < C | z m | + C £  log ^r1-

Proof. — I t follow s from Lemma 20.3.3. • 

2.6.7. The induced good lattice at the level m.  —  Le t X  =  An  x  /C, T>i = 
{zi =  0 } and V  =  Uf= i ^i-  Le t (E1 , D) b e an unramifiedly good lattice of a meromor-
phic £-flat bundle (X,  V). Fo r simplicity, we assume that the coordinate system is ad-
missible for the good set Irr(B) . W e take an auxiliary sequence m(0), m ( l ) , . . . , m(L) 
for Irr(D) . Le t Irr(B,m(i)) denot e the imag e of 7/m(i) : Irr(B) - > M(X,V)/H(X). 

Lemma 2.6.11. — (£ ,B,Irr(B ,m (0))) is  a good lattice at the level (m(0), ()(0)) . The 
decomposition is  given by the irregular decomposition at  the level (m(0), ()(0)) : 

(£'D)|f>(M0))= _ © (EaA). 
o€lrr(D,m(0)) 

Here k(0) is  determined by m(0) G  Z<Q^ X  0^_fc(0), an d fc(0) = { 1 , . . . , k (0)}. 

Proof. — Le t T>£ := Hj=i Le t 2 b e a frame of whic h is compatible with the 
irregular decompositio n (2?,B) | ^ =  0cGlrr(]u)(^c?Dc) . Th e connection 1-for m o f B 
with respect to the frame u is decomposed as B2 = u  (®c€irr(]u ) (dc /c-f-Tc)), where Tc 
are logarithmic 1-forms , an d Ic  are the identit y matrices. Fo r each a G Irr(B, ra(0)), 
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we pu t ^EA  : = 0 _- i (A\^EC-  Le t UA  denot e th e tupl e o f % G  ^EA, whic h gives a 
'm(O) ^ ' 

frame o f ^EA.  W e pu t V  —  Ufc(o)<i^ Then , we have H)UA =  UA  (daia + T^), where 
T' G  ZmWQ± (logX>(fc(0)) ) 4 - № (logW),  an d Ia  are th e identit y matrices . Then , 
the clai m of the lemm a follows. • 

Let m(i)  b e th e minimu m o f T(Irr(B)) , i.e. , |lrr(B, m(j))\ =  1  fo r j  <  i, 
and | l r r (B,m(i)) | ^  2 . Not e tha t Irr(D , m(i)) i s a  weakl y good se t a t th e leve l 
(m(i)Mi))-

Lemma 2.6.12. —  (£' ,B,Irr(D,m(z)) ) is  weakly good at the level (m( i ), 

Proof. — Tak e any a  G  Irr(B) . W e consider a  line bundle £(—a ) : = Ox  e  with th e 
meromorphic £-fla t connectio n B e =  e(-da).  Then , (E',W)  : = ( £ , B) (g) £ ( - a) 
is a n unramifiedl y goo d lattic e wit h Irr(B' ) =  { b — a|b G  Irr(B)} . Not e tha t 
m(i),m(i +  1 ) , . . . , m ( L ) give s an auxiliar y sequenc e fo r Irr(B') . Applyin g Lemma 
2.6.11 to ( £ ' , B ' ) , w e obtain tha t (E',W)  i s a  goo d lattic e a t th e leve l (m( i ) , 
Then, the clai m of the lemm a follows. • 

2.7. Good Deligne-Malgrange lattice and Deligne-Malgrange lattice 

In thi s section, w e consider ordinar y fla t connections , excep t th e remar k i n Sub -
section 2.7.1.1. We use the symbols X, D and V  instead o f X, V  an d B, respectively . 

2.7.1. Good Deligne-Malgrange lattice. —  Le t X b e a complex manifold, and 
let D  = Uie A Di ̂ > e a  simple normal crossing hypersurface . 

Definition 2.7.1. —  Le t E b e an unramifiedly good lattice of a meromorphic flat bun-
dle (£ , V) o n (X,D).  I t i s called unramifiedly goo d Deligne-Malgrange , i f any eigen-
values a o f ResDi(V) (i  G  A) satisf y 0  ^ Re(a ) <  1 . • 

Let E  b e a n unramifiedl y goo d Deligne-Malgrang e lattic e o f a meromorphi c flat 
bundle (5 , V ) o n (X , D ) . W e have th e generalize d eigen-decompositio n E\D.  — 
0a€C 1E a wit h respec t t o Resp^V) . Then , w e have the paraboli c filtration  LF  of 
E\E>. fo r each irreducible component Di  of D, given in a standard manner: 

X ^ ) - ©  Ea , ( - K a < 0 ) . 
— Re(a)^a 

It i s eas y t o observ e that th e paraboli c filtrations  ar e compatible . Th e associate d 
filtered bundle is denoted by M , whic h is called the Deligne-Malgrange filtered flat 
bundle associated to (£, V ). W e hav e E =  «EDM,  i.e. , E i s the O-truncation o f E?M. 

Lemma 2.7.2. —  Let  X  and  X be  complex manifolds, and  let  D and  D be  simple 
normal crossing  hyper surf aces of X and  X, respectively.  Let ip  : (X,D)  — > (X , D) 
be a ramified  covering. Let  ( £ , V ) be  a meromorphic  flat bundle  on (X,D),  which 
has an unramifiedly  good Deligne-Malgrange lattice  E. Then,  </?*(£ , V) also  has an 
unramifiedly good Deligne-Malgrange lattice E, and  E is  the descent of E. 
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Proof. — W e obtain the filtered bundle E* on (X , D) induced by <p and E®M, as in 
Section 2.5.3.3. W e can observe that °E i s the unramifiedly goo d Deligne-Malgrange 
lattice of (p*E. Then, the claim s of the lemm a are clear. • 

Definition 2.7.3. —  Le t E  b e a  goo d lattic e o f a meromorphic fla t bundl e (£ , V) o n 
(X,D). 

• E  i s called good Deligne-Malgrange at P  G  D, i f there exists a ramified covering 
ipp : (Xp,Dp) —>  (Xp,Dp)  suc h that £|x P i s the descen t o f the unramifiedl y 
good Deligne-Malgrang e lattice o f (p*P£. Here , (Xp,Dp),  (Xp,Dfp)  an d cpe  ar e 
as in Definition 2.3.3. Not e that w e also obtain th e natura l filtered flat  bundle 
(2£fM,V) o n (Xp,Dp)  a s th e descen t o f the Deligne-Malgrang e filtered flat 
bundle associate d t o <p*P£  i n this case. 

• E  i s called good Deligne-Malgrange, if it is good Deligne-Malgrange at any point 
P G  D. I n this case, we have the associated filtered flat bundle (E^M, V ), which 
is called the Deligne-Malgrang e filtered flat bundle associate d t o (£ , V ). • 

We should remark that a good Deligne-Malgrange lattice does not necessarily exist 
for a  given meromorphic flat bundle ove r a higher dimensional variety, in contrast to 
the one dimensional case. But , i t is unique, i f it exists, a property which follows from 
the uniqueness of a (not necessarily good) Deligne-Malgrange lattice (see Section 2.7.2 
below) o r Lemma 2.7.2. 

Proposition 2.7.4. —  Let  (£ , V) be  a meromorphic flat bundle. The  following condi-
tions are equivalent: 

(a) :  (£ , V) has  a good Deligne-Malgrange lattice. 

(b) :  (£ , V) has  a good lattice. 

(c) :  For  each point P G  D, there  exists a neighbourhood U of P such  that (£, V)|£/ 
has a good lattice. 

(d) : For  each point P G  D, there  exists a neighbourhood U of P such  that (£, V)jc/ 
has a good Deligne-Malgrange lattice. 

Proof. — Th e implications (a ) =>• (6 ) (c ) are obvious. Th e implication (d) 
(a) follow s from the uniqueness of a Deligne-Malgrange lattice. Le t us show the impli-
cation (c)  (d) , which can be carried out using a standard successive use of elemen-
tary transform. W e give only an outline . Du e to the uniquenes s of a good Deligne -
Malgrange lattice, we only have to consider the problem in the unramified case . Le t E 
be an unramifiedly goo d lattice. Le t Sp(i) denot e the se t o f eigenvalues of Res^^V) . 
We hav e th e generalize d eigen-decomposition E\Di —  (BaeSp(i)^a w^ h respec t t o 
Res£>.(V). W e put a+ := max{Re(a) |  a G  Sp(i)} an d a_ : = min{Re(oj) |  a G  Sp(i)}. 
We have the subbundles F± : = © R E ( A ) = A ± Ea . 

Assume a_ <  0. W e regard F_ a s an (9x-module . Let E' denot e the kernel of the 
naturally defined morphis m o f Ox-modules E —>  F_ . I t i s easy to show that E'  i s 
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also good , th e eigenvalue s a  o f Res£>.(V') satisf y a _ <  Re(a ) < max(a+ , 1 + a_). 
Assume a + >  1 . Le t denot e th e kerne l o f th e naturall y define d morphis m 
E®0(Di) — • F_|_0O(Di) . I t is easy to show that E"  i s also good, and the eigenvalues 
of R e s ^ V " ) satisf y min(a_ , —1 + a+) ^  Re(a ) <  a+. Hence , by composition of the 
above procedure, w e can construc t th e unramifiedl y goo d Deligne-Malgrang e lattic e 
from a n unramifiedly goo d lattice . • 

2.7.1.1. Local  existence  of non-resonance lattice in the  family case.  — I n this sub-
section, w e consider th e cas e /C is no t necessaril y a  point . W e put X  :=  X  x  /C, 
V :—  D x  /C and Vi  :=  Di x  K.  Le t b e a n unramifiedl y goo d meromorphi c 
£>-flat bundle o n (X,T>)  relativ e to K. 

Proposition 2.7.5. —  If  g(P)  0,  there  exist a small neighbourhood Xp  of  P and  a 
good lattice F of  (£,W)\xP with  the following property: 

• Let  a  and  ¡3 be distinct eigenvalues  of ReSi(g~13)Q G  End(F|x>Pi ) for  some 
Q G  VPji, where  VPji  =  XP n V{. Then,  a- ¡3  0 Z. 

Proof. — I t can be shown by the argument i n the proof of Proposition 2.7.4. W e give 
only an outline. W e set V  := £-1D. W e may assume X =  An x /C, V —  I J i= i{^ =  0} 
and P =  (0,2/) , where O denotes the origin of An and y G  K. Le t E be an unramifiedly 
good lattice. Le t Sp(i) denot e the set of the eigenvalues of the endomorphism Res^(V ) 
on E^VY.  W e have th e generalize d eigen-decomposition E^vy =  (&aesp(i)^<x  w^n 
respect t o Res^(V) . W e put a-(E,i)  : = min{Re(o; ) \  a G  Sp(i) }  an d a+(E,i)  := 
max{Re(ce) |  a. G  Sp(i) } . We have the subbundl e F—  := ©Re(a)=a_(J5,z) 

Ea. VLXp 
is sufficiently small , w e have the subbundl e F'_  C EyDi  such that (i ) F'_^VY =  P_ , 
(ii) Resx>i(V)(Pi ) C  F'_.  Applyin g th e procedur e use d i n the proo f o f Proposition 
2.7.4 to E and F'_,  we obtain a lattice E' such that a-(E,i) <  a_(2£', i) <  a_(£' , + 
By successiv e us e o f this procedure , w e may assum e 0  ^  a~(E,  i).  Similarly , we 
may assume a+(E,i)  <  1 . Then , i f Xp i s sufficiently small , a  —  (3 £ Z  fo r distinc t 
eigenvalues of Res*(V)Q (Q  G A , p ). D 
2.7.2. Deligne-Malgrange filtered flat sheaf 
2.7.2.1. Deligne-Malgrange  lattice.  — Le t X  b e a  comple x manifold, an d le t D  = 
UZGA ^ e a  simpl e norma l crossin g diviso r of X.  A s already remarked , a  mero-
morphic fla t connectio n ( £ , V ) doe s no t necessaril y hav e a  goo d lattice . However , 
according to Malgrange's theorem, it has a lattice which is generically a good Deligne-
Malgrange lattice. (Se e also the work due to Z. Mebkhout [59], [60] for a constructio n 
of lattices of regular singular meromorphic flat bundles whose poles are not necessarily 
normal crossin g divisors.) 

Proposition 2.7.6 (Malgrange [58]). — There  always  exists  a unique  lattice  E  C  £ 
characterized by the following properties: 

• E  is  a  coherent reflexive Ox-module. 
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• There  exists a Zariski  closed  subset Z of  D with  codimx(Z) ^  2,  such  that 
E\X\Z is  the 9°°d Deligne-Malgrange  lattice of (£, V ) | X \ Z -

It i s called the canonica l lattice in [58], but w e call it Deligne-Malgrange lattice in 
this paper . 

Remark 2.7.7. —  I n this monograph, a  subset Z c l i s calle d Zariski closed, if it i s 
a closed complex analytic subset. An d a subset U  C X i s called Zariski open, if it is 
the complemen t of a Zariski closed set. • 

Proof —  W e only prove that Z  ca n be Zariski closed in the abov e sense. Le t N(E) 
denote the close d analytic subse t of D such that Q  G N(E) i f and onl y if EQ is not 
locally free . Le t denot e the se t o f singular point s o f D. I n [58], it i s shown that 
there exist s a  close d subset Z  C  D  i n th e ordinar y topology , suc h that (i ) U 
N(E) C  Z , (ii ) E i s goo d Deligne-Malgrang e aroun d an y Q  £  D  \  Z , (iii ) fo r an y 
Q G  Z, ther e exist s a  smal l neighbourhoo d XQ  o f Q  i n X  wit h a  close d analyti c 
subset ZQ  of DQ : = XQ fl D satisfying codimx Q (Zq) ^  2  and XQ  f l Zc ZQ.  I f the 
closed subset s Zi  (i  G  A) have the abov e property, f]ieA %i also has it . Hence , we 
have the minimu m amon g the close d subsets with the abov e property, whic h will be 
denoted b y Z  i n the following . Then , Q  G  D i s contained i n Z  i f and onl y if one of 
the followin g holds : (i ) Q G  U  N(E), (ii ) Q 0  U  N(E) an d E  i s not goo d 
Deligne-Malgrange at Q. 

Let u s sho w that Z  i s close d analytic . Fo r an y P  G  Z , w e can tak e a  smal l 
neighbourhood Xp  an d a  close d analyti c subse t Z p C  Dp  :=  DO  Xp  satisfyin g 
codimXp(Zp) >  2  and ZP  =  XP  n  Z  C  ZP.  W e put : = ZP  \  Zp , whic h is 
an ope n subset o f ZP. W e put L>£ ] : = D^  f l XP and N ( £ ) P := N(E) f l XP. Le t 

= (Jier  Zp^  b e the decomposition int o irreducible components. Fo r each i  G  T , 
we pu t Wp ^ := U  N(E)P U  ( Ĵ  I f ^ \  A P C  W^i, w e have ZP C WP?i. 
Hence, w e may and wil l assume Zp^  \  (Ap  U  Wpj) ^  0  fo r each i  G  I\ Then , le t 
us show that Ap  =  0, i.e. , Zp = ZP^ , whic h implies that Z  i s closed analytic subset 
of X.  Fo r that purpose , w e only have to sho w that Zp^  f l Ap =  0  fo r each i  G  T . 
Assume the contrary , an d w e shall deduce a  contradiction . 

Let Zpi  denot e the smoot h par t o f Zp^ \ Wp^.  Becaus e Zp ^ is irreducible, Zpi 
is connected an d non-empty . Becaus e Ap  f l Zp^ ^ 0 , w e have Apf\Z*Pi  ^  0 . W e 
have the two cases: (A ) ZP fl Zp^ ^  0 , (B ) Zp fl Ẑ  =  0 . I n the case (B) , note that 
Zp \  Wp ^ i s contained i n a closed analytic subset whose codimension in X i s larger 
than 3. 

We take a point Q  G Zp as follows. I n the case ( A ) , Q  is a point in the intersectio n 
of Z p n Z^  an d th e closur e oi  Ap 0  Zpt in  Zpi.  I n the cas e (B) , Q is any point of 
ZP \  WP|i . 

We tak e a  smal l coordinat e neighbourhoo d (XQ,  ZI, . . ., zn) aroun d Q  such that 
DQ =  {zi  =  0} . We put Z q := ZPC\XQ. I n the case ( A ) , w e may assume that ZQ  is 
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the complement of a non-empty open subset in {z\  =  z2 = 0 } . In the case (B) , ZQ is 
contained i n a closed analytic subset ZQ  with codim^g ZQ ^ 3 . By our choice , E i s 
good Deligne-Malgrang e around any Q'  G DQ \ ZQ.  I n this situation, w e shall show 
that E  i s good Deligne-Malgrange around Q, which contradicts wit h the choice of Q, 
and w e can conclude that Ap  n  Zp^  =  0 . 

We onl y have to consider the case where E i s unramifiedly goo d around any Q'  G 

DQ\ZQ. Indeed , after a n appropriate ramifie d covering (fQ :  ( XQ , DQ) — > ( XQ , ^ Q ) , 

the Deligne-Malgrange lattice of LP*E(*DQ) i s unramifiedly good around any point of 
(/?Q1(JDQ \ Z Q ) . (Se e Lemma 2.2.7 , fo r example. ) Hence , the clai m in the ramifie d 
case easil y follow s fro m that i n th e unramifie d case . S o we shall assum e that E  i s 
unramifiedly goo d around any Q'  G DQ \ ZQ  in the followin g argument . 

We recal l tha t a  holomorphi c functio n o n DQ  \ ZQ  i s naturall y extende d t o a 
holomorphic function o n DQ.  W e recall that, fo r a  holomorphi c function /  o n DQ , 

if th e zer o of / i s contained i n Z Q , then /  i s actually nowher e vanishing. W e also 
remark tha t th e fundamenta l grou p o f DQ  \ ZQ  is trivial . Hence , we obtain tha t 
there exist s a good set of irregular values X C M ( X Q , DQ)/H(XQ) suc h that, for any 
Q' G DQ \ Z Q , th e restrictio n o f J t o a  neighbourhoo d o f Q' i s Ir i^VjQ') . Then , 
we ca n sho w tha t (F , V ) ^ ha s th e irregula r decompositio n b y usin g a  standar d 
argument i n [51]. We give only an indication . 

Let F  b e a locally free OQ -module wit h a  meromorphic connection V . Le t X C 
M ( X Q , DQ)  b e a good set of irregular values. Assum e that, for any Q1  G DQ \ Z Q , we 
have a decomposition (F , V)|gQ/ =  ©a€x (^a,Q', Va ) suc h that Va are a-logarithmic , 
where DQ>  : = D D X Q / fo r a small neighbourhood X Q / of Q'. Then , we shall show that 
there exist s a decomposition (F , V) =  ©aGj(Fa , Va ) suc h that Va are a-logarithmic. 
(Then, w e obtain th e desire d decompositio n o f (F , V ) | ^ q . ) W e use a n inductiv e 
argument. 

Let ra(F,  V ) := minlord^ a | a G X}. I f m(F, V ) =  0 , there i s nothing t o do. Le t 
us consider the cas e m(F , V ) =  m.  W e set T  : = {-m (^"ma)|DQ | a G X }. I f |T| = 1, 
by considerin g V  —  da for some a G X, we can reduc e th e cas e m(F , V ) =  ra +  1 . If 
|T| >  2 , we consider the endomorphis m G  of F|Dq induce d b y z f mV(zi<9i) . Th e set 
of th e eigenvalue s of G|Dqx^q i s given b y T, an d w e have the eigen-decomposition 
F\DQ^ZQ —  © A G T ^- Then , the se t o f the eigenvalue s of G is T, and w e have th e 
eigen-decomposition F\DQ  —  ©aET^a o n DQ.  B y a standard argumen t explaine d 
in Lemm a 2.2.16 , i t ca n b e extende d t o a  decompositio n F =  (&AETFA  suc h that 
(i) Zi  mV(zi<9i)Fa C  Fa, (ii ) FOL\DQ  — EQ. I f we restrict i t to a  small neighbourhood 
of Q'  G DQ  \ Z Q , i t i s the sam e a s th e irregula r decompositio n around Q'.  Hence , 
it i s V-flat . W e have the natura l map 7 r : X —> T, and le t X(a) :=  7r~1(a). Fo r each 
Q' E  DQ \ ZQ,  we have a decomposition (Fa, V)(g =  0aei(a)(^o,Q' , Va). Hence , 
we can obtain the desired decomposition of (F, V) by an easy inductive argument. • 
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2.7.2.2. Deligne-Malgrang e filtered sheaf. — W e have the Deligne-Malgrange filtered 
flat bundle ( E ™ z ^ V ) o n (X \ Z , D \ Z ) associated t o (£ , V)(XxZ. 

Lemma 2.7.8. —  I t can be extended to a filtered flat sheaf on ( X , D ) , i.e. , we have the 
filtered flat  sheaf ( E ^ M , V ) o n (X , D) wit h the following properties : 

. ( B f M , V ) | ^ z =  ( £ ? ^ . , V ) . 
• aED M ar e coheren t reflexiv e Ox-module s for any a G  i£A. 
is called the Deligne-Malgrange filtered sheaf associated t o {£ , V ) . 

Proof. —  Sinc e we only have to shift th e condition on the eigenvalues of the residues , 
the clai m can be shown by repeating th e argumen t o f Malgrange. Otherwise , it ca n 
be reduced t o the existenc e of Deligne-Malgrange lattice , whic h is explained in th e 
following. Sinc e the problem is local, we may assume X =  A n and D —  Ui=i{^ i —  0} -
For each a  =  (a$ ) G R?, let u s conside r th e lin e bundle L a : = Ox e with the loga -
rithmic flat connection Va such that Va e = e  X^=1 ai dzi/zi- W e have the Deligne -
Malgrange lattic e aE f o f (£ , V) ®  (La, Va), an d w e put a E : = aE' ®  L_a. Then , 
E* —  (aE | a G  -RA) ha s the desired property. • 

We mention a n importan t propert y o f Deligne-Malgrange filtered sheaf on a pro-
jective variety. 

Lemma 2.7.9. — Assum e that X i s projective, provided with an ampl e line bundle L. 
Then, h l{E®m ) —  0 always hold. (Se e Section 13.1 for fiL. ) 

Proof. —  Th e claim can be reduced to the one dimensional case, which was shown in 
[71], for example. • 

2.7.3. Goo d forma l structure an d goo d lattice . —  Le t X b e a complex mani-
fold with a normal crossing hypersurface D . Le t (£*, V) b e a meromorphic flat bundle 
on ( X , D ) . 

Proposition 2.7.10. —  I f {£ , V)jp ha s a n (unramifiedly ) good Deligne-Malgrange lat -
tice for each P G  D, then (£, V) ha s an (unramifiedly ) good Deligne-Malgrange lattice. 

The cas e D  i s smooth wil l b e argue d i n Sectio n 2.7.4 , an d th e norma l crossin g 
case wil l b e argue d i n Sectio n 2.7.5. W e remark tha t w e only have to conside r th e 
unramified case , according to Lemma 2.2.7. 

Before goin g into the proo f o f the proposition , we give a  consequence, whic h will 
be used in Section 16.3.4 for the proo f of Theorem 16.2.1. 

Corollary 2.7.11. — Le t 0 ^  ( £ ^ M ^ ) - > ( £ ^ M 0 ^ ) - > (£<2) , V<2>) - + 0 b e a n 
exact sequence o f meromorphic flat  bundles on ( X , D ) . I f ( £ ^ \ V ^) ( i = 1,2 ) hav e 
good Deligne-Malgrange lattices , the n ( £ ^ ° \ V ^ ) als o has a  good Deligne-Malgrange 
lattice. 

Proof. —  I t immediately follows from Proposition 2.2.13 and Proposition 2.7.10. • 
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Remark 2.7.12. —  I n the earlie r version of this monograph, th e clai m of Proposition 
2.7.10 was proved in the case dimX =  2 . W e also proved the claim of Corollary 2.7.11 
with a  slightly different argument . Propositio n 2.7.10 seems useful fo r simplification 
of the arguments . Althoug h it is also given in our survey paper [64], we include it for 
the convenienc e of readers. • 

2.7.4. Proof of Proposition 2.7.10 in the smooth divisor case 

Let X  : = An and D  := {zi =  0} . Le t D denote the completion of X alon g D. Le t 
7r : X —>•  D  denote the natura l projection. 

2.7.4-1- First , le t us observe that we can ignore the subsets whose codimension in X 
is larger than 3. Th e result in this section is also used in Section 19.3.5. W e will use 
the followin g eas y lemma implicitly. 

Lemma 2.7.13. —  Let  Z be  a closed analytic subset of  D with  codim^(Z) ^  2 . Let  X 
be a good set of  irregular values on (X  n  Z,D  \  Z).  Then,  it  is  also  a good set of 
irregular values on (X , D). 

Proof. — Tak e a G X. B y Hartogs property , w e obtain tha t a G M(X,D)/H(X). 
Because aorci(a) i s nowhere vanishin g o n D  \  Z , w e obtain tha t i t i s als o nowhere 
vanishing on D.  W e can check the othe r propert y similarly . • 

Let (£ , V) b e a meromorphic flat connectio n on (X , D), i.e , £ i s a (no t necessarily 
locally free ) coheren t Ox(*D)-module  wit h a meromorphic flat  connection V  :  £ —> 
£ ® Q}x. Assume the following : 

• Ther e exist a  closed analytic subse t Z  C D wit h coding ( Z) ^  2 , and a  goo d 
set o f irregular value s X C M(X, D)/H(X),  suc h that the irregula r value s of the 
restrictions (£ , V)|7r-i(p) ar e given by {a|7r-i(p) | a G X } fo r any P  G D \ Z. 

Lemma 2.7.14. —  If  the  above condition  is satisfied, the  Deligne-Malgrange lattice E 
of (£ , V) is  a  locally  free Ox-module, and  unramifiedly good with I r r (V,Q ) =  X  for 
any Q G D. 

Proof. — Sinc e E i s reflexive, b y extending Z, we may assume that E\x^z  i s locally 
free. B y using a  wel l establishe d argumen t (se e [51] or [58], for example) , w e can 
easily obtain the irregula r decompositio n E0^ =  0aexPA,D\Z- Le t na denote th e 
projection onto FA,£KZ , whic h gives a section of E n d ( E ) | g ^ . 

Let u s see that 7r a can be extended to a  section of End(E)^. Althoug h it follow s 
from a  general result , we show it directly . I t i s easy to show the followin g clai m by 
using Hartogs theorem: 

• An y section of O^^ ca n be extended to a  section of O^. 
Since E  i s reflexive , w e can (locally ) tak e a n injectio n i  :  E —>  OxN  fo r som e 

large suc h that the cokernel Cok(i) i s torsion-free. W e can also take a surjection (p  : 
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Q®M £ . Th e morphisms t , (p  and na  induce a morphism Fa  :  0e*£— e>e^!—.. 

It ca n be extended to a morphism Fa  :  £)5M —• 0^N.  Sinc e Cok(i) i s torsion free, Fa 

factors through E^.  Le t /C denote the kerne l of O®-4  E^.  Th e restriction o f Fa 

to /C on D  \ Z  i s 0. Then , we obtain Fa| ^ =  0  because 0^N  i s torsion-free. Thus , 
we obtai n th e induce d map s na  : E  ̂—>  E^Q  fo r a  € J , whic h satisfy 7r a o na = 7ra , 
7ra o  7Tb =  0  (a b) , and =  id - The y giv e a  decomposition E =  0aGjFa. Le t 
us show that Ea  is a-logarithmic. W e only have to consider the cas e a  = 0 . 

Take a  poin t P  G  D \  Z.  W e have the vecto r space V  : = Fo|P - W e have th e 
endomorphism f  of  V  induce d b y the residue . Le t E'0  :=  V <G>  Ox  an d V Q =  d  -f 
/ •  dz\/z\. W e have the natura l flat isomorphis m Vo)|7r-i(p ) ~  (£?o , Vo )|7r-i(p)-
Since th e codimensio n o f Z  i n D  i s large r tha n 2 , w e obtain a  fla t isomorphis m 
$o,D\Z (^o»^o) |S^ z ~  ( ^ ° ' ^ 7 ° ) | D ^ Z * Sinc e £? Q an d E0  ar e bot h reflexive , th e 
above argumen t show s that $O, IK Z an d $o l ) \ Z ca n ^ e extended t o morphisms o n 
D. Thus , we are done. • 

2.7.4-2. Le t (£, V) b e a meromorphic flat bundle o n (D,D).  Assum e the following : 

( A ) :  (£ ,V) | p ha s a n unramifiedl y goo d Deligne-Malgrang e lattic e PE  for eac h 
PeD. 

We obtai n th e followin g lemma from Proposition 2.4.4. 

Lemma 2.7.15. —  Let  E be  an  O^-free lattice  of£ such  that E^p =  PE  for  any PeD. 
Then, the  following holds: 

• There  exists T G  z±  1H(D)[z±  x]  such  that  X^p =  Irr(V, P) for  any  PeD. 
• We  have a flat decomposition E =  ©a€T Ea  whose  restriction  to P is  the same 

as the irregular decomposition of PE for  any  PeD. • 

2.7.4-3. W e put Z  :=  {z\ =  z2  = 0} . Le t (£ , V) b e a  meromorphic flat  bundle o n 
(D, D)  satisfying the condition (A ) i n Subsection 2.7.4.2. Assum e there exists an Ox-
free lattice Eof£ suc h that E^p — PE  for each D\Z. Tak e any point P  G  D\Z. W e 
have a naturally induce d actio n of the fundamenta l grou p ni(D \  Z , P)  o n Irr(V, P) 
by Lemm a 2.7.15. 

Lemma2.7.16. —  If  the  action  of  iri(D  \  Z,P)  on  I r r (V,P ) is  trivial,  we  have 
E^Q =  QE for  any  Q e Z.  In  particular,  the  conclusion of  Lemma 2.7.15 holds. 

Proof. — Becaus e th e actio n o f n\(D \  Z , P) on I r r (V,P ) i s trivial , we have T C 
z^H(D \  Z)[z^1]  suc h that X{p,  =  I r r (V,P ' ) fo r an y P'  G  D\Z. W e set m  := 
min{ordZl (a) |  a G  X}. W e us e a descending induction on m. I f m =  0, we can deduce 
that V  is logarithmic, and henc e the clai m is obvious. Let us consider m  + 1  m. 
We pu t 

T : = {(£rm£i<9ia)|D |  a G  X) c  H(D  \  Z ) . 
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Because z^Vfad^^E)  C  PE  for an y P  G  D \  Z , we have z^V&id^E^z  C 
E\D\Z, an d henc e mV{zid\)E  C  Le t G be the endomorphis m o f E\D induced 
by z^mV(zidi).  Becaus e th e element s o f T ar e th e eigenvalue s of G |D\Z > the y ar e 
algebraic over H(D). Hence , we obtain T  c  H(D). 

Let Q  G  Z. W e wil l shrink X aroun d Q without mention . Le t N b e the H(D)([z\))-
module correspondin g t o £ , i.e. , th e spac e o f the globa l section s o f £ . Le t L  b e 
the #(£>)|zij-lattic e of N  correspondin g t o E.  W e put Nf  :=  N ®  M{D,Z){{zl)) 
and L'  : = L  (8) M(D, Z)[ziJ . W e have th e eigen-decompositio n o f V  /  z\L' wit h re -
spect t o G , whic h ca n b e extende d t o a  decompositio n V  = ©^eT^b suc n ̂ na ^ 
(^fm+15i -  b)L'b  C  L' b b y Lemm a 2.2.16 . W e put m(Q)  : = min{ord2 l (a) | a G 
I r r (V ,Q)} an d 

== {KM(Q)+1M |D I a 6 M V , C ) } . 

Lemma 2.7.17. —  We  have m(Q)  =  m  an d T(Q ) =  T. 

Proof. — W e may assume Q = ( 0 , . . . , 0) . W e put Af  :=  N® OQ.  I t is equipped with 
an unramifiedl y goo d Deligne-Malgrang e lattice 9 £ wit h z\d\ -decomposition 9 C = 
©bGT(Q) QCb  such that (z^m{Q)+1di  -b)QCb  C  QCb for any b G T ( Q ). B y considering 
the extension to the field  C((zn)) •  • • ((^2))((^i))» and by using Lemma 2.2.20, we obtain 
Lemma 2.7.17. • 

Let u s return to the proo f of Lemma 2.7.16. B y Lemma 2.7.17, we have the eigen-
decomposition of E\D with respect t o G.  B y Lemma 2.2.16, i t ca n b e extended t o a 
decomposition E  =  0 b EB  suc h that (t"m+1 ^ -  b)EB  C  EB. Put £B  =  Eb(*D).  W e 
can appl y the inductiv e assumption to £b <g) L{—z± mb/m), and th e proo f of Lemma 
2.7.16 is finished. • 

Lemma 2.7.18. —  The  action of TT\{D \  Z)  on  I r r (V ,P) is  trivial.  In  particular,  the 
conclusion of Lemma 2.7.15 holds. 

Proof. — Becaus e Irr(V, P) is finite, we can find a ramified covering <p :  X' —>  X  given 
by <p(zi,  C2? 2 3 , . . . , 2n) = (̂ 1? Cl » 23> • • •' zn) suc n tha t w e can appl y Lemm a 2.7.16 
to </>*(£,V ) an d Then , </?*Irr(V,P ) C  ^(X 'JfoT1] an d Irr(V , P)|(g = 
ip* Irr(V, Q). Hence , we can conclud e that the actio n o f TTI(D \  Z , P) i s trivial. • 

2.7.4-4- Le t (£ > V) b e a  meromorphi c flat  shea f o n (X,D)  satisfyin g th e conditio n 
(A) i n Subsection 2.7.4.2 . 

Lemma 2.7.19. —  The  Deligne-Malgrange  lattice  E  of  ( £ , V ) is  unramifiedly  good 
Deligne-Malgrange. Namely,  the  claim of Proposition 2.7.1 0 holds  if D is  smooth. 

Proof. — Ther e exist s a  close d analyti c subse t Z  C  D  wit h codini£>(Z ) ^  2  such 
that E\X\z  i s locally free. B y Lemma 2.7.16 and Lemma 2.7.18, we obtain that there 
exists a closed analytic subset Z'  C  D with codim^(Z/) >  2  such that E\X^z'  1S  good 
Deligne-Malgrange. Then , the clai m of the lemm a follows fro m Lemma 2.7.14. • 
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2.7.5. Proo f o f Proposition 2.7.1 0 i n th e norma l crossin g cas e 

Let X  =  A n and D  =  U L i i ^ =  0} . W e put dD l : = Dx fl \ J 2 ^ i d j- W e Put 
D\ : = D 1 \ d D 1 . 

2.7.5.1. W e regard M(Di ,dDi) ( (z i )) a s a differential ring equipped with the differen-
tial 0i. Le t Af be a differential M(Z>i , &Di)((2i))-module with a M ( # i, aDi)[zi]]-fre e 
lattice £ . W e put £ ' : = £ & [ziJ . Assum e that w e have X C 1  [sf1 ] 
and a decomposition £' =  ©aG j £'a such that (i ) (zid i —zidid)C'a C  £'a, (ii ) the eigen-
values a o f the induced endomorphism of C'a/z\C'a satisfy 0  ^ Re(a ) <  1 , (hi) ai — a2 
is invertible in H(D\){^z\ ) ) fo r distinct a * G X. 

Lemma2.7.20. —  W e have X  c  1M(D\,dDi)[z ^ * ] an d a  decompositio n C  = 
©aGj£a 5wc/ i t/ia t (% ) (zid i —  zidia)C a C  £a > (n ) th e eigenvalue s a  o f the in -
duced endomorphis m o f Ca/z\C a satisf y 0  ^  Re(a ) <  1 . Moreover , w e hav e 
£„®ff(D?)[2;1] =  £'0 . 

Proof. —  W e use a  descendin g inductio n o n m(C ) : = min{ordZ l (a) | a G  X } . I f 
m(C) =  0 , there i s nothing t o prove . Le t us conside r th e cas e m(C ) =  m  <  0 . W e 
put T(C ) : = {^(^i~mci)|Zlzz:o \ a e X }. Le t us consider the endomorphism G of C/z\C 
induced b y z^rnV(z\d\) . Becaus e th e element s o f T(C ) ar e th e eigenvalue s of G, 
they are algebraic over M ( D i , d D i ) . Then , we can deduce T(C) C  M(Di>, dDi) fro m 
T(C) C  H ( D ° ). I f | T ( £ )| =  1 , by considering the tensor produc t wit h a meromorphic 
flat bundl e o f rank one, we can reduc e th e issu e to the cas e m(C ) =  m  -f 1. Le t us 
consider the case |T (£ ) | ^  2 . By the assumption, b i — b2 is invertible in M ( D i , d D i ) 
for distinc t b i G  T(C). I t i s standard that th e eigen-decompositio n of C/z\C can be 
uniquely extended to a  V-fla t decompositio n C = 0bGT(£ ) £b- I t i s easy to observe 
that ra(£b)  ^  m , and |T(£&) | ^  1  if m(C^) =  m. Thus , we are done. • 

2.7.5.2. Le t (£ , V) b e a meromorphic flat bundle o n ( X , D ) . Le t (£ , V) b e a mero-
morphic flat bundle on ( X , D ) . Assum e the following : 

• (£ , V) |p i s unramifiedly goo d for each P G  D. 
• Th e Deligne-Malgrange lattice E o f (£, V) i s Ox-locally free . 

Let us show that E i s unramifiedly good Deligne-Malgrange under the above assump-
tion. 

We pu t £>P 1 := U ^ ( A n  £ , ) . W e can tak e a  ramifie d coverin g (p : (X , D) —• 
(X, jD) with the followin g property : 

• Fo r each P G  A n  £>[2] , the action of 7Ti(A \  #[2] , P) on Irr(y?*V, P) is trivial. 
By usin g th e argumen t fo r Lemma 2.7.18, w e may and wil l assum e that th e above 
property hold s fo r (£ , V) fro m th e beginning . W e already kno w that E\x^d[2 ] i s 
unramifiedly goo d Deligne-Malgrange . I n particular , w e have X c z^ 1 H(D\)[z^1] 
and a  decomposition E0o =  0oGj^ a suc h that (V(z id i ) —  zid\a)Ea C Ea. 
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Let M.  b e th e differentia l M(Di,  <9Z>i)((zi))-modul e correspondin g t o £ , an d 
let C  b e th e M(D\1  <9Z}i)|ziJ-lattice induce d b y E.  Applyin g Lemm a 2.7.20 , w e 
obtain X  C  z±  1M(D\,dDi)[z± 1]  an d a  decompositio n C  =  ©aGj£ 0 suc h tha t 
(zid\ —  Zid\a)Ca  C  Ca.  Le t £  : = C((zn))  -  •  ((z2)). B y th e natura l extensio n 
M(Di,dDi) C  C  <S>  &\z\\  i s th e Deligne-Malgrang e lattice o f th e differentia l 
module Wl := (Af ® it((*i)) , d i ) . 

Let ° E be the unramifiedly good Deligne-Malgrange lattice of £ wit h the irregula r 
decomposition °E =  ©aGirr(v,o) °^a- Le t Irr(V, 1) be the image of Irr(V, O) via the 
map Od(*D)/Od  - > OQ(*D)/OQ(*D&  1)) . I t i s easy t o se e that <g > °£ i s 
the goo d Deligne-Malgrang e lattice of (3Jli,9i), an d th e se t o f the irregula r value s is 
given by Irr(V , 1) . Hence , we obtain Irr(V , 1 ) =  X  in z^^z^1]  an d °E  <g > &{zi\ = 
C\ <8 > £[21]. W e can deduc e a  similar relatio n fo r each i  =  2 , . .. Then , we obtain 
that Irr(V ) C  M(X,D)/H(X). 

We tak e a  fram e v  o f °E.  Le t /  b e a  sectio n o f E.  W e have th e expressio n 
f =  fpVP-  W e obtai n fp G  ^ I ^ i ] , an d hence fp is z\-regular, i.e. , fp does not contain 
a negativ e power of z\. Similarly , we obtain tha t fp  ar e ^-regula r fo r j  =  2 , . . . , L 
Thus, w e obtain E^  C  °E . Similarly , we obtain °E  C  J5|g , an d henc e E^  =  °E. 
Thus, we obtain that E  i s an unramifiedly goo d Deligne-Malgrang e lattice. 

2.7.5.3. Le t us consider the cas e where we do not assum e that E  i s locally free . We 
have a  close d analyti c subse t Z  C  D  wit h codimJo(Z ) ^  2  such that E\x^z  18  1° _ 
cally free . Then , it i s an unramifiedly goo d Deligne-Malgrange lattice of (£, V ) | X \ Z? 
according t o th e resul t i n Subsectio n 2.7.5.2 . W e put D*  :=  Di ^  Z  an d dD*  ,= 
dDi^Z. W e hav e J c  z^[l  M{D\,dD\)[z^1]  an d the irregular decomposition E^* — 

©aGX ^a,D* •  By using the Hartogs property and the argument i n the proof of Lemma 
2.7.14, w e obtain X  C  z^1  M(Di,dDi)[z^1} an d a  decompositio n E^  =  ©aGj ^a 
such that (i ) (V(z id i) —  zid\a)EA C  I£a, (ii ) th e eigenvalue s a o f the induce d endo -
morphism o f EA\DL  satisf y 0  < Re(a ) <  1 . Then , as in Subsection 2.7.5.2 , we obtain 
E <g > £[21] =°E®  &lzi}.  Le t v  b e a  fram e o f °E.  Le t /  b e a  sectio n o f E.  W e 
have the expression f  =  ^2fp vp.  Then , we obtain that fp  i s z\-regular. Similarly , we 
obtain that fp  ar e Zj-regular (j —  1,.. . ,£ ) and henc e E1^ C °E. 

To sho w ° E C  E^Q,  we consider th e dual . Pu t £ v : = Hom(9x(*£>)(£ , C?x(*-D))» 
which i s equippe d wit h a  naturall y induce d fla t connectio n V . Pu t EW  := 
Homox(E,Ox) , whic h i s a  lattic e o f £y . I t i s genericall y unramifiedl y goo d 
lattice, an d th e eigenvalue s a  o f th e residu e satisf y — 1 <  Re(a ) <  0 . Pu t 
°EY :=  Romo6{°E,Od)  whic h i s a n unramifiedl y goo d lattic e o f (£v,V)|(g . Th e 
eigenvalues a  o f the residue s satisf y —  1 < Re(a ) ^ 0 . Then , we obtain E^Q  C  °EY 
by th e above argument. Not e that E^Q  =  Homox (E, Ox) 0 OQ  ~  Homoa (E^Q, OQ). 
Hence, we can conclud e that °E  =  E^.  Thus , w e obtain tha t E  i s an unramifiedl y 
good Deligne-Malgrang e lattice of (£, V) a t 0 , an d th e proo f of Proposition 2.7.10 is 
finished. • 
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2.8. Family of filtered A -flat bundles and KMS-structure 

2.8.1. Notation. —  W e will b e particularl y intereste d i n th e cas e / C C C\ an d 
£>(A) =  A . Le t X  b e a  comple x manifold, an d le t D b e a  simpl e normal crossin g 
hypersurface o f X wit h the irreducibl e decompositio n D — UieA A- Le t X b e a n 
open subset of K x X, and V := X D (/C x D). I f /C is not a  point, a flat A-connection 
on (X, V) is called a family of flat A-connections to emphasize that it does not contain 
the differential in the A-direction. W e use the words "family of" with similar meanings. 
For example , "good family of filtered A-flat bundles" is just a good filtered A-flat bundle 
on (X, V) i n the sense of Definition 2.5.1. 

For a  fixed Ao , a neighbourhood of {Ao } x  X i n C\ x  X wil l often be denoted by 
X(Xo\ I n that case , fo r any subset Y o f X, we will pu t y(A° ) : = (CA x 7 ) f l X^ 
and yx := ( { A } x 7 ) f l X^x°\ I f we ar e given a family o f flat A-connections on X, it s 
restriction t o Xx i s denoted by DA. 

Let (1£*,D) b e a  goo d famil y o f filtered A-flat bundle s o n (X(x°\ £>(Ao)) . Fo r a 
subset /  o f A, we put Dj := D{. I n this case, the induced nitrations of CE^v{xQ) 

are denoted by ZF(A°) for i e  I.  (Se e Subsection 2.5. 3 for the induce d filtration.)  For 
a>i —  i^i) G  2£7, we use the followin g notation : 

Var(CE,l) := {a7 

iei i W c V / o ) ) 
CE,l) := {a7CE,l) := 

CE,l) := {a7FCCDQ 

CE,l) := {a7CE,l) := {a7HG 

We pu t 

Var{cEj) :=  {aj G  R1 \ 7Gr£Ao) (c£) ?  0} , Var(E^l) 
ceRA 

Par(cE,l). 

As in Proposition 2.5.3, we have the induced endomorphism Res^(B) on 2Gr^( o ) (CE), 
which preserves the induce d filtrations  kF^Xo>)  o f *Gr^( o)  (CE). (\0)  (\0).  Hence, w e 

have the wel l defined endomorphisms ReSi(D ) (i G /) on IGYFI  °  (cE). 

2.8.2. KMS-structure. —  Fo r simplicity, let us conside r the cas e where X^XQ^  i s 
the product o f X an d some neighbourhood U (Ao) o f Ao in C\. Le t p(A) :  RxC —• R 
and e(A ) : R x C — > C b e given as follows : 

p(A, (a , a ) ) =  a  + 2Re(Aa) , e(A, (a , a ) ) =  a  -  a  A - a  A2. 

The induce d map Rx C —> Rx C i s denoted by 6(A). Le t (25* , D ) b e a good famil y 
of filtered A-flat bundl e on (X^\  V^). 

Definition 2.8.1. —  W e say tha t (25*,B ) ha s th e KMS-structur e a t A 0 indexed by 
T{i) C  R x C (i G A ), if the followin g holds: 

• Var (E*,i) i s the imag e of T(i) vi a the map p(Ao). 
• Fo r each a  G Par(2£*,z), w e put /C(a,z ) : = {u G  T(i) | p(A0,t/) =  a } . Then , the 

set o f the eigenvalues of ReSi(lBA) on *Grf A ° (CE)^  i s {e (A,^) |  u G  /C(a, i ) } . 
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In tha t case , 0  ^  A  G U(Xo) i s called generic , i f e(A ) :  T ( i ) — > C ar e injectiv e for 
any i . • 

Assume (22* , B) ha s th e KMS-structur e a t Ao - W e have th e generalize d eigen-
decomposition with respect t o the induce d actio n of Res^ (D) 

(37) i G r ^ o ) ( c E ) =  0  ViXo)(cE) , 
uEfC(a,i) 

where Res^B) —  e(A , u) are nilpotent o n vLXo> } (CE). 

Remark2.8.2. —  I f (22*, B) ha s the KMS-structure at A0 , we have the decomposition 
CE^V(\0) =  ^ ^ ^ ( c E ^ x q ) ) indexe d b y th e eigenvalue s o f Resi(BA°) , suc h tha t 

(i) i t i s preserved b y Resf(D) , (ii ) th e restrictio n o f the decompositio n to £>A ° is th e 
generalized eigen-decomposition of ReSi(BA°). Then , the decomposition lE^0) and th e 
filtration *F(A° ) ar e compatible , and 2Grf ( 0 > ^E«A°^(c2?|P(a0) ) i s naturally isomorphi c 

to ViXo)(cE) , wher e u is determined b y t(A0, г¿) = (a , a ). • 

If (23*,O ) i s unramified , th e KMS-structur e i s compatible with th e irregula r de -
composition i n th e followin g sense . Fo r simplicit y we consider th e cas e X  —  An , 
Di =  {z i —  0 } and D  = U*= i Di. We have the irregula r decompositio n cE\u(\0)XQ = 
©aGTc^a- The y give a  family of filtered A-fla t bundle s E* o n U( \q ) x  O, with th e 
irregular decompositio n (22* , B) =  ©aGT(2£a*,Ba) . Eac h (22a*,Ba ) has th e KMS -
structure at Ao - B y the natura l isomorphism cE\ o ~ ©aC£a|C h the filtrations F^A°̂  
and th e decomposition s E^A° ^ ar e the same . 

2.8.3. Uniquenes s o f th e filtrations. —  Accordin g to th e followin g lemma , i t 
makes sense to say that (22 , B) ha s th e KMS-structur e a t Ao -

Lemma 2.8.3. —  Le t ( i = 1,2 ) b e good filtered X-flat bundles on X>(A°>) , 
which hav e th e KMS-structure s a t Ao - Assum e tha t w e are give n a n isomorphis m 
if :  (2J?i,Di) ~  (222,]D>2 ) o f families o f meromorphic X-fla t bundles . Then , i t induce s 
an isomorphis m ( p : (22i*,Bi) ~  (2^2*^2 ) o f families o f filtered X-flat bundles . 

Proof —  I t can easily be reduced to the case where D is smooth. Le t 2)(A°) denote the 
completion of alon g V^x° \ W e are give n the induce d isomorphis m E ^ ^ ~ 
2£2|̂ (Ao). W e only have to show that i t induces a^1jp(Ao ) =  aE2^(Xo ) fo r each a  € R. 

Let u s conside r th e cas e wher e (21̂ * ? B^) ar e unramified . W e have th e irregula r 
decompositions: 

C E i . , D i W 0 ) =  ©  (Bijfl.,DifB) . 
a<Elrr(B0 

We have Irr(Oi ) =  Irr(B2 ) an d Eli Q =  E2, a fo r each a . Le t T* (i = 1,2 ) denot e th e 
index sets of the KMS-structures o f E ^. Not e that there exists a discrete subset Z in 
U(X0) \ { 0 } such that e(A ) :  Tx UT2 -> C i s injective for any A  e U{X0 ) \ Z . Tak e any 
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Ai G  £ / ( A 0 ) \ Z , an d a neighbourhood f/(Ai) i n J7(A0 ) \Z . W e se t X^ : = [ / ( A i ) x X 
and £>< Al) : = C/(Ai) x  23. 

Lemma 2.8.4. — We  have <p(a2£i|A?(Ai>) C a^2|Ar(Ai> • 

Proof. —  Sinc e this is a quite standard claim, we give only an outline. W e put 

£ (a ,A 0 ) : = {u G  Ti U T 2 \a- 1 < p(A 0 ,u) <  a } . 

We hav e the generalized eigen-decomposition 

a^|X>(Ai) = 0 ^e(A,u)(a^|X>(Ai))' 
u€£(a,Ao) 

where Res(D) ha s a  unique eigen value e(A,w) on E e (^ j U ) (a-^|x>(Ai))- ^  * s compatible 
with the irregula r decompositions , i.e. , 

(38) aEia\V{\1) =  0 E e(A, u)(a^ ) f l |2)(A 1)). 
u€£(a, Ao) 

It ca n be shown that e(A,iti) —  e(A,U2) ar e not contained in Z \ { 0 } fo r any distinc t 
u\,ui G  £(Ao,a ) an d fo r any A  G  U(\i).  Hence , we obtain the flat decomposition 

a^,a|£>(Ai) ~ © â z,a,u 
iiG£(Ao,a) 

whose restriction to £>( A l) i s the same as (38) . W e put aEi,u 0 a a^,a,u- Fo r each 
a G  2£, there exist s 6 > 0 such that we have the flat morphism 

<Pui,U2 ' a^l,ui * a+b-E2,u2 

induced by the flat isomorphism E x^Xl) —  E 2^{Xl). Th e restriction (p Ul,U2\T>(*i) n a s 

to b e compatible with the residues. Hence , it is easy to observe that (p Uliu2{aEiiUl) C 

a+b_iv-E?2,u2 f ° r a nY N ^  ^  u i 7̂  2̂- I t implie s <pUlju2 —  0  unless =1*2 . Le t us 
look at <p UiU. Again , by the comparison of the eigenvalues of the residues , we obtain 
(fu,u(aEi,u) C aE2,w Thus , we obtain Lemma 2.8.4. • 

Let u s return to the proof o f Lemm a 2.8.3. W e hav e the morphism (p  :  aE\ — » a+6^2 
for som e b. By Lemma 2.8.4, the induce d map aE\ — > GrF^ (E 2\U(\0)XD) i s trivial 
if b > 0. Hence , we obtain (p{ aE\) C a^2 i n the unramified case . 

Let u s conside r th e cas e where (23^* , B^) ar e no t necessaril y unramified . W e set 
X :=  X an d D  : = D. W e use the notatio n Af( A°) an d £>( A°) wit h similar meanings. 
We tak e a n appropriat e ramifie d covering <p :  X —»  X suc h that th e induce d filtered 
bundle (Ei^jBi)  vi a (p and (25** , Bi) o n ( A ^ A ° ) , £>(Ao)) is unramifiedly good. I t is easy 
to se e that (23^*,B* ) hav e the KMS-structur e a t Ao - B y applying the abov e result 
to them , w e obtain 2£i * = ^ 2 * - Sinc e 22** are obtained a s the descen t o f 25»*, we 
obtain =  2?2*- Thus, the proo f of Lemma 2.8.3 is finished. • 
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2.8.4. Openness and invariance. —  Pic k c  G -RA such that c * 0 Var{E*,i) fo r 
each i G A. Let 7r*,a be the projection : 

^ A 0 ) ( ^ | a ( A 0 ) x ^ ) ^ i G r r X ° ) ( e ^ ) . 

Let A i G £/(Ao) be sufficiently clos e to Ao , and le t U(\i)  C U{\Q) be a neighbourhoo d 
of Ai . Le t Ci  —  1 < 6  ^ Ci.  If 6 = p(Ai , fo r some i > G /C(a, i ), w e put o n V^Xl^ 

CE,l) := {a7 
nG/C(a,z) 
p(Ai,u)^b 

CE,l) := {a7FJHG 

Otherwise, le t b0  := max{p(Ai,t; ) <  6  11; G /C(a,z)}, an d se t *FJ;Xl)  :=  lF^Xl). Thus , 
we obtain the filtration lF^  o f cE^x^. I t induces a family of filtered A-fla t bundles 

(E[Xl\ D ) on {X^Xl\V^). I t is easy to observe that Res*(B) has a  unique eigenvalue 

e(A,w) on ^ ^ ( ^ ( c E ) ^ ! ) ^ Hence , (J5(Al),0 ) ha s th e KMS-structur e a t Ai . The 

index sets are equa l to those for (£?+Ao\D) . 

Remark 2.8.5. —  Mor e precisely, ther e exist s a n ope n subse t A o G U'(Xo) C U(Xo) 
depending onl y on the set s K,MS(E {x°\ i) suc h that th e abov e construction can b e 
applied fo r an y A i G U'{XQ). • 

For each A  G C/(Ao) sufficientl y clos e to Ao , we put EX  : = (2?iA^)|{A}x(x,D) > whic h 
is a  goo d filtered A-fla t bundle . Th e se t KMS{Ex,i) i s equal to th e imag e o f T(i) 
via the ma p t (X). Not e JCMS(E^ i) = T(i) i n the cas e 0 G U{\0). W e often identif y 
them. 
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CHAPTER 3 

STOKES STRUCTURE OF A GOOD 
2-MEROMORPHIC FLAT BUNDLE 

In this chapter, we shall study the Stoke s structure of an unramifiedly goo d ^-fla t 
bundle. I n Section 3.1, we give preliminaries to describe Stokes filtration. I n Section 
3.2, we state some theorems an d propositions for full Stokes nitrations, whic h will be 
proved i n Sectio n 3.7 . W e state some theorems an d proposition s fo r partia l Stoke s 
filtration i n Section 3.3, which will be proved in Sections 3.5-3.7 . 

3.1. Preliminaries 

3.1.1. Filtration indexed by a finite ordered set 

3.1.1.1. Compatibility.  — Le t ( / , ^ ) b e a finite ordered set. Le t V be a vector space. 
In thi s section , a  filtratio n F  o f V  indexe d b y (J, mean s a  famil y o f subspaces 
Fa C  V (a  G I) wit h the followin g properties : 

• F a C  Fb i f a ^ b. 
• Ther e exists a  splitting V  =  0 V a suc h that F a =  © b < a VJ, . 

We put F <a :=  £6<a

 F b an d Gr f (V) =  F a/F<a ~  V a. For\  give n subset S  C  /, we 
setFs:= Eaes  Fa-
Remark 3.1.1. —  Not e tha t w e have assume d th e existenc e o f a splitting , whic h is 
unusual. Fo r example , w e do no t hav e suc h a  splittin g fo r a  filtere d fla t bundle . 
We conside r th e abov e type o f filtration onl y fo r Stoke s nitrations . I f V  i s finit e 
dimensional, we may replace it with ^2aeI dimGrf (V)  —  dimF. • 

Let (p  : ( /, — • ( i7 , b e a  morphism o f ordered sets , an d le t F  b e a  filtratio n 
of V  indexe d by ( / , ^ ) . Then , we have the induce d filtratio n F^  indexe d by ( i7 , 
constructed inductivel y as follows : 

CE,l) := {a7HFGHG 

a€<p-1(b) 
F a .GF 
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We se t V * := 0aGv?-i(6) Va. Then , V = фЬе// gives a  splitting o f F*. W e say 
that F^ i s induced by F an d (p. 

Definition 3.1.2. —  Le t F an d F f b e filtrations of V indexed by ( I , an d (i7 , ^ ' ) , 
respectively. Le t ip : ( /, ^ ) — • (i7, ^ ' ) b e a morphism of ordered sets. W e say that F 
and F ' ar e compatible over <p , if F' i s the same as F^ above. 

In the case I =  Г (but possibly (J, ^ ) ^  (T7 , ^ ' )) an d </? ' = id , we just say F an d F ' 
are compatible. • 

In the cas e I =  Г , we have a natural isomorphism GrF(V ) ~  Gr ^ ( V ) . 

Lemma 3.1.3. —  Le t F b e a filtration ofV indexed by ( /, Le t  ̂( i £ A ) b e orders 
on I suc h that ( i ) the identit y ipi : ( /, ^ ) — > ( /, ar e orde r preserving, (ii ) a  ^b i f 
and onl y if a b  for any i G  A. Then , F ca n b e reconstructed fro m F^ 1 ( i G A) i n 
the sense Fa = f ] i e A F ^ . 

Proof. —  W e take a  splittin g V  =  0aG / Va o f th e filtratio n F . Recal l F£ * = 
0ь<^ .a Vb. Then , the clai m of the lemma is clear. • 

Remark 3.1.4. —  I t can be generalized for vector bundles appropriately . • 

3.1.1.2. Dual . — Le t ( / , b e a n ordere d set , an d le t V  b e a  finite  dimensiona l 
vector space equipped with a filtration F  indexe d by ( I , < ) . Le t us giv e an induce d 
filtration F v o n the dua l vector space Vy . We set I y : = I an d le t ^ v b e the orde r 
of 7 V define d b y a  ^ v b  a  ^  b . Fo r distinction , w e use th e symbo l — a if we 
regard a G  / a s an element of Iy. An d "—а — 6" is denoted by —a ^ —b . We hope 
that there i s no risk of confusion. 

We tak e a  splittin g V  =  0aG / Va o f the filtration  F . I n general , fo r a  vector 
subspace U  С V, let U1 - С Vv be { / G Vv | / ( v) =  0  Vv G 17}. Fo r each a  G  J, le t 
5(a) denot e the se t o f b G / suc h that b   ̂a . W e have the subspaces of Fv give n a s 
follows: 

Vv : 
v —a • LMOP 

KLKI 
IP? cE,l) := {a7 

vb€5(o) 
KM KM 

Lemma 3.1.5. —  T/i e subspaces { F y a ( V y ) |  —  a G  7V} ar e we/ / defined, an d giv e a 
filtration o f Vy indexe d by ( 7 V , ^ ) . T/i e decomposition Vy =  0_aG/ v VlY a g^e s a 
splitting o f the filtration Fv. 

Proof. —  Le t us sho w that F^a(V ) : = 0&es(a) Vb is independent o f the choic e of a 
splitting. Le t V = 0oG / Va' be another splittin g of F. Not e V£ C Fb(F) =  0c^ b Vc. 
We ca n observ e that b  G 5(a) and c  ^ o  imply c G 5(a). Hence , V£ C F^a(F ) fo r 
any b  G 5(a), which implies that F^a(V ) i s independent o f the choic e of a splitting . 
Because Fya(Vy) =  F^a(F)-L , we obtain that the subspaces Fya(Vv) are well defined. 
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If -b  ^  -a , w e have b  ^ a , an d F^b(V)  D  F>a(V).  Hence , we obtain Fyh(Vy)  C 
F^a(Fv) . I t i s easy to show 

Fya{Vy) 
-b^-a 

GHH 

Thus, we obtain th e claim s of the lemma . • 

We give some property o f the induce d filtratio n above. 

Lemma3.1.6. —  We  have the natural isomorphism GrFa(Vv) ~  Gr f (V)v. 

Proof. — Th e perfect pairing of V and Vy  induce s a pairing P of Fa(V) and FXa(Vy). 
By definition , th e restrictio n o f P  t o F<a(V)  ®  Fya(Vy) i s 0 . Le t F>a{V)  := 
®h>aVb. Then , w e have Fy_a(Vv)  =  F^V)1-.  Hence , th e restrictio n o f P  t o 
Fa(V) ®  ^ < - a ( ^ V) i s 0 . Hence , w e have th e induce d pairin g Pa  o f Gr f ( V ) an d 
Gr^a(Vv). I t i s easy to check that Pa  is perfect b y using the induce d isomorphism s 
Grf (V ) ~  Va  an d G r ^ ( V v ) ~  F_va . • 

Lemma3.1.7. —  Let  <p  :  ( i i , ^ i ) — » (/2,^2) ^  a  morphism  of  ordered sets. Let  Fi 
(i =  1,2 ) 6 e titrations of  a  finite dimensional  vector space V  which  are compatible 
over (p. Then,  the  induced filtrations Fy (i  =  1,2 ) are  compatible over the induced 
morphism <̂ v : < i ) —• (J ,̂ ^2)« 

Proof —  I t is easy to show the claim by using the induced splitting Vy =  0a(E/l V-a-
• 

Lemma 3.1.8. —  Let  Vi  be  finite dimensional vector spaces with  filtrations F(Vi) in-
dexed by an ordered set (/,  <).  Let  f :  V\ —> V2 be a linear map preserving filtrations. 
Then, the dual /v :  V2V —»  preserves  the dual filtrations FV(T^V). 

Proof. — Becaus e Fya(Vi)  —  F^a(Vi)-L, the clai m is clear. • 

3.1.1.3. Horn-space. —  W e prepare a  notation. Le t (J , ^ ) b e an ordered set , an d Vi 
(i =  1,2 ) b e finit e dimensiona l vecto r space s equippe d wit h filtration s indexe d 
by (J , ^ ) . Le t F0Hom(Vi , V2) (resp . F< 0 Hom(Vi, V2)) b e th e vecto r subspac e of 
Hom(Vi, V2) whic h consists of the linea r maps / satisfyin g th e following : 

f{Fa{Vi)) C  Fa(V2), resp . / ( F „ ( V i ) ) C  F<a(V2). 

If w e take a splitting V $ = ®a€ / Vi a of the filtrations , w e have the following : 
(39) 

F0 Hom(Vi, V*) =  ®  Hom(Vi,„ , V2,b), F<0  Hom(Vi, V2) = ®  Hom(Vi>a , V2>b). 
a^b a>b 
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3.1.1.4- Induce d filtration. —  Le t ( I I , ^ ) — • ( A , ^ 0 be a  se -
quence o f surjections o f ordered sets . Th e induce d morphis m I j — > i s denote d 
by <Pj,k - Le t V  b e a  vecto r space . Le t F I l b e a  filtratio n indexe d b y I I . Then , 
we have the induce d filtration s F1 * for j  =  1,.. . , L obtained b y the procedur e ex -
plained i n Sectio n 3.1.1.1 . Moreover , w e obtain th e followin g inductiv e structure . 
Let Gr/ j ( V) =  0& G j Gr£ J ( V) denot e th e grade d vecto r spac e associate d t o F1*. 

For eac h b  G  I j - i , w e have th e induce d filtratio n FI j o n Gr^_1(F ) indexe d b y 
the ordere d se t ^  1_1(6 ) C  i j , an d th e associate d grade d spac e i Gr^Gr1*-1^) = 

e 6 € / , - 1 © a € v ^ . 1 ( 6 ) G ^ G ^ - 1 ( V r ) is naturally isomorphi c to 1 GrJ'(V). 
Conversely, assume that we are given the followin g inductiv e data: 
• A  filtration F h o f V indexed by Ix. We put Vi1 : = G r * \ V ) o r a e h . 
• Fo r each b G i j - i, a, filtration F1 * o f V^3 1  indexed by ip j j^ ty). W e put Va 3 := 

G r ^ ^ - M fo r a e ^ i ^ ) . c E , l) :cE,l) 7 
Then, we obtain the naturally induce d filtration F1* of V with the following properties: 

• F1 ! and FIk  ar e compatible over <pj,k-
• Le t Gr/j ( V) =  0a€ / Gr*J ' ( V) denot e the graded vector space associated t o F1* . 

Then, Gr^ ( V) i s naturally isomorphi c to v£°. 
The constructio n i s give n a s follows . Assum e tha t w e have alread y obtaine d th e 
desired filtration F1*-1 . Le t a G  Ij and b := ipjtj-i(a). W e have the natural morphism 
Kb'1 :  Fb"X -> Gr6J_1(F) - V6/j_1 - Then > we Put 

cE,l) := {a7cE,l) := {a7cE,l) := {a7cE,l) := {a7cE,l) := {a7 

It i s easy to check Gr£''(V ) i s isomorphic to ( V ^ ' 1 ) ~  v / ' . 

3.1.2. Holomorphi c functions an d vecto r bundle s o n rea l blo w u p 

3.1.2.1. Function s an d vecto r bundles. —  Le t us recall the framewor k of asymptotic 
analysis i n [72] . Se e Chapter II . 1 of [72 ] for more detail s an d precision . Le t X b e 
a comple x manifold, an d le t D  b e a  normal crossin g diviso r of X. I n the following , 
X ( D ) denote s th e fibe r product , take n ove r X, of the rea l blo w u p o f X alon g th e 
irreducible component s o f D, which is called the rea l blo w up o f X alon g D i n this 
paper. I t i s naturall y a  C°°-manifol d wit h corners . Hence , C°°-function s o n ope n 
subsets o f X ( D ) mak e sense . I n th e cas e X  =  A n an d D  =  [j£i=1{z i =  0} , w e 
may us e th e loca l coordinate (ri , 0 i , . . ., ri, 8t, z i + \ , . . ., zn) , wher e (r^ , 0$) are give n 
by Zi = n  evC7T6>i. 

We hav e th e C°°-vecto r bundl e fi^Qog-D)  o n X  locall y generate d b y dzi/z i 
(i =  1,...,£ ) an d dz i ( i =  £  + l , . . . , n ) . Th e pull-bac k o f Qfy^QogD ) vi a 7 r is 
also denoted b y the sam e symbol . Fo r any open subset U  C X ( D ), w e have the wel l 
defined differential operator d  :  C°°(U) - > C°° (U, ft0/ (log D ) ). W e say / G  C°°(U) i s 
holomorphic, if df =  0 . I t is easy to see that /  G  C°°(U) i s holomorphic if and only if 
f\un(X\D) i s holomorphic in the standard sense. Th e space of holomorphic function s 
on U is denoted b y A j ^ ^ ( U) an d 0 ^ ^ ( U ) . Th e sheaf i s denoted b y 0^-^Dy 
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Let Z  b e a locally closed subset of X(D). Le t C°°(Z)  denot e the space of the C°° -
functions o n Z  i n th e sens e of Whitney (se e Chapters 1.2 an d 1. 4 o f [54]). Namel y 
it i s the spac e of the co-jet s o f X o n Z , satisfyin g som e compatibilit y conditio n a s 
in Theorem 2.2 o f [54]. Le t U  be an ope n subset o f X(D) suc h that Z  C  U.  Then , 
C°°(Z) i s the same as the limi t KmC°°(U)/I%,  wher e Iz denote s th e idea l of C°°(U) 
which consist s of the function s /  suc h that f\z  =  0 . Equivalently , le t 1^  denot e 
the idea l of C°°(U)  whic h consists of the function s /  suc h that (dJf)\z  —  0 for an y 
derivation dJ  wit h any degree . Then , the natura l morphism C°°(U)/I^  —•  C°°(Z) 
is a n isomorphism . (Se e the proo f o f Theore m 4. 1 o f [54].) W e prefer t o regar d 
elements o f C°°(Z) a s C00-functions o n the space Z whic h is the completion of X(D) 
along Z.  Th e image of a function /  G  C°°(U) t o C°°(Z)  i s denoted b y f^. 

The differentia l operato r d  :  C°°(U) ->  C°° (U,ft°/(\ogD)) induce s d :  C°°{Z) -+ 
C00(Z,Q^1(logD)). W e say that /  G  C°°(Z) i s holomorphic i f df =  0. Th e space of 
holomorphic functions o n Z  i s denoted b y A(Z) an d O(Z).  W e will use the followin g 
fact withou t mention . 

Lemma 3.1.9. —  Le t X —  An an d D  =  \J£j=1{z j =  0} - Le t W b e a close d region of 
X ( D ) , an d le t Z := U r\7t~1(D). Le t f b e a holomorphic function o n W \Z such that 
l/l =  ^ ( r i j = i l ^ ' l ^ ) fo r an y N . Then , f  extend s a s a  holomorphi c function o n W 
such that f^g — 0. 

Conversely, i f f i s a  holomorphi c functio n o n W  suc h tha t f ^ =  0 , i t satisfie s 

\f\ =  o { n U M N ) f ° r anyN -
Proof. —  Le t /  b e a  functio n a s i n the firs t claim . B y using Cauchy' s formula , w e 
obtain dJ f =  0 ( r i j= i \zj\N ) f° r an y N  an d fo r an y derivatio n d J wit h an y degree . 
(See th e proo f of Theorem 8. 8 o f [94]. ) Then , th e firs t clai m of the lemm a follows . 
The secon d clai m is obvious. • 

We recal l Borel-Rit t type theorem, du e to Majima [53 ] for his strongly asymptot -
ically developable functions, an d du e t o Sabbah [72 ] in this framework . 

Proposition 3.1.10 (Theorem 2.2 of [53], Proposition 1.1.16 of [72]) 
Let Q  G  7r-1(i}). Le t f G  A ( Z ), where Z denote s a  close d neighbourhood o f Q i n 

7r~1(D). Then , we have a neighbourhood U  ofQin X ( D ) an d a  holomorphic functio n 
F G  A ( U) suc h that F^v =  f\zv , where Zv := Z D U. 

In particular, A ( Z ) i s isomorphi c t o \ imA(U)/Tz , wher e lz denote s th e idea l of 
A ( U ) whic h consists of the holomorphi c functions f  suc h that f\z =  0 . • 

Remark 3.1.11. —  Assum e that X  =  A n an d D  =  { z \ =  0} . Le t S  b e a  secto r i n 
X \ D an d le t S be the closure of S in X ( D ). W e set Z  : = ^nTr"1^ ). Le t / G  A ( Z ) . 
If w e shrink S  in the radiu s direction (Definitio n 3.4.2), we can take F G  A ( S) such 
that F ^ =  / , whic h can b e shown b y the argumen t i n the proo f of Theorem 9. 3 of 
[94]. • 
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Let U denote an open subset of X(D). Sinc e X(D) i s a C°°-manifold wit h corner, 
we have the wel l defined concept o f C°°-vector bundl e o n U. Le t E b e a C°°-bundle 
on U. Th e space o f C°°-sections of E o n U i s denoted b y C°°(U,E). Assum e we 
are given a differential operator dE : C°°(U, E) -» C°°(U, E ® ft^log  £>) ) such that 
(i) dsif'j) = d{f) -s + f- dE(s) hold s fo r an y /  G  C°°(U) an d s G  C°°(U,E), 
(ii) &E  °  9E =  0 . A  section s i s called holomorphic, i f 8E(S) =  0  holds. W e always 
assume the existenc e of holomorphic local frames o f E around eac h point o f X(D). 

3.1.2.2. Some equivalence. —  Le t Mod(Ox ) denot e th e categor y o f Ox-modules. 
Let Modif {Ox) denot e the ful l subcategory o f №od(Ox) o f locally free (9x-sheaves 
of finite ranks. T o state some equivalence, which would be useful fo r understanding 
of our late r construction , le t us introduce a  category C. 

• Object s of C are tuples { ^ x { d ) ^ d ^ l ) ' -
• ^ x { d ) l s a locally free &x(d)-module . 
• Tf i is a locally free 0g-module. 
• t  is an isomorphism 7r*.Fg and th e completio n of ^ x i p) al°n g 7r~1 C^)-

• Morphism s { ^ ~ ] ^ ^ ^ \ № ) — > (F^^iJ7^,^2"1) ar e pair s o f morphism s 

fx(d) 1  ^ ( d ) ~^ ^%Id) an d f & 1 ~ ^ ^3 wnic h are compatibl e with № 
and ¿(2) . 

We hav e th e functor s F 1 :  Modef(Ox ) - > C  given b y F ^ F ) : = (tt*^* , ,F|g,£), 
where i  denotes th e natura l isomorphism and tt̂ J7 = ^~X T ®1x-\qx Ox^D y W e also 
have the functo r F 2 : C —* Mod(Ox ) give n by F2(Jrx^DyJrg, t) = ^ * ( ^ x ( d ) ^ wner e 
7r* denotes the push-forwar d o f sheaves. 

Proposition 3.1.12. —  Fo r an y ( F x ^ p y F f ) ^ ) G  C, ^*^x(d ) ™  Ox-locally free , an d 
hence the functor F 2 factors throug h Mod^/(Ox) - Moreover , w e have an isomorphism 
Tfy ~  7r*(^rx(jD))|j5 ? whic h induces t . (Not e tha t it i s unique.) 

Proof. —  Le t us sho w the first  claim . Sinc e i t i s a  loca l property, w e consider th e 
case X  =  A n and D  =  \J£i=1{z i =  0} . Moreover , w e will replac e X  wit h a  smalle r 
neighbourhood o f the origi n without mention , i f it i s necessary . 

Let { ^ r x { d ) ^ d ^ i ) ^  Le t v b e a  frame o f T ^. Le t Q be any poin t o f 7r_1(D). 
According t o Propositio n 3.1.10 , w e can tak e a  smal l multi-secto r S  o f X \  D  an d 
a fram e v s o f Fx(d)\s suc ^ tna t W  =  7r~1^ ' ( ") Q  ̂ s contained i n the interio r 
part o f 5, wher e S denotes the closur e of S in X ( D ) , an d Z  := 5 fl 7r-1(D). 

We tak e a  covering X \  D  =  U^L i b y multi-sectors o n which we have frame s 
as above . W e take a  partition o f unity (x P | p —  1,..., N) subordinate d t o th e 

covering such that P \P are polynomial order in \zjl \ (j = 1,... , £) for each differential 
operator P o n X. W e obtain a  C°°-frame vc°° o f ^ ^ ( D) give n by vc°° : = S^S p Xp > 
or more precisely, vc~,t = ExP^p, r 

ASTÉRISQUE 340 



3.1. PRELIMINARIE S 81 

Let S b e a  smal l multi-secto r o f X \  D,  an d le t vs b e a s above . Le t Cs b e 
a matrix-value d functio n o n S determine d b y vc° ° =  vs (I +  Cs), wher e I i s th e 
identity matrix . 

Lemma 3.1.13. —  ^s\ z ~  0-

Proof. —  Le t Cp be determined on SDSP by vsp = ^5 (J + Cp). Then , C^^^r =  0. 
By ou r choice of the partition o f unity (xP) , we obtain C s ^ =  0 . • 

Let A  be the matrix valued (0 , l)-form determine d by dv 

Lemma 3.1.14. —  A  gives a  matrix-valued C°°-function on X, an d A^ g =  0 . 

Proof —  B y Lemma 3.1.13, fo r eac h smal l multi-secto r 5 , dvCoo ^ =  vsdC s = 
vc°°\s (I + Cs)~1dCs- Hence , A^ = 0  for each S. Then , we obtain the claim of the 
lemma. • 

Let E  b e the C°°-vecto r bundl e o n X, which is the extensio n o f ^ x ( d ) \ x \d k y 
the fram e vc°° - Accordin g to Lemma 3.1.14, th e d-operato r o f E\x^d i s naturall y 
extended t o a  d-operato r o f E i n C°° , i.e. , the holomorphi c structure o f E\x^d 1s 
prolonged t o tha t o f E. Le t £ denot e th e shea f o f holomorphic sections o f E. B y 
construction, w e have a natural isomorphism £ ~  ^*^x(D y Thus , the firs t clai m of 
Proposition 3.1.12 is proved. 

By Lemm a 3.1.14, vcoo 0 naturall y give s a  frame o f £^. B y the frame s vcoo 0 
and w e obtain a n isomorphism Tg ~ £^g , which induces i . • 

Corollary 3.1.15. —  Th e functors F \ an d F 2 ar e equivalenc e of categories, an d the y 
are mutually quasi-inverse . • 

We giv e some complements. 

Lemma 3.1.16. —  F i ( i = 1,2 ) preserv e dual , tenso r product an d direc t sum. 

Proof —  B y construction, th e functo r F \ preserve s dual, tenso r produc t an d direc t 
sum. Then , by Proposition 3.1.12, F2 also preserves dual, tenso r produc t an d direc t 
sum. • 

3.1.2.3. Decen t of a family o f meromorphic g-connections. — W e use the settin g in 
Subsection 3.1.3 . Le t T b e a  locally free 0^-module 0 f finite rank. W e set k* T \— 
° x { w ) tc~ ^ J~. 

Lemma 3.1.17. —  Le t ^ x ( w ) :  7r*̂ * 7r*(̂ r ^ ^ # / / c ( * ^ ) ) ̂ e a  mesomorphi c 
g-connection o f n*?7. Then , ther e exist s a  meromorphi c g-connection B o f T suc h 
that ^>x{w) = 7r*1D)-
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Assume moreover that we are given a  meromorphic g-connection o f suc ^ 
that 7T*D^ equal s the completion oflbgiw) alon g tt~1(W). Then , the completion o/D 
equals . 

Proof. —  Le t P  b e an y poin t o f X . Le t /  b e an y sectio n o f T o n a  neighbour -
hood X p of P i n X . I f Xp is shrunk appropriately , ther e exist s a  number N  suc h 
that 0^^(71-*/ ) give s a  sectio n o f ^"(J7 ® Q} x i K ( N V )) o n tt~1(Xp) . Becaus e 
7r*7r*(^(g) Q}X/1C(NV)) ~  F  Q Q ^ / ^ N V ) , D^(r>)(?r*/ ) naturall y give s a  section of 
.T7® Q}XiK{ND) o n Ap . Thus , we obtain a  map of sheaves D : T — » J7® Q^yA:(*P) . 
We ca n observ e that i t i s a  meromorphic ^-connection , an d satisfie s 7r* D = ^ x { p y 
and thus the first claim is proved. 

If we are given a meromorphic ^-connection o f a s in the second claim, we 

have t t ^ D ^ ) =  ^x{w)\k^Hw ) =  7r*(D|f?) ' an d henc e bw =  b\w ' thu s W E OBTAI N 
the second claim. • 

3.1.3. Order s o n a  goo d se t o f irregular values . —  Le t X — » /C be a  smooth 
fibration of comple x manifolds. Le t V be a  normal crossing hypersurface o f X such 
that al l intersections o f irreducible components ar e smooth ove r /C . Le t g be a holo-
morphic function o n /C such that d g is nowhere vanishing on /C ° := £_1(0). W e put 
A * : = # Xj c /C°, V° := £> £ ° an d W  := A'0 U V. Le t tt :  ^ ( W) A T denote th e 
real blow up . 

Let XpLKJK c Ox,p(*D)/Ox,p b e a  goo d se t o f irregular values , where P g  T> . Fo r 
each Q  g  7r_1(P) , w e shall introduc e a n orde r (simpl y denoted b y ^ q ) on th e 
set Xp. W e can take a coordinate neighbourhood (Xp , z \ , . . ., zn) around P suc h that 
VP =  X p fl £> is expressed as U L i i ^ =  0} , an d that XP c M ( X P , V P ) / H ( X p ) . W e 
take a lift a  g M ( X P , V P ) fo r each a g Xp. W e put W > : = VPUX%>. Fo r each distinct 
a, b g Xp, we put 

(40) Fa, b := - R e O r 1 ^ - b )) \ Z - m d ^ e \ . 

It naturall y induce s a  C°°-function on ^ p ( W p ) . 

Definition 3.1.18. —  Le t Q  g  tt~1(P) . W e say a  < q b  for distinc t a , b g  Xp , if 
Fa?b(Q) <  0 . W e say a^eQb fo r a, b g XP, i f a <eQ b or a = b . • 

It i s easy to check that the conditio n is independent o f the choic e of a coordinate 
system and lift s a . W e will denote it by ^q, whe n g is fixed. 

Notation 3.1.19. —  Later , we will also use the relation ̂Q A for a subset A c Xp(Wp) , 
defined a s a  <e A b <=> Fa? b < 0  on A d 7r_1(Pp) fo r a , b g Xp, wher e A denotes th e 
closure of A in XP(WP) . • 

ASTÉRISQUE 340 



3.2. GOOD MEROMORPHI C £-FLA T BUNDL E 83 

3.1.3.1. Fo r any given C°°-manifold (possibl y with corners), we mean by a "compact 
region" the closur e o f a relativel y compact connecte d ope n subse t whic h is a  C°°-
manifold wit h corners . Le t IL(X(W))  denot e th e se t o f compact region s in X(W). 
For an y poin t Q  G  X(W), le t II(Q,X(W))  denot e th e se t o f U G  II(X(W)) suc h 
that Q  is contained in the interio r part of U. 

Let X —  (Xp  | P G  V) b e a good syste m o f irregular values . Fo r Q  G 7r_1(P), le t 
IL{Q,X(W),I) denot e the se t o f U G  II(Q,X(W))  suc h that, fo r any a , b G  IP, w e 
have a ^g b  Fa^  ^  0  on U. Th e following claims are clear. 

• I f U G il(<2, # (W0) i s sufficiently small, it i s contained in X{W),T). 
• Fo r a  give n G  il(Q, Af(W^),X) , w e have a  b  if and onl y i f Fa^  ^  0  on 

U\7r-\W). _ 
• Le t U  G  il(Q , X(W),T).  Fo r Q'  EUN  ir~L{V),  th e natura l ma p 

(-̂ tt(Q)' ̂ q ) —• (^(QO'^Q') 

is order preserving. 
We wil l often denote il(Q , X(W))  an d il(Q , X(W),X)  b y il(Q) an d i t (Q,X ) i f there 
is no risk of confusion. 

3.2. Good meromorphic £-flat bundle 

In thi s section , w e state a  theorem an d som e propositions. The y wil l b e proved 
in Section 3.7. (Se e Subsection 3.7.8.) W e use the followin g settin g unles s otherwise 
specified. Le t X —> /C be a smooth fibration of complex manifolds. Le t V b e a normal 
crossing hypersurface o f X suc h that an y intersections o f irreducible components ar e 
smooth ove r /C. Le t g  be a  holomorphi c functio n o n /C such tha t do  i s nowhere 
vanishing on JC° := £_1(0). W e pu t X°  :=XxKK?,  V°  :=  VxKK? an d W :=  X°UV. 
Let 7r : X(W) —> • A* denote the rea l blow up. 

3.2.1. Full Stokes filtration. —  Le t (£,B) b e an unramifiedly good meromorphic 
£-flat bundle on (A, V). W e pu t 7r* £ := ^^-K-^Ox^xiyvy  wmc n is an ^x(w)(*^~ 
module. Fo r each Q  G  7r_1(P), le t 7T*£ Q denot e the ger m at an d TT*£| Q denot e 
the formal completion. In the following , Irr(B ,7r(Q)) i s also denoted by Irr(B, Q) for 
simplicity of the description . 

The irregula r decompositio n of (£,ID)|^~ induce s TT*£| Q =  0aeirr(B Q ) W e 
put 

3?(***l<5) 
IYIUHJJ 

LKJHH 

Theorem 3.2.1. —  For  any Q G  TT 1{T>),  there exists a B-flat filtration TQ  of  TT*£Q 

indexed by (lrr(B,Q), ^Q) with  the following properties: 
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• Gr^Q  (7T*£Q) are  free O  ^^W^V)Q-modules of  finite rank,  and f$ (n*  £Q)\Q = 

CE,l) := {a7 

• lj  we  take a small  UQ G lrr (LDJJ, (see  Subsection 6.1.6 for trie  notation^ 
we have  the filtration of  7R*£\uQ, which induces J7®{'K*£Q).  The  filtration i 
also denoted by .  For  any Qf  G UQ fl 7r_1(2}) , we  have the induced  ftltro 
tion of-K*£Q>.  Then,  and  are  compatible over (lrr(B , Q), ^ g) -
(Irr(D,Q'),<SO-

The conditions characterize the system of  filtrations (F®  | Q G n 1  (£>)). If  g(Q)  ^  0, 
the first property  characterizes the  filtration . 

The filtration s ar e calle d the ful l Stoke s filtration o f £ a t Q.  I t i s also called 
the Stoke s filtration, i f there is no risk of confusion. 

Remark 3.2.2. —  Suc h a  filtratio n appeare d i n th e classica l work s on meromorphi c 
flat bundles on curves, for example [56] and [57]. (See also [25].) T . Pantev informed 
that i t i s calle d "Deligne-Malgrang e filtration". W e keep ou r terminolog y "Stokes 
filtration", partiall y because we use "Deligne-Malgrange" in a different meaning . • 

Let P  G V wit h a small neighbourhood XP.  Le t U G ii(XP(WP)). Le t b e th e 
order on Irr(B, P) define d as follows : 

a < £ b4=^aQ bQ  (VQ eUn 7r_1(£>)). 

Here, aQ,b Q G Irr(B, 7r(Q)) b e th e induce d elements . Th e us e i s consisten t wit h 
Notation 3.1.19 . 

If -K*£\U  ha s a  B-fla t filtratio n Tu  indexe d by ( l r r ( B , P ) , ^ £ ) wit h the followin g 
property, which is called a full Stokes filtration o n U: 

• Le t Q be any point o f U D 7r~1(T>). W e have the induce d filtratio n Tu  o f 7T*£Q. 
Then, an d fQ  ar e compatible over ( l r r (B ,P ) , - > (lrr(B, TT(Q)) , ^ Q ) . 

Such a filtration i s uniquely determined i f it exists , by Lemma 3.1.3. 
For a  multi-sector S  of X \ W,  i f a full Stokes filtration for S exists , it is also called 

Stokes filtration fo r S. 

3.2.2. Functoriality. —  Le t (£i,Bf) (i  = 1 ,2 ) be unramifiedly goo d meromorphi c 
p-flat bundle s on (X,V). 

Proposition 3.2.3. —  LetF  :  £\ —•>  £2  be  aB-flat morphism.  For  simplicity,  we  assume 
£/m£lrr(Bi)Ulrr(B2) is  also good,  i.e., Irr(Bx, P) Ulrr(B2, P) is  good for each  P eV. 
Then, for  each  Q  G -K~1(V), the  induced  morphism K*£\Q  —»  TT*£2Q is  compatible 
with the full Stokes  filtrations. 

Proposition 3.2.4. —  jyirr(Bi ) 0 Irr(B2 ) is  good, we have 

CE,l) := {a7CE,l) := {a7CE,l) := {a7 

CE,l) := {a7 
^ ( ^ l , 0 ) ® ^ ? A ( ^ 2 , Q ) . C E , l ) : = { a 7 
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/ / I r r (Di) ®  Irr(D2) is  good, we have 
CE,l) := {a7CE,l) := {a7CE,l) := {a7CE,l) := {a7CE,l) := {a7 

Proposition 3.2.5. —  Le t (£, D ) b e an unramifiedly good g-meromorphic flat bundle on 
(A,£>). Th e Stokes filtration of (£V,DV) a t Q e ^ ( V ) i s given a s follows : 

3?cE,l) := {a7 
VDGH 

cE,l) := {a7 ± 

3.2.3. Characterizatio n b y growt h orde r (th e cas e g(Q ) ^  0) . — Le t (£,B ) 
be a n unramifiedl y goo d meromorphi c £-fla t bundl e o n ( X , V ) . Le t Q  G  7r~1(V). 
Take a small neighbourhood U G iX(Q,Irr(D)) an d a  frame v  of £\y. A  D-flat section 
of £\u\tt-1(w ) is expressed a s /  =  J2f j v h where fj €  Ou^-1{w) - Le t / denot e th e 
tuple ( f j ) . 

Proposition 3.2.6. —  Assum e g(Q ) ^  0 . W e have f  G  J^£\u^-^(v) i f an& °nty tf 
|exp(^_1a)/| i s of polynomial order onl i \ 7r_1(X>) . 

Remark 3.2.7. —  Le t ( z i , . . . , zn ) b e a coordinate system around ir(Q ) suc h that D is 
expressed a s ( J i= i{ ^ —  0} aroun d ir(Q) . W e say that a  function F  o n Uq \ 7r~1(X> ) 
is of polynomial order, i f |F| = 0(111= 1 l^ | - iV) for  some n >  0 . • 

3.2.4. Th e associated grade d bundle . —  Le t P G  V. For each Q G 7r_1(P), we 
have Gr^(7r*£|^Q,I]) ) o n a  smal l neighbourhood Uq o f Q in A^VT) . Althoug h the 
filtration depend s on Q, the system |  Q G 7r_1(P)) satisfie s the compatibility 

condition. Hence , by varying Q G  n~1(P) an d gluin g Gr^Q(n*£\uQ,O) , w e obtain 
the associated grade d locally free 0^^(*P) -module with a flat ^-connectio n 

Gr^(7r*<f7r-1(P),D)= 0  (Grf(7r '^- i (P)) ,D0 ) 
aGlrr(D,P) 

on a  neighbourhoo d o f 7r-1(P) . B y taking th e push-forwar d vi a 7r , w e obtain a n 
O^-module with a flat ^-connectio n 

G v ^ ( £ P , 3 ) = 0  (Grf (£P) ,D. ) 
aGlrr(D,P) 

on a  neighbourhood Ap of P. 

Proposition 3.2.8. —  Gr^"(£p,D ) i s a  grade d meromorphi c g-fla t bundl e satis -

fying GrJF(7r*£7r-i(p),D ) ~  7r * G r ^ f p j D ) . VF e ftave a  canonica l isomorphis m 

Gr^(£p,D)lP~(£p,D) |P . 

In particular , each (Gr f (£p),B0 ) a ) is a regular meromorphic £-flat bundle . 
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3.2.4-1- Functoriality . —  Le t — » (£2^2) b e a  morphis m o f unramifiedl y 
good meromorphic ^-flat bundles. Fo r simplicity, we assume Irr(Di, P) Ulrr(D)2, P) is 
good. Then , we have the induce d morphis m o n a neighbourhood o f P: 

Gr^(f1|P) —  g / ( £ 2 , p ) . 

If Irr(Di , P) ® Irr(D2, P) is good, we have the followin g canonica l isomorphis m o n a 
neighbourhood o f P: 

Gr^((£i ®  £2)p) ^  Gr^(fi>P ) 0  g / ( £ 2 , p ) . 

If Irr(Di , P) 0 Irr(D2 , P) is good, we have the followin g canonica l isomorphis m o n a 
neighbourhood o f P: 

g / ( ( ^ i © 5 2 ) p ) - g / ( £ 1 ) f ) © g / ( V ) . 

For a n unramifiedl y goo d meromorphi c £-fla t bundl e (£ ,B) , w e have th e followin g 
canonical isomorphism o n a neighbourhood o f P: 

g / ( £ ^ g / ( £ p ) v . 

3.2.5. Lattice . — Le t E b e an unramifiedly goo d lattice of (£,D). W e set -k* E := 
7r_1(E) (8^-10* W e have the induce d filtratio n o f tt*Eq c  7t*£q . 

Proposition 3.2.9 
• Gt:f(tt*Eq ) i s free a s a n O  ^-module. 

• W e have th e induce d lattic e Gv^i^Ep ) o f Gr^(£p). I t i s functorial wit h respec t 
to morphism, tenso r product, direc t sum an d dual . 

3.2.6. Splitting . —  W e give some statements for splitting of full Stokes filtrations . 

3.2.6.1. Fla t splitting . —  First , w e consider ID-fla t splittings . Le t (£ ,B ) be a n un -
ramifiedly goo d meromorphic £-fla t bundl e on ( X , V ) . 

Proposition 3.2.10. —  Assum e g(Q ) ^  0 . W e can find a  3-flat splittin g o f ,  i.e. , 
we ca n find a 3-flat decompositio n it*£q =  ©aGirr(B,(5 ) 7r*^q,a such that ^?(tt*£q) = 

cE,l) := {a7cE,l) := {a7 

Let E  b e an unramifiedly goo d lattice of (£,D) . 

Proposition 3.2.11. —  Assume g(Q ) ^  0 and tha t E satisfie s th e non-resonanc e con -
dition, i.e. , fo r distinc t eigenvalue s a  an d /3 of R e s p ^ - 1 ©) w e have a  — (3 0 Z. 
Then, w e can find a  H)-flat splittin g tt*Eq = ©aGirr(p?q) ?rcE,l) := {a7 

Note tha t w e have the followin g natura l isomorphisms o n a  neighbourhoo d o f Q 
with g(Q ) ^  0, for the direc t summands of the abov e decompositions: 

7T*£q,a ^ 7T * Grf (£„(q)) , 7r*£g,a ~  7T * G r f ( ^ ( Q )) 

For example , we can take a nice frame of tt*Eq b y lifting a nice frame of Gt ' f (E^q) ) . 
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If V  i s smooth , w e do not hav e to impos e additional assumption s such as "non -
resonance" and uq(Q ) ^  0" . 

Proposition 3.2.12. —  Assum e that n(Q ) i s a  smooth point o fV . Then , w e can find 
a B-flat splitting o f (^Eq^J7®) an d hence (tt*£q, 

3.2.6.2. Partiall y flat splitting. —  W e conside r rough splittings in more general situ-
ations. Becaus e the claims are local, we us e the setting and the notation in Subsection 
2.4.2. Le t (£,B ) be a  good meromorphi c £-fla t bundl e o n ( X , V ) wit h the goo d se t 
of irregula r value s 1  C  M ( X , V ) / H ( X ) , whic h ar e lifte d t o M ( X , V ) . Le t E  b e 
an unramifiedl y goo d lattice . Fo r simplicity, we assume that th e coordinat e syste m 
( z i , . . . , zn ) i s admissible for T. Le t p be determined by the followin g conditions: 

ordp(a) <  0 (V a G 2", M i  ̂p) , ordp+i(a ) =  0  ( 3 a G  I ). 

Let B^ p denote the restriction o f B to the (21, . . . , zp)-direction. 

Proposition 3.2.13. —  Fo r an y Q  G  7r-1(P^) 7 w e ca n fin d a  B^p-fla t splittin g o f 
(tt^Eq^J7^). I t induce s a  B^p-fla t splittin g o f T®'(n*Eq>) fo r Q ' containe d i n a 
sufficiently smal l neighbourhood of Q. 

We giv e a  mor e refine d statement . Le t * B ( i ^  p  - f 1 ) b e th e induce d flat 
o-connection on E\x> . wit h respect t o zi . (Se e Subsection 2.2.1.1 ) Assume that Eyp. 
(i >  p + 1 ) are equipped with 2  B-flat fil t rat ions lF. 

Proposition 3.2.14. —  Fo r an y Q  G  7r~1(T>i) , w e ca n fin d a  B^p-fla t splittin g o f 
(ir*E,TQ) o n a neighbourhood Uq whic h is compatible with lF an d Res^(B) . Namel y 
we hav e a B^p-flat splitting -k*E\Uq =  ®aexn*Fa,u Q such that ( i ) Res^(B ) preserve s 
^EaMQlUQnn-i{Vi), (ii ) {F a =  0aGX*F a n^EaiUQ. 

We giv e some complements. 

Proposition 3.2.15. —  Assum e g(Q ) 7 ^ 0. IfU. q i s a  sufficiently smal l neighbourhood 
ofQ, an y B^p-flat splitting of (E, TQ ) o n Uq \ -k~x{V ) ca n be extended to a B^p-flat 
splitting o n Uq . 

The followin g proposition is a refinement o f Proposition 3.2.11. 

Proposition 3.2.16. —  Assum e g(Q ) ^  0 . I f we hav e a —  ( 3 $ Z for distinc t eigenval-
ues a an d /3 o/Respi(o~1B) ( i ^ p  + 1) , the n we can find a  B-flat splitting o f tt*Eq 
compatible with lF ( i ^ p  + 1). 
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3.3. Good meromorphic £-flat bundle at the level m 

In thi s section , w e state som e propositions o n Stoke s filtration s a t th e leve l m. 
The proo f wil l be given in Section 3.6. (Se e Subsection 3.6.7. ) W e use the settin g in 
Subsection 2.6.3 unless otherwise specified. Namely , let Y b e a complex manifold with 
a simple normal crossing divisor V'Y. Le t /C be a complex manifold with a holomorphic 
function g  such that dg  is nowhere vanishing on /C ° : = g~1(0). Le t X \—  A ^ x 7 x / C , 
Vzj : = {Zi  =  0 } and Vz  :=  \J^=1Vz4.  W e also pu t VY  : = A * x V'Y  x  K  an d 
V :=  VZUVY. Fo r any subset I C  fc, we pu t Vzj  :=  f]ieI T>z4.  W e se t X° :=  XXfcK,0 
and W  :=  X° U  VZ. Le t T T : # ( W0 #  denot e the rea l blow up of X alon g W. 

3.3.1. Orders on weakly good sets of irregular values at the level m 

Let m G  Z<0. Le t X be a  weakl y good se t o f irregular value s on (X,V)  a t th e 
level m.  W e put Fa? b : = -Re(^_ 1 (a - b)) |£>z~m| for any distinc t a, b G  X. The y 
naturally induc e C°°-functions on A ' ( W ) . 

Notation 3.3.1. —  Le t A be any subset of X(W). Fo r distinct a, b G  X, w e say a <eA b 
if Fa,b(Q ) <  0  for an y Q  G  A. W e say a êA b for (a, b) G  X2 if either a <QA b or 
a = b holds. Th e relation ^  give s a  partial orde r on X . W e use the symbo l ^p i n 
the cas e A  —  {P}.  (W e wil l use the symbo l ^p instea d o f ^p, i f there i s no risk of 
confusion.) • 

Let X  be a  weakl y good se t o f irregula r value s a t th e leve l m.  Fo r an y /  G 
M(X,T>Z), X'  := {a — / | a G  X } i s also a weakly good se t o f irregular value s at th e 
level m. Th e natural bijection obviously preserves the orders ^ A for any subset A  of 
X(W). 

For Q  G  T T " 1 ^ ) , le t U(Q,X(W),1)  orJi(Q,X ) denot e the se t o f U G  il(Q, X(W)) 
such tha t < Q =  I f G  il(Q , <V(W) ) i s sufficientl y small , i t i s containe d 
in U(Q,X(W),1).  Fo r an y poin t Q'  G  TT~1(V) D  th e ma p (X , ^ ) ( X , ^ , ) 
preserves the orders . 

3.3.2. Stokes filtration at the level m.  —  Le t (£,D ) b e a  meromorphic £-fla t 
bundle o n (X,V)  wit h a  weakly good lattic e (E,l)  a t th e leve l (m , i (0)) . Th e re-
striction o f D to the A^-directio n is denoted by D2. Let TT  :  X(W) -+  X be  the rea l 
blow nn. W e have the decomposition induced bv (36) : 

CE,l) := {a7 

a<El 

rp ____ 
7T_1 (W),a* 

Proposition 3.3.2. —  For  any Q  G  TT 1(DZik),  there  exists a unique U)-flat filtration 
OJ-K*£Q indexed  by (X , ^ g ) with  the following properties: 

• It  comes  from a filtration of-K*EQ such  that  Gr (TT*EQ)  is  a locally free Og(py 
module. 
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3.3. GOOD MEROMORPHIC £-FLAT BUNDLE AT THE LEVEL m 89 

• Take  U G i l(Q,X) on  which is  given. Then  we have 

CE,l) := {a7 
Un7r-1(W) ' b^Qa 

rp _____ 
TT-1(W),a\W 

The filtratio n i s called a Stokes filtration a t th e leve l (ra,i(0) ) (o r simply a t 
the leve l m ). 

Proposition 3.3.3. —  Tak e U G  il(Q,X) o n whic h i s given . Fo r an y Q ' G  U fl 
tt~l(Vz^k), th e natural morphism (7t*£q/ , J7®) — > (tt^Eq^J7^ )  i s compatible. 

Remark3.3.4. —  Le t U G  ii(<?(W0). I f tt*£|W has a  D-flat filtratio n T u indexe d by 
(X, ^ ) wit h the followin g property , which is also called a Stokes filtration o n U: 

• Le t Q be any point of Ur\7r~1(T>z^k). W e have the induced filtration Tu of 7t*Eq. 
Then, ^w and TQ are compatible over (X , ^ ) — • (X, ^ q ) . 

Such a  filtration i s uniquely determine d i f it exists , b y Lemma 3.1.3. Fo r a  multi -
sector S of X \ W , i f the Stokes filtration for S exists, it is also called Stokes filtration 
for 5 . • 

3.3.3. Functoriality . —  Le t (<%,Bi ) ( i = 1,2 ) b e meromorphic _>fla t bundle s on 
( X , V ) wit h weakly good lattices (Ei,Xi) . 

Proposition 3.3.5. —  Le t F :  £\ — * £2 be a H)-flat morphism. Fo r simplicity, we assume 
that Xi UX 2 i s weakly good at th e leve l (m, ¿(0)). Then , for eac h Q G 7r-1(^,fc)> th e 
induced morphis m tt*£i q — > ?r*£2Q i s compatibl e wit h th e Stoke s filtrations a t th e 
level m. 

Proposition 3.3.6. — IfX i (g)X 2 i s weakly good at th e leve l (m, ¿(0)), w e /ia^e 

(7t*(5l®f2)Q) : 
oi+û2=a 

^(^fl1<3)®^?a(7r*f2,0) . 

J/Ii ©^ 2 i s weakly good at the level (m,i(0)), we  have 

CE,l) := {a7CE,l) := {a7 CE,l) := {a7CE,l) := {a7CE,l) := {a7 

Proposition 3.3.7. —  Let  (£,B ) be  a g-meromorphic  flat bundle  on (X,V)  with  a 
weakly good  lattice  (E,X) at  the  level  (m,¿(0)). The  Stokes  filtration of  (£v,Ov ) 
at the level m is  aiven as follows: 

CE,l) := {a7 

b^-aGHG 

CE,l) := {a7LL 
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3.3.4. Characterizatio n b y growt h order . —  Le t (£,B ) and E  b e a s above. 
Let v  b e a  fram e o f E . Le t Uq G  i l ( Q , l) b e sufficientl y small . Fo r an y B2-fla t 
section /  o f E\uQ^n-i(w), we have the expressio n f  =  Y l f j vj - f  '• — (/?')• 

Proposition 3.3.8. —  Assum e g(Q) ^  0 . W e have f G  ,  if and onl y if the following 
holds for some C > 0 : 

l/expO?"1"*)! = 0(exp(C\zm^\ ) \zi(0)\-c) . 

3.3.5. Th e associated grade d bundle . —  Fo r any P G  VZik, we have the associ -
ated grade d sheaf with an induced fla t ^-connectio n on a neighbourhood o f 7r_1(P): 

G r ' V ^ - i ^ B ) =  ©(Grf (7r*^-1(P) ) ,Ba) . 
aex 

By takin g th e push-forwar d vi a 7r , we obtain a  grade d 0,Y(*P)-modul e wit h a  fla t 
^-connection on a neighbourhood o f P: 

Gr^(£P,B) =  © ( G r f ( £ P ) , B f l ) . 

Similarly, we have GrF(7r*i£7r-i(p),B) and Gr:F(£'p,B ) on neighbourhoods o f 7r_1(P) 
and P , respectively. 

Proposition 3.3.9. —  Gr*F(£p,B ) i s a  graded meromorphi c g-fla t bundl e o n a  neigh-
bourhood o f P  suc h tha t GrJF(7r*£7r-i(p),B ) ~  7r * G r ^ f p , B ). W e als o hav e 
Grjr(7r*£;7r-i(p),B) ~tt * Gt*(Ep,B) . 

For eac h a , w e have a  canonica l isomorphis m Gr^r(E,,B)j — ~  (Ea^,B)a) , wher e 

the right-hand side is the direc t summand in (36) . I n particular, (Gr^(£),Ba ) ha s a 
weakly good lattice (Gr^(E) , { a } ) a t th e leve l (m, z(0)) . 

3.3.5.1. Functoriality . —  I f we are given a morphism o f meromorphic £-fla t bundle s 
F :  (£ i ,Bi ) — • (£2,B2) wit h weakly good lattice s (E i , I i ) a t th e leve l (m, i (0) ) , w e 
have the induce d morphis m 

GvT(F) :  Gr^(J5i,Di) —- > Gr^(E2,B2) . 

In particular, we have GrJF(£i,Bi) — > G r ^ ^ j ^ ) . 
If J i 0X 2 i s weakly good a t th e leve l (m , z(0)), w e have the followin g canonica l 

isomorphism o n a neighbourhood o f P: 

Grjr(^1 0 E2 ) ~ Gr^JEi ) ® G r ^ ). 

If X \ 0X2 i s weakl y goo d a t th e leve l (m , i(0)), w e have th e followin g canonica l 
isomorphism on a neighbourhood o f P: 

Gr^(£i ©  E2) ^ GrF(E1 ) © Gr^(£2). 
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Let (£,ID> , J) b e a  weakl y goo d lattic e a t th e leve l (m,¿(0)). W e hav e a  canonica l 
isomorphism o n a  neighbourhoo d o f P: 

Gr:F(Ev)-GT:F(Ey. 

3.3.6. Splitting. —  Le t Vy  =  UjeA^YJ  ^ e ^n e irreducibl e decomposition . Fo r 
each j  G A, w e hav e th e residu e Resyj (D ) o n E\T>Y  .. Assum e tha t w e ar e give n a 
filtration iF  o f EypY.  whic h i s flat  wit h respec t t o th e locall y induce d p-connectio n 

jD. 

Proposition 3.3.10. —  We can  take  a  3z-flat splitting  -K*E\UQ  — © a e x ^ , w Q which  is 
compatible with  Res y 7 ( D ) and  jf {j  G A). 

Proposition 3.3.11. —  Assume g(Q)  ^  0. If the  non-resonance  condition  is  satisfied 
for each  Resyj {Q~1^), we  can  take  a  B)-flat  splitting  compatible  with  ^F  (j  G A). 

Proposition 3.3.12. —  Assume g(Q)  ^  0. IflÀQ  is a  sufficiently  small  neighbourhood 
of Q,  any  U)z-flat  splitting  of  (S,!7®) on UQ  \  7r~1(Vz)  can  be  extended  to  a  3z-flat 
splitting on  UQ  . 

Proposition 3.3.13. —  IfT>z is  smooth  and  ifVy  = 0,  we can  find a  ID-flat  splitting 
ofFQ. 

3.4. Some notation 

3.4.1. W e prepar e som e notatio n fo r th e proo f o f th e claim s i n Section s 3. 2 an d 3.3 . 
Let Sec[J , 8^°\0^] denot e th e followin g close d secto r i n A* : 

Sec[«,0(O),0(1)] '-={zeA*\0< \z\  ^  o  0(o ) ^  a rg (z ) < 0™}. 

Let 7T : A(0 ) A  denot e th e rea l blo w u p alon g 0 . Le t Sec[5, 0(o), denot e th e 
closure o f Se c [J, 0(°\OW] i n th e rea l blo w u p A(0 ) alon g 0 : 

Sec[5,0(°\0W] := Ut,6) ¡0 ^ t  ^  6, 0<°> < 0 O ( 1 ) } . 

We pu t S e c ^ 0 ) , ^ 1 ) ] := 7r_1 (0) D Sec[<J,9^, 6^  . 

Let X  :=  Ak  x Y  an d D  := U i L i i ^ = 0} . I n thi s paper , a  multi-secto r (o r secto : 
for simplicity ) o f X  \  D  mean s a  subse t S  o f th e followin g for m 

;4i) 
jcr 

S e c [ ^ , 0 f x U c (A*) 7 x ( ( A * ) r x y ) , 

where /  C fc, Ic :=  k \ /,  Sec[Sj,6j o \  0j  }]  C AZj  (0) , an d U  denote s a  compac t regio n 
in (A*)/ c x Y.  (W e admi t th e cas e /  =  0 . ) Le t n  :  X(D) -»  X  denot e th e rea l blo w 
up o f X  alon g D.  Th e closur e o f S  i n X(D)  i s denote d b y S. 
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Notation 3.4.1. —  Le t MS{X \ D) denot e th e set of multi-sectors i n X \ D. Fo r a 
point Q G 7r-1(Z)), le t ,M<S((3,^ \ D) denot e th e set of multi-sectors S i n X \  D 
such tha t <3 is contained i n the interior par t o f 5. • 

Definition 3.4.2. —  W e say that we shrink S  =  Yljei  Sec[<5j , 0f\ 0j^]  x U in the radius 

direction, whe n w e replace it with S'  = n i € j S e c $ , 0< ° \ ^  x t / for some #^ 5j.  • 

3.4.2. W e use the setting i n Subsection 3.3 . I f /C° ^ 0 , we implicitly assum e tha t /C 
is a  product Ak x  KJ to consider a  sector o f /C* := /C \ /C° . Becaus e w e are intereste d 
in loca l properties , thi s i s not essential. 

Let X  be a weakly goo d se t of irregular value s a t the level (m,z(0) ) . Le t Sep(a, b) 
denote th e subset (Fa?b)-1(0 ) C  X(W), an d let Sep( J) denot e th e union o f Sep(a, b) 
for pair s (a , b) of distinct element s o f X. 

Notation 3.4.3. —  Le t MS(X \  W,I)  denot e th e set of the multi-sectors S  o f X \  W 
which i s the product of 

sec(oi(o),o(o)i(à),o(l)i(o)c A*zi(o),ulc 

p#i(0) 

A*zp,u2cèxk 

where U\  (resp. [/2) is a compact regio n or a multi-sector o f Ilp^i(o) ^zp  (resP - Yx)C*). 

We assum e |mi(o) l •  | ^ o) ~~ ^(0)1 < 71-5 anc* moreover5 ther e exis t 0 ^ <  0 ^ i n the 

open interva l ] 0 $ ) 5 0 $ ) [ suc h tha t S n S e p ( X ) C  S e c^ ^ j , Oi(o)o),oi(1)0] x J7i x U2.  • 

The followin g lemm a i s clear . 

Lemma 3.4.4. —  We put V°z  . :=  V,k xKJC°. 

• Let Zq  C 7T-LDZK \ ^ ? fc) &e a product  of •k 
p=l 

Sec[0p°\ 0p1 ̂ ] an d a  compact 

region U  o f Y x /C* such  that 

Z0 O  Sep(X) C 
p#i(0) 

Sec[<?W,^sec(o'(o)i(o),o'(l)i(o))xU 

/ o r som e flg <  0 ^ i n ] ^ ( % , ^ ) [ , where  S e c ^ , ^ ] C  AZp(0) . Tafc e sti/-

ficiently small Sp > 0 (p = 1,..., k), and put S := Ilp=i Sec[op, 0p°\ 0P^] x [7.  

then, scms(x/w,I). 
a s s u m e / C = A , x  K!'.  Let  ZQ  c TT"1 (DOX,K) 6e £/ie p r o ^ c t of  Sec[0^\  0i1} ] x 

P=I 
Sec[0p°\ 0p^l an d a compact  region  U  of  Y x  K! such  that 

Z o n S e p ( X ) c S e c [ 0 f , 0 ^ ] x 
p/2(0) 

S e c ^ ^ x S e c ^ o(à)i(à)xu 

for some oi (0) 
P < /,'(1) zn 1^(0)' ^(O)l' where S e c [ % ° \ 0 n C  2L(0) . Tafc e suffi-

ciently small  ô\ >  0 and <L > 0  (p = 1 , . . . , fe). W e pu* S :=  Sec[6\, 0 l ° \ o(l))y x 

P=I 
Sec[£p,0pU;,0pi;] x  U. Then,  S £  MS(X \  W , J ) . 
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Notation 3.4.5. —  Fo r Q  G n l(Vz^k),  le t MS(Q,  X  \  W,X)  denot e th e se t o f multi -
sectors S  G MS(X \  W,X)  n MS(Q,  X\W)  suc h tha t S  G i l (Q, X(W),X).  • 

We obtai n th e followin g lemm a fro m Lemm a 3.4.4 , whic h wil l b e use d implicitly . 

Lemma 3.4.6. — Let  Q  be  any  point  of  7r~1(Vz^k). LetU  be  any  neighbourhood  of  Q 
in X(W).  Then,  there  exists  S  G MS{Q, X  \  W,I)  such  that  S  C U.  • 

The followin g lemm a i s clea r b y th e condition , whic h wil l b e als o use d implicitly . 

Lemma 3.4.7. — For  any  S  G MS(X  \  W,X) , there  exists  Sr  C S  such  that 
(i) S'  G MS(X  \ W,I),  (ii)  S'  H TT-^V.J)  =  0  (j  ^  ¿(0) ) and  S' n T T " 1 ^ 0 ) = 0 , 

(Hi) ^ | =  <os''  • 

3.5. Preliminary in the smooth divisor case 

In th e followin g sections , TT*E  an d TT*E  ar e denote d b y E  an d £ , i f ther e i s n o 
risk o f confusion . W e us e th e settin g i n Sectio n 3. 3 wit h k  =  1  an d Vy  =  0, i.e. , 
X =  AZl  x  Y  x  / C and d  =  {0 } x F x L W e als o assum e tha t g  i s nowher e vanishin g 
on /C . Le t 7r : X{V) — > A* denote th e rea l blo w u p alon g V.  Fo r a  multi-secto r 5  i n 
X \  V,  le t S  denot e th e closur e o f S  i n X(V),  an d th e intersectio n S  f l 7r_1(P) i s 
denoted b y Z.  I n th e following , ^ | an d < | ar e denote d b y ^5 an d < s , respectively . 

3.5.1. Existence of a decomposition. — Le t m G Z< Q. Le t X be a goo d set 
of irregula r value s o n (X,V)  a t th e leve l m . Le t (E,Ib,X)  b e a  goo d lattic e o f a 
meromorphic ^-fla t bundl e a t th e leve l m.  W e hav e th e irregula r decompositio n a t 
the leve l m: 

(42) (e,d)ID= 
aEI 

(Ea,Ba). 

Lemma 3.5.1. —  For any  S e MS(X  \  T>,I),  we  have  a  decomposition  of  E,g 

(43) est 
qcz 

Ea,S 

such that  (i)  flat  with  respect  to  dZl,  (ii)  the  restriction  to  Z  is  equal  to  the  pull-back 
of the  irregular  decomposition  (42 ) on  V. 

Proof —  W e closel y follo w th e s tandar d argumen t (Chapte r 1 2 of [94], fo r example) . 
We giv e onl y a n outline . Le t w =  (uli)  b e a  fram e o f E^  whic h i s compatible wit h th e 

decomposition (42) . Whe n Wi G EA, w e pu t a(i) : = a . Le t Mr{C)  denot e th e spac e 
of r - t h squar e matrices , wher e r  =  rank-E . Le t Ma^  denot e th e se t of  A  &  Mr(C) 
such tha t Aij  =  0  unles s a(i) —  a an d a(j) =  b. Thus , w e obtai n th e decomposition : 

(44) MJC) = 
a,b 

MQ;b. 
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We have the natura l isomorphis m M a > a ~  ^ r a n k ^ a ( ^ ) - Th e elemen t correspondin g to 
the identit y matr i x i s denoted b y Ia. An y elemen t A  €  M R(C) ha s th e decomposition 
A =  X^^a,b correspondin g t o (44). Le t M R(C)D (resp . M R(C)R) denot e th e subspac e 

of M R(C) whic h consist s o f A suc h tha t A a^ =  0 unless (resp . if ) a = b. An y elemen t 
A e  M R{C) i s decomposed int o A  —  Ad +  Ar, wher e A d £  M R(C)D an d A r G M R(C)R. 

We hav e th e corresponding decompositio n fo r Mr (C ) -valued functions . 
By Propositio n 3.1.10, w e can take a  holomorphi c fram e w  o f n*E\g  suc h tha t 

= T T - 1 (iv)\2-  Le t  ̂ ^ e determine d b y W{z\dZl )w  =  w •  A B y construction, A* 
is of the for m t ^ r a ^ a ) 7 f l + v4$, wher e \A$\  = 0 ( | z i | m + 1 ) . W e also hav e Arz =  0. 

We conside r th e chang e o f th e fram e o f th e for m w'  =  w  (I  +  B)  suc h tha t 
Bf(z1dZl)wf =  w'(A d +  R),  wher e B  =  B r an d i? =  i ? d an d 5 , ^ = = 0. 

The conditio n i s as follows : 

(45) R  =  (A r B) d, A r +  Ad B  + {A r B) r + ZldZlB =  B (A d + R). 

By eliminatin g it! , we obtain th e following equatio n fo r Mr (C ) r -va lued functio n B: 

(46) ZldZlB =  BA d- A dB -  (A rB)r - A r + B {A rB)d. 

Note A r =  O d ^ i l ^ ) fo r any N. B y changing th e variable x  —  z^1, w e can appl y 
Proposition 20.1.1 t o (46). Recal l tha t S  i s of the for m Sec[<S , 9^}  x  U,  where U 
denotes a  compac t regio n i n Y  x  /C . W e can find  solution s 5 an d R o f (45) such 
tha t B  =  Of l s i l* ) an d R =  0(\ Zl\N) fo r any N o n Sec[5' , 0( O ) , x  U.  Sinc e B 
and it ! are holomorphic, w e also obtai n B^  —  0 and =  0. Hence , w e obtain a 
decomposition lik e (43). W e can extend i t to a decomposition o n Sec[£, 0(°\ 0^]  x  U 
by usin g D^ . Thus , w e are done. • 

3.5.2. Stokes filtration at the level m.  —  Le t S  G MS(X \  V,X)  an d a decom-
position =  © a G j ^ a , 5 a s in Lemma 3.5.1. W e define 

Fs

a : = ©  £ b , s , ^ | f l := X) ̂  = © ^ , 5 . 
K s a b < s a b< sa 

Lemma 3.5.2. — F%  is independent  of  the choice  of  a splitting  (43), and  it is  H)-flat. 

Proof. —  Le t E\g =  0 a G j ^ a , s ^ e anothe r splitting . Th e inclusion i a :  Ea,s C 
and th e projection p' b :  E^  —>  E' bS giv e <9Zl-flat morphism s E ajs —>  E' hS fo r any 
a, b. Le t / a 5 b denot e th e composite morphism . W e have f a b ^ = 0 fo r a ^ b by 
construction, an d / a a | g =  id . I n particular , f a^ ar e bounded. Hence , w e obtai n 
fab =  0 unless b ^ a du e to Corollary 20.3.7. 

Let V  be a holomorphic vecto r field  i n the F-directio n o n U. W e hav e the frame s v a 

of E a,s o n S.  Le t pa denot e th e projection E^  —•  E ais- Le t ^ ^ ( V) (a ^ b) be 
determined b y ( p b oD^(V) oi a)va =  vb •  A a^(V). Then , A f l > b(V) |^ =  0 and d^-flat . 
Thus, w e obtain A a^(V) = 0 unless K s ^ due to Corollary 20.3.7. • 
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Lemma 3.5.3. — The  filtration^ indexed  by  (X, ^ s ) is  characterized  by  the  following 
properties: 

• T is  flat with  respect  to  dZl . 

a Z b<va 
ev 

We call  Ts  Stokes  filtration  at  the  level  m. 

Proof. —  Le t Gr a :=fsa  /^*<a , an d le t r (a) : = rankGra . Fo r a  fram e va  o f Gr a o n 5 , 
let Aa  b e determine d b y W >l(dZl)va =  va-Aa,  wher e D { denote s th e induce d famil y 
of th e flat  connection s o f Gra . Then , Aa  i s o f th e for m Q~1dZla  +  A°a  wher e A°a  is th e 
holomorphic sectio n o f g~l  M r(a)(C) (g) Ox(md). 

Let TfS  b e a  filtration  o f E^  o n 5 , whic h ha s th e abov e property . W e se t 
Gr'a : = Tfas' /Fifa, which i s equippe d wit h th e famil y o f connection s Wj  alon g th e 
AZl-direction. Fo r an y fram e v'a  of Gr'a , le t A'a  be determine d b y W/(dZl)v'a  =  va-A'ai 
and the n A'  i s o f a  for m simila r t o Aa. 

We us e a n inductio n o n th e orde r ^5. We pu t TrL := qcc fsa an y subse t 
B C T.  Assum e tha t w e alread y kno w fvb  =  T'bs  fo r an y b  <s  a, an d w e wil l 
show JF f =  pas.  Le t B  b e th e subse t o f J  suc h tha t T'as  C T%  an d F'as  £  fsv 
for an y Bl  C B.  Le t c b e an y maxima l elemen t o f B.  Then , w e obtai n th e flat 
morphism (j)a,c  : Gra  — » Grc . Du e t o Corollar y 20.3.7 , w e obtai n </>a? c =  0  unles s 
a >5 c. Therefore , w e obtai n T'as  C F§  C J7^.  B y compariso n o f th e ranks , w e 
obtain f s v = T'as. Thus , w e ar e done . • 

3.6. Proof of the statements in Section 3.3 

We us e th e settin g i n Subsectio n 3.3. Sinc e w e ar e intereste d i n a  loca l theory , w e 
put Y  :=  A£ , T>Yj  :=  {(j  =  0 } an d VY  :=  \J£j==1  T>Yj  fo r som e 1  <  £  <  n , althoug h 
it doe s no t mat te r unti l Subsectio n 3.6.3. W e pu t 3 : = t t - l (dz ,k ) . in this section, P 
denotes a  poin t i n th e rea l blo w up . Fo r an y multi-secto r 5  i n X  \  W,  le t S  denot e 
the closur e o f S  i n X(W),  an d le t Z  denot e S  f l 7r~1(W). Th e order s ^ | an d < | ar e 
denoted b y ^5 an d <s,  respectively . 

3.6.1. Existence of the Stokes filtration. —  Le t ra G  Z^0 . Le t ( E , D , J ) b e 
a goo d lattic e o f a  meromorphi c £-fla t bundl e a t th e leve l (m,i(0)) o n (X,V).  Th e 
irregular decompositio n (35 ) induce s th e followin g o n Z: 

(47) (e,d)Iz= 
axc 

(ea,da)Iz. 

We pu t T%  := 0 b ^ s a ebIz, an(*tnu s w e °bta i n a  filtration  Tz  indexe d b y ( J , ^5). 

Let U)Z  denot e th e restrictio n o f D  t o th e A^-direction . 

Proposition 3.6.1. —  Take S G  MS(X \  W , J) such  that  S(l3  ^  0. / / w e sufficiently 
shrink S in the  radius  direction,  the  following  holds: 
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• There  exists  a  unique  B)-flat  filtration Ts  of  eIs  indexed  by  (X, < s ) such  that 

J7^ —  jrz^  Moreover,  if  a  H)z-flat  filtration T,s  of  E^  indexed  by  (J, ^5) 

satisfies f'sz =  Tz,  then  T,s  =  Fs. 

• There  exists  a  B)z-flat splitting  of  the  filtration fs  on  S.  Note  that  the  restriction 
of such  a  splitting  to  Z  is  equal  to  (47) . 

• If  g  is  nowhere  vanishing,  any  3Z-flat  splitting  of  Ts  on  S  can  be  extended  to  a 
splitting on  S. 

We call  Ts  the  Stokes  filtration of  ( £ , B ) on  S  at  the  level  m. 

Proof —  W e ma y assum e ¿(0 ) =  1 . W e sho w th e followin g lemm a analogou s t o 
Lemma 3.5.3 . 

Lemma 3.6.2. —  If we  sufficiently  shrink  S in the  radius  direction,  there  exists  a 
decomposition on  S 

(48) E\s = 
xci 

lEa,s 

such that  (i)  it  is  flat  with  respect  to  dZl,  (ii)  its  restriction  to  Z  is  the  same  as  (47) , 
where Z  :=  SHn^iW). 

Proof —  W e closel y follo w th e s tandar d argumen t a s i n th e proo f o f Lemm a 3.5.1 . 
Hence, w e giv e onl y a n outline . W e wil l shrin k S  i n th e radiu s directio n withou t men -
tion. W e tak e a  fram e w = (wa) o f E^  compatibl e wit h th e irregula r decompositio n 
(35) a t th e leve l m. W e us e th e decompositio n o f matrice s a s i n th e proo f o f Lemm a 
3.5.1. 

By Propositio n 3.1.10 , w e ca n tak e a  holomorphi c fram e w o f TT^E^  suc h tha t 
W\g =  TT~1(W).  Le t A  b e determine d b y W  (z\d \)w = w A.  B y construction , Ad  i s 
of th e for m E a t e - ^ i d i a ) Ia  +  Ad,  wher e \Ad\  =  0 (\zmW\). W e als o hav e Arg  =  0 . 

We conside r a  chang e o f frames o f the for m w' = w (I+B)  suc h tha t W  \z\di )w' — 

w'(Ad +  i?) , wher e B  =  Br,  R  =  Rd,  an d B^  =  R\%  =  ° - Then > w e obtai n th e 
equation (45 ) fo r B  an d i? , an d (46 ) fo r B  b y eliminatin g R. 

We us e th e chang e o f variable s x  =  z±  1  an d yi  —  z~+x (i  =  1 , . . . , fc —  1), an d 
yk —  g~l i f KP  7̂  0. B y applyin g Propositio n 20.1. 1 t o (46) , w e ca n find  solution s B 

and R o f (45 ) suc h tha t B  =  OJJlLi \^\N\o\N) and R = °(ULi \zi\N\o\N) for 
any N.  Sinc e B  an d R  ar e holomorphic , w e als o obtai n B^  =  0  an d R^g  —  0. Thus , 
the proo f o f Lemm a 3.6. 2 i s finished. • 

Let S be a s i n Lemm a 3.6.2. We pu t J7^  := v<sa 
ea,s 

Lemma 3.6.3. —  They  are  independent  of  the  choice  of  the  decomposition  (48) , and 
they are  3z-flat. 
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Proof. —  We can take a  multi-secto r Sf  C S  suc h tha t (i ) S' G MS(X \  <i 
(ii) Sf  H 7T—(T)zj) = 0 fo r j  ^ ¿ ( 0 ) an d S' n T T " 1 ^ 0 ) = 0 , (hi ) <s' =  <s'  Then , 

we ca n sho w th e clai m o f the lemm a b y considering th e restrictio n t o S an d b y using 
Lemma 3.5.2 . • 

Let u s consider th e secon d condition . Le t Gr a denot e th e induce d fla t bundl e on S. 
The fram e w'  i n the proof o f Lemma 3.6.2 induces a  fram e va  o f Gra . Le t Ba be 
determined b y 02 , a ^ a — va(dza + Ba). B y shrinking S in the radius direction , we 
may assum e tha t \Bb\  and |J3C| are sufficientl y smalle r tha n |Re(^_1( b — c)) | on 5 for 
any b >s c. Let us consider th e followin g claim : 

A(a) : There exist s a  Bz-fla t splittin g Fsa - vba Eh s °n S. 

We hav e a  simila r clai m ^4(< s a ) on the existenc e o f a Bz-fla t splittin g o f .F<a. 

We sho w A (a) by induction o n the order ^ 5 . I f a is minimal, th e claim A (a) is 
clear. Th e clai m A(<$  a) follow s fro m A (b) fo r any b <s a . Le t us show A (a) by 
assuming A(<s  a) . Le t fa be the morphis m Gr a ~  xEa^s  C .Ff. Then , w e obtai n the 
following morphis m 

D»(/„) : Gra f -s 
<a 

ola 
b<a 

eavooiz. 

We hav e №z(fa)^g  =  0  by construction o f Ts. 
Note tha t S  i s the product o f a multi-secto r Sz  C (A*)k and U c F x T whic h 

is a  secto r o r a compac t region . Th e closur e o f Sz i n Ak contain s 0 . Tak e a  poin t Q 
of Sz.  W e tak e #a, b :  Gra -> EbiS suc h tha t Bz(ga,b)  =  (D2/fl)b , an d #a,b|Qxt/ =  0. 
By sufficientl y shrinkin g S  in the radiu s direction , w e ca n appl y Lemm a 20.3. 1 in this 
situation, an d w e obtain gab^ =  0- W e pu t Ja := fa~J2b<a 9a,b, the n Ja :  Gra 
is B^-fla t an d /fl(tjfl)^ =  va|£. Thus , w e obtain A(a) , an d the second conditio n in 
Proposition 3.6. 1 i s satisfied . 

Assume g  is nowhere vanishing . I f b >s c, any B^-flat morphis m Gr£(E\s)  —• 
G r f (E\S)  ha s the order 0(ex.p(-e\zrn\))  du e to Corollar y 20.3.6 . Then , th e third 
condition i n Proposition 3.6. 1 i s satisfied. • 

Let MS*(X  \  W,T)  denot e th e set of S G MS(X \  W , J) suc h tha t ha s a 
B-flat filtration  ^  a s in Proposition 3.6.1 . I f g  is invertible an d V i s smooth, we 
have MS*(X  \  W , J) =  A 4 « S ( # \ W,I). 

Corollary 3.6.4. — For  any point P  G 3, there  exists  Up  G i l ( P, Af(W), J) snc/i tta£, 
/ o r an?/ 5 G MS(P, X\W,X)  with  S  C Up, there  exists  a  unique 3-flat  filtration  Ts 
of E^  indexed  by  (X, ^ 5) satisfying  the  conditions in  Proposition  3.6.1 . 

Let MS*  (P , X \  W , I) denote  the  set of such multi-sectors.  • 

Remark 3.6.5. —  Eve n i f (£",B ) i s a  weakl y goo d lattic e a t th e leve l (m, ¿(0)) , 
( E n d ( £ ) , B ) i s not necessarily a  weakl y goo d lattic e a t the level (m, z(0)) . W e ma y 
not hav e a  Stoke s filtration  o f End(£ ' ) | ^ fo r S  G MS*(X \  W , J ). However , a s 
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remarked i n Sectio n 3.1.1.3 , th e D-fla t subbundle s FoEn^E)^  an d «F<o End(E)^ 
are wel l defined , an d thi s wil l b e implicitl y used . • 

3.6.2. Compatibility 

Lemma3.6.6. —  Let  5 , S' G  MS*(X \ W,l) such  that  Sf  C  S. 
• The  filtrations Fs  and  Fs  are  compatible  over  ( J , ^ 5 ) — > (X, ^s') in  the  sense 

of Definition  3.1.2 . In  particular,  we  have  Ts  —  Ts if  (T,  ^s)  i>s  isomorphic  to 

(1 ,^5' ) -
» The decomposition EIs aci Eais\s' gives a  Dz-flat  splitting  of  the  filtra-

tion Ts  . 

Proof. — It follow s fro m th e characterizatio n o f th e Stoke s filtrations  (Propositio n 
3.6.1). • 

3.6.3. Splitting with nice property. —  W e hav e th e induce d ^-fla t connectio n 
jB o f E\Vyj.  Sinc e Fs  i s D-flat , Resyj (D ) an d jB  preserv e th e filtration ^ll . 
Assume tha t w e ar e give n filtrations  jf  (j  =  1 , . . . ,£ ) o f E\-pY  whic h ar e preserve d 
by Resy?-(D ) an d jB. 

Proposition 3.6.7. —  Let S G  A4S*(X \  W,X) . We  have  a  3z-flat  splitting  of  the 
filtration Ts , whose restriction  to  S DVyj is  compatible  with  the  residues  Resy)<7-(D ) 
and the  filtrations ^F  for  j  = 1 , . . . , £,  after we  shrink  S in the  radius  direction  appro-
priately. 

Proof. —  Tak e a  larg e numbe r N.  Le t W^  denot e th e 7V-t h infinitesimal neighbour -
hood o f VF. By Lemm a 3.6.30 below, w e ca n tak e a  decompositio n E — acz Ea,N 

such tha t (i ) i t i s th e sam e a s th e irregula r decompositio n a t th e leve l m o n W^N\ 
(ii) th e restrictio n t o Vyj  i s compatibl e wit h ReSj(D ) an d ^F  fo r eac h j  —  1 , . . . ,£ . 

Recall t ha t S  i s th e produc t o f a  multi-secto r Sz  C  (A*)k  an d 5* 0 C  F x T , 
where So  i s a  secto r o r a  compac t region . Th e closur e o f Sz  i n Akz  contain s th e 
origin Oz . Le t So  denot e th e closur e o f 5 o m  th e rea l blo w u p o f Y  x  K  alon g Y  x  tC°. 
Let Q  b e an y poin t o f Sz.  W e hav e th e followin g morphisms : 

(49) •s 
i\QxS0 

Ei QXSQ 
q<sa 

E b,AT|Qx5o* 

If Q  i s sufficientl y clos e t o Oz,  th e composit e o f th e morphism s i n (49) is a n isomor -
phism. Le t Ga  C  F ^QxSo denot e th e invers e imag e o f E^N^QxgQ.  W e ma y assum e 
Fs -= H  Q$ = {0} . Then, gqa  ca n b e extende d t o a  Dz-fla t subbundl e (?£ of E\S. 
If S is shrun k i n th e radiu s directio n appropriately , the y giv e subbundle s o f E^,  du e 
to Corollar y 20.3.9. By construction , i t give s a  splittin g wit h th e desire d property . • 
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3.6.3.1. Special  case  1.  —  W e conside r a  B-fla t splittin g i n th e non-resonan t case . 
We assum e tha t g  i s nowher e vanishing . Le t oc  denot e th e origi n i n Y  =  A™ . Tak e 
S G  MS*(X \  w,i  of th e for m SlxU1x  U2  where S i i s a  multi-secto r i n (A*)f c 
whose closur e contain s th e origin, U\  i s a neighbourhood o f os  i n Y", and U2  is a smal l 
compact regio n i n JC. 

Proposition 3.6.8. —  Assume a—fi £  Z for distinct  eigenvalues  a,  (3 o / R e s y ^ B - ' 
sji(j = 1 , . . . l y  G  [/2). Tftera, w e ftave  a  3-flat  splitting  of  Ts , whose restriction  to 
S fi ÎV, j ^ compatible  with  if for  each  j  = l1 , . . . , £ . 

Proof. — Let Q be as in the proof o f Proposition 3.6.7, where we construct th e Bz-fla t 
splitting o f the filtratio n Ts  on  Q x U\  x [ / 2 . I n particular , w e have th e splittin g 

(50) E\QxOcxU2 — 
aex 

j-,QxOcxU2 

which i s compatibl e wit h th e endomorphism s Res j (B) an d th e nitration s JF 
(j =  1,  ...,£). B y th e assumptio n o n th e eigenvalue s o f Res^(B) , (50 ) ca n b e 
extended t o a  B-fla t splittin g o f Ts o n Q x [ / i X [ / 2 . B y extending i t to a  fla t splittin g 
of Ts  o n S,  w e obtain th e desire d splitting . • 

3.6.3.2. Special  case  2.  —  W e consider th e case V  i s smooth, i.e. , k =  1  and Vy —  0. 

Lemma3.6.9. —  For  any  P  G  3, there  exist  Sp  G  MS*(P,X \  W,l)  and  a  B-flat 
splitting of  the  filtration  TSp  on  Sp. 

Proof. —  Accordin g t o Proposition 3.6.8 , w e only hav e t o consider th e case g(P)  =  0 . 
We us e the symbo l m  instea d o f ra.  W e woul d lik e t o tak e a  B-fla t morphis m 0a : 

Gra(E\g) —> E\g fo r som e S  G  MS*(P, X  \  W , I ) . W e construc t suc h a  morphis m 
inductively wit h respec t t o the order < p . I f a is minimal wit h respec t t o <p  w e hav e 
nothing t o do . Assum e tha t w e have alread y take n suc h morphism s fo r an y b <s a. 

We hav e a  B^-fla t splittin g E^ = 0 2 ^ , 5 o f th e filtratio n Fs.  B y th e inductiv e 
assumption, w e ma y assum e tha t F <a(E\g) =  Q )h<paEu i s B-flat . Le t fa  b e th e 
morphism Gr a(E^) ~  Ea,s  - > E^ ~ 0 G r b ( E ( c ) . W e remar k dzi-componen t o f 
B( /a ) i s 0. We have th e decompositio n B( /a ) = b<sa B(/0)b correspondin g t o th e 
B-flat decompositio n T s 

<a 'b<sa Eb.S-

B(/a)b : G r a ( % ) — Gib(EŒ)  <g> Çl\/K ® 0{mD). 

Let va  b e a  holomorphi c fram e o f Gra(E^)  fo r eac h a G  X. Le t Ra  b e determine d 
by Bava  =  va(da  +  Ra).  W e hav e Ra  =  0 ( | z ^ + 1 | ) . Le t A  b e determine d b y 
№(fa)bVa —  VhA. Sinc e B(/a)e , i s B^-flat , w e hav e th e followin g estimat e fo r som e 
C > 0 : 

,4 exp(p x(b - a)) = 
0{exp(C\g-'zT+l\)) (ra < - 1) 

0 ( e x p ( C | ^ - 1 | l o g | z r 1 | ) ) ( m = - l ) 
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By shrinkin g S , w e obtai n th e estimat e A  =  0(exp(— S\q~1 Z™\))  fo r som e e  >  0 . Le t 
Px :=  7r(P) G D°. Recal l tha t w e hav e assume d / C = A * x  /C' , which induce s K  —> • /C ° 
and henc e g  :  X  — > P °. I f w e shrin k 5 , w e ca n tak e a  sectio n ga^  :  Gra(.E|s ) — » 
Grh(£W) satisfying ; th e following : conditions : 

• D(#a,b) = B)(/a)b an d gaMq-HPiins  = 0 -
• yfl,b =  0 ( e x p ( - e | e - 1 ^ | / 2 ) ) . 

We pu t (/) a := ta 9a,b Because o l th e estimat e to r ga^->  th e D-lia t morphis m 0 a 
can b e extende d o n S.  Thus , th e inductiv e argumen t ca n proceed . 

3.6.4. Functoriality 

3.6.4-1- Dual. — Let (E1 , B,X) b e a  weakl y goo d lattic e a t th e leve l (m, ¿(0)) on 
(*,£>). Let S G MS*(X \  W,I).  Le t £7^ = 0 a e X £ a , s b e a  B^-fla t splittin g o f 
the filtratio n TS(E^)  whos e restrictio n t o Vyj  i s compatibl e wit h Resyj  (B ) fo r eac h 
j = 1 , . . . , £.  For an y a G 1,  we pu t 

(51) e-a,s:= 
. b<EX 
b^a 

#b,S : 
fs<a(EIs):= 

bel 
b<sa 

fb(reIs) 

Lemma 3.6.10 

• 77ie decomposition  E^L  = aGX E-a s 9^ves a  l^-flat  splitting  of  the  Stokes 

filtration Tb{E^),  whose  restriction  to  Vyj  is  compatible  with  Resy j (Bv ) for 
each j  = 1,...  ,£. 

• In particular,  J P ? a ( £ ^ ) = f^E^)1- for  any  a  e l . 

Proof. —  Th e secon d clai m follow s fro m th e firs t claim . W e pu t 

f'sa(evIs):= 
bGX 

-b^s-a 

E-b.s-

For th e first  claim , w e onl y hav e t o sho w fsa(evs)= fsa(evIs) It i s eas y t o chec k 

^ . ( J % ) | * = .F£.(2%). Then, th e first  clai m follow s fro m th e uniquenes s i n Propo -

sition 3.6.1. 

3.6.4.2. Tensor  product  and  direct  sum.  —  Le t (Ep,  Bp,Xp)  (p  =  1,2 ) b e weakl y goo d 
lattices a t th e leve l (m,i(0)) o n (X,V).  Le t u s conside r th e cas e wher e T\  ®  J2 i e 
weakly goo d a t th e leve l (m, ¿(0)) . W e pu t (E,  D ) : = (Eu  Di ) <g> (£2, B2). Fo r a  multi -
sector 5  G np=l,2 ms*(c/  X  W' XP) ' W e take ^"fla t Splitting s Epls  = ©apGJp #p,ap,5 
whose restriction s t o Vyj  ar e compatibl e wit h Resyj (Bp) . W e pu t 

(52) Ea,s '•= 
(ai,a2)eXixZ2 

ai-ha2=a 

El,ai,S ®  ^2,a2,S-

The followin g lemm a ca n b e show n b y th e argumen t use d i n th e proo f o f Lemm a 
3.6.10. 
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Lemma 3.6.11 

• The decomposition  E^  = ®aex1<s>x2 Ea>s 9^ves a  ^z-flat  splitting  of  the  Stokes 
filtration of  E^, whose  restriction  to  Vyj  is  compatible  with  Resy j (B ) for  each 
.7 = ! , . . . , £ . 

• In particular,  Fa(E\s)  is  equal  to al+a2<sa 
fsal(el/s ofsa2(e2Is). 

Let u s conside r th e cas e wher e X\  0  X2  :=  X\  U X2 i s weakl y goo d a t th e leve l 
(m,z(0)) . Fo r a multi-secto r S  G Dp=i 2 - ^ ^ * (^ x  W,XP),  w e take Oz-fla t splitting s 
of 2£ = 0 E P ) f l ) s whos e restrictio n t o Vyj  i s compatible wit h R e s y j ( D ) . W e put 

(53) 5ELOEé°A?S/+EL?A?SOE2,a,s. 

The followin g lemm a i s obvious . 

Lemma 3.6.12 

• TAe decomposition (Ei  ^E2)^  = ©aeziez2(^'1 02?2)a,s #we s a  Dz-flat  splitting 
of the  Stokes  filtration  of  (Ei  0 E2)^, whose  restriction  to  Vyj  is  compatible 
with Resy, j ( D ) . 

• In particular,  J7^((E1  0 E2)\s) is  eaual  to  ^a(El\s) ®  ^a(E2\s)' D 

3.6.4.3. Morphism.  —  Le t (£p,Dp,Tp ) (p  =  1,2 ) b e a s above . Le t F  :  (#i,ID>i ) 
(£2^2) b e a  fla t morphism . W e assum e tha t X\  U X2 i s weakl y goo d a t th e leve l 
(m ,i(0)). 

Lemma 3.6.13. —  Le£ 5 G p=l,2 •M<S* (A' \ VF, Xp). Tfte restriction  F . ô preserves the 
Stokes filtrations. 

Proof. —  Le t S p b e frame s o f Ep]^  compatibl e wit h th e decomposition s Ep]^  = 

0 2 £ P,AIW LET A BE determined b y F(vi)  =  v2  A. W e hav e th e decompositio n 

A = Aa,a- Let 5 G p=l,2 Msx(X\ W,XP).  W e hav e th e Stoke s nitration s 

? (Ep\s) (P  =  1'2) - W e take ^-flat  splitting s Ep\s  = Ep,a,s o f th e nitration s 
^S(Epfs), an d le t v Pis b e lift s o f vp t o Ep^  compatibl e wit h the splittings . Le t Fh^a 
be the D2-flat morphis m E\^s  —* 2?2,b,s induce d b y JFJ^. Le t ̂ 4b ,a be determine d b y 
- ^ , 0 ( ^ 1 , 0 , 5 ) = ^2,b,5 ^b,a- Lemm a 3.6.1 3 ca n b e reduce d t o th e followin g lemma . 

Lemma 3.6.14 

• Ab a = 0  unless a  >s b. 
• In the  case  a>s  b,  we  have  the  following estimate  for  some  C  > 0: 

Ab,aeXp{Q-1(b-*))=0(eXp(C\e-1zmW\ l o g I ^ J ) ) , 

• Aa ,g  = Aa^a. In  particular,  Aa^a  is  bounded. 

Proof. —  Th e first tw o claims follo w fro m Corollar y 20.3. 7 and Corollary 20.3.6 . Th e 
third clai m i s clear . Thus , w e obtain Lemm a 3.6.1 4 an d Lemma 3.6.13 . • 
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Corollary 3.6.15 

• If  the  restriction  of  F  to  X  \  V  is  an  isomorphism,  we  have  X\  —  X2 and 

rS(E1\s^<D)=JrS(E2]s^v). 
• In  particular,  the  Stokes  filtration  Fs  at  the  level  ( ra , i (0 ) ) depends  only  on  the 

meromorphic g-flat  bundle  ( i ? (*D) ,B) , in  the  sense  that  it  is  independent  of  the 
choice of  a  weakly  good  lattice  E  C E(*V) at  the  level  ( ra , i (0 ) ) . 

Proof —  F  induce s a n isomorphis m Ei(*V)  ~  £,2(*P) , an d henc e Ei(*V)^  ~ 
E2(*T>)^ .  Then , w e obtain a n isomorphis m Ei,a(*V)  ~  i£2?a(*P ) f° r a  £  %i  U Z 2 . 

Hence, we have X\ —  J2. Sinc e we have the inclusion T^{E\\s)  C ^a(-^2\s) b y Lemm a 
3.6.13, w e obtain ^(E^s)  —  Jr^{E2\s) b y the compariso n o f the ranks . Thus , th e 
first clai m i s proved. Th e second clai m follow s fro m th e first claim . • 

3.6.5. The associated graded bundle. —  Fo r an y S  £  MS*(X  \  W,X)  an d 
a G I, w e obtain a  bundle Gran(E^)  wit h a  meromorphic fla t ^-connectio n B A ^ o n 5, 
by takin g G r with respec t t o the filtration Ts '. B y definition o f Stokes filtrations , w e 
have a  natura l isomorphis m 

( G C ( % ) . y | ^ Â . » . ) | i -

When S  i s varied, w e can glue the m an d obtain a  bundl e Gr1ari(E^^w^)  wit h a  mero -

morphic fla t ^-connectio n BA o n V(W) , where V  denote s som e neighbourhoo d 

of VZtk,  an d V(W)  denote s th e rea l blo w u p o f V alon g W  := V n W.  By th e 
construction, w e are given a n isomorphis m 

grma(eIv(w)),da,v(w))Itt-l(w')= (ea,da)Itt-l(w'). 

According t o Propositio n 3.1.12, Corollary 3.1.15 and Lemm a 3.1.17, there exist s a 
holomorphic vecto r bundl e Gr™(.E ) wit h a  meromorphi c flat  ^-connection s D 0 on 
(V, VNV) suc h tha t 

(54) 
tt*(grma(e),da)iV(w)= (grma(eIv(w),da,v(w), 

grma(e),da)Iw'= (da,da)Iw' 

It i s well define d o n the germ o f neighbourhoods o f Vz^ i n X. 

Corollary 3.6.16. — / / we shrink  X,  we  can  take  a  frame v  =  (va)  of  E^ compatible 

with the  irregular  decomposition  at  the  level  m,  such  that  the  power  series  Ra  is 

convergent, where  Bat ;a =  va  Ra. 

Proof. —  W e tak e a  holomorphi c fram e wa  o f Gr™(J5 ) o n V . I t induce s a  fram e 
wa\w o f G r ™ ( £ )^ ~  Ea.  W e only hav e t o put va  :=  wa^. • 

Let wa  b e a  fram e o f Gi™(E).  Le t S  e  MS*(X  \  W,  J ), an d let E^  =  0 £ a , s 
be a  B^-fla t splittin g o f the Stokes filtratio n J^s . B y the natural isomorphis m Ea,s  — 
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GT™(E)\g, w e tak e a  lif t wa^s  o f wa.  Thus , w e obtai n a  fram e ws  =  (wa^s)-  Th e 
following corollar y i s clea r fro m th e construction . 

Corollary 3.6.17. —  Let  v be  a  frame of  E,  and  let  Gs  be  the  matrix  by  v = ws Gs-
Then, Gs  and  Gg1  are  bounded  on  S.  • 

Remark 3.6.18. —  I f k  =  1  an d i f g  i s nowher e vanishing , w e obtai n (Gr™(#) , Da) 

on (X,  V),  no t onl y o n (V , V n V) . Not e tha t w e ca n alway s exten d a  goo d lattic e o f 
a meromorphi c £-fla t bundl e o n (V, D fl V ) t o tha t o n (X,V).  • 

3.6.5.1. Functoriality.  —  Le t (E,3,X)  b e a  goo d lattic e a t th e leve l (ra , ¿(0)) . Fro m 
(£V,BV, J v ), w e obtai n th e associate d grade d bundl e Grm(£7v ) =  0 a G X v Gr™(Ev) 
with a n induce d meromorphi c fla t ^-connection . 

Lemma 3.6.19. —  We  have  a  natural  flat isomorphism  Gr™(i£v ) ~  Gr™a(i£)v . 

Proof —  B y Lemm a 3.6.10 , w e hav e th e natura l isomorphis m Gr™(Ev)^^w^  ~ 
G r l l ^ i ^ j y ^ . I t induce s th e desire d isomorphis m o n V . • 

Let (EP,VP,TP)  (p  =  1,2 ) b e weakl y goo d lattice s a t th e leve l ( ra , i (0 ) ) . Th e 
following lemm a ca n b e show n similarly . 

Lemma 3.6.20. —  Assume  T\  ®X2  is  weakly  good  at  the  level  ( ra ,z(0)) . Let  (i£,B ) : = 
(i?p, B i ) 0 (i?p , O2) . Then,  we  have  the  following  natural  isomorphism  for  each  a G 
I i 0 l 2 : 

(55) GT?(E) ~ 
(01,02)6X1 xX2 

Oi-t-02=0 

G r ^ E ^ G r ™ ^ ) . 

If X\  ©22 is weakly  good  at  the  level  ( r a , i(0)),  then  we  have  GT™(E\  © E2) — 
GT^(E1)eGr^(E2). • 

Lemma3.6.21. —  Let  F  :  (2?i,Bi ) — • (E2,U)2)  be  a  flat morphism.  Assume  that 
X\ U X2 is  good,  for  simplicity.  Then,  we  have  the  naturally  induced  morphism 

G C ( F ) : G C ( £ i ) — Gr?(£2). 

Proof. —  W e hav e th e induce d morphis m Gv™(Ei)^^w^  —>  Gr™(E2)^^w^  b y 
Lemma 3.6.13 . I t induce s th e desire d morphis m o n V . • 

Corollary 3.6.22. —  In the  situation  of  Lemma  3.6.21, if Ei \#\V —> ^2|Af\X> is  an 
isomorphism, we  have  induced  isomorphisms: 

G C ( £ i ) ®  0{*V)  ~ Gr™(E2)  ® 0{*V)  (a G  X). 

Hence, the  graded  meromorphic  g-flat  bundle 

a 
(GC(£)®0(*2>),D„) 

is well  defined  for  the  meromorphic  g-flat  bundle  (E ' ( *P ) ,B) . 
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Proof. — By Corollar y 3.6.15, the restrictio n GT1^(E1)\V^V  ~  Gi™(E2)\v^v  i s a n 
isomorphism. Hence , th e induced morphis m Gr™(# i ) <g > 0(*V) -+ Gr™(£2) <8 > 0(*V) 
is a n isomorphism . • 

3.6.6. A  characterization by the growth order. —  Assum e tha t g  is nowher e 
vanishing. Le t (E,'B,T) b e a  goo d lattic e a t th e leve l (m, i(0)). Tak e an y fram e v 
of E. Le t S  G MS*(X \  Vz,l).  Le t f  b e a  Dz-fla t sectio n o f E\q. W e hav e th e 
expression / = fj Vj, an d obtai n / =  (fj). 

Lemma 3.6.23. — We  have  f  G J7  ̂if  and  only  if  the  following  holds  for  some  C  >  0 : 

| / e x p ^ " 1 b)| = 0(exp(C\zm^\)\zm\-c). 

Recall m(l) := m  +  ¿¿(0) -

Proof — We tak e a  D^-fla t splittin g E^ = © i ? a , s o f Ts ', and tak e a  fram e vs  = 
(fas) of  ^iq compatibl e wit h th e splitting . Le t r (a ) := rank£^5. We hav e th e 

expression f  = 
a 

\r(a) 
<3 = 1 fa,sj Va,s,j, an d obtai n FA  = (fa,S,j \j  = 1 , • • • ,r(<0)- Note 

l / l an d | / a | ar e mutuall y bounded . 

Let Ra  b e determine d b y Wzvas  =  vas  yZBydziQ  a ) - f Ra)y  Then , i t i s a 
holomorphic sectio n o f the following : 

k 

2=1 

Mr(fl)(C) 0 zm^> O-sdzi/zi (i f mi(0) < - 1 ) 

¿̂ »(0) 
Mr(a)(C) 0 zml  O-sdzi/zi + Mr(a)(C) 0 O-sdzi/zi (i f mi(0) = - 1 ) . 

Since eac h fa  i s D^-flat, w e obtain th e followin g estimat e i n the cas e fa  7 ^ 0, by usin g 
Lemma 20.3.3 : 

l o g | / a e x p ( e - 1 a ) | | < C | z - ( 1 ) | +  Clog |^01) | . 

Then, th e clai m o f the lemm a follows . • 

Let u s consider th e case Y  =  A ™ and VY = U*=i{C* — 0}- Le t /  b e a D-fla t sectio n 
of E\S\VY- W e obtai n th e followin g lemm a fro m Lemm a 2.6.1 0 b y th e argumen t i n 
the proo f o f Lemm a 3.6.23 . 

Lemma 3.6.24. — We  have  f  G T% if  and  only  if  the  following  holds  for  some  C  >  0 : 

| / e x p ^ " 1 b)| = 0(exp(C\z™W\)\zm\-c 
l 

j=l 
iorcY 
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3.6.7. Proof of the claims in Section 3.3. —  Corollary 3.6.4 implies Propositio n 
3.3.2. Lemma 3.6.6 implies Propositio n 3.3.3. The functorialit y i n Subsectio n 3.3.3 
follows fro m thos e i n Subsectio n 3.6.4. The growt h estimat e i n Propositio n 3.3.8 is 
implied b y tha t i n Lemm a 3.6.23. The associate d grade d meromorphi c £-fla t bundl e 
and it s functorialit y ar e studie d i n Subsectio n 3.6.5. Proposition 3.3.10 is implie d 
by Propositio n 3.6.7. Proposition 3.3.11 follows fro m Propositio n 3.6.8. Proposition 
3.3.12 follows fro m Propositio n 3.3.11 and Lemm a 2.6.9. Proposition 3.3.13 is implie d 
by Lemm a 3.6.9 

3.6.8. Appendix (Lifting of formal frames). — We discus s lifting s o f frames . 
Although w e wil l us e suc h concept s i n ou r late r argument , reader s ca n ski p thi s part . 

3.6.8.1. Holomorphic lift  on  small  sectors.  — We tak e a  fram e v  = (va) o f 
compatible wit h th e irregula r decomposition . Le t Ra  b e determine d b y 3ava  = 
va (da  +  Ra). 

Let S G MS*(X \  W,l).  W e tak e a  Oz-fla t decompositio n E^  = 0 a Ea,s  whic h 
gives a  splittin g o f Ts  a s i n Propositio n 3.6.1. We ca n tak e a  fram e va^s  o f Ea,s  suc h 
tha t vas,z = v^g, an d w e pu t vs  := (va>s), whic h i s calle d a  holomorphi c lif t o f v 
onS. 

Let E\s  = (&aE'aS b e anothe r D^-fla t splittin g o f Ts ', and le t v's  — (v'aS) b e 
a holomorphi c lif t compatibl e wit h th e splitting . Le t C  — (Ca',a) b e determine d b y 
vs = v's (I  + C) , wher e / denotes th e identit y matrix . 

Lemma 3.6.25 

• We  have  Ca,  a^  =  0  and  Ca>,a  =  0  unless  A'  ^5 a . 
• If  A'  <s  A , we  have  the  following  for  some  C  >  0 : 

Ca>,a e x p f c - V - a)) = O ^ e x p ^ l e ^ K l z ™ ^ ! H - l o g l z ^ D ) j . 

Proof. —  W e hav e Ca,  a^  =  0  b y construction . Sinc e vs  an d v's  ar e compatibl e 
with th e filtratio n Fs  b y construction , w e hav e Ca^a  =  0  unles s a ' ^5 a . Th e othe r 
property follow s fro m th e estimat e o f the nor m o f B^-flat section s (Lemm a 20.3.5) . • 

3.6.8.2. C°°-lift  onX 

Lemma3.6.26. —  We  have  a  local  C00-frame  vc°°  =  (va^c°°)  of  E  on  some  neigh-
bourhood V  ofVz^k  with  the  following  properties: 

•vc~\VZ=D-

• Let  S  G MS*(X\ W,T),  and  let  vs  be  a  holomorphic  lift  ofv  on  S  as  in  Section 
3.6.8.1. Let  Bs  be  determined  by  vc°°  =  vs  {I  +  Bs)  on  7r_1(V ) f l S.  Then,  the 
following holds: 

• Bs\z  =  °-
• Let  Bs  =  (Bs,a,b)  be  the  decomposition,  corresponding  to  the  decomposition 

of the  frame  v  —  (va). Then,  we  have  Bs  a  b = 0  unless  A  ^5 b . 
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• In  the  case  a  <s  b,  we  have  the  following  estimate  of  the  Cq-derivatives  of 
Bs,a,b exp(^_1( a -  b) ) for  some  C > 0  and  N(q) ^  0  (q  G  Z ^ 0 ) ' 

O ( e x p ( c | ^ 1 | ( | z - ( 1 ) | + t o g | ^ 0 1 ) | ) ] 
k 

j=1 

ziI-N(q)IqtlI-N(q) 

In particular,  the  frame  Vc°°\s is  compatible  with  the  Stokes  filtration  Ts  for  S  G 
MS*(X \ W,X) in  the  sense  that  (vb,c° ° |  b s  a ) gives  a  frame of  J7^ for  each  a . 

Such a  frame vc°°  is  called  a  C°°-lift  of  v. 

Proof —  I n th e following , fo r a  give n multi-secto r 5 , le t 5 ° denot e it s interio r par t . 
We tak e multi-sector s G  MS*(X \ W,X) (j = 1 , . . . , N) o f X \ W suc h tha t 
(J5Ü')° = V  x  w, wher e V  i s som e ope n neighbourhoo d o f Vz^  i n X. W e tak e 

holomorphic lift s vsu)  =  (vsu)¿) of v  o n S^\  W e onl y hav e t o glu e the m i n C á -

sense as follows , fo r example . W e tak e smal l sector s S^  C  S^  C  (j)  =  S^  suc h 

tha t (i ) UjLi s3j)° =  V  \  w  (ii ) SÍJ) in V  \  W  i s containe d i n S^ll fo r a  =  2 ,3 . 

We tak e C°°-function s X j o n V  \  W suc h tha t (i) Xj ^  0 , (h ) X j >  0  o n S¿\ and 

Xj = ' 0 outsid e o f S%\  (iii ) eac h (<9 ™ n ^ O Xj i s polynomia l orde r i n |é>-1| and \z~1\ 

(i =  1 , . . . , fc),  (iv ) X̂ L̂i Xj =  ! • W e Pu t vcoo  : = EjLi X j «50-), o r mor e precisely , 

vc°°,i := SjLi X j vs(i),i.  Then, vcoo  : = (vc°°,i ) give s a  C°°-fram e o n 7r_1(V) . 

Let S  G  .MS * (AT \ w,I.  Let C(j)  b e determine d b y vsU)  =  vs  (I  +  C^'} ) o n 

5 f l s(j)  wher e /  denote s th e identit y matrix . Le t Z ( 5 , S ^ ) =  Sü) n 5  f l TT"1 (£>Z). 

Due t o Lemm a 3.6.25 , w e hav e (i ) C$  s,s(j) (= 0 , (ii ) C(j)a,a = 0  unles s a  ^s^ns 

(iii) Cij¡ e x p O r V - b ) ) = O ( e x p ( C ' | g - 1 | ( | z - ( 1 ) | + l o g | z 7 0 1 J ) ) ) i f a < s ü ) n S b. B y 

construction, v coo  =  Vtf ( J + X7 C^) holds . Hence , vc°°  satisfie s th e desire d 
estimate o n S.  Thi s als o implie s tha t vc°°  give s a  C°°-fram e o f E  o n V . • 

Let u s loo k a t th e connectio n for m o f D  wit h respec t t o vc°°  •  Le t Ia  denot e th e 
identity matr i x whos e siz e i s ranki£a . Then , w e hav e th e following : 

(D + d\)vc<*> = vc^ 
aci 

dala + R 

We pu t d(i)  : = Vz,  W  =  VY  i f mi(0 ) <  - 1 , o r sl  : = \J#mVzJ,  W  := 
^z,i(o) U  £V i f ^¿(0 ) —  ~ 1- W e ca n deduc e th e followin g fro m th e propert y o f vc°°-

Lemma 3.6.27. —  R is  a  C°°  -section  of 

Mr(C) ®  ( z - W í í ^ a o g p W ) + ^/K{\ogV^) + nf), 

and we  have  Ra  a^  =  Ra  and  Ra  b^  —  0  for  a  ^  b.  For  each  sufficiently  small 
sector S.  the  followina  holds: 

1- ^a,b|5 — 0  unless a  ^ 5 b. 
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2. If a <s  b, the  Cq-derivatives  of  Ra^  exp(g  1(a— b)) is 

0 ( e x p ( c k - ^ d ^ ^ l + log 1 ^ ) 1 ) ) 1 ^ 1 - ^ ^ 

k 

3 = 1 

ziI-n(q) 

for some  C  > 0  and N(q)  ^  0 (q  G  Z^0)-

Let vfCoo  be anothe r C°°-lif t o f v.  Le t B  b e determine d b y v'Coo  = vc°°  (I  +  B). 
It i s eas y t o deduc e th e following . 

Lemma 3.6.28. —  We  have  B^  =  0 . On  each  sufficiently  small  sector  S,  we  have 

Ba,b\s ~  0  un^ess  a  <d  b. If  a <s  b, the  Cq-derivatives  of  Ba^  exp (^_1(a — b)) is 

© ( e x p ^ i e - ^ d z - w i + i o g i ^ i ) ) ! ^ - ^ : 
k 

3=1 

zjI(n(q) 

for some  C  > 0  and N(q)  ^  0 (q  G  Z^0)-

3.6.9. Approximation of formal decompositions (Appendix) 

Let X  : = An , Di  :=  {zi  —  0} an d D  :=  | j f= i D%  f°r som e £  <  ra.  I n th e followin g 
argument, T V wil l denot e a  larg e integer , an d w e wil l shrin k X  aroun d th e origi n 
( 0 , . . . , 0 ) withou t mention . Le t D  denot e th e completio n o f X  alon g D.  (Se e [4], [8] 
and [50]. Se e als o a  brie f revie w i n Subsectio n 22 .5.1.) Le t D(n)  denot e th e 7V-t h 
infinitesimal neighbourhoo d o f D  i n X.  Le t L  : D —>  X  denot e th e natura l morphis m 
of ringe d spaces . Fo r an y Ox-modul e T,  le t FId  denot e i~xT  ®L-\Qx  Op.  W e us e 
the symbo l T^{N)  i n a  simila r meaning . 

Let V  b e a  fre e Ox-modul e o f finite  rank , equippe d wit h th e followin g data : 
• Section s f(i)k G  End(V|Dfc) fo r k  =  £  + 1 , . . . , n an d i  =  1 , . . . , M. 
• Filtration s kT  o f V\Dk  fo r k  =  £  + 1 , . . . , n. 

Here, M  denote s som e positiv e integer . 

3.6.9.1. Approximation  of  an  endomorphism.  —  Le t F  G  E n d ( F ) | ^ satisf y th e fol -
lowing conditions : 

• [4|SnDfc' ^\DnDk] =  0  fo r fc =  ^  + 1 , . . . , ra and z  = 1 , . . . , M , wher e [• , •] denote s 
the commutator . 

• F\5nDk  Preserve s kTfinDk  fo r k  =  £  + 1 , . . . , ra. 

Here, D  H  Dk mean s th e completio n o f Dk  alon g D  P i Dk-

Lemma 3.6.29. —  For  any  large  N,  we  can  take  a  section  F^  G  E n d ( F) such  that 
F0(N) = ^|5(iv) ; with  the  following  properties: 

• [fk\F\Dk] =0fork  =  e+l,...,n  andi  =  l,...,M. 
• F^  preserves  the  filtrations  kT  for  & = •£+!,. . . ,ra. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



108 CHAPTER 3. STOKES STRUCTURE 

Proof. — Let C o k ( a d ( / ^ ) ) denot e th e cokerne l o f th e morphis m 

a d ( / D : End(V)lDk — End(V),Dfc 

given b y a d ( j f )(5 ) =  [ /« ,<, ] . W e pu t ^  : = f ® ^ . Le t C o k ( a d ( / f ) ) denot e 

the cokerne l o f th e morphis m a d ( / ^ ) :  End(V)^nDk — • End(V)|^nDfe . 
For k  =  +  1 , • . ., n , le t End;(V|£)fc ) denot e th e shea f o f section s o f End(V\Dk)  pre -

serving kT.  Similarly , le t End/(V|^nDfc ) denot e th e shea f o f section s o f End(Vj^nL)fc ) 
preserving kT.  W e pu t 

Ak := E n d ( V j D J / E n d , ( V j D J , Ak  := E n d ( V j D f c n S ) / E n d , ( f ^ n S ) . 

Let ik  '• Dk —* X an d ti - : Dk f l Z ? —> Z3 denote th e inclusions . W e se t 

:= Ker ( End(V) 
n 

k=£+l 
kx2ko n 

k=£+l 

M 

i=l 
ik* C o k ( a d ( / f ) ) ) 

T := Ker End(V) |S — . 
n 

kx2ko 

kx2ko n 

kx2ko 

M 

¿=1 
4 * C o k ^ d ^ ) ) ) . 

We onl y hav e t o sho w tha t T  i s the completio n o f T  alon g D , whic h implie s th e clai m 
of th e lemma . Not e tha t C o k ( a d ( / ^ ) ) an d Ak  ar e th e completion s o f C o k ( a d ( / ^ ) ) 
and Ak,  respectively . Sinc e Qp  i s faithfull y fla t ove r Ox  ([8]), w e obtai n T  ~  J7^. 
Thus Lemm a 3.6.2 9 i s finished. • 

3.6.9.2. Approximation of  a  decomposition.  — Assume tha t w e ar e give n a  forma l 
decomposition Vj ^ = 0 a G j Vb  satisfyin g th e followin g condition : 

* K\DnDk ( a G  Z) ar e Preserve d b y f^BnD  fo r k  = ^ + 1 , . . . , n an d i  = 1 , . . . , M. 

• ^ = aGX 
kfuvaIdudk. 

Lemma 3.6.30. —  Fo r any  large  N,  we  can  take  a  decomposition  V  —  © a e x ^ ^ 

such that  V^(N)  =  Va,gm,  with  the  following  properties: 

• V^pf c ( a G T) are  preserved  by  f^  for  k  =  £  + 1 , . . . , n  and  i  =  1 , . . . , M 

* kF\DnDk  =  ©ae X ^ 0  Va\Dk  ' 

Proof. —  Le t 7r a ( a G J ) b e th e projectio n o f Vj g ont o Va.  W e tak e a n injectio n 
ip :  1 -* Z, an d w e pu t F  : = Y^aex ^ ( a ) ' ^a- W e tak e F ^ fo r F  a s i n Lemm a 3.6.29 . 
After shrinkin g X , w e have the decompositio n V  = 0 V a,iv such tha t (i ) F(N\Va,N)  C 

Va5AT, (ii ) th e eigenvalue s o f F ^ ^ ar e clos e t o ip(a).  Then , i t give s th e desire d 
decomposition. • 
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3.7. Proof of the statements in Section 3.2 

3.7.1. Preliminary. —  W e us e th e settin g an d th e notatio n i n Subsectio n 2.4.2 . 
Let J  C M(X,V)/H(X)  b e a  goo d se t o f irregula r values . W e assum e tha t th e 
coordinate syste m ( z i , . . . , zn)  i s admissibl e fo r J.  W e tak e a n auxiliar y sequenc e 
m (0) , . . . , m ( L ) , r a ( L +  1 ) =  0 (Sectio n 2.1) . Le t k(p)  b e determine d b y M(p)  G 

Z<(£} x  0. Le t J(m(p))  an d Jcm(p ) b e a s i n Subsectio n 2.6.2 . Le t rym(p ) :  J  -> 
J(rn(p)) b e th e induce d map . Fo r eac h c G J(m(p)),  w e pu t Jc  : = VM(p)(c)> 
which i s a  goo d se t o f irregula r values . W e als o hav e th e naturall y induce d ma p 

VM(p—l),M(p):J(M(p))-+J{M(p-l)). 
Let W(k)  :=  X°UV(k).  Le t 7rk : ^ ( ^ ( f c )) - > X  b e th e rea l blo w u p ofX  a t W^fc) . 

In particular , 7T£ = : 7r . W e hav e th e naturall y induce d map s vjk,m  X(W(m))  —> 
<*W(£)) for m^k.  Th e ma p (̂WXfc)) is denote d b y wk.  W e wil l us e th e 

following obviou s lemm a implicitly . 

Lemma 3.7.1. — Let  P  ET>£  and  Q  G TT 1(P).  For  a, b G J, we  have  a <aq b, if  and 
only ifr]M(p)(a)  <qw(p)  )(g ) VM(p)(T>),  where  m(p)  =  ord( a -  b). • 

For an y P G P , le t J p denot e th e imag e o f J  b y M(X,V)/H(X) 

0 * ( * P ) p / 0 * , p . Fo r an y z , w e pu t £>* : = Vt \  Xo U  IJ^t2^)- Note that 
the natura l ma p J  —> J7p is bijectiv e fo r an y P  ^V\. 

Lemma3.7.2. —  Let  Q  G 7r_1(£^) . W e £a& e a  small  UQ  G il(<2,*7) a^ d a,b E  J. 
Then, we  have  a <q b, if  and  only  if  a ^q , b / o r am / Q ' G £Yq D 7r_1 (£>£). Mor e 
strongly, we  have  a <q b, if  and  only  if  there  is  a  dense  subset  B  ofllQ  f l 7T~1(VL) 
such that  a ^ g , b for any  Q'  G B. 

Proof. —  W e hav e a <Q , b i f an d onl y i f Fa^(Qf)  <  0 . Fo r fixed  a, b, afte r a n 
appropriate coordinat e change , w e ma y assum e a — b = z™. Then , th e clai m o f th e 
lemma i s clear . • 

We stat e i t i n a  slightl y generalize d form . 

Lemma 3.7.3. —  Let  I  a t . 
• Take  P  cdl:  [Jjgi  ^j-  We  have  the  naturally  induced  bijective  map  Jp  —»  Jp> 

for any  P'eV*minI. 
• Let  Q  G 7r_1(P). We  take  a  smallUQ  G il(<2, Jp) and  a, b G Jp. Then,  we  have 

a <aq b if  and  only  if  a ^q , b for any  Q'  eUpH  7r_ 1 ( P^ J ) . Mor e strongly,  we 
have a <aq b i f an d on/? / z / £/iere exzst e a  dens e subset  B  C Wp n7r_1(2)^in/) such 
that a ^q , b for any  QF  E B.  • 
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3.7.2. Reduction . —  Le t ( £ , 0) be an unramifiedly goo d ^-meromorphi c flat  bun -
dle o n (X,V)  wit h a  goo d lattic e E  an d a  goo d se t o f irregula r value s J.  W e as-
sume tha t th e coordinat e syste m i s admissibl e fo r J.  W e use the notat io n i n Sub -
section 3.7.1 . W e shal l construc t th e associate d grade d meromorphi c £-fla t bundl e 
Grm(p)(£,D) wit h a n unramifiedl y goo d lattic e Grm(p)(£ ) fo r an y p, define d o n a 
neighbourhood o f dk(o)  W e remark Vy^S)  C 2}fc(P)» whic h w e will implicitl y use. 

3.7.2.1. One  step  reduction.  —  Le t us consider th e case wher e J(m(p—  1) ) consist s 
of a  unique elemen t a . Then , (E,  D ) i s a weakly goo d lattic e a t the level (m(p) , t)(p))-
By th e procedur e i n Subsectio n 3.6.5 , afte r shrinkin g X  aroun d T>^py  w e obtain a 
graded holomorphi c bundl e Grm(p)(£ ) =  ©aGi7(m(p) ) Gr™(p)(£ ) wit h a  meromor -
phic flat  p-connectio n Dm(*> ) =  0B™(p) o n (X,V).  Du e to (54) , the completio n 
of Gr™(p)(£,D ) : = (Gr™(p)(£),D™(p) ) alon g W{k(p))  i s naturall y isomorphi c t o 

(^L, ) 'D») in(28) : 

^ r a ^j ,JU>fl J|W(fc(p) ) - V^fl|W(*(p))'0fl>-

In particular , ( G r ^ ^ F ) , D ™ ^ ) i s als o a n unramifiedl y goo d lattice . W e hav e 

I r r ( B ™ ^ ) =  Ja.  I n particular , it s image b y rym(p) consist s o f one element . 

3.7.2.2. Reduction  at  the  level  m(p).  —  B y shrinkin g X  aroun d V(k(0)),  w e shal ] 
inductively construc t th e unramifiedly goo d lattice s 

GT™{P)(E,B)= (Gv™{P)(E),B™IP)) 

on (X,  V)  fo r b  G J(m(j)) (j  —  0 , . . ., L)  wit h th e following property : 
• Th e completio n o f G r ™ ^ ( F , D ) alon g W(k(p))  i s naturall y isomorphi c t o 

(fir™ to (28): 

(56) grm(p)(e,dIw(k(p))=(em(p)b,w(k(p)),db). 

Namely, fo r any b G J(m(p)), w e put a  := Vm(P-i),m(P)(b) € J(m{p - 1)) , and we 
define 

G r 7 p ) ( £ , D ) := Gr™(p) G C ( p - 1 } ( F , D ) . 

By (56) , th e following holds : 
. W e have Irr(D™(p) ) =  r}^{p)(b)  fo r an y b  £  J(m(p)).  I n particular , it s imag e 

by Vm(p) consist s o f one element . 
• W e have th e following natura l isomorphis m fo r each p: 

(e,d)Iw(k(p))= 
aGlrr(D,m(p) 

V^ra l ^ J ^ a )\W(k(p))' 

In particular , Gr™(L)(£,D ) ar e a-logarithmic . 
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Remark 3.7.4. —  I n th e following , w e ofte n formall y pu t Irr(D , ra(—1))  : = {0} , 
Gr™(_1)(£) =  E  an d D™(_1) : = B. W e also ofte n us e the symbol G r f (E)  instea d of 
Grm(L) ̂  which ig called the full reduction of p ) . • 

3.7.2.3. Functoriality  of  the  associated  graded  bundle.  —  Le t (Er,3r)  (r  =  1,2 ) b e 
unramifiedly goo d suc h tha t Irr(Dr ) =  Jr.  B y usin g Lemm a 3.6.2 1 inductively , w e 
obtain th e following lemma . 

Lemma3.7.5. —  Let  F  :  ( i ? i ,B i ) — > (£'2,02) be  a  morphism.  Assume  J\  U  J2 is 
also good.  We  have  the  naturally  induced  fiat  morphisms  GT™^P\F)  :  Gv™(p\Ei)  —> 
Gr™(p)(E2) for  any  a.  • 

Corollary 3.7.6. —  / / the  restriction  of  F  to  X  \  V  is  an  isomorphism,  we  obtain 
naturally induced  isomorphisms  for  any  a  G I r r (D , ra (p ) ): 

GC(p){F) : G r ^ ( E i ) ( * © ) — G C ^ ( E 2 ) ( * D ) . 

In particular,  the  graded  meromorphic  g-flat  bundle  G r m ^ ( J £ ) ( * P ) ¿ 5 well  defined 
for ( £ ' ( * P ) , D ) ; in  the  sense  that  it  is  independent  of  the  choice  of  an  unramifiedly 
good lattice  E.  • 

If Ji  0  J2  i s good , w e obtai n th e followin g natura l isomorphis m fo r an y a  G 
Irr(B, m(p)) b y using Lemm a 3.6.2 0 inductively : 

G C ( p ) ( £ i ® £ 2 , D ) ^ 
a„£lrr(B„,m(v)) 

AI+02 = A 

G r ^ ^ B i ) ®  G r ™ ^ ( £ 2 , D 2 ) . 

If *7 i 0 J2 i s good, w e hav e 

G C ^ ( ^ 0 E2) ~ G C ^ ( ^ ) 0 G r ™ ^ ( £ 2 ) . 

If (i£,B ) i s unramifiedl y good , th e dua l (I£V,BV ) i s als o unramifiedl y good . B y 
using Lemm a 3.6.1 9 inductively , w e obtain th e following natura l isomorphis m fo r any 
aeJ: 

Grmfl(p)(Ev,Dv) ~  G C ( p ) ( E , D ) v . 

3 .7 .3 . Full and partial Stokes filtrations. —  Le t (£, D) b e an unramifiedly goo d 
meromorphic £-fla t bundl e on (X, V ) , wit h a  good lattic e E  an d a good se t of irregular 
values J.  W e shal l explai n th e constructio n o f ful l an d partia l Stoke s filtration s o f 
the stalk s £\Q  fo r Q  G -K~1{V). 

As explaine d i n Subsectio n 3.7.2 , afte r shrinkin g X  aroun d D(fc(0)) , w e may have 
the grade d meromorphi c £-fla t bundl e G r m ^ ( £ , D ) wit h the unramifiedly goo d lattic e 
Grm(p)(£) o n (X,V).  Fo r fc(0) ^  k  ^  £,  le t u s conside r th e rea l blo w u p nk  : 
X(W(k)) — > X. Le t Q  b e an y poin t o f 7r- 1 (£>&). Th e imag e o f Q  b y vjk^p^k  : 
X(W(k)) — > X(W(k(p))) i s denote d b y QP.  W e hav e a  smal l neighbourhoo d UQP 
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of Qp  i n X(W(k(p)))  an d th e Stoke s filtratio n J***  o f G r ™ ^ - 1 ^ ) ^ indexe d b y 
J(m(p), a)  wit h ^ Q , where a G J(m(p —  1)) an d 

J(m(p),a) := {b G J(m(p)),i7m(p_1)jm(p)(b) = a}. 

We tak e a  smal l neighbourhoo d UQ  o f Q  i n X(W(k))  suc h tha t /ook{P),k{^Q)  C W QP. 

We obtai n th e filtere d bundl e ( G r ^ " 1 ^ ^ ) ^ , ^ ) fo r eac h a G J( m ( p -  1)) , an d 
the associate d grade d bundl e i s naturall y isomorphi c t o 

bej(m(p),a) 

grm(p)b(e)Iuq, 

By applyin g th e inductiv e procedur e i n Sectio n 3.1.1.4 , w e obtai n th e B-fla t filtratio n 
jrQm{P) Q £ E^ indexe d b y th e ordere d se t (j(m(p)), ^ ) . I t i s calle d th e partia l 
Stokes filtratio n o f E\uQ  a t th e leve l m ( p ) . I n particular , J ^WQ i s calle d th e ful l 
Stokes filtration , an d denote d b y .  W e hav e th e induce d filtration s o f th e stalk s 
of E  an d £  a t Q , whic h ar e denote d b y th e sam e symbols . 

The followin g compatibilit y i s clea r b y construction . 

Lemma 3.7.7. — Let  Q  G n 1(T>k).  We  take  neighbourhoods  UQ  as  above.  Let  Q\  G 

TT-^Vk) HUQ.  We  take  UQL  C UQ.  Then,  the  filtrations TQrri<^  and  TQlTn^  of 
E\Uqi are  compatible  over  (*7(m(p)) > < Q ) ( j (m(p)),oql .  • 

3.7.3.1. Functoriality. — Let (E'r ,Dr ) ( r = 1,2 ) be unramifiedl y goo d suc h tha t 
Irr(Dr) = Jr. B y usin g Propositio n 3.3.5, we obtai n th e followin g lemma . 

Lemma 3.7.8. — Let  F  :  ( # i , B i ) —> (E2,H)2)  be  a  morphism.  Assume  J\  U J2 is 
also good.  Let  Q  G 7r~1(T>k), where  k(0)  ^ k  <  £.  The  morphisms  of  stalks  FQ  : 
E\,Q —> E2,Q preserve  the  Stokes  filtrations at  the  level  m(p).  In  particular,  the 
filtrations J7^711^  of  the  stalk  £Q  are  well  defined  for  ( £ ,B) in  the  sense  that  they 
are independent  of  the  choice  of  an  unramifiedly  good  lattice  E.  • 

By usin g th e proposition s i n Subsectio n 3.3. 3 inductively , w e als o obtai n th e func -
toriality o f th e ful l an d partia l Stoke s filtration s fo r dual , tenso r produc t an d direc t 
sum a s i n Subsectio n 3.2.2 . W e hav e a  simila r functorialit y fo r th e partia l Stoke s 
filtrations. 

3 .7 .4 . Compatibility and characterization. — B y applyin g th e procedur e ex -
plained i n Subsectio n 3.7. 3 t o th e restrictio n o f ( £ , 0 ) t o a  smal l neighbourhoo d o f 
any poin t o f X> , we obtai n th e ful l Stoke s filtratio n o f th e stal k o f E  a t an y poin t o f 
7r-1(r>). W e shal l argu e th e compariso n o f th e filtrations . 
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3.7.4-1- Preliminary.  —  W e conside r th e cas e V  =  T>\.  Fo r simplicity , w e assum e 
tha t g  is nowher e vanishing . Le t (£ , B) b e a n unramifiedl y goo d meromorphi c 0-flat 
bundle o n (X,  V)  wit h a  goo d lattic e E  an d a  goo d se t o f irregular value s J.  W e can 
use the order o f the poles o f elements o f J a s the auxiliary sequence . Fo r Q G  7r_1 (£>), 
we hav e th e partia l Stoke s filtrations  J7^  o f En  an d En. 

Lemma 3.7.9. — Let  T™  be  a  3-flat  filtration  of  EQ  indexed  by  ( i 7 ( m ) , < g ) such 

that f(m)q =  f(m)q  Then,  we  obtain  T{rn)  =  \W  \Q 

Proof. —  I f we take a  sufficientl y smal l neighbourhoo d Un  o f Q  i n X(T>),  w e obtai n 
(m) 

\7z-I(V)nUQ 
(m) 

tt-l(d)uuq 
Then, w e obtai n rm) = f(m) b y usin g th e argumen t 

in th e proo f o f Lemm a 3 . 5 . 3 . 

3.7.4-2. Le t u s retur n t o th e origina l setting . Le t Q  G  n  1(T>£). We tak e a  smal l 
UQ G  1X(Q, J). W e set V\  : = V{  \  (W  U  | J i#i Z>j). 

Lemma 3.7.10. —  Take  any  Q'  e  UQ  C\  7r-1(D*) / o r som e 1 ^ i  ^  £ . T/ien , the 
filtrations fa and  fq are  compatible  over  [j, ^ q ) —> ( J q ' , ^ q / )-

Proof. —  W e construc t a  filtration  T  o f E \UQ fro m fa  an d (^7, ^ q ) —• (J7q>, ^ q / )-
By constructio n o f ^r(^, we can easily chec k tha t J7^,  =  fq  .  Then , th e claim follow s 
from Lemm a 3 . 7 . 9 . • 

Let u s note tha t ca n be reconstructed fro m th e filtrations  (Q'  €UQDTT-1  (T>D) 
in th e followin g sense . 

Lemma 3.7.11. —  LetT  be  a filtration of  E\uQ such  thatj7^,  andJ7^/  are  compatible 

over (j,  <oq  - » (JIC{Q>),  ^ q /) for  any  Q'  eUQD  Tr" 1 (Di).  Then,  we  have  fQ  =  7. 

Proof. —  I t follow s fro m Lemm a 3 . 1 . 3 an d Lemm a 3 . 7 . 2 . 

We stat e i t i n a  slightl y generalize d form . 

Lemma 3.7.12. —  Let  Q  G  ^(V).  Let  i(Q)  :=  min{i  \  TT(Q) G  T>i}. Take  a  suf-
ficiently small  neighbourhood  UQ  of  Q.  Let  J7  be  a  filtration  of  E\uQ  indexed  by 
(Jir(Q), ^ Q ) with  the  following  property: 

• For  any  Q'  G  UQ  fl 7r_1 ( P * ( Q ) ) , the  filtrations  T^Q,  and  J7^  are  compatible  over 

{J*(Q)I^Q) ( ^ ( Q ' ) ' ^ Q ' ) ' 

Then, T  —  FQ. • 

Lemma 3.7.13. —  Let  Q  G  TT  1{V).  We  take  a  sufficiently  small  neighbourhood  UQ 
of Q  in  X{W).  Then,  for  any  Q'  G  UQ n K~1(V),  the  filtrations  TQ  and  TQ'  are 
compatible over  (J*(Q),^Q)  -> (̂ (qô qO* 
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Proof. — We construct T  fro m TQ  b y (J*(Q),^Q)  ~^  (^(Q') > ^ Q ' ) - B ^ Lemm a 
3.7.10, T satisfie s th e condition i n Lemma 3.7.12 for fq . Hence, w e obtain T —  fq . 

• 

Let u s compare th e Stokes filtrations o f ( £, D) and Grm(p) (E, D). Le t Q G TT"1 
Let ZY g be a smal l neighbourhoo d o f Q in X(W).  W e have th e full Stoke s filtratio n 
fq an d th e partia l Stoke s filtratio n J7QRN^  o f E\UQ.  B y construction , we.hav e a 
natural isomorphis m 

(57) GSQmM{E]UQ)cG^\E)WQ. 

Let R  G ZVQ . Tak e a  small neighbourhoo d UR  C UQ .  W e have the full Stoke s filtratio n 
TR{EuR) whic h induce s a  filtratio n o n the left-hand sid e o f (57) . W e also hav e the 
full Stoke s filtratio n TR(Grrn{p)  (E)]UR),  i.e. , th e right-hand sid e o f (57). 

Corollary 3.7.14. —  (57 ) is an  isomorphism  of  filtered bundles. 

Proof. —  B y Lemma 3.7.13 , bo t h filtration s ar e induced b y the full Stoke s filtratio n 
FotElliQ. • 

Corollary 3.7.15. — Let  P  G T>i be a smooth  point  ofV.  Assume  that  the  i-th com-
ponent of  m(p)  is  negative.  Then,  we  have  a  natural  isomorphism  GT('~1\EP)  ~ 
Gr(-1>Grm<p)CEP). • 

3.7.4-3. Le t us show a  refinemen t o f Lemma 3.7. 9 in the normal crossin g case . 

Lemma 3.7.16. — Let  Q  G n 1(Ve)  such  that  g(Q)  ^  0 . Let  T be  a D-flat  filtration 
of EQ  indexed  by  (j, ^ g ) such  that  J7^  —  ?\Q- Then,  we  have T  =  fq . 

Proof. — We take a small UQ G it(Q, J) on which E\uQ has the full Stokes filtration  

fqand the filtration  T.  We can take a linear map  (f :  A —• An such that (i) the 
image o f the induced ma p ipjc  : A x  K —>  X i s not contained i n £>, (ii) Q is containe d 
in the image o f the induced ma p (fjc : A(0) x /C —• X(V). Le t R b e the inverse imag e 
of Q  via lk  W e take a  small neighbourhoo d UR  of R i n A(0) x /C. B y the D-flatness , 
we onl y hav e t o sho w TWK{UR)  =  ^K{URY 

The pull-bac k <p£(£,B ) ha s the unramifiedl y goo d lattic e (f^E,  an d the set of 
irregular value s i s given b y J\ : = {</?* a | a G j }. W e remark tha t th e natural map 
J —•  Jx i s bijective, an d the orders < Q and ̂ gR are the same. Then , b y Lemma 3.7.9 , 
we obtai n t ha t th e restrictions o f fq  an d T t o (P{UR)  ar e equal t o the ful l Stoke s 
filtration o f <p* (E) IK .  • 
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3.7.5. Splitting of the full Stokes filtration 

3.7.5.1. Flat  splitting.  —  Le t (i£,B ) b e an unramifiedl y goo d lattic e o n (X,T>)  wit h 
Irr(B) =  J.  First , w e consider th e non-resonan t case . 

Condition 3.7.17. —  We hav e a  — (3 0 Z fo r an y distinc t eigenvalue s a, / 3 o f 
Res , - (p-1©)p. (j = 2,...,£). • 

If ( £ , B ) satisfie s Conditio n 3.7.17, the induce d lattice s Gr™(p)(£ , B) als o satisf y 
Condition 3.7.17 for an y a G  J(m(p)), whic h follow s fro m (56). 

Proposition 3.7.18. —  Assume that  (i£,B ) satisfies  Condition  3.7.17. Let k  satisfy 
k(0) ^k^£.  Take  Q G  nûl{V) c  X(W(k)) such  that  g(Q)  ^  0. Then, there  exists  a 
small neighbourhood  UQ  on  which  we  can  take  a  H)-flat splitting  E\uQ avj eab 
of the  full  Stokes  filtration  T 

Proof. — We only hav e t o conside r th e case Q G  7rk 1 (V^). We take UQV  a s in Subsec -
tion 3.7.3. By Propositio n 3.6.8, we can find  a  B-fla t splittin g o f the Stoke s filtration 
jrQPm(p)^ j  e 5  G r ™ ^ - 1 ^ ) , ^ ~  Grm(p)(£)|^Qp . Then , w e can construc t a  desire d 
splitting b y liftin g th e splitting s inductively . • 

Proposition 3.7.19. —  Assume  that  V  is  smooth.  For  any  Q  G  IT 1(T>)  there exists  a 
small neighbourhood  UQ  on  which  we  can  take  a  3-flat splitting  E^  =  0aG^ Eajs  of 
the full  Stokes  filtration  Ts  of  E^. 

Proof. —  W e only hav e t o appl y Lemm a 3.6. 9 inductively. • 

3.7.5.2. Partially  flat splitting.  —  Eve n i n th e genera l case , w e hav e partiall y fla t 
splittings, a  fac t whic h ca n b e show n b y th e argumen t i n th e proo f o f Propositio n 
3.7.18. 

Lemma 3.7.20. —  Let  k(0)  ^  k  ^  £,  and  let  Q  G  ^(V) C  X(W{k)).  There  exists 
a neighbourhood  UQ  on  which  we  can  take  a  №^k(p)-flat splitting  of  the  partial  Stokes 
filtration TQrn{^  at  the  level  m(p).  • 

3.7.6. Characterization of holomorphic sections of E. —  Le t A:(0) <  k ^ £. 
Let v b e a frame o f E, an d u b e a frame o f G r m^ (E). Tak e Q G  K^1 (V£) and a smal l 
neighbourhood UQ  on whic h w e have th e Stoke s filtrations  m(p ) and it s splittin g 
E\uQ -  ®bej {m{p)) GvT{V\E)\Uq'  B y usin g th e splitting , w e obtai n a  fram e uQ 

of E\Uq. 

Lemma 3.7.21. —  LetGQ  be  the matrix-valued  function  determined  byv\yQ  =  UQ  GQ. 
Then, GQ  and  GQ1  are  bounded  onUQ.  • 
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We tak e Qj  G 7r_1(P^ ) (j  =  l , . . . , i V ) suc h tha t [j^=lUQi contain s n~l(V^. 
We tak e UQT  a s above . Le t /  b e a  holomorphi c sectio n o f E\x^.v-  W e hav e th e 
expressions f\uQ.  \ir-1(w) —  Yl f ni,j uQi,ji wher e /Q.J  ar e holomorphi c function s o n 
U.QI \  7r~1(W). W e obtain th e followin g lemm a fro m Lemm a 3.7.21. 

Lemma 3.7.22. —  f  is  a  section  of  E  if  and  only  if  all  fnuj  are  bounded.  • 

3.7 .7 . Characterization by growth order. —  Assum e tha t g  i s nowher e van -
ishing. Le t v  b e a  holomorphi c fram e o f E  o n X.  Le t Q  G 7r_1(D^), an d le t UQ  be 
a smal l neighbourhoo d o f Q.  Le t /  b e a  fla t sectio n o f £'|^Q\7r-i(x>) - W e hav e th e 
expression f  =  Ylfj  vi->  ano ^ obtain /  =  (fj). 

Proposition 3.7.23. — f  is  contained  in  F?irn^p\E\u ^^(v))  if  and  on^V  if ^e  fol-
lowing estimate  holds  for  some  C  >  0 and  N  >  0: 

/ exp(e -^mfp) (o ) ) | = o(exp(<7 |z"^+1>|) 

k(P+i)<j^e 

\*I\-N 

Proof. —  W e may replace E  wit h a  lattic e satisfyin g Conditio n 3.7.17 b y a  meromor -
phic transform . Hence , w e may an d wil l assum e tha t th e conditio n i s satisfie d fro m 
the beginning . Du e to Propositio n 3.7.18, w e can take a  flat  splittin g E\uQ  = © ^a,Q 

of th e partia l Stoke s filtration  JF3,™(P). Le t u b e a  fram e o f Grm(p)(£ ) compatibl e 
with th e grading , an d le t UQ  be the lif t o f u t o Ea  Q  on UQ via the splitting . 

We hav e th e expressio n / = fn n  • un i. Le t fr>  := (fn <i).  Correspondin g t o 
the grading , w e hav e th e decompositio n / Q = (fn b \ B G J(M(p))). B y Lemm a 
3.7.21, 2^ 1/Q,bl ano - l/l ar e mutually bounded . Then , th e claim follow s fro m Lemm a 
3.6.24. ' • 

3.7.8. Proof of the claims in Section 3 .2 . —  The filtrations  i n Theore m 3.2.1 

was constructe d i n Subsectio n 3.7.3. It clearl y satisfie s th e first  clai m i n the theorem . 
The compatibilit y i s give n i n Lemm a 3.7.13. By Lemm a 3.7.9 and Lemm a 3.7.12, 

the condition s characteriz e th e filtrations.  I f g(Q)  ^  0, the first  propert y suffice s fo r 
characterization accordin g t o Lemm a 3.7.16. Thus, Theore m 3.2.1 is proved . 

As remarke d i n Subsectio n 3.7.3.1, the functorialit y o f th e ful l Stoke s filtration 
follows fro m th e inductive constructio n o f the full Stoke s filtration  an d the functorialit y 
in Stoke s filtration  o f weakl y goo d lattice s i n Subsectio n 3.3.3. Proposition 3.2.6 is 
Proposition 3.7.23. Proposition 3.2.8 and th e functorialit y o f G r ^ i s clea r fro m ou r 
construction o f the ful l Stoke s filtration.  Propositio n 3.2.9 is als o clear . 

According t o Propositio n 2.7.5, we can locall y tak e a  non-resonan t lattice . Hence , 
we obtai n Propositio n 3.2.10 from Propositio n 3.7.18. Proposition 3.2.11 also follow s 
from Propositio n 3.7.18. Proposition 3.2.12 is Propositio n 3.7.19. As remarke d i n 
Lemma 3.7.20, we ca n obtai n Propositio n 3.2.13 and Propositio n 3.2.14 by a n in -
ductive us e of Propositio n 3.3.10. We obtai n Propositio n 3.2.15 by successiv e us e of 
Proposition 3.6.1. We also obtai n Propositio n 3.2.16 by successive us e of Propositio n 
3.3.11. 
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FULL S T O K E S DATA A N D 
R I E M A N N - H I L B E R T - B I R K H O F F C O R R E S P O N D E N C E 

In thi s chapter , w e stud y th e Stoke s structur e wit h mor e details , assumin g tha t g 
is nowher e vanishing . I t i s ou r purpos e t o describ e a n irregula r singularit y i n term s 
of mor e (thoug h no t completely ) topologica l data , calle d ful l Stoke s data . 

In Sectio n 4.1 , w e wil l introduc e th e notio n o f ful l pre-Stoke s data , whic h i s a 
system o f filtration s o f a  £-fla t bundl e o n th e rea l blo w up . I f w e ar e intereste d i n 
only ordinar y meromorphi c fla t bundles , w e onl y hav e t o conside r pre-Stoke s data . 
But, w e ar e intereste d i n familie s an d lattices , too . S o w e shal l introduc e th e notio n 
of Stoke s da t a i n Sectio n 4.2 , whic h i s a  se t o f ful l pre-Stoke s da t a wit h lattices . 
Then, i n Sectio n 4.3 , w e wil l establis h th e correspondenc e betwee n Stoke s da t a an d 
unramifiedly goo d lattice s o f meromorphi c £-fla t bundles , whic h i s calle d Riemann -
Hilbert-Birkhoff correspondenc e i n thi s monograph . (W e follo w [53], wher e thi s kin d 
of proble m i s calle d "th e Riemann-Hilbert-Birkhof f proble m o f wea k sense". ) 

As a n application , w e study th e extensio n o f a  ^-meromorphi c flat  bundl e i n Sectio n 
4.4. Th e specia l cas e give n i n Sectio n 4. 5 wil l pla y a n importan t rol e i n ou r stud y o f 
wild harmoni c bundles . 

4.1. Full pre-Stokes data 

4.1.1. Definition. —  Le t X  —*  K  b e a  smoot h fibratio n o f comple x manifolds . 
Let P  b e a  norma l crossin g hypersurfac e o f X  suc h tha t al l intersection s o f irreducibl e 
components ar e smoot h ove r /C . Le t g  b e a  nowher e vanishin g holomorphi c functio n 
on X.  Le t 7 r :  X(V) —>  X  b e th e rea l blo w up . Th e pull-bac k o f OJC  via th e projectio n 
X(V) —»/ C is als o denote d b y OK,-  It s restrictio n t o a  subse t o f X(V)  i s als o denote d 
by OK. 

Definition 4.1.1. —  Le t X b e a  goo d syste m o f irregula r value s o n (X,V).  Le t U 
be a  locall y simpl y connecte d subse t o f X(V).  Le t 2 1 b e a  locall y fre e Ojc-modul e 
on U.  Ful l pre-Stoke s da t a o f ove r X i s a  syste m T o f filtrations  o f germ s 2 JQ 
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(Q G U H T T " 1 ^ ) ) indexe d b y (X WQ). a 
a 

satisfying th e following compatibilit y con -
dition: 

• Le t Q G UHTT 1(V).  Tak e a  small neighbourhoo d UQ  in £Y on which the filtration 
fq i s given . Not e tha t whe n UQ  is sufficiently small , w e have a b if and onl y 

if a <q' b fo r an y Q'  e  UQ  C\  ^ ( V ). Then , fo r an y Q'  e  UQ  H  ir~L(V), 

{WQ>,?Q) -> (aiQ',^') i s compatible ove r (X,(Q) , <oq ) -  (X,(Q0 , <oq,)  • 

By th e compatibility, w e have th e associated grade d (9/c-module o n 7r 1  (P) f l U 
(P G 2?), which i s denoted b y Gr ^r(2J7r-i(p)n^). Not e tha t B  ca n be extended t o a 

locally fre e C^-modul e o n a  neighbourhoo d o f U i n X(V),  an d Gr"7r(337r-i(p)nw) i s 
naturally extende d t o a locall y fre e O^-modul e o n a neighbourhoo d o f 7r~1(P) P\U. 

4.1.1.1. Le t 2Ji = 1,2) be locall y fre e O^-module s o n U  C Af(P) equipped wit h 
full pre-Stoke s da t a JFi  ove r X. A  morphism F  :  (9Ji, JF\) —> (9?2» «^2) is defined t o be 
a morphis m o f C^-modules suc h tha t th e induced morphism s 9J i q — > 2J2 q preserv e 
filtrations fo r any Q G 7r_1(P). I f 93 is equipped wit h a  se t of ful l pre-Stoke s da t a 
over X, then th e dual £J V is equipped wit h induce d ful l pre-Stoke s da t a ove r Xv. Let 

be equippe d wit h ful l pre-Stoke s da t a ove r X^. I f X\ ®  X2 is good, the n 9J i ® 5J2 
is equippe d wit h induce d ful l pre-Stoke s da t a ove r X\ 0X2 . I f Xi 0 X2 i s good, the n 
2Ji © 2T2 is equipped wit h induce d ful l pre-Stoke s da t a ove r X\ ©  X2. 

4.1.1.2. Uniqueness.  —  Le t U be an open subse t o f 7r_1(P). Le t 2J be a locall y fre e 
(9x;-module o n U. 

Lemma 4.1.2. — Let  jFi (i  — 1,2) be  full pre-Stokes  data  of%3. 

• If  there  exists  a  dense  subset  U'  G  U such  that  fql —  fq2 for Q  E [/''. Then,  we 
have !F\ = T2 . 

• Let  Z  be  any subset  ofU.  If  Fql =  T2 f°r  anU  Q £ Z,  there  exists  a  neighbour-
hood Z'  of  Z such  that  =  J$ for  any  Q  G Z'. 

Proof. —  Th e first clai m easil y follow s fro m Lemm a 3.7.3 and Lemma 3.1.3. Th e 
second clai m i s clear fro m th e compatibility condition . • 

Let QJ ^ (z — 1,2) be C^-modules o n U  wit h a  morphis m F  : 2Ji —• %32. It i s eas y 
to deduc e th e following corollary . 

Corollary 4.1.3. — Let  Ti (i  = 1,2) be  full pre-Stokes  structures  of%Ji. 
• If  there  exists  a  dense  subset  U'  C  U  such  that  F  preserves  fq for  Q  G U'. 

Then, F  preserves  T. 

• Let  Z  be  any subset  of  U.  If  F  preserves  fq for  any  Q  G Z, there  exists  a 
neighbourhood Z'  of  Z such  that  F  preserves  fq for  any  Q G Zf. • 

4.1.2. Filtration on a small convex set. — W e pu t X :—  A n x /C, Vi — {z{  — 0}, 
V := l 

j=l Vi and T>£ := l 
\i=l 

Vi. Let TT : X(D) -> X b e the rea l blo w up . W e 
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have th e natura l identificatio n 7r~1(T>£) = (.S1) ^ x  T>£ by the coordinat e (z\,...,  zn). 
We us e th e pola r coordinat e (#1, . . . , 6i) fo r (.S1)^ , induce d b y (zi,..., z^). Le t 2" C 

M ( X , D)/H(X)  b e a  good set o f irregular values . 

Condition 4.1.4. —  Le t P  G XV Le t C be a  close d convex subset o f (S1)i satisfyin g 
the following : 

• Ther e exis t (6[°\ ..., ef]) suc h tha t C  C {(0u...,0t)  | |0* -  6 >f }| < TT/2}.  I n 
particular, w e can identif y C  with a  close d region in R£. 

• W e naturally regar d C(P ) : = C  x {P } as a  subse t o f 7r_1(D£) . Then , fo r eac h 
pair (a, b) o f distinct element s o f J, i f C(P) fl ^ " ¿ ( 0 ) 7 ^ 0, i t divide s C(P) int o 
two close d regions. • 

Proposition 4.1.5. — Let  V  be  a  locally  free  O  ^-module on  C(P)  with  a  set  of  full 
pre-Stokes data  (F®  |  Q £  C(P)).  Then,  there  exists  a  unique  global  filtration 
indexed by  (2p, ^c(P))  suc^  that,  for  any  Q  £  C(P),  the  filtrations Tc^p}  and  are 
compatible over  (2p, ^ ^ P ) ) —> (Xp, ^ g ). In  other  words,  there  exists  a  decomposition 
2J = 0 a € j 2 J a ; which  gives  a  splitting  of  for  any  Q  £  C(P). 

Proof. —  I n the proof, C(P)  i s denoted b y C for simplicity o f the description. Le t 
be th e spac e o f globa l section s o f QJ . W e have a  natura l isomorphis m ~  2TQ for 
every Q  G C, from whic h w e obtain a  filtration  ( Q G C) on 2J. W e shall sho w tha t 
there exist s a  uniqu e filtration  Tc  o f 2J suc h tha t fo r any Q  G C , the filtrations  Tc 
and ar e compatible ove r (Xp, —> (Xp, ^ Q ) . 

For a, b G I p , w e have a ^ b if an d onl y i f a < Q b for an y Q  G C. Hence , th e 
uniqueness o f such a  filtration  follow s fro m Lemm a 3.1.3 . 

Pu t Ha^  : = ^ " ^ ( 0 ) fo r distinc t a, b G X. A  connecte d componen t o f C \ (J i/a?b i s 
called a  chamber . I f Q  i s containe d i n a  chamber , the n i s totall y ordered . I f Q 
and Q'  ar e contained i n the same chamber , w e have = 

Take Qo  in a chamber , an d let o be the minimum wit h respec t t o ^ Qq .  Not e tha t a 

is als o minima l wit h respec t t o Le t u s observ e tha t Ta° i s containe d i n 
for an y Q  G C. W e take th e interva l /  connectin g Q  an d Qo- W e take point s RQ  = 
Qo, R\,  R2,  •  • • ? RN-I,RN  —  Q in i" such tha t th e open interva l (i? ^ Ri+i) i s contained 
in a  chamber . Fo r R',Rff  G (#¿,#¿+1), w e hav e J7^ ' =  .T7^ " b y th e compatibilit y 
condition fo r ful l pre-Stoke s data . Fo r R  G ( # ¿ - 1 , ^ + 1 ), w e hav e .T7 ^ C T^.  Le t 
b G X \ { a } . I fF f l ,b ( i2 . ) 7^0, wehaveFa?b(i?) ^  0 for i? G (R^Ri). I f F f l ,b( i2 . ) = 0 , 

the functio n Fa? b is monotonously increasin g alon g /  aroun d JR -̂ Hence , Fa)b(i?i) >  0 if 
and onl y i f Faib(R)  >  0 for R  G (Ri-URi). I t implie s ^  C ^ fo r i? G Ri). 

Therefore, w e obtai n C >  W e ca n als o deduc e tha t i s a n 
isomorphism fo r any Q. Hence , i n particular , i f b ^ a is minimal wit h respec t t o <Q , 

we hav e n  =  0 . 
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We pu t 93 0 : = 93/.77?0 . Fo r an y Q  G C an d b G T^let ^bQ(2To ) b e th e imag e o f 
^ ( 9 3 ) t o 930 . Le t 9 3 =  ©93b, Q b e a  splittin g o f TQ.  W e remar k tha t w e ma y 
assume 2Ja, Q —  ^r?°- Then , i t i s eas y t o se e tha t th e image s o f 5Tb, Q giv e a  splittin g 
of th e filtratio n F q(^3q). W e ca n als o easil y observ e tha t th e syste m o f filtration s 
(j^^(2Jo) |  Q G C) give s a  se t o f ful l pre-Stoke s da t a o f th e locall y fre e C^-modul e 9? o 
on C  associate d t o 93o -

Assume tha t w e hav e filtration s Tc  fo r 93 o an d 9 3 with th e desire d property . Then , 
^ ( 9 J o ) i s obtained a s the imag e o f j ^ ( 9 3 ). Actually , le t 9 3 =  0beJ Bv be a  splittin g 
of .Fc(93) . W e ma y assum e 9 3 a =  J7?0 . Th e decompositio n als o give s a  splittin g o f 
Jp2(2J) £o r eac ^ Q  EC  ^ e nav e th e induce d decompositio n 93 o =  ©93o,b > whic h 
gives a  splittin g o f .F^(9Jo ) fo r eac h Q  G C. I t implie s tha t th e decompositio n give s a 
splitting o f FC (?Gq) b y th e uniqueness , an d w e ca n conclud e tha t JTc(9Jo) i s obtaine d 
as th e imag e o f !F C(^3). 

Let u s sho w th e clai m o f th e propositio n b y usin g a n inductio n o n |X| . Th e cas e 
|X| —  1 i s obvious . Le t Q o b e a  poin t i n a  chamber , an d le t a b e th e minima l wit h 
respect t o ^ Q 0 . If a i s th e minimu m wit h respec t t o <c > w e ca n construc t th e desire d 
filtration o f 9 3 a s th e pull-bac k vi a 9 3 — > 93o- Assum e tha t a i s no t th e minimum . 
We ca n fin d a  poin t Q i i n a  chambe r suc h tha t a i s no t minima l wit h respec t t o 

. Le t b G X b e minima l wit h respec t t o < Qx . W e remar k ^ n ^ ° = 0 . W e 
put 9J i : = 93/JF^ 1 an d 93 2 : = 91/(jF^ 1 e ^ ? 0 ) . A s remarke d above , th e associate d 
locally fre e C^-module s Bi  ( f =  0 ,1 , 2) ar e equippe d wit h th e induce d ful l pre-Stoke s 
structure. B y construction , w e hav e ^ ( 9 3 ) =  T?(%S\)  x ^ Q ^ ) J7?(9Jo ) for  an y 
Q G C an d c Gl \ {a, b}. 

By th e inductiv e assumption , 93 ^ ar e equippe d wit h th e filtratio n Tc  wit h th e 
desired property . Not e tha t J^^O^)  i s obtaine d a s th e imag e o f J^c(93^) [i  —  0,1). 

We pu t ^cc(93 ) : = ^ f ( 9 J 0 ) x?c(fU2)  ^ f ( 9 3 i ) . Le t u s chec k tha t ^ c ( 9 3 ) ha s th e 
desired property . Le t 9J 2 =  ©932, c b e a  splittin g o f Tc.  Le t 93 c C  ^ f ( 9 3 ) b e a  lif t 
of 932,c . W e pu t 93 a : = fqoa  an d 93 b : = fqlb  .  B y usin g tha t ^c (932 ) i s obtaine d a s 
the imag e o f Fc(?Bi)  (i  —  0,1), w e ca n chec k tha t 9 3 =  © 9 3 c i s a  splittin g o f th e 
filtration Tc.  Similarly , w e ca n chec k tha t i t give s a  splittin g o f eac h J^^(93) . Hence , 
Tc i s compatibl e wit h fq  fo r eac h Q  G C. • 

It seem s usefu l t o conside r th e followin g typ e o f coverin g o f n~1(P)  (P  eV). 

Definition 4.1.6. —  A  finit e coverin g {Ci  \  i G T} o f TT  l(P)  i s calle d goo d fo r X,  i f an y 
intersection C j := iei Ci (J C  T ) satisf y Conditio n 4.1.4. 

Lemma 4.1.7. —  For  a  given  X,  there  exists  a  good  cover  of  TX  1(P). 

Proof. — For example , w e can construc t suc h a  finit e coverin g b y usin g pol y topes sur -
rounded b y hypersurfaces , whic h transversall y intersec t Ha^  fo r an y distinc t a, b G Xp. 
(See th e proo f o f Propositio n 4.1.5 for Ha^.)  • 
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4.1.3. Full pre-Stokes data for g-ûat bundle. — Let (V,D ) b e a  ^-fla t bundl e 
on X  \  V.  B y considerin g D-fla t an d /C-holomorphic sections o f V,  w e obtai n a n OJC~ 
module 2J ' o n X  \  P . B y takin g th e push-forwar d vi a i  : X \  V  C  X(T>),  w e obtai n 
an C^-modul e 2 J o n X{V),  whic h i s ou r mai n concern . Le t A  b e an y locall y simpl y 
connected subse t o f X(T>).  I f b  i s given i n thi s way , a  se t o f ful l pre-Stoke s da t a o f 2J| ^ 
is equivalen t t o a  syste m o f D-fla t filtration s gq  o f germ s L*(V)Q  (Q G A f l 7r_1(X>) ) 
such tha t (i ) the y satisf y th e compatibilit y conditio n a s i n Definitio n 4 . 1 .1 , (ii) eac h 
TQ ha s a  D-fla t splitting . 

We immediatel y obtai n th e followin g lemm a fro m Propositio n 4 . 1 . 5 . 

Proposition 4.1.8. — Let Pel).  If  U\  C 7 r - 1 ( P ) is  sufficiently  small  so  that  there 
exists C{P)  D  U\  satisfying  Condition  4 .1 . 4 , then there  exists  a  unique  filtration  TUl 
°fL*{V)\Ui su°h  thatTUx  andT®  (Q G U\) are  compatible  over  (Xp , ^ ) — > (Zp, < g 
) • 1  • 

Lemma 4.1.9. —  Let  (V,D ) be  as  above.  Let  P  G V. If  we  are  given  a  set  of  full  pre-
Stokes data  o/^*(Vr)|7r-i(p) , they  can  be  uniquely  extended  to  a  set  of  full  pre-Stokes 
data on  a  small  neighbourhood  of  ir~l(P). 

ProofW. —  Fo r an y Q  G 7r X ( P ) , we tak e a  smal l neighbourhoo d UQ  i n X(D)  suc h 
tha t < Q = SCWq. We ca n fin d Qu  ... , QN  G T T " 1 ^ ) suc h tha t T T ' ^ P ) C  U^QI- W E 

may assum e UQ1  ar e the produc t dxB  wher e B  i s a neighbourhood o f P  i n [0 , l[exT>£, 
and C < C (S1)^  (W e us e th e natura l identificatio n X(D)  ~  ([0,1 [ x S1) ^ x fl As 
remarked i n th e secon d clai m o f Lemm a 4 .1.2, fo r Q'  G UQ{,  w e hav e th e induce d 
filtration ,<̂ i o f £*( V)Q / , induce d b y J T ^ an d (Zp , ^ Q J —> (X7R(Q/), ^ Q ' ) . Fo r an y 
R G P x (d  f l Cj) , ther e exist s a  neighbourhoo d ZY p C UQ1  f l WQ .̂ suc h that , fo r an y 
Q' G Wfl, bot h FQ'&i an d . T ^ ' ^ ar e induce d b y fR an d ( J P , - > ( X ^ Q , ) , ^Q ' )> 

and henc e the y ar e th e same . Therefore , b y shrinkin g P , w e obtai n a  Stoke s structur e 
L*{Y)N-i(B) whos e restrictio n t o 7R_1(P) i s the sam e a s th e give n one . Th e uniquenes s 
follows fro m th e firs t clai m o f Lemm a 4 .1.2. • 

4.2. Full Stokes data 

4.2.1. The associated graded bundles. —  Le t (V , D) b e a  £-fla t bundl e o n X\V. 
For eac h P  G V, Xp  denote s a  smal l neighbourhoo d o f P . W e pu t VP  :=  Xp  f l V. 
We wil l shrin k i t withou t mention . Le t t:  X  \  V  C  X(V)  b e th e inclusion . Le t T b e 
a se t o f ful l pre-Stoke s da t a o f L*V  ove r a  goo d syste m o f irregula r value s X. Fo r an y 
point P  G P, w e obtai n a  grade d shea f Gr:F(^*V|7r-i(^p) ) wit h a  £-fla t connectio n D . 

1. The author thanks the referee of [64] for this simplified proof. 
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In particular , w e obtai n a  grade d ^-fla t bundl e o n Xp,  wher e Xp  —  Xp \Vp: 

Vp,a:=Gvf(Vix.p), Vp:= 
aelp 

Vp,a. 

4-2.1.1. Variant.  —  Le t V  =  UieAT>i  b e th e irreducibl e decomposition . Le t I(P)  := 
{i G A I P  G Vi}. Fo r an y J  C I ( P ) , we pu t Jc  :=  I(P)  \  J . Le t XJP  be th e imag e o f 
rjj :1P  Ox(^V)P/Ox^V(Jc))p.  W e obtai n a  filtratio n TQ^J  o f ^ * 0 O Q indexe d 
by Ijp,<oq  for Q  G T T - ^ P ) , an d th e induce d filtratio n TQ  o n G r f Q J ( ^ ( F ) Q ) 

indexed b y ( ^ j 1 ( b ) , < g ) . I n particular , w e obtai n a  syste m o f filtration s J7,7 :— 

(TQiJ I Q  G 7 r_ 1 ( P ) ) . I t satisfie s th e compatibilit y conditio n i n th e followin g sense . 
• Tak e a  smal l UQ  G i l (Q,Xp) o n whic h T®'3  i s given . (Recal l th e notat io n i n 

Section 3.1.3.1. ) Fo r Q'  G UQ n 7 r _ 1 ( P ) , w e hav e th e induce d filtratio n TQ^J  an d 
jrQ\J Q f ¿ „ , ( 1 / ^ / . Then , the y ar e compatibl e ove r (2p , ^ g ) — > (2p, ^ Q / ) . 

For b  G 2"p , w e obtai n G r ^ (i>*(V)7T-i(xP))  wit h a n induce d ^-fla t connectio n o n 
7r -1(Ap) . I n particular , w e obtai n a  grade d £-fla t bundl e o n Xp: 

Vdh:=Gtt(ViXi), Vß:= 
b£lJp 

vjp,b 

We hav e induce d ful l pre-Stoke s da t a o f ^*(Vpb)|7r-i(p ) ove r th e goo d se t r/J1(b) . 
construction, w e hav e a  natura l isomorphis m o f grade d £-fla t bundl e 

(58) G r ^ V / ~ VP. 

Let P'  €  XP  n  Z> y wit h I(P')  =  J . B y th e compatibilit y o f th e give n jT , w e hav e a 
natura l isomorphis m 

(59) vj/x*^'=vp' 

4.2.2. Full Stokes data. —  W e continu e t o us e th e notat io n i n Subsectio n 4.2.1 . 
A grade d extensio n o f a  se t o f ful l pre-Stoke s da t a T  i s a  da tu m Q  =  (Qp |  P G V) 
as follows : 

• QP —  (&aeXpGp,a  i s a  grade d locall y fre e C ^p -module wit h a n isomorphis m 
Gp,a\xp —  Vp,a suc h tha t D a i s a-logarithmi c wit h respec t t o £/p,a . 

Note i t induce s a  subshea f 

KpGp '= 7Tp1Gp <S> (v  , C ¿p*Vp, 

where np  :  Xp(Vp)  —>  Xp an d tp :  Xp  \  Vp  C A p ar e natura l maps . Namel y 
for eac h P  G D w e ar e considerin g a n O ^ , ^ - l a t t i c e o f tp*Vp whos e push-forwar d 
to Xp  i s a  locall y fre e OxP -module. W e remar k tha t Qp i s recovere d a s np ^TTpQp. 

which wil l b e implicitl y used . 
We introduc e a  compatibilit y conditio n fo r th e grade d extensio n Q.  First , w e 

impose th e followin g compatibility . 
• I f P'  G £>P,/(P) , w e impos e QP>,a = QP,a\xP,> 
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Then, fo r eac h J  C I(P)  an d b £  Zp,  we  obtai n a  locall y fre e Ox-modul e Gb  on 
V \ D p ( J c ) , wher e V  is a neighbourhood oiVp^j.  Actually , i t is obtained a s the gluing 
of Vpb  an d Gpf,b for  P'  E Vpj \  [j^jVp^. W e remark (59) . B y shrinking XP,  we 
may assum e Xp  =  V.  Le t irp^j b e the restriction o f np t o A ' p ( P p ) \ 7 r p 1 ( D p( Jc ) ) . Le t 
£p,j •  Xp(Pp) \7Tp1(^)p(^c) ) C Xp(Vp). Then , w e obtain a  subshea f LP,J*KP  jG(  C 

tp^Pf, . B y construction, i t induce s a n isomorphis m 

(60) LP,j*K*pjQl ® IP*Ox* — TP*Vp,b-

Then, th e compatibility conditio n i s given a s follows : 
• Fo r any Q E 7r_1(P) , th e filtration fq  o f tp*Vpb  i s induce d b y a  filtratio n o f 

LP,J*n*P,jGb and  (60)-

• Th e restrictions o f npGp  an d G r ^ i p , j * K P 3Gl  t o Xp(Vp)  \  7T~1(Vp(Jc)) ar e 
isomorphic, extendin g (58). 

If th e compatibility conditio n i s satisfied, (T,  Q)  is called a  set of full Stoke s data . 

4-2.2.1. Le t (Vi, Of) b e £-flat bundle s on X\V equippe d wit h ful l Stoke s da t a ST>i  = 
(fi,gi)A morphis m F  ^(Vi,Di ,5x>i) - > (V2,B2,SV2)  i s defined t o be a morphis m 

(Vi ,D i , :F i ) (^2,^2,^2 ) suc h tha t , fo r an y P  E V  an d a  E Zp , th e induce d 
morphisms Gr^(Vi\x*)  —>  Gr^(V2\x*) ca n be extende d t o Gi,p,a  —>  G2,p,a- Ful l 
Stokes da t a hav e obviou s functorialit y fo r dual, tenso r produc t an d direct sum. 

4-2.2.2. Meromorphic  Stokes  data.  —  A  meromorphi c grade d extensio n o f a se t of 
full pre-Stoke s da t a T  i s a tupl e Q  — {Gp | P E V), wher e eac h Gp  = © a e i p Gp,a  i s 
a locall y fre e OxP(*'Dp) -module wit h isomorphism s Gp,a\x*  —  G rf (Vj^* ) suc h tha t 
Da ar e a-regula r wit h respec t t o Gp,a-  W e can conside r a  compatibilit y conditio n 
similar t o the above. I f the compatibility conditio n i s satisfied, ( j ^ , Q) is called a  set 
of meromorphi c ful l Stoke s data . 

4-2.2.3. Another  formulation  of  compatibility.  —  W e giv e anothe r formulatio n o f 
compatibility conditio n fo r Q. Le t us consider Xp{Vp)  Xp{Vp(Jc))  ^4 Xp. Tak e 
Qi E 7r f 1(P)- W e remar k tha t th e filtrations  fq  (Q  E w~1(Qi))  o n L*Vpb  ar e 
constant, becaus e th e order s < Q on ^^(b) ar e independent o f Q  E t ^ "1 (Qi ) . Le t 
tj :  Xp c  XP(Dp(Jc)).  B y the above consideration , w e obtain a n induced D-fla t fil-
t rat ion TQx  o n the stalk ij*{V^b)Ql.  Th e system o f filtrations  (TQl  \  Qx E ^1{P)) 
satisfies th e s tandard compatibilit y condition . 

Let L'J  denote th e inclusion s o f Xp  \  Vp(Jc)  int o Xp(Vp(Jc)).  W e hav e th e 
subsheaf LJ*(JGa)  C ^j*V^b. Now , w e can state th e compatibility condition . 

• Fo r any Qi E 7r^~1(P), th e filtration  F®1  of tj*(Vph)Q1  come s fro m a  filtration 

OF LJ*(JGO)QI. W e obtain G r f (JGb) ( a E rjj1^)) o n XP\VP{JC) i n a s tandar d 
way. 

• G r f (JGb) i s isomorphic t o Gp,a\xP\VP(JC),  extendin g (58). 
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4.2.3. Stokes data associated to an unramifiedly good lattice. —  Le t (£ ,D) 
be a  meromorphi c £-fla t bundl e wit h a n unramifiedl y goo d lattic e E  o n (X,V).  Le t 
(V,D) : = ( £ , 0 ) | # \ i > . Accordin g t o Theore m 3.2.1 , w e hav e induce d ful l pre-Stoke s 
da ta T o f (V,D) . Accordin g t o Propositio n 3.2.9 , w e hav e a  grade d extensio n Q o f 
the ful l pre-Stoke s data . 

Lemma 4.2.1. —  Q satisfies  the  compatibility  condition  in  Subsection  4.2.2 . 

Proof. —  Th e ful l Stoke s filtrations  fq  (Q  G 7r_1(P)) ar e induce d b y filtration s o f 
TT*E. Hence , th e induce d filtration  TQ^J  {Q  G ^ ( P )) ar e so . W e obtai n Grf J (E) 
on Xp.  I t i s easy t o se e tha t JQb  is naturally isomorphi c t o th e restrictio n o f Gr^ 7 (E) 
to Xp  \  Vp(Jc).  W e als o hav e Gr^Grf ^ (E)  ~QPa.  Then , th e clai m o f th e lemm a 
is clear . • 

Namely, (V , D) i s equippe d wit h a  naturall y induce d se t o f Stoke s data , whic h i s 
functorial, accordin g t o th e result s i n Subsection s 3.2. 2 an d 3.2.5 . 

4-2.3.1. Complement  on  splitting  of  Stokes  filtrations.  —  W e giv e a  complemen t o n a 
splitting o f Stoke s filtration  o f a  goo d meromorphi c £>-fla t bundle . W e se t X  : = A n x  K 
and V  =  \Jei=1{zi  =  0} . W e assum e tha t th e coordinat e syste m i s admissible . W e us e 
the notat io n i n Subsection s 2.4. 2 an d 3.7.1 . 

Let C(P)  C 7r_1(P) b e a s i n Conditio n 4.1.4 . W e denot e i t b y C.  Le t U  b e a  smal l 
neighbourhood o f C  i n X{V),  whic h wil l b e shrunk . A s i n Propositio n 4.1.8 , w e hav e 
a D-fla t filtration  Tc  o f (i*E)\c,  whic h ca n b e extende d t o a  D-fla t filtration  Tu  o f 
L*E\U. W e ca n tak e a  splittin g E\U  =  ©aGj p P^, a o f FU  wit h th e followin g property : 

• Fo r b  G T ( m ( p ) ), w e pu t 

Em(p)u,b:= 
bcnm(p)(b) 

Eu,a-

Then, th e decompositio n i s D ^ ^ - f l a t . 
Actually, w e successivel y appl y th e thir d clai m o f Propositio n 3.6.1. 

Let v  = (va) be  & frame o f Gr 'F(E ) compatibl e wit h th e grading . B y th e natura l 

isomorphism Gr*F(E')| ^ E\u  give n b y th e abov e splitting , w e mak e a  fram e vy. 
Let E\u  — 0 E'u a  be anothe r decompositio n wit h th e abov e property . W e obtai n 

another fram e v'u.  Le t C  — (Ca,b) b e th e matr i x determine d b y vu —  v'u (I  + C) , 
where / denotes th e identit y matrix . 

Lemma 4.2.2. —  We have  Ca^  = 0  unless a  <u  b.  If  a  <u  b,  we  have  the  estimate 

Caibexp(g-1(a-b))=0 
fc(o,b) 

i=l 
\zi\-N) 

Here, k(a,  b)  is  determined  by  ord(a , b ) G Z^Q'b^ x  0, and  N  is  a  large  number. 

Proof. —  I t follow s fro m tha t th e induce d morphis m Gr^(P) | W — > Gr^(P) | W i s 
D<fc(a,b)-flat. • 
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4.3. Riemann-Hilbert-Birkhoff correspondence 

4.3.1. Statement. —  Le t MFL(A' , V,T) b e the category o f unramifiedly goo d lat -
tices ( £ \ D ) o f meromorphic £-fla t bundle s o n (X,V) whos e goo d syste m o f irregula r 
values i s contained i n X, i.e. , Irr(V, P) C Zp fo r any P G V. Le t SDL(A', P,X) be the 
category o f £-fla t bundle s wit h ful l Stoke s da t a ove r X.x As explained i n Subsectio n 
4.2.3, w e have a  functo r 

RHB : MFL(*,£>,X) —• S D L ( * , £>,X). 

We wil l prov e th e following theore m i n Subsections 4.3.2-4.3.5 . 

Theorem 4.311. —  The  functor RH B is  an equivalence. 

Let MF(X,  V ,T) b e the category o f unramifiedly goo d meromorphi c £-fla t bundle s 
on (X,V)  whos e goo d syste m o f irregular value s i s contained i n X. Le t SD(X, V ,T) 

be th e category o f £>-nat bundl e wit h a  set of full meromorphi c Stoke s da t a ove r X. 

Corollary 4.3.2. —  The  naturally  defined  functor 

RHB : MF(X,V,T) — • SD(X,V,I) 

is an  equivalence.  • 

Let G  be a finite grou p actin g on (X,T>) ove r JC.  Le t X be a good syste m of irregular 
values suc h tha t Zp  =  g*Zg^ fo r any g G G and P G D . Le t (V, D ) b e a D-flat bundl e 
on X\V  wit h a  G-action, i.e. , for each g  G G, we are given an isomorphism g*(V,  D ) ~ 
(V, D ) compatibl e wit h th e group law . Le t b e a set of full pre-Stoke s da t a o f (V, D ) . 
For eac h g  G G, we have th e induced ful l pre-Stoke s da t a g *T o f (V,B ) ~  # * ( V , D ) . 
The se t of ful l pre-Stoke s da t a i s calle d G-equivarian t i f g*!F = F fo r any g G G . 
Similarly th e G-equivariance o f a se t of Stokes da t a i s defined. Th e category o f G-
equivariant ful l Stoke s da t a i s denoted by SDL(X, £>,X)G. Le t MFL(A', £>,X)G denot e 
the categor y of G-equivariant unramifiedl y goo d lattice s of meromorphic £>-fla t bundle s 
over X. W e use the symbols SD(A' , V,T)G an d MF(X,V,X)G wit h simila r meanings . 
It i s easy t o deduce th e following a s a corollar y o f Theorem 4.3.1 . 

Corollary 4.3.3. —  The  functors  RH B :  MFL(A \ £>,X)G -+ SDL(X,V ,T)G and 
RHB :  MF(X,V,T)G SD(;tf ,£>,X)G are  equivalences. • 

4-3.1.1. Descent.  —  Le t ip : {X'\V)  —»  (X,V) b e a ramifie d Galoi s coverin g wit h 
the Galoi s grou p G . Le t X' := </?*X. We have naturall y define d descen t functor s De s : 
MFL(A",2y,X')G - > MFL(#,©,Z) an d Des :  S D L ( * ', P ',X')G SDL(#,P,X). 

Proposition 4.3.4. —  We  have a  natural  isomorphism  De s o RHB ~  RH B o Des. 

Proof —  Le t ( £ ' , D ' ) G MFL(A'/,P /,X/)G. W e se t (JE ,B) : = D e s ( £ ' , D ' ) , 

( V " , © 7 , ^ ' ^ ' ) ) : = R H B ( £ " , D ' ) an d (V,O , (^ ,0) ) : = R H B ( £ , D ) . B y usin g 
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the characterizatio n o f ful l Stoke s filtratio n i n Theore m 3.2.1 , w e obtai n tha t T i s 
the descen t o f T . 

Let 7T : X(V) ->  X  an d TT' : X'(D') -*  X'  b e blo w up . Le t P  G V. W e tak e a  smal l 

neighbourhood Xp  o f P  i n <% \ W e pu t X'p  : = (p_1(Ap), whic h i s a  neighbourhoo d 

of th e finit e se t ip~l(P).  W e hav e G r f (TT^E^^^,  } ) o n 7r 7 1(Xp).  W e ca n easil y 

compare Qp^  an d th e descen t o f ©p/G7r-i(p) £/P',cn becaus e bot h o f the m ar e induce d 

by G r f -1(x,p)) . • 

4.3.1.2. Classification  of  unramifiedly  good  meromorphic  flat  bundles.  —  B y settin g 
(i) K  i s a  point , (ii ) Q  = 1  in Corollar y 4.3.2 , w e obtai n a  classificatio n o f unramifiedl y 
good meromorphi c fla t bundle s i n term s o f ful l pre-Stoke s data . Not e tha t w e nee d 
only ful l pre-Stoke s data , becaus e th e unramifiedl y goo d Deligne-Malgrang e lattice s 
are canonicall y associated . 

In th e on e dimensiona l case , Malgrang e [56] showe d th e correspondenc e betwee n 
meromorphic fla t bundle s an d fla t bundle s wit h pre-Stoke s data . Se e als o th e wor k 
due t o Sibuy a [80] o n th e classificatio n o f meromorphi c fla t bundle s o n curves . 

In th e highe r dimensiona l case , suc h a  classificatio n wa s studie d i n [53] an d [72], 

from differen t viewpoints . I f w e ar e intereste d i n deformation s b y a  variatio n o f 
irregular values , th e classificatio n accordin g t o pre-Stoke s da t a i s usefu l t o th e author . 

4.3.2. Fully faithfulness. —  Le t u s sho w tha t RH B i s fully faithful . Le t (EU  B* ) G 

MFL(#,P,X) (¿ = 1,2). 

Lemma 4.3.5. —  The  natural  map 

Hom(CEi ,Bi) ,CE2,B2)) — + H o m ( R H B ( F 1 , D 1 ) , R H B ( F 2 , D 2 ) ) 

is bijective. 

Proof. —  I t i s clearl y injective . Le t u s sho w th e surjectivity . Le t 

F :  R H B ( £ i , O i) — > RHB(F2,D2 ) 

be a  morphism . W e onl y hav e t o sho w tha t th e underlyin g morphis m F  : 
(Ei,H)i)\x\v ~*  {E2^2 )\X\V ca n b e extende d t o a  morphis m E\  — • F2 . B y 
Hartogs property , w e ma y assum e tha t V  i s smooth . Le t Q  G 7r_1(P) . W e tak e a 
D-flat splittin g Ei\uQ  ~  0  Pz ,Q,a o f th e ful l Stoke s filtration . Th e fla t morphis m F 
induces Fb, a :  ^ , a | ^ - * Eiib\u£.  Becaus e th e ful l Stoke s filtration s ar e preserve d 
by F , w e hav e F&, a =  0  unles s a  b . B y constructio n Fa^a  i s bounded . Becaus e 
Fa,a i s D-flat , Fb ,aexp(£-1( a —  b) ) i s o f polynomia l orde r i n | z f 1\.  Hence , w e obtai n 
tha t F  ca n b e extende d t o a  morphis m Fi|^ Q ~*  E2\uQ  and , b y varyin g Q , w e obtai n 
E\\x{v) "~ * ^2\x{vy wmc h induce s E\  —•  E2. • 

It remain s t o sho w tha t RH B i s essentiall y surjective . Namely , w e hav e t o giv e 
a constructio n o f a n unramifiedl y goo d lattic e fro m a  se t o f ful l Stoke s data . B y 

ASTÉRISQUE 340 



4.3. RIEMANN-HILBERT-BIRKHOFF CORRESPONDENCE 127 

Lemma 4 . 3 . 5 , w e only hav e t o giv e i t locally . W e will giv e a n inductiv e constructio n 
with respec t t o levels . 

4.3.3. Pre-Stokes data and Stokes data at the level m. — W e us e the setting 
in Sectio n 3 . 3 . Fo r a subse t A  C X,  w e put A* :=  A \  Vz.  Le t P  G Vz^. Le t XP 
denote a  smal l neighbourhoo d o f P i n X. I t wil l b e shrunk i f it i s necessary . 

Let V be a locally fre e OX*  -module wit h a  meromorphic £-fla t connectio n D  whos e 
pole i s contained i n D* =  T>y . Assum e tha t D  is b-logarithmic fo r some b G M(X,T>). 
Let L  : X* C  X(VZ)  an d TT : X(VZ) X  b e natura l maps . Le t J C M(X,V)  b e a 
weakly goo d se t of irregular value s a t th e level (ra , ¿(0) ) suc h tha t {a — b | a G X} is 
good a t the level ( ra , ¿(0)) . 

Definition 4.3.6. —  A  set of pre-Stokes da t a T o f ( V , D ) at the level (ra , ¿(0) ) a t P  i s 
a syste m o f D-flat filtration s fq  (Q  G 7r_1(P)) o f stalks £*( V)Q indexe d b y (X , ^Q ) , 

satisfying th e compatibility condition . (W e assum e the existence o f a D^-flat splitting , 
instead o f a D-fla t splitting. ) W e will ofte n omi t t o distinguis h " P " and "at the leve l 
(ra , ¿(0))" if there i s no risk o f confusion. • 

Varying Q  G 7r_1(P) , fo r eac h a G X , w e obtai n a  locall y fre e GXP -module 
G r f (Vj^* ) wit h b-logarithmic fla t ^-connectio n D a on (Xp,Vp).  (Not e tha t a — b is 
holomorphic o n Xp.) 

Definition 4.3.7. —  A  grade d extensio n o f T i s a  tupl e o f locall y fre e OXP -modules 
Ea (a G J) suc h tha t (i ) Ea\x*  ~  G r f (Vx*),  (ii ) ord(Da -  da)  ^  ra(l)  : = ra + 5i(0) 

for eac h a G X. The tuple SV  =  (X , T̂7, {^a}) is called a  set of Stokes da t a a t the level 
( ra , ¿(0)) a t P . • 

Let (VP,U)P)  (p  = 1 , 2) be b-logarithmic £-fla t bundle s D p with pre-Stoke s da t a Tv 

(p =  1,2 ) a t th e level ( ra , f(0) ) ove r Xp . A  morphis m ( V ^ j D i j ^ i ) ( ^ ^ 2 , ^ 2 ) i s 
defined t o be a fla t morphis m whic h preserve s Stoke s filtration s a t an y Q G 7r_1(P). 
Note tha t w e obtai n a  naturall y induce d morphis m o f G r f (Vi ) — > G rf (V2).  I f 
moreover the y ar e equippe d wit h grade d extensions , a  morphis m ( V i , B i , 5 P i ) — > 
(V2,D2,5P2) i s defined t o be a morphis m (Vi ,D i , :F i ) ( ^2^2 ,^2 ) suc h tha t th e 
induced morphism s G r f (Vi ) — > G rf (V2 ) ca n be extended to  Elia  —>  E2,a-

4.3.4. Good lattice and Stokes data at the level ra. —  W e continu e t o use the 
notation i n Subsectio n 4 . 3 . 3 . I n term s o f Stoke s data , w e can summarize th e result s 
in Sectio n 3 . 3 for a weakl y goo d lattic e a t the level ra. 

Proposition 4.3.8. —  Let  ( £ , D , Z ) be  a weakly  good  lattice  of  a  meromorphic  g-flat 
bundle at  the level  (ra,z(0) ) on  (X,T>).  We  put (V ,D ) := ( ^ D ) ^ ^ . Then,  at  each 
point P  G Vz,k, we  have  the  Stokes  data  SV(E,U))  at  the  level  (ra , ¿(0)) for  ( V , D ) 
associated to  (E,  D). The  correspondence  is  functorial,  and  it  preserves  direct  sum, 
tensor product  and  dual.  • 
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We stud y th e converse . Namely , fo r a  give n Stoke s da t a a t th e leve l (m ,i(0)) a t 
P £  ^z,fc > w e shal l construc t a  goo d lattic e a t th e leve l (ra , ¿(0)) o n a  neighbourhoo d 
of P. 

4-3.4.1. Construction.  —  Le t ( V , D ) b e a  b-logarithmi c £-fla t bundl e o n (X*,V*) 
with a  se t o f Stoke s da t a a t P.  W e us e a  subscrip t "2" to indicat e tha t w e conside r 
differentials relativ e t o Y  x  /C. Becaus e D — db i s logarithmic , U)z  — dzb give s a  flat 
^-connection relativ e t o Y  x  /C . 

We tak e a  holomorphi c fram e v a o f F a o n Xp.  Le t P a b e th e connectio n 1-

form o f DA wit h respec t t o tJa , i.e. , Dava =  vai?fl . Tak e Q  G 7r_1(P) an d a  smal l 
neighbourhood UQ.  W e pu t UQ  =  UQ  \  TT~1(DZ).  W e ca n tak e a  D^-flat splittin g 

= © K , Q o f TQ.  Le t va, Q b e th e lif t o f va|W * t o V ^ Q . Then , vQ  =  {VQIQ)  give s 
a fram e o f Vjw* . Le t RQ  b e determine d b y D V Q = VQ  RQ. W e hav e th e decompositio n 
RQ =  (RA,C,Q)  correspondin g t o =  (va,Q) -

Lemma 4.3.9. —  We  have  the  following: 
• Ra,c,Q =  0 unless  a <oq c . 
• Ra,a,Q =  Ra-
• For  a <Q c, there  exists  C  >  0 swc/ i £/ia£ 

fia;C>Q e x p ^ - ^ o - c) ) =  o (exp(C\zmW\) \zm\~c). 

Proof. —  Sinc e th e filtration  fq  i s D-flat, w e obtai n th e first  claim . Th e secon d 
claim i s clea r b y construction . Sinc e th e lif t i s take n fo r a  D^-flat splitting , th e dz{-
components o f Ra,c,Q ar e 0. W e hav e th e expressio n Ra,c,Q —  Y^j=i Ra,c,Q,j dQ.  Le t 
FaiCj :  EC\UQ  -»  EA\UQ  b e determine d b y FaiCjvc  = ^a#a,c ,Q,j. The y ar e Dz-flat. 
Hence, w e obtai n th e desire d estimat e fo r R a,c,Qj b y usin g Lemm a 20.3.5. • 

Lemma 4.3.10. —  Let  VQ  be  a  frame  of  Vj^ * induced  by  another  splitting  Vj^ * = 
0 V^Q.  Let  C  be  determined  by  VQ  =  V'Q(I  +  C). We  have  (i)  C\g  =  0,  (ii)  Ca,c  = 0 

unless a <Q t, (Hi)  Ca,c  exp(^_1( a —  c)) =  0 (exp(C \zm^\) |^(o)l~C ) for  some 
C>0. 

Proof. —  Tw o D2-flat splitting s induc e a  D^-flat ma p $A,C  :  Ec\uQ  — > Ea\uQ  fo r 
a <Q  c . I t ca n b e show n tha t <ly c exp(^_1( a -  c) ) =  0 ( e x p ( C | z m ^ ) | ) |^(o)l~C ) f° r 
some C  >  0 wit h respec t t o th e frame s va  an d vc  b y Lemm a 20.3.5. Then , th e clai m 
of Lemm a 4.3.10 follows . • 

By usin g th e natura l isomorphism s o f holomorphi c bundle s 

vIu*q= 

a 
va,q= 

a 

eaIu*q; 

we exten d V^ * t o a  holomorphi c vecto r bundl e VuQ  o n UQ.  B y Lemm a 4.3.9, dIuq* 

can b e extende d t o a  meromorphi c flat  ^-connectio n D Q o f VuQ  o n UQ.  Moreover , w e 
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have th e followin g isomorphism : 

(e i ) (vuq,duq)Itt-l(dz)uuq= 
a 

(ea,da)Itt-l(dz)uuq 

By Lemm a 4.3.10, {VuQ?  ^>uQ) an d th e isomorphis m (61) ar e independen t o f the choic e 
of a  B - f l a t splittin g V  =  © K , Q . I f Q'  G  UQ,  C UQ,  w e hav e {VuQ^Q)\uQf  = 
(VuQ, ,H)uQf). B y varyin g Q  an d gluin g them , w e obtai n a  holomorphi c vecto r bundl e 
VxP{Vp ) w ^ n a  meromorPni c flat  ^-connectio n ^xP(vPzy  Moreover , w e hav e a n 
isomorphism 

(62) (VXP(Vp,z)^XP(Vp,z))\7r-i(T>P,z) — a 
ea,Da)Itt-l(D'z). 

According t o Propositio n 3.1.12, Corollar y 3.1.15 an d Lemm a 3.1.17, ther e exist s a 
holomorphic vecto r bundl e V  wit h a  meromorphi c flat  ^-connectio n B  o n {Xp,Vp,z) 
such tha t 

(63) tt*(v;d)=(vxp(dp,z),Dxp(dp,z), (v,d)Idp,z= 
a 

(ea,da)Idp,z 

4.3.4.2. Functoriality.  —  Le t (V,B ) b e a  b-logarithmi c £-fla t bundl e o n (#*,:£>* ) 
with a  se t o f Stoke s da t a a t th e leve l ( ra , ¿(0)). Then , (VV,BV ) i s als o equippe d wit h 
an induce d Stoke s da t a a t th e leve l ( ra , i (0) ) . 

Lemma 4.3.11. —  The  associated  extension  o / ( V v , B v ) is  naturally  isomorphic  to  the 
dual of  that  o / ( V , B ) . 

Proof. —  Le t V\u%  — 0 a K , Q b e a  O^-fla t splitting . I t induce s a  B^-fla t splittin g 
V\u% =  ® ^ - a , Q - W e ex^en d V|^ * t o VyQ  b y usin g th e splitting . Then , w e hav e a 
natural isomorphis m (VuQ)v  ~  ^uQ-  Hence , w e obtai n {V^p^Vp  )) v —  V~ ^  y  I t 
induces th e desire d isomorphism . • 

Lemma 4.3.12. —  Let  (V*,Bi ) (i  = 1,2) be  b-logarithmic  g-flat  bundles  on  (X*,V*) 
with Stokes  data  at  the  level  (m,i(0))  at  P. 

• IfT\  (3T2  is  weakly  good  at  the  level  (m,i(0)),  we  have  the  induced  Stokes  data 
0/ (Vi ,Bi ) 0  (V2,B2 ) at  the  level  (ra, ¿(0)) at  P,  and  the  associated  extension  of 
(Vi ,Bi) ®  (V2,B2 ) is  naturally  isomorphic  to  V\  ®  V2. 

• IfTi  0  J 2 is  weakly  good  at  the  level  (ra, ¿(0)), then  we  have  the  induced  Stokes 
data of  (Vi , Bi)0(V2, B2) at  the  level  (ra, ¿(0)) at  P,  and  the  associated  extension 
is naturally  isomorphic  to  V\  0  V2.  • 

Let (Vi,B» ) (i  =  1,2) b e b-logarithmi c £-fla t bundle s o n (Af*,D*) equippe d wit h 
Stokes da t a ST>i  a t th e leve l (ra , ¿(0)) a t P.  Fo r simplicity , w e assum e tha t T\  UI 2 i s 
also weakl y goo d a t th e leve l (ra , ¿(0)). 

Lemma 4.3.13. —  Let  F  :  ( V ^ B ^ S P i ) - » (V2,B2,SZ>2 ) be  a  morphism.  We  have 
the naturally  induced  morphism  F  :  V\ — • V2 on  Xp. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



130 CHAPTER 4. STOKES DATA 

Proof. —  W e tak e D^-flat splitting s V{\uQ — 0 ^ , a , Q o f th e filtration s TQ.  Le t v^a 
be holomorphi c frame s o f £^a . Le t ^ i ,a ,q denot e th e lift s o f Vi,A,Q  t o X^,a ,q- The y 
give frame s v^Q  o f Vi\uQ> 

Let AQ  b e determine d b y F{V\,Q)  =  V2,QAQ.  W e hav e th e decompositio n AQ  = 
(AA,C,O) correspondin g t o th e decompositio n V ^ q = (vi,a,Q)  =  1,2) . Sinc e F 
preserves th e filtration s fq  ' , w e hav e Aa? c =  0  unles s a <o C . Sinc e A a?£l)q satisf y 
Fa(vi,a) = ^2 , a^a , a ,q , the y ar e holomorphi c o n UQ.  I n th e cas e a < q C , w e obtai n 
the est imat e 

Aa,c,Q e x p ^ - ^ o - c)) = 0(exp(C |z"l(1)|) | z i (0) | -c ) 

for som e positiv e constan t C , b y usin g Lemm a 20.3.5 . Hence , F  ca n b e extende d t o 
a morphis m o n 7r-1(Ap) , an d th e clai m o f Lemm a 4.3.1 3 follows . • 

Corollary 4.3.14. —  If  the  restriction  of  F\x^v  i>s  an  isomorphism,  the  induced  mor-
phism F  :  Vi(*V) —»  is  an  isomorphism.  • 

4.3.5. Proof of Theorem 4.3.1. —  Le t us show that RH B i s essentially surjective . 
We onl y hav e t o argu e i t locally . W e pu t X  : — An x /C an d V  := Ui=i(^ = 0} . Le t 
X C  M(X,  V)/H(X)  b e a  goo d se t o f irregula r values . W e assum e tha t th e coordinat e 
system i s admissibl e fo r X , an d w e tak e a n auxiliar y sequenc e m(p)  fo r X.  W e shal l 
construct a n unramifiedl y goo d meromorphi c flat  bundl e aroun d P  G  fro m a  flat 
bundle wit h a  se t o f ful l Stoke s data . 

4.3.5.1. Graded  bundles  associated  to  full  pre-Stokes  data.  —  W e hav e a  refinemen t 
of th e constructio n i n Subsectio n 4.2.1.1 . W e us e th e notatio n there . Le t (V,D ) b e 
a £>-fla t bundl e o n X  \  T>  wit h a  se t o f ful l pre-Stoke s da t a T ove r a  goo d se t o f 
irregular value s X.  Fo r eac h Q  G  TT~1(P),  w e obtai n th e induce d filtration  J:(^RRH^'P) 
of L*(V)Q  indexe d b y (X (m(p)), ^ Q ) . (Se e Subsectio n 2.6.2. 1 fo r X{m{p)).)  O n th e 
associated grade d shea f GT^P\L^(V)Q),  w e hav e th e induce d filtration  indexe d 
by fanWb)>  ^ q ) - B y varyin S Q e  n -^P), w e obtai n G r m ^ ( ^ ( F , D ) | w - i ( A f p ) ) , an d 
a D-fla t bundl e Grm(p) (V,^ ) o n X*P.  Le t 7rm(p) : X(V(k(p))) X  b e th e rea l blo w 
up, an d le t 6m(p) :  A £ C  X(V(k(p))).  Fo r eac h Q i G  T T ^ ^ C - P ) ? w e nav e th e D-fla t 
induced filtration  ^ 1 0 f ^ m ( ^ G r m ( p ) ( V , ^ ) g i . 

For a  give n J  C  le t m(pj)  b e determine d b y rrii{pj  +  1 ) =  0  fo r an y 
i e  J  an d rrii(pj)  7̂  0  fo r som e i  G  J . Not e tha t th e th e imag e o f X(m(pj)) 
by M ( # , D ) / f f ( A 0 M(A',X>)/M(A',D(JC) ) coincide s wit h XJ . W e hav e 

F' = fm(pj). 

4.3.5.2. Construction.  —  Le t (V ,D , :F ,C/) G  SD(X,V ,T}. Tak e P  G  dl  I n th e 
following, w e wil l replac e X  wit h a  smal l neighbourhoo d o f P  i f i t i s necessary . W e 
have Gr™ip)(V)  o n X  \  X > fo r b  G  X(m(p)).  W e shal l construc t a  b-logarithmi c 
extension £™(p ) o f Gr™(p ) V  o n *  x  V(k{p  +  1)) . 
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For J(k)  := {k + 1 , . . . , ^ } , w e tak e m(pj^)  a s i n Subsectio n 4.3.5.1. Then, fo r 
b G X(m(pj(fc))), w e hav e a  locall y fre e (9^\p(fc)-module Gb^  - Let 7rf c : X(V(k)) —» 
A' an d £f c : # \ d(k)  —• x(d(k))  be natura l maps . Fo r eac h Q G 7r^1(P), w e hav e th e 

D-flat filtratio n TQ  o f tk*(Gb(k))Q  indexe d b y (^m(pJ(fc))(b) ' ^ Q ) ' (Se e th e argumen t 
in Subsectio n 4.2.2.3.) We hav e th e induce d filtration s J ^m^P) fo r an y p ^ Pj(fc) -
Since the y satisf y a  compatibilit y condition , w e obtai n Gr™^(Gb^)  on  X  \  V(k), 
for an y p ^ pj{k)  an d & ^ ^m(pJ(fc))(^)- usin g the compatibilit y conditio n o f lattice s 
in Stoke s data , w e obtai n 

(64Ì p m(pJ(fc_1))/r,J(/c)x rJ(k-l) 
UIa \yb  ) -  ya\X\V(k) 

for an y a G J (m(pJ(fc_1))). 
For p,  w e tak e k  suc h tha t pj(k)  ^  P  <  Pj(k+i)-  F° r an y c  £  ^(m(p)) > w e pu t 

Epa:= Gr™(p ) gjb(k)  whic h i s equippe d wit h th e induce d filtration s JTQ™( P') for 
any Q  G 7r~1(P) an d p'  ^  p.  Th e syste m o f th e filtration s satisfie s a  compatibilit y 
condition. B y (64) , w e hav e a  natura l isomorphis m Gr™^  E\ — ^c\X\V(k(P-i))' 

Then, b y a  successive use of the constructio n i n Subsectio n 4.3.4.1 , w e can construc t 
a locall y fre e O^-modul e Ep  wit h a n isomorphis m E\X^v  —  V\x^v  an d {E^)\p  — 
©AGXP @Pa\P'  ^ n Par^icular , E  i s a n unramifiedl y goo d lattice . B y construction , fo r 
each Q  G 7r_1(P), th e ful l Stoke s filtration  fq  o f E  a t Q  i s th e sam e a s tha t i n th e 
given Stoke s da t a SV.  I t implie s that , fo r an y Q  G 7r_1(P), th e ful l Stoke s filtration 
of E  a t Q  i s th e sam e a s tha t i n th e give n Stoke s data , accordin g t o Lemm a 4.1.2 . 
(Note tha t w e hav e shrun k X  aroun d P . ) 

Let J  C L  Tak e P'  G Vj  wit h I{P')  =  J . I t remain s t o sho w tha t w e hav e a 
natural isomorphis m 

(65) grf(Ep')= 
acIpl 

Gp>,a 

on a  smal l neighbourhoo d XP>  of P ' . W e hav e Gr:F{Epf)  ~  grfl  ( # ) | *p / . I f J  =  J(k) 
for som e fc,  (65 ) i s clea r b y ou r constructio n o f E.  I n th e genera l case , w e pu t 
k : = mi n J . Becaus e w e naturall y hav e G^x  —  Gp',a  an d G r ^ (E)  ~  Gr^  (  }  (E), 
we hav e th e desire d isomorphism . Thu s th e proo f o f Theore m 4.3. 1 i s finished . • 

4.4. Extension of Stokes data 

4.4.1. Statement. —  Le t X  —>  B  —• /C b e smoot h fibrations  o f comple x manifolds . 
Let V  b e a  normal crossin g hypersurfac e o f X  suc h tha t eac h intersection o f irreducibl e 
components i s smoot h ove r B.  Fo r simplicity , w e assum e th e following : 

• a  :  B —» /C is equippe d wit h a  sectio n b  :  K — • S, an d eac h fiber  o f a  i s simpl y 
connected. 
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• W e pu t Xb  :=  X  x B b  and Vb  : = D  x B 6. Then , (Af , £>) i s topologically a  produc t 
of (X\Vb)  an d B. 

For example , w e woul d lik e t o conside r th e cas e B  =  K  x  B  an d (X,  V)  =  (Xb,  Vh)  x  B 
as comple x manifolds . 

Let g  b e a  nowher e vanishin g holomorphi c functio n o n K.  Le t X  b e a  goo d syste m 
of irregula r value s o n (X,V).  It s restrictio n t o Xb  i s denote d b y Xb'. 

Theorem 4.4.1. —  The  restriction  S D L ( # , D , Z ) SDL(A'fe , P6,X6) z s a n e ^ a -
/ence. 

Note tha t , unde r th e assumption , th e restrictio n induce s a n equivalenc e betwee n 
g-flat bundle s ove r X  \  T>  and  Xb  \  Vb.  Fo r a  g-fla t bundl e (V,D ) o n A T \ £> , le t 
(V6,D6) denot e it s restrictio n t o Xb  \  Db  Theore m 4.4. 1 say s tha t a  se t o f Stoke s 
da ta o f (Vb,Bb)  ove r Xb ca n b e uniquel y extende d t o a  se t o f Stoke s da t a o f (V , D) i n 
a functoria l way . B y usin g th e uniqueness , w e easil y obtai n th e following : 

Corollary 4.4.2. —  The  above  extension  is  functorial with  respect  to  dual,  tensor  prod-
uct, direct  sum  in  an  obvious  sense. 

Corollary 4.4.3. —  The  restriction  M F L ( # , P , X ) - + MFL(Xb,V b,Xb) is  an  equiva-
lence. • 

4.4.1.1. Variants.  —  W e immediatel y obtai n th e meromorphi c variant . 

Corollary 4.4.4. —  The  restrictions 

S D ( ^ , P , X ) — > SD(Xb,Vb,Tb),  MF (X,V,X) — > MF(Xb,Vb,Tb) 

are equivalences.  • 

Let G  b e a  finite  grou p actin g o n (X,V)  ove r B.  Le t C(X  \  V)G  b e th e categor y 
of G-equivarian t p-fla t bundle s o n X  \  V.  B y usin g th e uniqueness , w e easil y obtai n 
the following . 

Corollary 4.4.5. —  The  restrictions 

SDL(X,V,T)G —>  SDL(A'6,X>6,X6)G , MFL(X,V ,X)G MFL(Xb,Vb ,Xb)G 

are equivalences.  We  have  the  meromorphic  variant.  • 

4.4.2. Extension of full pre-Stokes data. —  Le t u s conside r th e clai m fo r ful l 
pre-Stokes data . 

Proposition 4.4.6 

• Let  (V,D ) be  a g-flat  bundle  on  X\V.  If  we  are  given  a  set  of  full pre-Stokes  data 
of (Vb,Db ) over  (Xb,Vb,Tb),  it  is  uniquely  extended  to  a  set  of  full  pre-Stokes 
data o / (V ,D ) over  (X,V ,X). 
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• Let  (Vf,Df ) (i  —  1,2 ) be  g-flat  bundles  on  X  \V  equipped  with  full  pre-Stokes 
structures Ti  over  (X,V,T).  Let  F  :  (Vi ,Di ) — > (V2,D2) be  a  morphism.  If  its 
restriction FB  preserves  full  Stokes  filtrations,  then  F  does  so. 

We onl y giv e th e proo f o f th e firs t claim . Th e secon d clai m ca n b e show n similarly . 

44.2.1. W e pu t X0  : = A n x  Y  x  K  an d VQ  :=  \Ji=iizi  =  °} - W e conside r th e cas e 
X : = P  x  Xq  an d D  : = 5  x  D 0 for  som e simpl y connecte d comple x manifol d B.  Le t 
7T : X(V)  - > A T and jo :  ^ o ( ^ o ) - » <* b b e th e rea l blo w up . Le t t  :  X \  V  C  X(V) 
and ¿0 : Xo\Vo C  Xq(Vq)  b e natura l maps . Le t (V,D ) b e a  £-fla t bundl e o n X  \  V. 
Let P  b e an y poin t o f Vq.  Not e tha t w e hav e natura l identification s 2(b,p) —  ^(b',p) 
for 6 , 6 ' G P. I n th e following , fo r Q  G 7r^"1(P), le t [/ Q denot e a  smal l neighbourhoo d 
of Q  i n 7r^"1(P) . 

4.4-2-2. Le t 60 G P . Assum e tha t w e ar e give n a  ful l pre-Stoke s structur e o f 
£*(V,D)|7r-i(50)P). Accordin g t o Lemm a 4 .1.9, ther e exist s a  neighbourhoo d P o 
of 60 suc h tha t ^*(V )^BoX7r-i^ na s a  m ^ pre-Stoke s structur e whos e restrictio n 
to b  x  7Tq1(P) i s equa l t o th e give n one . Assum e tha t w e ar e give n tw o suc h ful l 
pre-Stokes structure s T{  o f ^(V )^BoX7r-i^Py Fo r an y Q  G b x  7r^"1(P), ther e exist s a 
small neighbourhoo d Uq  i n X(D)  suc h tha t ^i |w Q —  ^2\uQ- Hence , ther e exist s a 
small neighbourhoo d B'Q  C P o suc h tha t ^hb,qxttq1(P)  =  ^2\B,0x-k~1{P)' 

4-4-2.3. Le t b\  G P wit h a  neighbourhoo d P i . Assum e tha t ther e i s a n ope n subse t 
B[ C P i suc h tha t (i ) b\  i s containe d i n th e closur e o f B[  i n P i , (ii ) fo r an y smal l bal l 
Bp aroun d P , BpCiB[  i s connected, (iii ) a  ful l pre-Stoke s structur e o f t*(V)^  X7r-i(p) 
is given . Le t Q  G 7r^"1(P). W e ca n tak e a  smal l neighbourhoo d U (61, Q)  =  B2xUq  C 

P I x  7r^1(P ) suc h tha t <(bl,Q)  = ^i/(6i,Q)-

Lemma4.4.7. —  IfU(bi,Q)  is  sufficiently  small,  we  have  ^(bltQ)  —  ^£/'(6i,Q)> where 
Uf(buQ) :=Ui(b1,Q)xBB[.  Moreover,  for  any  b  e B2,  we  have  ^(buQ)  =  <ub(b1,Q), 
where Ub(buQ)  =  bxBU(buQ). 

Proof. —  Fo r an y fixe d pai r a, b G ^(6,p), afte r appropriat e coordinat e change , FA^  = 
- R e ( | * _ m | z m ) . Hence , F^L(0)r \irQ1(B2 x  P ) P 2 x  P  i s a  smoot h fibration , i f P 2 
is sufficientl y small . Then , th e clai m i s clear . • 

Take b2  G B2  H  B[.  B y usin g Propositio n 4 . 1 . 5 , w e hav e a  D-fla t filtration  o f 
L*{V)\b2xUQ- I t ca n b e extende d t o a  D-fla t filtration  o n U(bi,Q).  I t i s independen t 
of th e choic e o f b2.  B y varyin g Q  G 7r^"1(P) , w e obtai n a  neighbourhoo d P 4 o f b\ 
and ful l pre-Stoke s structur e o f ^(Y)\B4x7t-1(P)'  Not e tha t th e uniquenes s i s als o 
obtained. 

44-2.4- Assum e tha t w e ar e give n a  ful l pre-Stoke s structur e o f ^*(V)\b3x7r~1(v0)m 
Take an y 64 G P  an d P  G Vq.  W e tak e a  pa t h 7 connectin g 63 an d 64. B y a 
continuity method , w e ca n sho w tha t ther e exist s a  neighbourhoo d V  o f 7 an d a 
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unique ful l pre-Stoke s structur e o f ^*(^) |vx7r_1(P) wrios e restrictio n t o 63 x TVQ (P) i s 
equal t o th e give n one . I n particular , w e obtai n a  uniqu e ful l pre-Stoke s s tructur e o f 
L*(y)\b4xn~1(P)' ft  * s easy * ° sno w tha t th e filtration s ar e independen t o f th e choic e 
of a  path , an d tha t th e compatibilit y conditio n i s satisfied . Thus , th e first  clai m o f 
Proposition 4.4.6 is prove d unde r th e settin g o f Subsectio n 4.4.2.1. 

4.4.2.5. Le t u s re tur n t o th e settin g i n Subsectio n 4.4.1 . Le t V  = 'Г<ЕЛ Vi be th e 
decomposition int o irreducibl e components . Fo r /  C  A , w e pu t d*i  : = DieIT>i  \ 
{Ji^Vi. Le t X  x -  = k Take P  e  V.  Le t I(P)  : = {i  e  A  |  P e  Vi).  W e 
put y  :=  a  o  c (P ). W e ca n tak e a  pa t h 7 i n ( a o c)~1(y)  f l ^ / ( p ) connectin g P  an d 
c_1(6(?/)) H  Vj^py Not e tha t suc h a  pa t h i s uniqu e u p t o homotopy . B y a  continuit y 
method, w e ca n sho w tha t ther e exist s a  neighbourhoo d V  o f 7 an d a  uniqu e ful l pre -
Stokes s t ructur e o f ^(V )^-i^ whos e restrictio n t o th e intersectio n wit h 7r~1(T>b) 
is equa l t o th e give n one . I n particular , w e obtai n a  ful l pre-Stoke s s t ructur e o f 
L*(^)\TT~1(P)' ft  LS  easy t o sho w tha t th e filtrations  ar e independen t o f th e choic e 
of a  path , an d tha t th e compatibilit y conditio n i s satisfied . Thus , th e first  clai m o f 
Proposition 4.4. 6 i s proved . 

4.4.3. Extension of b-logarithmic bundle. —  Le t (V , D) b e a  D-fla t bundl e o n 
X \ V . Le t b G M(X,V). 

Lemma 4.4.8. —  Assume  that  the  restriction  (V6,D6 ) is  extended  to  a  bb-logarithmic 
g-flat bundle  E$.  Then,  (V,B ) is  uniquely  extended  to  a  b-logarithmic  g-flat  bundle  E 
such that  E\xxb  =  -^o -

Proof. —  W e onl y hav e t o conside r th e cas e b = 0 . B y th e uniqueness , th e clai m i s a 
local property . Hence , w e ma y assum e (X,V)  =  B  x  (Xo,T>o).  The n th e existenc e i s 
clear, becaus e (V,D ) i s isomorphi c t o th e pull-bac k o f (V , ^)\bx(x0^T>0)' Le t u s sho w 
the uniqueness . Le t E  b e suc h a n extension . I f w e restric t D  t o th e P-direction , ther e 
is n o pole , i.e. , w e obtai n a  £-fla t connectio n relativ e t o XQ  without an y pole . Then , 
the clai m i s clear . • 

We mentio n a  consequenc e o f thi s lemm a fo r th e proo f o f Theore m 4.4.1 . Le t 
{Th,Qh) b e a  se t o f ful l Stoke s da t a o f {Vb,Bb).  Accordin g t o Propositio n 4.4.6 , Th 

is uniquel y extende d t o a  se t o f ful l pre-Stoke s da t a o f (V,D) . B y Lemm a 4.4.8 , w e 
obtain tha t Qh i s als o uniquel y extende d t o a  grade d extensio n o f Th. I t remain s t o 
show th e compatibilit y conditio n fo r Q. 

AAA. Compatibility. —  W e giv e a  preparation . W e pu t X0  : = A n x  Y  x  JC  an d 
A),2 : = U I L i i ^ = 0} - Le t VO^Y  b e a  hypersurfac e obtaine d a s th e pull-bac k o f a 
normal crossin g hypersurfac e o f Y.  W e pu t VQ  : = T>QJZ  U  VO,Y- Le t B  b e a  comple x 
manifold. W e pu t X  :=  B  x  X0,  Vz  :=  B  x  P0,*> an d V  :=  B  x  VQ.  Le t J  b e a  goo d 
set o f irregula r value s o n (X,VZ). 
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We hav e th e followin g blo w up : 

tto,z:sxo(do,z) - xo, 

TTZ : X(VZ) —> X, 

NO : XQ(VQ) — > XQ, 

TT : X(V) —> X. 

We hav e th e followin g inclusions : 

¿0 •  XQ \ VQ  — > XQ(VO*), 

L:X\V—>X(VZ), 

¿0 : XQ \ T>O,z  — • <*b(A),z), 

i' : X ^ V Z ^ X ( V Z ) . 

Let ( £ , B ) b e a  logarithmi c g-fla t bundl e o n (X  \VZ,V\  Vz).  W e pu t (V,D ) : = 
(E, D)|Af\P - W e hav e a  natura l inclusio n j ^ B C £*V \ 

Let T b e a  ful l pre-Stoke s structur e o f (V , B) ove r X . Becaus e J  i s containe d i n 
M(X,VZ)/H(X), w e hav e th e induce d nitration s Tb&  o f th e stalk s L*(Y)b,Q  f° r an Y 
(b,Q)eX(vz). 

Let 6 0 G B. W e hav e th e restrictio n (y6°,B6° ) o n {b0}  x (Af0 \ £>0 ) an d (£6°,Bfe° ) 
on {60 } x  (XQ  \ T>o ,z). W e hav e th e natura l inclusio n i'^Eb°  C ^o*^b° - W e hav e th e 
nitrations o f ( ^ O * ^ ) Q fo r an y Q  G ^l{^o,z)-

Lemma 4.4.9. —  Assume  the  following: 
• Take  any  Q  G KQICDQ^),  then  of  Lo*(VB°)Q  is  induced  by  a  filtration  of 

i'0* (Ebo) Q. 
Then, for  any  b G B and  Q G TT0 1(T>Z),  F(B, Q) of U(V)^:Q)  is  induced  by  a  filtration 
0fL'*(E)(btQ). 

Note tha t th e assumptio n an d th e clai m ar e trivia l i f Q  i s no t containe d i n th e 
inverse imag e o f Vz  n Vy  • 

Proof — By th e assumption , w e have th e filtratio n o f the stal k (i'0*Ebo)Q  fo r eac h 
Q G ^ôl(T>o,z)- The syste m i s denoted b y T\. I t satisfie s th e compatibilit y condition . 
Because (B ,B ) i s logarithmic , b y forgettin g th e differential s i n th e F-direction , w e 
obtain a  flat  ^-connectio n B i relativ e t o Y x  /C. Th e syste m T\ give s a  ful l pre-Stoke s 
structure o f £ Q5(S(E60, O^0). Accordin g t o Propositio n 4 . 4 . 6 , it i s uniquel y extende d t o 
a ful l pre-Stoke s structur e J- 2 of 4 ( E , B i ) . 

The restrictio n o f T t o X{VZ)  \  7r~1(Vy) give s a  ful l pre-Stoke s structur e o f 
£*(V, B i ) ^^ j ^ - i ^ ^ j . B y th e uniqueness , w e obtai n th e coincidenc e o f th e restric -
tions o f ÏF and T2  t o X(VZ)  \  n~1(Vy).  Then , w e ca n deduc e tha t T i s induce d b y 
T2 o n X(VZ).  • 

4.4.5. End of the proof of Theorem 4.4.1. —  Let u s finish  th e proo f o f Theore m 
4 . 4 . 1 . It remain s t o chec k th e compatibilit y conditio n fo r Q. W e us e th e settin g i n 
Subsection 4 . 4 . 2 . 1 . Let P G T>Q. I n th e following , Xp  denote s a  smal l neighbourhoo d 
of B x  {P}. W e hav e a  natura l bijectio n X(6,p ) — Z(b',p) f° r an Y £ B . W e wil l 
identify the m naturally , an d denote d b y Xp.  Pro m a  ful l pre-Stoke s structur e o f V , w e 
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have Gr f J (V) o n AT* for b G Xp. Th e nitration s TQ  (Q G T T " 1 ^ X P)) induc e a  ful l 
pre-Stokes s tructur e T o f G r f (V) , b y Lemm a 4.1.9. We hav e JQa  on Xp  \Vp(Jc). 
Assume th e following : 

• The nitration s fQ  o f LJ*  G r f (Vb°)Q  (Q G ^ ( P ) ) ar e induce d b y nitration s o f 
i'j* (JGbbo)Q. 

• G r f ( J ^ ° ) i s isomorphi c t o GbP°MXp^Vp{Jcy 
By Lemm a 4.4.9, w e obtai n tha t th e filtration s F(b,Q)  of LJ*  G r f (V)(6,Q) ( Q € 
7 T ^ " 1 ( P ) , b  £  B)  ar e induce d b y filtration s o f ¿7^ (J£?b)( b Qy B y usin g Lemm a 4.4.8, 

we obtai n tha t G r f (JGb) i s isomorphi c t o Gp^\xP\VP(JC)- Thus , w e obtai n Theore m 
4.4.1. ' • 

4.5. Deformation 

4.5.1. Deformation E^ 
4-5.1.1. Unramified  case.  —  Le t C  b e a  simpl y connecte d compac t regio n i n C m . 
We pu t (X°,V°)  :=  (X,V)  x  C.  Le t T  b e a  holomorphi c functio n o n / C x  C , whic h 
is nowher e vanishing . Le t X  b e a  goo d syste m o f irregula r value s o n (X-,V).  Fo r 
each (P , c) G D°, w e pu t l | p ^ : = { T a |  a G X p }. Thus , w e obtai n a  goo d syste m o f 

irregular value s X^. 

We hav e a n obviou s deformatio n o f a  p-fla t bundl e wit h a  se t o f Stoke s da t a o n 
(X,V) ove r X. Le t (V,B,SV)  G SD(X,V,T).  Le t ( F ° , B ° ) b e th e g-fla t bundl e o n 
X° \  P ° obtaine d a s th e pull-bac k vi a th e projectio n t o X  \V.  Applyin g Theore m 
4.3.1, w e obtai n (V°, B°,SV^) G SD(;T,£>°,X(T)). 

We hav e th e correspondin g deformatio n fo r unramifiedl y goo d lattic e o f a  mero -
morphic p-fla t bundle . Namely , fo r ( P , D ) G M F L ( ^ , P , X ), w e hav e (E^T\B^)  G 
MFL(A'0, P ° , X ^ ), correspondin g t o th e obviou s deformatio n o f th e Stoke s da t a a s 
above. I t i s uniqu e u p t o canonica l isomorphisms . 

4-5.1.2. Remark  on  descent.  —  Le t (p  :  (X',V)  —>  (X,V) b e a  ramifie d Galoi s 
covering ove r K  wit h th e Galoi s grou p G.  W e pu t X' := Tak e (E',W)  G 

MFL(#',X>',Z')G. Le t ( £ , B ) G MFL(X,V,X) b e th e descen t o f (E\W).  Accordin g 
to Corollar y 4.4.5, (Ef,W)^  i s als o G-equivariant . 

Lemma 4.5.1. — (£7,D)<T ) i s £/i e descen t o / ^ ^ ' J ^ . 

Proof. —  Le t ( B i , B i ) b e th e descen t o f (E',W)(T\  B y construction , th e restriction s 
of ( £ , B ) ( r ) an d ( £ a , B i ) t o AT6 are naturall y isomorphic . B y Corollar y 4.4.3, the y 
are isomorphi c on  X.  • 

Let u s conside r th e cas e X' i s no t necessaril y th e pull-bac k o f a  goo d syste m o f 
irregular value s o n (X,V).  Le t (£-,B^) G MFL(A'/,X>/,X/) ( z -  1,2). Thei r descen t 
(Ei,H>i) ar e no t necessaril y unramified . 
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Lemma 4.5.2. — J / (P i ,Di ) ~  (P2,B2) , then  (Pi,Di)<T ) ~  (P2,B2)(T) . 

Proof. —  I t i s easy t o reduc e th e issu e t o th e cas e wher e V  i s smooth . Moreover , w e 
only hav e t o conside r th e cas e di m X =  1 . Becaus e E[  D E'2 i s als o a n unramifiedl y 
good lattice , w e may assum e E[  C E2.  W e hav e E±  C P2 ,  and w e only hav e t o 
compare thei r section s whic h ar e invarian t wit h respec t t o th e Galoi s actions . Then , 
the clai m i s obvious . • 

4-5.1.3. General  case.  —  Le t (P , D) be a good lattic e o f a meromorphic £-fla t bundl e 
on (x,d)  which i s no t necessaril y unramified . Fo r an y P  G £> , w e ca n tak e a 
small neighbourhoo d Xp  an d a  ramifie d coverin g </? p :  (Xp,V'p)  —>  (Xp,Vp)  suc h 
tha t (P,D ) i s th e descen t o f a n unramifiedl y goo d lattic e (P ' ,B ' ) o n {Xp,V'p).  B y 
applying th e procedure i n the unramified case , w e obtain th e deformation (P ' ,D' ) 
on (Xg,W£).  B y takin g th e descent , w e obtai n ( P , © ) ^ o n (X£,V°P).  I t i s wel l 
defined u p t o canonica l isomorphism s a s a  ger m o f goo d lattic e o f a  meromorphi c 
£-flat bundl e a t P , accordin g t o Lemm a 4.5. 1 an d Lemm a 4.5.2 . B y gluing , w e 
can globaliz e an d obtai n a  goo d lattic e (P , B) ( r) o f a  meromorphi c £-fla t bundl e o n 
(X°,V°). 

If w e ar e give n a  goo d filtered  £-fla t bundl e (J£*,D ) o n (X,V),  w e obtai n a  goo d 
filtered £-fla t bundl e ( i^T\ ID>(T)) by applyin g th e abov e procedure . 

4.5.1.4. Functoriality.  - — Th e deformatio n i s compatibl e wit h dual , tenso r produc t 
and direc t sum , unde r th e appropriat e assumptio n o n th e irregula r values . Namely ,
we have the following natural isomorphisms: 

(E1®E2)m~E[T)®EP, (E1®E2)< T)*E[T)®EP, (PV)(T)^(P(T))V. 

Let (EP,BP)  G MFL(X,V,X) (p  =  1,2 ) wit h a  morphis m /  :  ( P i , B i) - + (P2,B2) . 
Then, w e have th e induce d morphis m f ^ :  (E[T\b{*]) - > (P^r) , D<T)) . 

4.5.1.5. Le t X\  b e a  comple x manifol d wit h a  norma l crossin g hypersurfac e T>\.  Let 
F :  Xi —•  X b e a  morphis m suc h tha t (i ) P_1(£> ) C £>i , (ii ) th e induce d morphis m 
X\ —> /C is a  smoot h fibration,  (iii ) eac h intersectio n o f som e irreducibl e component s 
of T>i  is smoot h ove r K.  Le t P  b e a  goo d lattic e o f (£ ,D ) o n (X,V).  W e obtai n a 
good lattic e P i : = P * P o f (£ i ,O i ) : = P*(£,B ) ®  0 ^ i ( * ^ i ) . 

Lemma 4.5.3. —  Let  Fc  be  the  induced  morphism  X£  —>  X°.  We  have  natural  iso-
morphisms 

E[T) ~  pc*p( t ) , (£i,B)<r > - p c * ( £ , b ) ( t ) ® e>*o(*Pî). 

Proof. —  W e onl y hav e t o conside r th e unramifie d case , i n whic h th e clai m follow s 
from Theore m 4.4.1 . • 
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4.5.2. Deformation E^T\  —  Le t T  b e a  nowher e vanishin g holomorphi c functio n 
on / C suc h tha t | a rg (T) | <  n/2.  Fo r a  give n goo d lattic e (E,3)  o n (X,V),  w e 
shall construc t a  goo d lattic e (1£(T),B(T) ) o n (X,T>).  W e tak e a  compac t regio n 
C C C  whic h contain s 0  an d 1 , an d tak e a  nowher e vanishin g holomorphi c functio n 
T :  /CxC C  suc h tha t (i ) % x { 0 } =  1 , (ii ) % x { i } =  T , (iii ) |  a rg (T)| <  TT/2. Then , 
we obtai n th e deformatio n (E^r\U)^)  o n (A*0,!)0) . B y takin g th e specializatio n a t 
c =  1 , w e obtai n th e desire d (E^T\B^). 

Lemma 4.5.4. —  (E^T\3^)  is  independent  of  the  choice  of  (C,T)  up  to  canonical 
isomorphisms. 

Proof. —  W e onl y hav e t o conside r th e loca l an d unramifie d case . Le t %  [i  =  0,1 ) 
be function s a s above . W e tak e a  smal l neighbourhoo d C2  o f { 0 ^  c2  <  1 } i n C. 
We conside r a  holomorphi c functio n T2  : = (1  —  c2) % +  c2  Ti o n / C x C x C 2 - W e 
obtain (E,  D)(T2 ) o n (X,  V)  x  ( C x  C2).  Th e specialization s a t (c , c2) =  (1 , i ) ( z =  0,1 ) 
correspond t o (E,1D))(Ti\  Le t p  :  X x  C2  X  be  th e projection . B y Theore m 4.4 .1, 
we hav e a  natura l isomorphis m ( £ , B)[^{1}xC2 -  ED)(To) - Hence , (£,B)(T* ) 
(2 = 0,1 ) ar e naturall y isomorphic . • 

Let X  b e a  goo d syste m o f irregula r value s o n (X,V).  Fo r eac h P  G V,  w e pu t 
-^p^ : = { ^ a |  a G X p }, an d w e obtai n a  goo d syste m o f irregula r value s X^T\ Th e 
above constructio n give s MFL(Af , P , X) — > MFL(A', P,X^T^) , i n th e unramifie d case . 

Lemma 4.5.5. —  LetTi  (i  =  1,2 ) be  holomorphic functions  onK  such  that  |arg(T^) | < 
7r/2 and  | a rg(TiT2) | <  7r/2. We  have  a  canonical  isomorphism  E^TLT^  ~  (£KTl))№). 

Proof. —  W e onl y hav e t o chec k th e clai m i n th e loca l an d unramifie d case . W e tak e a 
small neighbourhoo d Ci  of { 0 ^ Q ^ 1 } in C.  Le t u s conside r th e functio n T ( c i , c2)  = 
(1 -  c i +  c i T i ) ( l - C 2 +  C 2 T2)  o n K  x  C i x  C2 . W e hav e th e deformatio n (£ ,B) (T ) 
on ^  x  C i x  C2 . W e ca n easil y sho w tha t bot h {E^TLT^  an d ((£,D)<Tl))(T2 ) ar e 
naturally isomorphi c t o th e specializatio n o f ( E , B ) ( r ) a t (1,1) . • 

Lemma 4.5.6. —  Under  the  appropriate  assumptions  on  the  irregular  values,  the  fol-
lowing holds: 

• The  deformation  is  compatible  with  dual,  tensor  product,  and  direct  sum. 
• Let  ( £ i , O i ) — • (#2,02 ) be  a  flat morphism.  Then,  we  have  an  induced  flat 

morphism (E[T) , o£r)) -> {E{p , b£t ) ) . • 

Let X\  b e a  comple x manifol d wit h a  norma l crossin g hypersurfac e V\.  Le t F  : 
X\ —>  X  b e a  morphis m suc h tha t (i ) F~1(T>)  C P i , (ii ) th e induce d morphis m 
Xi — > /C i s a  smoot h fibration , (iii ) an y intersectio n o f som e irreducibl e component s 
of V\  i s smoot h ove r /C . Le t £  b e a  goo d lattic e o f (£ ,B ) o n (X,T>).  W e obtai n a 
good lattic e E i : = F * E o f ( £ i , O i ) : = F * ( £ , B ) . W e obtai n th e followin g lemm a fro m 
Lemma 4.5.3. 

Lemma 4.5.7. — We  have  a  natural  isomorphism  E[T^  ~ F*E^TK  • 
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4.5.3. Deformation in the case that | a rg (T) | is small. —  W e giv e a  charac -
terization o f holomorphi c section s o f (p(T),D(T) ) whe n |  a rg(T)| i s sufficientl y small . 
We explai n i t i n th e cas e wher e ( P , D) i s unramified . W e pu t X  —  An  x  / C an d 
V =  (Ji=i{^ = 0 } . Le t X b e a  goo d syste m o f irregula r value s o n (X,V). 

Let P  G T>£. W e tak e a  coverin g {Ui  \  i G T} o f 7r-1(P) , whic h i s goo d fo r Xp . (Se e 
Definition 4 . 1 . 6 . ) W e tak e neighbourhood s Ui  o f Ui  i n X(V).  Assum e th e followin g 
for T : 

• {Ui}  i s goo d fo r lfc)  fo r 0 ^ c  ^  1, where T c : = 1 + c( T -  1 ) . 

This i s satisfie d i f arg(T ) i s sufficientl y smal l fo r fixe d {Ui}. 

Let v  =  (va)  b e a  fram e o f Gr*F(P ) compatibl e wit h th e grading . Le t Uj  :=  [\{^Ui 
for som e 7 C T . A s i n Subsectio n 4 . 2 . 3 . 1 , w e tak e a  splittin g 

( 6 6 ) EIul= o eur,a. 

We hav e th e induce d fram e vj  o f E\uT.  W e pu t 

vI(t):= «,,„ exp((r - l)^1«), v(P := («£>). 

Lemma 4.5.8. —  Le t w be  a  frame of  P^T) . Let  Gj  be  determined  by 

(T) ~ 
^IW /xtt-h^) = vi\Ul^-^v) t^i-

Then, the  entries  ofGi  and  Gj1  are  holomorphic  onUj. 
The splitting  E ^^-i^p) =  ©•Ew J,o|wJ\7r-1(x>) gives  a  splitting  of  the  full  Stokes 

filtration of  E^T\ 

Proof. —  Le t C  b e a  smal l neighbourhoo d o f { 0 <  c  <  1 } C C . W e conside r th e 
function T = 1 + c(T  —  1 ) . W e hav e a n unramifiedl y goo d lattic e ( P , B ) ( r ) ove r 
C x  (X,V).  B y th e assumptio n o n arg(T) , th e natura l ma p Xp7" ^ — * Xp induce s 
isomorphisms o f th e ordere d sets : 

(XpT\^cxW/) — • (Xp,^W/)-

By usin g th e fla t ^-connection , w e obtai n a  filtratio n FCXUI  o f P ^ ^ fro m TUl  o f 
E\UR W e als o obtai n a  splittin g o f fCy~Ul  fro m th e splittin g ( 6 6 ) o f TUl.  W e remar k 
that , fo r an y (c , Q) G C  x  Ui  th e filtration s .P^ 7 an d T^c^  ar e compatibl e ove r 
( X p ^ ^ c x W j ) — > (XpT\ <(c,Q)), a  propert y whic h follow s fro m th e characterizatio n 
of th e ful l Stoke s filtratio n i n Theore m 3 . 2 . 1 . I n particular , th e restrictio n o f th e 
splitting t o { 1 } x (Ui  \ T T - ^ P ) ) give s a  splittin g o f th e filtratio n TUl  o f E^T\  Not e 
tha t vf]  naturall y give s a  fram e o f G r ^ ( P ) < 8 > £ ( ( T - l ) a ) , wher e C((T- l )a ) denote s 
Ox e  wit h a  fla t ^-connectio n B e =  e  (T —  l )da . Then , w e obtai n th e firs t clai m o f 
the lemm a fro m Lemm a 3 . 7 . 2 1 . Th e secon d clai m follow s fro m th e firs t one . • 
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Let /  b e a  holomorphi c sectio n o f E \X\V- W e hav e th e correspondin g decom -

position f\ijT = fa,I- We hav e th e expressio n faj  = fZj<lr W e P u t 
/ a , / : — 

[T) 

Corollary 4.5.9. —  /  gives  a  section  of  E^  if  and  only  if  f^J is  bounded  for  any  a 
and I.  • 
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C H A P T E R 5 

L2-COHOMOLOGY OF FILTERED A-FLAT B U N D L E 
O N C U R V E S 

Our goa l i s t o compar e variou s cohomolog y group s associate d t o a  filtere d A-fla t 
bundle induce d b y a  harmoni c bundl e o n a  curve . I t wil l b e achieve d i n Sectio n 
18.2. Thi s chapte r i s a  preparatio n fo r loca l comparisons . I n Section s 5.1-5.2 , w e 
consider th e cas e wher e A  is fixed . I n Section s 5.3-5.4 , w e stud y th e famil y version . 
We separat e the m althoug h the y ar e essentiall y th e same . Th e statement s ar e give n 
in Section s 5. 1 an d 5.3 , respectively . 

5.1. Local quasi-isomorphisms for fixed A 

We pu t X  :=  Az.  Fo r an y subse t Y  cX,we  pu t Y*  :=Y\  {O}.  Le t (V *,BA) b e 
a goo d filtere d A-fla t bundl e o n (X , O). 

5.1.1. Sheaves of L2-sections and holomorphic L2-sections 
5.1.1.1. Preliminaries  for  metric.  —  Le t v  b e a  fram e o f °V  compatibl e wit h th e 
parabolic filtratio n F  an d th e weigh t filtratio n W  o n Gr F associate d t o th e nilpoten t 
part o f th e residu e Res(DA) . W e pu t a (v{) :=  deg F(vi) an d k(vi)  : = d e g ^ ( ^ ) . Not e 
— 1 <  a (vi) ^  0  an d k (vi) e  Z . Le t h  b e th e Hermitia n metri c give n a s follows : 

h^Vj) :=  Sij  \z\~2a^  (~log\z\)k^. 

If a  metri c h!  come s fro m anothe r choic e o f a  fram e vf  compatibl e wit h F  an d W,  th e 
metrics h  an d h!  ar e mutuall y bounded . Le t gp  denot e th e Poincaré metric o f X*. 

We recal l th e basi c propert y o f th e metri c h  a s above . Le t /  = fjVj b e a 
holomorphic sectio n o f V\x*-  I t i s Lr  wit h respec t t o h  an d #p , i f an d onl y i f th e 
following hold s fo r eac h ff. 

• fi i s holomorphi c a t O , i f (i ) - 1 <  a(vi)  <  0 , o r (ii ) a(vi)  =  0  an d k(vi)  ^  0 . 
• fi i s holomorphi c a t O  an d fi(0) =  0 , i f a(vi)  =  0  an d k(vi)  >  0 . 

Let UJ  —  ]T fi Vi dz b e a  holomorphi c sectio n o f V  <S>  fl^f o n X*.  I t i s L2  wit h respec t 
to h  an d p p i f an d onl y i f th e followin g holds : 
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• fi  i s holomorphi c a t O , i f (i ) —  1 <  a(vi)  <  0 , o r (ii ) a(vi)  —  0 an d k(vi)  ^  —2 . 
• fi  i s holomorphi c a t O  an d fi(0)  =  0 , i f a{vi)  =  0  an d k{vi)  >  —2 . 

We ca n chec k thes e claim s b y direc t computations . 

5.1.1.2. Sheaf  of  L2  -sections. —  Not e tha t th e A-connectio n BA o f V  an d th e deriva -
tion Xdx  +  dx  induc e a  derivatio n o f V  ®  fi^f*, which i s als o denote d b y B A . Fo r a n 
open subse t U  C X , le t £P(V *,BA)(J7) b e th e spac e o f section s r  o f V  ®  Slpx  on U* 
with th e followin g property : 

• r  an d B A T ar e L2  locall y o n [/ , wit h respec t t o / i an d #p . 
Let ££oly(K , B A ) ( £ / ) b e the spac e o f C°°-sections r  o f V®tiFx  o n E7* with th e followin g 
property: 

• r  an d B A r ar e L 2 an d o f polynomia l orde r i n Iz-l 1 locall y o n J 7 with respec t t o h 
and pp . 

Remark 5.1.1. —  I n th e following , w e sa y jus t "polynomia l order " instea d o f "polyno -
mial orde r i n IzlI''  • 

Thus, w e obtai n complexe s o f sheave s £* (V * ,BA) an d £*o l ( V i , B A ) . Le t 
££ol(V ; ,BA) (p  =  0,1 ) b e th e subsheave s £P(V * ,PA) , whic h consist s o f holo -
morphic p- forms. B y th e genera l theor y o f holomorphi c functions , w e hav e 
£phol(V*,B>) c  £ppoly(V^). 

We shal l prov e th e followin g propositio n i n Section s 5.2.1-5.2.5 . Th e argument s 
are a  mino r modificatio n o f thos e i n [73] an d [96]. 

Proposition 5.1.2. —  The naturally  defined  morphisms 

£hoi(^>DA) 
lo lopqly(VxSdu) 1pl 

£ * ( K , B A ) 

are quasi-isomorphisms. 

5.1.1.3. Algebraically  determined  sheaf.  —  Le t X'  =  A ^ , an d le t ipn  denot e th e 
ramified coverin g X'  —>  X  give n b y ipn{zf)  —  z'n.  Recal l tha t w e hav e th e induce d 
good filtere d A-fla t bundl e o n ( X ' , 0 ' ) a s i n Sectio n 2.5.3.3 , whic h i s denote d b y 
( V / , B ' A ) . I f w e choos e n  appropriately , (V"#',D'A ) i s unramified , an d w e hav e th e 
irreemlar decomDOsition : 

(67) (v'x,d'u)Io'= 
a6lrr(D/A) 

v'ax,da'x 

Since Vq*  and 0a_^ o K' * ar e Gal (X' /X)-equivar iant , w e hav e th e descen t t o O  whic h 

are denote d b y Vreg  * an d V[rr  *, respectively . 
Let a  e  R  an d a  G I r r (B /A) . W e hav e th e weigh t filtration  W  o f th e nilpoten t 

part o f th e residu e G r f Res (B/A) o n G r f (V^) . Le t Wk(aK)  denot e th e pull-bac k o f 
Wk G r f (Va' ) vi a th e natura l projectio n aVa ' — • G rf (V^) . Fo r eac h a  ^  0 , w e pu t 

s(vaxoooox');:=w-2(od(a)v'a),s(va'xool,ox'):=w-2(ov'a W-2(Vo') dz' 
z' ' 
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We hav e th e descent o f ®a^0S(V^  ®  opxo)  wnic n * s denoted b y <S(VJrr* 0 ^x°)-
We hav e th e generalized eigen-decompositio n wit h respec t t o the residu e 

Gr£(V0) = 
a 

EaGr£(Vb) , 

where th e restrictio n o f Res (DA) t o E a Gr0 (VQ) ha s th e uniqu e eigenvalu e a. 
We hav e th e weigh t filtration  W  o f th e nilpoten t par t o f th e residu e Res (DA) 

on eac h EaGr^(Vo ) an d Gr^(Vb) . Le t <S(Vb * 0  Q°x°)  denot e th e invers e imag e 
of 0 a / o ^ - 2 E a G r o F ( Y o ) 0  WOEOGTZCVO)  vi a th e projectio n *%  -  Gr^(V0). 
Let 5(Vo * 0  ^x°)  denot e th e invers e imag e o f W_2Grj^(Vb ) vi a th e projectio n 
°V& dz/z - > Gr^ (V0). Thus , w e obtain lattice s 

<S(K 0 np/) := 5(y0* ® îî%0) 0  S(V[rr* 0 Î2^°) 

of (V  0  fix°(*°))|5-  The y induc e lattice s s(v*  ®  nx°) o f ^  0  ft%0(*O).  Th e A-
connection BA on V * and the differentia l Xdx  o n £2^ ° induce BA :  <S(V* 0 ^ ^ ° ) — > 

5 ( K 0  Ol,ox)  Thus , w e obtain a  comple x o f sheaves S(V*  0  ft0'0)  ^  5 ( K 0  ft1'0). 

Lemma 5.1.3. —  We  have  a  natural  inclusion  S(V*  0  ft*'0) —> £*ol(K, BA); which  is 
an isomorphism. 

Proof. —  W e onl y hav e t o compar e th e stalk s a t O.  B y th e conditio n i n Sectio n 
5.1.1.1, i t is easy t o check tha t section s o f <S(Vi 0ftp'°) ar e L2. I t als o implie s tha t D / 

is L2 for a section /  o f S(V*). Hence , we obtain S(V*  0ftp'°) C ££ol(K, PA) naturally . 
In the case p =  1 , it is clearly a n isomorphism. Le t / G £hoi(^*> ^A)* Becaus e /  i s L2, 
each fi  i s holomorphic. Then , w e obtain /  G <S(V*) fro m D A / G S(V* 0  ft1'0).  • 

5.1.1.4- Remark.  —  Thi s kin d o f theorems , suc h a s Propositio n 5.1.2 and Lemm a 
5.1.3, wa s first  prove d b y S . Zucke r [96] i n hi s study o n singula r variatio n o f Hodg e 
structure. Namely , h e used th e quasi-isomorphism t o obtain a  Hodge structur e o n the 
intersection cohomolog y o f a variatio n o f polarized pur e Hodg e structure . I f h  come s 
from a  variatio n o f polarized pur e Hodg e structure , i t i s easy t o see that <S(V * 0 ft*'0) 
with A  = 1  i s naturall y quasi-isomorphi c t o th e d e Rha m comple x o f th e minima l 
extension o f V\x* o n X. Th e quasi-isomorphism wit h A  = 1  plays th e role connectin g 
the intersectio n cohomolog y an d the L2-cohomology. Moreover , h e obtained a  Hodg e 
structure o n L2-cohomolog y b y usin g th e quasi-isomorphis m wit h A  = 0  wit h som e 
global harmoni c analysis . 

For regula r filtere d A-fla t bundles , i t wa s proved i n [73] an d [67] fo r the study o n 
tame harmoni c bundle s o n curves. I n [67], w e used Zucker' s metho d i n a straightfor -
ward way . Sabba h [73] introduce d a n improvemen t t o argu e i t i n a  unifie d wa y for 
various A . He also studie d th e irregular singula r cas e i n [71]. W e will us e a differen t 
argument t o dea l wit h Stoke s structure . 
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5.1.2. Variants in the case A  ^ 0 . — W e shall introduc e complexe s o f sheave s 
£poly(K,DA) an d £POLY(V*,BA) o n X , whos e restriction s t o X * ar e th e sam e a s 
^poiy(^*' ^X)\x* •  Le t 5  b e a  smal l secto r i n X* , an d let S  denot e it s closur e i n 
the rea l blo w u p X ( O ) . W e can tak e a  lif t o f S  i n th e rea l blo w u p X ' ( O ' ) vi a 
the coverin g ma p X ' ( O ') — » X ( O ), which i s denote d b y the sam e notat io n S.  I f 
A ^  0 , w e hav e th e ful l Stoke s filtratio n Ts  o f V.^.  W e can take a  fla t splittin g aV'Is= 

\s ~  © o oVa,s- W e can naturally identif y V/s  and V15. Eac h sectio n /  o f V <8>£LPX 
on S has the corresponding decompositio n / = fa,S-

5.1.2.1. Variant  1.  — Fo r an open se t U  C X wit h O  eU,  le t CppoXy{V*,®X)(U)  b e 
the spac e o f C°°-sections r  o f V <S>  £lpx  on U*, such tha t th e following estimat e hold s 
with respec t t o h  and gp on each smal l secto r S: 

(al) : T0JS an d DAra?s (a ^ 0 ) are of polynomial order . 

(a2) :  r0, 5 and PATO,5 are L2 and of polynomial order . 

The condition s ar e independent o f the choice o f a fla t splittin g an d a lif t o f sector t o 
X ' ( O ' ) . Then , w e obtain th e complex o f sheave s £*OLY(V*, DA). W e will prov e th e 
following propositio n i n Section 5.2.6 . 

Proposition 5.1.4. —  The  naturally  defined  morphisms 

s(vxoooxo) lopoly(vx,dy "02 lopoly(vxvdy) 

are quasi-isomorphisms. 

5.1.2.2. Variant  2.  —  Fo r an open se t U  C X wit h O  eU,  le t £pOLY(V*, BX)(U) b e 
the spac e o f C°°-sections r  o f V <S> £lpx on £/*, such tha t th e following estimat e hold s 
with respec t t o h  and gp on each smal l secto r S: 

(bl) : Ta,s and DAra, s (a ^ 0 ) ar e 0 ( 1 ^ ) fo r an y N >  0  wit h respec t t o h 
and pp. 

(b2) : T0,S and DAT0,S satisf y (a2) . 

Then, w e obtain th e complex o f sheaves £*oly(Vr*,lD)A) . W e will prov e th e followin g 
proposition i n Section 5.2.7 . 

Proposition 5.1.5. —  The  naturally  defined  morphisms 

£poiy(^>DA) 
(fil c;0]y(v*,B>) 1p2 lopoly(vx,dy) 

are quasi-isomorphisms. 

5.1.3. Deformation of the Stokes structure ( A  ̂ 0). — Let T > 0. We hav e 
the deformatio n (V*(T) , P A ) a s i n Sectio n 4.5.2. To compar e £poiy (V*(T) ,Oa ) an d 
£*OLY(V*,BA), w e shall introduc e a  comple x o f sheaves £ p o i y ( ^ h,  h^L). 
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5.1.3.1. Preliminary  for  metrics.  —  O n eac h smal l secto r S  i n X* , w e tak e a  flai 
splitting V\g  =  0Va5(s- a s i n Sectio n 5.1.2 . Le t G^  b e th e endomorphis m give r 

by 0 a e x p ( ( l —  T ) A- 1 a) idv0>s - Le t ft^  b e th e Hermitia n metri c o f V\s  give n b j 
h^\u, v)  :=  h(G^\u),  G^\v)).  I f we construc t h'gT^  fro m othe r h!  an d GgT\  hgT 
and h(t)s  ar e mutuall y bounded . B y varyin g S  an d gluin g ft^  i n C°° , w e obtai n i 
C°°-metric h{cl. 

We ca n construc t a  metri c ft(T)  fo r VJT^  a s i n Sectio n 5.1.1.2 , b y takin g a  fram e 
V(T) Q f OY(T) compatibl e wit h th e paraboli c filtratio n F  an d th e weigh t filtratio n W 
on GrF . 

Lemma 5.1.6. — The  metrics  ft£?2 and  h^  are  mutually  bounded. 

Proof —  W e may assum e tha t V * is unramified. Le t w  =  (wa)  b e a  frame o f Vjg , sue ! 
tha t (i ) i t i s compatibl e wit h th e irregula r decompositio n an d th e paraboli c filtratio n 
(ii) th e induce d fram e o f G r F ( ° y ) i s compatibl e wit h th e weigh t filtratio n W.  W e 
put a(wi)  :=  degF(wi)  an d k(wi)  : = degw  (wi).  W e tak e a  lif t ws  — (wa,s) o f w  t c 
°V|^, compatibl e wit h a  DA-fla t splittin g o f th e ful l Stoke s filtration . Le t hs  b e th e 

Hermitian metri c o f V\$  determine d b y hs(wi ,Wj) : = 5ij  \z\~2a(wi) (—\og \z\)h(<w^ 

Then, i t i s mutuall y bounde d wit h h\s-

We hav e th e fram e w(t)  o f °V^Q\  whic h i s obtaine d fro m w  b y th e natura l (non -

flat) isomorphis m V^Q  —  V^Q. W e pu t w(t)a,s := exp((T—1 ) A- 1 a) u>a,s> and lll  : = 

(w^s)- The n 1 0 i s a  lif t o f w(t)  t o v(t)s  compatibl e wit h a  BA-fla t splittin g o i 

the ful l Stoke s filtration . Le t ft^  b e th e metri c o f Vj ^P give n b y ft ^P (w^\w^)  -

Sid \z\-2a^iT)"> ( - log |^ | ) fc(^T)) . Then , h(p  an d (ft(T))|< ? ar e mutuall y bounded . 
By th e construction , w e hav e hP(u,v)  —  hs(G^(u),GP(V)).  Then , th e claiir . 

of th e lemm a follows . C 

5.1.3.2. A  complex  of  sheaves.  —  W e shal l introduc e th e comple x o f sheave s 
£poiy (V> ft,  ftc2) o n X.  W e se t £pol y (V, ft, ft£T2) (x„ =  £p0l y ( K, BA ) |XsK. Fo r a n ope r 

set U  C  X  wit h O  e  £7 , le t ££oly(V , ft,  ft^2)(C/) b e th e spac e o f C°°-section s r  o i 
V ®  fip  o n C7 * such tha t th e followin g estimat e hold s o n eac h smal l secto r S: 

(c l ) : Ta5s and Bxrais  (a ^ 0) are 0 ( | ^ | N ) fo r an y N with respec t t o bot h (ft,#p ) 

and (ft ^2,£p). 

(c2) : ro55 an d D  TO,S ar e L 2 an d o f polynomia l orde r wit h respec t t o (ft,#p) . I n 
other words , the y satisf y th e conditio n (a2) . Not e tha t th e restriction s o f ft  an d 

(T) 

hKCJO t o Vo,s  ar e mutuall y bounded . 

Thus, w e obtai n th e comple x o f sheave s £poi y (v,h,h(t)coo 
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5.1.3.3. Statement. — By constructio n o f th e complexe s an d Lemm a 5.1.6, we hav e 
the followin g natura l morphisms : 

(68) £;oly(v„BA) C\OIY{V,hMcl) rpoXy{vPM). 

We wil l prov e th e followin g propositio n i n Sectio n 5.2.8. 

Proposition 5.1J. —  The  morphisms  in  (68 ) are  quasi-isomorphisms. 

5.1.3.4- Remark.  —  W e giv e a  consequenc e o f Propositio n 5.1. 7 fo r holonomi c D-
modules o n projective  curves.  Le t C  b e a  smoot h projectiv e curve . Le t V  b e a 
meromorphic fla t bundl e o n C.  Fo r a  give n Ti > 0  (i  =  1,2) , w e hav e th e deformatio n 
V(Ti\ Le t b e th e minima l extensio n o f V^Ti\  W e ca n deduc e a  natura l isomor -
phism o f th e cohomolog y o f D-module s H^R{C,M^)  ~  Hj^R(C,M^)  b y usin g 
the abov e quasi-isomorphisms . Actually , le t V * * ; b e th e Deligne-Malgrang e filtered 
bundle associate d t o V^Ti\  (Se e Sectio n 2.7. ) I t i s s tandar d tha t <S(V*(Ti ) <g > ft#'°) 
is naturall y quasi-isomorphi c t o th e de Rham comple x o f M^Ti\  Hence , th e quasi -
isomorphisms i n Proposition s 5.1.4 , 5.1. 5 an d 5.1. 7 induc e th e desire d isomorphis m 
H*DR{C,M^))^H*DR{C,M^)). 

We ca n als o obtai n suc h a n isomorphis m directl y fro m th e constructio n o f M^Ti\ 
Recall t ha t ar e obtaine d a s th e specializatio n o f a  meromorphi c fla t bundl e 
on C  x  C  fo r som e appropriat e comple x manifol d C  wit h a  functio n T . Le t b e 
the minima l extensio n o f V^T\  Then , ar e obtaine d a s th e specializatio n o f 
M^T\ B y takin g push-forwar d o f t o C , w e obtai n a  flat  bundl e whos e fiber  ove r 
c e C i s naturall y quasi-isomorphi c t o HpR({c}  x  C , M^T^).  Hence , th e paralle l 
t ranspor t induce s th e desire d isomorphism . I t seem s possibl e t o chec k tha t th e tw o 
isomorphisms ar e th e sam e b y usin g th e famil y versio n o f th e quasi-isomorphisms , 
which migh t simplif y ou r argument . W e woul d lik e t o giv e mor e detail s somewhere . 

5.2. Proof for fixed À 

5.2.1. An estimate in [96]. — W e recal l a  resul t du e t o Zucke r [96]. W e us e 
the Poincaré metric gp  an d th e associate d volum e for m dvolP p o f X*  aroun d O.  W e 
use th e pola r coordinat e z  =  r e ^ . Le t £  b e a  holomorphi c lin e bundl e o n X* 
with a  holomorphi c fram e a  an d a  metri c h  suc h tha t \a\h  ~  r~a  |logr|fc/2 , wher e 
— 1 <  a  <  1/ 2 an d k  G Z . Le t |MU,0P denot e th e L2-nor m o f a  sectio n UJ  o f C  <S>  № 
with respec t t o h  an d gp. 

Let 0  <  R  <  1/2 . W e pu t X(R)  : = {z  e C \  \z\ ^  R}  an d X*(R)  =  X{R)  \  {O} . 
Let u)  —  qadz/z  b e a  C°°-sectio n o f C  0  Q0^1  o n X*(R)  wit h compac t sup -
port . W e hav e th e Fourie r expansio n g = meZ9m(r)e^-lme. W e pu t gW  := 

<m#0 M™ (r\eVimO an( j ^Yms  w e hav e th e decomposition s q  = an - f q^1'  an d 
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UJ = u>o + a/1). I n th e case s ( n < 0 ) or ( n = 0 , a = 0 , A: > 1) , we pu t 

(69) w„ := 2 r " 
0 

p n 1gn(p)dp. 

In th e case s (n  > 0) , (n = 0 , — 1 <  a < 0 ) or (n  = 0 , a = 0 , k < 1) , we pu t 

(70) un := -2rr' 
R 

R P " 9n(p)dp. 

We wil l no t conside r th e case s (n  =  0 , a >  0 ) an d ( n =  0 , a =  0 , fc = 1) . Then , w e se t 

(71) $(1)(u;) := 
n€Z,n^0 

w „ ( r ) e ^ " e . 

When a  ^  0  an d (a , fc) ^ (0,1 ) ar e satisfied , w e als o pu t 

(72) $(CJ) : = 

nGZ 

u „ ( r ) e ^ ^ . 

The followin g propositio n i s prove d i n th e proo f o f Propositio n 6. 4 an d Propositio n 
11.5 o f [96]. 

Proposition 5.2.1. —  Assume  R  >  0  is  sufficiently  small.  Let  UJ  be as  above. 
• We  have  d^^uj)  =  u/1) . There  exists  a  positive  constant  C\,  such 

that H^H^OH/i^p ^  C i Ilk/^IU.sp- If  we  fix  a  compact  subset  K\  of 
{—1 <  t  ^  1/2 } x  Z , the  constant  C\  can  be  taken  independently  from 
(a, k)  6 K\.  (But  it  may  depend  on  K\.) 

• Assume  a  ^  0  and  (a,A: ) /  (0,1) . PT e ftm;e  dQ(uj)  —  UJ.  We  also  have  a 
constant C2  such  that  ||$(kOIU,sp ^ C2  IMU,sP• If  we  fix a  compact  subset 
Ki of  {—1 <  t  <  0 } x  Z , the  constant  C2  can  be  taken  independently  from 
(a:k)eK2. • 

Let L2(X*(R),£)  (resp . L2(X*(R),  C^tt0'1))  denot e th e spac e o f L2-section s o f £ 
(resp. C  <S>  ft0,1)  o n X*(R),  whic h ar e L2  wit h respec t t o h  an d #p . W e obtai n th e 
following corollary . 

Corollary 5.2.2 

• $ W indice s a  bounded  linear  map  L2(X*(R),C  0  ft0'1)  - > L2(X*(i?) , £ ). TTi e 
range ofQ^  is  contained  in  the  domain  ofd,  anddo&l\uj)  =  a/1 ) holds  for  any 
UJ e  L2(X*(R),C^il0A).  If  we  fix  a  compact  subset  Ki  o / { - l < K l / 2 } x Z , 
£/ie nor m of$W  is  uniformly  bounded  for  (a,k)  e  K\. 

• Ifa^O  and  (a , /c) ^  (0,1) , $  induces  a  bounded  linear  map  L2  (X*(R), £(g)ft0,1 ) 
—> L 2 ( X * ( i ? ) , £ ). T/i e range  of  $  ¿ 5 contained  in  the  domain  of  d,  and  9 o $ 
is the  identity  of  I?  (X*(R),  C  ®  ft0'1).  / / w e /i x a  compact  subset  K2  of  the  set 
{—1 <  t  <  0 } x  Z , £/i e nor m 0 / $  ¿ 5 uniformly  bounded  for  (a , k) e  K2.  • 
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5.2.2. An estimate in [82]. — Let f(z)dz  b e a  (0, l)-form o n A * suc h tha t 
If(z)I< Ma(— lo g \z\)k  an d tha t th e suppor t o f / is compac t i n A . W e ofte n nee d 

a solutio n g of th e equatio n dg  = f dz  satisfyin g som e growt h estimat e aroun d th e 
origin. Fo r tha t purpose , w e pu t 

H(f)(z) := 
f(w) J=l 
z — w 2TT 

dwdw. 

Lemma 5.2.3 
• In  the  case  -2 <  a  <  - 1 , we  have  \H(f)\  =  <3 ( |z |a+1( - lo g \z\)k). 
• In  the  case  ( a =  —2, k  <  —1 ) or  ( a =  — 1 , k  >  —1) , we  have  \H(f)\  = 

0(\z\a+1(-log\z\)k+1). 
• In  the  case  a  =  - 1 andk = -l, \H(f)\  =  0 ( | z | a + 1 ( - l o g |z|)fe+1 l o g ( - l o g \ z \ ) ) . 

Proof. —  Se e Pag e 759-76 0 o f [82]. • 

5.2.3. Preliminaries. —  Le t u s s tar t th e proo f o f th e proposition s i n Sectio n 5.1 . 
By a n eas y argumen t t o us e th e descent , w e ca n reduc e th e proble m t o th e unramifie d 
case. Therefore , w e may an d wil l assume tha t (V* , DA) i s unramified. W e us e th e pola r 
coordinate z =  re^~^-d.  W e ma y assum e th e followin g fo r th e fram e moreover : 

1. v i s compatible wit h th e irregula r decompositio n i n iV-t h orde r fo r som e larg e N, 
i.e., vio(n)  i s compatibl e wit h th e decompositio n o f V^Q{N)  induce d b y (67) , 

where on  denote s th e iV-t h infinitesima l neighbourhoo d o f O. 

2. v\o i s compatibl e wit h th e generalize d eigen-decompositio n o f Res(DA) . 

3. Le t NA^A,A  denot e th e nilpoten t par t o f th e endomorphism s o n GRF№A(Y a\o) 
induced b y Res(DA) . Then , NA^A^A  ar e represente d b y Jorda n matrice s wit h 
respect t o th e induce d frames . 

We hav e th e irregula r valu e a(vi), an d th e eigenvalu e a(vi)  o f Res(DA ) correspondin g 
to vi.  W e als o pu t a(vi)  : = degF(vi) an d k(vi) : = d e g ^ ( ^ ) . W e defin e 

B(k) := {vì I a(vi)  = a(v») = a(v») = 0 , k{vi) = k} 

U{vi\a(vi)=0, (a(vi),a(vi)) ^ ( 0 , 0 ) } . 

Let A  b e determine d b y 3 xv = v A . Le t T b e th e diagona l matr i x whos e ( i , i ) -

entries ar e a{vi)  dz/z  +  da(vi). W e pu t AQ  :=  A  —  T. W e us e th e symbo l FA  t o denot e 
the sectio n o f End(Vr ) <g ) fi1'0  determine d b y FA(V ) = v A . W e us e th e symbo l FA0 
in a  simila r meaning . Then , FA0  i s bounde d wit h respec t t o h  an d gp.  W e hav e th e 
following decomposition : 

Ap= 
a,a,a 

Ja,a,a 
dz 

Z 

dz 

z 

Here AF0  i s holomorphi c an d FA'\O  strictl y decrease s th e paraboli c filtration.  An d 
Ja,a,a ar e constan t Jorda n matrice s an d represen t NA^A,A  wit h respec t t o th e induce d 
frames o f G r f EA(Va\o)-
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5.2. PROOF FOR FIXED A 149 

The ( l ,0)-operato r d  i s defined b y d(Ysfivi) =  Yl^fi  '  vi- Then , w e have DA = 
d + \d +  FA  . 

Let dvo L denot e th e volume for m o f the Poincaré metric. Recal l tha t a  sectio n 
fi Vi is L2 if and onl y i f the followin g holds : 

\fi\2 b | - 2a^ ) ( - l ogb |2 ) f c^ )dvo L < oo. 

A sectio n fiVidz/z + gj Vj dz/z i s L2 if and onl y i f the followin g holds : 

| / i | 2 k | - 2 ^ ) ( - l o g | z | 2 ) f c ^ ) + 2 d v o l g p < 00, 

№ N_2a(^-logM2)fe(^)+2dvol«,p < oo. 

A sectio n fi Vi dz dz/\z\2 i s L2, if and onl y i f the followin g holds : 

| /i |2 | * r 2 a ^ ( - l o g | z | 2 ) f e ^ + 4 d v o l S p < oo. 

5.2.4. Vanishing of H2 of £* (K,DA ) and £*oly(V.,DA). —  Le t u s conside r 
Proposition 5 .1.2. Le t LJ be an L2-section o f V ® O2. W e have th e expression: 

w = F 
dzdz 
\z\2 f = fi Vi. 

Each fi has the Fourier expansio n fi = mcz fim(r)e^md. W e se t 

-4(0)(/) := 
«i€S(-l) 

/i,o(r)t>i, ^(1)(/):=/-^(0)(/)-

We hav e th e decomposition /  =  *4^(/) +  A(l)(f):  We have th e corresponding de-
composition UJ  =  A^\UJ)  +  A ^ \ U J ) . Recal l w e have th e following equalities : 

(73) »(/i,o(r)) = 
1 
2 r 

dfj,O 
ór 

dz 
z 

ö(/i,o(r)) = 
1 
2 

r 9/i,o 
a r 

dz 
z 

We sho w th e following lemm a base d o n Sabbah's ide a containe d i n [73]. 

Lemma 5.2.4 

• We have an  L2-section tl ofV  <g > ft1'0 swcA *Äa* dr^ = A(1)(UJ). 

• We have an  L2-section to  o / V ® fi1 such that 

(i) D M 0 ) 25 also L2, 

(ii) # ( w - d V ° ) ) = o . 
• i n particular, we  can take an  L2-section r  o / V ® ft1 such that  BA r =  UJ. 

If UJ  is C°° and  of polynomial order,  r W ( i = 0,1) , BAr(° ) an d r  ar e a/so C°° and  oj 
polynomial order. 

Proof. —  Th e first  clai m follow s fro m Corollar y 5.2.2 . Le t us show the second claim . 
The proo f tha t w e giv e als o work s in the famil y case . W e giv e preliminar y arguments . 
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5.2.1.1. (A). — In the case a(vi) = 0, a(vi) = 0 and a(v{) ^ 0, we put 

(74) n := fi,oVi 
dz 

z 
yfi,ovi 

dz 

Due t o (73) , w e have BATI = ^ ( / ¿ , 0 ^ ) . Hence , w e have th e following : 

(75) /¿,0 Vi 
dz dz 

\z\* 
a(vi)-ldytl=fi,ovi 

dzdz 

\z\2 
-a(vi) 1FA(f i:0Vi) 

dz 

z 

= a(vi) 1FAo(f i,0Vi) 
dz 

z 
B3 V3 

dzdz 

\z\2 

Because fi  o  Vi (dz/z) (dz/z) i s L2, the section s 

FA(fi,o Vi)dz/z, fi,o Vi  dz/z, fii0 Vi dz/z 

are als o Lr.  I n particular, t\  an d BATI ar e L .  Becaus e Fa0  is bounded, th e right-han d 
side o f (75 ) is als o L2. Le t u s loo k a t B,  mor e closely . Becaus e An i s holomorphic , 
we hav e B*  = m>0 B , > ( r ) e ^ m f l . I f a(vj)  =  0, w e hav e Bj$(r)  =  0 unles s 

( a ( ^ ) , a ( ^ ) ) = ( a ( ^ ) , a ( ^ ) ) an d A^a,a,a ^|o = Vj\0- Not e d e g ^ ( ^ ) <  degw(vi)  fo r 
such Vj. 

5.2.4-2. (B).  —  Le t us consider the case a(vi)  = 0 and a(vi) ^ 0. Le t k be determine d 

by a(vi ) = ]C 7=i aj(vi)z~j  an( l ^fc(^i) 7̂  0- Recal l w e have th e following : 

(76) 
d(zkfiflVi 

dz 

z 
= zkd(fi,0 Vi) 

dz 

z 
±kzk /¿,0 Vi 

dzdz 

\z\2 

d(zkf0,iVi 
dz 

z 
= zkd(fi,0 Vi) 

dz 

z 

We conside r th e following : 

(77) Ti : = zk /i>0 Vi 
dz 

z 
+ A zk /¿,0 Vi 

dz 

z 

It i s L2, and we have th e following : 

(78) tfin) = FA(zk fifiVi 
dz 

z 
+ \kzk /¿,0 v< 

dzdz 

\z\2 

=(z 
<9a(^) 

dz 
+éq(vi)+ky)zkfi,ovi dzdz 

\z\2 + zkFAo (/¿,0 V*) 
dz 
z 

Hence, DA(TI ) i s also L2 . Le t Bj  b e determine d b y the following : 

/i,o ^ 
dzdz 

\z\2 
1 

~feafe(vi) 
DAn =: vjvi dzdz 

\z\2 

We hav e I? 7 = m<o B^m^e^™6. I t mean s 

-4<0) (/i,o ^ 
dzdz 

\z\2 
1 

-feafc(vi) 
-DAn) = 0. 
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5.2.A.3. (C). — Let u s conside r th e cas e a (v{) = 0 , a(vi) = 0 , a(vi) = 0  and k (vi) = 

— 1. Le t ¿(1 ) b e determine d b y AT0,o,(№(i)| o =  v%\o  m  Gr 0 EO(VQ|O)- W e pu t 

(79) t~i := /¿,0^(1 ; 
G?2 

z 
+ A /¿,0 v»(i) 

xq 
2 

It i s L2 , an d w e hav e th e following : 

DA(n) =  / i ,ov . 
dzdz 
|Z|2 

+fao(tl) 

Hence, BA(ri ) i s als o L2.  Le t .B j b e determine d b y th e following : 

/»,0 Vi 
dzdz 
\z\2 - D A ( r i ) = bjv, dzdz 

\z\2 

If a(VJ) = 0 , we hav e BJ  = rn>o Bj,m(r) e^~^me.  I n particular , w e hav e th e follow -
ing: 

Ao(w)= dzdz 
\z\2 

- D ^ n ) ) = 0 . 

5.2.4-4- Le t u s sho w th e secon d clai m o f Lemm a 5.2.4 . W e hav e 

>t<0)M = 
vieB(-i) 

fi,0 Vi 
dzdz 
\z\2 

Applying th e procedur e i n (B ) an d (C) , w e ma y an d wil l assum e tha t /^ o =  0  unles s 
a(vi) = 0 , a(v{) =  0  an d a(vi) ^  0 . Le t feo =  max{k(vi) |  a(v{) = 0 , a(vi) =  0 , a(vi) ^ 

0 } . Applyin g th e procedur e i n (A) , w e ca n kil l th e coefficient s i n A^ (a;), o f Vi wit h 
a(vi) — 0, a(v{) =  0  an d k (vi) =  ho.  B y usin g a n eas y descendin g induction , w e ca n 
kill A^°\ uj). Thus , w e obtai n th e secon d clai m o f Lemm a 5.2.4 . 

Let u s finish  th e proo f o f Lemm a 5.2.4 . Assum e tha t uj is C°°  an d o f polynomia l 

order. B y construction , i s C°°  an d o f polynomia l orde r b y construction . W e ca n 

check tha t DAr(° ) i s als o C°°  an d o f polynomia l orde r fro m it s explici t description . 

Because uj i s C°°  an d o f polynomia l orde r b y construction , A^( uj) i s C°°  an d o f 

polynomial order . Le t A^\ uj) an d rj1 ^ denot e th e coefficient s o f Vj i n A^  an d 

respectively. W e obtai n tha t i s C°°  o n X * b y th e equatio n dr^  =  A^\ uj) an d 

the ellipti c regularit y o f d.  I f M  i s sufficientl y large , w e hav e (i ) rj1 ^ i s L 2 o n I , 

(ii) zMAf\uj)  i s L°°  o n X , (hi ) d(zMr^)  =  zMA(j1\uj) a s a  distributio n o n X.  B y 

Sobolev's embedding , w e obtai n tha t zMr^  i s LP  fo r som e p  >  2 . Then , b y usin g 

Sobolev's embeddin g again , w e obtai n tha t zMr^  i s L°°  o n X.  Namel y rj1 ^ i s o f 

polynomial order . Thus , th e proo f o f Lemm a 5.2. 4 i s finished. • 

5.2.5. W (tpi o (p0)  and W(ipo)  for j  =  0 , 1 . —  Le t u s prov e Propositio n 5.1.2 . 
Let uj b e a n L2-sectio n o f F  0  fi1  suc h tha t H) xuj = 0 . W e hav e th e expressio n 
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u = f1'0 dz/z  + f0'1 dz/z.  W e set 

Ao(fo,l)= 
vicB(l) 

F^\R)VU ^1)(/0-1):=/0-1-^°)(/0'1). 

We hav e the decomposition J0' 1 = A(°\f0,1)+A(1\f0,1).  W e have the correspondin g 
decomposition CJ0'1 = A^(uj0^)  +  ^ ( a ; 0 ' 1 ) . 

Lemma 5.2.5 
• We  have  an  L2-section  ofV  such  that  dr^  =  A^\uj0,1). 
• We  have  an  L2-section  ofV  such  that 

(i) 5r(° ) is  also  L2, 

(ii) A^{OU ^1-dr^) = 0. 

As a  result,  we  can  take  an  L2-section  rofV  such  that  dr = a;0'1 . Ifu0,1  is  C°°  and 
of polynomial  order,  t('i) (i  = 0 , 1 ) , dr^  and  r  are  also  C°°  and  of  polynomial  order. 

Proof. —  Th e firs t clai m follow s fro m Corollar y 5 . 2 . 2 . Le t Cj  b e the function s deter -
mined b y th e following : 

( 8 0 ) FAo(f+dz/z) = civi dzdz 
\z\2 

From DA w = 0 , we obtain th e followin g relatio n b y considerin g th e ^ -component : 

( 8 1 ) lafi0,1vi dz 
z 

+ f°>1(da(vi)  +  a(vi) 
dz 
z J 

Vi 
dz 
z 

ofil,ovi dz 
z 

+ CiVi 
dz dz 
\z\2 

= 0 . 

We us e the Fourie r expansio n Cj  = Cj,m e^imé>. We give som e preliminar y argu -
ments. 
(A) Le t u s conside r th e cas e aivA  =  0 an d a(vi) ^ 0 . Le t k  b e determine d b y 
ahi) = k 

7 = 1 dj(vi) z  i  wit h dk(vi)  =  0 . Le t u s loo k a t th e e  ^~^ke -component o f 
( 8 1 ) . Multiplying i t by rfc, we obtain th e following, wher e w e omit t o write dz  dz/\z\2: 

( 8 2 ) - k № ak(vi) -
0<m<k 
m+j=K 

f^-rnJ^(vi)rk-j+rka(vi)f^k^ 1 

2 
r 

d 
dr (Arfc/^fc) 

-kèfoi,l-krk - l 
2 

r 
d 

dr 
(RKF^K)+RKC^K =  0. 

We conside r th e following : 

( 8 3 ) p := -
0<m<k 
m+j=k 

FL'-mJ *J(Vi) RK~J + RK (A(VI) - k\) FL'LK  + RKC^K) VI 
dz 
z 

Then, w e hav e /  IPI2^-2^ dvolP p <  c o fo r som e e  >  0 . B y Corollar y 5 . 2 . 2 , w e can 
take pi  suc h tha t /  \pi\1 r~2e  dvolPp <  o o an d dpi  =  p.  Not e tha t w e hav e th e 
following: 

( 8 4 ) MIRK\FS-K-RKFL;\)V) = 
1 

2 
•r 

d 

dr 
(RK\ÎÏ;\-R*FL;°_K)VI 

dz 
z 

Hence, w e have a n L2-sectio n T2 such tha t f ^Vi dz/z  — dr2. 
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(B) Le t u s conside r th e cas e a(vi)  —  0, a(vi)  =  0  an d a(vi)  ^  0 . Le t u s loo k a t th e 
e^~^-oe-component o f (81) . We have th e following : 

X 

2 r 
foi,o 

dr 

dzdz 
\z\2 + « K ) / ° Ô 1 

dzdz 
\z\2 

1 
2 

r 
&fl,oi,o 

or 

dzdz +cio dzdz 
IzI2 = o . 

Hence, w e have th e following : 

1 

E 
r 

d 
dr 

yfo,li,o-fl,oi,o+&(vi)fo,i,o= 
R 
-fi(l) 0  + R  (if evi(l), ^a,a,o^(l) = Vf), 

otherwise. 

Here, J  \Rvi\\r  £  dvolPp <  oo . Then , b y usin g a n eas y inductiv e argument , w e can 
show tha t ther e exist s r2  suc h tha t dr2  =  f^Q  Vi dz/z. 

(C) Le t us consider th e case a(vi)  —  0, a(vi)  —  0, a(vi) =  0  and k(vi) = 1 . Le t 
be determine d b y Nv^o  =  ^ ( - i ) | o - Le t u s loo k a t th e ex/~To6>-componen t o f (81 ) for 

vi(-l).We hav e th e following : 

A 
r 
2 

ofio,l'_i)5o dzdz 
dr \z\2 

r d 

2dr h(-i),o 
dzdz 
\z\2 

+ f0' 
dzdz 
\z\2 + (Ct(-i),o - /^b1) 

dzdz 
\z\2 

= 0. 

Hence, w e have th e following : 

f0,l _ 
Ji,0 — 

1 
2 

r 
d 

or ( —A/z°(-l),0 + /z(-l),o) + R' 

Here, /  |-R^| 2 \z\  6  dvolgp <  o o for som e e  >  0 . W e also hav e th e following : 

I I-0,1 2 I ¿0,1 j - / - 2 
|/i(_i),ov* * ~ | / i(-i) ,o^(-i)^A Mp-

Hence, w e obtai n tha t fo,li(-l),l 0Vi i s L2.  Similarly , fl,oi(-l),o n̂  i s als o L2.  Thus , ther e 

exists a n L2-sectio n r2  suc h tha t dr2  = /^Q1 dz / z . 

The secon d clai m o f Lemm a 5.2. 5 follows fro m th e abov e consideration s (A) , (B), 
(C). Assum e tha t UJ  is C° ° an d o f polynomia l order . B y th e argumen t i n th e proo f 
of Lemm a 5.2.4 , w e can sho w tha t t(l)  i s C°°  an d o f polynomia l order . I n (A) , if UJ 
is C°°  an d of polynomia l order , /? , fo,li,(-k, / /̂  ar e C°°  an d of polynomia l order , an d 
we ca n show tha t p i i s C°°  an d of polynomia l orde r b y the argumen t i n the proo f o f 
Lemma 5.2.4 . Hence , r2  in (A ) is C°°  an d of polynomial order . W e can show tha t r2 
in (B) , (C ) ar e C° ° an d o f polynomia l order . Then , T(o)  an d cM° ) i n Lemm a 5.2. 5 
are C°°  an d of polynomial order . • 

We pu t p  :=  UJ —  DAr which i s a holomorphi c sectio n o f V  ®  tt1,0 on X*.  W e hav e 
the decompositio n p  = Pi, wher e eac h pi  i s the produc t o f Vi an d a  holomorphi c 
(l ,0)-form o n X*. 

Lemma 5.2.6. — Let  £(vi)  GZ^o be  determined as  follows: 
• We  put  £(vi)  :=  —  o r d ( a ( ^ )) +  1  in  the  case  a(vi)  ^  0 . 
• We  put  £(vi)  :—  1 in  the  case  a(vi)  —  0 and  a(vi)  +  Xa(vi)  ^  0 . 
• We  nut  £(vi)  : = 0  otherwise. 
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Then, z^Vi>}  PI  is  L2  with  respect  to  h  and  gp.  In  the  second  case,  ( — log | z | ) - 1 ^ is  L2, 
a property  which  is  stronger  than  the  previous  one. 

In particular,  P  is  C°°  and  of  polynomial  order. 

Proof —  Le t Sf  denot e th e (1,0)-operato r determine d b y h  an d d.  Le t B  b e deter -
mined b y 8 'v = v B.  Then , B  i s diagonal , an d th e (i,z)-entr y i s a s follows : 

-a(vi) 
dz 

z 
+ 

k(vj) 
- 2 lo g |z | 

dz 

z 

The curvatur e R(h)  o f d  +  6f  i s bounde d wit h respec t t o h  an d gp.  Hence , 8'r  i s 
also L2.  (Se e th e argumen t i n th e proo f o f Lemm a 7.4.11 , fo r example. ) 

Let DA(1»° ) denot e th e ( l ,0 ) -par t o f BA . W e pu t G  : = BAd,o ) -  X6f,  whic h i s a 
section o f E n d ( F ) ®  fi1'0.  Le t A\  b e determine d b y Gv  =  v  A\.  Then , w e hav e th e 
decomposition A\  —  Tf +  C , wher e FQ  i s bounde d wit h respec t t o h  an d gpi  an d Tf 
is th e diagona l matr i x whos e (z,i)-entr y i s a s follows : 

da(vi) + (a(vi) + Aa(t^)) 
¿2 

z 
We hav e th e decompositio n p  =  a;1, 0 - A<J V - AFc ( r ) -  AFr / ( r ). Not e a;1, 0 - XS'r  -

\FC(j) i s L2 . Then , th e clai m o f th e lemm a follows . • 

Let A0  an d T  b e a s i n Sectio n 5.2.3 . W e pu t DQ '=  D A - F r . W e hav e D £v = v A0 . 
Recall FA0  i s bounde d wit h respec t t o h  an d gp . 

• I n th e cas e a ( ^ ) ^  0 , w e hav e th e L2 -holomorphic sectio n Ki suc h tha t PI  = 
(DA(VI) +  A(VI)  DZ/Z)  KI.  Not e DQ (KI) 1S  A^SO -^2-

• I n th e cas e a(vi) =  0  an d a(vi)  <  0 , w e hav e ( — log |z|)_1 PI i s L2 . Then , w e 
obtain th e L2-propert y o f PI.  Se e Sectio n 5.1.1.1 . 

• I n th e cas e a ( ^ ) =  0 , a (vi) = 0  an d a(VI)  ^  0 , w e hav e z  PI  i s L2.  Hence , w e 
have th e L2-holomorphi c sectio n KI  such tha t a(VI)  KIDZ/z  =  PI.  Not e Bo(«i ) i s 
also L2 . 

• I n th e cas e a(vi) =  0 , a (vi) = 0  an d a(vi) = 0 , w e hav e PI  i s L2 . 
Hence, w e obtai n th e followin g lemma . 

Lemma 5.2.7. —  There  exists  an  L2-section  v  of  V  such  that  (i)  3xv  is  also  L2, 
(ii) LO  —  DAz/ is  a  holomorphic  (1,0)-/orra . If  w0'1  is  C°°  and  of  polynomial  order,  v 
is also  C°°  and  of  polynomial  order.  • 

Let u s finis h th e proo f o f Propositio n 5.1.2 . Lemm a 5.2. 5 an d Lemm a 5.2. 7 impl y 
tha t I/JI  o (p0 is a  quasi-isomorphism . 

Let uo  e  £*oly(V; , DA). W e tak e v  a s i n Lemm a 5.2.7 . Becaus e u  -  BAz / i s C°°  an d 
of polynomia l order , w e obtai n tha t DAz / i s als o C° ° an d o f polynomia l order . Hence , 
v e  £poly(K,BA) . I t implie s tha t H1^)  i s surjective . Th e injectivit y o f H1^) 
follows fro m th e injectivit y o f Hl(^\  oip0).  I t i s easy t o se e H°((po)  i s a n isomorphis m 
by Lemm a 5.1.3 . Thu s Propositio n 5.1. 2 i s proved . • 
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5.2.6. Proof of Proposition 5.1.4. —  B y a n eas y descen t argumen t wit h respec t 
to th e ramifie d coverin g X'  —»  X,  w e may an d wil l assum e tha t ( K , BA ) i s unramified . 
We hav e th e ful l reductio n ( G r f ( °y) ,BA ) fo r eac h a  G Irr(DA). (Se e Sectio n 3.2.4. ) 
Let va b e a  holomorphi c fram e o f G r f (°V ) suc h tha t (i ) compatibl e wit h th e induce d 
parabolic structure , th e generalize d eigen-decompositio n o f Res(BA) , (ii ) th e induce d 
frame o f Gr F G r f (°V ) i s compatibl e wit h th e weigh t filtration  o f th e nilpoten t par t 
of Res(BA) . Le t Ra b e determine d b y B xva = va (d a +  J?a) . 

Let X*  =  U^ii Sj  b e a  coverin g b y smal l sectors . W e hav e th e ful l Stoke s filtra-
tion ^FSj an d a  flat  splittin g Vj g =  0 a Va,Sj • We take the lif t o f va t o Va,Sj • By gluin g 
them a s i n Sectio n 3.6.8.2 , w e obtai n a  C^- f ram e vc° ° =  (^o,c°°)- Le t Va,c°° denot e 
the subbundl e generate d b y va,c°° - W e obtai n a  decompositio n V\x* =  ®Va,c°°' 
Let r  b e a  loca l C°°-sectio n o f V <S > Op  whic h ha s th e correspondin g decompositio n 
r =  J2 Ta- Then , r  i s a  sectio n o f £*oly(V* , BA), i f an d onl y i f th e followin g estimat e 
holds fo r h  an d gp: 

• r  an d BA r ar e o f polynomia l order . 
• TO,c°° an d (BAr)0,co ° ar e L2 . 
Let C  b e determine d b y th e following : 

3xvCoo = vCoo ( 0 ( d o + Ra) + C) . 

Then, w e hav e C  =  0 ( 1 ^ ) fo r an y N  >  0 . Le t BA ' b e th e fla t A-connectio n 
determined b y th e following : 

Bx,vCoo = vCoo ( 0 ( d o + Ra)) • 

The (0 , l ) -part o f BA / i s denote d b y d>.  W e pu t F  : = B A -  BA/ , an d the n w e hav e 
|FU = 0 (NN) fo r an y N  >  0.  W e obtai n a  comple x £;oly(K, BA/) fro m BA / a s i n 
Section 5.1.1 . A s a  sheaf , w e hav e ££oly(K , BA/ ) =  ££oly(K,BA ) fo r p  =  0 ,1 ,2 . 

Lemma5.2.8. —  For  any  UJ  G £2oly(K , BA' ) =  £2oly(V*,BA) , we  can  take 
T G 4 o l y ( K , B A ) such  that  BA, r =  UJ.  Note  that  ££oly(K,BA/ ) =  ££oly(K,BA ) a s 
remarked above. 

Proof. —  W e onl y hav e t o conside r th e cas e wher e B A ha s a  uniqu e irregula r valu e a . 
(Note tha t BA / ha s th e sam e irregula r value. ) I n th e cas e a  =  0 , w e ma y appl y th e 
results i n Sectio n 5.2.4 . I n th e cas e a  ^  0 , w e onl y hav e t o us e Lemm a 5.2.3 , fo r 
example. • 

Lemma 5.2.9. — For  any  UJ  G £2oly(V^,BA)? we  can  take  r  G 
£po iy (^DA) such  that 

BA? =  u; . 
In particular,  we  obtain  the  vanishing  ofH2  of  the  complex  of  sheaves  £*oly(V*,BA ) 

at O. 
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Proof. —  Tak e r  a s in Lemma 5.2.8 . W e have u  -  B A r = 0(\z\N)  fo r any N. Tak e 
some larg e M.  Accordin g t o Lemm a 5.2.3 , w e can take a  sectio n K  of V  <S>  Q1,0 
such tha t (i ) 8K = u  -  DAr , (ii ) \K\ = 0 ( | z | M ) . W e have K  G £pGiY(V*,BA), an d 
BA(r +  «) =u. Thus , w e obtain Lemm a 5.2. 9 • 

Let a;  G £POLY(V*,BA) suc h tha t BACJ = 0 . W e hav e BA/u; = - F u =  0(\z\N)  fo r 

any N.  Hence , w e can take a  large M  >  0 and a C°°-sectio n K  of V 0  ft1,0  suc h tha t 
dfK =  BA'u; and |«| - 0(\z\M).  W e put a/ : = u -  « , and then B A V = 0 . Not e tha t 
the (0 , l ) -part o f u/ and UJ  ar e equal. 

Lemma5.2.10. — There  exists  a  local  section  r  G £ ° ( V * , B A ) around  O  such  that 
d>T = U>°>1. 

Proof. —  W e may assume tha t B A (and henc e BA/ ) ha s a uniqu e irregula r valu e a . 
In th e case a  =  0 , we can apply th e result i n Sectio n 5.2.5 . I n the case a  ^  0 , w e 
can tak e r  suc h tha t (i ) d r =  a;0'1 , (ii ) | r| =  0(\z\~M)  fo r some larg e M.  Le t u s 
show tha t BA/r is of polynomial order . Le t h! be the C°°-Hermitian metri c o f V\x-o 
such tha t h'(vc°°,i,vc°°,j)  —  Sij- Not e tha t h!  and h ar e mutually bounde d u p to 
polynomial order . Le t 6[ be the (1,0)-operator determine d b y d' an d h!. Not e tha t 
zMl a;0' 1 an d zMlr ar e bounded fo r some larg e M i , and that  d  (zMlr)  =  ZMILJ0,1. 
Then, i t can be shown tha t S[(zMlr)  i s L2. (Se e the argument i n the proof o f Lemma 
7.4.11, fo r example.) Thus , w e obtain tha t zMl  S[r is L2. Takin g larg e M2 , we obtai n 
ZM2 (<J/r _^l ,0) i g alg0 L2 

Since UJ1,0  — S[T is holomorphic wit h respec t t o d ,  we obtain S[T— CJ1'0 = 0(\z\~Ms) 
for som e larg e M3. Then , w e obtain th e desired estimat e fo r S[r. • 

Lemma 5.2.11. — We  can take a  section r  G > C ° ( K , B A ) such  that  dr  =  a;0,1 . 

Proof. —  Le t r b e as in Lemma 5.2.10 . W e have BAr - B A V =  FT =  0(\z\N)  fo r 
any N  >  0 . Accordin g t o Lemm a 5.2.3 , w e can take a  sectio n v  o f V  suc h tha t 
(i) =  0(\z\M)  fo r some larg e M >  0, (ii) dv =  F0'1 r. Le t 6f be the (1,0)-operato r 
determined b y h and d. Then , b'v  i s L2. I f M i s sufficiently large , ( B A ^ ' ° ) - \5')v 
is 0 ( | z |M/2) . W e put p = pa :=  UJ  — K  — BAr + BAz/ . Then , p  is a holomorphi c 
section o f F 0  f}1'0, zLPn i s L2 for some L  for any a, and pn is I/2. Hence , w e obtain 
r : = T + G £°oly(V;,BA). Thus , Lemm a 5.2.11 is proved . 

Let <S (K 0 fip'°)  b e the sheaf o f meromorphi c section s r  o f V  0  fJp' ° wit h the 
following property : 

• Le t T|g = rre g 4-Tir r b e the decomposition correspondin g t o the irregula r decom -
position. Then , fre g i s contained i n <S(KEG* ® OP,O 

By usin g Lemm a 5.2. 9 and Lemma 5.2.11 , i t i s eas y t o sho w tha t th e natura l 
inclusion <S(\ 4 0 O;,o  —• £*OLY(K ,BA) i s a quasi-isomorphism . I t i s also s tandar d 
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and eas y t o sho w tha t th e natura l inclusio n S(V* 0 ft*'0) —• <S(K 0 O.,o  is a  quasi -
isomorphism. Hence , w e obtai n tha t ^2 0  <A) i s a  quasi-isomorphism . Thus , th e proo f 
of Propositio n 5.1.4 is finished. • 

5.2.7. Proof of Proposition 5.1.5. —  Let 7r : X(0) —» X denot e th e projection . 
For a n ope n subse t U  o f X(0),  le t £pOiy(^*>^A)x(o)(k 0 ^ e ^ e sPac e °fC°°-sections r 
of V  0 Çlpx  on ¡7 \ 7T_1(0), suc h tha t r ^ n s an d 0 AT |£/ns satisf y th e condition s (al) 

and (a2) wit h respec t t o h and gp  o n eac h smal l secto r SnU.  B y takin g sheafification , 
we obtai n a  comple x o f sheave s £*oly(V*,ID)A)j^0 ) o n X(0).  Similarly , w e obtai n a 
complex o f sheave s £*oly(V* , ^X)x(o) o n X(0)  ^rom  (bl) an d (b2). 

Lemma 5.2.12. —  The natural  inclusion 

w2ooll)x(o):lpoly(vx,dè)x(o) - l.poly(vx,dy)x(o) 

is a  quasi-isomorphism. 

Proof. —  B y choosin g a  flat  splitting , w e ma y assum e tha t (Vi,BA ) ha s a  uniqu e 
irregular valu e a . I n th e cas e a  =  0 , th e clai m i s trivial . B y usin g th e result s 
in Sectio n 20.2.2 , w e ca n sho w th e vanishin g o f th e highe r cohomolog y sheave s o f 
both £*oly(V* , h)  an d £poly(V* , h) on  X{0).  Th e compariso n o f th e 0-t h cohomolog y 
sheaves i s easy . • 

Note tha t £p0\y(V* №X)x(o) an(* ^*oiy(^*'^)A)jc(0) ar e c_s°f t m  th e sens e o f Def -
inition 2.5. 5 o f [44], an d tha t £*oly(K,BA ) an d £*oly(V;,DA ) ar e obtaine d a s thei r 
push-forward. Hence , w e obtai n Propositio n 5.1. 5 fro m Lemm a 5.2.12 . • 

5.2.8. Proof of Proposition 5.1.7. —  W e onl y hav e t o conside r th e first  mor -
phism. W e us e th e notatio n i n Sectio n 5.2.7 . W e obtai n a  comple x o f sheave s 
£poiy(^*> ^T^)x(o)  o n X(Q)  fro m th e condition s (cl) an d (c2). 

Lemma5.2.13. —  The  inclusion  t :  Cpoiy(V*,h,h^)x^ — > £pOiy(^*>^A)x(0) ŝ a 
quasi-isomorphism. 

Proof. —  W e ma y assum e tha t (V*,BA ) ha s th e uniqu e irregula r valu e a . I n th e cas e 
a =  0 , th e clai m i s trivial . B y usin g Lemma s 20.2. 2 an d 20.2.3 , w e ca n sho w th e van -
ishing o f the highe r cohomolog y sheave s £poiy(K , h)  o n X(0).  B y th e sam e argumen t 
as tha t i n the proo f o f Lemmas 20.2. 2 an d 20.2.3 , w e can als o show th e vanishin g o f th e 
higher cohomolog y sheave s £poiy(K , h,  h^)  o n X(0).  Th e compariso n o f th e 0-t h 
cohomology sheave s i s easy . Thus , w e obtai n Lemm a 5.2.13 . • 

Because £*0iy(K , ^ , ^T^ )x (o) an <^ ^*oiy(^*>^A)x(o) ar e c~s°ft , w e obtai n Propo -
sition 5.1. 7 a s th e push-forwar d o f Lemm a 5.2.13 . • 
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5.3. Local quasi-isomorphisms in family 

Let A o G C\. Le t K  b e a  neighbourhoo d o f A o in C A , whic h wil l b e shrun k i f i t i s 
necessary. W e pu t X  :=  K  x  X  an d V  :=  K  x  D,  wher e D  =  {O}.  Le t p\  denot e th e 
projection forgettin g th e /C-component . Fo r an y subse t U  o f X,  w e us e th e symbo l W 
to denot e U  \  V.  Le t (V *,ICD) b e a  goo d famil y o f filtere d A-fla t bundle s o n (X,V) 
with KMS-structur e a t A o indexed b y T.  W e shal l conside r th e famil y version s o f th e 
complexes i n Sectio n 5.1.1 . 

We hav e th e induce d endomorphis m Grf ( o ) Res(D) o n Grf ( o ) (V). W e assum e 
tha t th e conjugac y classe s o f th e nilpoten t par t o f G r f °  Res(D ) ar e independen t o f 
A G /C. Th e weigh t filtratio n i s denote d b y W. 

5.3.1. Preliminary for metrics. —  W e hav e th e filtration  F^x°^  an d th e decom -
position E(Ao ) o f °V  a s i n Sectio n 2.8.2 . Le t v  b e a  fram e o f °V compatibl e wit h F(Ao) , 
E<A°) an d th e weigh t filtratio n W  o n g(f(yo)  ^ (°V).  W e hav e ufa)  eRxC  suc h 

tha t t(Xo,u(vi))  —  degF( o)'e ( o)  (vi). W e pu t k(vi)  :=  degw(vi).  Le t h  b e th e Hermi -
t ian metri c give n a s follows : 

h{vuv3) :=6id  \z\~MXMvi))  ( _ i0g | z | ) f c^ ) . 

Note - 1 <  P(X0,u(vi))  <  0  fo r eac h i.  Recal l P(X,u(vi))  —  a(vi) +  R e ( A a ( ^ ) ) , wher e 
u(vi) =  (a(vi),  a(vi))  G RxC. Hence , i f p(Ao, u(vi)) <  0 , we may an d wil l assume tha t 
p(A, u(vi)) <  0  o n /C . I f p(A0 , u(vi)) =  0  an d ufa)  ^  (0,0) , w e hav e p(A , u(vi)) >  0  o n 
an ope n subse t whos e closur e contain s Ao - I f u(vi)  —  (0,0), p(A , u(vi)) i s constantly 0 . 

Note i f h!  come s fro m anothe r choic e o f v',  th e metric s h  an d h!  ar e mutuall y 
bounded. I n th e following , w e wil l us e th e metri c gp  :=  gp  +  dXdX  an d th e induce d 
volume for m dvol ^ fo r th e bas e spac e X  \  V. 

5.3.1.1. Condition  for  a  holomorphic  section  to  be  L2.  —  Le t /  = fiVi b e a 
holomorphic sectio n o n a n ope n subse t U  o f / C x  X*.  Le t u s describ e th e conditio n 
for /  t o b e L2  o n a  neighbourhoo d o f (A , O) G V. B y th e orthogonality , w e onl y hav e 
to conside r eac h fi  vi. 

P(\,u{yi)) <  0  :  fi  i s holomorphi c a t (A, O). 

u(vi) =  (0 ,0) , k(vi)  ^  0  :  fi  i s holomorphi c a t (A , O). 

u(vi) =  (0 ,0) , k(vi)  >  0  :  fi  i s holomorphi c a t (A , O) an d fi(X,0)  =  0 . 

P(X,u(vi)) =  0 , u(vi)  i=-  (0,0 ) :  fi  i s holomorphi c a t (A , O), an d fi(X,0)  =  0 . 

P(X,u(vi)) >  0  :  fi  i s holomorphi c a t (A , O), an d / i ( A , 0 ) =  0 . 

We hav e simila r condition s fo r a  holomorphi c sectio n favidz/z  o f V  0  fl1'0  t o b e L 2 
with respec t t o (h,gp). 

P(X,u(vi)) <  0  : / i i s holomorphi c a t (A , O). 

u(vi) =  (0 ,0) , k(vi)  <  — 2 :  fi  i s holomorphi c a t (A , O). 
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u(vi) = (0 ,0) , k(vi) > -2  : fi i s holomorphi c a t (A,<9 ) an d /»(A,0 ) =  0 . 

P(\,u(vi)) = 0 , u(vi) ^  (0,0 ) :  fi i s holomorphi c a t (A ,0 ) , an d /»(A,0 ) =  0 . 

p(A,u(ui)) >  0  :  i s holomorphi c a t (A ,0 ) , an d /»(A,0 ) =  0 . 

5.5.¿.2. Remark  —  Le t 1 7 be a  subse t o f /C x X*. Le t /  b e a  C°°-sectio n o f V®p*x№ 
on £7 . W e sa y tha t /  i s A-holomorphic , i f d\f  =  0 . Assum e U  =  K  x  X*(R),  fo r 
simplicity. Assum e tha t / is A-holomorphic . W e hav e th e expressio n / = fiVi. W e 
have —d\d\\og \fiVi\fl~^ =  0 . Hence , | / | ^ i s subharmoni c wit h respec t t o A . I t 
implies th e following , fo r an y A-holomorphi c C°°-sectio n /  whic h i s L2  wit h respec t 
to ft  an d gp: 

1. The restriction s f\{\}xx*(R) ar e als o L2.  Moreover , whe n w e fix a  compac t 
subset /Ci of th e interio r o f /C, ther e exist s a  constan t C\  > 0  such tha t 
\\f\{\}xx*(R)\\h,9p < Ci  \\f\\h,gp fo r an y A G K\. Th e constan t d  i s independen t 
of R. 

2. Fo r an y e > 0 , w e tak e a  smal l R  suc h tha t \\f \K,xX*(R')\\h g <  £- Then , fo r 
anv A  G /Ci , we obtai n II f i /wvxwrmIL ^ Ci £. Hence , fo r th e expressio n 

/ = fiVi, w e ca n sho w th e continuit y o f th e functio n fro m /C t o th e spac e 
of L -form s o n X*(R)  give n by A  h-> fi\{\}xx*(R) \vi\h, fo r example . (Th e clai m 2 
follows fro m 1. ) 

Note i f a  Hermitia n metri c ft'  i s mutuall y bounde d wit h ft,  the n th e claim s 1  an d 2 
above als o hol d fo r ft/,  althoug h | / |^ / ̂ p i s no t necessaril y subharmoni c wit h respec t 
to A . 

5.3.2. Sheaves of L2-sections 

5.3.2.1. X-holomorphic  L2-sections  and  holomorphic  1?-sections.  —  Th e famil y o f 
A-connections D  o f V  an d th e differentia l Xdx  +  dx  o f fi*^  induc e th e differentia l o f 
the A-holomorphi c C°°-section s o f V  OpxyO.x  on ope n subset s o f A"* , whic h i s als o 
denoted b y D . W e shal l introduc e a  comple x o f sheave s £*oly(K,n]))(W ) o n X,  whic h 
is a n extensio n o f th e shea f o f A-holomorphi c C°°-section s o f V  0  fi*. 

For an y ope n subse t U  o f X,  le t £p0iy(V* , B)(W) b e th e spac e o f A-holomorphi c 
C°°-sections r  o f V  0  fip  o n ope n subset s W  wit h th e followin g property : 

• r  an d B r ar e L2  an d o f polynomia l orde r locall y o n U  wit h respec t t o ft  an d gp . 
Thus, w e obtai n a  comple x o f sheave s £*oly(V*,B ) o n X^x°\ 

Let ££ol(V*,B ) {p  =  1,2 ) b e th e subshea f o f £^oly(F*,B) , whic h consist s o f holo -
morphic (p , 0)-forms. W e wil l sho w th e followin g propositio n i n Sectio n 5.4.2-5.4.5 . 

Proposition 5.3.1. —  The  natural  inclusion  ipo  : ££ol(V*,B) — > £p0iy(K,B ) i s a  guasi -
isomorphism. 

5.3.2.2. Algebraically  determined  sheaf.  —  W e shal l giv e a  rathe r algebrai c descrip -
tion o f the complexe s u p t o quasi-isomorphisms . Le t X'  an d (fn b e a s i n Sectio n 5.1.1 . 
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We pu t Df  : = {O' } and X'  :=  K  x  X 7 and V  :=  IC x  D'.  Recal l tha t w e hav e th e 
induced goo d famil y o f filtered  A-fla t bundle s o n (Xf,V)  a s in Sectio n 2.5.3.3 , whic h 
is denoted b y (V* , B ' ). I t i s easy t o see that  (V^ , B') als o has the KMS-structure a t Ao 
if w e shrin k IC  appropriately. I f w e choos e n  appropriately , w e hav e th e irregula r 
decomposition: 

v'x,d')Id'= 
aGlrr(D') 

v'ax,d'a). 

Since VQ*  an d © a ^0 V'ax are Gal(X'/ .X)-equivariant, w e have th e descent t o V  whic h 

are denote d b y VTeg  an d V{rr,  respectively . 
Let a  G R an d a  G I r r (B' ). W e use the notatio n i n Sectio n 2.8.2 . W e hav e th e 

generalized eigen-decompositio n 

G r r 0 > ( K ' ) = 
uG/C(a' 

Ec(A,u)Grr0 ) ( K O , 

where th e restriction o f Res(B) — z(X,u) t o Ee(A?u ) Grf( °)(Va/ ) i s nilpotent. W e hav e 

the weigh t filtration  W  o f the nilpotent par t o f G rf °  Res(B' ) o n Ec(X,u) Grfa(uo=(val) 

a n d G r r o , ( K ' ) . 

For an y o # 0 , let S(V^®ft0^) denot e th e pull-back o f W_2E_ord(o)A G r f ^ ( V J , ' ) 

via th e projectio n ord(a ) V£ -> G r f ^ ^ t / J ) . Le t 5(Va/3| < 0 fi^?) denot e th e pull-bac k 

of W_2E 0 Grf(Ao ) (FJ) vi a the projectio n ^dz'/z'  -> Grf(Ao) (V^) . Th e descen t o f 

©c^o s(v'ax ® Op,ox' is denoted by S(Virr , 0 Op,ox 

Let 5(Vb* 0 den°te the inverse image of WoEo Grf( o) (Vb) via the projection 

°V0 Grf(Ao ) (V0).  Le t <S(Vb* 0 ft]f) denot e th e inverse imag e o f W-2E0  Grf(Ao ) V0 

via th e projection °Vodz/z  —• Grf( o ) Vb -
Thus, w e obtai n lattice s <S(F * 0 fi%°) = <S(F0* 0 Op,ox  ® «S(Mrr. 0 0%° ) of 

(V 0 Px&x°(*D))\v' The ^ induc e lattice s ®  o f F 0  p ^î l50(*D) . 
The famil y o f A-connections B  on V * an d th e differentia l A d x o n O.,ox  induce 
B : <S(V* 0 ttx°) —> <S(V* ®  fi^0)-  Thus , w e obtai n a  comple x o f sheave s 
5(14 0  Oo,ox  ^ S(vx ® Ol,ox).  We wil 1 sho w th e following  lemm a i n Sectio n 
5.4.3. 

Lemma 5.3.2. —  We  have  a  natural  inclusion  <S(V * 0 fi^ )  — » £*ol(V*, B). z s a 
quasi-isomorphism. If  XQ  is generic,  moreover,  it  is  an  isomorphism. 

5.3.3. Variants in the case A0 ^ 0. —  We shal l introduc e complexe s o f sheave s 
£poly(V*, B) and £poly(V*, B) on X, whic h are extensions of the shea f o f A-holomorphic 
C°°-sections o f V  0 fi* o n X*.  Althoug h the y ca n be give n a s i n Sectio n 5.1.2, we 
define the m i n a  slightl y differen t bu t equivalen t way . We assume AQ ^ 0. 
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5.3.3.1. Decomposition.  —  W e have th e ful l reductio n G r f ( °F ' ) fo r a  G  Irr(B). W e 
take a  fram e va  o f G r f ( ° V ) compatibl e wit h th e induce d decompositio n E^A° \ the 
induced filtratio n fyo,  and the weigh t filtratio n W  o n GrE(Ao)'F(Ao ) (<>V/). For eac h 

g G  Gsl(Xf/X), w e have a  naturally induce d isomorphis m g  :  G rf (°Vf)  — > G r f a ( ° V ). 
We assum e g*va  =  vg*a  •  wgta,i f° r an Y 9  £  G a l ( X ' / X ) , wher e cj5? a i s a  tupl e o f 
^,o , i £  C  wit h |cĵ >aj» | =  1 . (Mor e precisely , w e assume g*va,i  =  ojg,a,i  • ^ a , »0 

Let S  b e a  smal l secto r i n X'  \  d',  an d le t 5  denot e it s closur e i n th e rea l blo w 
up X'CD').  Whe n S  i s small , w e hav e th e ful l Stoke s filtratio n Ts  o f V^ , an d w e 
can tak e a  B-fla t splittin g Vj ^ = 0 a Va ' s. W e have th e holomorphic lif t va,s  o f va t o 

V's-
By shrinkin g /C , we take a  coverin g X'  \  V  =  UjLi Sj  D Y small sector s wit h th e 

following properties : 
• Eac h Sj  i s the produc t o f a  smal l secto r o f X*(R)  an d /C. 
• W e hav e th e ful l Stoke s filtration s FSJ , fla t splitting s V.^  =  0  Va  o., an d lift s 

Va,Sj oiva  t O Va,Sr 
• W e may assume tha t g~1(Sj)  i s the same a s some £¿(¿,3 ) f° r an y 9 £  G a l ( X ' / X ) 

and j , and # * v ^ - = vg*a,si(gJ)  • a>P,a-

By gluin g the m a s in Sectio n 3.6.8.2 , w e obtain a  C°°-fram e vc° ° =  (^a,c°°) o f 0 F; 
on X.  W e may assume th e following : 

• #*^a,C~ =  Vg*aiC<*>  '  Ug,a for 0  G  G a l ( X ' / X ) . 
• Va,c° ° ar e A-holomorphic . 

Let Virj.iCoo  be th e C°°-subbundl e o f V^x,^v,  generate d b y vajc°°  ( a ^  0) , an d 
let V̂ 'eg c°° ^ e ^n e C°°-subbundl e o f V^x,^v,  generate d b y Vo,c°° - Sinc e the y ar e 
Gal(X' /X)-equivar iant , the y induc e a  decompositio n V\x^v  — ^reg,c°° ©  Vjr^c00-
The decompositio n i s A-holomorphic . Not e tha t i t i s not canonical . 

Lemma 5.3.3. —  Let  S  be  any small  sector  of  X' \T>'  such  that  we  have  the  full Stokes 
filtration Fs  ofV!-=.  Let  Z  :=  S  f l 7t~l(V), where  TT  denotes  the  projection  of  X'(V) 

to X'.  Let  V  —  0a Vajs  be  any splitting  of  Ts.  Let  va,s  be  any holomorphic  lift  of 
va to  Va,s,  and  let  vs  =  (va,s) . 

Let C  be  determined by  vs =  vc° ° (I  +  C). Corresponding  to  the  decomposition  of 
the frames,  we  have  the  decomposition  C  =  (Ca?b). Then,  the  following  holds: 

•Ca ,b | f =  ° -
• Ca,b = 0  unless  a  ^ 5 b . 
• Ca,b  exp(A_1(a —  b) ) is  0(\z\~N)  for  some  N  in  the  case  a  <s  b . 

Proof. —  I t ca n be show n usin g th e sam e argumen t a s tha t i n th e proo f o f Lemm a 
3.6.26. • 

For an y loca l C°°-sectio n r  o f V  ®  fip,  we have th e correspondin g decomposition s 
r =  Treg,c<~ + Tirr,c«> an d B T = (BT)reg,c ~ 4 - (Br)irrjc°° -
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5.3.3.2. Complexes.  —  Fo r any open se t U C X, le t £p0ly(V*, D ) ( W ) denot e th e spac e 
of A-holomorphi c C°°-section s r  o f V  0  fip  o n W  suc h tha t th e followin g estimate s 
hold fo r gp  an d h: 

(al) : Tirr̂ c00 an d ( B r ) ^ ^ 0 0 ar e of polynomia l orde r locall y o n Z^. 

(a2) : TREG5COO and ( B r ) ^ ^ 0 0 ar e L2 and of polynomial orde r locall y o n U. 

Let £p0l (Vi , B)(W) denot e th e space o f A-holomorphic C°°-section s r  o f V(g)fip o n 
such tha t th e followin g estimate s hol d fo r h  an d gp: 

(bl) : TITTic°°  and (Br)i rr>c7«>- are 0(1^1^) fo r any N locall y o n U. 

(b2) : TTegic°°  and ( B r ) ^ ^ 0 0 ar e L2 and of polynomial orde r locall y o n U. 

Thus, w e obtain th e complexes of sheaves £p0iy(Vi, B) and >C*oly(K, B). Th e following 
lemma i s clea r fro m Lemm a 5.3.3 . 

Lemma 5.3.4. —  On  the  germ  of  neighbourhoods  of  (Ao,0 ) in  X,  the  complexes  of 
sheaves £*o l (Vi,B ) and  £poly(V*,B ) are  well  defined,  i.e.,  they  are  independent  of 
the choices  of  covering  X  \  / C = ( J Si, flat splittings  on  Si  of  TSi and  C°°-gluings  of 
them. • 

We wil l sho w th e following propositio n i n Section s 5.4. 6 and 5.4.7 . 

Proposition 5.3.5. —  The  natural  morphisms 

*£oly(V.,D) ¥>2 
^ o l y ( K , D ) 

¥>1 
^ ; 0 , y ( K , D ) 

are quasi-isomorphisms. 

5.3.4. Deformation of the Stokes structure. — Assume A o ^ 0. We conside r 
family version s o f the complexes i n Sectio n 5.1.3. 

5.3.4-1- Construction of  a  metric.  — Let us take a  finite  coverin g X\V  = Ujli Sj  as 

in Sectio n 5.3.3. Let T = T(A) := 1 + |A|2 , and f(t)sk  := 0 a e x p ( ( l - T ) A - 1 a ) idyaS. . 

We conside r th e metri c h{^\u,v)  := h(F^(u), F^](v)).  B y gluin g h(t)sj  i n C°° , 

we obtai n a  C°°-metri c h^  o f V^x,^v,.  W e ma y assum e tha t i t i s G a l ( X ' / X ) -

equivariant. Th e induce d metri c o f Vj#vz > i s als o denote d b y h^T\  Not e tha t th e 

restrictions o f the metrics h^  an d h to T4eg,c°° ar e mutually bounded . 

Remark 5.3.6. —  h(t)  is no t obtaine d a s a  metri c fo r a  goo d famil y o f filtered  A -
flat bundle s a s i n Sectio n 5.3.1. The specializatio n o f h(t)  t o {A} x X i s obtaine d 
as a  metri c fo r th e goo d filtered  A-fla t bundl e (V;\BA)(T(A» . (See Sectio n 5.3.5.2 
for KA-) D 
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5.3.4-2. Complexes.  —  Fo r any open se t U C X,  le t £poly(V, h^)(U)  b e the spac e 
of A-holomorphi c C°°-section s r  o f V  0  J2 P on W wit h th e following growt h estimat e 
with respec t t o h(t)  an d gp locall y o n U: 

(cl) : TIRR̂ c00 an d ( D r ) ^ ^ 0 0 ar e 0(1^1^) for any N >  0. 

(c2) : TREGJC00 an(l (E^reg,*?00 ar e ^2 and °f polynomial order . (Equivalently , the y 
are L 2 and of polynomial orde r wit h respec t t o h  an d gp.) 

Let ~JC^0\y(V,  h, h,(T))(U) b e the space o f A-holomorphic C°°-section s r  o f V 0  fip  wit h 
the followin g properties : 

(dl) : TIrr5c°° an d (ID)r)iITjc 'c3o ar e 0(1^1^) for any N >  0  locally onZY , with respec t 
to bot h (h,gp)  an d (h^T\gp). 

(d2) : TREGJC00 an d (ID )T)REG)c<» satisf y th e conditions (c2). 

Thus, w e obtain complexe s o f sheave s £poi y (VMT)) an d £po ly (F , / i , ^T) ) . Th e fol -

lowing lemm a i s clear fro m Lemm a 5.3.3 . 

Lemma 5.3.7. —  £*ol y (V,/i(T)) an d £poly(V, ft,  ft(T))  ar e we/Z defined for  (V*,D ) o n 
£fte #err a of  neighbourhoods  of  (Ao,0 ) m  A \ • 

5.3.4-3. Statement.  —  W e will prov e th e following lemm a i n Section 5.4.7 . 

Proposition 5.3.8. —  T/i e naturally defined  morphisms 

Cly(K,ID>) 4oly(v,M(T)) C i y ( ^ ( T ) ) 

are quasi-isomorphisms. 

5.3.5. Complement for varying A . — Assum e A o ^ 0 . Le t Ai G JC. We take a 
small neighbourhoo d /C i of Ai in /C, and we put A^Al ) : = /Ci x X. W e have th e goo d 
family o f filtered A-fla t bundle s V*Xl"*  obtaine d fro m V* , a,s explained i n Section 2.8.2 . 
If w e construct hi  fo r V*Xl^  as above , hi  an d h^x^ ar e mutually bounded . 

5.3.5.1. B y the previous procedures , w e obtain complexe s o f sheaves o n X^Xl^: 

5(V.(Al)®fi'-0), c;oly(v^\B), c;oly(v^\i}), <olv(K(Al),0). 

By construction , £*oly(V;(Al \ B),jCpoly(K(Al) , E> ) an d Z*oly(V;(Al),B) ar e the same a s 

the restriction s o f £;oly(V;,D) , £»oly(K,D) an d Z*oly(K,B) t o A"<Al) , respectively . 

The sheave s fo r (V;(Al),IB> ) a s in Sectio n 5.3.4 are also th e same a s the restriction o f 

the sheave s fo r (V*,D) . 
We hav e th e following commutativ e diagram : 

s(vxoO.,o)Ix(yl) lpoly(Vx,D)Ix(ul) 

Pi 

5(VÏAl)®îî»>°) rpoly(v^\n) 

It i s easy t o see that pi  i s a quasi-isomorphism . (Se e the proof o f Lemma 5.3.2.2. ) 
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5.3.5.2. Le t XXl  : = {Ai } x X.  B y considerin g th e specialization a t XXl , i.e. , takin g 
the cokerne l o f the multiplicatio n o f A  — Ai , we obtain a  goo d filtere d Ai-fla t bundl e 
(KAl,DAl) : = (V*(Al),ID))i xxx. W e obtain th e comple x o f sheaves , a s in Sectio n 5.1: 

s(KAi®n*'°), r;oly(KAl,BAi), £poly(KAl,^Al)-

The restrictio n o f h to XXl  i s denoted b y h\1. We also obtai n th e following complexe s 
of sheaves : 

£poly(^Al> ^AU FOIL C~^)> ^poly(^Al'^Ai ,C^)* 
By takin g th e specializatio n a t Ai , w e obtai n th e followin g commutativ e diagrams , 
which wil l b e use d i n Sectio n 18.2 . 

(85) 

o(vxOO.,o)Ixu £ p o l y ( ^ W i £poly(^>D ) |** i 

5(KAl ®fi#'°) ^poly(KASO) C i y ( K A l , © ) 

(86; 

< o l y ( ^ > » ) | * * i ^ ( K , / * , ^ ) , ^ C y ( ^ * ( T ) ) | * * i 

< o l y ( K A l , D ) -̂poly V v* > aX\ > ^Ai ,C°° / ^-poly^* »/AAi ,C°° / 

5.4. Proof in the family case 

Because w e wil l us e th e almos t sam e argument s a s thos e i n Sectio n 5.2, we wil l 
omit som e details . 

5.4.1. Variant of an estimate in [96]. — Le t u  =  (a,a)  suc h tha t — 1 < 
p(Ao, u) ^  0 , and le t k  G Z. Le t £  b e a  holomorphi c lin e bundl e o n / C x X * wit h th e 
holomorphic fram e a  an d th e metri c h  suc h tha t h(o~,a)  =  |z|_2P(A'n ) | log |z | | .  Le t 
u =  g  a dz/z b e a A-holomorphi c C°°-sectio n o f C®p\Q°x onlCx  X*(R),  whic h i s L2 
and o f polynomial orde r wit h respec t t o h  and oD. W e have the Fourier decompositio n 

9 = gn(r, X)e^în0. As in Sectio n 5.2.1, we put g(l)  := m=ogm(r)evlmo and 

thus w e hav e th e decomposition s G  = GO  + G^1'  an d a ; =  UOO  +  a / 1 ' . Le t DZ  and 9A 

denote th e natura l (0 , l )-operator alon g X-directio n an d /C-direction , respectively . 
We hav e a  direc t consequenc e o f th e estimat e i n [96], whic h w e formulat e fo r th e 
reference i n the subsequen t argument . 

Lemma 5.4.1. —  We  have  a  X-holomorphic C°°  -section r,  which  is  L2  and  of  polyno-
mial order  with  respect  to  h  and  gp,  with  the  following  properties: 

• We  have  dzr  =  LJ  in  the  case  where  one  of  (p(Ao,w ) <  0 ) or  (u  —  (0,0), k ^  1 ) 
holds. 

• We  have  dzr  =  u/1 ) otherwise. 
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Proof. —  Not e a  remar k i n Sectio n 5.3.1.2 . Le t u\  denot e th e restrictio n o f u  t o 
{ A } x l * ( i ? ) . Le t u s conside r th e cas e where on e o f (p(Ao , u) <  0 ) o r (u  =  (0,0) , k ^ 1 ) 
holds. Applyin g $  t o eac h u\,  w e obtai n th e L2-sectio n 3>(u; ) o f C.  B y construction , 
it satisfie s dz$(uj)  —  UJ an d d\$(u)  —  0 a s a  distribution . Then , i t follow s tha t 
is C°°  an d A-holomorphi c du e t o s tandar d ellipticity . B y usin g Sobole v embedding , 
we obtai n O(w)  i s o f polynomia l order . (Se e th e las t par t o f th e proo f o f Lemm a 
5.2.4.) 

If neithe r (p(Ao,w ) <  0 ) o r (u  =  (0,0) , k ^ 1 ) ar e satisfied , w e obtai n th e desire d 
section b y applyin g w(i)  • 

5.4.2. Preliminaries. —  Le t u s s tar t th e proo f o f th e proposition s i n Sectio n 5.3 . 
By a n eas y argumen t o f descent , w e ca n reduc e th e proble m t o th e unramifie d case . 
Therefore, w e ma y an d wil l assum e tha t (V*,D ) i s unramified . W e us e th e pola r 
coordinate z  =  re^~^e.  W e ma y assum e th e followin g fo r th e fram e v: 

1. v  i s compatible wit h th e irregula r decompositio n i n iV-t h orde r fo r som e larg e N. 
(See Sectio n 5.2.3. ) 

2. Le t Na^a^a  b e th e nilpoten t par t o f th e endomorphism s o n Grf ( o ) EiAo^ (V^p ) 
induced b y Res(D) . Then , Na^a  ar e represente d b y Jorda n matrice s wit h 
respect t o th e induce d frames . 

We hav e th e irregula r valu e a (vi). W e als o pu t a (vi) :— degF ( °}(^) , a (vi) := 
degE( o ) (vi) an d k(vi) := degw(vi). Le t u{vi) G RxCbe determine d b y 8(Ao , u(vi)) = 
(a(vi),a(vi)). W e defin e 

B(k) := {v{ I  a(vi) = 0 , ufa) = (0,0) , k(vi) = A;}u 

{vi\a(vi) = 0,  (a(vi),a(vi)) ^ ( 0 , 0 ) } . 

Let A  b e determine d b y dv  —  v A . Le t Y  b e th e diagona l matr i x whos e (i , i)-entrie s 
are 

e(A, u(vi)) dz/z  + da(vi). 

We pu t AQ  := A  —  Y. W e us e th e symbo l FA  t o denot e th e sectio n o f End(V ) ®  fi1'0 
determined b y FA(V)  =  v  A . W e us e th e symbo l FA0  i n a  simila r meaning . Then , 
FA0 i s bounde d wit h respec t t o h an d gp. W e hav e th e followin g decomposition : 

A0 = 
a,a,a 

jfa,&é,q dz 

Z 

dz 

z 

Here A'0  i s holomorphi c an d FA'Q\v  strictl y decrease s th e filtration  F^x°\  An d Ja,a,a 
are constan t Jorda n matrice s an d represen t A â?a? a wit h respec t t o th e induce d frame s 

r ^ F(ao) E(ao) /T/ \ 
°f G r a „ (Va\v)> 

The (1,0)-operator d  i s define d b y <9 ( fiVi) = dxfiVi. Then , w e hav e D  = 
d +  \d  +  FA. 
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5.4.3. Proof of Lemma 5.3.2.2. —  Let / = fiVidz/z b e a  sectio n o f 
<S(K 0  fi1'0)  o n a n ope n subse t U  o f X.  Le t u s sho w tha t i t i s L2  aroun d 
(A,0) G U  f l X> . B y construction , fi  i s holomorphic . I f p(A , u(vi)) > 0 , w e hav e 
P(Xo, u(vi))  =  0  an d u(vi)  ^  (0,0) . Hence , w e hav e /*(A,0 ) =  0 . I f P(X,u(vi))  =  0 
and ix(^ ) 7 ^ (0,0) , w e hav e p(A0 , w ^ )) =  0 , an d fi(X,0)  =  .  0 b y constructio n 
of S{V*  0  fi1'0).  I f u(vi)  =  (0,0 ) an d kfa)  >  - 2 , w e hav e /» (A,0 ) -  0  b y 
construction. Hence , /  i s L2  b y th e conditio n describe d i n Sectio n 5.3.1.1 , i.e. , 
S(V* (8> fi1'0) C £^o l (K ,D) . Similarl y an d mor e easily , w e ca n chec k tha t a  sectio n o f 
<S(V*) i s L2.  Becaus e D / G <S(K 0  fi1'0) C £ jol (V; ,D) , w e obtai n /  G £gol(V*,ID)) . 
Hence, w e obtai n a  natura l inclusio n <S(V * 0 fi*'°)  — » ££ol(V*,DA). 

Assume A o satisfie s th e followin g conditio n fo r th e inde x se t T  o f th e KMS -
structure: 

( A ) :  I f u  G T satisfie s p(A0 , u)  =  0 , the n u  =  (0,0) . 

If K  i s small , w e hav e P(X,u(vi))  ^  0  fo r an y A  G /C , an d P(X,u(vi))  =  0  4=> -
P(\0, u(vi))  =  0  4=^ > u(vi)  =  (0,0) . Hence , w e obtai n tha t <S(V * 0fi1'0) C ££ol(V*,D ) 
is a n isomorphism . Le t /  G £{jol(V*,D). W e hav e a  descriptio n f  —  ^2 fi^i-  Becaus e 
it i s L2 , eac h fi  ar e holomorphic . Then , w e ca n deduc e /  G <S(V* ) fro m D / G 

££oi(V; ,0) =  <S( K 0  fi1'0).  Eve n i f A 0 doe s no t satisf y (A) , w e obtai n tha t th e 
inclusion o f th e germ s a t (Ao , O) i s a n isomorphis m b y th e sam e argument . 

Let u s sho w tha t th e inclusio n o f th e germ s <S(V * 0 fi*'°)(Ai,o)  — • £*ol(V*, ^)(Ai,o ) 
is a  quasi-isomorphis m a t eac h (Ai , O) G V x  {(A0, 0)} . W e ma y assum e tha t (Ai , O) 
satisfies (A) . 

Let /C i C K  b e a  smal l neighbourhoo d o f Ai . W e pu t X^Xl^  : = /C i x X. W e hav e th e 
good famil y o f filtered  A-fla t bundle s VJXl^  obtaine d fro m V*,  a s explaine d i n Sectio n 
2.8.2. Then , w e obtai n complexe s o f sheave s S(VJXl)  0  fi*'°)  an d ££ol(V*(Al) , D) o n 
A^Al), an d th e followin g morphisms : 

s ( v ; ® n * ' 0 W i ; 
A 

5(K(Al )®î î# , ° ) 6 £hoi(^(Al),D) =  ^ o l ( K , D ) | ^ 1 ) . 

By th e previou s consideration , w e alread y kno w tha t (b ) i s a n isomorphism . I t i s eas y 
to sho w a  i s a  quasi-isomorphis m b y a  direc t computation . Thus , th e proo f o f Lemm a 
5.3.2.2 i s finished. • 

5.4.4. Vanishing of H2(CLoly{V*,B)).  —  Le t u s sho w H2 (^^(V^B)) =  0 . W e 
only hav e t o sho w suc h a  clai m fo r th e ger m a t (Ao,0) . (Se e a  remar k i n Sectio n 
5.3.5.1. W e wil l omi t simila r remark s i n th e following. ) Le t a ; b e a  A-holomorphi c 
C°°-section o f V  0  fi2,  whic h i s L2  wit h respec t t o h  an d gp.  W e hav e th e expression : 

w=f dz 

z 

dz 

z 
f= 

fiVi 
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Each fi ha s the Fourie r expansio n fi = m^hm{r)e^lm<>- W e set 

«4(0)(/) := 

VieB(-i) 
Ao(r)vi, AW(f):=f-A<°Hf). 

We hav e th e decompositio n /  =  A^°\f)  +  A^\f).  W e hav e th e correspondin g de -
composition LJ  = A^°\UJ)  +  A^\(jS).  W e show th e followin g lemm a base d o n an ide a 
of Sabba h containe d i n [73]. 

Lemma 5.4.2 

• We  have  a  section  t(l)  o/£poly(V* , D) such  that  Or*1 ) =  Aw(u). 
• We  have  a  section  T(o)  o/£poly(V*,D ) such  that  A{0)(UJ  -  D r ^ ) =  0 . 
• In  particular,  we  can  take  a  section  r  of  £poiy(K , D) such  that  D r =  CJ. 

Proof —  Th e argumen t i s almos t th e sam e a s th e proo f o f Lemm a 5.2.4 . Briefly , 
we onl y hav e t o replac e a(vi) wit h T(X,u (vi)). W e give onl y a n indication . Th e firs t 
claim follow s fro m Lemm a 5.4.1 . Le t us show th e second claim . W e give preliminar y 
arguments. 
(A) I f a (vi) = 0 , a(vi) = 0  an d a(vi) ^  0  hold , le t t\ b e give n b y (74) . W e hav e 
B T I = FA {fi,oVi)dz/z. W e obtain tha t t\ an d B r i ar e L2  an d o f polynomia l order , 
by usin g th e estimate fo r fi%0 vi (dzdz/\z\2).  Moreover , w e have th e following formula : 

(87) fi,0 Vi ' 
dz dz 
\z\2 

-T(\,u(vi)) 1B)T1=fi,ovi 
dzdz 
\z\2 -T(X,u(vi)) 1 FA(fi,oVi) 

dz 
z 

= T(X,u(vi)) F Ao(fi,oVi) 
dz 
z 

BjVj. 

Because FA0  i s bounded , th e right-han d sid e o f (87) is als o L2  an d o f polynomia l 
order. Le t us see Bj mor e closely . I f a(vj)  = 0 , we have th e Fourie r expansio n Bj  = 

<m^a Bjim(r,X)ey/ l m , and Bj$(r,\)  — 0 unless (a(vj), ol(vj)) = (a(vf),a(vi)) an d 

Na,a,aVi\T> = Vj\t>. Not e de g (vj) < deg (v^  fo r suc h Vj. 

(B) Le t us consider th e case where a(VA  =  0  and a(VA ^  0  hold. Le t k be determine d 
by a(VI) = k 

7 = 1 
<Xj(vi)z i  an d ùkivi) =  0 . Let t\ b e given a s in (77), which i s L2 and 

of polynomia l orde r wit h respec t t o h  an d gp. An d we have th e following equality , a s 
in th e proof o f Lemma 5.2.4 : 

(88) ®(t1) =  FAI zk Ao Vi 
dz 
z 

+ Xkzk  finvi 
dzdz 
\z\2 

= z 
da(vi) 

dz 
±T(X,u(vi)) +/cA J zK  fi,0Vi 

dzdz 
\z\2 

+ zhFAo(fißVi) 
dz 
z 

Hence, B( r i ) i s als o L2  an d o f polynomia l order . Le t Bj  b e determine d b y th e 
following: 

/»,0 Vi 
dzdz 
\z\2 

1 
-kak(vi) 

-Bri =: vjvi dzdz 

M2 

If a(vj)  = 0 , we have Bj  = m<ovj,m(r)ev-lmo 
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(C) Le t u s conside r th e cas e wher e a(vi)  —  0, a(vi)  =  0, a{vi)  =  0 an d k(v{)  —  —  1 

hold. Le t ¿(1) b e determine d b y iVo5o,o ^(i)|£> — vi\v m  Gr ^Q ^ 'E(O)) (V).  Le t T\ b e 
given b y (79). Then , i t i s L2  an d o f polynomia l order , an d w e hav e th e following : 

D ( n ) = /*,<) ^ 
dzdz 
IzI2 

f FA>0(N). 

Hence, O(ri) i s als o L2  an d o f polynomia l order . Le t Bj  b e determine d b y th e 
following: 

fi,0 Vi 
dzdz 
\z\2 

- D ( n ) = B3 VJ 
dzdz 

\A2 
If a(vj)  = 0, we hav e Bj  — B (R)  PV ^rnO 

m>0 ^J.WIL' / E 

By usin g th e abov e preliminar y argument s (A) , (B ) an d (C ) wit h a n eas y induction , 
we ca n sho w th e secon d clai m o f Lemm a 5.4.2. • 

5.4.5. Morphisms W((fo)  for j  = 0 ,1 . —  Le t u s sho w tha t W((fo)  (j  =  0,1) ar e 
isomorphisms. Le t w  b e a  sectio n o f £poly(\4,D) suc h tha t Do ; =  0. W e hav e th e 
expression UJ  = f1'0 dz/z  +  f0,1 dz/z.  W e se t 

^(0)(/0,l) = 

vcb(l) 
f(o,l)i,o(r)vi, A(l)(fo,l):=fo,l- A(o)(fo,l) 

We hav e th e decompositio n f0'1  =  A(l)  (f0,1)-\-A^  (f0,1).  W e hav e th e correspondin g 
decomposition u^1  =  ^ ( a A 1 ) +  . ^ ( a ; 0 ' 1 ) . 

Lemma 5.4.3 
• There  exists  a  X-holomorphic  C°°  -section  t(m= ofV  such  that  (i)  L2  and  of  poly-

nomial order,  (ii)  cM1) = (̂̂ (u;0'1). 
• We  have  a  X-holomorphic  C°°  -section  t(o) ofV  such  that  (i)  L2  and  of  polyno-

mial order,  (ii)  A^fa0*1 - 2M°)) - 0. 

As a  result,  we  can  take  a  X-holomorphic  C°°-section  rofV  such  that  (i)  L2  and  of 
polynomial order,  (ii)  dr  =  uu0,1. 

Proof —  Th e argumen t i s almos t th e sam e a s i n th e proo f o f Lemm a 5.2.5. W e 
only hav e t o replac e a(vi)  wit h e(A , u{vi)). Th e firs t clai m follow s fro m Lemm a 5.4.1. 

Let Cj  b e th e function s determine d b y th e following : 

FAJf+dz/z) = cjvi 
dzdz 
\z\* 

Prom Do ; =  0, w e obtai n th e followin g relatio n b y takin g th e ^ -component : 

(89) 
lafi0,1vi dz 

z 
/?>1(do(t>0 +  e(A,u(t;i) ) 

dz 
z 

dz 
z 

+ofl,oivi dz 
z 

+ CiV% 
dz dz 
\z\2 

= 0 

We us e th e Fourie r expansio n Cj  = Cj,m eyjr~^-rnd.  W e giv e som e preliminar y argu -
ments. 
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(A) Le t u s conside r th e cas e wher e a(v{)  =  0  and a(vi)  ^  0  hold. Le t k  b e determine d 
by a(vi) =  X ) j=i aj(yi)  z~j  an d ak(vi)  i=-  0 . B y lookin g a t th e e~^~^kd-componen t o f 
(89), w e obtai n (82) , wit h e(A , u(vi)) instea d o f a(vi),  a s i n th e proo f o f Lemm a 5.2.5 . 
Let p  b e give n b y (83) . I f JC  i s sufficientl y small , w e hav e f  Ipl̂ r-26 dvolpp <  oo fo r 
some e  >  0 . B y Lemm a 5.4.1 , w e ca n tak e a  A-holomorphi c C°°-sectio n pi  suc h tha t 
(i) p\  \z\~£  i s L2  an d o f polynomia l order , (ii ) dpi  =  p.  Not e (84) . Hence , w e hav e 
a A-holomorphi c C°° -section r 2 suc h tha t (i ) r 2 i s L2  an d o f polynomia l orde r wit h 
respect t o h  an d gp,  (ii ) f ^Vi dz/z  =  <9r2 . 

(B) W e ca n argu e th e cas e wher e a(v{)  =  0 , a(vi) =  0  an d a(v{)  ^  0  hold , b y usin g 
the metho d i n th e par t (B ) o f th e proo f o f Lemm a 5.2.5 . W e onl y hav e t o replac e 
a{vi) wit h t(X,u(vi)). 

(C) W e ca n argu e th e cas e wher e a(vi)  =  0 , a(vi) =  0 , a(vi)  =  0  an d k(vi)  =  1  hold , 
by usin g th e metho d i n th e proo f o f Lemm a 5.2.5 . 

It i s eas y t o obtai n Lemm a 5.4. 3 b y usin g th e abov e considerations . • 

We pu t p  :=  uo — Dr o n X  \  P , whic h give s a  holomorphi c sectio n o f V  ®  ft1,0  o n 
X \  V.  W e hav e th e decompositio n p  =  YlPii  wher e eac h pi  i s th e produc t o f Vi an d 
a holomorphi c (1,0)-for m o n X  \  V. 

Lemma 5.4.4. — Let  £(vi)  G Z^o be determined  as  follows: 
• We  put  £(vi)  :=  —  o rd ( a (^ )) - h i m the  case  a(vi)  ^  0 . 
• We  put  £{vi)  : = 1  in  the  case  where  a(t^ ) =  0  and  u(vi)  ^  (0,0 ) hold. 
• We  put  £{vi)  :=  0  otherwise. 

Then, ze(Vi^pi  is  L2  with  respect  to  h  and  gp.  In  the  second  case,  ( — log | z | ) - 1 ^ is  L2, 
more strongly. 

Proof. —  W e conside r differential s onl y alon g the directio n o f X  i n the followin g argu -
ment. Le t 8'  denot e th e (1,0)-operato r determine d b y h  an d d.  Le t B  b e determine d 
by 8 'v = v B.  Then , B  i s diagonal , an d th e (i,  ^-entr ie s ar e a s follows : 

-p(\,u(vi)] 
dz 
z + 

k(vi) dz 
—2 log|2:| z 

The curvatur e R(h)  o f d  +  8'  i s expresse d b y th e diagona l matr i x wit h respec t t o th e 
frame whos e (i,  z)-entrie s ar e —k(vi)  \z\~2(—  log \z\2)~2dzdz.  Hence , 8'r  i s also C°° 
and o f polynomia l order . (Se e th e argumen t i n th e proo f o f Lemm a 7.4.11. ) 

Let D^1,0 ) denot e th e ( l ,0 ) -par t o f D . W e pu t G  :=  D^1'0 ) -  X8',  whic h i s a 
section o f E n d ( F ) <S>  fi1'0. Let A\  b e determine d b y G v = v A\.  Then , w e hav e th e 
decomposition A\  —  Tf +  C , wher e FQ  i s bounde d wit h respec t t o h  an d gp,  an d Tf 
is th e diagona l matr i x whos e (i , i)-entries ar e a s follows : 

da(vi)+ (t(\,u(vi)) - h Ap(A,7x(^)) j 
dz 
z 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



170 CHAPTER 5. L2-COHOMOLOGY OF FILTERED A-FLAT BUNDLE ON CURVES 

We hav e th e decomposition p = CJ1,0 — \8'r — A F C ( T ) — \Fr>(r). Not e tha t a;1' 0 — 
\8'T —  XFc(r)  i s L2  an d o f polynomia l orde r wit h respec t t o h  an d gp.  Then , th e 
claim o f Lemma 5.4.4 follows . • 

Let r an d A0  b e as in Sectio n 5.4.2. W e put D0 := D - Fr.  W e have B0v  =  vA0. 
Recall FAo  is bounded wit h respec t t o h  an d gp. 

• I n th e cas e a(vi)  ^  0, w e hav e a  holomorphi c sectio n Ki (i ) whic h i s L2  an d 
of polynomia l orde r wit h respec t t o h  an d gp,  (ii ) suc h tha t pi =  (da{vi)  + 
t(\,u(vi))dz/z)Ki. Not e tha t Oo (^z) i s als o L2  an d o f polynomia l orde r wit h 
respect t o h  an d gp. 

• I f a(vi)  =  0 and a(vi) <  0 hold , w e have ( — log l^l2)-1 Pi is L2.  Then , w e obtai n 
tha t pi i s a sectio n o f <S(V* 0 fJ1,0,D ) fro m th e holomorphic property . 

• I f a(vi)  —  0, a(vi)  =  0 an d a(vi)  ^  0 hold , w e have z pi i s L2.  Hence , w e hav e 
the L2 -holomorphic sectio n Ki such tha t t(\,u(vi ))Kidz/z =  pi. Not e Do(«i ) l s 
also L2. 

• I f a(vi)  =  0, a (vi) = 0 an d a(vi)  =  0 hold , w e hav e pi i s containe d i n 
5 ( K ® f i 1 , 0 , D ) . 

Hence, w e obtain th e following lemma . 

Lemma 5.4.5. —  There  exists  a  section  v  of  £poly(V* , D) 5г ¿c/г ^/ia ^ a; — Dz/ ¿5 a 
morphic (1,0) -form. • 

From Lemm a 5.4.5, i t i s eas y t o obtai n tha t H1^)  i s a n isomorphism . I t i s 
easy t o sho w tha t TC°(IPO)  i s an isomorphism . Thu s th e proof o f Propositio n 5.3.1 i s 
finished. • 

5.4.6. The morphism cpi . — Le t us show tha t ipi  i n Proposition 5.3.5 is a quasi -
isomorphism. W e onl y hav e t o sho w tha t th e induce d morphis m <S(V * 0  f2*'°) —• 

>Cpoiy(Vr*,D) i s a quasi-isomorphism . W e only hav e t o show i t fo r the germ a t (Ao , O). 
By a n eas y argumen t o f descen t wit h respec t t o th e ramifie d coverin g X'  — > X, w e 
may an d wil l assum e tha t (14,0) i s unramified . Le t va  an d va^c°°  b e a s i n Sectio n 
5.3.3. Le t Ra  b e determine d b y Dv a =  va  (da  + Ra).  Le t C  b e determine d b y the 
following: 

BvCOO = vC°O ( © ( d a + Ra) + C). 

Then, C  i s A-holomorphic , an d it satisfie s C  =  0(\z\N)  fo r any N >  0. Le t D' be the 
familv o f flat  A-connection s determine d b v the following : 

Wvc°° = vCOO ( 0 ( d a + Ra)) • 

The (0, l ) -part o f D 7 is denote d b y d'.  W e pu t F  :=  D  -  D ^ an d the n w e hav e 
\F\h =  0(\z\N)  fo r any N >  0. W e obtain a  comple x o f sheaves £*oly(V*,D' ) fro m D7 
as i n Sectio n 5.3.3. A s sheaves, w e have £p0ly(V*,D' ) -  ^ o l y ( K , D ) fo r p =  0,1,2. 

ASTÉRISQUE 340 



5.4. PROOF IN THE FAMILY CASE 171 

Lemma 5.4.6. — For  any  UJ  G £poly(V*,B) , we  can  take  r  G £poly(V*,B ) such  that 
B ' r =  UJ. 

Proof. —  W e onl y hav e t o conside r th e cas e wher e B  ha s a  uniqu e irregula r valu e a . 
In th e cas e a  =  0 , w e ma y appl y th e result s i n Sectio n 5.4.4 . I n th e cas e a  ^  0 , w e 
need onl y us e Lemm a 5.2.3 , fo r example . • 

Lemma 5.4.7. — For  any  UJ  G £poly(V*,B)7 we  can  take  r  G £poly(V*,B) such  that 
BT =  UJ. 

In particular,  we  obtain  the  vanishing  ofTL2  o /£*oly(K , B) . 

Proof. —  Tak e r  a s i n Lemm a 5.4.6 . W e hav e UJ  —  Br =  0 ( | z | ^ ) fo r an y N.  Tak e 
some larg e M.  Accordin g t o Lemm a 5.2.3 , w e ca n tak e a  sectio n K  of V  0  fi1,0  suc h 
tha t (i ) 8K  =  UJ-BT,  (ii ) |* | =  0(\z\M).  W e hav e K  G £poly(V*,B), an d B ( r +  « ) =  UJ. 
Thus, w e obtai n Lemm a 5.4. 7 • 

Let UJ  G £poly(V*,B ) suc h tha t Ba ; =  0 . W e hav e WUJ  =  -FUJ  =  0(\z\N)  fo r 
any N.  Hence , w e ca n tak e a  larg e M  >  0  an d a  A-holomorphi c C°°-sectio n K  o f 
V 0  fi1'0  suc h tha t d'K  =  WUJ  and \K\  =  0 ( | z | M ) . W e pu t UJ'  :=  UJ  - /c , an d the n 
B'u/ =  0 . Not e tha t th e (0 , l ) -par ts o f UJ  an d UJ'  are equal . 

Lemma 5.4.8. —  There  exists  a  local  section  r  G £°(V*,B) around  (Ao,0 ) such  that 
d'r^uj0'1. 

Proof. —  W e ma y assum e tha t B  ha s a  uniqu e irregula r valu e a . I n th e cas e a  =  0 , w e 
can appl y th e resul t i n Sectio n 5.4.5 . Le t u s conside r th e cas e a ^ 0 . W e ca n tak e r 
such tha t (i ) d  r  —  a;0'1, (ii ) | r | =  0(\z\~M)  fo r som e larg e M.  Le t u s sho w B V i s 
of polynomia l order . Le t h!  b e th e C°°-Hermitia n metri c o f V^CAQKXK^o) suc h tha t 
h'(yc°°,i,vc°°,j) =  Sij.  Not e tha t h'  an d h  ar e mutuall y bounde d u p t o polynomia l 
order. Le t 5[  b e th e (1,0)-operato r determine d b y d'  an d h!.  W e conside r differential s 
only alon g th e directio n o f X.  Not e tha t zMl  UJ0,1  an d zMl  r  ar e bounde d fo r som e 
large Mi.  W e als o hav e d  (zMl  r ) =  zMl  UJ0,1.  Sinc e th e curvatur e o f R{h,  d  )  i s 0 , i t 
can b e show n tha t S[(zMl  r)  i s L2  uniforml y fo r A . (Se e th e proo f o f Lemm a 7.4.11 , 
for example. ) Thus , w e obtai n tha t zMl  S[r  i s L2  uniforml y fo r A . Takin g larg e M2 , 
we obtai n zM<1  (5[r —  UJ1'0)  i s als o L2  uniforml y fo r A . 

Since UJ1,0  — S[T i s holomorphic wit h respec t t o d  ,  we obtain S^T—UJ1,0  =  0(\z\~M3) 
for som e larg e M3. Then , w e obtai n th e desire d estimat e fo r 6[r.  • 

Lemma 5.4.9. — We  can  take  a  section  r  G £poly(V*,B) such  that  dr  =  CJ0,1 

Proof —  Le t r  b e a s i n Lemm a 5.4.8 . W e hav e B r -  B V =  FT  =  0(\z\N)  fo r 
any N  >  0.  Becaus e o f Lemm a 5.2.3 , w e ca n tak e a  sectio n is  of  V  suc h tha t 
(i) \u\  =  0(\z\M)  fo r som e larg e M  >  0 , (ii ) dv =  F°^r.  Le t & ' b e th e (1,0) -
operator determine d b y h  an d d.  W e conside r th e differential s onl y i n th e directio n 
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of X.  Sinc e th e curvatur e R(h,d)  i s uniforml y bounde d wit h respec t t o h  an d gp,  i t 
can b e show n tha t 8'v  i s L2  uniforml y fo r A . I f M  i s sufficiently large , (D^1'0 ) —  \5f)v 
is 0(\z\M/2).  W e put p  =  Y ^Pa : = ^  -  *  -  D r +  Dz/ . Then , w e obtain tha t (i ) p  i s a 
holomorphic sectio n o f V<S>Q1,0, (ii ) zMl pa ( a G Irr(D)) ar e L2 for some larg e M i wit h 
respect t o gp  an d / 1 uniformly fo r A , (iii ) po  i s L2  wit h respec t t o / i and gp  uniforml y 
for A . Hence , w e obtain v  G £poly(V*, D). Thus , Lemm a 5.4. 9 is proved . • 

Let 5 (14 ®  Op,o)  b e th e shea f o f meromorphi c section s r  o f V  0  Op,o  wit h th e 
following property : 

• Le t tId  =  rre g + rir r b e the decompositio n correspondin g t o the irregula r decom -

position. Then , fre g i s contained i n 5 (Keg* ®  fip'°). 
By usin g Lemm a 5.4. 7 and Lemma 5.4.9 , i t is easy to show tha t th e natural inclusio n 

5 ( 1 4 ® fi*'°) —> £poiy(14,D) i s a  quasi-isomorphism . I t i s als o s tandar d an d eas y t o 
show tha t th e natura l inclusio n 5(14 <S> : o.,o) —• 5(14 ® i s a  quasi-isomorphism . 
Hence, w e obtain tha t ipi i s a quasi-isomorphism . Thus , a  hal f o f Proposition 5.3. 5 is 
finished. 

5.4.7. Proof of Propositions 5.3.5 and 5.3.8. —  Le t n :  X(V) —•  X  denot e 
the projection . Fo r an y ope n subse t U  o f X(V),  le t >C *oly(14, D)^^^(ZY), denot e 
the spac e o f A-holomorphi c C°°-section s r  o f V  0  Qp  o n U  \  7r-1(P ) suc h tha t th e 
conditions (al) an d (a2) ar e satisfied. B y taking sheafification , w e obtain a  comple x 
of sheave s £ p 0 l y ( 1 4 , B ) £ ^ o n X(V).  Similarly , w e obtai n a  comple x o f sheave s 

~Epo\y(V*№)x(V)> ^LO\y(y,h{T))x{V)  and £ p o l y ( ^ ^ ( T ) 0 n the real bl°W UP 
X(U), correspondin g t o the sheaves £poly(14, D), £pol y (v ,h(t)and lpoly (v,h,h(t) 

Let S  b e a  smal l secto r i n X  \  X > such tha t w e hav e th e ful l Stoke s filtration 
Fs o f Vj^ . Le t S  denot e th e closur e o f S  i n X(D).  W e ca n tak e a  flat  splittin g 
V\s — © 1 4 , 5 - Fo r a  A-holomorphi c C°°-sectio n r  o f V  0  £ F o n 5 , w e hav e th e 
decomposition r  = ra?5 correspondin g t o Vj s = ©  14 ,5-

Lemma 5.4.10. —  r  is  a  section  o/£poly(V* , D )o n S,  if  and  only  if  the  following 

estimate holds  locally  on  S  with  respect  to  h  and  gp: 

( a l ' ) :  ra^s  and  Dr a?s are  of  polynomial  order  for  a ^ O . 

(a2') :  r0, 5 andDro , 5 ar e L2 and  of  polynomial  order. 

r is  a  section  of  £poly(14, ^)x{v) on  ^,  tf and  on^V  tf the  following  estimate  holds 
locally on  S  with  respect  to  h  and  gp  : 

(bV) :  ra, 5 andBr^s  are  0(\z\N)  for  any  N  >  0 . 

(a2') :  ro, 5 and  Dro ,s are  L2  and  of  polynomial  order, 

r is  a  section  o/£poly(V , h^)x(v)>  tf an^  on^  tf  ^ e f°^ow^n9  holds  locally  on  S: 

(cV) :  TQJS  and  Dr a?s are  0(\z\N)  for  any  N  >  0  with  respect  to  h(t) and  gp. 
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(a2') : TO,5 and  Pro, 5 are  L2  and  of  polynomial  order  with  respect  to  h  and  gp. 

r is  a  section  o /£poly(y, /i, h^)^^vy if  and  only  if  the  following  holds  locally  on  S: 

(dV) : r a?5 and  B r ^ s are  0(\z\N)  for  any  N  >  0  with  respect  to  both  {h^T\gp) 
and (h,gp). 

(a2') :  ro, 5 and  Bro, s are  L2  and  of  polynomial  order  with  respect  to  (h,gp). 

Proof —  I t follow s fro m Lemm a 5.3.3 . • 

Lemma 5.4.11. —  The  following  natural  morphisms  are  quasi-isomorphisms. 

C o l v ( K , I % ( w «— C'M,J})X(V) 

£poly(^ ^' ^T^)x(V) 
lpoly(v,h(t)x(d) 

Proof. — We onl y hav e t o conside r th e cas e wher e D  ha s a  uniqu e irregula r valu e a . 
If a  = 0 , the sheave s ar e th e same . Le t u s conside r th e cas e o ^ O . Le t va b e a s i n 
Section 5.3.3. We hav e th e lif t va,s o f va t o V0js . W e ma y tak e a  D-fla t fram e uajs 
of Va,s-  Le t Ga  b e determine d b y ua^s = Va,sGa. Then , Ga  an d G" 1 ar e bounde d 
up t o polynomia l order , uniforml y fo r À (See Lemm a 20.3.3, for example. ) Then , w e 
can sho w tha t th e vanishin g o f th e highe r cohomolog y sheave s o f £poiy(V*,  ^)x{py 

£VVO\Y{V*№)x(Vy £poly(^ h<<T))x(V) and £poly(y> hi  h{T))x{Vy h? USm S the reSultS i n 
Section 20.2.2. The compariso n o f th e 0-t h cohomolog y sheave s ar e easy . Thus , w e 
obtain Lemm a 5.4.11. • 

By applyin g th e push-forwar d t o th e quasi-isomorphism s i n Lemm a 5.4.11, we 
obtain th e res t o f Propositio n 5.3.5 and Propositio n 5.3.8. • 
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C H A P T E R 6 

M E R O M O R P H I C V A R I A T I O N OF 
T W I S T O R S T R U C T U R E 

One o f th e mai n result s i n thi s monograp h i s the reductio n fro m unramifiedl y goo d 
wild harmoni c bundl e t o tam e harmoni c bundl e (Theore m 11.2.2). I t i s convenien t 
to prepar e th e procedur e fo r reductio n wit h respec t t o Stoke s filtration s i n a  mor e 
general situation . Tha t i s th e mai n purpos e i n Sectio n 6.2. W e introduc e th e notio n 
of meromorphi c prolongmen t o f a  variatio n o f twisto r s tructur e wit h a  symmetri c 
pairing (Definitio n 6.2.6), an d w e explai n th e procedur e t o tak e G r wit h respec t t o 
Stokes structur e i n Sectio n 6.2.5. 

In Sectio n 6.1, w e giv e a  revie w o n th e notio n o f variatio n o f polarize d pur e twisto r 
structure du e t o Simpso n [85] (se e als o [73], [65] and [67]). 

6.1. Variation of polarized pure twistor structure 

We recal l th e notio n o f twisto r structur e introduce d b y Simpso n i n [85], i n a  wa y 
convenient fo r ou r purpose . Se e als o [35], [73], [65] an d [67]. 

6.1.1. Some sheaves and differential operators on P 1 x  X.  —  Le t P 1 denot e a 
one dimensiona l comple x projectiv e space . W e regar d i t a s th e gluin g o f tw o comple x 
lines Cx  an d CM b y A  = pT1. W e se t C  *\ := C  \ {0}. 

Let X  b e a  comple x manifold . W e se t X  :=  C\  x  X  an d X°  := {0} x  X.  Le t 1,0x 
be th e C°°-bundl e associate d to 1,0x(log X°)  Ox(X°). W e pu t 1,0x : = 1,0x, an d 
we defin e 

O1,0x =O1,00 O0,1x , O .x =A.O 1x 
The associate d sheave s o f C°°-section s ar e denote d b y th e sam e symbols . Le t 
Q'x — • 1+0x denot e th e differentia l operato r induce d b y th e exterio r differentia l c 
of X. 

Let X  denot e th e conjugat e o f X.  W e se t X  := Cu x  X .  B y th e sam e procedur e 
we obtai n th e C ∞ -bundles .x wit h th e differentia l operato r DX  . 
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Their restriction s t o C\  x X — C* x X^  ar e naturall y isomorphic : 

O.x,dfx)Icyxx= (O.cyxx,d)= (O.xt,d+xf)Icuxxt 

By gluin g them , w e obtai n a  grade d C°°-bundl e ^ixX  wit h a  differentia l operato r 
DAX 

Remark 6.1.1. —  B ^ an d B ^ / ar e denote d als o b y d , i f ther e i s n o ris k o f confusion . 
• 

We hav e th e decompositio n &pixX  — ® ^P1 ^n e ^ -d i rec t io n an d th e P1 -
direction. Th e restrictio n o f B^ t o th e X-directio n i s denoted b y B ^ . The restrictio n 
to th e P1-directio n i s denote d b y dpi.  W e hav e th e decompositio n 

î î i i =  7T*ftpi°(2 • {0 , oo}) 0 T T * ^ 1 , 

into th e (1,0)-par t an d th e (0 , l ) -par t, wher e TT  denote s th e projectio n P1 x  X  —>  P1. 

We hav e th e correspondin g decompositio n d p i =  c\i  +  <9pi . 

Let a : P1 —> P1 b e th e anti-holomorphi c involutio n give n b y a([zo : z\\) = 

[—zi : zo]. Th e induce d diffeomorphis m P1 x  X  —• P1 x  X  i s als o denote d b y cr . Th e 
multiplication o n cr*Q^lxX i s twiste d a s g -a*(oj) =  <j*(cr*(# ) -  a;) fo r a  functio n #  an d 
a sectio n UJ  o f ^ J i x x - Then , w e hav e th e C°°-isomorphis m $ a :  0 " * ^ J i x X —  ^ p i x x 

given b y th e comple x conjugat e an d th e ordinar y pull-bac k 

Oo(oxw)= ox(w) 

It i s easy t o chec k tha t Qa o a * ( D ^) =  O$>A.  Simila r relation s hol d fo r an d d p i . 

If w e ar e give n a n additiona l bundl e J7, th e induce d isomorphis m J7 0 c r * ( ^ p i x x ) — 

J7 ® ^ p i x x l s a^s o denote d b y $>a . 

6.1.2. Definitions 

6.1.2.1. Variation  of  twistor  structure  (variation  of  P1 -holomorphic bundle) 

Let V  b e a  C°°-vecto r bundl e o n P1 x  X.  W e us e th e sam e symbo l t o denot e th e 
associated shea f o f C°° -sections. A  P1-holomorphic structur e o f V  i s define d t o b e a 
differential operato r 

d p i y :  V —• V <S> 7r*fip i 

satisfying (i ) d p i v(f -  s) =  f  •  d pi v(s)  +  dpi (/)  •  s fo r a  C°°-functio n /  an d a  sectio n s 
of V,  (ii ) d p i v o  d pi v  =  0 . Suc h a  tupl e (V , d pi v) i s calle d a  P1-holomorphic vecto r 
bundle. 

A TT-s t ruc tur e o f ( V , & v ) i s a  differentia l operato r 

By : V —>V® Çflx 

such tha t (i ) By(f  • s) =  f -By(s)  + b £ ( / ) • s for a  C°°-functio n / and a  sectio n 
5 of V , (ii ) (4;lj V + Dy)2 = 0 . Such a  tupl e (V,d^lyiBy)  i s calle d a  TT-structure 
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6.1. VARIATION OF POLARIZED PURE TWISTOR STRUCTURE 177 

in [35], o r a  variation  of  P 1 -holomorphic vector  bundle  i n [67]. I n thi s section , w e 
prefer t o cal l i t variation  of  twistor  structure.  W e will no t distinguis h them . 

If X  i s a point , i t i s just a  holomorphi c vecto r bundl e o n P1 . 

Remark 6.1.2. —  W e will often omi t t o specify d^  v  whe n we consider P1-holomorphi c 
bundles o r variation s o f twistor structur e (variation s o f P1-holomorphic bundle) . • 

A morphis m o f variation o f twistor structur e 

F '• (Viidpi,Vi>®Vi) (V2,d£liVa,D£a) 

is defined t o be a morphism o f the associated sheave s o f C°°-sections, compatibl e wit h 
the differentia l operators . I f X  i s a point , i t i s equivalent t o a n O^i -morphism. 

6.1.2.2. Some  functoriality.  —  Le t (V ,By ) b e a  variatio n o f twisto r structure . Le t 
/ :  Y —•  X  b e a holomorphi c ma p of complex manifolds . Then , w e have th e naturall y 
induced variatio n o f twistor structur e / * (V, B y) as in the case of ordinary connections . 

Let a  :  P 1 —• > P1 b e a s above . Then , a*V  i s naturall y equippe d wit h a  P1-
holomorphic structur e an d a  TT-st ructur e OftT / give n a s follows : 

(DAoxv+d''oxv)(Oo(Oxs))= Oo(ox((DvA+d"v)s)) 

Here, s  denote s a  sectio n o f V  0  ffix-  Thus , w e obtain th e pull-back o f variatio n o f 
twistor structur e b y a. 

Direct sum , tensor product , an d dua l fo r variatio n o f twistor structur e ar e define d 
in obviou s manners . 

6.1.2.3. Variation  of  pure  twistor  structure.  —  Le t (V,dJI i y ) b e a  P1-holomorphi c 
vector bundl e o n P 1 x  X.  I t i s calle d pur e o f weigh t w  i f th e restriction s Vp  := 
(V,dJ£i v) |pi x{P} ar e Pur e twisto r structur e o f weigh t w  fo r an y P  €  X,  i.e. , Vp  ar e 
isomorphic t o direc t sum s o f 0^i(w).  A  variatio n o f twisto r structur e i s calle d pur e 
of weigh t w,  i f the underlying P1-holomorphi c vecto r bundl e i s pure o f weight w. 

6.1.2.4- Example  (Tate  objects).  —  Le t T(w) b e a Tate objec t i n the theory o f twisto r 
structure. (Se e [85] an d Sectio n 3.3. 1 of [67].) I t i s isomorphi c t o Opi(—2u>) , an d 
equipped wit h th e distinguished frame s 

T(w)Icy=Ocyto(w), t(w)Icu= ocyt(w)o, t(w)Icu= Ocut(w)oo, t(w)Ixu=Ocytl(w) 

The transformatio n i s given b y 
t(w)=(v-mu)wtl(w),t(w),t(w)oo=(-v-lu)wtl(w) 

In particular , (y/^lX)-2^  =  t{™]. 
We ma y identify T(w)  wit h Op i (—w -0 — w- oo) by the correspondence t ^ < —> 1 , 

up t o constan t multiplication . I n particular , w e wil l implicitl y us e th e identifica -
tion o f T(0 ) wit h Op i b y 4° } < —> I- W e wil l als o implicitl y us e th e identificatio n 
T(m) ®  T(n) ~ T ( m + n ) give n b y *im) ® tin) tim+n> . 
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6.1.2.5. Example.  —  I n Sectio n 3.3. 2 of [67], w e considere d a  lin e bundl e (D(p,q) 
on P 1 with a  natura l C* , whic h i s isomorphi c t o (9p i (p + q)  an d equippe d wit h th e 
distinguished frames : 

O(p,q)Icy=OCYFO5P?Q+? o5P?Q°iCU=Ocuf(p,q)oo, O(p,q)Ixuy=Ocxyf(p,q)l 

The transformatio n i s given b y 

&'9) = (V^x)~p f[™\ f^q) = { - ^ ) ~ q f[p>q). 

In particular , (y/^ÏX)*** fj?'q) = f&q). 

We ma y identif y 0(p,q)  wit h 0^i(p  •  0  +  q  •  oo ) b y th e correspondenc e 
f[p'q^ < —• 1 , u p t o constan t multiplication . W e wil l implicitl y us e th e identifi -
cation 0 ( p , q) ®  <D(p', q') ~0(p  +  p',q  +  q') give n b y f<?>q) 0  / i P V ) < — f p + P ' . 

We wil l als o implicitl y identif y T(w)  wit h 0(—w,  —w)  b y =  fa~w'~w>} fo r 
a =  0 , 1 , oo. 

If w e forge t th e natura l C*-actions , 0(p,  q)  an d 0(p  +  r , q —  r) ar e identifie d b y 
<—> f^q~r) fo r «  =  0 , oo. I n tha t case , ar e denoted b y f!?+q). 

Let X  b e a  comple x manifold . W e have th e pull-back o f T(w) an d g ) via the 
map fro m X  t o a  point . The y ar e denoted b y T(w)x an d 0(p,q)x,  respectively . W e 
will ofte n omi t th e subscrip t X,  i f ther e i s n o ris k o f confusion . Fo r a  variatio n o f 
twistor s tructur e ( V , D A ) , th e tensor produc t (V , D A ) ®T(w)  i s called th e w-th. Tat e 
twist o f ( F , D A ) . 

6.1.2.6. Polarization.  —  Recal l tha t w e have th e isomorphism ([67]) 

^T(w) cr*T(w)  ~  T(w), 

given b y th e natura l identificatio n a*0(—w  • 0 — w • oo) ~  0(—w  - 0 —  w - oo) vi a 
cr*(l) <—• 1, or equivalently , 

Oxtl(w) t(w)l Ot(w)o (-l)w)to(w Ot(w)oo (-l)w)to(w 

For a  variatio n o f twistor s tructur e ( V , B ^ ) o n P1 x X , a  morphis m 

5 :  (V ,D£) 0 <T*(F,b£) —* T ( - w ) x 

is calle d a  pairin g o f weight w,  i f it i s (—1)^-symmetri c i n the following sense : 

Mr(-™) °  v*S = (-1 )WS o  exchange :  a*V ® V —> T(-w)x. 

Here, exchang e denote s th e natura l morphis m a*V ® V ^> V ® a*V induce d b y the 
exchange o f the components . I t i s als o calle d (—1)^-symmetri c pairing , i f we woul d 
like t o emphasiz e (—1)^-symmetri c property . 

Let (V ,Dy ) b e a  variatio n o f pure  twisto r s tructur e o f weigh t w  o n P1 x  X.  Le t 
S :  (V ,Dy ) ®  o-*(V,By) -  T ( - w ) x b e a  pairin g o f weigh t w . W e say tha t 5  i s a 
polarization o f ( V , D ^ ) , i f <S p : = <S|pix{p } i s a  polarizatio n o f V p : = ( V , d p i ) | p i x { p } 
for eac h P  G  X. Namely , th e following holds : 

• I f W = 0 , the induced Hermitia n pairin g H°(Sp) o f H°(¥1, Vp) i s positive definite . 
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• In the general case , th e induced pairin g Sp  ®<So,- ™ o f Vp 0 0 ( 0 , —w) is a polar -
ization o f the pure twisto r structure . (Se e Example 2 below fo r Sq^-w.) 

When 5 is a  polarizatio n o f a  pur e twisto r structur e V  o f weigh t n , th e induce d 
pairing cr(5 ) : <r*(F) 0 V -» T ( - n ) and 5V : Fv 0 <j*(Fv) T(n ) are also polariza -
tions. (Se e Lemma 3.38 of [67].) 

6.1.2.7. Example 1. — The identificatio n ij(w)  induce s a  fla t morphis m Sj(w)  : 
T(w) 0 cr*T(w) -+ T(2w). I t i s a polarizatio n o f T(w)  o f weight -2w. 

6.1.2.8. Example 2. —  The fla t isomorphis m L^q) : cr*0(p,q) ~  0 (q,p) i n [67] is 

given b y a*/o(P'9 ) " (yTT)^qf^\ <r*f&q)  ~\-^y+qf^P\ an d a*/^  » 
(\^I)q~pf[q,p\ Hence , w e obtain th e morphis m 

SP,q : 0 ( P , q) ® ^ * 0 ( P, 9) — T ( - p - q). 

It i s a polarizatio n o f weight p + g. 

Remark 6.1.3. —  I t i s essential t o fix an isomorphism i  :  cr*Of>i (1) —  Opi (1) suc h tha t 
cr*£ o t =  —  1. I t i s uniqu e u p t o conjugacy . Ther e coul d b e a  choic e o f a  fram e t o 
reduce signatures . • 

6.1.2.9. Relation  with  harmonic  bundles.  —  Simpso n observe d th e equivalenc e be -
tween th e notions o f variation o f polarized pur e twisto r structur e an d harmonic bun -
dles. (Se e [85]. Se e als o [67] an d [73].) Le t p  :  P 1 x  X  X  b e th e projec -
tion. Le t (E,dE,0,h)  b e a  harmoni c bundl e o n X.  W e se t SA  :=  p*E,  whic h 
is naturall y a  P1-holomorphi c bundle . I t i s equippe d wit h th e differentia l operato r 
DA : = 8E  +  +  3E  +  A_10 , an d (£ A,DA) i s a  variatio n o f pur e twisto r structur e 
of weigh t 0 . Th e polarization S  i s given b y S(u  0  o~*v)  :=  p*(h)(% a*v). 

6.1.3. Gluing construction. —  Recal l th e gluin g constructio n o f variatio n o f 
pure twisto r structur e i n [85]. Se e als o [67]. W e hav e th e decompositio n Ù\ — 
^x\x^^cx into  ^n e ^-d i rec t ion an d the CA-direction. Le t dx denot e the restrictio n 
of th e exterio r differentia l t o th e X-direction . Similarly , w e have th e decompositio n 
Q^i =  C ^xiA't ® Olcu » an d the restriction o f B j/ to the X-direction i s denoted b y dxi • 

The notion s o f CA-holomorphic bundle s o r CM-holomorphi c bundle s ar e defined a s in 
the cas e o f P1-holomorphic bundles . 

Remark 6.1.4. —  dx  an d dxi ar e also denoted just b y d, if there i s no risk of confusion . 
n 

Let (Voidcx  Vq)  be a  CA-holomorphi c bundl e o n X.  A  T-structur e [35] of Vq  is a 
differential operato r 

Ko 'Vo-^Vo^^x 

satisfying (i ) ByQ(f  • s) = dxf • s + /  •  O{ro(s) fo r a  functio n / and a  sectio n s of V, 

( i i ) f e , v o +  0 2 =  0 . 
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Let (Voojd'c  Vqo)  be a  CM-holomorphi c vecto r bundl e o n ^ . A  T-structur e [35] 
is denne d t o b e a  differentia l operato r 

D+fvoo:voo - vooO£OlxIx+ 

satisfying condition s simila r t o (i ) an d (ii ) above . 
Assume tha t w e ar e give n a n isomorphis m 

(90) * : (Vo,d^Vo,3fVo)lclxX ~ ( K o , < ^ X i ) | c ; ; x x t . 

We obtai n a  C°°-vecto r bundl e V  o n P 1 x  X  b y gluin g V0  an d VJ » vi a O  B y th e 
condition (90) , d>cxVo  and d>Q  Voo giv e P1-holomorphi c structur e d''pl  v, an d By o an d 
B J / induc e th e TT-s t ructur e B y . Thus , w e obtai n a  variatio n o f twisto r s tructur e 

(v,4'1>v,id£). 
Conversely, w e naturall y obtai n suc h (Vb , ^ A y 0 , ©vb)' ( ^ » ' d''cu,voo >^v£>) anc ^ ^ 

from a  variatio n o f twisto r s tructur e (V,dj£ i y , B y ) a s th e restrictio n t o an d X^, 
respectively. 

Under th e natura l isomorphis m 

№x\X - X 1 ' Ïï>x°/Cx ® ^X/CX - ^X/CX ® ^ # / C A - ^X/CX 

a T-structur e By o induce s a  holomorphi c famil y o f fla t À-connections ByQ. Similarly, 
a T-structur e o f B y / naturall y induce s a  holomorphi c famil y o f fla t /x-connection s 
B y . Hence, a  variatio n o f twisto r s t ructur e i s regarde d a s th e gluin g o f familie s o f 
A-flat bundle s an d /x-fla t bundles . 

6.1.3.1. Let (V , BA) b e a  variatio n o f twisto r s tructur e o n P1 x  (X \  D).  Le t Ba * Voo 
(resp. B ^ y o ) denot e th e associate d famil y o f flat  A-connection s (resp . /i-connections ) 
on o~*Voo  (resp . cr*Vb) . Th e followin g lemm a ca n b e checke d b y a n eas y an d direc t 
calculation. W e remar k th e signature . 

Lemma 6.1.5. —  Let f  be  a  local  section  of  V^,  and  let  Ai  and  Bi  (i  = 1 , . . . , n) be 
determined byU)^  f = Ai-dzi + Bi'dzi, where  Ai  and  Bi  are  local  sections  o / V ^ . 
Then, we  have 

"Woo (*'/) = cr*(Ai)'dzi - a*(Bi) • dzi. 

Similarly, we  have 

Da* Vo (a*g) = - <r*(Ai) • dzi + a*(Bi) • dzi 

for a  local  section  g of V q with  U)g — Ai • dzi + Bi • dzi. 
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6.2. Good meromorphic prolongment of variation of twistor structure 
We shal l introduc e th e notion of unramifiedly good meromorphic prolongmen t for 

variation of twistor structure . We shal l als o observe tha t a graded variation of twistor 
structure is obtained as the graduation with respect to Stokes structure. 

6.2.1. Unramifiedly good meromorphic prolongment. —  Le t X  b e a comple x 
manifold wit h a  norma l crossin g hypersurfac e D.  W e pu t X \—  C\ x  X an d X$ := 
C*X x  X.  Le t p\ b e the projection forgettin g th e A-component. Fo r any subset /C 
of C A , we put XJC  := /C x X.  W e use the symbols P , F=  an d VJC wit h simila r 
meanings. 

Definition 6.2.1. —  Let (Vb,B) b e a famil y o f A-fla t bundle s o n X \  V.  A  famil y 
of meromorphi c A-fla t bundle s (Vo,B ) o n {XJC^VJC)  i s called a n unramifiedly goo d 
meromorphic prolongmen t o f (Vo,B), i f the followin g holds : 

• Th e restrictio n o f (y0,B)  t o XK  \  VK  i s (V0,B)\XK^VK.. 

• (Vo,B ) locall y ha s an unramifiedly goo d lattice , i.e. , for each P  G Vfc, ther e 
exists a  small neighbourhoo d Xp  suc h tha t (Vb,B)|# p na s a n unramifiedly goo d 
lattice. 

• I r r (Fo ,B ,P ) C Ox(*D)pxiP)/Ox,px(p),  i.e. , the elements o f I r r (V0,B,P ) ar e 
independent o f the variabl e A . • 

Under th e thir d condition , w e have I r r (Vu ,B ,P) =  I r r (Vo,B,P ' ) fo r any p\(P)  = 
px(P'), i f /C i s connected . I n tha t case , fo r R G D, w e take P  G V suc h tha t 
px(P) =  p , an d put I r r (F0 ,B ,P) : = I r r ( y 0 , B , P ) . The y wil l b e denoted als o by 
Irr(Vu ,P) o r I r r ( D , P ) . 

If w e ar e interested onl y o n good famil y o f meromorphic A-fla t bundles , i t is to o 
strong t o impos e th e independence fro m A  for irregular values . However , i t seem s 
appropriate t o impose i t whe n w e consider meromorphi c prolongmen t o f a variatio n 
of twisto r structure . (Se e Subsectio n 6.2.2 . I n this case , w e should hav e compariso n 
of th e Stokes structure s o f (Vo,By0 ) an d (Voo ,Bt ) . I t seem s t o lea d u s to the 
property tha t th e irregula r value s ar e independen t o f A and p.)  Indeed , w e wil l s tud y 
meromorphic prolongmen t o f variation o f twistor structur e associate d t o unramifiedl y 
good wil d harmoni c bundle s in Chapter 11 , and thei r irregula r value s ar e independen t 
of A  and p. 

6.2.2. Meromorphic prolongment of a variation of twistor structure 
Let X*  denot e th e conjugat e o f X. W e pu t X* := CM x  X* an d X™  : = C * x l t . 

Let p^  denot e th e projection forgettin g th e /i-component. Fo r any subse t H  o f CM, 
we pu t X^ :=  H x  X*.  W e use the symbols d+  V\  d++  an d wit h simila r 
meanings. W e us e th e C°° -identification X$  = X^ give n by A = u-l  whic h preserve s 
the CA-holomorphi c structure . 
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Let (F, DA) b e a  variatio n o f twisto r s tructur e o n (X  N  D) X P1 . W e hav e th e 
associated famil y o f A-fla t bundle s (Vb,D ) o n X  \  £>, and th e associate d famil y o f 
/i-flat bundle s ( V ^ B * ) o n X^  \V^.  Le t an d denot e th e associate d familie s 
of fla t connections . W e have th e isomorphism V ^ K P * — ^oo|ArtKpt» preservin g th e 
families o f the flat  connection s and the holomorphic structure s alon g the C^-direction . 

Let /C C C\  an d H C b e connecte d compac t region s suc h tha t th e unio n o f 
the interio r point s o f K,  and H is P1. Assume tha t w e are given th e following : 

• An unramifiedly goo d meromorphi c prolongmen t (Vb,D ) o n (XJCVJC)  o f (Vb,D) . 
• An unramifiedl y goo d meromorphi c prolongmen t (Voo,D^ ) o n (xL^vV)  o f 
(Voo, D+). 

• For any Re D = D*, the sets Irr(Voo , B*, R) an d lrr (V0, D , R) ar e related a s 

briVoo.B^R) = {â\ae I r r ( F 0 , B , P ) } . 

Let ir : X*(pt) X* denot e th e rea l blo w u p of X* alon g VK W e have th e Oc*x~ 

module 9? o on X\V$) associate d t o (Vb,D)|ArKx> » a s m  Subsectio n 4.1.3 . Fo r any 
Q G T T " 1 D+K  w e have th e full Stoke s filtration  .Fq(2J0 ,Q ) o f the stalk o f 2J0 a t Q  for 

the meromorphi c extensio n V q. Similarly , le t n : X^(V^) — > X+ denote th e real blo w 
up o f Xn alon g £>™ , an d le t 9Jo o denot e th e shea f o n Xn(Vn) associate d t o V ^ . 
For an y point Q G ^~lip\l), w e have th e ful l Stoke s filtration  ^ " ^ ( 9 J o o , Q ) -

Note th e natura l identification s X*(Tfl) = Xn(Vn) an d 2J 0 =  9 ?<x>, an d henc e 
9J0jP =  VO^p  fo r any P G 7 T _ 1 ( P K : H V^). W e also remar k 

R e ^ ^ â ) =  |/i |-2Re(A-1a) 

for A  = fi 1 . Hence , the natura l bijectio n Irr(Vo , P) —> In^V^o, P) induce s a n isomor -
phism o f ordered set s (Irr(F0,P) , ^ Q ) and ( I r ^ V ^ P ) , <§§  for an y Q G ^ ( P ) . 

Definition 6.2.2 

• We sa y tha t th e Stoke s structur e o f V q and voo  ar e th e same , i f the filtrations 
• ? Q 0 » O , Q ) an d ^ q ( 2 J o o , Q ) ar e th e sam e fo r an y Q G ^(Vjc f l P ^ ) , unde r th e 
above identificatio n o f the inde x sets . 

• If th e Stoke s structure s o f V q and VOO are th e same , (Vb,VJ» ) i s calle d a n un -
ramifiedly goo d meromorphi c prolongmen t o f the variatio n o f twistor structur e 
(V, D A ) . • 

6.2.3. Meromorphic prolongment of the conjugate. — Let a : P1 —» P1 b e 
the anti-holomorphi c involutio n give n b y ct([zq : Zco]) = [—z^ : zq]. I f w e regar d 
P1 =  C\ U  CM by A  = zq/zoq an d ¡1 = Zoq/zq, w e have the induce d ma p a : C\ —• CM 
given b y <T(A ) = —A. W e hav e th e naturall y induce d map s suc h a s X —• X^ an d 
X^ —> A '^ , which are als o denoted b y a . 

Let (V ,Dy ) b e a  variatio n o f twisto r structur e o n P1 x  (X \  D ) . Le t B^y-^ 
(resp. D ^ .y ) denote th e associate d famil y of flat  A-connection s (resp . /x-connections ) 
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6.2. MEROMORPHIC VARIATION OF TWISTOR STRUCTURE 183 

on (J^Voo (resp. cr*Vb) . Let ( V ^ B * ) be an unramifiedl y good meromorphic pro -
longment o f ( V ^ B ^ ) on (X ^Ky V^^).  Let a*Voo be th e shea f on XJC,  given b y 
<7*{Voo)(U) : = Voo(cr(^) ) for an y ope n subse t U of A^ . We hav e th e natura l Ox{*'D)-
module structur e o n cr*(Voo)(U)  give n b y / •  cr*(s) := cr*(cr*(/) • s ) . Th e famil y o f 
A-flat connection s B^-v ^ naturall y give s a  famil y o f meromorphi c flat  A-connection s 
on a*Voo-  Althoug h th e followin g lemm a i s clear , w e remar k th e signatur e (Lemm a 
6.1.5). 

Lemma 6.2.3 

• Let  (o~*  1/00,3a*Vec) be  as above.  Then,  it  gives  an  unramifiedly  good  meromorphic 
prolongment of  (a*Voo,  Ba*y ). For  each  R  G D, we  have 

lir(a*Voo,R) = {-â\ae  I r r ^ , R ) } . 

• Similarly,  let  (Vb ,B) be  an  unramifiedly  good  meromorphic  prolongment  0 

(Vb,B). Then,  (cr*Vb , B^yo) on  (X^V^)  gives  an  unramifiedly  good  meromor 
phic prolongment  of  (<r*Vb , B^.*yo). For  each  R  G D, we  have 

Irr(<j*V0,#) = {-5 j a G ln(V0ìR)}. 

• If (VQIVOO)  is  an  unramifiedly  good  meromorphic  prolongment  o / ( V , B A ) , then 
(cr*Vo, a* VOQ) is  an  unramifiedly  good  meromorphic  prolongment  of  a*(V,  BA) . 

• 

6.2.4. Meromorphic prolongment of the pairing 

Let S :  (V, BA) ®a*(V, BA) -> T(0) b e a  pairin g o f variation o f twisto r s tructur e o f 
weight 0. It consist s o f morphism s S o : Vo ® cr*^oo —• OX<D an d S qo : ® &*Vo —> 

0 ^ T N P T whic h ar e compatibl e wit h (i ) th e familie s o f A-connection s o r /x-connections , 
(ii) th e gluin g o n X  \  W =  X^ \  W*. 

Let (Vb,^») be a n unramifiedl y goo d meromorphi c prolongmen t o f (V ,B). Fo r 
simplicity, w e assum e tha t VQ  and Voo  ar e give n o n XJC  and X ^^y 

Definition 6.2.4. — A pairing So : Vb ® c r * ^ —» OXK{*T)K) is called a meromorphic 

prolongment of S0 if SO\XJC^VJC  = S o j ^ x ^ - Similarly, a pairing So o : ® cr*F0 -> 

OX\ (*D+A(K))  is calle d a  meromorphi c prolongmen t o f <Soo , i f S  \X\  V\  — 
cr{K) ^ '  I CT(/C) cr(/C) 

5oo|^()c)xD:()C) D 

The followin g lemm a i s clear . 

Lemma 6.2.5. —  Let  S  :  V ®  a* V - > T(0 ) 6 e a  pairing  of  weight  0 . 
• ̂ 4 meromorphic  prolongment  of  S o ¿ 5 unique, if  it  exists.  Similarly,  a  meromor-

phic prolongment  of  S ^ is  unique,  if  it  exists. 
• S o has  a  meromorphic  prolongment,  if  and  only  if  S ^ has  a  meromorphic  pro-

longment. 
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• SO has  a  meromorphic  prolongment,  if  and  only  if  the  induced  morphism 

VO\XK^T>k ~  a*Voo\xl{K)^vl{K)  can  be  extended  to  V0V ~ a*(VOO).  • 

Definition 6.2.6. —  Let (V , DA) b e a variation o f twistor s tructur e wit h a  pairin g S of 
weight 0. Let (Vo, V^) be an unramifiedly goo d meromorphi c prolongmen t o f (V, DA). 
We say that  (Vo , Voo) is an unramifiedly goo d meromorphi c prolongmen t o f (V, DA, <S), 
if SO  has the meromorphic prolongment . • 

6.2.5. Reduction of meromorphic variation of twistor structure. — Let 
(V, DA) b e a variation o f twistor s tructur e o n P1 X(X\D) wit h a  pairing S of weight 0. 
Let (VOIVOC)  b e a n unramifiedl y goo d meromorphi c prolongmen t o f (V,DA,<S) . Fo r 
simplicity, w e assume tha t V o and V^ ar e given o n XJC  an d X ^ ^ , respectively. 

6.2.5.1. Full reduction.  — Let RE D.  B y taking G r with respec t t o full Stoke s filtra -
tions o n a smal l neighbourhoo d XR  o f p^1(R) P\Vjç, we obtain a  grade d meromorphi c 
family o f A-fla t bundle s 

grf(vo,r)= 
oGlrr(Vb,H) 

GVF(VO,R) 

on XR.  Similarly , w e obtain a  graded meromorphi c famil y o f //-flat bundle s o n a smal l 
neighbourhood X^R  of p~x(R) n V^Ky 

Grf(voo,r)= 

b6lrr(Voo,R) 

Grf(Voo,fl). 

We ma y assum e tha t XR  an d XR  ar e of the for m JC  x  XR  an d (T(K)  X XR. W e set 
DR : = XRC\D.  Becaus e o f the coincidence o f the Stokes filtrations , w e have a  natura l 
isomorphism fo r eac h a  G Irr (Vb,i?): 

Grf(^b)|(K:n<7*(/c))x(XR\DH) - GT£(voo)\(Kn<T*(IC))x(xR^DR)> 

By gluing , w e obtai n a  variatio n o f twisto r s tructur e o n P1 x (XR  \  DR),  whic h i s 

denoted b y Gr^(VJR , D ^ ). I t i s equippe d wit h a n induce d unramifiedl y goo d mero -

morphic prolongmen t (Grfi {V0,R), G r J ^ V ^ ) ) . 

From th e isomorphis m VQ  ~  cr*(yoo ) o n XJC  induce d b y <S , we obtain a n isomor -

phism GR^A(V0WR)  ~  cr * G rf (V^ / j ) o n XR^JC-  Namely , w e have a n induce d pairing : 

Grf(50|jR) : Grf(V0,fl) ® <r* GV§(V^R) OXR,A*VR,IC)< 

Similarly, w e have a n induce d pairing : 

Grf (5oo,fl) : Gr f (V^R)  ® a* Grf (Vfo) 
Ox+b,k(xD+R,k). 

It i s easy t o observ e tha t thei r restriction s t o (K  f l cr(/C)) x  ( X R \ Dr  ar e the same . 

Hence, we have an induced symmetri c pairin g G r f (<S# ) of G rf ( VR, BR)  equippe d wit h 
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a meromorphi c prolongment . Th e tupl e i s denote d b y Grf"(V , DA, S). W e obtai n 

GrT(V,3A,S) := 
aelrr(Vb.fl) 

Grf(V,DA,<S). 

It i s calle d th e ful l reductio n o f (V,DA,<S) , an d i t i s equippe d wit h a n unramifiedl y 

good meromorphi c prolongmen t (Gr"F(\^b)ij) , Gr*F(V R00)JR)). 

6.2.5.2. Refinement.  —  Le t u s conside r th e cas e X  =  An , D  =  \J ei=1{zi = 0} an d 
R £ Di^ii2^ =  0} . W e tak e a n auxiliar y sequenc e m(0) , . . . , m (L ) ,m (L -f 1) = 0 

for th e goo d se t X  : = Ir r (Vb,P). A s i n th e cas e o f ful l reduction , w e obtai n grade d 
variation o f twisto r s tructur e 

Grm(p)(VR,DAR,s)= 
B€î)TN(P)(I) 

Grm(p)b(VRDAR,S). 

It i s naturall y equippe d wit h a n unramifiedl y goo d meromorphi c prolongmen t 
(GrmW (V0,*) ,Grmto(vU,*)) . I n particular , (Gr™(0>(F0)fl) , G r ™ ^ ^ ) ) i s calle d 
the on e ste p reduction . 

Remark 6.2.7. —  Le t u s conside r th e cas e X  : = A n an d D  :=  {z\  = 0} . Assum e tha t 
we ar e give n a n unramifiedl y goo d meromorphi c prolongmen t (Vb , Vqq) o f (V , DA) o n 
(Af,Aft). I f D  i s smooth , th e reduction s G r ^ ( V , DA,<S ) ar e equippe d wit h unram -
ifiedly goo d meromorphi c prolongment s ( G r ^ ( V b ) , Gr^(V ^o)) give n o n 
(Namely, w e d o no t hav e t o conside r th e restrictio n t o a  compac t regio n i n C\,  i n 
this case. ) • 

6.2.5.3. Compatibility.  —  W e giv e a  remar k o n compatibility . W e assum e tha t th e 
coordinate syste m i s admissibl e fo r a  goo d se t X  (Remar k 2.1.4). Le t k  b e determine d 
by m(0) G Z% x 0̂ _fc. 

Take 1 ^ j  ^  k  an d P i G Dj n l ^ , whic h i s no t a  singula r poin t o f D(k).  Le t XRX 
be a  smal l neighbourhoo d o f P i i n X.  W e se t X D : = X r . \ D.  W e pu t 

( F i , D f := (F ,DA,<S) |P ix^ , (F2,DA,<S2 ) := G r ^ ° ) ( ^ , D A , S ) r x X S . 

They ar e equippe d wit h th e induce d unramifiedl y meromorphi c prolongments . 

Lemma 6.2.8. —  We  have  a  natural  isomorphism: 
Grfvvl,dl,sl)= Grfvv2,d2,s2 

Proof. —  I t follow s fro m Corollar y 3.7.14. 
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PART II 

PROLONGATION OF 
WILD HARMONIC BUNDLE 





C H A P T E R 7 

P R O L O N G M E N T S pε F O R U N R A M I F I E D L Y G O O D 
W I L D H A R M O N I C B U N D L E S 

We star t t o stud y wil d harmoni c bundle . I n Sectio n 7.1 , we stat e th e definitio n o f 
wild harmoni c bundle s an d som e relate d condition s fo r Higg s fields. 

In Sectio n 7.2 , w e stat e som e estimate s relate d wit h th e Higg s field  o f a n unram -
ifiedly goo d wil d harmoni c bundl e (th e wil d versio n o f Simpson' s mai n estimate) , 
which wil l b e prove d i n Sectio n 7.3 . Thes e estimate s ar e th e mos t foundational . 

In Sectio n 7.4 , w e conside r th e sheave s o f holomorphi c section s whos e norm s ar e o f 
polynomial orders , an d w e show tha t the y for m a  goo d filtered  -flat bundl e (Theore m 
7.4.3). W e als o obtai n a  characterizatio n o f th e Stoke s filtrations  i n term s o f th e 
growth orde r o f th e norm s o f flat  section s (Propositio n 7.4.4) . 

In Sectio n 7.5 , w e stud y th e compariso n o f th e irregula r decomposition s fo r 
( P °,D° ) an d (P ε ,D  ) . W e not e tha t th e famil y versio n wil l b e studie d i n Sec -
tion 9.4 . I n th e proof , w e giv e a n estimat e fo r th e connectio n for m o f th e unitar y 
connection associate d t o (  ,h)  (Lemm a 7.5.5) . I t wil l als o b e usefu l fo r othe r 
purposes. 

We woul d lik e t o compar e th e deformation s cause d b y variatio n o f irregula r value s 
(Section 4.5.2 ) an d b y modificatio n o f th e Hermitia n metrics . I t wil l b e achieve d i n 
Proposition 9.2.1 . W e mak e a  preparatio n i n Sectio n 7.6 . 

In Sectio n 7.7 , w e giv e a  criterio n fo r a  holomorphi c sectio n t o b e bounde d wit h 
respect t o h. 

7.1. Definition of wild harmonic bundles 

7.1.1. Local condition for Higgs fields. — Let (E,  E , )  b e a  Higg s bundl e o n 
X \  D,  wher e X  i s a  comple x manifold , an d D  i s a  norma l crossin g diviso r o f X.  W e 
would lik e t o stat e som e condition s fo r th e Higg s field  . First, le t u s conside r th e 
case X  = n = {z = z 1 , . . . ,*„)  | \zi\ < l } , Di = zi  =  0 } and D  = U l

i=1 Di  I n 
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tha t case , w e have th e expression : 

0 = 
j=l 

fj 
dzj 
zj + 

n 

j=l+k 

Gjdzj. 

We hav e th e characteristi c polynomial s 

d e t ( T - F j ( z ) ) = A,-,fc(z)Tfc, d e t ( T - G j - ( z ) ) = Bjtk{z)Tk. 

The coefficient s A, - & and J3j?f c ar e holomorphi c o n X  \  D . 

Definition 7.1.1. —  W e say that 8  is tame, i f Aj^  an d Bj^  ar e holomorphic o n X fo r 
any k,  an d moreover , i f the restrictio n o f Aj^  t o Dj  ar e constan t fo r an y j =  1 , . . . , I 
and an y k.  • 

The conditio n i s independen t o f the choic e o f a  coordinat e system . 

Remark 7.1.2. —  I f 8  come s fro m a  t am e harmoni c bundle , 8  i s t am e i n th e abov e 
sense. W e d o no t hav e t o assum e tha t th e AJJ^DJ  ar e constan t fo r th e definitio n o f 
t ame harmoni c bundle . I t i s automaticall y satisfied . • 

Let Abe  à Q- vector subspac e o f C. 

Definition 7.1.3. —  W e say tha t 8  i s A-tame , i f 8  i s tam e an d th e root s o f th e poly -
nomials de t ( T —  FJ(Z))\D. ar e containe d i n A,  fo r an y j. • 

Definition 7.1.4 
• W e sa y tha t 6  i s strongl y unramifiedl y (*4-)goo d o n (X,D),  i f w e hav e a  goo d 

set o f irregula r value s Irr(# ) C M(X,D)/H(X)  an d a  decompositio n 

(91) (E,0) = 
a€lrr(0) 

(Ea,Oa), 

such tha t 6a  — da id# a ar e (*4-)tame . 
• W e sa y tha t 0  i s strongl y (^4-)goo d o n ( X , D ) , i f <pl(0)  i s unramifiedl y 

good fo r som e e  G Z>0, wher e ipe  i s th e coverin g give n b y (fe(zi,... , zn)  — 
(zf,...,zf,zi+u...,zn). • 

The conditio n i s independen t o f th e choic e o f a  coordinat e system . Th e adjectiv e 
"strongly" mean s th e existenc e o f th e globa l decompositio n (91) . (Compar e i t wit h 
Definition 2.3.1 . Se e also Definitio n 7.1. 5 below.) But , we will ofte n omi t "strongly" , 
if ther e i s no ris k o f confusion . 

7.1.2. Global condition for Higgs fields. —  Definitio n 7.1. 4 can be globalize d 
easily. 

Definition 7.1.5. —  Le t X b e a genera l comple x manifold . Le t D  b e a normal crossin g 
hypersurface o f X, an d le t (E,  8)  b e a  Higg s bundl e o n X  \  D. 

ASTÉRISQUE 340 



7.2. SIMPSON'S MAIN ESTIMATE 191 

• 0  i s calle d (unramifiedly , *4-)goo d a t P  G D, i f i t i s strongl y (unramifiedly, 
^4-)good on a coordinate neighbourhood of P. 

• 0  is called (unramifiedly, ^4-)good on (X , D ) , i f it i s (unramifiedly , vA-)good a t 
each point P  G D. • 

We also introduce the more general condition. 

Definition 7.1.6. —  Le t X be a complex analytic space, and let Z be a closed analytic 
subset o f X suc h that X  \  Z  i s smooth. Le t (E1,0 ) b e a  Higg s bundl e o n I  \  Z . 
The Higg s field 0  is called (.4- ) wild on (X , Z ) , i f there exist s a complex manifold X' 
with a projective birational map <p :  X' —• X suc h that (i ) v?_1(Z ) is normal crossing, 
(ii) tp-iQ  is (A)goo d o n pr,^-1^)). • 

7.1.3. Condition for harmonic bundles. — W e introduce th e notio n o f (un-
ramifiedly) goo d wil d harmoni c bundles , whic h is one of the mai n subject s i n thi s 
monograph. 

Definition 7.1.7. —  Le t X  b e a  comple x manifold, and le t D  b e a  norma l crossing 
hypersurface o f X. Le t (E, dE,0,h) b e a harmonic bundle on X \  D. 

• I t i s called *4-tame on (X , D) , i f 0 is *4-tame on (X , D). 
• I t i s called (unramifiedly, ^4-)good wil d harmonic bundle on (X , D) , i f 0 is (un-

ramifiedly, *4-)goo d on (X , D). • 

In th e cas e X  =  A n an d D  —  (J^ii2^ —  0}> w e will ofte n implicitl y assum e 
that 0  is strongly  (unramifiedly *A-)good. W e will ofte n sa y tha t (E,dE,0,h)  i s a 
(unramifiedly .A-jgoo d wil d harmoni c bundl e o n X  \  D  instea d o f (X,D).  I n ou r 
previous paper [67], a yf^lR-tame  harmoni c bundle is called a tame pure imaginary 
harmonic bundle. 

We introduce a more general notion. 

Definition 7.1.8. —  Let Z  b e a  close d analyti c subse t o f X . A  harmoni c bundl e 
(E,dE, M ) o n I \ Z i s called (A)wil d o n (X , Z) i f 0 is (A-)wil d o n (X , Z). (W e 
will also say that (E,  dE, 0, h) is (A)wil d o n (X , X \  Z),  instea d o f (X, Z).) • 

Analysis wil l b e mainly done for (unramifiedly ) goo d wil d harmoni c bundles . I n 
the curve case, any wild harmonic bundle is good. W e remark that even if (E, 0,  h) 
is a wild harmonic bundle on (X , D) , wher e D is normal crossing, it is not necessarily 
good. I n Chapter 15 , we will study whe n a harmonic bundle is wild. 

7.2. Simpson's main estimate and acceptability of the associated bundles 

7.2.1. Setting. —  Le t X =  An , A =  {zi =  0} and D  - (jf= i A - Le t (E,dE,0,h) 
be an unramifiedly good wild harmonic bundle on (X, D). B y shrinking X, w e assume 
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to have the irregula r decomposition: 

(92) (E,6) = 
aelrr(0) 

(E,6) =(E,6) = 

Here, вa — da id#a ar e tame. W e have the expression : 

9 = 
n 

¿=1 
fjdzj. 

We pu t /je g :— fj — ^2dja7Ta fo r j — 1,..., n, wher e 7ra denotes the projectio n onto 
Ea. B y the assumption , det( T — Zjf*eg) ^D (j  = 1,..., £) are polynomials in a formal 
variable T wit h constant coefficients. Let Sp(6,j) C  C denot e the set of the solution s 
of det (T — Zjf*eg) jD = 0 . For each j = 1,... , £, we assume to have the decomposition 

(93) (E,6) =(E,6) = 
aeSp(e,j) 

(E- freg 

such that the eigenvalues  ¡3  of  (ZJ  f™G)\Q  satisfies  \/3 — a\  ^  CO\ZJ(Q)\£O  for some  
Co,£o > 0. 

We put X(R) := {(zu ..., zn) eX\\Zi\ < R} for Ж 1 and X*(R) := (X \ £>) П 
-V4\Zjr 

7.2.2. Main estimate for the irregular part. — W e take an auxiliary sequence 
M := (m (0) , ra ( l ) ,m (2) , . . . , m ( L ) ) С \ {0^} fo r the goo d se t o f the irregula r 
values lrr(0) , i.e. , (i ) m(0) = min{ord (a) |a G lrr(0)}, (ii ) we have suc h that 
m{i -f 1) =  m(i)  +  ̂ fj (i) fo r each г ^ L  —  1 and m ( L ) +  ^ ( L ) =  0̂ , (hi ) T(0) := 
{ord(a - b) | a , b e Irr((9)} с M. 

Let 7/m : lrr(0) — > M ( X , D ) b e given as in (11) . Le t Irr(0,m) denot e the imag e of 
lrr(0) vi a rj^ fo r m  G Л4. We may and wil l fix auxiliary total order s ^  o n the finite 
sets lrr(0) an d lrr(0 , m) fo r any m  G M suc h that rym are order preserving. 

For each m  G M an d b G Irr(#, m), w e define 

ET 
Чт(<0=ь 

Ea, F?{E): 
c€lrr(0,m) 

(E,6) =(E,6) = 
cGlrr(0,m) 

c<b 

MPO 

Let denot e th e orthogona l complemen t o f F^(E) i n F^(E).  Le t TT ^ denot e 
the projection of E onto JS™ with respect to the decomposition E = 0bGï^(é»?m) E™. 
Let TT^ ' denot e the orthogona l projection onto E™'. We put ft™  : = TT™ - TT™' . 

We wil l prove the followin g theorem i n Sections 7.3.1-7.3.4. 

Theorem 7.2.1. — There  exist positive constants Ri, e\  and  A\ such  that the following 
holds on X*(Ri) for  any  b G lrr(0 ,m): 

n^l^A, exp(-£l |zm|) . 
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In particular, the decomposition E =  0b € i ^ (6 i , m ) is  exp(—€i\z rn\)-asymptotically 
orthogonal, in the sense that  there exists A[ >  0 such that  the following holds  for any 

G E™,~ with  b i ^  bo: 

\h(uuu2)\ < A[ \Ul\h  \u2\h  exp(-ei | sm(Q) | ) 

The constants A\, A[,  e\  and  R\ may  depend only on rank(£7), Co, So, lrr(0) and 
Sp{9J) (j  =  l,...,£) in  Section  7.2.1. 

Corollary 7.2.2. —  We  have the estimate  \TT™  — T T ™ ^ ^  2Ai  exp(—si|zm|) ; where 
TT™^ denotes the adjoint of IT™ with respect  to  h. • 

Remark 7.2.3. —  Th e main par t o f Theorem 7.2.1 i s the clai m for m  G T (# ), bu t i t 
is convenient t o tak e a n auxiliar y sequenc e M.  fo r inductive argument s in bot h th e 
proof an d th e use . • 

7.2.3. Main estimate for the regular part. —  W e take an order < on Sp(6, j) fo r 
each j . W e put FjjQl(E) : = ®p^aEj,a- Le t E'3,a denote the orthogona l complement 
of Fji<a i n Fjia. Le t 7rJ?a denote th e projectio n o f E ont o EjiQi wit h respect t o th e 
decomposition E = 0 ^ ? a . Le t 7r̂ a denote the orthogonal projection onto Eja. Fo r 
any j  =  1,... . I, we set 

ML . /reg 
" J3 

aeSp(0,j) 

a 

Z3 
eSp(0,j 

We put Tl™a  '•= ^j^—^j^a- W e wil l show the following theorem in Sections 7.3.5-7.3.7 . 

Theorem 7.2.4. —  We  have the following estimates: 

P(reg) : We have eSp(0,j h^A2(j = !,...,£)  and\fp ^a2 (j  = e+i,...,n) 
onX*{R2). 

Q(reg) : \qj\h  ̂A2  \ZJ\~1 (-log  \Zj\)  for  j = 1,... ,1  on X*(R2). 

-R(reg) : ftreg 
3,OL 

< A2\zAe* onX*{R2)forj  =  l, In particular, the  decom-
position E = Q)EjìOL is 0{\zj\£2)-asymptotically orthogonal. 

The positive  constants  A2,  R2 ande2 may  depend only  on  rank(£?), Co, £o, lrr(0) and 
Sp(9,j) in  Section  7.2.1. 

Corollary 7.2.5. —  We  have the estimate eSp(0,j ah<2A2\zj\", where 7ft de-
notes the adjoint of -KJìOC with respect  to  h. 

For j  =  1,..., £, w e consider the following : 

ff := /rS 
eSp(0,jH 

a 

MO 
eSp(0,j 

Corollary 7.2.6. —  We have '3 ^ ^2 \zj\ 1 [-^g\Zj\) ,-1 
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For an y a , /3 G  Sp(6) := x,cx'eSp{0 
we se t Diff(a,/3 ) := { i l ^ j 7e ^ } an d 

x,cx'eSp{0 

x,cx'eSp{0 

\z-\£ 
\z3\ ' 

We pu t EajCX  := Ea fi 0^=1 ^ j , ^ • We have th e followin g immediat e corollar y of 
Theorem 7.2.1 and Theore m 7.2.4. 

Corollary 7.2.7. — In the  case  (a, a ) ^ (b,/3), the  subbundles  Ea^a  and  Eb,p  are 
exp(—£|zord(a_b)|) Q£ (a, /3)-asymptotically orthogonal  for some  e > 0. • 

7.2.4. Complementary estimates for the Higgs field. —  W e give som e re -
finements, which immediatel y follo w fro m th e theorems . Th e proof wil l b e give n in 
Section 7.3.8. Al l constants and estimates may depend only on rank(2£), Co, £o> lrr(0) 
and Sp(6,j)  i n Section 7.2.1 . W e have the decomposition : 

(94) End(£) = 
a,a'Glrr(0) <x,cx'eSp{0) 

Hom(Êfl>a,Bfl,>0,). 

For a  section F of End(E), w e have the correspondin g decomposition : 

(95) F = 
a,a'Glrr(0) ct,a'eSp(e) 

E(a,<x),(a',ct')-

Let Qe(a ,a ; ) b e as in Section 7.2.3. 

Proposition 7.2.8. —  We have the following estimates on X*(R3): 
x,cx'eSp{0x,cx'eSp{0 

(a,ac),(o/,oc/ 
\h 

< A3 exp(-^ |^m^| -£3|2ord(a-a,)|) Qe3 («,<*')• 

For j  = !,...,£, 

-V4\Zjr-V4\Zjr-V4 l/i 
^ l ^ f 3 exp (-53|zord(a-a,)| )fiC3(a,a,)) 

\JJ /(a,a),(a',a' ) 
M 

< ^ 3 k j | 1(-log\zj\)  1 exp(-e3|z ord(a-0,)I) QE3 (a,a'). 

For j  = ^ + 1 , . . . ,71, 

\fj )(a,a),(a',a' ) l/i 
^^3exp(-e3|zord(0-a,) |)( & 3 (<*>"')• 

7.2.5. Estimate of the curvature. — Let gp denote the Poincaré metric of X\D. 
For an y sectio n F of End(E) 0 fP, w e have the decompositio n F =  X^(a,a),(a',a') 
corresponding t o the decompositio n (94). We will prove the followin g propositio n i n 
Section 7.3.9. 

Proposition 7.2.9. —  We have  the following estimates  on X*{R±)  with  respect to h 
and gp : 

./M 
I (a,a),(a',a') x,cx' < A4 exp(-£4|zord(a-a,)|) Qe4(a,a') 

In particular,  \[0,6^}\hg  ^ 5̂ °n X*(R±).  Here  the constants  £4,i?4, A4, A§ may 
depend only on rank(j^), Cq, Sq, Irr(#) and  Sp(6,j) in  Section  7.2.1. 
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Let d%  :=  dE  +  A0t . Th e holomorphi c bundl e (E,d'l)  i s denote d b y £A . Th e 
curvature of the unitar y connectio n associate d t o h  an d d'^  is denote d b y R(h,d'£). 
Recall the relation R(h,  df£) =  —(1 + |A|2 ) [0,0*] . Hence , we obtain the followin g direc t 
corollary of Proposition 7.2.9 . 

Corollary 7.2.10. —  We  have  the following estimates  on X*(R±)  with  respect to h 
and gp: 

^^A)(û,a),(a',a') 
x,cx 

< ( 1 + |A|2) A4 exV(-eA\z°^-^\)  Q£4(a,a' ) 

In particular,  \R(h,d'l)\h  g  <  ( 1 + |A|2)A 5 onX*(#4) . Therefore,  (£A,/i) is  accept-
able. In particular,  (End(£A),/i ) is  also  acceptable. • 

7.3. Proof of the estimates 

7.3.1. Inductive statement for the irregular part. —  I n th e followin g argu-
ment, al l constants and estimate s ma y depen d onl y o n rank(E') , Co , £o? Irr(0) an d 
Sp(0,j) i n Section 7.2.1 . Le t / an d g  denote some functions on X*. W e say /  =  O(g) 
if | / | <  A  •  \g\ holds o n X*(R),  an d w e say /  -  g  if A'1 •  \g\  < |/|  ^  A  •  \g\ holds o n 
X*(R), fo r some positive constants A, R >  0 . 

For a G lrr(0), le t Cm (i)(a) De as m (10) - I t i s also well defined fo r a G lrr(0, m{i)). 
Note T7m(t)(a) = ]Cj ^i Cm(j)(<0 for a  € Irr(0) . W e define /j1* ^ and a s follows : 

(96) x,cx'eSp M 
aGlrr(0) 

^m(i-l)(<0 -TTa = 
rm(i—1) 

/1" — 
aGlrr(0) 

x,cx'eSp{0GNHF 

rm(i—l] 
~ 13 

b€lrr(0,m(i-l)) 
S?C™(i-l)(b) MOK m(i—1) 

(97) 
x,cx'eSp{0m^ù$ 

aGlrr(0) 
^Cm(0(a),7ra = /

>m(i) 
3 

belrr(0,m(i)) 

x,cx'eSp{0x,cx'eù$$ 

For the proo f of Theorem 7.2.1 , we show the followin g claims inductively o n i. 

P(t,irr) : \f™(t)\h =  0(\z™^-sA) for j  = 1,..., £ and fo r any i'  ^  i. 

Q ( v r r ) m(i ) 
I h -= 0 ( | z m ^ ) | ) fo r anyi ' ^i. 

i2(z,irr) : x,cx'eSp 
MO = 0(exp(-e(3,2/) • | z m ^ ) | ) ) for an y b  G lrr(0, m(i')) an d 

for an y i'  ^  i.  I n particular , th e decompositio n £7 = belrr(0,m(z')) £171(2 ) IS 

exp(—e(3,i) •  |^m^ J|J-asymptotically orthogonal fo r any i  <  i . 

Remark 7.3.1. —  B y considering th e pull-bac k o f (E, dE, 0, h) via a ramified covering 
(f :  X ->  X give n by <p(zu  • • •, zn) =  (zf ,..., zf,  Z£+u  ...,zn), an d b y shrinking X, 
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we may and wil l assume that there exists a  constant Cio, which is independent o f the 
choice of Q G X \  £> , such that 

fi
da 
dZjK Q) 

a 
zj(Q) ^ Ci o 

for an y eigenvalu e ¡5 of fj,(a,a)\Qi wher e fj,(a,a) denote s th e restrictio n o f fj t o 
Ej,anEa. ' '  • 

Remark 7.3.2. —  By tensoring wit h a rank one meromorphic connection , we may and 
will assume that, for any m G M, there exists a G Irr(0) such that am ^ 0. • 

7.3.2. P(i - 1 , irr) + Q(i - 1 , irr) + R(i - 1 , irr) P (i, irr) . — Let Aj denote th e 
Laplacian wit h respec t t o th e variabl e Zj, i.e. , Aj  := —d2/dzj&Zj. Becaus e o f th e 
commutativity [fj,f™^] = 0 , we have the followin g inequality : 

(98) A > g | / ™ ( i ) | ^ 
>g|/™(i)|^J%M 

>g|/™(i)|^ 

(See Page 731 of [82].) Recal l fj = f^(i) + T,djfjrn(i_1)(a)'7ra. W e have the followin g 
equality: 

a 

>g|/™(i)|^>g|/™(i)|^ 

a i'<i 

>g|/™(i)|^>g|/™(i)|^ 

*'<*belrr(0,m(2')) 

>g|/™(i)|^M? m(i ) 
^b • 

For an y sectio n F  o f End(E), w e have the decompositio n F  =  +  X>( * ^(F) as 
follows: 

C ^ ( F ) G 
b,b'elrr(0,m(i')) 

>g|/™(i)|^>g|/™(i)|^>g| V* >(F)  e 
b€lrr(0,m.(»')) 

End(£;;'n' >•). 

Then, we have - V 4 \ Z j r ) f , i f w ] = -V4\Zjr ) t ) , / f ( i ) ] +  p t f ' V b ^ . C ^ / J * 0 ) ] 
for an y i' < i. Bot h the firs t an d secon d terms are 0(exp(—e(4,i')|zm(*')|))-V4\Zjr •-
because of R(i - l,irr) . Not e |#jCm(*')(k) | —  0(\zm^">\) i f the j-t h componen t o f 
m(i') i s 0. Hence , we have the estimates 

|ô^TO(i0(b) | .exp(-e(5 ,O |z^>|) 6>(exp(-e(6,t')|zm(i')|)N 

Therefore, w e obtain th e followin g estimate : 

ô^TO(i0(b)|.exp(-e(5,O|z^>FJ.% 
ft 

M% .exp(-e(7,*')-Nro(,)l) •\fT(X-

Hence, w e obtain th e followin g inequalit y o n X  (H^i)  fro m (9» ) tor som e constant 
C20,i: 

(99) A>g|/r(i)H ô^TO(i0(b)|.exp(-e(5 2 
ft |/r(iT, • C20,i 
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All eigenvalues of (ZJ  •  /™W)|Q fo r Q € ar e dominated by C2M • | * m « ( Q ) | . 
Hence, w e can sho w P(i)  b y a  standard argument . W e give onl y an outlin e o f the 
argument. Le t 7Tj :  X —>  Dj  denot e th e natura l projection . Le t P  b e any poin t of 
Dj \  Ui ^/C^fc^j Le t H denote the upper half plane. W e have the universal cover-
ing <p :  H —> 7rJ1(P) x  {P}  give n by Zj = e x p ( v ^ l C ) . Le t Y(Rbfi) : = ^ (X(B5, . ) ) . 
We pu t F  : = ip~1(zj • /J™^). Le t denot e th e Laplacia n —d2/d(d(.  Becaus e of 
(99), we have the followin g inequalit y on Y(R$j): 

AClog |F |U 
ô^TO(i0(b)|.exp(-e 

\F\l 
~ C22,2-

By usin g the argumen t fo r th e proo f o f Proposition 2.1 0 in [66] (base d o n [1] and 
[82]), w e obtain tha t \F\\  i s dominate d b y th e su m o f the squar e o f the absolut e 
values of the eigenvalues of F o n Y(R^i), an d the estimate ma y depend only on C22. 
Thus, we obtain F(i , irr) . (Actually , we do not us e Q(i  —  l,irr).) 

7.3.3. P(z,irr ) + Q(z - l , i r r) + i i ( z - l , i r r) = » Q(i,irr). —  W e put j  : = fo r sim-
plicity of the description. W e remark the j-th component of m(i) i s negative, a prop-
erty we will use implicitly . Fo r any point Q  G X \  D,  le t G™^(Q)  : = Y^m(P) ' |/?|2> 

where /? runs through the eigenvalues of /™q \ an d mC#) denotes the multiplicity of f3. 

We put H™{i)  : = | / j g ° |2 -  G™(i)(Q) . W e only have to show H™{i)  = 0 ( | «mW|2) . 
We consider the following : 

mii) 
T3 

aGlrr(6>) 

ô^TO(i0(b)|.exp(-e(5,O|z^> 

ô^TO(i0(b)|.exp( 
, Zi 

Ti"' . 

We have | r ™ ( \ ~  | s m M " H an d A, - log|T™(0 |J i s C°° . W e set 

ô^TO(i0(b)|.exp(-e(5,O|z^> |y.m(i) 2 > 
m(i) 2 
3 h 

= \0i ' 1 + 
Tjm{i) fim(i) _ _m(i) 2 \̂7 .̂7 T7 /7. 

ô^TO(i0(b)|.exp(-

Le/wma 7.3.3. — |G™(i) - |T™(0|2| - 0 ( zm«-* i ) . 

Proof. — Let -V4\Zjr denote the restrictio n o f /J71^ t o Ea  D -Ej>a, and le t /3 be any 

eigenvalue of fj ^  „) |Q - W e have the followin g estimate (se e Remark 7.3.1): 

da 
\dzj 

MM%M a 
Zj(Q) •0 ^ C30 

Hence, we have the following : 

%§¨£% da 
dzj IQ) 

a 
' zj(Q) 

|2 
= 0 ( | z m W - ^ | ) 

Then, the clai m of the lemm a follows . 
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By usin g a  standard argumen t usin g elementar y linea r algebr a (se e Page 729 of 
[82]), we can show that there exist s a constant C31 > 0  such that [[/J1*^ , /j™^]^ ^ 
Csi'H^1^. Recal l (99), where we have used R(i — 1, irr). Hence , we have the followin g 
estimate o n X*(R3o,i)  fo r some constants C :̂ 

ô^TO(i0(b)|.exp(-e(5,O|z^> 
—C32 

(#™(i))2 
|zm(i)-<5j;|2 

C33<-C34|zm«-^|2 
ттт(г) 

|_m(0|2 rj Ih. 

\ 2 
+ C35 . 

We alread y kno w H™^  = 0( |*mW-*i|2) due t o P(i , irr) . Hence , w e have th e 
following estimate : 

(100) %§£M§% 
jjm{i) Qtn{i) _ |rm(z)|2 

I m«|2 
l ' i I h 

Put £ ( L ) : = {Q G  X*(R304) \  H™{i)  ^  L  •  | ^m^ |2} fo r some large L  >  0 . Not e 
that 2m(i)  ^  m(z ) —  Hence , Hj1^ i s sufficiently large r than | G ™ ^ —  |rjn^|2| 
on Z{L), an d w e obtain th e followin g on Z(L)  D  X*(Rsi^): 

(101 °36 
ттт{г) 

3 
\гп{ъ) у-

ô^TO(i0( 
Î С36 

Tjm{i) 
3 

-V4\Zjr 

We have 2 ( т ( г ) — S  Л + 4 т ( г ) — 4 ( т ( г ) — <Sj) =  2т ( г ) + 25.- < 0 . Hence, we have 
the followin g inequalit y on Z(L)  П X*(Rsi^): 

(102) ^kT(i) -C37 гт(»)-в^|2^т(г)^2 jjm{i) Qtn{i) _ |rm(z)|2 

We would like to compare the function s \ZJ\2  and kj1^. 

Lemma 7.3.4. — Let R$2,i < Rsi,i- We  can take C39 with the  following properties: 
• C 3 9 - | * i | 2 > C ( ° ™{|*il=fl32fi} 
• Ifk™'l)(Q) > C39 • MQ)|2 /o r Q G Х*(Д32,г), we bave Q G Z ( L ) . 

Proof. — Due t o (100) and ffjn(i)  = 0( |zmW"^'|2), w e have th e boundednes s o f 
^m(z) jjencê  tne grs t con(iitio n is satisfied fo r sufficiently larg e C39. Du e to (101), 
the secon d condition is satisfied fo r sufficiently large C39. • 

Take C40 > maxjCgg1 , C39}. Not e the followin g inequalit y for any 7 7 ^  0 : 

Ajfc^-izj]2 -V^g\zj\)  >-C38\ZJ\  4(C40'\ZJ\2  -v^og\zj\)2. 

Let P  b e any point o f Dj \  Uî fc<£,fc/ j Le t us consider the followin g set : 

^(C40,r?) := { Q e 7:J1(P)nX*(R32ti)\kJl(i)(Q) > Ci0\Zj(Q)\2 - r?log \Zj(Q)\2} 
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Since kj1^  i s bounded, th e closur e of Zp{C/^^r\) i n 7r_1(P) \  {P}  i s compact. B y 
the choic e of C39, the closur e of Zp{C^^rf) ha s n o intersection wit h {\ZJ\  =  R324}' 
Because Zp{C/^^r\)  C  Z(L) n  X*(R$\j), w e have the followin g on Zp(C^,r])\ 

Ai(fcr(° C4o|^|2-r7 log ic i ) < - C a s ini"4 >™(i))2 - ( ^ o l ^ f - r / l o g l  z^l) < 0 . 

Therefore, fc™^  —  (C40I27I2 — rylog|zj| ) take s th e maximu m a t th e boundar y o f 
Zp(C4o,rj), whic h ha s t o b e 0 . Thus , w e have arrive d a t th e contradiction , an d 
we can conclud e Zp(C^,r])  =  0 . B y taking 7 7 -» 0, we obtain H™^  <  C4O\ZJ\2  on 
7Tj1(P)nX*(R324). Du e to (101) , we obtain H™(i)  =  0 ( | z m ^ | 2 ) an d thus Q(t,irr) . 
(Actually, we do not us e Q(I  — 1, irr).) 

7.3.4. P(z , IRR)+Q(I,  irr)+.R( i — 1, irr) .R(i,irr) . —  W e continue to put j := ù^$ù 
Because of the commutativit y [FJ,N™^]  =  0, we have the followin g inequality: 

(103) A > g i c w i ; 
jjm{i) Qtn{i) 

Fb \h 
We consider the followin g function : 

7 m(i) i 
kb KJ := log 

|̂ -m(*)|2 
Fb \h 

jjm{i) Qtn{ = log 1 + 
M%¨£%£ 

\™\L),\2 
Fb 1/1 

Because rm(i) 771(2) = 0 , we have the following : 

0 - / •771(2) /7-7771(2) 
j > 7<-b /

' .771(2) 771(2)-
. J '^ b 

^^Cm(2)(b) 771(2)/ I 171(2) %¨%£% r om{i) 771(2)/ 
IVj '^ b 

We hav e [^m(0,7r^}/ ] - [f^\7r"(i)'] = Oflzm«|) I due t o Q(i,irr) , an d henc e 
nZ(i) = o(\Zj\). In particular, we have the followin g estimate : 

(104) L.m(*) jjm{i) Qtn{i 

Prom (103) , we have the following : 

A,-C(<: 
jjm{i) Qtn{i) 

m(2) 2 

Note the following : 

M%P 

*'̂ c<Elrr(0,m(2')) 
07<mfi'i(c)-7T™(* N 

*'<*belrr(0,m(2')) 

jjm{i) Qtn{i) _ |rm(z)|2%§¨£ 

Because of Q(i, irr) and i?(z — 1, irr), the second and third terms in the right-hand sid e 
are assumed to be much smalle r than the firs t ter m o n X*(i?40,z) . Le t pm(z) denot e 
the projection of End(E) onto the direct summand 0b>b/ Hcmi(E™^\e™^). Pro m 
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the equalit y -V4\Zjr= \f},K?®] + [f] ,7r™W'], w e have the followin g inequalit y 
onX*(R42A): 

\pmii)[flK(i)t \pmii ) [ f lK( i ) t -V4 \Z j r C41-\zmW-6i\2-\ll™w\1ù$^ù. 

Hence, we obtain th e followin g on X*(R42,i): 

\pmii)[flK(i)t - C 4 2 ^ M ( I ) - ' ' | 2 - | 7 C W r - C 4 3 - | z m « - ^ | 2 - C W . 

We tak e smal l e(10 , i)  >  0 such that the followin g holds : 

(105) 
m Ai) 

2 
2 

• s{io,iy ^c43 . 

We hav e the followin g inequalit y for any r\  > 0: 

(106) MO exp( -e (10 , i ) | zmW|)-T/ log |^ | 

.?M% 
MOL 

2 

2 
e(10, i )2. |zm^-^ |2 exp(-£(10, i ) | zm^| ) -77log |^ | ) 

For r / > 0  and P  e  Dj  \  Ui^fc<^,fc/ j Afe> we Put 

\pmii)[flK(i)t%¨M£ e(10,i 
Pt=7 

\pmii)[flK(i ^42,2 ¿(10,z)2 -7/ -log\Zj\. 

Because of (106), we obtain th e following : 

A , ( ^ ( P , ^ ) ) 
¿(10,z)2 

2 
v2 

¿(10,z)2 
pt̂ ?' 

**m*w(P)| 2mJ-(t)-2 ¿(10,z)2¿(10,z)2 

We hav e ^ ( P , Zj ) —  1 — r?log#42,2 fo r kj l —  #42,2, which i s large r than 1/2 , i f 77 

is sufficiently small . W e already kno w that fcb  i s bounded . Hence , we can tak e 
a constan t C44 such that k™^}1(p)(zj)  <  C44 • ^^(P^Zj) o n {\ZJ\  = #42,2}- Le t u s 
consider the followin g set : 

Z(P,r,) := zj€n-\P)nX*(R42,i) ¿(10,z)2 ¿(10,z)2 €n-\P)nMPLL 

Since k™^  i s bounded , th e closur e o f Z(P,r])  i n { 0 < \ZJ\   ̂1 } is compact . B y 
our choic e of C44, th e closur e of Z(P,T]) ha s n o intersection wit h {\ZJ\  = R42,i}.  O n 
Z(P, 77) , we have the followin g inequality by our choice of £(10,i) as in (105) : 

A* €n-\P)n €n-\P)n€n-\P)n < 0 . 

Hence, th e value s o f fc^-I^  -  ^ ^ ( ^ £J ) o n Z(P,rj)  i s no t large r tha n th e 
boundary values , whic h i s 0 . Thus , w e hav e arrive d a t a  contradiction , an d w e 
obtain Z(P,rj)  =  0. B y takin g rj  — > 0, w e obtai n th e followin g inequalit y o n 
ir-HP) nX*(Rt2.&. 

€n-\P)n < C44 • exp U(10,i) 
€n-\P 

z™*W(P) <ri42,i 
y™<3 № 
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Let i?43,« := -R42,i/2. Then, the followin g holds on np(P) n  X*(P 43,z): 

€n-\P)n C45 *exp €n-\P)n 
?>W(P)\. 

z ? > W ( P ) \ . \ z ? i W - V 4 \ 

Hence, we obtain | ^ W | = 0 ( e x p ( - e ( l l , t ) • |«m(<) |)) . 
Thus the proo f of Theorem 7.2.1 is finished. 

7.3.5. P(reg) . —  Le t us begin the proo f of Theorem 7.2.4. W e have the following : 

/ j = /;est-

* b€lrr(0,m(i)) 
?>W(P)\.?>W(P)\. 

1 belrr(0,m(t)) 

?>W(P)\.?>W(P)\.?>W(P)\.%£ 

We hav e the estimate |TT ™ 1 -n™\h =  0 (exp(-£i |zm|) ). W e note that |0jCm(*)(b) | = 
0(\zrn^\) i n the case where the j-th component o f m(i) i s 0. Therefore , we have the 
following inequalit y on X*(Rqq): 

(107) A > g | / f g | 2 
?>W(P)\. 

l/fg|2 
[/rst,/fg] I2 

\fesi h ^60-

Since the eigenvalue s of /jeg (resp . Zj  • /jeg) are bounde d o n X  \ JD in th e cas e 
j >  ^ (resp. j ^  £),  we obtain th e desire d estimate b y using the argumen t i n Section 
7.3.2 and th e inequalit y (107) . 

7.3.6. Q(reg) . —  W e put p3  := ]CaeSpO') m(a) '  №> wnere tn(a) denotes the mul -
tiplicity of a. B y considering the tensor product s wit h the rank one Higgs bundle, we 
may assume p3- ^  0 . Similarly , we also put Gp(Q)  : = J2m(P) ' \P\2i wher e /3 runs 
through th e eigenvalues of .  We put Hp  : = \f^\l -Gp(Q).  B y Remark 7.3.1, 
we hav e \qj\2  -  Hp  =  O ( l ) an d p3\z3\'2  -  Gp  =  0(\z3\~l). W e only have to show 
H^eg <  C f l ^ C - l o g l ^ l ) - 2 ) . W e put 

k)eg := log 
IAregl2 

Kpi\zi\~2) 
: log 1 + 

Hp +  {Gp-p3\Zj -2' 

Pj\zj\-2 
Let u s consider the se t 

Z(L) := { Q G X * ( P 6 0 ) i7;eg(Q)>L|zj(Q)|-2i - lo g MQ)!)-2} 
for som e large L >  0. O n £ ( L ) , w e have kp  ~  ffje g •  \ZJ\~2. Fro m (107) , w e have 
the followin g inequality on Z(L): 

?>W(P)\. —Gqi 
(Hp)2 
\z-\~2 \zj\ 

x62 . —Gô3 
: m 2 

HreS 

?>W(P)\. 
,2 

+ C6 4 S —Ces 
?>W(P)\. 

zA2 
+ Cqq. 

We hav e fc^eg  ̂CVo(—lo g |zj |) 2  on Z(L).  Hence , we have the followin g o n Z(L), 
if L  i s sufficiently large: 

(108) ?>W(P)\.?>W( 
- C 6 7 

(*;eg) 
lz-12 
\z3\ 
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202 CHAPTER 7. PROLONGMENTS V£x 

Lemma 7.3.5. —  We  can take Cj\ and  Rqi with  the following properties: 
• AACnf-loRlzA)-2) > -C«7 AzA -HC7A-\oz\zA)-2Y. 

• fcreg < CnC-logl̂ l)"2 on {\Zj\ =  R61}. 
• Ifk*eg(Q) > CVi ( - log | ^ - (Q) | ) -2 forQe  X*(R61),  we  have Q G Z(L). 

Proof —  Th e first condition can be checked by a direct calculation as in [82] or [67]. 
Since we already kno w that k™g  is bounded, th e secon d conditio n ca n b e satisfied . 
Since we have fcjeg ~ (HjGg  + (G^e g —  PJ\ZJ\~2))  •  \ZJ\2, th e thir d conditio n ca n b e 
satisfied. • 

Let P  b e any point o f D3; \  Ui< f̂c ^ k^j ano ^ ^ u s consider the followin g set : 

Z(V) : = {Q e ^ ( P ) n  X*(i?6o) | k^{Q) >  C71( - lo g | ^ | ) -2 -  r,  • log | * , - | } . 

Then, we can show £(r?) = 0  b y using a  standard argument a s in Section 7.3.3, with 
(108) an d Lemm a 7.3.5. (Se e [82] or [67].) B y taking rj —» 0, we obtain th e estimat e 
k)eg ^ C V i ( - l o g | ^ | ) " 2 , which implies |#jeg | =  0(\Zj\-2(- lo g l^l)"2). Therefore , 
we obtain Q(j, reg) . 

7.3.7. ii(reg). —  W e have 0  =  [ / f 5 , ^ ] =  [ / f g , ^ ] +  [ / f V y . W e also 
have [ / j^ j^a ] —  O (|^j|_1(—log|zj|)_1) b y Q(reg) . B y using it , w e obtain th e 
preliminary estimate 7£^ g = 0(( — log |^j | ) -1) - W e have the following : 

(109) M 
i b€lrr(0,m (i)) 

Wb)-(Cwt-*r°) + «J 
a€Sp(6,j) 

a 
s4 7T-

* b€lrr(0,m(i)) 
0 i W b ) - ( C w t - * r ° ) +  «J-

The las t two terms ar e much smalle r than the firs t tw o terms o n X*(J?8o)- We have 
the following : 

(110) Wb)-(Cwt-*r°) 
i b 

Wb)-(Cwt-*r°) + «JWb)-(Cwt-*r°) + «J Wb)-(Cwt-*r° 

+ 
ß 

ß 
LM 

Wb)-(Cwt-*r°) 

i b 
djC(b) < m(t) t _ m (i)\ ^reg ' Wb)-(Cwt-*r°) + 

By usin g an argumen t i n Section 7.3.4, we obtain the followin g o n X*(R8o)' 

a n ) \[f]^oA\h:-
3 

up^^m 
ixg nreg 

\h 

i b 
# ) ( C ( i ) t - C w nreg 

\h 

Wb)-(Cwt-*r° 

\h 

i b 
,3jC(b)(*b -^b W a 

^4c 

Wb)-(Cwt-*r°) + «JWb)-(Cwt-) 
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We consider the followin g function : 

kj,a := log 
Wb)-(Cwt-*r° 

Wb)-(Cwt-*r°) 
= log Wb)-

I7?regl2 > 

Wb)-(Cwt 

Recall tha t w e already kno w that kj,a is bounded . Hence , w e have the followin g 
inequality on X*(Rgo): 

A h-
3 ? & 

Wb)-(Cwt-*r°) + «J 

ki,«|2 

Wb)-(Cwt-*r°) + «J 

Wb)-(Cwt-*r°) + «J Cg3 ^ -
mù$ 
$ù$ kj,a + C$5. 

By usin g a n argumen t a s i n Section 7.3.3 (se e also [82] or [67]), w e obtain kj,a = 
O(M£(20)), an d henc e \U™*\h  = 0(|^|£(20)) . Thus , the proo f o f Theorem 7.2. 4 is 
accomplished. • 

7.3.8. Proof of Proposition 7.2.8 

Lemma 7.3.6. —  We have the following estimates: 

(112) ["a i  o 
\h 

-O exp -ei0|«m(p)|-eioNm(,)|) 

(113) r_"»(p)t n. • 
" a ; "  ],a \h 

[ m(p) + ] o exp( -e io - | ^mW|) - | ^ |£ l ° 

(114) Wb)-(Cwt-*r°) + «J 
\h 

0(\Zi\^-\Zj\^] 

Proof. — Due to Corollary 7.2.2, we obtain the following : 

r m (p)t m{q)- / m(p)f _ m{p) mù^$ o\ exp(-ei | zmW|) 

Similarly, we obtain [TT T{p)\^ } = 0 ( exp( -e i | *m(«) | ) ) . Then , we obtain (112) . 
The estimate s (113 ) and (114 ) can be shown using a similar argument togethe r with 
Corollary 7.2.2 and Corollar y 7.2.5. • 

Lemma 7.3.7. —  We have the following estimates  for j = 

(115) 
f-V4\Zjr O l^r^-logl^l) 1 .exp(-£l\zm^\) 

Wb)-(Cwt-*r°) + «J o\ \Zj\ Iog|«j|) -V4\Zjr-\Zi\e2 

We have  the following estimates  for j = £ + 1,..., n: 

(116) ,reg m (p)tl o exp(-£i|zm(p)|) 
Wb)-(Cwt 
-*r°) + «J 

Wb)-(Cwt-*r° 

Proof. — We have the following equalities: 

[/nil _mtf>JT l 
[Jj ' ^ /nil _m (p)t _ _m(p) /nil _T 1-V4\Zjrr̂ nil-V4\Zjr_ 

Then, the estimate (115 ) follows . Th e estimate (116 ) ca n be shown similarly. 
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The naturall y define d ma p Irr(#,m(p) ) — • Irr(# , m(p —  1)) i s denote d b y 
^m(p-l),m(p)- We set 

Wb)-(Cwt-*r°) ( c , 0 €lrr(tf ,m(p)) " C T  c ? ^ ( p - l ^ m ^ l O — 77m(p-l),m(p)(c ) 

We hav e the decomposition : 

End(E) 
P (c,c')€U(p) 

H o m ( E r w , ^ w ; 
aGlrr(0) 

End(£a,£a). 

For an y sectio n F  o f End(F), w e have the correspondin g decomposition: 

F = 
p (cc')eu(p ) 

jprn(p] 

aGlrr(0) 

mù^$ù 

Lemma 7.3.8. —  We  have  the following estimates: 

(117) V"b ^ b )a.a' O(exp( -e1o\zm^\ - s10 \zm^\ ) ) -V4 \Z j r 

(118) Wb)-(Cwt-*r°) + «J O(exp(-e10|zm(9)|)- |^f10 (j = i, . . . A 

(119) / rnilUm(p) 
\Ji )a,b 

O \zA-h logici)-1 exp - e i \zmw>\] Wb)-(Cwt-*r°) + «J 

(120) Wb)-(Cwt-*r°) + «J Ofexp(-£l|2mW|) ( j = * + l , . . . , n ) . 

Proof. We hav e the followin g equalitie s for o ^ o': 

(121) ' *n(p)f _m(p)\m(q) 
nb H )na> a' o 7rm(P)t_7rm(P)xo7rm(q) 

m(q) m(p)t *7i (g) ™-(<l)  I = 7Ta, W; O 7Tb O 7Ta = 7Ta, O ( m(p)t 7n (q) m(q) m(p)t 

Then, th e estimat e (117 ) follow s fro m (112) . Th e othe r estimate s ca n b e show n 
similarly. • 

For eac h j = 1,... , £, we have the decomposition : 

End(F) 
Wb)-(Cwt-*r°) + «J 

H o m ( £ j > a , ^ ) . 

For a  section F  o f End(F), w e have the correspondin g decomposition F  =  YlFj,a,P' 

Lemma 7.3.9. —  We  have  the following estimates: 
< m(p)t m(P 5a -TTa lù^$ ù^$^ù exp Wb)-(Cwt-*r°) + «J \zj\$ù^^$ 

For p  = 1,... , £ and 7 G <Sp(#, 7), 

(7Tp>7 KpiTJj^p'- o(Wen-l*;lei1) 
Wb)-(Cwt-*r°) + «J 

/,niit\-V4\ = 0(1^-1=» IzppH- log l^l)-1). 

For p  = ^ + 1,.. . ,n, 

( / p e g t W = o ( i ^ r ) -
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Proof. — W e can show them usin g the argumen t i n the proo f of Lemma 7.3.8. 

Proposition 7.2.8 follows from Lemma 7.3.8 and Lemm a 7.3.9. 

7.3.9. Proof of Proposition 7.2.9. —  Let us consider the following : 

(122) KpiTJj^p'-

aelrr(0) 

da- 7ra -+ 
£ 

KpiTJj^p'-
a -

$ù^$ 
ù$^ù$ ù$^ù 

We hav e the following : 

(123) 0f - $  = 
P aelrr(0 ,m(i)) 

dCm(t)(a) IIam(i)+' -7Ta K\ 

e 

j=l a£Sp(0j] 
a -ù^$ù 

Z3 
KpiTJj^p'-

e 

lm 

KpiTJj^p'-
n 

j=t+l 

/;egt-^-. 

Prom Proposition 7.2.8, we obtain th e followin g estimate wit h respect t o h and gp: 

(124) (6»f - $ ) , w , » = 0 
V / (o,at),(ci 1« ) 

exD(-elzord(a-a)l •&(€*, a ' ) 

Then, we obtain th e followin g estimate wit h respect t o h  and gp 

(125] (o,at),(ci 1« (a,a),(a/,o;^ 0, 6>f - $ (o,a),(o',a') 

d(a - a') + 

ù$^ù 

^mù 
( « j - «7 , 

^^$ù 

ù^$ 
O(l) (o,at),(ci 1« (a,ex),(a',at') 

= o exv(-e\zOTd(-a-a,)\ • â £ ( a , a ' ) ) . 

Thus, the proo f of Proposition 7.2.9 is accomplished. 

7.4. The associated good filtered A -flat bundle 

7.4.1. Statements and some notation. —  Le t X  b e a  complex manifold, an d 
let D  b e a  simpl e norma l crossin g hypersurfac e o f X wit h th e decompositio n int o 
irreducible component s D  =  \Jie\Di.  Le t (E1 , c?#, 0,/i ) b e a  goo d wil d harmoni c 
bundle o n X  \  D.  Le t £A denote th e holomorphi c vector bundle (E,8E  +  A0t ) o n 
X \ D . 

Notation 7.4.1. —  Le t a — (a* |  * G A) e RA. Le t [ 7 be a n ope n subse t o f X wit h 
a holomorphi c coordinate ( z i , . . . , zn)  suc h that U  D D =  \J*=1{ZJ  =  0} . Fo r each 
j =  1,.. . w e have some i ( j ) G  A such that -0*0* ) H {/ = {z j = 0} . Le t : = ^ 0 ) -
We define 

(126) Va£x(U) := • f€£x(U^D) \f\h  =  0\ 
^ù$ 

j'=i 
(o,at),(ci 1« Ve > Oj 
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Taking th e sheafification , w e obtain th e Ox-modul e Va£X - W e also obtai n th e 
0x(*£>)-module V£ x : = [jaVa£x . Th e filtered sheaf (VaS x \ a G  Re ) i s denoted 
by V*£x. • 

Remark 7.4.2. — In our previous papers (for example [67]), we used the symbol a£x 
to denote Va£X- Since we will consider several kinds of prolongation in the wild case, 
we prefer the symbol Va£X for distinction. • 

Theorem 7.4.3. — V*£x i s a filtered bundle on (X,D). Th e weak norm estimate up 
to log order holds in the sense of Theorem 21.3.2. 

Proof —  Due to Corollar y 7.2.10 , (£x,h ) i s acceptable. Hence , the clai m follows 
from Theorem 21.3.1. • 

We use the symbol %F to denote the induced filtration of Pa£XD. for г G Л. 
We have the induce d Higg s field and th e induced Hermitia n metri c o f End(-E), 

which are denoted by the same symbols в and h, respectively. Note that the harmonic 
bundle (End(E'), d^ndiE)^, 9) is a wild harmonic bundle on bu t not necessarily 
good. (Se e an example in Section 2.1.1.4.) W e use the symbol (End(£A),BA) t o de-
note the associated Л-flat bundle. Although (End(E') , dEnd(E), h, 0) is n°t necessarily 
good, (End(£A) , h) is acceptable, as remarked in Corollary 7.2.10. Th e prolongment 
corresponding t o a  i s denoted b y ,PaEnd(fA) . W e will implicitly us e the follow -
ing proposition in the argument below, which immediately follows from Proposition 
21.3.3. 

Proposition 7.4.4. — Vq End(£a) i s naturally isomorphi c t o the sheaf o f local endo-
morphisms f ofVa£ X suc h that /|£>. preserve the parabolic filtrations lF for г G Л. • 

We will prove the following theorem in Section 7.4.3. 

Theorem 7.4.5 
• D A is a meromorphic flat X-connection with respect to Va£x-
• (V*£A,DA ) is a good filtered X-flat bundle . I f в is unramifiedly good, (P*£A,DA) 

is an unramified good filtered X-flat bundle. 
• Unde r the settin g i n Sectio n 7.2.1 , th e se t o f the irregula r value s i s given as 

follows: 
Irr(P£\DA) = {(1 + |A|2) • a I a G lrr(0)}. 

The claims are local, and can be easily reduced to the unramified case . Hence, we 
may and will give the proof under the setting in Section 7.2.1 . Then , the claims in 
the case A = 0 are a direct consequence of Simpson's Main estimate: Th e decompo-
sition (92 ) is prolonged to (Pa£°,D° ) =  0(Pa^,B2) o n x du e to the asymptotic 
orthogonality in Theorem 7.2.1, and we obtain that D° — da • id<po£o are logarithmic, 
due to the estimate of the norm of the Higgs field in Theorem 7.2.4. 
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7.4-1-1. Characterization of the Stokes  filtration. — Before going to the proof for the 
case A ^ 0, let us state the characterization o f the Stokes filtration of the meromorphic 
A-flat bundl e (V£x,  DA ) ( A ^ 0) in terms of the growth order of the norms of the fla t 
sections wit h respect t o h.  Sinc e the propert y i s local, we give the statemen t under 
the settin g i n Section 7.2.1. Let 5 be a  smal l multi-secto r i n X  \  D.  W e have th e 
partial Stokes filtration Ts^^  o f VSfe a t th e leve l m(i) (Sectio n 3.7.3) indexed by 

the ordered set (lrr(0 , m ( i ) ) , ^ ) . It is flat with respect to DA, and i t is characterized 
by th e growth order of the fla t section s with respect t o h. 

Proposition 7.4.6. —  Let f be  a flat section of £xs. We  have f G j ^ ' m M ^  an^  oniy 
if the  following estimate  holds for some  C > 0 and M >  0 : 

\f-exp((\-1+\)-rjm{i)(b))-V4\Zjr\h = C exp(C|zm(i+1)|) 

(o,at),(ci 1« ù^$ 

(o,at),(ci 1« 

Here, k(i) are  determined by m(i) G Z<q^ x  0. 

Proof. — I t follow s fro m Propositio n 3.7.2 3 and th e wea k nor m estimat e fo r th e 
acceptable bundles . (Se e Theorems 7.4.3 and 21.3.2) . • 

7.4.1.2. Example  1. — Le t X : = An and D  := \J£i=1{zi =  0}. Take (a, a ) G  R£ x C£ 
and a G M(X, D).  W e assume that z~rn a is nowhere vanishing holomorphic function 
on X  fo r some m G  Z<0 x 0i-k-  Le t L (a, a, a) b e the harmoni c bundl e o n X \  D 
given as follows : 

L(a, a, 0) = Ox^d • e, 6 = da -} 
ù^ù 

1=1 

mù^$ù 
dzi 
Zi 

/i(e, e) = 
$ù 

i=l 
\zi\-2a'. 

The associate d operator s d  and 6^ are as follows : 

de = e 
^mù^$ 

i=l 
= 

dzj 

Zi > 
0f = dS + ' 

$ 

2=1 
-è 

)à 

2* 

Let £A(a, a, a) b e the associate d A-fla t bundle . W e have the holomorphi c section ux 
of £A(a, a, a) give n as follows : 

ux = exp -Aa + Aa 
e 

(o,at),(ci 1« 
Xcti log |^| e. 

We can easily check the following : 

(o,at),(ci 1« 
^ù$ 

2=1 

i-p(A,at,ai) Bxux = y} (l + |A|2)da + 
$ù 

i=l 
e(A,ai,ai)-

^$ù 
Zi 

See Subsection 2.8.2 for the maps p(A) and e(A). W e put p(A, a, a ) = (p(A, â , a*)) Gi2^ . 
We have a natural isomorphism Pp(A,a,c*)£A(a, a> &) — @x-ux. Th e residues ReSi(DA) 
on Vp(\iU)Cx(a,a? a)\Di ar e given by the multiplicatio n of e(A, â , a^) . 
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Note that i f a 7^ 0, ux depends o n A  in a non-holomorphic way. 

7.^.1.3. Example  2. — Le t X  : = A an d D  :=  {O}. Le t V be a  finit e dimensiona l 
C-vector space with a nilpotent map N. Recal l that we have a tame harmonic bundl e 
E(V, N)  o n X \  D  with the followin g property : 

• Le t £X(V,N)  b e th e associate d A-fla t bundle . Th e paraboli c structur e o f 
VQ£X(V, N)  i s trivial, and we have an isomorphism : 

(V0SX(V, AT)|0,Res(DA)) ~  (V,N) 

For example , it can be constructed a s follows . W e put y  := — log \z\2.  Recal l that we 
have the harmoni c bundl e Mod(2 ) : = (E,dE,0,h) give n as follows : 

E := OX^D ei 0 OxxD e_i, #(/1 , e) - 2/ 0 
0 v-1 

6e =  e ^^ù$ 0 
0 

dz 
z 

Here, H(h,e)  i s the matri x whos e (i , j)-entries are h{e^ej).  W e take a  frame vx  of 
the holomorphi c bundle £ x give n as follows : 

(127) vx = e 
1 
0 

Xy-1 
1 

Then t;A gives a frame o f 'Po^? an d th e followin g holds: 

DAvA = vx 0 
1 

0 
0 

^$ù 
5 

2; 

Res(DA)<;A0 = vx0 ' 0 
1 

0 
0 

Then, we can construct E(V,N)  a s a  direct su m o f some symmetric tensor product s 
of Mod(2) . 

7.4.2. Construction of a decomposition. —  W e us e the setting in Section 7.2.1. 
Let A  7̂  0. Fo r m(i) =  ( m i ( i ) , . . . , ra^(z))  G  A4, w e put 

s(i) := { j I # 0 } 

Lemma 7.4.7. —  Let  e  be  any small  positive number,  and  let  N be  any large  num-
ber. We  can  take  holomorphic sections  p™^ of  VoEnd(£x)  for  m(i)  G  M and 
b G lrr(0,m(i)) , such  that  the following holds: 

m(i) m(i 
Pb - H h = 0 

3'e«(») 
M ™ 

(o,at),(ci 1« 

(o,at),(ci 1« 

(PT(i))2 mit) 
Pb • LPbi '^b 2 = 0 , Pa-m(i-l) 

b€lrr(0,ra(z) 
Wt-i,.(b)=a 

Pb • 

#ere, rji_1  i  :  lrr(0,m(i)) — • lrr(0,m(z — 1)) denotes the naturally defined map. 
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Proof. — LetdX-:=3s+A0t . W e have d'{*™(j) = A-[fit , ^ W] =  0(exp(-e |zmW|)) 
with respec t t o / i and gp, due to Proposition 7.2.8 . Le t e\\ b e sufficiently smalle r 
than e, and let iVn and N12 be sufficiently large r than N.  B y Lemma 21.2.3, we can 
take sections s™^  o f End(i£) on X \  D  such that the following holds : 

^ c ( i ) = ^ r ( i ) > 

I m(i)|2 

jes{i) 

U.I-lOA/n 

(o,at),(ci 1« 

(o,at),(ci 1« 

¿=1 

^_à 
) l og | ^ | 

N12 
dvolpp < 00. 

By Lemm a 21.9.1, w e obtain the following estimate : 

m(t) _ n 
5b h~U 

(o,at),(ci 1« 

(o,at),(ci 1« 

mù^ù^ù$ 
\y . - ^ 11 

We pu t : = ir™^ — s™^l\ I f e\\ i s sufficiently small , p ™ give s a  section of 
/PoEnd(fA). Moreover , w e have the following : 

[Pb ) - P b pa£x c 'Pa_3iv11ó(j)fA, 

Pb, 'Pb 2 J v [VaSX) C  Va-3NllS{j)£X (i  ^ j), 

(o,at),(ci 1« 

b€lrr(0,m(i)) 
Wi-i,»(b)=a 

_m(2) > (o,at),(ci 1« SX) C Va-3NllS{: 

Here, <J(i ) denote the elements of Z^ such that the j-th components 6j(i)  are given by 

SX) C Va-3NllS{ 1 W e *(»)), 
0j-V4\Zjr 

We woul d like to modify p™^ inductivel y on i so that th e desired condition s are 
satisfied. Conside r the following state P(i): 

P{i) :  We have p™w G  V0End(£x) fo r any I <  i and for b G lrr(0,m(^)), suc h 
that the following holds : 

SX) C Va-3NllS{j)£ 
- Pb ' 

(PTW -pT{e))-Pa£x cVa.2NllS{e)£x 

SX) C Va-3NllS{j)£ 1 "»('-1) _ 
J7 Pa  — 

b€lrr(0,m(*)) 
^-i,£(b)=a 

m(/) 
Pb ' 

SX) C Va-3NllS{j)£ pT{e))-Pa£xù^$ù 

Let u s give a procedure fro m P(i —  1 ) to P(i). 
First, w e give a procedure P(0)  P(l).  Tak e an injection ip  : Irr(0,m(O)) — > Z. 

We conside r the following : 

$0 := 

aGlrr(<9,m(0)) 

/ x _m(0) 
<P(a) *Pa • 
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Note that $ 0 give s an endomorphis m o f Va£X for each a E  R£, which preserves th e 
filtrations iF  (j  —  W e have th e decompositio n VQ£X  —  0 m e z ^n suc n 
that (i ) <&o(Vm) C  Vm,  (ii ) the eigenvalue s o f $0 o n Vm  are clos e to ra,  (iii ) it i s 
compatible wit h th e filtration s jF  (j = Le t pT^ denot e th e projectio n 
onto V^y  Then , we have (pT(0) -  P™{0))  (Va£X) C  Va^Nlim£x.  W e also have 

(i) [pT(0\pT{0)]=^ W  (*C(0)) 2 = *C(0) , (iii ) EpT{0) =  id. 
For z  > 0  and b  G Irr(0, m ( i ) ) , w e have the decomposition 

_m(i) 
Pb 

(nrn{i)) (pT{i))m,neRom(Vn,Vm). 

We pu t p ^ 0 ' := E„(PrW)n,n. 

Lemma 7.4.8. —  We ftave T{i))m,neRom(Vn,V T{i))m,neRom(Vn,V-V4\ 

Proof. -  W e put $ 0 : = Z<p{a)p?{0). W e have (* 0 - *o)VaSx  C  Va.3Nll6^. 
For an y positive integer M,  le t denot e the M-iteratio n of $o- Then , we have the 
following: 

T{i))m,neRom(Vn,VT{i))m,neRom(Vn,V T{i))m,neRom(Vn,V / M Af \ (—m(ï 
/ m,n* 

Then, we can easily derive the clai m of Lemma 7.4.8. 

We replac e p™^ wit h jp™^' , an d the n w e arrive a t th e stat e P ( l ) . Assum e we 
are i n the stat e P(i  —  1). W e apply the abov e argument fo r P(0) => P(l)  t o eac h 
Imp^1^ ^  wit h th e endomorphism s ( j ^  i ) . Then , w e can arriv e a t P(i). 
When we arrive at P(L),  th e proo f of Lemma 7.4.7 is finished. • 

7.4.3. Proof of Theorem 7.4.5. —  Le t Sx  be the (1,0)-operato r determined b y 
the conditio n dx + Sx i s unitary, i.e. , Sx = d —  XO. Le t R(h) denot e the curvatur e of 
d'{ + S'X. We have Bx =  dE + A0t + \dE +  0  = dE + A<9+ + +  ( 1 + |  A|2)0. Le t ù$ 
be as in Lemma 7.4.7. W e put 

Do ~  9E + A0f + X6'x + ( 1 +  |A|2) 0 
L 

i=l b 
]^Cm(i)(b) ' P™{l) 

It give s a holomorphic connection of £x o n 1 \  D , which is not necessaril y flat.  We 
have D A =  +  £4 £b dCm(i ) (&) • p™(i). 

Proposition 7.4.9. —  D q is  logarithmic with respect  to  Va£X-

Proof. — B y considering the tensor product wit h the rank one harmonic bundle , we 
may and wil l assume a —  ( 0 , . . ., 0) . First , w e consider the cas e where D  i s smooth, 
say D = D\. Le t TTJ :  X \  D  —»  Dj denot e the natural projection for j =  1,... , n. Le t 
dx j, 5'Xj  and Rj(h)  denot e the restrictio n o f dx, SX  an d R(h)  t o the curve s TT~1(Q) 
(Q €  Dj),  respectively . Le t /  b e a  holomorphi c sectio n o f VQ£X.  Becaus e o f th e 
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acceptability of (£A,/i), we have \  f\h <  C20 • (— log l̂ il)̂ 20 (Propositio n 21.2.8) . In 
the following estimate, we do not have to be concerned with the signature. 

Lemma 7.4.10. — Let x(zj) b e any test function o n {zj G  C  | \zj\ < l} . Le t j ^  1 . 
For any e > 0, there exists a constant C£ such that the following holds for an y Q G 
Dj \ D1 : 

(128) 
ù^$ù^$ 

ôX,j(X ' / ), S\tj(x ' f))h < C£ • |2i(Q)|-2£. 

Proof. — The left-hand sid e of (128) can be rewritten as follows: 

(129) 
mù^$ù^$ 

o ~ 9e + A0f + X6'x + (1 + |A| 

4 
o ~ 9e + A0f + X 

(x-/,fl;(/0(x-/))fc± 
S_1(Q) 

o ~ 9e + A0f + X6'x + (1 + |A| 

1 v ",7 (0) 
(x-/ ,^(M(X-/))h: 

'*7 №) 
KJ-(x-/),dXJ-(x-/))h-

Then, the claim of Lemma 7.4.10 easily follows. 

Lemma 7.4.11. — Fix a small e > 0. T/ier e ezzste a constant C such that the following 
holds for any Q G D\: 

1 v Ki/^A,i/)h-|^i|2£<C-

Proof. — Let p be a non-negative C°°-function o n R such that p(t ) = 1  fo r £ ^ 1/ 2 
and p(£) = 0  for t^ 2/3 . W e put xm(zi ) : = p(-M_1 log |zi|) fo r any M > 1 . We 
only have to show that there exists a constant C > 0, which is independent of Q G D\ 
and M > 1, such that the following holds: 

(130) 
mù^$ù 

Ki(Xw/),*A,i(XM/))fck|2e<C. 

In the following argument, we will ignore the contribution to the Stokes formula from 
the integral over dn^ 1(Q), because they are uniformly dominated. (Recal l that D  is 
assumed to be smooth.) Th e left-hand sid e of (130) can be rewritten as follows, up 
to the contribution from dn^ 1(Q): 
(131) 

mù^$ù 
iXMf,d!^S'XtX{xMf))h\zl\2e± j 

o ~ 9e + A0f 
(XMf,S'x<1(XMf))he\Zl\2s dz\ 

z\ 
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The firs t term can be rewritten as follows , up to the contribution of disx 1(Q): 

(132) 

'*i (Q ) 
{XMf ,R i {h ) {XMf ) ) - \ z ^ i9E + A0f 

ù$ù^$ù 
o ~ 9E + A0f + X6'x + (1 + |A|o ~ 9E + 

I i  v/ v 
'*ï (Q) 

(xm/ , Ri(h)(XMf))-\z1\2e± 
^ù$^ù 

{d'UxMf), d'UxMÎ)) •Nil26 

ù$mù^$ù 
(XMfid'^ixMfV-e-lzJ 

.dzi 
Z\ 

The right-han d sid e of (132) is uniformly dominated. Th e second term in (131) is as 
follows, u p to the contribution of chrf 1(Q): 

o ~ 9E + A0f + X6'x 
(xm/ , Xm/ ) e2 |zi|2' 

¿2:1 dz\ 
\zA2 ù$^ù$ 

[d\,i(XMf), XMf )e\zx\ 
Tdz\ 

zi ' 

It i s bounde d uniforml y fo r Q  G  D\. Then , i t i s easy t o sho w the existenc e of a 
constant C , which is independent o f N an d P  such that (130 ) holds. Thus , the proof 
of Lemma 7.4.11 is finished. • 

Lemma 7.4.12. —  We put V  := 6 - ^ £ b dCm(*)(& ) * T/len ™ e Aaue ^e e5^_ 
raates tf^-)  = O ( l ) f j ^ l j an d = 0( |zi |_1) with  respect  to  h. 

Proof. — We have the boundedness o f dj(m(b) •  (n™ — p™) b y construction o f p™. 
According t o Theore m 7.2.1 an d Theore m 7.2.4 , th e dzj -components (j  ^  1 ) of 
0 ~~ 02 i 02b dCm(i)(b) • IT™ ar e O ( l ) , and th e dz\ -component is 0 ( | ^ i | x) . Then , 
the claim of Lemma 7.4.12 follows. 

Let j  7 ^ 1. Accordin g to Lemma 7.4.10 and Lemma 7.4.12, there exist s a constan t 
Cio >  0 such that the followin g hold s for any Q  G Dj \  D\\ 

|*il<l/2 
Dà(^)/i»r>№)l2 • •  < C i o | ^ i ( g ) | 2e . 

Let v = b e a frame of Vo£x compatible with the parabolic structure. W e put 
a(vp) :=  degF(vp). W e have the expression: 

^ù^$ù^kjm=* 
p 

AÌ • vp. 

Then, AJp  ar e holomorphic functions o n X x  D.  W e also have the following : 

\Zj\<l/2 
\Ap\^7\Q) •ki(Q)|2e-2a(Wp) < d i . 

By using Fubini s theorem, we have 

o ~ 9E + A0f 
A3 

p\*Ì\p) 
|2 |z i |2e ' -2a^-2- |d^i-dzi | < o o 
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for almost all P g Di suc h that |^(P) | < 1/2 and for some 0 < e' < e. Hence AJp are 
holomorphic around the origin O, and we obtain Dq(9j)/ G Vq£x. 

According to Lemma 7.4.11 and Lemma 7.4.12, there exists a constant C1 2 > 0 
such that the following holds for any Q G D\\ 

^$ù$¤ 
Do(*iW|* • m2'"2 •  \dzi • d*i| < C12. 

We can deduce Dq(zi9i)/ G  Vq£x as in the case j ^  1 . Thus , we obtain that Dq is 
logarithmic, when D is smooth. 

The general case can easily be reduced to the case where D is smooth, due to the 
theorem of Hartogs. Thus, the proof of Proposition 7.4.9 is finished. • 

Now, the first claim of Theorem 7.4.5 immediately follows from Proposition 7.4.9. 
The second and the third claims of Theorem 7.4.5 follows from Proposition 2.3.6 and 
Proposition 7.4.9. • 

7.5. Compariso n o f the irregula r decomposition s i n the cas e m <  0^ 
7.5.1. Statements . —  W e use the setting in Section 7.2.1 . Le t A   ̂0 . Assum e 
there exists m G  M. such that m  <  0̂ . W e have the irregular decomposition on D 
as in f9KV 
(133) V f ~ 

bEIrr(0,m) 
Va£l 

In the following , N will denote a  large integer . Le t denot e the iV-t h in-
finitesimal neighbourhoo d of D. Le t Va£x = (Bbeĥ (9 m) ̂ o,£^n ^e a decomposition 
whose restriction to i s the same as the restriction of (133) to D^N\ Le t q™ N 
be the projection onto Va£^N with respect to the decomposition. W e will prove the 
following proposition in Sections 7.5.2-7.5.4. 
Proposition 7.5.1. — We have the estimate \q™ N — n™\h = 0(JJ£i=1 \zi\N). I n par-
ticular, the decomposition Va£X — ®^Pa£^N ̂ s Ilf=i \zi\N-asymptoticall y orthogonal 
with respect to h. 

Remark 7.5.2. — See Section 7.5.5 for the refinement i n the general case. 

Before going into the proof, we give some consequences. Le t S be a small multi-
sector in X \ D , and let S  denote the closure of S in the real blow up X(D). A s 
explained in Section 3.7.3, we have the partial Stokes filtration J*5'm of Va£^ (A  ̂0) 
at the level m, indexed by the ordered set (lrr(0,m) , ^ ). Becaus e m <  0̂ , we can 
take a BA-flat splitting: 
(134) 'Pa£X\s 

b6lrr(0,m) 
¤@`mù^$ 
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Let p™s  b e the projectio n onto Va£b s with respect t o the decompositio n (134). 

Corollary 7.5.3. —  We have \p^s -n'm\h^CN  f l L i \zi\N  for any  N > °- In  Partic-
ular, the decomposition  (134) is Yli=i \zi\N-asymptotically  orthogonal for any  N >  0. 

Proof. — For any N, w e take qj£N as above. W e hav e \q™N  —p™s\h ^ 11*=I l2*!^ -
Hence, the clai m follows from Proposition 7.5.1. • 

By varyin g S and gluin g p™s i n C°° as in Section 3.6.8.2, we obtain p™Coo. 

Corollary 7.5.4. —  We have |p^Coo - n^\h < CW f l L i /o r anV  N  > °-

Proof. — It follow s from Corollary 7.5.3. 

7.5.2. Estimate of Ĉ TT ™ in the case m  <  0̂ . —  Recal l £° =  E  a s holomorphic 
bundles. W e use th e symbo l E  i n thi s section . Fo r a  sectio n /  o f E  wit h df  = 
X)j=i A? w e Pû  fyf  : ~ ^ i - W e tak e a holomorphic frame v  o f °E compatibl e 
with the paraboli c structure and th e decomposition s (92 ) and (93) . Fo r j =  1,..., n, 
let Fj  b e the sectio n o f End(i£) 0 ^ x \ D determine d b y FjV  =  d3v.  Then , we have 
the followin g estimate fo r some M >  0 , due to Lemma 21.9.3 below: 

(135) \Fj\h =  0 
¤¤ 

2=1 
- log N ) 

¤]@^ 

We hav e the decompositio n 

End(#) = Vm(End(E)) eC™(End(£) ) 

End £ 
belrr{d,m) 

End(£C), 

Cm(End(£)) : 
b,b'elrr(0,m), 

b#b' 

H o m ( ^ , ^ ) . 

According t o Theore m 7.2.1, £>m(End(£)) an d Cm(End(£) ) ar e exp(-e |zm|)-
asymptotically orthogonal. Fo r a section g of End(Z?) 0ÎÎ1'0, we have the correspond -
ing decomposition g = Vm(g) + Cm(#). 

Lemma 7.5.5. —  Around the origin O £ X, we  have the following estimates for some 
e > 0: 

9 i C =  o ( « p ( - ^ m D ) (a E Irr(0, m) Y o ~ 9E + A0 0(exp(-e |zm|) 

Proof. — We have ^-TT ™ = [n™,Fj] e Cm(End(£)) 0 ft1'0. Du e t o th e estimat e 
(135), Ĉ -TT™ is bounded u p t o lo g order, wit h respect t o h  and th e Poincaré metric. 
Since Dm(End(£)) an d Cm(End(£)) ar e exp(-e|zm|)-asymptotically orthogonal, we 
obtain th e followin g estimate : 

(*?idjn?)h =  0(eXp{-e \zm\))-
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Let Rj (h) denot e the dzj  -componen t o f R(h). W e have djdjn™ =  [V™ , iij(h)] = 
0(exp(—£:|zm|)) du e to Corollary 7.2.10. Hence , we obtain the following : 

o ~ 9E + A0f + X6'x + (1 + |A| 
: O exp( -e |*m| ) ) 

Let TTJ  denot e the projectio n X  \  D  —>  Dj.  Le t us conside r th e cas e j ^  L  W e put 
Sj : = { 1 , . . . ,£}  \  { j } . Le t P  b e an y poin t o f D?. Not e th e followin g equalit y on 
7r_1(P), fo r any r]  > 0: 

(136) ( Ô i T r ^ ô ^ . e x p f i j l ^ r 
$ù!:; 

¤ù]@^\\`¤ù 

^ù$ o ~ 9E + A0f + X6'x + (1 + |A| 

o ~ 9E 

ù!ùlmù!] 

+ ( * r . 0 i O f c e x p ( r / | ^ r 
mù^$ 

o ~ 9E + A TJTTlj 

2 \Zj 
o ~ 9E + A0 

$ù^$ 

o ~ 9E + A0f + X6'x + (1 + |A|lm 

$^*= 

o ~ 9E + A0f 

Hence, we obtain th e followin g finiteness for some n > 0  which is sufficiently smalle r 
than e: 

$ù!*$ù 
o ~ 9E + A0f + X6'x + (1 + |A| V\*j\mi 

ieSj 
\zi(P)\mi <C. 

Let ifp  :  HI —> 7T- * (P ) b e the coverin g given by £ 1—• exp(27T\/—TO- W e put 

Kn : = G H | - l < £ < l , n - l < n < n + l } . 

We have e27rm̂ ' • e"2™^71 < |^|m ^ <  e-27^ •  e_27rm̂ n o n ifn. (Not e <  0. ) Hence 
we have the following : 

(137 
=$^* 

(dJ^,dj^)h^CeXp\ —ne27rmj e2lvrn3n 

ieSj 
\ z i ( P ) r ù $ ^ ù 

Since {E,&E,  h) is acceptable, there exists an no such that we can apply Uhlenbeck's 
theorem [93] to th e pull-bac k ip~P1(E ,dE,h)\Kn fo r an y n  ^  n o an d an y P  G  Dj. 
Hence, w e can tak e a n orthonorma l fram e e  o f (fp1  End(j^) o n Kn  ( n ^  no ) such 
that A  i s small, where A i s determined b y (dj  + dj)e —  e A. W e have the expressio n 
djir™ =  YliPieidzj.  W e put p : = (pi).  Th e inequality (137 ) gives the estimat e of 
the L2-nor m of p. Pro m the estimat e o f djdj-K™, w e obtain th e following : 

(138) djP + A°'lp\ < C2 exp e2*nm, 
o ~ 9E + A0 

|Zi(P)|m' 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



216 CHAPTER 7. PROLONGMENTS VEX 

By usin g a  standard argument , w e obtain th e estimat e o f the su p nor m o f p o n Kn 
from (138) and (137). Then we obtain th e followin g estimate o n Kn: 
(139) 

\^T\h < C3exp( o ~ 9E + A0 

$ù^$ 

\zi(P)\mi ^ C4  exp I -V4\Zjr 
&é"( 

h(P)\mi$ù^$ 

Thus, we are done in the cas e j ^  £. 
Let u s consider the cas e j >  £. We have the following : 

-V4\Zjr 

-V4\Zjr-V4\Zjr 

\zj\=l 

-V4\Zjr-V4\Zjr 
-V4\Zjr 

-V4\Zjr-V4\k,:ml 

Thus, we obtain 11^-^11^2 ^  Cexp(— e Y\p=1 \zp{Q)\rnp).  We can obtain the estimat e 
for the sup norm of djir™ fro m th e L2-estimate of djtr™ an d the estimate fo r the su p 
norm o f djdjir™. (Se e the argumen t t o obtai n (139 ) above.) Thus , th e proo f o f 
Lemma 7.5.5 i s finished.  • 

7.5.3. Estimate of Bxp™N  in the case m <  0e. — Let p^N (b  <E lrr(0 ,m)) b e 
as in Lemma 7.4.7. We have the decomposition: 

(140) Va£X -
b6lrr(0,m) 

o ~ 9E + A0f + 

Lemma 7.5.6. —  Bx(p%N) = 0{]fj=1 \Zj\N). 

Proof. —  W e have dEir™ — 0(exp(—£|zm|)) du e t o Lemm a 7.5.5 . W e also hav e 
[0,7rJ?] = 0  and [0 \it^] = 0 (exp( -e | zm | ) ) . Hence, DaTT^ =  0(exp( -£ |zm| ) ). 

We put s^1  := TT^-pI71. W e have \s^\h =  0(Y[ej=1 \ZJ\2N).  W e have the following: 

3xs^ = d'№ + \5'xs? + (1 + | A | 2 ) ^ -

We have d '^ = 0(exp(-e\zm\)). W e have Os^1 = OtflLi N3JV/2)- Le t us look a t 
S'xs™. Let nj denot e the projection X \  D  —> Dj. 

Lemma 7.5.7. —  We  have  the  following estimates  independently  from j  —  l,...,n 
and Q G  ^(D). 

o ~ 9E + A0f + X6'x + (1 + |A|o ~ 9E + A0f + X6'x + (1 + |A| for j  =o ~ 9E + A0f + where Sj := 

1S*JSb\]\() 
\\S*JSb\*7\Q)\\L* * C I\ï=l\zi{Q)\N for j = ¿ + 1 , . . .,n. 

Proof —  Le t u s conside r th e cas e j  <  L  W e put L  :=  3N/2,  fo r simplicit y of 
the notation . Le t p\  b e a  non-negativ e C°°-functio n on R  suc h that p\(t)  =  1  for 
t ^  1/2  an d pi(t)  =  0  fo r t  >  2/3 . Le t K  be a  non-negativ e C°°-functio n o n A 
such that K(Z)  = 1  for \z\  ^  1/ 2 an d K(Z)  = 0  for \z\  ^  2/3 . W e put XM(ZJ)  : = 
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7.5. COMPARISON OF THE IRREGULAR DECOMPOSITIONS IN THE CASE m < 0e 217 

Pi{—M 1  log \zj\) K(ZJ).  I n the followin g estimate , we do not hav e to be careful on 
the signature. W e have the following : 

(141) 
o ~ 9E + A0f + 

{6x4ÌXMB?),à'xd{XMS?))h\zi\-2L 

= ± 
XMS?,dl/XJ 

(XMS?,dl/XJ(xMsT))h XMS?,dl/XJù^$ 

± XMS?,dl/XJ 
( X M C ^ ( X M O ) ^ l ^ r S * J S b \ 

2L dZj 

Zj 
The firs t term of the right-hand side is as follows : 

± 
h,d'{)(Xsr) 

(Xs^,R(h,d'{)(Xsr))h\zj\-2L 
h,d'{)(Xsr))h 

( x C - ^ 4 i ( r f ) ) J ^ r 2 i 

= ± 
h,d'{)(Xsr))h 

{xsT,R{h,d'L){xsT))h\zi\-2L --
h,d'{)(Xsr))h 

[ d ' U x ^ W U x s T ) ) ^ S * J S b \ -2L 

± { X s T J U x s T ) ) h L \ ^ S * J S b \ 
•2L azj 

Zj 
(M i s omitted.) Th e second term is as follows : 

JUxsT))hL {dx(XMsF),XMsr)hL\Zj\- -2L dzj 
Z3 

JUxsT))hL ( x m C - X m C ^ N 
or dtzj dzj 

M2 ' 
Then, the claim in the case j ^  £  follows fro m the estimate for \sm\h  and |d^s™| h in 
the limi t M  — • oo. 

Let u s consider the case j >  £. W e have the following : 

r 1 v 
JUxsT))hLJUxsT))hLù^$ù 

± 
JUxsT))hL 

JUxsT))hLJUxsT))hLJUxsT))hL 
JUxsT))hL 

[rvŝ 1, Rj(d'x, K)K,S™ 

Hence, the claim in the case j >  £ also follows from the estimate of \sm\h an d l^ 's™^ . 
Thus, the proof of Lemma 7.5.7 is finished. • 

Let u s finish the proo f o f Lemma 7.5.6 . Pro m the estimat e of 0A7r™ and BAs™ , 
we obtain the following : 

\\{\zj\-L1>}pZN)KnQ)\\La<C 
i€Sj 

\zi(Q)\4N/3, j(d'x, K)K,SMÙ^Ù 

\zj\-L1>}pZN)Kn36 $ù$ 

2=1 

\zi(Q)\4N/3, (j =  e + i,...,n). 
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Then, b y the holomorphi c property , w e obtain BApJ^ y = 0 (n*=i k j l ^ ) - Thu s th e 
proof o f Lemma 7.5.6 is accomplished. • 

7.5.4. End of Proof of Proposition 7.5.1 

Lemma 7.5.8. —  The restrictions of the decompositions  (133) and (140) to L)(N) are 
the same. 

Proof. — Let vn = (vaiN) and wn = (wa^) b e frames of Va£x whose restrictions t o 
are compatible with the decompositions (133) and (140), respectively. Namely, 

va,N\D(») an d wa ,N\Bm Siv e frames of Va£^Q{N) an d (lmp™N)lô(N), respectively. 
Let A  an d B  b e determined b y the following : 

z-m(0)DA = Vn a z-m(0)BXWN = WnB. 

We hav e the decomposition s A  =  (Aa^)  an d B  =  (-Ba,b) j correspondin g t o th e de -
compositions of the frames. B y our choice, we have Aa^ =  Ba^ =  0 for a ^ b  modulo 
z-m(o) Y\£J=1 z^. Le t C  b e determine d b y v  =  wC,  whic h has th e decompositio n 
C =  (Ca,b) . W e obtain th e followin g modulo z"m(°) n Li z? : 

(142) Ba,a Ca,b ~ Ca, b ̂ .b,b ~ z - m ^ C a , b = 0 

Assume Ca^ ^  0  modulo IljLi zf  -  We nave tne expansion Ca^ =  J2neze>0 Ca,b,nZn. 
We se t S  :=  ( 1 , . . . , 1) . Le t no ^  NS  b e a  minimal among n suc h that Ca,b; n ^  0 . 
Then, we obtain (ci—b)0rd(a—b) Ca,b;no =  0  from (142). Not e -m(0)+ord(a-b)+n0 > 
—m(0) 4- N S. Hence, we obtain Ca,b;n 0 =  0  which contradicts wit h our choice of no. 
Hence, w e obtain C0, b =  0  modul o Y]^=1z^. Thi s implie s th e clai m o f Lemma 
7.5.8. • 

Since we have q™N — =  0  modulo Yli=i > the daim of Proposition 7.5.1 is 
obtained. • 

7.5.5. Complement. —  W e use the setting in Section 7.2.1. Moreover , we assume 
that the coordinate system is admissible for the good set lrr(0), for simplicity. Le t k be 
the integer determined by m(0) G  Z<0 x S*JS Let m G  M suc h that m G  Z<0 x 
We put k)  : = U7=i ®j- W e have the irregula r decompositio n as in (25): 

ratS*JSb\ 
belrr(0,m) 

\zj\-L1>}pZN)Kn 

The projection onto (Va£X)™  * s denoted by 
By Lemm a 3.6.30 , w e ca n tak e endomorphism s p™N  G  PoEnd(£A ) suc h tha t 

« ^ | 5 ( - ) « f c ) = S*JSb\ S*J Sb\(") Kmo^ii^J]S*J Sb\= 0  fo r i  =  k  +  l,...,L 
According to the nor m estimat e o f tame harmoni c bundle s [67], |_p£VL * s bounded 
on IlLii1/2  <  W  <  2/3 l x  (A*)^"f c x  An~£.  (Otherwise , we can us e Lemma 7.7.1 
below.) 
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Recall that we have the projection IT™  in the Higg s side, as given in Section 7.2.2. 

Lemma 7.5.9. —  p™N - TT^ = \zj\-L1>}pZN)Kn 

Proof. — Let q : X\D - » (A*)£~k x  An~£ b e given by q(zu ...,zn)  =  {zk+i, ..., zn). 
Let : = ÔE  +  A0t. The restriction t o q~l(Q)  i s also denoted by the same notation , 
where Q G  (A*)£~k x  An~£.  B y using Propositio n 7.2.8, we obtain th e followin g 
estimate o n q~x(Q),  whic h is uniform fo r Q G  (A*)£~k x  An~£: 

\zj\-L1>}pZN)Kn\z \zj\-L1>}pZN)Kn = 0(exp(-e |zm|) 

The restriction s (£A , /i)|9-i(Q ) ar e acceptable , an d th e curvature s ar e uniforml y 
bounded for Q G  (A*)£~k  x  An_€. B y using Lemma 21.2.3 and Lemma 21.9.1, we can 
take a  section tQ of End(£A)|g-i(Q) such that (i ) d'{tQ  =  d'{(p™N\q_1{Q) - 7r|yrl(Q)), 

(ii) \tQ\h ^  C i n t=i \zi\Ni  wnere the constan t C\  i s independent o f Q. 
By construction , w e have ^ ( p ™ ^, 1(G ) -  TTJ ? wQ ) -  £Q ) =  0  and 

\zj\-L1>}pZN)Kn\zj\-L1>}pZN)Kn 

on fJi=1{l/ 2 ^  \zi\  <  2/3 } independently fro m Q.  Fro m the estimat e fo r tQ  an d 
Proposition 7.5.1 , we have the estimat e 

\P™N\q-l(Q) ~  7rb\q-1(Q)  ~ Mfc ^ 

$ù$ 

2=1 

$^$ù 

depending on Q.  Then , by Proposition 21.2.8, we obtain the estimat e 

\P™N\q~i(Q) ~  7Tb\q-1(Q)  ~  1Q\H  ^  CN  . 
$ù 

A. J. 
i=l 

Zi\N 

independently fro m Q.  Thus , we are done. 

7.6. Small deformation of V£x  in the smooth divisor case 

7.6.1. Characterization of the deformation (Va£X)^  via the metric 

We us e th e settin g i n Section 7.2.1 wit h £ = 1 , i.e. , D i s the smoot h diviso r D\. 
We us e a  slightl y differen t notation . W e use th e symbo l j instea d o f m(i)  t o de -
note a n elemen t o f M. Le t ra(0)  denot e th e minimu m o f the number s j suc h that 
lrr(0, j) ^  { 0 } . Fo r any b  G lrr(0, j ), w e put 

^mù^ù$ 
aelrr(0) 
rij (a) = b 

Ea. 

Let 7r^ denote the projection of E ont o Recal l we have the followin g estimat e 
with respect t o h  for some e\ >  0, due to Theorems 7.2.1, 7.2.4 and Lemm a 7.5.5: 

(143) \zj\-L 0 ( e x p ( - £ l | ^ P ) ) . 
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For w  G C, we consider the following : 

9irv(w) := 

a(Elrr(0) 

exp(u> • a) • 7ra. 

Let girr(w)*h  be the metric given by girr(w)*h(u,v) — h(glTT{w)u,g\TT(w)v). We put 

(144) T i H : = 1 -
A • w 

1 + AP 

For an y j  an d an y a  G lrr(0, j —  1) , we put la  Vj]-i(a)'  Formally , we put 
j M 0 ) ) : = irr(0,ra(O)). Le t T T : X(£>) X  denot e the rea l blo w up o f X alon g D. 
Fix A  7̂  0. W e regard X  an d D  a s { A } x X  an d { A } x D.  Fo r an y j  an d an y 
distinct bi , 62 G 7/̂ J1_1(a), we put Fb1:b2  : = — l̂ -71 Re(A_1(bi —  62)) , whic h are C°° -
functions on X{D). Le t 5 i , . . ., SN be small multi-sectors of X \  D , suc h that (i ) the 
union o f their interio r part s i s X  \  D , (ii ) 5» G .A/f<S(X \  D,X^)  fo r an y j  an d 
any a  G lrr(0, j — 1) . Le t Si  denot e the closur e of Si i n X(D),  an d le t Zi  denot e 
Si fl 7r-1(Z}). W e ma y assume the followin g fo r each Si, each j , each a  G Irr(#,j —  1) 
and each pair (bi , 62 ) o f distinct element s in X^\ 

( A l ) : If the intersection Zi fi {Fbi,b2 — 0 } *s not emPty, ̂ bi,b2 is monotone with 
respect t o arg(zi) . 

If we choose sufficiently small 0 < £2 ^ £\,  either one of the following holds for each Si, 
each j , each a G Itt(0,j — 1) and each pair (bi , 62) of distinct element s in X^: 

(A2) : If the intersection Zi  fl {F^1^2 =  0} is emPty, |^bi,b2| ^ ^2/2 holds on Zi. 
We wil l prove the followin g proposition in Sections 7.6.2-7.6.5. 

Proposition 7.6.1. —  Assume the following: 
\w\ < £2/100. 

» arg(Ti(iü))| is small such that  the natural bisection 

((* + (!- t)Tx{w)) • a I a G Irr(fl)} —+ Irr(0) 
preserves the orders (i  = l,...,N) for  any  0 ^ t  ^  1 . 

TAen, tte  following  holds: 
• Le £ f be  a holomorphic section  of £x on  X \  D . 7 £ graves a section of the sheaf 

(Va£X)(Tl(<w^, if  and only if it satisfies the  following growth  condition: 

l /LrWfc =  0 ( N — ) ( V e > 0 ) . 

7.6.2. Comparison of the irregular decompositions on small multi-sectors 

Let 7r : X ( D) — » X denot e the real blow up of X alon g D. 

Proposition 7.6.2. — For  any  point  P  G 7r_1(D)7 t/ier e exist  a  multi-sector  Sp G 

MS(P,X \  £> ) an d a  Bx-flat  splitting  VaSfep =  (Baeirrtfj) V*Ea,sP °/ tte  5to*e* 
filtration JrS' p on  Sp at  the level j with  the following property: 
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• Let p^Psp denote the projection onto Va£a%P w^  RESPEC^  t°  the  decomposition. 

Then, 7rij)  -p^s = °(exP(-£ikil/2)) with  respect to h. 
In particular,  the decomposition ' \zj\-L1> 

:7aelrr(0,j) h \zj\-L1>} z50(exp( -^ | z^ | /2 ) ) -
asymptotically orthogonal. 

Proof. — By using Lemm a 20.2.1, we can tak e Q{b"s  suc h that 0 A Q ^ = BX7r{bj) 

and Q^s  = 0(exp(-e1\z1\j/2)). W e put p[j^  := 7r{bj) - Q{b^s, whic h i s DA-flat . B y 
applying th e modificatio n a s i n th e proo f of Lemma 7.4.7, we may an d wil l assume 
that [ p g , pM] = 0  and p<$ o p g » = p g » 

We put Fb  m := 0C<x b I mp ^ . Let us compare the filtrations Fs  ^  an d Fs  W . 
We take a splitting Pa£^  — 0 ^ a ^ s , an d ^  P^ s denot e the projection onto Va£a,s 
with respect t o the decomposition. Sinc e we already know that p^s — =  Od^ij^) 

for an y N (Corollary 7.5.3), we have p[j^ - p(^s = 0(\zi\N) fo r any N >  0. Hence, 
both F^f an d J^W* ar e the same as jfb U) . Hence, we obtain U)  = Tb U)  ". (Use 
the uniquenes s in Proposition 3.6.1 successively.) I n other words , the decompositio n 
0 1 m p ^ give s a splitting o f the filtratio n Ts^\  Thus , Propositio n 7.6.2 is proved. 

n 

We have the followin g corollaries . 

Corollary 7.6.3. — Let S be a  small  multi-sector  in  X  \  D,  and  let  Va£^  = 

©cGirr(<9,j) ^a£cts ^e  any Bx-flat splitting  of the filtration Fs ^ . Let p^\ denote  the 

projection onto  V£xs. Then,  we  have ir[^ ~P^s =  0(exp(—for some  e' > 0. 

Proof. — Take a finite covering of S by multi-sectors Sp  a s in Proposition 7.6.2, and 
compare p[^s,  P[^SP  an d o n each Sp.  • 

7.6.3. Comparison of the irregular decompositions on Si.  —  Le t V£%  — 

©aeirr(<9) *P£a,Si D e a HJ-fla t splittin g o f the ful l Stoke s filtration  TSi.  Fo r an y b  G 
Irr(#, j ), w e put 

\zj\-L1 

aElrr(0) 

ù$^ù$ù^! 

Let pb^s. denot e th e projectio n ont o V£b$\ 

Proposition 7.6.4. —  We have the following estimate with respect  to h: 

\zj\-L1>}p 
--O exp(-£2|^ | /10)Y 
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Proof. — Fo r simplicity of the description , we set S  :=  Si, S  :=  Si an d Z  :=  Zi. We 
have the decomposition: 

E n d ( P ^ ) 
(bi,b2)Glrr(̂ J)2 

\zj\-L1>}pZN)Knù$ù^$ 

For an y point P G  Z, w e take a  small multi-sector S p as in Proposition 7.6.2. Let Sp 
denote the closur e o f Sp i n X(D),  an d le t Zp  := Sp D  7T~1(D). I f i s sufficiently 
small, we may assume that one of the following holds on Zp, for each distinct bi, b2 G 
X(aj) (aebr(OJ)): 

• b̂i,b2 ^ — ̂ 2/8. 
• *bi,b2 ^  -£2/4. 

We hav e the decomposition: 

:!ù^$ù b̂,5|5 
(ci,c2)€lrr(0,j)2 

Cl<SpC2 

\zj\-L1>}pZN)Kn 

(ci,c2)Glrr(0,j)2 
ci<sFc2 

H o m « g > , P < g > ) | S j , . 

Lemma 7.6.5. —  In the  case j = m(0), we  have 

Pb,SP Pb,s\sP - u exp(-e2|,r(0)|/10) 

with respect to h for any  b G Irr(0, ra(0)). 

Proof. — W e only have to hav e estimates o f (p^g^  —  Pb"s|sP)ci c2 ôr Cl <Sp c<2' 
In th e cas e Fc,  r0 ^ —£2/8 on S P , we have the followin g by flatness : 

( p S T - « ì ) Cl,C2 
ù$^ù exp(-e2|^CO)|/10; 

In th e cas e FCljC2  ^  —£2/^ o n 5p , (A2 ) canno t happe n fo r th e Ci,C2 an d S  =  Si. 
Hence, we can take a  sequence Pi  =  P , P2, •  •  •, Pt € Z  wit h the followin g properties : 

• zPi n  ZPi+1  ^ 0. 
• Zp+ intersects wit h {FC l Co  > 0} . 

^ci,c2 ^  -^2/4 on each ZPi. 
By th e second condition, we have n(m(0))t| (m(0)) \ 

Db,5Pt Pb ,5|5ptJci,c2 0onSPt. OnSPinSPi+1 , 
we hav e 

(145) „(m(0))t| „(">(0))H . (p{rs{:m-<mm • « ! - 4 m ( 0 ) ) ) 

= 01 exp -£lbr(0)l/2) 

ù$^ù$ 
Pb,SPi 

„M0))l| 
°b,sPi+1 

is not 0 , we have the followin g for some B,C,N >  0, because of 
Lemma 20.3.2: 

\zj\-L1>}pZN)Kn j.rn(om \ 
Pb,sPi+1) Cl,C2 

exp((ci - c2)/A) ^B.exp(-C|zr(0)+1|)-kir 
Hence, we obtain th e followin g fo r some > 0: 

(146) \zj\-L1>}pZN)Kn 
Cl,C2 I 

B' . exp( -£2 |^ (0 ) | / 3 ) . 
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Prom (145) and (146), we obtain a  contradiction. Hence , we have 
\zj\-L1> jrn(om \ 

Pb,sPi+1) 'C!,C2 = 0 

on SPi  n SPi+1.  Then , w e can sho w ( p ( ™ q - pQ°m)Cl,C2 = 0  on SPI  b^ usinS 

an inductiv e argument . I n particular, we obtain (p^Sp^  ~  Pb?s°^)Cl C2 ~  ^  on  *^p* 
Thus, we obtain the desire d estimate, an d th e proo f of Lemma 7.6.5 is finished. • 

Lemma 7.6.6. —  We have p^p ~P^s\sP  =  0(exp(—^kil/lO)) with  respect to h for 
any j and  any b G lrr(0, j). 

Proof. — We omit to denote \SP for simplicity of the description. W e use an induction 
on j . Th e case j  = ra(0) i s already don e (Lemm a 7.6.5). Let us loo k a t {p^sP  ~ 

Pb?s)Cl c 2 ̂ or (Cl'C2 ) ^  Irr(^ , j)2- Le t us consider th e cas e ord(ci — C2) < j - W e have 
the following : 

(147) \zj\-L1>}p \zj\-L1> 
>'Ci,C2 

- T7(J) c ù$^ù$ù \zj\- JJ) -
Pci.S ~ 

JJ) ONU )b ONU) 
Pc2,S °Pb,Sp °PcuS-

Because ord(ci — C2 ) < j , one of ord(ci — b) or ord(c2 — b) is strictly smalle r than j. 
In th e cas e q  :— ord(ci — b) < j , we have the following : 

(148) JJ) 
PC2,S 

\zj\-L1 - T7(J) c JJ) 
PC2,S 

- T7(J) c - T7(J) c o < ( c 0 , s 
- T7(J) c 

By th e inductiv e assumption, w e have the following : 

(149) JM 
PVq(b),SP 

PVq(b),SP^ù PVq(b),SP v(q) PVq(b),SPa o exp(-e2|s*|/10) 

Prom (147) , (148 ) and (149) , we obtain the desired estimate fo r (p^Sp  ~pbV)Cl c2  in 
the case ord(ci — b) <  j . W e can obtain a similar estimate i n the case ord(c2 —  b) < j. 

Let u s conside r th e cas e ord(c i — c2) = j - Not e we have ?7j_i(ci ) =  77j_i(c2) . I n 
the case FCltC2  <  —£2/ 8 on Sp,  w e have the followin g by flatness: 

PVq(b) -p{&: 'Cl,C2 o exp(-e2|^| /10) 

In th e cas e FCljC2  ^  —^/ 4 o n Sp,  w e can tak e a  sequenc e P i =  P , P2,. . . ,  P* G  Z 
with the followin g properties : 

ZPi H ZPi+1 Ï 0. 
• Zpt intersect s wit h {PCi,c 2 > 0}-
• PCi,c2 ^  —£2/4 on each ZPi. 

By th e second condition, we have (p^gp  ~Pb  s\sP )Cl C2-^on Spt-  O n &Pi ^  SPi+N 
we have 

(150) PVq(b),SP 
Pb,SPi+1 

PVq(b),SP PVq(b),SP$ PVq(b),SP PVq(b),SP 0 ( e x p ( - £ l | ^ | / 2 ) 

(<i - <*)/X)\> (<i - <*)/ is not 0, we have the following for some B,C,N >  0, due to Lemma 
20.3.2: 

W!sP.-Pb,LjCl c2exP((< i - <*)/X)\> B - exp(-Cré+1|) • \Zl\N 
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Hence, w e obtain the followin g for som e B' > 0: 

(151) pb,5Pi rb,SPI+1  /ci,c2 ; £ ' . exp( -£2 |^ ' | / 3 ) . 

Prom (150) and (151) we obtain a  contradiction. Henc e w e have 

(Pb?SP. pb?SPI+1  )CL,C2 - 0 

onSPinSPi+1. We obtain t)b,SPI Pb,S 
> ci,c2 

= 0  on Sp . b y a n inductiv e argument. 

In particular , (p^SP  ~Pb^S)CL  c 2 = 0  on Sp . Thus , w e obtain th e desire d estimate , 
and th e proo f o f Lemma 7.6. 6 i s finished.  • 

Proposition 7.6.4 immediately follows from Proposition 7.6.2 and Lemm a 7.6.6. • 

7.6.4. Comparison of some metrics. — We consider the following : 

(152) F(w) : = e x p ( w - B ) , B  := 
aelrr(0) 

a-7ra = 
m(0)<i<-l b€lrr(0,j) 

(<i - <*)/X)\> 

Let F(w)*h  b e th e metri c given by F(w)*h(u,v)  = h(F(w)u, F(w)v) . 

Lemma 7.6.7. —  F(w)*h and  giYr(w)*h are mutually bounded. 

Proof. —  Becaus e g-lTI(w)oF(w)~1 = Y2exp(2v—Tlm(^-a)) -7ra , we have the bound-
edness of |<7irr(w ) ° F(w)~1\h. Similarly , \F(w)  o ^irr(^)-11^ i s bounded . Then , th e 
claim o f Lemma 7.6. 7 follows . • 

For each S : = Si, w e pu t 

(153) Fs(u>) := 

J b€lrr (0,j) 
C,-(b)-P&, Fs(u>) := exp(u; • Bs) . 

Lemma 7.6.8. —  For \w\  < £2/100, we have the following estimate 

\F(w) o  Fs{w)~l - l\h =  o(exp(-e2|z1r1/100) ) 

\Fs(w) o  F(w)-1 - lL = o f e x p f - e o l ^ r V l O O ) ) 

Proof. — We have F(w) = T\F^(w) an d Fs(w)  =  T\Fij\w),  where  pU) and  Fs} 
are give n a s follows : 

F^(w) :=ex p 

b€lrr(0,j) 

Fs(u>) := Fs(u>) := Fsj)(w) :=exP | 
b6irr(e,j) 

^ • o ( b ) - p ( â ) 

We consider G^> := F^ — Fg . Because ir{bi}-p%>s = 0(exp{-e2\z1\j/10)), we have 
GW) = 0(exp(-e2|2ip'/15)). W e se t 

Fs(u>) := 

i>3 

Fs(u>) := Fs(u>) := Fs(u>) := 

i>j 

Fs(u>) := ù! 
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7.7. BOUNDEDNESS OF SOME SECTION 225 

We have |G^ |h = 0(exp(—£2|^iP/20)). W e have the followin g equality : 

F o Fg1 = ( 1 + G^) o  • • •  o (1 + G<m<°>+1>) o (1 + G<m<°»). 

Then, the clai m of Lemma 7.6.8 follows. 

Let Fs(w)*h  b e the metri c given by . Fs(w)*h(u,v)h(FsS*JSb \S*JSb \ 

Lemma 7.6.9. — For  \w\ <  £2/100> the  metrics  F(w)*h  and  Fs{w)*h are  mutually 
bounded. 

Proof. We have the following : 

V F(w)*h V Fs(w)*h \Fsiw)-1 o  F(w)\ Fs(w)*h V 
Fs{w)*h 

\F(w)oFs(w)-1\h 

Hence, w e obtai n V F(w)*h ; c • \v Fs(w)*h due t o Lemm a 7.6.8. We obtai n 

\V\Fs{w)*h ^  ^  ' r\F(w)*h by a similar argument . Thus , the proo f o f Lemma 7.6.9 is 
finished. 

7.6.5. End of proof of Proposition 7.6.1. —  According to Corollar y 4.5.9, / 
gives a  section o f ( 'Pa£A)^Tl ^ i f and onl y if |/|F g ( ^ . ^ ̂ s bounded o n Si  fo r i  = 
1,..., N. In Lemma 7.6.9, we have obtained that F(w)*h  an d Fsi  (w)*h are mutuall y 
bounded o n Si (i  = 1,..., N). Hence , the clai m of Proposition 7.6.1 follows. • 

7.7. Boundedness of some section 

We us e th e settin g i n Sectio n 7.2.1. For simplicity , we assume that th e coordi -
nate system i s admissible fo r the goo d se t lrr(0) . Le t k  b e determined b y m(0) G 
Z^o x  Oe-k-  We put k)  := Ut=i -̂ e t M be a  sufficiently larg e integer, sa y 
M >  100 • £ - |m(0)|, wher e |m(0)| = Yh=i M0)t | . 

Lemma 7.7.1. —  Let  f be  a section of VoEnd(£x) with  the  following properties: 
• Bxf =  0 onD(M)( < k). 
• |Res?:(DA), fin.l = 0 for i = k + 

Then, \f \h is  bounded. 

Proof. — W e use a n inductio n o n £ . I n the cas e £  — 0, th e clai m is trivial. I n th e 
following argument , w e will assum e that th e clai m of the lemm a hold s i n th e cas e 
£-1. 

Let us show the followin g claims for m =  1,..., £ by a descending induction o n m: 

A ( m ) : Let / be a section of PoEnd(£A) wit h the followin g properties : 
• DA/ = 0 on D^M™\^  fe),  wher e Mm = M -  (£  - m)  • |m(0)|. 
• [ReSi(DA), f]Di] = 0 for i = m + 1,.. . J. 
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226 CHAPTER 7. PROLONGMENTS VEX 

Then, we have the followin g estimate fo r some C >  0 and N  >  0: 

*)h = (1 + |A|2) 
m 

2=1 
logUt 

AT 

The clai m A(^ ) hold s due to the general result of the acceptable bundles (Theorem 
21.3.2). Le t u s sho w A(m  -  1 ) by assuming A(m).  Le t /  G  V0End(£x) suc h that 
(i) 0A/|5 (Mm_l)(^fc) = 0 , (ii ) [Res,(DA), f\Di] =  0  for i  =  m, . . . , t. W e would like to 
obtain th e estimate : 

\f\h^C 
m—1 

2=1 

Og|z* 
mù 

We pu t g  : = DA(<9m) / G  End(P0^A) . W e have (i ) ID)A£|fKMm)Kfc) =  0  and , fo r 
i =  m  + 1,.. . (ii ) [Res^(DA), ^|d»] —  0 - Hence , we can appl y A(m ) t o g,  and we 
obtain th e estimat e fo r some C >  0 and N  >  0: 

\g\h < C 
m 

2=1 
log I 

^$ù^$ 

Let 7rm : X — • D m denot e th e projection . W e put ^^{QY  := /7rm1(Q) \ { Q } fo r 
<3 G Then , we obtain th e following : 

*)h = (1 + |A|2) ^km1 (Q)* I 
2 
/1 ' 

*)h = (1 + |A|2) ^$ù^$ 
m—1 

.7=1 
iogUi(Q)| 

iVi 

Let A m denot e th e Laplacia n —  5Zm^m. B y Corollar y 7.7. 5 below , w e have th e 
following inequalit y o n ir^(Q)*: 

Arn(\f\n^(Qy\h) < l l̂̂ m1 (Q)* I h 

We can take GQ(zm)  satisfyin g th e following : 

AtuGq I2 
g\n™(Q)\ 

*)h = (1 + |A|2) 
m—1 

ù^ù$ 

*)h = (1 + |A|2) 
ù 
^ù$ 

Note l /jTr-̂ Q)!̂  ~~ Gq i s bounded o n T T " 1 ^ ) * fo r each Q , a property whic h follow s 
from th e nor m estimat e i n the curv e case (Propositio n 8.1.1, below) . Therefore , we 
have Am ^/iT,.-1^)!^ - GQ)  ^  0  a s distribution s o n TT^11(Q)  (Lemm a 2.2 o f [82]). 
Hence, we obtain th e following : 

(154) sup I f 2 
T\*™(Q) h 

max 
' 1̂ 1 = 1/2' 

W ( Q ) ^ ) | f c +  C/; 
m—1 

?:=i 
l o g № ( Q ) 

N 

*)h = (1 + |A|2) 
m—1 

2=1 
l ogN2(Q) 

N 
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For th e estimat e o f max\zfm\=i/2\f^-i^(z,m)\ h w e have use d her e th e inductiv e 
assumption on £. Thus, we obtain A(m — 1), and the descending induction on m can 
proceed. The claim A(0) means Lemma 7.7.1. • 

We can show the following lemma by the same argument. 
Lemma 7.7.2. — Let f b e a section ofVo£x wit h the following properties: 

• da/ =  0 onD(M>(^ k). 
> IWBA)(/) = 0 for i = k + 1,.. • J . 

Then, \f\h i s bounded. 
Let (Ei,di,0i, hi) (i = 1,2) be unramifiedly good wild harmonic bundles as in Sec-

tion 7.2.1, with the good set of irregular values Irr(^)- For simplicity, we assume that 
Irr(#i) = Irr(#2), and that the coordinate system is admissible for Irr(#i). Le t m(0) 
be the minimum of Irr(#i), and let k be determined by m(0) €  Z<0 x 0̂ _fc. Le t M 
be a sufficiently larg e integer, say M > 100 • £ • |m(0)|, where |m(0)| = ̂ 2i=1 \m(0)i\. 
Note that Hom(£A, wrtr i the naturally induced metric is acceptable. The following 
lemma can be shown by the same argument. 

Lemma 7.7.3. — Let f b e a section ofVo Hom(£A, £^ ) with the following properties: 
, da/ =  0 onD(M\^k). 
• [Res*(da),/|di] =0for i =  k + ! , . . . , ! 

Then, \f\h i s bounded. 
7.7.1. Weitzenboc k formula (Appendix) . — Le t us recall a variant of Weitzen-
bock formula fo r harmonic bundles due to Simpson with a slightly refined form . I t 
will be used in Section 10.4. The original one (Corollary 7.7.5) was used in the proof 
of Lemma 7.7.1. I t will be also useful in Sections 9.3 and 10.3. 

Let z be a coordinate of C, and let U be an open subset of C. We use the Euclidean 
metric g = dz • dz. Let A" denote the Laplacian —dzc\. 

Let (E,dE,0,h ) b e a  harmonic bundl e on U . Fo r an y complex number A , let 
d'{ := dE + A0t, S'x := dE ~ A0, and da : = d'{ + \dE + 0. 
Lemma 7.7.4. — Let s be a C°° -section of E. W e have the following inequality: 

A"\s\l^\Bxs\2h +  2\s\h-\8fhd'{s\l:mù 

Proof. — We use the pairing (E®Qp>q) <g> (E®Qr>s) -> fP+s'<?+r induced by h, which 
is denoted by (•, -)^. Let R(h) denote the curvature of the unitary connection d'^ + S'X. 
We have the following equality: 

(155) 
dd\s\l = (ô'xd'is,s) h - (d'is,4s)h + (S'xs,6'xs)h + {s,4S'xs)h 

= (6'xd'x:s,s)h - {s,S'xd'x!s)h + {s,R(h)s)h - (d'{s,d'ls)h + {S'xs,ô'xs)h. 
We have the following equality: 

(s, R(h)s)h = -(1 + |A|2) . (0 .a ,e-s)h-(l +  |A|2) • (flt -8,6*. a).. 
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228 CHAPTER 7. PROLONGMENTS VSX 

Let DA ' := XdE + 0. Then , w e have the following : 

(6'xs,S'xs)h - ( 1 + |A|2) • (0- *)h =  (1 + |A|2) (dEs,dEs)h (Bx's,Bx's)h. 

Hence, w e obtain the following : 

dd\s\i =  (ó'xd'^  s)h- (s,ôfxd'ls)h-(l +  \\\2)< *)h = (1 + |A|2) (dxs,dxs)h 

+ ( 1 + |A|2 ) (dEs,dEs)h - (DA/s,lD)A/s) 

Then, th e clai m o f the lemm a follows. 

Corollary 7.7.5 (Lemma 4.18 of [65]). — Let  s  be  a holomorphic section  of £x. Then, 
we have the inequality  A " ^2 ^  | D A s | ^ . (Lemma  4.1 8 of  [65] should  be corrected.) 
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CHAPTER 8 

SOME BASIC RESULTS IN THE CURVE CASE 

In this chapter, w e study the on e dimensional case . I n Sectio n 8.1, we show th e 
norm estimate for holomorphic sections of V£A. I n Section 8.2, we show the correspon-
dence between the paraboli c weight s and th e residue s fo r (P£°,'B0)  an d (V£ A,DA). 
These ar e natura l generalizations o f Simpson's result s in the tam e case . Th e argu -
ments ar e also essentially the same . I n Section 8.3, we give a characterization o f the 
lattice Va£ A by th e eigenvalue s of the residue s i n th e cas e wher e A  is generic . I n 
Section 8.4, we argue some basic property of harmonic form s for wild harmonic bun-
dles on quasiprojective curves, which will be used i n the proo f of the Har d Lefschetz 
Theorem for polarized wild pure twistor D-modules . (Se e Section 18.2.) 

8.1. Norm estimate for holomorphic sections of Vc£A 

8.1.1. Statement. — We put X  = A and D = {O}. Le t (£", 0E, 0, h) be an unram-
ifiedly goo d wil d harmonic bundl e o n X \  D.  W e assume to have the decomposition 
on X: 

(156) -V4\Zjr 
(a,a)eIrr(6)xSp(0) 

-V4\Zjr-V4\ 

We have the expressio n 6  — f •  dz. 
As explaine d i n Chapte r 7 , w e have the prolongmen t Vc£ A for eac h \  €  C  an d 

c e  R.  Le t F denot e the paraboli c filtratio n o f Vc£x0- We have the endomorphis m 
Res(DA) o f Vc£\b, whic h preserves th e paraboli c filtration . Th e induced endomor -
phism of GrF(Vc£x0) i s also denoted by Res(DA). Le t W denot e the weight filtration 
of GrF(Vc£ |Q) associate d t o the nilpoten t par t of Res(DA) . 

Let v  b e a  holomorphi c fram e o f Vc£ A such tha t (i ) it i s compatibl e wit h th e 
parabolic filtratio n F , (ii ) th e induce d fram e o n GrF(Pc£x0)  i s compatible with th e 
weight filtration W.  W e put a(vi)  := degF(^) an d k(vi)  : = d e g ^ ( ^ ). Le t ho be the 
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C°°-metric o f E given as follows : 

(157) ho(vi,Vj) := 5itj • -V4\Zjr -iog\z\2)k^\ 

Proposition 8.1.1. —  The  metrics h and  ho are mutually bounded. In  other  words, the 
standard norm estimate  holds. 

Since it can be shown by the argumen t i n [82], we give only an indication . 

8.1.2. The case A  = 0 . —  Firs t le t u s conside r th e cas e A  = 0 . Le t 7rajQ : b e 
the projectio n ont o Ea^a  i n the decompositio n (156) . Accordin g to Theorem s 7.2. 1 
and 7.2.4 , 7T(j q; are bounded . Hence , w e have th e followin g decompositio n a s th e 
prolongment o f the decompositio n (156) : 

(158) (PC£°,B°) = 
(a,a)eIrr(0)x<Sp(0) 

(V £°  D ° ) 

This decomposition is compatible with the parabolic filtration and the residue Res(#) . 
We may assume v i s compatible with the decompositio n (158) . 

For each (a , a, a) , w e have the endomorphism o f Va^a :=  Gr^(Vc£a a)  induced by 
Res(0). Th e nilpotent part is denoted by Na^a^a. W e have the model harmonic bundl e 
onX\D obtaine d from (I4)a?a , Afa?a?a) denoted by E(yai(Xia, iVajaja). (Se e Subsection 
7.4.1.3). W e have the ran k one harmonic bundl e L(a ,a ,a ) =  (O-e,0jja  a,h%a  a) a s 
in Subsectio n 7.4.1.2 . Then , w e obtain th e wil d harmoni c bundl e (E,djjj,h,9)  := 
©(a a a) (̂̂ a,a,a> ^a,a,a) ®  L(a, a, a) . Accordin g to Theorem 7.4.3, we obtain Vc£0 
for eac h c  G R, an d the decomposition: 

(159) *)h = (1 + |A|2) 
(a,a) a 

(̂ ĉ a,a,a' ^a,a,a) • 

We ca n tak e a  holomorphi c isomorphis m $  :  Vc£° —>  Pc£°  suc h that (i ) it pre -
serves the decomposition s (158 ) and (159) , (ii ) it preserve s the paraboli c nitrations , 
(iii) G r F ( $ | 0 ) i s compatible with the residues . I t ca n b e checked by a direct calcu -
lation tha t an d ho  are mutuall y bounded . Recal l that h o an d h  ar e mutuall y 
bounded up to log order, and hence $(h) and h  are mutually bounded up to log order. 
Due to a  general result of Simpson (Corollar y 4.3 of [82]), we have the following : 

• Le t K b e a Hermitian metric of E =  £0 with the followin g properties : 

(i) I t i s adapted t o the filtered bundle V*£°.  The induced metri c of the dual 
£0v i s also adapted t o the induce d paraboli c filtration o f V*£ov. 

(ii) Le t 6^K denot e the adjoin t o f 6 with respect t o X, and le t 8K be the (1,0) -
operator determine d b y &E  an d K.  Le t FK  denote th e curvatur e o f the 
connection &E  +  9K + 0 + 6^K. Then , FK is IP with respect t o K  an d th e 
Euclid metric dz  -  dz. 

Then, the metric s K  an d h  are mutually bounded . 
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It i s easy to check that the conditions (i ) and (ii ) hold for ®(h). Thus, we can conclude 
that h and ho  are mutually bounde d i n the cas e A  = 0 . 

8.1.3. The case A   ̂0 . —  Le t us conside r the cas e A   ̂0 . W e have the irregula r 
decomposition: 

(160) (VC£\BX)0 --
aelrr(0) 

*)h = (1 + |A|2) 

We hav e the paraboli c filtration F  an d th e endomorphism Re s (IDA) of VC£X\0. The y 
are compatible. Le t Ea(Vc£X\o) denot e the generalized eigen space of Res(DA) corre-
sponding to the eigenvalue a. W e obtain a vector space Va^a : = Grf Ea(Vc£X\0)> 
Na,a,a denot e the nilpoten t par t o f the endomorphism o f Va,a,a induce d b y Res(DA) . 
We hav e th e mode l bundl e E(ya,a,ai  Na^a^a) obtaine d fro m (K ^a, iVa>a)0) . Le t 
(6, /3) G  R x  C b e given by the condition t(A, 6, (3) = (a, a). (Se e Subsection 2.8. 2 for 
£(A).) Le t 1/(6,/?, a) be the harmonic bundle o f rank one as in Subsection 7.4.1.2 . We 
obtain a  wild harmonic bundl e 

(E,ds,h,9) 
(a,a,a) 

E(Va.aM,Na~a)®L(b,B, a) . 

We have the associate d meromorphi c A-fla t bundl e (/PC£A,DA ) which has th e decom-
position: 

(161) Vc£x = 
a€lrr(0) \ 

^$ù^$,; 

By construction , w e have an isomorphis m 

$o,a,a,a : (Gr£ EaVc£^a,ResDA) ~  (Gr £ EaPc£0A,ResO£ 

We ca n tak e a n isomorphis m *)h = (1 + |A|2)*)h = (1 + |A|2)$*ù$ , which preserves th e 
parabolic nitration , an d induce s @ a a $o,a,a,o- Le t denot e the AT-t h infinitesi-
mal neighbourhood o f D for a large integer N.  W e can take a n isomorphis m 

*fi(">,a 
a,a 

' r ° a,a,a|D W " ̂  V fX  ~ 

such that &f)(N)  a\0 = $o,a• By a general theory, we can take a  holomorphic decom-
position of Vc£x whose restriction t o i s the sam e as (160): 

(162) Vr.£x = 
aElrr(0) 

Pc£a,N' 

Let q a,N denote the projection onto Vc£aN- W e can take a  holomorphic isomorphism 
0 a a  Vc£a,a,a — ĉ̂ a N  whose restriction t o i s equal to <&g(N) a-  In particular , 
we obtain $  :  Vc£x —>  VC£X  such that (i ) it preserve s the decomposition s (161 ) and 
(162), (ii ) $|o preserve s th e paraboli c filtrations , (iii ) the induce d ma p GrF(3> ) i s 
compatible with the residues . W e identify £  an d £  i n the followin g argumen t b y 
By a  direct calculation , w e can sho w that h  and ho  are mutuall y bounded . Hence , 
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we only have to sho w h  an d h  ar e mutuall y bounded . W e remark tha t w e already 
know that h  and h  are mutually bounde d u p to log order by the weak norm estimat e 
(Theorem 7.4.3) , which we will use implicitly. 

Let #  b e th e endomorphis m o f Vc£X  determine d b y #  •  dz/z =  D A — DA . B y 
construction, w e have ${VC£X)  C  Vc-££x  fo r som e e  >  0 . W e have th e estimat e 
[3V#a,Ar] = [ED A,ga,iv] =  0(\z\N/2)  b y construction o f qa,N- (Not e tha t w e already 
know that h  and h  are mutually bounded, this estimate does not depend on the choice 
of a metric. W e wil l often omit this type of remark.) Recal l that D A and h  determine 
the operator s 6^  G End(E) (g > Q1'0, 0T  G  End(F) 0  fJ0, 1 an d th e pseudo-curvatur e 

G ( D \ / i ) := - A - ^ l + |A|2)2 • (DR + 6RF = - A - ^ l + |A|2)2 • DR6R. 

(See [69].) A s in the cas e A  = 0 , we obtain that h  and h  are mutually bounded , once 
we show that G(DA , h) i s LP  for some p >  1 , thanks to a  general result o f Simpson. 
(Corollary 4.3 of [82]. Se e also Section 4.3 of [65]. Note , in [65], the pseudo-curvatur e 
is considered as G(DA, h) = whic h does not make any essential differenc e in the 
conclusion.) 

Let dx  : = &E +  A0t , which i s th e holomorphi c structur e o f £A. W e have th e 
equalities: 

0 = ( 1 + IAI2)-1 • G(B\ h) = R(d'i, h)  + (l +  |A|2) [e, e{], 

( l + iai2)-1^, h) = R(d'{, h) + (i + 1 A|2) [e~h,ei} =  -(i +  \x\2)([e,  el]  - [6~H, ott) 

Recall the followin g equalitie s (Sectio n 2.2 of [69]): 

$^ù^* pm^ù 
1 + |A|2 

*)h = (1 + |A|2) 4 

1 + |A|2 h 

We have [#,3̂ ] = 0(|̂ :|e). Let us estimate [5,0̂ ]- We have the decomposition: 

End(Vc£x) = C(VC£X) 0 T>(VC£X), 

C(VC£X) 
ù$^=* 

Rom(Vc£XtN, Vc£lN), V{VC£X)  = 0 End(Vc£XtN). 
« a 

We hav e th e correspondin g decompositio n #  =  C(5r ) + V($).  B y construction, w e 
have C(3) =  0(\z\N)  wit h respect t o ft,  and thu s [C(S),#I ] =  0(\z\Nl2).  W e have 
the decomposition: 

0 : 
a.a.a v 

(da + (3-dz/z)-ïàvJaaa+9'a^a 

The term s (0'AAA)T  ar e 0(\z\  log|z| ) x ) wit h respec t t o ft,  an d th e term s 
(cfâ +  â  -  dz/z'1) • id.p g do no t contribut e t o [T>C$),  0Î] . Hence, w e obtai n 

= 0(\z\£-2dzdtz), an d G(DA,ft ) i s Lp  for some p > 1 . Thus th e proo f of 
Proposition 8.1.1 is finished. • 
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8.2. Comparison of the data at O 

8.2.1. Statement. —  Le t X, D  and (E ,dE,@,h) b e as in Subsection 8.1.1 . Le t 
us compare th e data a t th e origi n O  of V£x an d V£°.  Fo r A  ̂0 , we have the 
vector spac e Gr^{P£x)  wit h the endomorphism Res(DA) . W e have the generalized 
eigen-decomposition: 

Grf(7>£) 
aec 

*)h = (1 + |A|2) 

The residu e Res(DA ) induce s a n endomorphism, whos e nilpotent par t i s denoted by 
Nxaa. Similarly , we have the vector spaces Gr^(V£^)  wit h the nilpotent endomor -
phism JVj .  We consider the following sets : 

KMS(V£Î) :={(a,a)eRxC G r £ * ( P # ) ^ 0} (A ± 0), 

KMS{V£°a) := {(a,a) eRxC  Gr^(V£°a)  ? 0 } . 

The dimensio n o f Gr^(P£x) i s called the multiplicit y of (a, a ), an d denoted by 
m(A, a, a). Th e following proposition was observed by Biquard-Boalch ([10]) , a t least 
if the wild harmonic bundl e i s given on a quasiprojective curve. 

Proposition 8.2.1. — t(A) gives  a bijective map KMS(V£^) —>  KMS(V£X)  preserv-
ing the  multiplicities. The  conjugacy classes of  N®aa and  ^ e ( A a a) ar e ^te same-

The claim s can be shown using the essentially same argument a s that in [82] . We 
indicate only an outline. 

8.2.2. An estimate in [82] . — Le t E be a holomorphic vector bundle on a punc-
tured dis c A * with a  fram e v.  Le t K b e a Hermitian metri c o f E fo r which v  is 
orthogonal and \vi\ic = \z\~ai(—log\z\)~ki/2 for some ai € R an d ki € Z. 

Let F  be a C°°-section of E such that \F\K  is bounded. Fo r the expression F = 
J^Fi -Vi, we know \Fi\  •  |z|ai(— log |z|)~fei/ 2 ar e bounded. 

Proposition 8.2.2. —  Let M be  the section of E determined  by dF = M • dz. Assume 
the following conditions: 

\M\K =  0(\z\~1 - l o g M ) - 1 ) \M\K ' (- loS\z\) ' \dz -dz\ < oo. 

Then, the following holds: 
• In the case ai ̂  0, we have Fi\ • |s |««(-log|z |)-fc«/2 = Oii-logW)-1). 
• In the case a^  = 0 and ki ^ 0, we have | \Fi • \z\ai(-log\z\) ki'2  < oo, where 

\\-\\w is  given as follows: 

(163) *)h = (1 + | \G\l 
dz • dz 

Mzl2f-loeUn2loef-loeUn 

Proof. — Se e the argument i n Page 765-767 of [82] . 
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234 CHAPTER 8. SOME BASIC RESULTS IN THE CURVE CASE 

8.2.3. Decompositions. —  A s the specia l case of Lemma 7.4.7, w e have the fol -
lowing lemma. 

Lemma 8.2.3. —  Take  any large number N. We  can take holomorphic sections  pa^ 
of End(Vc£x) for  a G Irr(#) such  that  the following holds: 

PaiN-7Ta =  0(\z\2N), \2 
J>a,N) }a,N, [Pai,JV,Pa2,Jv] mù^$ù 

aelrr(0) 
PaiN = id . 

They preserve the parabolic structure. 

We take a refinement o f the decomposition: 

Lemma 8.2.4. —  We  can  take holomorphic sections  pa,a of  End(°£A ) for  (a , a) G 
Irr(#) x  Sp(6) such  that  the following holds: 

Pa,a ^a,a  — •0(\z\°) *)h = (1 + |A|2) = 0, (Pa,a) — Pa,co 
ut 

*)h = (1 + |A|2)mù 

Proof. — Th e argument i s essentially the sam e as that i n the proo f of Lemma 7.4.7. 
We giv e onl y an outline . Le t dx  : = 8E  + A0t •> which i s the holomorphi c structure 
of £x . W e have dx7raia =  0( |z |£ ) wit h respec t t o h  an d th e Poincaré metric. B y 
Lemma 21.2.3, we can take sections sa, a o f End(E') satisfyin g th e following : 

d\Saì0. — d\''7Taiai 
2 , « 

SA,A fa ' \z\ -2e - logN) ^N 
' dvolSP • 

By Lemma 21.9.1, we obtain sa,a  = 0[\z\£ )  fo r some e" >  0. 
We put paa  := 7ra>a — sa,a. Then, we have the following : 

(PA,A) -Pa,a  =  0{\z\% [pA,A,PBA =0(\z\e), 
a 

jPa,ct Pa,a 0(\z\°). 

By modifyin g pa a wit h orde r \z\€  as i n th e proo f o f Lemma 7.4.7 , w e obtain th e 
desired pa j a. • 

8.2.4. The eigenvalues of Res(DA) . We put $ 
mù^$ 

a-dz/z) -pata. 

Lemma 8.2.5. —  Let  v be  a holomorphic section  of Ex such that 

\v\h~\z\-a(-log\z\)k. 

Then, the  following estimate holds: 

№xv-(l +  \\\2)$(v) +  \-a 'V 
dz 
z $ù^$ • O(\z\-a(-]og\z\)k-v 

dz 
z 

Proof. — W e only have to consider the case a — 0. Le t 5'x be determined by dx and h. 
Then the followin g holds: 

3xv - ( 1 + \\\2)$(v) = \ó'xv - ( 1 + |A|2)(0 - $ ) (v ) 
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Because (0 — &)(v) = 0((— log \z\)k l)dz/z , we only have to show 

\s[v\2(- log \z\)l-£-2k\dz -dz\<oo 

for some e > 0. This can be shown using the argument in Page 761-762 in [82]. • 

We take a holomorphic frame v  of V a£ x suc h that (i ) i t i s compatible with the 
decomposition V a£ x =  01mp a ? a , (ii ) it i s compatible with the parabolic filtration , 
(iii) the induced fram e o f Gr^{V£ x) i s compatible with the weight filtration . W e 
put a(vi ) := degF(vi). Le t (a{vi),a(vi) ) b e determined by the condition that V i G 

S*JSb\S*JSb\ù$ 
We consider the following: 

da := ba - ( 1 + |A|2) 
aElrr(0) 

da-pa. 

Lemma 8.2.6. — Let A be the matrix determined by Res(Do)v|o = v\q-A. I f the order 
of vi,..., vr i s compatible with the parabolic filtration an d the weight filtration, A  is 
triangular, an d the i-th diagona l entries are 

(lS*JSb\+\\2)a(vi)-\-a(vi). 

Proof. — It follows from Lemma 8.2.5. 

8.2.5. Compariso n map . — W e put Va,a,a := Grf (Vc£a,a) on which we have the 
nilpotent endomorphism N^aa. W e take model bundles: 

№a,a,a, #a,a,a, Va,a) = (K,a,a 0 £>A* , N^„adz/z, /la,a,a) ® Lia, a, a) , 
(E,6,ti) :— (¿"0,0;, a? ̂ a,a,05 ̂ a,a,a) 

(a,a,a) 
Let \I > : °E — » ° E be a holomorphic isomorphism such that (i ) i t preserves the de-
compositions, (ii ) i t preserves the parabolic filtration, (iii ) GrF(Res(G)) =  0  where 
G :=Vo6-6oy g  Hom^E, °E) <8> ft1'0 (log D). Not e that *  an d tf"1 are bounded, 
due to Proposition 8.1.1. We identify E  and E via \P as C°°-bundles. 

By construction, we have \0 — 0\^ = 0(\z\£) • dz/z. Du e to the asymptotic orthog-
onality (Theorems 7.2.1 and 7.2.4), we have the following estimate: 

*)h = (1 + |A|2)$ù dz 
<\z\ -lo g 1*1 ' 

The following lemm a can be shown by the same argument a s that i n the proof of 
Lemma 7.7 of [82]. 

Lemma 8.2.7. — We have the finiteness f  |M|2( — log\z\) • dvolPp < oc, where M is 
determined by #~ — 0^ = M • dz. 
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8.2.6. End of the proof of Proposition 8.2.1. —  We have the induced À-con-
nection (£A,DA) = 0(£a,a,a>Oa,a,a)> wit n tne canonical frame V = (va,a,a)- We Put 
paa := 7roa = 7Ta^a. W e have the decomposition £x = 01mpaja. 

Let v  be as in Subsection 8.2.4. Let degF(vi) an d d e g ^ ( ^) denot e the degree of Vi 
with respect to the parabolic filtration and the weight filtration. Le t (a(vi), a(vi)) b e 
determined b y the condition that Vi  G I m ^ . ) ^ ^ . ) . W e use the symbols degF(îii), 
degw(vi) an d (a(î^), a(vi)), wit h similar meanings . Le t I = (Ijj) b e determined by 
the relatio n Vi  = Ylj ' vj • 

Lemma 8.2.8. —  We put Bu :=  L i\z\-àegF(vj)^degF(vi)^(degw(vj)-degw(Vi))/2^ 
• In the case (a(vj),a(vj)) ^  (a(vi) , afa)), we have \Bjj\ ^ C*|z| £ for some e > 0 

and C > 0. 
• In the case degF(vj) ^  degF(vi),  we  have \Bj^\ ^  C(—  lo g l^l)- 1 for some C > 0. 
• In the case degw (vj) ^  degw(vi),  we  have \\Bjj(—log\z\)\\w < oo, where || • \\w 

is given as in (163). 

Proof. — We have the estimates pa^a  — pa,a — G(k|£) wit h respect t o h. Hence , the 
first clai m follows. Th e other claim s can be shown using the argument i n [82], using 
Lemma 8.2.7 and Proposition 8.2.2. (See also [67].) • 

Then, we can show the following equalit y by the argument i n the proof of Propo-
sition 7.6 and Theorem 7 of [82], using Lemma 8.2.6 and Lemma 8.2.8: 

(164) dim Gr ^ E0 Gr f (5bA ) = dim G rf E0  Grf (£bA). 

We ca n check the claim of Proposition 8.2.1 for (E,d^,0^h) b y a direct calculation . 
Together with (164), we obtain the claims of Proposition 8.2.1 for (E, dg, #, ft). • 

8.3. A characterization of the lattices for generic A 

Let X , D and (E, 8E, 0, h) be as in Subsection 8.1.1 . W e have the set KMS{E) C 
fix C  o f the KMS-spectra at A  = 0 . A  complex number A  is called generic with 
respect t o ICMS(E), i f e(A) :  KM.S(E) — • C is injective. For generic A , we have the 
following characterizatio n o f Va£x {a  G R). 

Proposition 8.3.1. —  Let  A be generic with respect to ICMS(E). Let  V be  a good lattice 
of the  meromorphic X-flat bundle  (V£X,U)X) with  the following property: 

• The  set  of the eigenvalues o/Res(DA ) on  V\£> is  the same as the following: 

(165) {e(A,u) j  it e KMS(E), a-I  <p(X,u)  < a}. 

Then, V = VaSx. 
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Proof. — Let S  denote the set (165) . Not e that X~1( a - (3 ) & Z  for an y distinct 
a, (3 e S. Hence , we have the flat decompositions: 

(Pa£\BX)l3: 
aElrr(0) aes 

*)h = (1 + |A|2)*)h = (1 + |A|2) *)h = (1 + |A|2) 
aGlrr(<9) aeS 

(Va,a,Ka)-

Here, BA — da — a • dz/z ar e logarithmic with respect t o Va£a,a o r K,a> and the 
residues are nilpotent. Then , we obtain Va£aa =  ̂ o, a using a standard an d classi-
cal argument: (i ) We can show 0a Va£a, a ® 0(*D) = ©a K,a ® b y using 
Corollary 2.2.18. (ii) By the assumption for 5, we can also obtain Va£a,a ® 0(*D) = 
Va,a ® <D(*D) by a similar argument with a minor modification, (hi ) In the regular 
case, thi s kind o f claim is well known. (Se e Proposition II . 5.4 of [24], for exam-
ple.) • 
Remark 8.3.2. — The proposition can easily be generalized to the higher dimensional 
case. • 

8.4. Harmoni c form s 
8.4.1. Th e spac e o f harmoni c form s o f £x . — Le t Y be a smooth projective 
curve, and let D be a finite subset of Y. Let (E, 8e, 0, h) be a wild harmonic bundle 
on Y \ D . Le t a; be a Kahler form of Y \ D , which is Poincare-like around D. We 
reformulate th e result i n Section 8.4.3.4 below. Le t BA* denote the formal adjoin t 
of BA with respec t h  and u. W e put A A := D A o BA* +  BA* o  DA. Recal l AA = 
(1 + |A|2)-A°. 

Proposition 8.4.1. — Let (j) be an L2-section of E on Y \ D . W e have the following 
equivalence: 

Ax6 = 0 for some À Ax6 = 0 for any À 
4=> BA</> = 0 for some A <=> BA0 = 0 for any A. 

Let (j) be an L2-section of E ® ft1,1 on Y \ D . W e have the following equivalence: 

Ax4> = 0 for some A 4=> AA0 = 0 for any A 
4=> BA*</> = 0 /or some A 4=> BA*</> = 0 for any A. 

Proof. — Let us show the claim for 0-forms. Accordin g to Proposition 8.4.18 below, 
we have the equivalence AX(j ) = 0  4=> BA</> = 0  for a  fixed A. Then , th e desired 
equivalence follows from AA = (1 + |A|2)A°. The claim for 2-forms can be reduced to 
the case of 0-forms. • 

Proposition 8.4.2. — Let 0 b e an L2-section o f E 0 Q 1 on Y \ D . Th e following 
conditions are equivalent. 

(a) : Axcf) = 0 for some A. 
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(b ) : Ax(j) = 0 for any  A. 

(c) : Bx(f) = DA*</> = 0  for some  A . 

(d) : DA0 - DA*0 = 0 for any A . 
(e) : (<9 + 0)</ > = (0 + ^ )0 = 0 . 

Proof — The equivalence of the condition s (a)-(d ) ca n be shown by using the same 
argument a s i n the proo f o f Proposition 8.4.1. Note D° * = yf—lK^i^d + 0t) o n th e 
1-forms. Hence , the conditio n (e ) is equivalent to (c ) with A  = 0 . • 

Remark 8.4.3. —  The equivalence of (c) an d (d ) in Proposition 8.4.2 can be shown by 
a direc t calculation . Not e that DA*</ > = 0  is equivalent t o BA*</ > = 0  for a  1-for m <j>. 
(See [69] for the notatio n DA*. ) Le t A:=d +  6 and B  := d + 0f. Then , we have the 
equalities (1 + \\\2)A = DA - ADA* and (1 + |A|2)£ = BA* + ADA. Hence , DAl an d 
DAl* can be expressed a s the linea r combination s o f DA and DA * for any Ai. • 

The followin g notation wil l be used in Section 18.2. 

Notation 8.4.4. —  Let Harm2 denote the space of the L2-section s of E 0 ÎÎ * satisfying 
the condition s in Propositions 8.4.1 and 8.4.2. • 

Needless to say, the equivalenc e in the proposition s ma y not hol d if Y is not pro -
jective. Hence , we have to distinguish the conditions . 

8.4.2. Decay of L2-harmonic 1-forms around the singularity. — Let us study 
the behaviour of harmonic 1-forms around the singularity with more details. Le t X, D 
and (E ,dE,@,h) b e a s i n Subsectio n 8.1.1. We use th e Poincaré metric o f X \  D. 
Let T  be a n L2-sectio n of E <8> ft1 on X*  suc h that (dE  + 0)r = (dE + 0f)r = 0 . 
We hav e th e decompositio n r  = X}aeirr(0) r<* corresponding t o th e decompositio n 
E = ©aeirr(0) Ea. W e will use the followin g proposition in Section 18.2. 

Proposition 8.4.5. —  T is  of  polynomial order with respect to h and the  Poincaré 
metric. For  a ^ 0 ; we  have the estimate ra = 0(exp(—e|£|ord(a))). 

Proof. — For simplicity , w e use th e symbo l dA/dz  t o denot e th e couplin g o f d A 
and dz  fo r a  sectio n A  o f E. Fo r the expressio n r  = A • dz + B • dz, w e have th e 
following equalities : 

(lee) 
OA 
DZ 

- f{B) = 0, 
^^ù$^ù$ 

ÓZ 
/ t ( A ) =  0 . 

Lemma 8.4.6. —  A  and  B are  of polynomial order with respect  to  h. 

Proof. — Le t v  b e a  fram e o f °E  compatibl e wit h th e decompositio n (156) , th e 
parabolic filtration  and th e weigh t filtration.  Le t 6, 6 * an d C  be the matrix-value d 
functions determine d b y the conditions : 

9v — v • 6 •  dz, 6^v  = v • Q^dz, dv  — v • C • dz. 
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Then, ©, 0* and C are of polynomial order, a property which follows from the estimate 
for th e Higg s fiel d (Theorem s 7.2.1 and 7.2.4 ) an d the acceptabilit y o f (E ,dE,h) 
(Theorem 21.3.2 and Lemma 21.9.3). Let A =  (Ai) and B =  (Bi) be Crank^-valued 
functions determine d by A = A\  • V{ and B —  ^Bi-Vi. Du e to (166), the following 
equalities hol d on A*: 

OA 
dz 

e(B) = o, 
dB 
dz 

F [ c , B ] - e t ( A ) =  o. 

Hence, we have the following for any non-negative integer £   ̂0: 

(167) 
d(zeA) 

dz 
- e(z£B) = o, 

d{z£B) 
dz 

- £z£~1B + ze[C, B]  - zlQ\A) = 0. 

If £  is sufficiently large , (167 ) holds o n X a s distributions. Fo r large iV , zN A an d 
@(zNB) ar e LP for some p > 0. Then z ^A is L\ fo r some p > 2 because of the first 
equality in (167), and hence zN  A i s bounded. Thus , A  is shown to be of polynomial 
order. B y applying a  similar argumen t t o {E,8E,0^,h),  i t can be shown that B  is 
also of polynomial order. • 

We giv e a  refinement . W e put S\{j)  :=  {a G Irr(#) | ord(a) <  j}  an d So(j) := 
{a e  lrr(0 ) |  ord(a) >  j}. W e put E(AJ)  : = ®AESAU) EA  fo r a = 0,1 . Le t B = B[j) + 
B^ an d A = A[j) + A  ̂b e the decompositions correspondin g t o E = E^ 0 
For a  differential operator 2 ) : E — > E1, we have the decomposition © = X]A6=I2®A,6 5 
where 2 ) J] : £760) . W e put E>«>(2) ) : = +  an d C<*>(3) ) : = 2 )$ +  2>GL. 

Lemma 8.4.7. —  A[^ = 0(exp(—<s|z|J)) /o r some e > 0, with respect  to h. 

Proof. — Let us look at the E[J -componen t o f the equality dB/dz —  / t(A) =  0. Du e 
to Lemm a 7.5.5 and the exp(—e|zp)-asymptotic orthogonality o f the decomposition 
E =  (Baeirr(o,j) E*] (Theore m 7.2.1), we obtain the following: 

(168) 0 = V^(dg)B^ +C^(dz)B^  - V^(p)A[j) -C^(f^A(0j) 

= V^j\dz)B[j) - V^(p)A[j) + 0(exp{-C\z\j)). 

We hav e the unique L2-section g[j^  o f E[  ̂suc h that 0(g[^)  =  A^ •  dz. Then , we 
have (d + 6)g[j) =  A[j)  dz  + B[j) dz  o n l x D, i.e. , dg[j)/dz =  B[j) and f(g[j)) =  A{j). 
Since A[^ is of polynomial order, we obtain that g[^ is of polynomial order. W e have 
the followin g equality on X \  D: 

d2 
dzdz Mj)\i 

.02 (i) 

dzdz ' 
ù^$ù 

\dg\j) 

dz I 

|2 

h 

*)h = (1 + 

I dz  \h Uj) d29[j) 
dzdz J  h 
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Since A[j) and B[j) are of polynomial order, we obtain the following: 

(169) 
*)h = (1 + |A 

dzdz ' 9?' H 
(Pf(g[J)),9[J (Pf(g[J)) 

dz i Hi 
'H 

f O ( e x p ( - W ) ) 

= {V^(p)f(g[j)),g[j))h + 0{exp(-C\z\N) = (Pf(g[J)),9[J))H + 0(eM-C\z\i)) 

= (/(Siü)),/(fl1ü)))h + 0(exp(-q^)). 

We als o have the following: 
(Pf(g[J) 

dzdz 
d2g[j) 
dzdz J 

dz-dz = (dd+dd)g[j) = -{9^+e^)g{j) = -(ffì-fìfìgP-dz-dz. 

Therefore, w e obtain the following: 

(170) 
d2 

dzdz \9I \H  • 
d2g[j) 

\dz&z'b 

mù 
ù^$ Jh 

(Pf(g[J)) d2g[j) 

dzdz ) in 

(Pf(g[J)),9[J(Pf(g[J)),9[J \dg?> 
dz 

I 
ù^m 

^ù$^ù 
dz 

I2 
\h 

=- i /o , iü ) ) i ; - i / t o , i ü ) ) i ; -
dg[j)\ 
dz 

2 

^f 
dg[j)\ 
dz 

|2 

ù 
-0(exp(-C|*|'')) 

^ -Cilzl2^-1) ^c 
2 C 2 e x p ( - C 3 | ^ ) . 

Lemma 8.4.8. —  The  following inequality holds on X as  distributions: 

(171) 
d2 

dzdz™ 
,Ü)|2 . 
/1 Ih - (Pf(g[J)),9[Jdzdz™dzdz™dzdz™m!ù^$ 

Proof. — We already kno w that th e inequality hold s o n I \  D . Le t IP b e a test 
function. W e have the following: 

J\z\^S ~ 
\9ÌJÌ ^dzdz 

dzdz™ 
• dz = 

± 
l\z\=S 

dzdz™dzdz™ 

^ù$ù$ 

dzdz™ 

Cz 
o • dz + 

J\z\^5 

d2\g[j)\l 
dzdz 

IF • dz - dz. 

Hence, we only have to show the existence of a sequence {SI}  with SI  —> 0 such that 
the followin g holds : 

lim 
dz 

dzdz™ vb,;: 
#z 

= 0 , lim 
./|*|=*i 

dz 

dz 
•TP - dz = 0. 

Let us show the second convergence. Th e first one can be shown by a similar argument. 
By construction , we have the following finiteness : 

\g[J)\l-\z\2^-\dz-dz\<oo, (dg[j),dg[j))h < o o . 

Let p  be a non-negativ e C°°-functio n on R suc h that p(t)  = 1  for t ^  1/2 and 
p(t) = 0 for t ^  2/3. We put xa/W := p{~N~l lo g | z | ). Not e ôxiv(^) and öxa t^ ) 
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are uniforml y bounded wit h respect t o the Poincaré metric. W e have the followin g 
estimate, whic h is independent o f TV: 

(d(xN-g\j)),d(xN-g\j))S*JSb\ 

(xN-gïKRihyxN-g^] (d(xN-g[j)),d(xN-g\j)))<c. 

Thus, w e obtain th e finiteness  j(dg±  ,dg[J) ) <  oo . Then , we obtain th e followin g 
finiteness: 

(172) r^~1dr \a\gf\l._ 
dz * 1 •r-dO 

C (dg[j\dg[i))h 
1/2, 

\g[j)\l\z\2^-\dz.dz\ 
1/2 

< OO. 

The existenc e o f the desire d sequenc e {Si}  follow s fro m (172) . Thus , th e proo f of 
Lemma 8.4.8 i s finished. • 

Let u s retur n t o th e proo f o f Lemma 8.4.7 . I n general , w e have th e followin g 
inequality for £ > 0: 

d2 
dzaz 

exp(-C\z\-e) exp(-C\z\-' 
a2-e 

4 
| * r ' - 2 - e x p ( -C\z\-<) 

W-c)2, 
4 

Id-2'-2 

Hence, we obtain th e followin g inequality for some appropriate constan t G  > 0: 

(173) 
d2 

dzdz exp(-G\z\j) > -d • H^-^exp {-G\z\i)+C2-exp(-C3\z\i). 

We obtai n \g [^\h  ̂C4exp(—G|zp) , b y using (173) , Lemm a 8.4.8 an d th e standard 
argument a s in [1] and [82]. (Se e als o the proof of Theorem 7.2.1 and Theorem 7.2.4.) 
Because l^i^l ^ <  Celzp-1 • th e proo f of Lemma 8.4.7 i s accomplished. • 

Lemma 8.4.9. —  =  0(exp(—C\z\j)) with  respect  to  h. 

Proof. — W e can appl y a  simila r argumen t t o a  harmoni c bundl e (E1 , /i , #"*") on 
{X \  Dy.  W e have the decompositio n similar to (156) : 

dzdz™ 
(ïï,ô)€lrr(0t)x.Sp(0t) 

(El- fi-) V a,a' J  a,a/ 
o£lrr(0t) 

( 4 . 4 ) -

We pu t S\(j)  :=  {a G lrr(0t) |  ord(a) < j}  an d Sfa)  := {a G lrr(0t) |  ord(a) > j}. 
As i n th e previou s argument , w e put E^  : = 0 ^5* (j ) ̂ 4- B y Lemma 8.4.7, w e 
have th e correspondin g decompositio n B  =  B ^ +  B\^\ an d w e obtain B\^  — 
0(exp(—C|zp)) wit h respect t o h. 

Let 7r! ^ denot e th e projectio n ont o E^  wit h respec t t o th e decompositio n 
E =  EQ^  0  E\^\  Le t denot e th e projectio n ont o E^  wit h respec t t o th e 
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decomposition E  =  EQ^  0 E[3\  Accordin g to Theorem 7.2.1, we have the estimat e 
ita"* — ita^ = 0(exp(—e\z\3))  wit h respect t o h.  W e have the following : 

B[J) =  TT[ j)(B) =  B\ij) +  (TT[J)  - TT1W))(B) . 

Since B i s of polynomial order, w e obtain th e desire d estimat e fo r b[3K Thus , th e 
proof o f Lemma 8.4.9 i s finished • 

Now, th e clai m of Proposition 8.4.5 immediatel y follows from Lemmas 8.4.6, 8.4. 7 
and 8.4.9 . • 

Remark 8.4.10. —  Le t Y, D, u  an d (17 , c^, 0,/i) b e a s i n Subsectio n 8.4.1 . Du e t o 
Proposition 8.4.2 , w e can appl y Proposition 8.4.5 t o study the behaviou r o f any In -
harmonic 1-for m of (£A,BA) aroun d jD , after takin g an appropriate ramifie d covering. 

• 
Remark 8.4.11. —  Le t r b e an L2-sectio n of E suc h that (d  + 6)r  =  0. Fo r the de -
composition r =  Ylra correspondin g to E  —  ® £a > w e obviously have the vanishing s 
ra =  0 for a  7^ 0. W e also have a similar claim for 2-forms. • 

Remark 8.4.12. —  I n [90], the exponentia l deca y o f harmonic form s i s show n i n a 
special case with a different method . • 

8.4.3. General remarks on L 2-harmonic forms (Appendix) 

8.4-3.1. L2-cohomology  and  harmonic  forms.  —  W e recal l a  genera l remar k o n 
the L2-cohomology , followin g [96]. Le t (Y , g) b e a  complet e Kahler manifold . Le t 
dvol^ denot e th e volum e form associated t o g.  Le t (V , DA) b e a  A-fla t bundl e o n Y 
with a Hermitian metric h.  (Se e [86] and [69].) Le t C3 (V) b e the space of sections / 
of V  0  Clj  on y, suc h that /  an d DA / are L2  with respect t o h  and g.  (Here , DA/ 
is taken in the sens e of distributions. But , w e do not hav e to b e concerned wit h it , 
because (Y, g) is complete . Se e [3].) Thus , w e obtain a  comple x (£*(V) ,BA) . Le t 
iiP'(£*(Vr)) denot e the j-th cohomology group of the complex. 

Let DA * denote the forma l adjoint o f DA with respect t o h  and g.  Le t H3 denot e 
the spac e of L2-sections / o f V (8 ) OP satisfyin g DA / =  0  and DA* / =  0 . 

Lemma 8.4.13. —  Assume  that @j HJ  (C*(V)) is  finite dimensional.  Then,  the  nat-
ural map 0^ H3 — » 0^ H3  (C*(V)) is  an isomorphism. 

Proof. — W e use the inne r produc t (f,g)  :=  J h(f,g) •  dvol^ + / h(DA/,DA# ) •  dvol^, 
via whic h C3(V)  i s the Hilber t space . Le t Z3  denot e th e kerne l o f DA :  C3 (V) -> 
C3+l(V), whic h i s th e close d subspace o f C3(V).  Le t Z3±  denot e th e orthogona l 
complement of Z3 in C3 (V). Le t us see the continuou s operato r D A : £J-1(F) —* Z3. 
Because we have assumed dimH3  (>C#(F) ) <  oo , the image R3 o f DA is closed. Let H{ 
denote th e orthogona l complemen t o f R3 in Z3.  Then , we have the orthogona l de-
composition C3{V)  = R?  0 H{ 0  Z3\  and Hx i s naturally isomorphi c to Hj(£*(V)). 
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Let us show H{ = Hj. Le t / G  H{ . Fo r any C°°-section y of V <g> ft-7-1 with 
compact support, we have J(BA<£, f)h  ̂dvol̂  — 0. Then, we obtain DA*/ = 0 in the 
sense of distributions, i.e., / G  H3. For any / G  H\ and for any <p as above, we have 
J(BX(fj)huj =  J((p,Bx*f)hu ; =  0, and hence / G  H{ . Thus , we obtain Lemma 
8.4.13. , W , W • 

8.4-3.2. Harmoni c forms on a complete Kahler manifold. — Let (Y,g) and (V,DA ) 
be as in Section 8.4.3.1. Le t AA := DA o DA* + DA* o BA. W e recall the following 
general remark. 
Lemma 8.4.14. — Let <\> b e an L2-section ofV® ftj such that DA</> an d DA*</> are L2. 
Then, Ax(f) = 0 if and only ifBX(/) = DA*</> = 0. 
Proof. — We only have to show the "only if" part. W e fix a base point X o £ X. 
Let d(x,y) denot e the distance of x,y G X induced by g. Le t B{R) denote the set 
{xeX\ d(x , xo) ^ R} . A s in Page 90-91 of [3], we can take a sequence of Lipschitz 
functions X n (n = 1,2,... ) suc h that (i ) 0 ^ \ n ^  1 ? (ii) Xn(x) = 1  on B(n) an d 
Xn(x) = 0 on X — B(2n), (iii) \d\n\  ̂C for some fixed C and for almost every x G X. 
Assume </> satisfies AA0 = 0. We have the following: 

0 = (AA</>, Xn<t>)h dvolg - (DA0, BA(Xn0)) dvol, , 

(DA *(/>, DA*(Xn0))Mdvol,. 

Then, we obtain the vanishing ||DV||j* w + ||lD)A*0||hw =  0 due to the theorem of 
Lebesgue. • 
8.4-3.3. A  genera l remar k o n L2-conditions . — Le t X  denot e th e close d dis c 
{zGC| |2: |^ l} , an d we put D = {O} . Let uj be a Poincare-like Kahler form of 
X \ D . Le t dvol̂  denote the volume form associated to uj. Le t (V,DA) be a A-flat 
bundle on X \ D  with a Hermitian metric h. We recall a general remark. 
Lemma 8.4.15. — Let (j) be a C°° -section of V 0 Q? on X \ D . Assum e that 4> an d 
AA0 are L2 with respect to h and uj. Then , DA0 and DA*0 are also L2 with respect 
to h and uj. 

Proof. — For any C°°-section / o f V <S> fi-7' o n I\ D, let H/H/^ denote the L2-norm 
with respect to h and uj. I f the support of / i s compact, we have the following, for 
some number B0 which is independent of /: 

(174) Pxf \ \L +  Px*f\ \L =  Bo ù^ù$ 
(/> AA(/))„ dvolw . 

Let 0 be a C°°-section of V on X \ D , such that (j ) and AA(/> are L2. T o show 
the L2-property of DA</>, we only have to be concerned with the behaviour around D. 
Hence, we may and will assume that the support of <j) is contained in {\z\ <  1/2} , 
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i.e, there ar e no contribution o f the boundary {\z\  = 1} to the Stoke s formula. Le t x 
be any tes t functio n o n X \  D.  Le t B ^ * b e the operato r give n a s in Section 2.2 of 
[69]. (We wil l us e th e symbo l DA* fo r simplicity. ) Recal l DA * = —  \/—T[ Aw, DA*]. 
We have the followin g equality: 

(175) AA(x0) = DA*DA(x</>) = DA*(xBA0) + DA*(DA(x) • </>) 

= xAA(0) - VrÎAa;(DA*(x ) •  DA0) + uA*(0A(x) • 0). 

We obtain the following : 

(176) 
^ù$ 

(AA(x</>), x^)fcdvo L = 
JX^D 

(xAA0, x ^ ^ d v o L 

dzdz™^ù$ 
^ù$^ù$ù 

( A „ ( D a * ( x ) . D V ) , X 0 ) dvolw 4 
JX^D 

( D A ( x ) > , PA(x0))ftdvola, . 

The secon d ter m i n the right-han d sid e of (176) can b e rewritten a s follows , u p t o 
constant multiplication: 

[177) 
JX\D V 

(ao , (Da*(x) -X^V) ,0) dvolo ; = 

ù^$ (At,(DA*(x) • OA(X0) " E>A*(x) • BA(X) ' 0), 0) t dvoL . 
) \ /Al 

Let p  be a n .R^o-valued C°°-function on R  suc h that p(t)  =  1  for t  <  1/ 2 an d 
p(t) =  0  fo r t  ^  1 . Le t xa t : = p(—Af_ 1 log | z | ). Not e <9x;v , $Xi v an d d&XN  ar e 
uniformly bounde d wit h respect t o uj. We obtain th e followin g inequalit y fo r some 
constants B >  0 , from (174) , (175) , (176 ) and (177) : 

||!D>A(Xiv • *)||JfW ^  B  • •  ( | | 0 | | ^ + ||AA0|U,„ + ||DA(X^)||fcA 

We obtain the uniform boundedness o f ||Da(xat •  ^ , and hence ||DA(0)||/l?u ; < oo. 

Let 0  be a  C°°-section of V ®  fi1 o n I \D suc h that 0  an d AA 0 are L2 . As in 
the case of 0-form, we may assume that the suppor t o f 4> is contained i n {\z\  ^  1/2}. 
Let x  b e any test function o n X \  D.  W e have the followin g equalities: 

DA*DA(x0) = PA*(DA(x) • </> + X ' BA(0)) = 

DA*(DA(x) • </>) +  X • OA*OA(0) + VzÎDA*(x ) •  Aw(DA0). 

Similarly, we have the following : 

BADA*(x</>) = D ^ - ^ Ï A ^ D ^ x ) •</>) ) + X • OADA*0 + DAx • 0A*</>. 

ASTÉRISQUE 340 



8.4. HARMONIC FORMS 245 

Hence, we have the following : 

(178) (Ax(X<t>), x*)hiU)dvoL = 

JX^D K 
(da * (©A (x) • <fi) - VZÏD A (A , (BA*x • 4>))i x4>) <) dvolo, 

+ 
x(xH, DA(x<A))hiWd 

dzdz™x(xH, DA(x<A))hiWdx(xH, DA(x<A))hiWd 
$*^ù$ 

dVOlo; 

mù^m 
fX^D 

x(xH, DA(x<A))hiWdm:ù 

The firs t ter m i n the right-han d sid e can be rewritten a s follows : 
(179 

^m:ù^$ù 
(Bx(xH, DA(x<A))hiWdvolu , 

Jx^D 
( ^ Î A w ( D A * x ^ ) , © ^ ( x ^ O ^ d v o L 

The secon d term in the right-han d sid e of (178) ca n be rewritten a s follows : 

(180) 
x(xH, DA( 

^ o a * x - a w d a ( x < / > ) +  i>ax-ba*(x<A) , 4 
h,oo 

dvolu; 

Jx^D 
V^ÏDA*Y •  A J D ^ y ) • </>) + >/=ÏDAx • A j B A * M ' 0), 0 ) 

/ h,u> 
dvolo;. 

Let XN  be as above. Due to (178) , (179 ) and (180) , we obtain the following , fo r some 
B > 0: 

(181) | |OA(XN^)|L + ||BA*(XA,-0)|L^ 

S| |0lkw(| |0lkc + ||BA(Xiv • 0 ) | | ^ + ||lD)A*(Xiv • +  HAVILj 
Then, w e obtain th e unifor m boundednes s o f I | d a ( x W ) | U Px*(xN-<t>)\\h>u>, 
and hence I  BA0|| < oo and DA*</ > < oo. 

The clai m fo r 2-form s ca n b e reduce d t o tha t fo r 0-forms . Thus , th e proo f of 
Lemma 8.4.15 is finished. • 

A sectio n (ft  of V ® OP i s called a harmonic z-for m of V, if AX(f) = 0. W e obtain th e 
following corollary. 

Corollary 8.4.16. —  Let  (j) be a harmonic i-form of  V which  is L2 with  respect to h 
and CJ. Then, DA0 and DA*</> are also L2 with respect  to  u and  h. • 

Remark 8.4.17. —  Th e claims of Lemma 8.4.15 and Corollar y 8.4.16 should hol d in 
the cas e o f complete Kàhler manifold with an appropriat e exhaustio n function . W e 
omit the details . • 
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8.4-3.4- Refinement  of  Lemma 8.4-14-  — Le t C  b e a  smooth projectiv e curve , an d 
let Z  be a finite subset of Z. Le t (V , DA) be a A-flat bundle o n C \Z wit h a Hermit ian 
metric h.  Le t u b e a Kahler form of C \ D  which is Poincare-like around D. 

Proposition 8.4.18. —  Let  (j)  be an L2-section ofV^^l1  on  C \D. Then,  Ax(f)  =  0 if 
and only ifBx</>  = BA*</ > = 0. 

Proof. — W e only hav e t o sho w th e "onl y if " part . Assum e AA</ > =  0 . Becaus e 
Corollary 8.4.16 , we obtain tha t DA 0 and DA*(/ > are L2.  Then , w e obtain DA</ > = 0 
and D A *0 = 0  due to Lemma 8.4.14. • 

Remark 8.4.19. —  Propositio n 8.4.1 8 should hol d fo r a  A-fla t bundl e on a  complet e 
Kahler manifold with appropriate exhaustion functions. W e omit the details . • 
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CHAPTER 9 

ASSOCIATED FAMIL Y OF 
MEROMORPHIC A-FLA T BUNDLES 

Let (E,  dE,0,h) b e a good wild harmonic bundle on X x  D, where X i s a complex 
manifold and D  is a simple normal crossing hypersurface. W e have the family of A-flat 
bundles (£ , D) o n C\ x  (X \  D)  associated t o (£" , <9#, 0, h). W e would like to extend 
it on C\ x  X i n a meromorphic way. We have already obtained a  meromorphic pro-
longment V£x  o f (£A,DA) fo r each fixed  A  in Chapter 7 . However , as was mentioned 
in th e Introduction,  the famil y \JV£x  canno t b e a  nic e meromorphic objec t unless 
the harmoni c bundl e i s tame. 

In this chapter, for a given complex number Ao , we study a preliminary prolongment 
-p(*O)£ on a neighbourhood of {Ao} x X obtaine d as the sheaf of holomorphic sections 
whose norms ar e of polynomial growth with respect t o a  modified metric V^x°^h.  It 
will be deformed to Q^x°^£  i n Section 11.1, that i s the desire d family . 

In Sectio n 9.1 , w e construct a  filtered  bundle viX°^£. I n Sectio n 9.2 , w e show 
that (PiAo^£,D ) i s a  goo d famil y o f filtered A-flat bundles . W e also show that th e 
specializations V^x°^£x are obtained a s the deformation of V£x cause d b y a variation 
of irregular value s (Section 4.5.2). 

In Section 9.3, we give a remark o n the growth order of the norms of partially flat 
sections uniformly for A . Thi s is a preparation fo r the proo f of Theorem 11.2.2. (See 
Section 11.4.) 

We stud y a  locall y unifor m compariso n o f irregular decomposition s o f (V£°,'B0) 
and (7^A°)£,B ) i n Sectio n 9.4 . Becaus e w e will no t us e i t i n the othe r par t o f this 
monograph, the reade r ca n skip it . 

9.1. Filtered bundle viXo)£ 

9.1.1. Local construction of viX°^£x and viX°^£ in the unramified case 

We use the setting and the notation in Section 7.2. W e put g(X)  := <7irr(A) • #REG(A), 
where glTT an d greg  ar e given as follows : 

0irr(A) := exp 
' aelrr(0) 

Aa • 7ra j PREG(A) :  = 
t 

ù^$ùm 
exp 

<*esp(0,j) 
A-a- log l^ l2 -7ri> a 
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Here, 7r a denote the projection s onto Ea  in the decompositio n (92) , an d 7TjjQ, denote 
the projection s onto Ejia i n the decomposition (93) . 

Let U(Xo)  denote a  neighbourhoo d o f A o in C\.  W e set X^Xo>}  : = J7(A0 ) x  X. 
We us e th e symbol s £>(A°) an d v\X^  wit h similar meanings . W e have the followin g 
Hermitian metrics of £|#(Ao)VD(ao): 

(182) 
V^h(u,v) := h(g(X - X0)u,g(X - X0)v) 

^in0)Hu^v) :=  M#rr(A - \o)u,gÌTT(X - X0)v). 

The naturall y induced metric of £x ( A G U(XQ)) i s also denoted by the same symbols. 

Notation 9.1.1. —  Le t a G  R?. Le t V b e an open subset of X^x°\ W e set 

V(aXo)£(V) := x(xH, DA(x<A))hiWd p(*o)/i = U 
e 

$ù^$ 
x(xH, DA(x<A))hiWd:ù: 

where : = V \X>(A°). By taking sheafification, w e obtain an Gx(a0)-module viX°̂ £. 
We put p(Ao)£ := (JaGjR* viXo)£. Th e filtered shea f on (Af(a°>,2><a°>) is denoted by 
piAo)f. 

The specializations of piAo)£ and VM£ t o {A} x X are denoted by viXo)£x and 
VM£X, respectively . Th e specialization of viXo)£ to {A} x (X,D) i s denoted by 
T>iXo)£x. • 

9.1.2. Globa l constructio n o f viXo)£x and viXo)£. — The construction of the 
filtered shea f viXo) £ in Section 9.1. 1 can be obviously globalized and extended to 
the ramifie d case . Le t X be a general comple x manifold , an d let D be a simple 
normal crossin g hypersurfac e wit h the decomposition int o irreducibl e component s 
D = \JieADi. Let (E, &e, 0, h) be a good wild harmonic bundle on X\D, which is not 
necessarily unramified. Le t U be an open subset of X with a holomorphic coordinate 
(zi,..., zn) such that U  D D = \J£j=1{zj = 0}. W e take a ramified covering (p : U' —> 
U given by ^(Ci,...,Cn) =  (Cimi,..-,Cr50+i,-..,Cn ) suc h that <p*(E,dE,6,h ) is 
unramified. Then , we obtain the Hermitian metrics as in (182). Since it is equivariant 
with respect to Gal(C///{7), we obtain the Hermitian metrics V x̂°̂ hu an d V̂ X°̂ hu 
of £\u(\0)x(u^d)- B y the same procedure, we obtain the filtered shea f viX°̂ £u on 
[/(Ao) x (U,D fl U). Whe n we are given two such open sets Ui (i — 1,2) of X, the 
Hermitian metrics V<<X{̂hui (i = 1,2) are mutually bounded. Hence , the restrictions 
of the filtered sheaves viXo)£Vi to U(X0) x (U± n U2, D fl (C/i fl J72)) are the same. B y 
varying U and gluing viXo)£u, we obtain the filtered sheaf viXo)£ on (Af(A°),2}(A°)) , 

where Af(A° ) denote s a  neighbourhood of {A0} x  X i n CA x X an d £>(A° ) : = X^ f l 
(CA x  2?) . 

We wil l show the followin g theorem in Section 9.1.3. 
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Theorem 9.1.2. — viXo)£ is  a filtered vector bundle on  (X^X°\V^), if  X^ is  suf-
ficiently small. 

We hav e th e induce d filtration  o f V {ao)£^o) •  Th e tuple {lF^  \i  G A ) 

is denoted b y F^x°\ W e have the wea k norm estimat e u p t o smal l polynomia l or-
der i n th e followin g sense . Fo r simplicity , we consider th e cas e X  =  AN  and D  = 
\J£J=I{ZJ =  0} . Assum e that U(Xo)  is sufficiently small . Le t v b e a  frame of 

compatible with F(Ao) . Le t a^Vi) :=  -MegF(Ao)(vi). W e put v[  := Vi l[ej=1 \zj\a^Vi\ 
Let H(V^x°^h,v')  denot e th e Hermitia n matrix-value d functio n whos e (z , j)-entries 
are given by V^^hty^Vj). W e have the weak norm estimate u p to small polynomial 
order, which will als o be proved in Section 9.1.3 . 

Proposition 9.1.3. —  For any e > 0, there exist a positive constant C£ such  that 

ci1 
£ 

x(xH, DA(x<A) 
\Zj\e ^H(V{Xo)h ,v')^Ce 

£ 

J=l 

\zj\-£. 

9.1.3. Prolongment TaX°^£. —  Le t us return to the settin g i n Section 9.1.1. We 
put T(A°)d'A ' := g{\ -  A0 ) o (dE + A0t) o  g(X -  Ao)"1 . Le t T^£ denot e the followin g 
holomorphic bundle o n X^ \  V^: 

x(xH, DA(x<A))hiWdù$^ù$ 

Let a G Re. Fo r any open subset V  C X^x°\ w e define 

T^£(V) := {/ G T^£(V*) \f\h  = O 
£ 

4=1 

x(xH, DA(x<A)) V e > 0 | , 

where V* := V \ V^x°\ B y taking sheafification, w e obtain a filtered sheaf T*Xo>}£ on 
(X(x°\T>(x°}). The following lemma is clear from the construction. 

Lemma 9.1.4. — The multiplication o f g(X — Ao) induces the holomorphic isomor -
phisms £ ~ T(A°)£ and viXo)£ ~ Ta(Ao)£. • 

Therefore, we obtain Theorem 9.1.2 and Proposition 9.1.3 from the following propo-
sition. 

Proposition 9.1.5. — // X(x°"> i s sufficiently small , T*X°̂ £ i s a filtered bundle on 
(X(x°\£>(A°)). Th e weak nor m estimat e u p to small polynomia l orde r hold s for 
(T*X°̂ £,h). (Se e Proposition 9.1.3 for weak norm estimat e up to small polynomial 
order.) 

Proof. — We put A(A - A0) := T^d'{ - d̂ Q. According to Theorem 21.8.1, Propo-
sition 9.1.5 follows from the following lemma. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



250 CHAPTER 9. ASSOCIATED FAMILY OF MEROMORPHIC A-FLAT BUNDLES 

Lemma 9.1.6. —  IfU(Xo)  is  sufficiently small, we  have |A(A — A0) L ^ C | A - A 0 | 
on A ^ 0) \ T>(x°\  where  gp denotes  the Poincaré metric for X \  D. 

Proof. — Le t $ b e given by (122) . We have the followin g equality: 

(183) A(A - A0) = A0 • (g(X - A0) o (fit _ $ ) 0 g(X - Ao)"1 - (0f - $ ) ) 

+ (A - Ao) • g(X - A0) o (V _ $\ 0  g(\ _ Ao)-i. 

Let u s loo k a t th e firs t ter m o f (183) . W e use th e decompositio n a s i n (95) . I f 
(a, a ) ^ (a7, a'), we obtain the followin g from (124) : 

(184) V a - A0) o (0t _ $ ) o g(X - Ao)"1 - (0t - * ) 
'(o,a),(o',a') 

= e x p ( ( A - A 0 ) ( â ' - â ) ) 
e 

x(xH, DA(x<A)) 

^.^(A-AoXäJ-äj) _ i • ( 0 f - $ ) , w  , n 
V / (a,ck),(er,ex') 

= |A - Ao| • o(exp((A - A0)(a' - a)) 
E 

x(xH, DA(x<A) 

I«j|2(A_Ao)(55_Sj)) x 

0(exp(-£ |zOTd(°- t , ' ) | ) .Q£(«,a ' ) ) 

If I A — AQ I is sufficiently small , we have 

| ( A - A 0 ) ( ä , - ä ) | -s|zord(a-a,)| < -s\zord^-a^\/2 
£ 

3 = 1 
r I |2(A-Ao)(a;-aJ) x Q ^ ^ ) = O(Q£,2{CL,  Ct'j) 

We als o have (g(X  - A0) o (flt _ $ ) 0 #(A - AQ)"1 - (0 * - $ ) ) 
(a,a),(o,tt) 

= 0. Hence, 
we obtain the desire d estimate fo r the firs t term . 

For the secon d term, we have the followin g in the cas e (a, a ) ^ (a', a'): 

(185) (g(\ - Ao) o (ßt _ $ ) o g(x - Ao)"1) 
' (a,ct),(a/,a:/) 

= exp((A - A0)(a - a) 
t 

3 = 1 

\z \2{\-\0)(a,j-acj) . 
V / (a,at),(a',a') 

= o (exp( (A-A0) (ä ' - ä ) 
m:ù^^ 

x(xH, DA(x<A))hiWd 

|^.|2(A-Ao)(a;.-ai)y0/ exp(-5|zord(a-a/)|)Ô£(a,a/) 

We also have the following: 

^ ( A - A o ) o ( 0 t _ $ ) o ^ ( A - A o ) - 1 
' (a,a),(a,ot) 

ù^m$ 

3 = 1 
)ff-dZj + 

n 

3=1+1 
fr-dz3 
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Therefore, w e obtain the desire d estimate i n Lemma 9.1.6. The proof of the proposi-
tions i s also finished. • 

9.2. Family of meromorphic flat A -connections on viX°^£ 
9.2.1. Comparison of p(x°)£x and V£A. — W e continue to use the setting in Sec-
tion 9.1.2. W e would like to give another interpretation o f the specialization p(x°^£x, 
as the deformation of meromorphic A-flat bundle s caused by variation of the irregula r 
values, explained in Section 4.5.2. Fo r any complex number A , we set 

(186) T(A) 
1 + AAo 

= 1  + |A|2-

We take a = (a* ) G  RA suc h that a* 0 Var(P£x°,i) fo r each i. 

Proposition 9.2.1. —  Let  P be  any point of  X. There  exist a neighbourhood Xp of  P 
in X and  a neighbourhood Up(Xo)  of  Ao in C\, such  that  the following holds  for any 
XeUp(Xo): 

• We have the natural isomorphism PaXo^£pcF , -  (VaSix )(T(A) ) ofOxp-modules, 
which is the  extension  of the identity on  Xp x  D.  (We  put  (Va£0)^  —  Pa£° 
formally, in  the case XQ =  0.) 

• In particular, we have the isomorphism ' V™£hp ~  (V£x  )« {TW) ofOXp(*D)-
modules, which is the extension of the identity on  Xp \  D. 

Proof. — Th e claims are local properties. Therefore , we may and wil l use the settin g 
in Sectio n 9.1.1 . W e only have to sho w the first  claim . Le t U(XQ)  denot e a  smal l 
neighbourhood o f Ao in C\.  Le t a  G  R^ b e as above . W e consider th e prolongmen t 
for th e metri c P^X°^h,  i.e., for any open subset V  C  X^x°\ w e set 

x(xH, DA(x<A))hiWd f e £(V*) \f\v(*o)h = 0 
ù!$ 

¿=1 

x(xH, DA(x<A))hiWd Ve > 0 

where V* := V \  V^x°\  Thus , we obtain a n Oxixo) -module v[Xo)a£. 

Lemma 9.2.2. —  We have T>(X°} f 'p(̂ o)Ç 
Mrra° — ra C 

for a as  in this  subsection, ifU(X0) is 
sufficiently small. 

Proof. — Note that v[Xo)h and V^Xo)h are mutually bounde d u p to l^l-7^-^0'-orde r 
for som e rj > 0. Then, the clai m of Lemma 9.2.2 follows from Proposition 9.1.3. • 

We remar k PLXr0)h = girr(X-Xo)*h. (See Section 7.6.1 for <7irr(w)*/i. ) 

Lemma 9.2.3. —  If the  divisor D is  smooth, the claim of Proposition 9.2.1 holds. 
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Proof. — We would like to appl y Propositio n 7.6.1. We use th e notatio n i n Sectio n 
7.6.1. Note T(A) = T i ( A - A 0 ) . 

Let u s conside r th e cas e A0 = 0 . Let X^  := 17(0) x X an d W  := ({7(0 ) x  D)  U 
( { 0 } x  X). W e take a finite covering X^ \  W  — \JSi satisfyin g th e following : 

5*6 
j oeirr(6>,j) 

MS(XW^WXJ))-

For eac h A G 17(0) \ { 0 } , let Sf  := S{ D ( { A } x  X). Then , we have 

Sxe 
j aGlrr(6>,j) 

MS({X} x  (X\D)XJ)) 

If 17(0) is sufficiently small , w e may assume €2 = £1  in the conditio n (A2) . W e have 
T(A) = ( 1 + |A|2)-1 > 0  for any A , and henc e th e secon d assumptio n in Propositio n 
7.6.1 is trivial. Therefore , the clai m of Lemma 9.2.3 in the cas e A o = 0  immediately 
follows from Proposition 7.6.1. 

Let u s conside r th e cas e A o ^ 0. We can tak e a finite covering X \  D  = U^Li 
where Si  ar e multi-sector s satisfyin g th e following : 

{A0} X  Si  £ 
j aelrr(0,j) 

MS({\0}X(X^D),LLJ)) 

If U(XQ)  i s sufficiently small , we have the followin g fo r any A  G £7(AQ): 

{ A } x  ST  £ f 
j o€lrr(0j) 

A<<S({A} x ( X \ £ > ) , I ^ ) . 

We ma y assum e tha t th e condition s ( A l ) and (A2 ) are als o satisfie d fo r eac h 
A € U(\0). W e put Tt(X)  := t + (1 - i )T(A) . Le t (j(j))(Tt(A) ) == {TtW • c | c € J^0}. 
If (7(A Q) i s sufficiently small , we may also have the following : 

{ A } x  SI  € f 
J a€lrr(6>,j) 

x(xH, DA(x<A))hiWdx(xH, DA(x<A))hiWd 

Then, the second assumption of Proposition 7.6.1 is satisfied, an d the claim of Lemma 
9.2.3 follows. • 

Due t o Theore m 9.1.2, V(aXo)£x i s locall y free. W e also kno w that (Va£x){T{X)) 

is als o locall y free. Le t := U i / j ^ H £>j. B y using Lemma 9.2.3 and Lemm a 

4.5.7, we obtain a  natural isomorphism o f V{ao)£x an d (Va£x)(T(A)) o n I \ . By 
Hartogs theorem , i t ca n b e extende d t o th e isomorphis m o n X.  Thus , th e proo f of 
Proposition 9.2.1 is finished. • 

We hav e immediate consequence s o f Proposition 9.2.1. 

Corollary 9.2.4. —  Let  P be  any point of  X. Let  Xp and  UP(XQ) be  as in Proposition 
9.2.1. 

• For any X  G Up(X0), the  flat X-connection  DA ofV^£K  is  meromorphic. 

• (viXo)£x,1Bx)lXp is  good. 
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• The set  of  the irregular  values of (p(A°)£A,0A) is given by 

lrv(V{Xo)£\BA) := { ( 1 +  AA0) • a| a G lrr(0)} 

under the setting in Section  7.2. 

9.2.2. The family of flat A -connections of VM£  and the KMS-structure 
at A Q 

We continue to us e th e settin g in Section 9.1.2. 

Corollary 9.2.5. — Let P be any point of X. Le t Xp and Up(Xq) be as in Proposition 
9.2.1. 

• The family of flat X-connections D of'p(A°)]£\uP(\0)xxP i s meromorphic. 
• The family of filtered X-flat bundles {viXo)£, D) ¿5 good on U{X0) x (XP, XPnD). 
• The irregular values of (p(A°)£,B) i s given by 

Irr(P(Ao)£,D) := {(i + AAo)-a|aGlrr(0)} 

under the setting in Section 7.2. 

Proof. — It follows from Corollary 9.2.4 and Proposition 2.3.7. 

Proposition 9.2.6. — (Vi £,B ) has the KMS-structure at Xq in the sense of Defini-
tion 2.8.1. 

Proof — We may assume tha t D  is smooth. W e consider viX°^ £/V<a^£ on D. 
Take s >  0 . If U(X0 ) i s sufficiently small , w e have {viXo ) £ / V ^ ]Dx[x } ^ 
(Va+££X)TW j(Pa-e£x)TW for any A G U(X0). Hence, we can conclude that the set 
of the eigenvalues of Res(DA) on {V^Xo)£/V{X^£j-.-. i s given by the following, 
according to Proposition 8.2.1: 

{t{X,u)\ue1CMS(£0), p(A0,i O = a}. 

Thus, we are done. 

Prom the proof of Proposition 9.2.6, we also obtain the following corollary. 

Corollary 9.2.7. — Let P be any point of X, an d let Xp an d Up(Xo) be as in Proposi-
tion 9.2.1. For each X G Up(Xo), we have the induced filtered bundle {V̂ x°̂ £\xP)X as 
given in Section 2.8.2. IfUp(Xo) i s sufficiently small , we have the natural isomorphism 
{ViXo)£\xP)X ^ (̂ *£|xP)(T(A) ) ° f the family o f X-flat bu ndles for each  X  G UP(X0), 
where T(X) is  given as in (186). In particular,  we  have the  isomorphism of  meromor-
phic X-flat  bundles  (P{Xo)£\Xp)X  ^  ( ^ | \ P ) ( T ( A ) ) for  each  X  G UP(X0). • 
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9.2.3. Comparison of p(x°Ï£ and V^£.  — We continue t o us e th e settin g i n 
Section 9.1.2. Let a G  .RA be a s i n Subsectio n 9.2.1. Let P  b e an y poin t o f X, 
and le t Xp  an d Up(Xo)  b e a s i n Propositio n 9.2.1. We take Ai G  UP(\Q). B y 
shrinking Xp , we may also assume to have (p(Al)£,B) on Up(Xi)  x  (Xp, DnXp) fo r 
some neighbourhood Up(Xi)  C  UP(XQ)  o f Ai. We assume 0 ^ UP(Xi),  althoug h A0 
may be 0. 

Proposition 9.2.8 
• The family of  meromorphic  X-flat bundles  { : ^ ( A O ) ^ W ( a i № is naturally 

isomorphic to  the deformation ( p(Xl)£ B)(T) with 

T/ =  ( 1 + AA0)-( 1 + AA1)-1 . 

• The family of  meromorphic  X-flat bundles  (VJ^°^£,H)), |C/p(Ai)xXp is naturally 

isomorphic to  the deformation 7>iAl)£,D) ̂ ù!$^ù 
'\Up{\i)xXp' 

Proof —  W e only have to sho w the secon d claim . Accordin g to Lemm a 4.5.5 an d 

Proposition 9.2.1 , both th e restriction s viXo)£\{X}xxP  an d (PaXl)£)(^}xXp  ar e nat-

urally isomorphic to ( P a f * ) ^ , wher e Tx =  ( 1 + AA0)(1 + |A|2)_1 . Then , it is easy to 

see that the natural isomorphism of PLXO)£\U(\0)x(XP^D) an d (PaXl)£)^(Xo)x{Xp^D) 
can be extended to the isomorphis m on Xp. • 

From th e famil y o f A-fla t bundle s (viXo)£,B)  o n UP(X0)  x  ( X P , X P f l D) wit h 
the KMS-structur e a t A0 , we obtain th e famil y o f A-flat bundle s (0P(A°)£)iAl) , D) o n 
UP{X1) x  ( X p , X P H  D) a s in Section 2.8.2. 

Proposition 9.2.9. —  We have the natural isomorphism 

((p(A°)£)iAl\p) ~  (VÏXl)£^){T'\ 

where T' is  given in Proposition  9.2.8. 

Proof. — We have the isomorphism (p(Ao)£)(Ai)j]D)) ~  (V{Xl)£,B){r) due to Propo-
sition 9.2.8 . Then , the clai m follows from Lemma 2.8.3. 

9.3. Estimate of the norms of partially flat sections 

We use the setting i n Section 7.2.1. For simplicity, we assume that the coordinat e 
is admissible fo r the goo d se t lrr(0) . Le t k  b e determined b y the conditio n m(0) G 
Z<0 x  Oe-k Le t A0 G C\. Le t X^ denot e a neighbourhood of {A0} x X i n C\ x X . 
We us e th e symbol s like £>(A°)(^ k)  wit h similar meanings . I n the cas e A Q = 0 , we 
put W{^  k) :=  £>(A°)(^ k) U ( { 0 } x  X ) . Otherwise , we put W(^  k)  := £><A°)« k). 
Let 7T : X(Xo\W(^ k))  -* X^ denot e th e rea l blo w u p o f X^ alon g W(^  k). 
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Let Z(A° ) denote the image of Irr(p(A°)£,B) b y ^m(o)- Le t denot e the restrictio n 
of D to derivations along the ( z i , . . . , ^-direction. 

Let S be a  multi-sector i n \  fc),  an d le t S denote th e closur e o f S in 
A^A°)(W(^ k)).  I f S is sufficiently small , we have the partia l Stoke s filtration Ts  o f 
p(*o)£ on g at th e leve l m(0) indexed by the ordere d se t (I^x°\^s)  du e to Propo -
sition 3.3.2. 

Lemma 9.3.1. —  Le£ f be  a D<-fc-/?a£ section of End(V^x°^£)\s such  that 
• [ReSI(D),/|P(X0)N5J = 0 / o r * = *  + ! , . . . , * . 

• /i:D(̂ o)nc preserves  the filtrations *F(A°) /or z = k + 1,... , ̂ . 

• f{FÎV^Xo)£)  c ^aV{nXo)£  for  any  a e lvv(V^£,D). 
/ / w e shrink  S in  the  radius direction, we have the estimate 

l /U^C - exp f - e lA -V"*0 ) ! ) 

/or som e C > 0  and e > 0. 

Proof — We use a n inductio n o n L  W e assume that th e clai m of the lemm a holds 
for an y unramifiedly goo d wild harmonic bundle s o n X' \  Df,  where X' = An, D\ = 
{zi = 0} and D'  = Uti D'i for £' < L 

By shrinkin g S in the radius direction, we can take a  D^-flat splittin g o f Fs: 

(187) t>(̂ o) Ç_ . 

x(xH, DA(x<A)) 

X>(A0)r> 

Let =  (uais) b e a frame of VoX°^£\s compatible with the decomposition (187). Let 
Bais be the matri x value d function determine d b y 3^kUa,s —  ^a,s *  ( d ^ a +  Ba,s), 
where d^k  denot e th e restrictio n o f the exterio r differentia l alon g th e ( z i , . . . , z^)-
direction. Shrinkin g S  i n the radiu s direction, we may assume that |A_ 1 •  Bajs\ ar e 
sufficiently smaller than |Re(A_1(a— b))| on S for any a, b G  J^A°) such that a <s b. By 
shrinking X , w e may assume that S is of the form n*U Sec[l , 6>f}, 6>f}] x An~k x U(X0) 
in the followin g argument , wher e U(Xo)  is a neighbourhood o f Ao in C\  i n the cas e 
Ao 0 , or a small sector Sec ^A, 6^]  C  i n the cas e A o = 0 . 

Let u s show the followin g statement by a descending induction o n m ^  k: 

ACmi : Let f  b e a D^-flat sectio n of End£I C such that 
• ReSi(D)/. (A0)nc = 0  for 2 = ra + 1,.. . , 4 

• f(^V(0Xo)£) C  fSaV(0Xo)£ for any a . 
If w e shrin k S  i n the radiu s direction, we have the followin g estimat e fo r some 
C > 0, e > 0 and N >  0: 

l / U ^ C - e x p ^ l A - 1 ^ ! ) 
m 

i=k+l 
log |^ | 

mù^$ù 
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First, le t u s sho w A(£).  W e have the expressio n /  =  ^a<s b f *,b,i,j •  Ua,i ®  uX,j-
Because /  i s D^-flat, w e have |/fl>b ,i,j| =  0(exp(-£1\\-1zrn^\))  du e t o Corollary 
20.3.6 an d Corollar y 20.3.9 . Le t v  b e a  fram e o f V^o)£  fo r whic h w e hav e th e 
expression /  =  ^2 fij  •  vi ® vY. Le t B  b e determine d b y us  —  v •  B, an d the n B 
and B~l  ar e bounded. Hence , we have \fij  \  — 0(exp(—E2\\~1zrri^\)). W e put 

Z := { ( A , zu ..., zn) G S I 1/2 <  \ZI\ < 1 , i = k + 1,.. . , £ } . 

Lemma 9.3.2. —  We  have the estimate \f\h =  0(exp(—£3|A lzrn^\))  on  Z. 

Proof. — Le t V^x°^h b e the metri c a s i n Sectio n 9.1.1 . B y construction o f V^x°^£, 
we hav e |̂ |<p (A0)fc, ^ C  • 11*=i \zi\~S  O N ^  ̂ O R SOM E ^  >  0 . Hence , we have \f\-p(\0)h  = 
O(exp(-^4|A_1zm(0)I)) o n Z fo r some e4 >  0. The metrics V^Xo)h and h  are mutually 
bounded u p t o exp(C"| A —  Ao| •  |zm^|)-order. Hence , we obtain th e estimat e wit h 
respect t o h  by shrinking S  appropriately . • 

Let u s return to the proo f o f Lemma 9.3.1 . Le t Z\  \—  C\i=k+i(Vi  ^  ^e t 
denote th e projectio n S  —•  Z\. Le t u s conside r th e restrictio n t o ^ ^ ( A , Q)  fo r 
(A, Q)  G  Z\.  Th e metrized holomorphic bundles (End(£) , h)^-I^X ar e acceptable , 
whose curvature s ar e dominate d uniforml y fo r (A, Q) G Z\. Hence , we obtain th e 
following estimate du e to Proposition 21.2.8 : 

|/|tt-1(A,Q)(^+1,..-,^)|^ : c max j 
K M / 2 1 
=k+i,...,e 

|/|7T-i(A,Q)(4+l»---^ì)Lf 

£ 

i=k+l 
log |^ | 

N 

Here, the constan t C  i s independent o f A and Q.  Thus , we obtain A{£). 

Let u s show A(m —  1), by assuming A(m).  W e put g  := D(9m)/. Sinc e # satisfie s 
the assumptio n o f A(m), w e have the followin g estimate : 

bU^C-expt-es-IA-V^i; m 

z=fc+l 
log |^ | 

ù!^$ 

Let ?r m : 5 - > £>^o) denot e the projection. W e pu t ^ ( A , Q) * : = T T " 1 ^, Q ) \ { ( A , Q ) } 
for (A,Q ) G  7rM(5). Le t A m denot e th e Laplacia n —  DZRN •  C\RN.  W e hav e 
A^|/|^1(A,Q)lI <  K-\X,Q)\l  b y Corollar y 7.7. 5 o n T r " 1 ^ ) * . Becaus e 
R e s M ( P ) ( / | ( A , Q ) ) =  0 , w e obtai n th e boundednes s o f th e sectio n F\^(\Q)  b y 
the norm estimate i n the curve case. (Se e Proposition 8.1.1. ) W e can take GA, Q with 
the followin g property : 

AmGA,Q = |fl|x-i(AiQ)|fc, \GX,Q\  < C-exp(-£6|A-1z"l(°) | 
m—1 

i=k+l 
log |^ | 

AT 
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Here, th e constan t C  i s independen t o f the choic e of Q  an d A . Then , w e have 
Aro(l^m1(A,Q)lfc"GA,Q) < 0 , and hence we obtain the following : 

I/Itt-^Q)^™) I2 \h max 
l<J=l/: 

f\^(\,Q)^zm)\h 

+ 2Cexp(-£7|A-1^m^| ) 
ra— 1 

x(xH, DA(x<A 
log I   ̂I 

N 

By th e inductiv e assumption o n £, we may assume t o have the desire d estimate for 
the restrictio n of / to {z e  X \  D | 1/3 <  \zm\ < 2/3} x U(X0).  Thus , we obtain 
A(m — 1), and A(k)  mean s the claim of Lemma 9.3.1. • 

We can show the following lemmas by using the same argument a s in the proof o f 
Lemma 9.3.1. 

Lemma 9.3.3. —  Let S be a small multi-sector in A^A°) \  k).  Let  f be  a D^k-flat 
section of F<QVQX°^£\S such  that  ReSi(D)/|X>(A0)n5 = 0  for i = k + 1,... , £.  When we 

shrink S in the  radius direction, we  have the estimate \f\h ^  Cexp(—e|A_1zm^| ) 
for some  C > 0 and s > 0. • 

Lemma 9.3.4. —  Let A  ̂ 0. Let S be a small multi-sector of X \  k),  such  that 
we have the partial Stokes filtration Ts ofV£^  at  the level m(0). Let  f be  a 3^k-flat 
section of  F^QVE^ such  that ReSi(3x)f\Ding  = 0  for i  — k + 1,.. . ,£. When we 

shrink S in the  radius direction, we  have \f\h ^  Cexp(—e|zm^| ) for  some  C > 0 
and e  > 0. • 

9.4. Locally uniform comparison of the irregular decompositions 

We wil l compare the irregula r decompositions of (V£°,B°)  an d (p(A°)£,D) . Th e 
main results of this section are Lemma 9.4.4, Corollary 9.4.5, Lemma 9.4.8 and Corol-
lary 9.4.9. Because we will not use them in the rest of this paper, the reader can skip 
here. 

9.4.1. Around A 0  ̂0 . — W e continue to use the settin g i n Section 9.3. Le t us 
consider the case A Q ^ 0. 

Lemma 9.4.1. —  Let  S be  a small multi-sector in X^ \  £>(A°)(^  k). 
• We  can take a B^k-flat splitting  V{Xo)£^  =  ®V{Xo)£a,s  of  the  Stokes filtra-

tion Fs at  the level m(0), whose  restriction  to  S D  T>\X^ is  compatible with  the 
residues Res^(D) and  the filtrations for  i = k + l,...,£. 

• If  A o is  generic, then  we can take a lb-flat splitting with the  above property. 

Proof. — I t follow s fro m Propositio n 3.6.7 and Proposition 3.6.8. • 
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Let Xx := {A} x X. We use the symbols like T*x(^ k) with similar meanings. W e 
also use the symbol Sx to denote S D Xx for a multi-sector S in X^ \  T>(x°\ ^ k). 
Lemma 9.4.2. — Let S be a small multi-sector in X^ \  £>(A°)( ^ k). Le t V{Xo)£^ = 
0P^°^a , s b e a H)<̂ k-flat splitting as in Lemma 9.4.1. 7/|A — A0| is sufficiently small, 
the restriction of the splitting to Xx gives a splitting of the Stokes filtration JrS X of 
x(xH, DA(x<A))hiWd 
Proof — The restriction V{Xo)£xx = ®^Xo)£aS\sx &ive s a splitting of the Stokes 
filtrations J7^ (V{Xo)£xx) of VM£XX. Then , the claim follows from Lemma 4.5.8. 

Let p™s°^ denote the projection ont o V̂ Xô £a,s- Le t p™ '̂ com e from anothe r 
decomposition with the first property in Lemma 9.4.1. 
Lemma 9.4.3. — Whe n we shrink S in the radius direction, we have p™^ — p™s°̂  = 
0(exp(-e\zrn^\)) wit h respect to h on S \ p(A° ) for some e > 0. 

Proof. - W e have (i) (p^0) - p ^ Vf C  **ft, (ii ) [ <f - p ^ ^ W ] =  0 
on Sn£>fo) fo r each i = k +1,...,£, (iii ) the restriction of p^0)-p™s°)f t o ^HPfo ) 
preserves the filtration for each i = fc +1 , . . ., L Hence , the claim follows from Lemma 
9.3.1. • 

We take small multi-sectors Sj (j = 1,..., N) such that the union of the interior 
points of Sj is Vo \ p(A°)( ^ A;) , where Vo denotes a neighbourhood of T>)̂ 0\ By 
gluing p™s^ in C°° as in Section 3.6.8.2 , we construct a  C°°-map p™c°°- ^u e ̂ ° 
Lemma 9.4.3, we have (8e + ^)p™c°° =  0(exp(—e|zm^|)) wit h respect to h and 
the Poincaré metric gp on V \ T>̂ x° \ where V denotes some neighbourhood of T>^°\ 

Lemma 9.4.4. — W e have the estimate \n:™ ^ — P™c°°\h ^  ^ N 11*=i \zi\ N for anV 
N > 0 on Vi \ P̂ A° ^ w/ier e Vi denotes some neighbourhood ofv[X°K 

Proof. — By shrinking X, we may assume (8 e + ^)p™c°° =  0(exp(—e|zm^|) ) 
with respect to h and gp on X^ \  X>(A°) . Le t tt : ̂ (A°) \ £>(A° ) -> £>£Ao) denote 
the natural projection. Then , the restrictions (£ , /1)^-1 (a,q) are acceptable, and the 
curvatures are dominated uniforml y fo r (A , Q) G  ^(A^0) \  X>(A°)) . W e also have 
((dE + xei)^{0))i7r-i{x,Q) =  0(exp(-e|zm(°)|) ) wit h respec t to (ft,0p), whic h is 
uniform for (A, Q). Thus , we obtain the following estimate uniformly for (A, Q): 

(dE + x e ^ l p ^ l - ^ ) ) |7T-1(a,q) 
= 0(exp(-6|zm^|)). 

Let Z  : = { ( A , 2 1 , . . . , zn)  |  1/2 <  | ^ | <  1  (i =  l , . . . , f c ) } . W e obviously hav e th e 
boundedness o f o n Z.  Du e t o Lemm a 9.3. 1 wit h k  =  0 , w e als o hav e th e 
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boundedness o f p™g ' o n SflZ , an d henc e we obtain th e boundednes s o f p™cl 
on Z. Moreover , we have |p™c° 2 ~ 7r?*(°) L|tt-i(a,q) ^  C{*,Q), n IliLi fo r any 
(A,Q) E £>[Ao) and any TV >  0, due to Corollary 7.5.4 and Lemma 9.4.2. Then , the 
claim of the lemma follows from Lemma 21.9.2. • 
Corollary 9.4.5. — Let S b e a small sector in X^ \  £>(A°) « k) . Le t V^Xo)£^ = 
0P'Ao'ffl)s 6 e a splitting of the Stokes filtration Ts a t the level m(0) a s m Lemma 
9.4.1. VK e ftave £Ae estimate \k™ ^ — P^^\h ^  CVnt= i 1**1 ^ /or an2 / N >  0  on 
(VinS)\£>(A°). '  • 

9.4.2. Aroun d A o = 0. — Le t us consider the case Ao = 0. 
Lemma 9.4.6. — Let S = S\xSz b e a sufficiently small multi-sector in X ^ \ k ) , 
where S\ an d Sz denote sectors in U(0) \ {0 } and X \ D , respectively. 

• W e have a D<̂ -/?a£ splitting V^£\§ =  0P^°^a, 5 o f Ts whos e restriction to 
S D vf1^ i s compatibl e wit h the residues ReSi(D) an d th e filtrations lF̂ x° ^ for 
i = k + l,...,£ . 

• Fo r any A e S\, th e restriction V{0)£fsx = ©P(0)5ai ̂ Î A gives a splitting of the 
Stokes filtration o f V£xsx with the above property. 

Proof. — The first clai m follows from Proposition 3.6.7. Th e restriction V^£^x = 
®V(°)£a,s\sx gives a splitting of the Stokes mtration^5\^(°)^A) oiV^£X-x . The 
filtration^ (V£&x ) given by 

< | A P ) a ( ^ ) - ^ ( ^ ( 0 ) ^ ) -
is the same as the Stokes filtration of V£xsx. Hence, the second claim follows. • 

Let p™$°^ denote th e projectio n ont o V^£a,s - Le t p^g^ ' com e from anothe r 
decomposition with the property in Lemma 9.4.6. 

Lemma 9.4.7. — Whe n we shrink S in the radius direction, we have p™^ ~pTs°^ = 
0(exp(-6:|A-1zm^|)) wit h respect to h on S \ P(0) . 

Proof. - W e have (i) ( ^0 ) -p$0) ' )* * C  **B> (ii) [p$° > - Res,(D) ] =  0 
on S H Vf] fo r i  =  k  + 1,.. . J, (hi ) the restriction o f p^0) -  p™}^ ' to S  n vf ] 
preserves the filtration *F(A° ) for each i = k + 1, Then , the claim follows from 
Lemma 9.3.1. • 

We take small multi-sectors Sj ( j =  1,... , N) such that the union of the interior 
points of Sj is Vo \ fc),  wher e Vo denotes a neighbourhood of {0} x Dk. B y gluing 
p™ŝ  i n C°° as in Section 3.6.8.2, we construct the C°°-map p™cl on Vo \ fc), 
which can be extended to a C°°-map on Vo\T>(°\ Shrinkin g Vo, we have the estimate 
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(dE + A0t + dx)p™$L = 0(exp(-£l|A-1z-(°)|)) with respect t o h and gp, due to 
Lemma 9.4.7. 
Lemma 9.4.8. — W e have the estimate |7r™ ^ — P™c°°\h ^  ^ N ' M * IliLi \zi\N fo r 
any N > 0 on Vi \ X>̂ °̂ ( < fc), where Vi denotes some neighbourhood of {0} x 
Proo/. — Take small 0 < ¿ 1 < £2 . Du e to Lemma 9.4.4, we may assume to have 
l̂ mco) _pm№ |^ C^ . t t î |z.| N with respect to /, on {A I ¿1  ̂|A | ^ 62 } x (X ^D) 
for any TV >  0  by shrinking X. W e may assume to have the following estimate on 
{0 < |A| < ¿2} x  (X \ D) , with respect to h and the Euclidean metric dX • dX: 

g(z,\) :=3A(C(0 ) -p$°2 ) = -0ap5°2 = O(exp(-£2|A-1z-(0)|)) 
Let e  be an orthonormal frame o f End(E') on I \  D  with respect to the metric 

induced by h. W e have the expression g = Yl,9 i • ^. W e have the estimate |^ | ^ 
C - exp(—6:31 A-1 zm̂ 0̂  I). Le t x  be a positive valued G°°-function o n C\ suc h that 
X(A) = 1  fo r |A | ^ (¿ 1 + <J2)/2 and x(A) = 0 for |A |  ̂<S2 . W e put 

G?i(z,A) :=A 
ù$^ù 

9i(z,M ' V 'X( W V-l , 
fx — X 2t t -da - dE. 

We put G  := J2Gi • e*. Then, we have d\G =  # on {|A| <  (¿1 + S2)/2] x (X \ £>) . 
We also have the following estimate: 

|G(z,A)L ^C.|A|-exp(-54-km(0)i : 
Let us see H : = tt™{0) - -  G . W e have dxH =  0  and ff(*,0) =  0 . B y the 
Schwarz lemma, we obtain \H(z , X)\h ^  C n • |A | • 11*== 1 f° r an Y TV. Then , we 
obtain the desired estimate. • 
Corollary 9.4.9. — W e have the estimate |tt™(0)x(xH, DA(x<A))hiWd< CN • |A| • l\ki=1 \Zi\N for 
any N > 0. • 
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CHAPTER 10 

SMOOTH DIVISOR CASE 

Let (E1 , dE,0,h)be a n unramifiedly good wild harmonic bundle o n X \ D , wher e X 
is a complex manifold and D  i s a simple normal crossin g hypersurface. I n Chapter 9 , 
we studied th e prolongmen t (7^A°)£,ID) ) o f i.e. , the shea f o f holomorphic sec-
tions whos e norms ar e o f polynomial growth wit h respec t t o th e Hermitia n metri c 
V^x°^h. I n this chapter, we restrict ourselves to the cas e where D  i s smooth, an d we 
will d o more refined analysis . Th e results i n this chapter ar e rathe r technical , an d 
preliminary fo r the late r sections . 

In Section 10.1 , we show that (£,V^x°^h)  i s acceptable (Propositio n 10.1.1), which 
is new even in th e tam e case . Fo r th e proof , w e obtain a  complementar y estimat e 
of the connectio n for m (Lemm a 10.1.3 and Corollar y 10.1.4) which is also useful fo r 
other purposes . 

Recall we have studied i n Section 9.4 the comparison of irregular decompositions for 
(P£°,B°) an d (;P(Ao)£,lD> ) a t th e leve l m(0) . In Sectio n 10.2 , we compare irregula r 
decompositions a t an y leve l unde r th e assumptio n tha t D  i s smoot h (Propositio n 
10.2.2 and Propositio n 10.2.3) . This comparison wil l be used in the proof of Theorem 
11.2.2 i n one way. W e also use i t fo r the compariso n o f the Hermitia n metric s wit h 
some twis t (Corollar y 10.2.6) , whic h wil l b e use d fo r th e famil y versio n o f nor m 
estimate (Sectio n 10.4). 

In Sectio n 10.3 , w e sho w a  standar d nor m estimat e (Propositio n 10.3.2 ) fo r 
(P£A,DA) unde r th e assumptio n tha t D  i s smooth , whic h i s a  generalizatio n o f 
Proposition 8.1.1 , an d preliminar y fo r the famil y version of norm estimat e (Sectio n 
10.4). W e also sho w a n estimat e o f a connectio n for m (Propositio n 10.3.3) , which 
can be skipped . 

In Sectio n 10.4 , w e show th e famil y versio n o f the nor m estimat e (Propositio n 
10.4.2). Thi s is preliminary fo r Step 1  in the proo f of Theorem 18.1.1 (Sectio n 18.2). 

Throughout this chapter, we use the setting in  Section  7.2.1 with  £ = I,  i.e.,  D  is 
assumed to  be  smooth. 
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10.1. Acceptability of VMh 

10.1.1. Statement. —  Le t U(Xo)  denote a  smal l neighbourhoo d o f Ao - W e will 
prove the followin g proposition in Section 10.1.3. 

Proposition 10.1.1. —  (£,V{Xo)h) is  acceptable  on  (X \  D) x U{X0),  ifU(X0)  is  suf-
ficiently small. 

In particular, viXo)£  =  (viXo)£  \aeR)  i s a filtered bundle. W e have the induce d 
filtration F(A° ) o f viX°^£\u(\0)xD' Le t v  b e a  frame o f viX°^£ whic h is compatible 
with the nitrations F^X°\ W e put 

v[ :=^i|degF(A°)(Vi). 

Let H(V^x°^h,  vf)  denote the Hermitian matrix-valued function whos e (i , j)-th entries 
are V^hiv'^v'j). 

Corollary 10.1.2. —  We  have  the  weak  norm estimate,  i.e.,  C\  •  (— log |zi|)-iV ^ 
H{V^h,v') < C2 •  ( - l og \zx\)N for some  CUC2,N> 0 . 

Proof. — I t follow s fro m th e genera l resul t fo r th e acceptabl e bundle s (Theore m 
21.3.2). • 

10.1.2. Estimate of the connection form. —  Le t rjm :  M(X, D)  —>  M(X, D)  be 
given by r/m(a) =  £m(o)^<m a? •  z{. Th e image 7?m(lrr(0)) i s denoted b y lrr(0,ra). 
We take total orders ^  o n lrr(0) an d lrr(0 , m) such that ?7m are order preserving. We 
put 

Eb(m)^ 
aElrr(0) 

Ea, F*m>: 

c€lrr(0,m) 

Eb(m) Fmù^$ 
cGlrr(0,m) 

c<b 

E^ 

Let 7r£m̂  denote th e projectio n ont o E^  wit h respec t t o th e decompositio n E  — 

(Bbeirr(e,m) EbU)- W e also Put Ef*,<x)  :=  E(a,<*)' Let denot e the projectio n onto 

E(a a) w^n respect t o the decompositio n (156). 
For simplicity , we use th e symbo l 7 to denot e a n elemen t o f lrr(0) x  Sp(6).  W e 

have the decompositio n End(E) = C(0) (End(E)) 0 (End(£7)): 

©(°>(End(£7)) 
7€lrr(0)x<Sp(0) 

End(M°>), 

C(°)(End(£)) 
•y,y'eirv(e)xSp(e) 

1*1' 
Hom(4°),£7W) 

We use the symbol s £>(m)(End(£)) an d C(m)(End(£) ) ( m < - 1 ) with similar mean-
ings. Fo r any section G  G  End(E) <g ) Q P>Q, w e have the correspondin g decomposition 
G = V <<RN\G)+C(RN\G). 

ASTÉRISQUE 340 



10.1. ACCEPTABILITY OF V(x^h 263 

Let dE  denot e th e (1,0)-operato r associate d t o dE  an d ft.  Le t v  b e a  fram e 
of °E  compatibl e wit h th e decompositio n (156 ) and th e paraboli c filtration . Le t 
F e  End(S ) <g > ft1'0 determined b y F(v) =  dEv. 

Lemma 10.1.3. —  We  have the following estimates  on  X* for  some  e > 0: 
(The case j  <  0) 

(188) CW(F) =  0{exp(-e\z1\% dE*P =0{exp(-e\z1\i)). 

(The case j  = 0) 

(189) C<0)(F) =  O( ù^$ù XEdzx 
z\ 

dE^l =  0{\Zl\£) 
dz\ 
z\ 

Proof. — Th e estimate (188 ) is a  special case o f Lemma 7.5.5. Le t us conside r th e 
case j —  0. Sinc e the argument i s essentially the same, we giv e only an outline. I n this 
proof, e  will denote a positive constant, and we will make it smaller without mention . 
We hav e dE^] =  [F,  n^} e  C<°>(End(£7) ) ® ft1'0 and th e estimat e 

ÖE40)=°f(-lo8kil)N 
for som e N with respect t o ft and gp.  Becaus e C(0)(End(£) ) an d p(°)(End(£7) ) ar e 
|zi ^-asymptotically orthogona l (Theore m 7.2.1 and Theore m 7.2.4), we obtain th e 
following estimate wit h respect t o ft and gp: 

W\dEnW)=0(\Zln 
We als o have the following estimate with respect t o ft and gp,  due to Corollary 7.2.10: 

(190) x(xH, DA(x<A))hiWdx(xH, DA(x<A))hiWd = o(N£)-
We hav e the followin g equality : 

'dE^\dE^)h\z1\-* =  d{ x(xH, DA(x<A))hiWdmù^$^mù$ 

x(xH, DA(x<A))hiWd e 
2 kil" 

dz\ 
z\ 

-{^\dEdE^)h\Zl\-£. 

Hence, we obtain th e followin g finiteness : 

(191) (dE^\dEn^)h-\Zlr < o o . 
Prom (190) and (191) , we obtain the desired estimate. (Se e the argument i n the proof 
of Lemm a 7.5.5.) • 

Corollary 10.1.4. —  For p  < j , we  have C(p)(dEir(aj)) = 0(exp(-e |*i |p)) . 

Proof — We have the following : 

[F,TCP] - [C(p\F)+V^(F), V^(7rij))}  = 0 (exp ( -4*i | ' ) ) + [V^\F),V^\^))\. 

Hence, C^([F ,7r^]) =  0(exp(-e |z i |p)) , an d th e clai m of the corollar y follows. • 
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10.1.3. Proof of Proposition 10.1.1. —  We use th e notatio n i n Sectio n 9.1.3. 
We se t gp  := gp + dX • dX. W e only have to show that th e curvatur e o f (T(A°)£ , h) 
is bounded wit h respect t o h and gp.  Le t SXq = dE — XoO denot e the (1,0)-operator 
determined b y dXo an d h.  I n the following , g(X  — Xo) is also denoted by g. 

Lemma 10.1.5. — IfU(Xo) i s sufficiently small , 6X A( A — Ao) is bounded with respect 
to h and gp uniformly for X G U(Xo). 
Proof. — In the proof, we will make U(Xo) smaller without mention. Le t <ï> be given 
by (122). We have 

A(A - Ao) = -(A - A0) • $ + A • g(X - A0) • 0f • g(X - Ao)"1 - A0 • 6\ 
We have SXq6^ = — Ao[0, 0*], which is bounded (Propositio n 7.2.9) . Du e to Lemma 
10.1.3, we have the following estimate of S\Q$ w^n respect to h and gp: 

[dE-X06,$\ : 
x(xH, DA(x<A))hiWd 

<Kj(b)-c),,niJ)-
(a,a)elrr(6)xSp(e) 

a mù^$ x(xH, DA(x<A))hiWdù$ù 

It remains to estimate 5Xq (g(X — Ao) • 0^ • g(X — Ao) whic h can be rewritten as 
follows: 

(192) dE-M0,x(xH, DA(x<A))hiWd=g x(xH, DA(x<A))hiWd x(xH, DA(x<A))hiWdx(xH, DA(x< 

Due to Proposition 7.2.9, the second term in the right-hand side of (192) is bounded 
with respect to h and gp uniformly for A G U(Xq). Let F be as in Section 10.1.2. We 
have the following equality: 

9~~1dEg = g-1[F,g] + 
a,a 

a - dz\ 
z\ 

t(0) 
» a,a-

Hence, we have the following estimate with respect to h and gp: 

(193) 5'Xo(g-6i.g-l)=g[g-1-F.g-F, 6^-g- l + 
a,a 

g-a dz\ 
z\ 

[ 4 1 fft]-^-1+0(l). 

The second ter m of the right-han d sid e of (193) is bounded uniforml y fo r A, du e 
to Lemma 7.3.6 and Lemma 7.3.7. Le t us look at the first ter m in (193). Fo r the 
decomposition as in (95), we obtain the following estimate from Lemma 10.1.3: 

(g'1 .F>g-F)f w  , „ O(exp(-£bi|ord(a-a'))) (a ¿a ') 
Ofl*ileì (a = û ' , «/ ot!) 

Then, w e obtain the estimate for the first ter m fro m Propositio n 7.2.8. Thus, w e 
obtain Lemma 10.1.5. • 

Let R(T(x°^dx, h) be the curvature of the unitary connection associated to T ^ d x 
and h. 
Lemma 10.1.6. — IfU(Xo) i s sufficiently small , R(T̂ Xo>)dx, h) is bounded with respect 
to h and gp uniformly for X  G U(XQ). 
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Proof. — Le t A*(A — Ao ) denote the adjoin t o f A(A — Ao ) with respect t o h.  Then , 
R(T(x°^dfl, h)  can be rewritten as follows : 

(194) К п Л „ + *л„Л(А - Ао) - dVAT( A - До) - А(А - А 0 ) ,ЛЧА - А„) 

If J7(Ao ) i s sufficiently small , th e firs t an d fourt h term s ar e bounde d uniforml y for 
A G i/(Ao) with respect t o h  and gp,  due to Corollar y 7.2.10 and Lemm a 9.1.6. We 
have already obtained the estimat e fo r the secon d term in Lemma 10.1.5. Sinc e the 
third term is adjoint to the second term up to signature, w e obtain Lemma 10.1.6. • 

The curvatur e o f (T^x°^£, h) is rewritten as follows : 

\BX + d'l + A, dx + S'Xo - At] = R{T^d'i, h) - aAAt + ÔAA. 

We onl y hav e to sho w the unifor m boundednes s o f d\ A wit h respec t t o h and gp, 
which can be rewritten as follows : 

(195) dxA = Xo-9-[g-'dxg, 0f ] -g-1 +d\-g-(tf-^-ff"1+\-g-[«T^AS,^-*]*/-1. 

We hav e the followin g equality: 

9 Xd\g = 
a,a 

^(â + â log l^ l2) -dA-Trj^. 

Then, i t i s easy to show that th e right-han d sid e of (195) is bounded uniforml y for 
A with respect t o h and gp,  by using Proposition 7.2.8. Thus, Proposition 10.1.1 is 
proved. • 

10.2. Locally uniform comparison of the irregular decompositions 

10.2.1. Statements. — Let U(Xo)  denote a  neighbourhoo d o f Ao in C\.  Le t 
X(\Q) : = U(X0) x X an d £><A° ) := U(X0) x D. W e have two metrics of £\X(x0)^V(x0) . 
One i s h, and the other i s V^x°^h given in (182). 

We pu t W  := £>(Ao) in the cas e A0 ^ 0, and W : = U ( { 0 } x X) i n the cas e 
A0 = 0 . Let 7T : X^XQ\W) -> X ^ denot e the rea l blo w u p alon g W.  Le t S be a 
small multi-sector i n X^X°^  \  W.  Le t S denote the closur e of S in the rea l blow u p 
X^\W). W e have the Stoke s nitrations o f V^E^ a t th e leve l j . W e will 
prove the estimate with respect t o h in the followin g proposition in Section 10.2.6. 

Proposition 10.2.1. —  Let f  be  a  B-flat  section  of  End(£)|sX7r-ip(\) ) suc^  ^at 
f{T^)SV{^)e) C  T{JlSV^o)£  for  any  a G  lrr(0). If  we  shrink  S in the  radius 
direction, we have the following estimates  for some  e > 0: 

(196) \f\v(xo)h ~~ 0(exp(-e|A-M"l)) l / U O e x p i - e l A - ' ^ l ) 
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Similarly, let  f be  a B-flat section  of J7  ̂5^(Ao)£|sX7r-i(£>(*o)) - V  we shrink S in 
the radius direction, we  have the following estimates  for some e > 0: 

(197) \f\v^o)h = o ( e x p ( - £ | A - 1 ^ | ) ) |/|fc =  0(exp(-£|A-Ml) ) 

Note that the estimate for V^h clearl y follows fro m Corollar y 20.3.6 and Corol -
lary 10.1.2 , which we will use implicitly. 

T -p(A() ) C — <T\ 'n(Ao)cO' ) l̂ et K a C\S — Waelrr(0,j) r a CaS be any D-flat splittin g of the nitration FSU\ 

and let p^ps denote the projection onto V^Xo>)£^\. W e wil l prove the following propo-
sition in Sections 10.2.3-10.2.5. 

Proposition 10.2.2. — / / we shrink  S in the radius direction, we have the estimate 

*iJ)-Pys =  0(\\\.exp(-e\4\)) 

for some  e > 0 with respect  to  both the  metrics V^x°^h and  h. 

We take a small multi-sectors Si (i  = 1,..., N) o f X  ̂\  W  such that the union of 
the interior points of Si is V \ W,  where V denotes a neighbourhood of £>(A°). If Si are 
sufficiently small , we have the partia l Stokes nitrations J7^^ o f vi^E^.. W e can 
take D-flat splitting s ViXo)£^.  = ®ViXo)£^l.. Le t p ^. denot e the projection onto 
/PaX°S)£a,si' gmm g them in C°° as in Section 3.6.8.2, we construct the C°°-sectio n 
Pa?c°° ° * End(£) o n V \ whic h can be extended to the C°°-sectio n on V \ V^x°\ 
We wil l prove the followin g proposition in Sections 10.2.3-10.2.5. 

Proposition 10.2.3. —  If we shrink  X^x°\ we  have the estimate 

nïj)-pi%=0(\\\-exp(-e\4\)) 

for some  e > 0 with respect to  both the  metrics V^x°^h and  h. 

Although the estimate with respect to V^h i n Propositions 10.2.2 and 10.2. 3 are 
equivalent, we state them separately for our convenience in the proof. 

We have the followin g corollary as a consequence of Proposition 10.2.1 . 

Corollary 10.2.4. — Let  S be  a small multi-sector in X^ \ W,  and  let 

x(xH, DA(x<A))hiWd 
a€lrr(0,j 

p(A0)¿ü) = 
a<Elrr(0,j) 

x(xH, DA(x<A))hiWd 

be twoB)-flat  splittings of the filtration Ts ^ . Letp^s  andp^g  denote  the projections 

onto V(Xo)£a,s andViXo)£fa^s, respectively.  Then, p{^-p^s =  0(ejqp(-e\X\-1\z1\j)) 
for some  s >  0 with respect to  both the  metrics V^x°^h and  h. • 
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10.2.2. Locally uniform comparison of the twisted metrics. —  Le t S 
be a  smal l multi-secto r i n X^  \  W.  W e take a  D-fla t splittin g viXo)£\g  = 

©aEirr(0) ̂ >aA°̂ a,<S' of the ful l Stoke s filtration  Fs.  W e have the induce d splitting s 
V{Xo)£\s =  0b€lrr(dji ) viXo)£^s o f the partia l Stoke s filtration Fs^\  W e consider 
the followin g fo r w (E C, as in (153) : 

(198) Fs(u;) := exp(w • Bs), Bs  '•= 
m(0)<j<-l b€lrr(É»,j) 

x(xH, DA(x<A))hiWd 

We als o consider the followin g a s in (152): 

F(w) : = e x p ( w - B ) , B  := 

oeirr(̂ ) 

0-7TA = 

m(0)^<-l b€lrr(0,j) 

0(b)-TT^ 

Corollary 10.2.5. —  Take  rj  > 0. / /w e shrink {/(Ao), tften e exzs£ some constants e > 0 
and C  >  0  snc/ i £Aa £ £/ie following estimate  holds for any  \w\  < r)  and for both  the 
metrics h and  v[X°^h: 

Fs(w)oF(w)-1-l =  0(exp(-e\z71\) ) F(w)oFs(w)-1 - 1 =  Ofexpi-dzr1!)] 

Proof. — It can be shown by using the argument in the proof of Lemma 7.6.8, together 
with Proposition 10.2.2. • 

Corollary 10.2.6. —  / / we shrink  {/(Ao), the  following holds: 
• Fs(X — Xo)*h and V^X°^h are  mutually bounded, uniformly  for A . 
• Fs(—A + Ao)*P£r°̂ ft and  h are mutuatty bounded, uniformly  for A . 

Proof. — We have v[Xo)h = F(X - A0)*/i and h = F(-X + A0)*p£o)/i. Hence , the 
claim of Corollary 10.2.6 can be shown using the same argument a s that in the proof 
of Lemm a 7.6.9, together with Corollary 10.2.5. • 

10.2.3. Preliminary. — We have the decomposition: 

(199) End(£) 
a,belrr(0) 

Hom(Ea,Eb). 

For an y section G of End(E'), we have the corresponding decomposition G = ^2 Ga,b-
We wil l use the following lemma implicitly, which is obvious from the construction of 
V^h. 

Lemma 10.2.7. —  Let  Y be  a subset of X  ̂\  W.  Let  f be  a section ofEnd(E) on  Y. 
Assume that the following holds  for some  e > 0: 

(200) |/a,bU = OiexpHA"1*?! - e\zTd{a-b)\)) 

Then, if we  shrink  U(Ao), the  following holds  for some  e' > 0: 

(201) l/«1b|^o)h =  o(exp(-e'|A-1^|-e'|^r1(o-b)|) ) 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



268 CHAPTER 10. SMOOTH DIVISOR CASE 

Conversely, ¿/(201) holds for some e' >  0; we obtain (200) for some e > 0 by shrinking 
U(XQ). • 

10.2.4. Comparison around A 0 0 . —  W e use th e notatio n i n Sectio n 10.1.2 . 
We hav e the followin g estimate s fo r some e\  >  0  with respec t t o h  an d #p , du e t o 
Theorem 7.2.1 , Theorem 7.2.4, Lemma 10.1.3 and Corollar y 10.1.4: 

B7rbü) = 0(eM-£i\zi\J)), Cw(B*bü) ) = O í e x p t - ^ n ) , (p < j). 

According t o Lemm a 10.2.7 , w e ma y assum e t o hav e th e followin g estimat e o n 
#(Ao) N £>(A0) witn reSpect to V^Xo)h: 

BIT® =0(eXp(-e1\z1\*/2)). 

LetTr: *(A0)(£>(A0) ) ^ denote the rea l blow up of X^ alon g V^x°\ 

Lemma 10.2.8. —  For  any  point  P e n 1(D(X°}),  there  exist  a  multi-sector  S  G 
MS(P, *(Ao ) \  P<A°) ) and  a B-flat splitting vi^S^ =  ®aeirr (ej) ^^aS  °f  the 
Stokes filtration Ts ^  on  S at  the level j with  the following property: 

• Let  p^pg denote  the projection onto  v i ^ S^ with  respect  to  the decomposition. 
Then, 

7 r ^ - ^ = O ( e x p ( - e 1 | z 1 | V l 0 ) ) 

with respect to  V^x°^h 

Proof. — The argument i s essentially th e sam e a s in the proo f o f Proposition 7.6.2. 
By usin g Lemm a 20.2.1, we can tak e Q{^s  such that BQ(b ^ = Bn^ an d Q{^s  = 
0(exp(-e1\z1\j)) wit h respec t t o V{Xo)h.  W e put p[j^  := <K[J) - Q ^ , whic h i s 
D-flat. B y applying the modification as in the proof of Lemma 7.4.7, we may and wil l 
assume r u) n urn 

\Pb.S > Pc.S 
= 0  and : Pb,5 °Pb,S x(xH, DA(x<A))hiWd 

We put J^m  : = 0c^sb I m p ^ . Le t us compare the filtrations an d FSU). 
Let Sx  denot e S  PI Xx. Le t us consider the filtration s o f £xsX given as follows : 

TSX{J)S*JSb\(PX \ —  rsX^S*J Sb\(f \S*JS 
>(l+|AP)a^|5AJ — (̂i+AÂ0)a 

If I À — Ao| i s sufficientl y small , T  ( ^ A ) i s th e sam e a s th e Stoke s filtratio n 

jrsx (j)  (J>£xsx) o f V£fsx. By construction, ~fS  (j ) * (£xsx) is the same as the filtratio n 

FsAW o f V£x i n the proo f o f Proposition 7.6.2. Hence, we obtain tha t th e spe -

cializations of Fs(№ an d Fs(ïï to Sx  ar e the same . A s a result, we obtain tha t th e 

filtrations Fs(№  an d F13^  ar e the same . Thus , we obtain Lemm a 10.2.8. • 

Let u s sho w Proposition 10.2.2 in the cas e A 0 ^ 0. We take a  finite covering S C 
\JSpt, wher e Spi  ar e a s in Lemma 10.2.8. We have p^s — P^sP. =  0(exp(—e\zi\J)) 
with respec t t o V^h  o n SP.  fo r som e e  > 0  by usin g th e estimat e fo r V^h  i n 
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Proposition 10.2.1. Then, we obtain th e estimat e oi Pa,S N*  lp(*o)f c by Lemma 
10.2.8. 

Let u s show the estimate fo r h.  W e may assume to have [Pas^Pbs]  ~  ®-  We also 
have [7TaJ\7r^ ] = 0 . Then , we obtain 

\p%<l>} = x(xH, DA(x<A))hiWdx(xH, DA(x<A))hiWd 

with respec t t o V^x°^h  fro m th e previou s estimate. (Se e the proo f o f Lemma 7.3.6, 
for example. ) B y the same argument a s in the proo f o f Lemma 7.3.8, we obtain th e 
following: 

(202) x(xH, DA(x<A))hiWd 
' a,a' ' \j>(xo)h O exp[ -e2klK-£2kl|°rd(a-a,)) 

By Lemm a 10.2.7, we obtain the desired estimate fo r 7r^ — p^s = 0(exp(—e\zi\J)) 
with respect to h. Thus , the proof of Proposition 10.2.2 in the case Ao ^ 0 is finished. 
Proposition 10.2.3 in the case A o  ̂ 0 immediately follows. 

10.2.5. Comparison around Ao = 0 . —  Let us sho w Proposition 10.2.3 in th e 
case Ao = 0 . Let S be a small multi-sector in X^ \  W.  Le t p^\ an d p^ com e from 
O-flat splittings of the filtration TS(J\ I f we shrink S in the radius direction, we have 
the followin g estimate for some S\ > 0 with respect to the metric V^h: 

(203) x(xH, DA(x<A))hiWd e x p H i l A - 1 ^ ) 

Let p^oo b e as in Subsection 10.2.1. By shrinking V, we obtain the following estimate 
on V  \ P(0 ) wit h respect to P^h b y using (203 ) and dA7r£j ) =  0: 

(204) g(\,z).d\ :=dx(p%oo-*P) Oiexpf-^IA-1^'!) -d\ 

Take small 0 < S\ < ¿2. Let us estimate 7Ta — Pa c° ° on ^ := = { A | J i ^ | A | < i 2 } x ( X \ 2 3 ). 

Lemma 10.2.9. — Let S be a small multi-sector in Z - { Z n £>(0)). Le t P(0)£(s = 
©P^5fl^ b e a 3-flat splittin g of the Stokes filtration J73^, and let p \̂ denot e the 
projection onto V{0)S{̂ S. Then , 7r(aj) -p^s =  0(exp(-e3\zi\j)) wit h respect to V{0)h 
for some £3 > 0. A s a result, 7r^ — p̂ pc°° = 0{exP(~e*\zi\)) for some £4 > 0 with 
respect to V^h o n Z - { Z n £>(0)). 

Proof. — It can be shown by the arguments used in the proof of Lemma 10.2.8 and 
Proposition 10.2.2 in the case Ao ^ 0. We remark that the Stokes filtrat ions of V^£x 
and V£x are essentially the same, i.e. , T3 CP(0)£|sa ) - -^(i+|A|2)a(^£|5*)-

Let us continue the proof of Proposition 10.2.3. Let v be a holomorphic frame of 
7*0°̂  End£ on X(°\ W e have the expression g = •  vi* W e have the estimate 
\gi\ < C • QXY>{—ê \\~lz{\). Let \ b e a non-negative valued C°°-function o n C\ such 
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that x(A ) = 1  for |A | < (¿i + 52)/2 an d x(A ) = 0  for |A | ^ S2 We conside r th e 
following: 

G<(s,A) : = A - ?¿(z,/í)-/í 1 •  x(/i) 
¡i — \ 

x(xH, DA(x<A))hiWd 

2TT d/i • d/Z. 

We pu t G  '  vi- Then , we have <9AG = #  on {|A | <  (¿ 1 + S2)/2)  x  ( X \ D ) . 
We also have the followin g estimate : 

| G ( z , A ) | p ( 0 ) h ^ C ^ A | - e x p ( - e 6 . | ^ | ) . 

Let us look at H : = 7r^ —P̂C00 ~~ G. W e have <9a# = 0  and H(z,  0) = 0 . By a lemma 
of Schwarz and Lemm a 10.2.9, we obtain \H(z,  A)|p(0)/ i = 0( |A | • exp(—e-j • | z ip ) ) . 
Then, we obtain 

(205) Tía Pa,C°° v(xo)h = o ( | A | . e x p ( - e 8 - | z i P ' )) 

i.e., the estimat e wit h respect t o V^h  i n Proposition 10.2.3. 
Let us show the estimate with respect t o h. B y construction, w e have the followin g 

estimate: 

(206) \JJ) o( 0 1 x(xH, DA(x<A))hiWd C2i-exp(-e2i\\-1zi1\-e2i\\-1zi\)S*J 

We also have x(xH, DA(x = 0 . Prom (205) and (206), we obtain the followin g estimate : 

(207) [/VC00'71*) . mù^$ù 
^ C22  • |A| • exp(-e22ki|j - £22N¿). 

We have the decompositio n P^QOO — Jb,b' \ P„ noo  /In fby , corresponding t o 
(199). B y the sam e argumen t a s tha t i n th e proo f o f Lemma 7.3.8, w e obtain th e 
following estimate fro m (207) : 

(208 x(xH, DA(x<A))hiWd 
lp(Ao)/i C23 • |A| • exp(-e23|z1p- - e23ki|ord(a-a,)). 

Then the estimate with respect t o h in Proposition 10.2.3 follows from Lemma 10.2.7. 

The estimate with respect t o V^h i n Proposition 10.2.2 immediately follows from 
Proposition 10.2.3. The estimate wit h respec t t o h follows fro m th e estimat e wit h 
respect t o V^h a s above. 

10.2.6. Proof of Proposition 10.2.1. —  Let us consider the firs t claim . We take 
a D-fla t splitting V^S^  = 0aGlrrW V^Xo)£a,s o f the ful l Stokes filtration Ts . We 
only have to conside r th e cas e / G  Hom(V(Xo)£a,s,V{Xo)£b,s) fo r some a >s b. We 
have the following : 

x(xH, DA(x<A))hiWd O e x p H l A - 1 ^ - ' 0 ! ) 

We would like to obtain th e estimat e wit h respect t o /1 , by using Lemm a 10.2.7. F< 
any £ and c  £ Irr(0, £) such that c   ̂rje (a), we have the following estimate with respe< 
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to V{Xo)h: 

(209) fo*P=fo{««>-P[<>) ^ ( e x p ^ l ^ l - e l A - 1 ^ " ^ ! ) 

We hav e simila r estimat e fo r o  / fo r d  ^  ^ ( b ) . Then , w e obtain th e desire d 
estimate (196 ) by using Lemma 10.2.7. 

Let u s consider the second claim. We only have to consider the case /  G  V^x°^£a,s 
for som e a <s 0 . W e have the decompositio n f =  J2fo correspondin g to E  —  0  E^. 
We hav e the followin g estimate fo r c  ̂ ^ ( a ) wit h respect t o V^x°^h: 

o*P=fo{««>-P[<>)o*P=fo{««>-P[<>)o*P=fo{«« 
Then, i t i s easy to obtain (197). 

10.3. Norm estimate for a fixed A 

10.3.1. Norm estimate for V£ A. — Le t F  denot e th e paraboli c filtratio n o f 
Va£\D. Th e residue Res(BA)( Q (Q  G  D) induce s th e endomorphis m o f Gr f (VSfe). 
Let iVA| g denote the nilpoten t part . 

Lemma 10.3.1. —  The  conjugacy  classes of NX^Q  are  independent of  the  choice  of 
Q G  D. In  particular,  the  weight filtration W gives  the filtration in the  category  of 
vector bundles. 

Proof. — Le t us consider the case where A  is generic (Definition 2.8.1) . W e have the 
irregular decomposition 

(Pa5A,DA)|5 =  e ( t ó , O a ) > 
which is compatible with the paraboli c nitrations F.  W e have the flat A-connection 
DAa o n Gr f (V£x) give n b y 0Aa( / ) =  pa6A(F) , wher e pa is the naturall y induce d 
map Va£a ~~>  £*ra(P£a)i  an< ^ F ̂ s a section of Va£a sucn that pa{F) = f. Sinc e the 
residue i s flat with respect t o DAa , th e conjugac y classes ar e independent o f Q G  D. 

Let u s conside r th e genera l case . Le t 7 r :  X  \  D  —•  D  denot e th e projection . 
Let (EQ,  OEQIOQ,  ho)  denot e the restrictio n o f (E,dE,0,h)  t o 7r_1(Q) . W e have the 
A-connections (V£Q,U)Q).  W e have th e correspondenc e o f the conjugac y classe s of 
the nilpotent par t of the residues o f Res(Dg) an d Res(Dg ) fo r any A i i n Proposition 
8.2.1. Hence , the clai m holds in the genera l case. • 

Let v  b e a  holomorphi c fram e o f Vc£x  suc h that (i ) it i s compatibl e wit h th e 
parabolic filtration, (ii ) th e induced frame on GTF(VC£X) i s compatible with the weight 
filtration W.  W e put a(vi)  :=  degF(vi) an d k(vi)  : = d e g ^ ( ^ ). Le t ho  be the C°°-
metric of E give n by h0(vi,Vj)  :=  Sij •  |zi|~2a(Vi) •  (- log |^i|2)fe(Vi) . 

Proposition 10.3.2. —  The  metrics h and  ho are  mutually bounded. 
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Proof. — We give only an outline. W e have the irregular decomposition: 

(210) o*P=fo{«« 
o*P=fo 

o*P=fo{ 

Here, D A — (1 +1A|2)da are logarithmic with respect to V*£x. By taking Gr associated 
to the generalized eigen-decomposition E and the parabolic filtratio n F,  w e obtain 
vector spaces 

o*P=fo{««>-P[<>) 

For eac h (a , a, a), w e have the model bundle o n A* obtained fro m the vector space 
^ r f , a ( ^ a | o ) w^ n tne nilp°^ent par t Najaa\o  of the residue (Sectio n 7.4.1.3), which 
is denoted by (Elaa,dEiaaa>^a'CJ- Let  u = (6,/?) G  RxCbe determine d by 
£(A, u)  =  (a, a). W e have the rank one harmonic bundl e L(u,  a) =  (O  • e, 62 a, h?u a) 
on X \  D  given as follows: 

0la = da + (; :mù^$$ 

ù!m^$ 
hl9a(e9e) = \z1\-2b. 

Let qi  : X \  £) —• A* be the projection <?i(zi, ..., zn) = z\. W e set 

(Fa,oi,a-> ^Ea,a,a ' ̂ a,a,ai ^a,a,a) : — (7l o*P=fo{««>-P[<>)S*JSb\ iL(w, a) . 

Let (Ei,dEx,hi,0i)  denot e their direc t sum. 
For a  large TV , let denot e th e 7V-th infinitesimal neighbourhoo d o f D. We 

take a holomorphic decomposition 

(211) Vc£x 
a<Elrr(0) 

o*P=fo{« 

whose restriction to i s the same as the restriction of (210). We have the natural 
decomposition 

(212) Vc£? 
a€lrr(0) 

o*P=fo{« 

where Vc£Xa are induced by ®{aa){Ea^aidEa^a,0a^a,ha^a). 
We ca n take a  holomorphic isomorphism $  :  VC£X —> VC£X  such that (i ) it pre -

serves the decompositions (211 ) and (212) , (ii ) it preserves the parabolic filtration , 
(iii) GrF(<I>|£) ) is compatible with the residues. I t is easy to show that Q{h\)  is mu-
tually bounded wit h ho. 

We hav e the harmonic bundl e E2  := Rom(Ei,E) wit h the induced Higg s field 02 
and the induced pluri-harmonic metri c h2. We can regard $ as a section of VQ£2. Fo r 
each Q  e D,  we have QQ  : = D Q ^ ^ - ^ Q )) G  V-e+I^Q fo r some e > 0. Therefore , 
it i s Lp for some p >  2 , and the Lp-nor m is bounded uniforml y fo r Q. W e hav e 
A l ^ - i ^ l ^ ^  \9Q\2  on TT~1(Q)  \  { Q } , du e to Corollary 7.7.5. W e already know 
l^l^-ifQ)!^ i s bounded (Propositio n 8.1.1). Hence , the inequality hold s on 7r^1(Q) 
as distributions. Therefore , $|7r-i(g) ca n be estimated by the values on dn~1(Q) and 
the Lp-nor m of |^Q|. Thus , we obtain the claim of Proposition 10.3.2. • 
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10.3.2. Estimate of the connection form (Appendix). —  W e have a comple-
ment o n the estimat e o f the connectio n form i n Lemm a 21.9.3 an d Lemm a 10.1.3. 
Since we will not use it below, the reader ca n skip this subsection. Le t v b e a frame 
of *E  compatible with the decomposition E =  0(a?a)€irr(,9)x<sp(6>) th e parabolic 
filtration, an d th e weigh t filtratio n W.  Le t F  G  End(E') ®  fi1'0 be determine d by 
F(v) =  dv. Le t FQ G End(E') <g) fi1'0 be determined by F0(vi) =  —a(vi)  •  Vi  • dz\/z\. 

Proposition 10.3.3. —  We have the following estimate: 

Fi = F0 + O 
qog( - log i c i ) 

- lo g l^iI 

dz\ 
z\ 

n 

j=2 
0(l)-dZj. 

Proof. — W e giv e only an outline. Le t ho be the metric as in Subsection 10.3.1 , and 
let s  b e determined b y h  =  ho  • s. Th e connection form fo r ho  satisfies th e above 
estimate. W e have dh = dh0  + 5-19/l05 . W e only have to estimate 5_19/l05 . B y the 
estimate o f the curvature s R(h)  an d R(ho),  w e obtain th e followin g estimat e with 
respect to ho: 

d(s~1dh(is) =  o 
dz - dz 

o*P=fo{««>-P[<>) 

Let vw  = (vY) denote the dual frame of v. W e have the expressions 

s 1dhos • - Ai] 'Vi'vï '  dzP an d d(s  1dh0s) S ^ g V < -dz p.dzq. 

We hav e c o*P=fo{««>-P[<>) Let dh0iP  denot e th e restrictio n o f dh0  t o th e zp-
direction. Le t TTP :  X \  D  —+  Dp  denote the projection. 

By usin g Lemma 5.2.3, we obtain the followin g expression: 

(213) s 1dhoAs = O / log(- log | * iy 
- l o g |* | 

dz\ 
z\ 

- $ •  dz\. 

Here, d\§ —  0. W e also have the finiteness J^_i^ \s  1dh0,is\flQ  <  oo for any Q G D\. 
(See Lemm a 5.5 of [66], fo r example.) Hence , $ ^ - 1^ is also L2, with respect to ho. 
Then, i t i s easy to obtain th e desire d estimate fo r the dz\ -component by using th e 
maximum principle for holomorphic functions. 

Let u s loo k a t th e efep-componen t (p  >  1) . Le t x(zp)  t> e a non-negativ e C°° -
function o n A * such that x(zP)  = 1 for \zp\  ̂1/ 2 an d x(zp)  —  0 for \zp\  ̂2/3 . We 
can sho w f7r-i(Q}(s~1dh0,p(xs)idh0,P(xs))  * s estimated uniforml y for Q  G  Dp \ D\. 
(See th e argument i n the proof of Lemma 21.9.3.) We als o have the uniform estimate 
of th e su p nor m of dp(s~1dh0iPs)^-i^Qy Hence , we obtain th e unifor m estimate of 
the sup norm of s~x dpŝ -1 • 
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10.4. Norm estimate in family 

10.4.1. Statement. —  W e have the goo d famil y of filtered A-fla t bundle s Vi 8. 
We hav e th e filtratio n an d th e decompositio n E<A° ) o f viXo)£\u(x0)xD- (Se e 
Remark 2.8.2 fo r the decompositio n E(A°). ) 

Lemma 10.4.1. —  The  conjugacy  class of the  nilpotent  part of  Res(D)|(^?p) is  inde-
pendent of  the choice  of(X,P) G  U(\Q)  X  D. 

Proof. — It follow s from Corollary 9.2.7 and Lemm a 10.3.1. 

Let v be a frame oiviXo)£ compatible with (E<A° \ F^x°\ W).  Le t u(vi) G  RxC be 
determined b y £(A0,u(vi)) =  (degF ( o)(^),degE(Ao) (vi)). W e put k(vi)  : = degw(vi). 
Let ho  be the metri c give n as follows : 

ho(viiVj) := 6itj • \Zl\-^Mvt}) . (-Jog | ^ | ) - ^ ' . 

We wil l prove the followin g proposition i n Sections 10.4.3-10.4.6. 

Proposition 10.4.2. —  / / we shrink  U(XQ),  v[X°^h  and ho  are  mutually bounded  on 
U(Xo) x (X \  D).  (See  Section 9.1.1 for the  Hermitian metric  v[Xo)h.) 

Before goin g into the proo f of the proposition , w e give a  corollary. Le t S and Fs 
be as in Section 10.2.2. 

Corollary 10.4.3. —  / / we shrink U(X0),  the  metrics h and Fs(—X + A0)*/io are  mu-
tually bounded on  S. 

Proof. — It follow s from Proposition 10.4.2 and Corollar y 10.2.6. • 

10.4.2. Preliminary comparison. — As a preparation, we give a weak compari-
son up t o small polynomial order. 

Lemma 10.4.4. —  The metrics v[Xo>}h and  ho are  uniformly mutually  bounded  up  to 
\zi\~^x~x°U-\og\zi\)N-order for  some n > 0. 

Proof. — Le t a(vi) :—  degF °  (vi),  and le t h'0  b e the Hermitia n metri c give n by 

o*P=fo{««>-P[<>)ù:m^$ù$! 

We already know that V^h an d /i 0 are uniformly mutually bounde d u p to log order 
because of the acceptability of V^x°^h (Proposition 10.1.1). Then, the claim of Lemma 
10.4.4 follows. • 
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10.4.3. Comparison map for the associated graded bundle. —  W e have th e 
decomposition: 

(riXa)s,®)mXo)x5. 
aGlrr(0) 

ca,oa;|c/(Ao)xD. 

Here, D a — (1 +  ÀÀo ) • da ar e logarithmi c wit h respec t t o VÏAo)£a- Take an y 
point P e  D. W e hav e th e vecto r spac e Va,u  := Gr f (^^S*JSb \S*JSb \p) . W e 
have th e endomorphis m Na,u,  whic h i s th e nilpoten t par t o f Res(D)j(Aop) . Le t 
(E[au,d[au10[au,h[au) b e th e mode l bundle associated t o (Va,u,NaiU)  (Sectio n 
7.4.1.3). Let L(u,a)  b e th e harmoni c bundle of rank one a s i n the proo f of Proposition 
10.3.2. We pu t 

(Elta, dlta,  0i,fl, hha) := © ( ^ , a , u , ôifft|U, 0'lfflftt, tihaìU) 0 L(u, a), 

(EuduOufn) := ©(#l ,a , Ôi,a, fll.a, &!,«). 

Let (7>iAo)£i,Di) = 0(PiAo)fi,fl,Bi,a) denot e the associated family of filtered A-fla t 
bundles, equipped with the Hermitian metric V[Xô h\ = 07^Ao^/ii,a-

Taking the associated graded bundle of (PiX°̂ £, D) with respect to the Stokes struc-
ture, we obtain a family of filtered A-fla t bundles Gr^n(viXo)£) wit h Dfl. Not e that 
Ba — (1 + AAo) • da and Dija — (1 + AAo) • da are logarithmic. We can take a holomorphic 
isomorphism $a :  viXo)£lM -+ Grnull(PiAo)f) with the following properties: 

• It preserves the filtration F^x°\ 
• GrF($a|[/(/\0)X£)) is compatible with Res(Da) and Res(Oija). 

10.4.4. Compariso n ma p aroun d A o  ̂0 . — Le t us consider the case Ao  ̂0 . 
We take a finite covering U(Ao) x (X \ D ) = (J Sj by small multi-sectors. We would 
like to construct a  C°°-map $ :  V̂ Xo)£i 7>(A°) £ such that (i ) &\Sj are compatible 
with the full Stoke s nitrations Ts* on Sj, (ii ) Grf 3  (<f>\Sj) = $a|Sj - W e take a flat 
splitting P(Ao)£|3 =  ®V{Xo)£a,Sj of the full Stokes filtration TSK Then, we obtain a 
holomorphic isomorphism $Sj •  ^X°^\\sj —  'P(<Xô £\sj preserving the decomposition. 
By gluing them in C°°, we obtain the desired map. 

Lemma 10.4.5. — $\\x(X\D) i> s bounded with respect to h and h\ for each A. 

Proof. — ̂ |Ax(X\D) can be extended to a C°°-isomorphism V£x —> V£x such that 
(i) i t preserve s the paraboli c structure , (ii ) GrF($>|{a}xd ) i s compatible with the 
residues. Then, the claim of the lemma follows from the norm estimate (Proposition 
10.3.2). • 

On a small sector S = Sj;, we have the decomposition: 
(214) o*P=fo{««>-P[<>)S*JSb\ 

mù^$ 
Uom(V^£ha,s,V{Xo)£b,s). 
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We give a general lemma. 

Lemma 10.4.6. —  Let  s be a section o/Hom(7:,^Ao^i,o,5? V^^Eb.s) the  following 
estimate with respect to  v[Xo>}h and  v[^h\: 

s = < 
0(exp(-fflb1|OTd('-f'))) (a jib) 

0(\Zl\c) (a = b) 

Here, c G R and  E\ > 0. If  we shrink  U(\o), we  also have the following estimate  with 
respect to  h and  hi for  some e2 >  0: 

(215) S = 
o*P=fo{««>-P[<>)j$ù^$vS*JSb\ 

o ( N c ) (a = b) 

Proof. — Le t Fs b e as in Section 10.2.2. By the assumption , th e estimate for s like 
(215) holds with respect to the metrics F5(-A-hA0)*^o) /i and F 5 ( - A + A 0 ) * ^ o ) / i i . 
We may assume to have Fs(—A + Ao)*7^°^/ii =  hi. B y Corollary 10.2.6 , the metrics 
Fs(—X +  Xo^V^h an d h  are mutually bounded . Hence , we obtain Lemma 10.4.6. 

n 

We have the decomposition $ =  S$a,b, s correspondin g to (214) . 

Lemma 10.4.7. —  If  a ^ b, we have the following estimate  with respect to h, hi  and 
the Euclid metric  gx of  X, uniformly  for A : 

(216) *.,b,s =  0(exp(-E|ir1|OTd(-b))) 

(217) D(*)a,b,s = o(exp(-£|z1|ord(a-b)) ) 

(218) B1'0d"^a,b,s = 0(exp(-£|z1|ord(a-b))) 

(219) d"^a,b,s =  o(exp(-e\z1rd^f 
Here, d"  = 8E + A0t denotes  the holomorphic structure  of £ along  the X-direction, 
and D1'0 denotes  the (1,0)-part o/B , i.e., D1,0 := \8E +  0. 

Proof —  I t is clear that $a?b = O(exp(-£|zi|ord(a-b)) ) fo r ho and v£o)hi.  Sinc e ho 
are uniformly mutually bounded up to small polynomial order, we obtain 

*flfb -  0(exp(-£|zi|ord(a-b)) ) fo r p£o)h an d v£o)hi.  Then , we obtain (216 ) due to 
Lemma 10.4.6 . Th e others can be shown similarly. • 

We hav e d"$a,a,s = 0  by construction. Hence , we obtain th e followin g unifor m 
estimate with respect to /i , hi an d gx  fro m (219) : 

d"$ =  0{exp(-e\z1\-1)). 
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Then, we have the followin g uniform estimates with respect to ft, fti and gx' 

(220) (в о  оУ'Ф - а"Ф о  6>i) - <Э(ехр(-ф1 Г 1 ) ). 

Let8'x :=dE-\0tmdS[x :=  dEl-X0i.  W e have the relation B*1'0) = A ^ + (1 + |A|2)0. 
and B^'0) =  A-h(l-h|A|2)6>i . Pro m (218) an d (220), we obtain the following uniform 
estimate with respect to ft, hi an d gx' 

(221) (S'x о а"Ф - а"Ф о S'1X) С Я е ч К - ф х Г 1 ) ! 

We prepare other estimates. 

Lemma 10.4.8. —  Ф is uniformly bounded up to small polynomial order with respect 
to h  and  hi. 

Proof. — Ф is uniformly bounded with respect to ho  and V^X°^hi.  Hence , i t i s uni-
formly bounde d u p t o smal l polynomia l orde r with respect t o v[X°^h  and V[X°^hi 
(Lemma 10.4.4) . Sinc e the component s Фа^ (а Ф  b) are estimated a s i n (216) , we 
obtain Lemma 10.4.8 by using Lemma 10.4.6 . • 

Lemma 10.4.9. —  We  have the uniform estimate  ВФ0?05£ = 0(|zi |-1+£ ) for  some 
e >  0, with respect  to  h, hi  and  gx • 

Proof. — By construction, w e have the unifor m estimat e ВФа?£Ь5 = 0(|zi|~1+£l ) 
for som e e\  >  0 , wit h respec t t o ho,  V^X°^hi  and gx-  Sinc e ho  and v[X°^h  are 
uniformly mutuall y bounde d u p t o \zi\~^x~x°\—\og\zi\)N-order  (Lemm a 10.4.4) , 
we obtain the uniform estimate ВФа>0)£ = 0(|^i|_1+£2 ) fo r some £2 > 0 with respect 
to vlXro)h,  Vixr0)hi  an d gx-  Then , we obtain th e clai m of Lemma 10.4. 9 by using 
Lemma 10.4.6 . • 

Prom Lemm a 10.4. 9 an d (217) , w e obtain th e followin g estimate s wit h respect 
to ft,  hi  an d gx  uniforml y for A: 

(222) m =  o(\zi\-1+£). 

10.4.5. Comparison map around A o = 0 . —  W e almost repeat the construction 
in Sectio n 10.4.4. W e take a finite covering (U(0)  \ { 0 } ) x  (X  \  D)  = \J Sj b y small 
multi-sectors. W e would lik e to construct a  C°°-map Ф : V^£\ —>  V^£  suc h that 
(i) Ф|5 are compatible with the ful l Stoke s nitrations JrSj on Sj, (ii ) Grf" 3 (Ф|^.) = 
Фа\8.. We take a flat splitting V^0)£fg =  0 P(0)£ a,5, o f the full Stokes filtration Ts*. 
Then, we obtain the isomorphism Ф ^ : V^£\\s —  P^£\sj preservin g the decom-
position. B y gluing them in C°° , w e obtain the desire d map. Th e following lemma 
can be shown by the same argument a s in the proof of Lemma 10.4.5. 

Lemma 10.4.10. —  Ф|лх(Х\£>) ™  bounded with respect  to  ft and hi for  each  A . • 
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On a small sector S = Sj, w e have the decomposition: 

(223) H o m ( p ( % ^ ( ° ) ^ ) 
a,b 

Hom(P(0)£i,a,s,P(0) £b,s) 

Lemma 10.4.11. —  Let  s be  a  section ofRom(V^£i^a,s, P^£b,s)  with  the following 
estimate with respect to  V^h and  V^h\: 

s = < 
0(exp(-£l • 1АГ1 • № r d ( ° - b ) ) ) ( o ^ b) 

0 ( Ы С ) f o = b ) 

Here, c E R and  E\ > 0. / / we shrink  U(0), we also have the following estimate  with 
respect to h and  h\ for  some €2 >  0; 

s = 
' 0 (exp( -£2- |A | -1- |* i rd(o-b) ) ) ( a # b ) 

o ( k l c ) (o = b) 

Proof. — I t ca n be shown using the same argument a s that i n the proo f o f Lemma 
10.4.6. • 

We have the decomposition $ .= J]^a,b ,5 correspondin g to (223) . 

Lemma 10.4.12. —  If  b, we have the following estimate  with respect  to  h and  hi, 
uniformly for A : 

(224) Фа,ь,5 = 0(ехр(-е |АГ1|г1 |ога(а-«) ) 

(225) В(Ф)а,ь,5 = 0(exp ( -6 |A | -1 |z1rd^-b))) 

(226) ВЩ'Фа^ = 0(exp(-e|A|-1|z1|ord(a-b))) 

(227) d"*a,b,s = 0(exp(-^|A|-1|z1|ord(a-b))) 

Proof. — We have $0,b,5 =  0(exp(-e\X\-1  •  |zi|ord(a-b))) wit h respect t o h0  and 
V^h\. Sinc e V[^h an d h0  are uniformly mutually bounded up to small polynomial 
order, w e obtain $a>bj 5 = 0(exp(-e\X\-1  •  |zi|ord(a-b))) wit h respect t o V^h  an d 
V>®hi. Then , we obtain (224 ) with respect t o h  an d hi  b y Lemma 10.4.11 . Th e 
others can be shown similarly. • 

By construction , w e have d"Qa,a = 0 . Hence , w e obtain th e followin g estimat e 
with respect to h  and hi,  fro m (227) : 

а"Ф = 0(ехр(-е\\\-г\г1\-1)). 

Then, we obtain the followin g estimate with respect to /1 , hi  an d gx> 

(228) {0 o а"Ф - а"Ф o 0i) = 0^ехр(-^|ЛГ1|^1Г1)^ 
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Thus, we obtain the followin g estimate from (226 ) and (228) : 

(229) (S'x o  ¿'9 -  d"® o  6[A) = 0(exp(-e|A|-1|z1|-1)J 

We have the counterparts of Lemma 10.4.8 and Lemma 10.4.9, which can be shown 
in simila r ways. 

Lemma 10.4.13. —  $  is  uniformly bounded up to small polynomial order, with respect 
to h,  h\  and  gx  • Q 

Lemma 10.4.14. —  We  have the estimate D ^ ŝ =  Odzil-14"6 ) for some e > 0 with 
respect to  h, hi  and  gx >  D 

Prom Lemm a 10.4.14 an d (225) , w e obtain th e followin g estimat e wit h respec t 
to ft,  hi  an d gx'. 

(230) B$ =  0(\zi\-1+£) 

10.4.6. End of proof of Proposition 10.4.2. —  B y construction, i t i s easy to 
see that T^^f t i an d fto are mutuall y bounded . Hence , we only hav e to sho w that 
v[X°^h an d V^^hi  ar e mutually bounded uniformly for A. 

Lemma 10.4.15. —  Once  we  show that ft  and  hi are  mutually bounded,  we  obtain 
Vfa^h and  V^0^hi are  mutually bounded. 

Proof. — Le t S an d Fs  b e as in Section 10.2.2. I f ft and hi  ar e mutually bounded , 
Fs{\ —  Ao)*ft an d Fs{\  —  Ao)*fti ar e mutuall y bounded . W e may assume to have 
FS(X-A0)*fti =  viXro)hi. B y Corollary 10.2.6, FS(X-A0)*ft an d p£o)h ar e mutually 
bounded. Thus , Lemma 10.4.15 is proved. • 

Let u s show that ft and fti  ar e mutually bounded . W e only have to show that $ 
and 3>- 1 ar e bounded uniformly for A with respect to ft and h\. 

Let $ A := 3>|{A}X(X\£>)- W e regard i t a s a  C°°-sectio n o f the harmoni c bundl e 
Hom(£i,£x) wit h the induce d A-connectio n an d th e pluri-harmoni c metri c h2. 
Let 7 r : X —»  D b e the projection . Le t Q  be any poin t o f D. W e put 7r~1(Q)* := 
7r~1(Q) \  {Q}.  Applyin g Lemm a 7.7.4, w e obtain th e followin g inequalit y on each 
TT-HQ) ' : 

(231) 
d2 

dz\dz\1 
^ù$ 2 

h2 
®i*x\l+2\$x\h2.\6'2,xod'ix(*x)\h2. 

Prom (231) , (221) , (222) , (229) , (230) , Lemma 10.4.8 and Lemma 10.4.13, we obtain 
the inequality on 7r_1(Q)* 

d2 

dz\dz\ I*AI2 < CN~2+£, 

where the constant C  is independent o f A and Q.  Sinc e we already know the bound-
edness o f \$\\\ 2 o n 7T_1(Q) * (Lemm a 10.4.5) , th e inequalit y hold s o n 7r~1(Q) as 
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distributions. Hence , the values \&\h o n 7r_1(Q)* i s dominated by the values on the 
boundary d7r~1(Q). Thus , w e obtain th e unifor m boundednes s o f Similarly , w e 
obtain the uniform boundedness for 4>_1. Thus , we obtain that h  and hi  ar e mutually 
bounded, and the proo f of Proposition 10.4.2 is finished. • 
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CHAPTER 11 

PROLONGATION AN D REDUCTIO N OF VARIATIONS 
OF POLARIZE D PUR E TWISTO R STRUCTURES 

In thi s chapter , w e study th e reductio n wit h respec t t o th e btoke s structur e of 
unramifiedly goo d wil d harmonic bundle s (Theore m 11.2.2). This is one of the mai n 
results i n th e stud y o f wild harmoni c bundles . Recal l that w e obtain a  polarized 
mixed twistor structure from a tame harmoni c bundl e b y taking G r with respect t o 
KMS-structure, which is one of the most important achievement s in the study of tame 
harmonic bundles. W e als o have the reduction from polarized mixed twistor structure 
to polarized mixed Hodge structure by taking Gr with respect to the weight filtration. 
(See [67] for these reductions. Se e also a  survey i n [63].) B y these reductions, th e 
study o f the asymptoti c behaviou r o f wild harmoni c bundle s i s reduce d t o tha t of 
variation of Hodge structures. 

In Sectio n 11.1, we define the canonica l prolongment of a variation of pure twistor 
structures whose underlying harmonic bundle i s good wild. I n Section 11.1.1, we first 
construct a family of meromorphic A-flat bundles (Q£ , DA) on C\ x  (X, D) associate d 
to a good wild harmonic bundl e (i£ , <9E , h)  on (X , D). Thi s family o f meromorphic 
flat bundle s wil l b e als o usefu l i n Chapte r 12 . Thi s subsectio n i s a  continuatio n 
of Sectio n 9.2 . Applyin g th e constructio n t o th e harmoni c bundl e (E,8E,0^,h)  o n 
the conjugat e comple x manifolds (X^,  Z}"*") , we obtain th e prolongmen t (Q£t,Dt ) o n 
CM x  (Xt ,£) t ) i n Sectio n 11.1.2 . Then , w e show in Sectio n 11.1. 3 tha t (Q£,Q£*) 
gives a  meromorphi c prolongmen t (Sectio n 6.2) o f the variatio n o f polarized pure 
twistor structure (£A , DA , S) associate d t o (E,  8E, 0, h), which is called the canonica l 
prolongment. 

In Sectio n 11.2, we give the statement of the reduction theore m (Theore m 11.2.2) . 
Note that i t als o implies a characterization o f the canonica l prolongment (Q£,  Q£ t), 
which is non-trivial because of the absence of the uniqueness of an unramifiedly good 
meromorphic prolongment with irregular singularity . W e explain a plan o f the proo f 
in Section 11.2.2. 

In Sectio n 11.3 , w e give a  sufficien t conditio n fo r a  holomorphi c vecto r bundl e 
on P1 with a symmetric pairing to be a polarized pure twistor structure. Intuitively, 
the twistor property and the positive definiteness shoul d b e open conditions. W e can 
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expect that a holomorphic vector bundle with a symmetric pairing on P1 is a polarized 
pure twisto r structure, i f it i s "close to" a polarized pure twisto r structure. W e give 
a condition to describe "close to", which is convenient for our purpose. Thi s is one of 
the mai n tools in the proof. 

We study the one step reduction in Section 11.4. Briefl y speaking, we show that the 
one step reduction i s a variation of polarized pure twistor structure if and only if the 
original one is so. Th e main tools are Lemma 11.3.6 and Lemm a 9.3.1. However , we 
cannot conclude anything about prolongments in this stage, and this will be postponed 
until Sectio n 11.6.1. 

We study i n Section 11.5 the ful l reductio n i n the cas e where D i s smooth. A s in 
Section 11.4 , we show that th e ful l reductio n i s a variation of polarized pure twisto r 
structure if and onl y if the origina l one is so. Moreover , we can obtain a  characteri -
zation of the canonical prolongment. Th e argument i s essentially the same as that in 
Section 11.4 , except that we use Proposition 10.2.1 instead o f Lemma 9.3.1. 

The proof o f Theorem 11.2.2 is finished in Section 11.6. 

In Sectio n 11.7 , w e argue th e nor m estimat e fo r holomorphi c section s o f V£x. 
Briefly speaking , ou r resul t say s that th e pluri-harmoni c metri c h  i s determined u p 
to boundednes s b y the paraboli c structure and th e residues , a s i n the cas e o f tame 
harmonic bundles . I n Sections 11.7.1-11.7.2, we construct compariso n maps between 
the reduction s an d th e origina l one, and w e show that the y ar e bounde d (Theore m 
11.7.2). Sinc e we can appl y th e nor m estimat e fo r a  tam e harmoni c bundl e t o a 
wild harmonic bundle with a unique irregular value, Theorem 11.7.2 implies the norm 
estimate fo r unraminedly goo d wil d harmonic bundles . Th e norm estimate fo r good 
wild harmonic bundles ca n be easily reduced to the unramified case . 

In Sections 11.7.3-11.7.4, we give a rather detailed description of the norm estimate 
in the surfac e case , which is essentially the same as those in Section 2.5 of [66]. The 
result wil l be used i n Proposition 13.6.4 to show the vanishing of some characteristi c 
numbers o f the filtered bundle associated t o a good wil d harmonic bundle . 

Section 11. 8 i s a n appendi x i n whic h we consider th e reductio n wit h respec t t o 
KMS structure for a  regular  meromorphic variation of pure twisto r structure with a 
pairing on P1 x A*, an d we shall give a characterization of purity and polarizability in 
terms of the limi t twistor structure (Lemma 11.8.6) . Fo r that purpose, i n Subsection 
11.8.1-11.8.3, we shall review the construction o f a limit vector bundle on P1 from a 
variation of twistor structure on a punctured dis c with regular meromorphic extension, 
called the limi t twistor structure. Whe n it comes from a  tame harmonic bundle , th e 
construction i s explained in [67]. We need only a minor change. Then , we show the 
characterization. Althoug h a similar result wa s obtained i n [73] for 7^-triples with a 
different method , w e would like to understand i t fro m ou r viewpoint . Althoug h we 
restrict ourselve s to th e on e dimensional case , th e argument s ca n b e generalized to 
the highe r dimensional case. 

ASTÉRISQUE 340 



11.1. CANONICAL PROLONGATION 283 

11.1. Canonical prolongation 

11.1.1. Prolongment Q£ . —  Le t X b e a complex manifold with a simple normal 
crossing hypersurface D  = \JieA Di. Le t (E, 8E, h)  be a good wild harmonic bundl e 
on X \  D.  Le t X^  denot e a  neighbourhood o f {A0 } x X  i n C\  x  X.  W e use th e 
symbol D(A° ) i n a  similar meaning . W e have the associate d famil y of A-flat bundle s 
(viXo)£,B) o n {X^\V^).  (Se e Section 9.1. ) I n th e cas e A 0 ^ 0 , w e have th e 
following deformation i n Section 4.5.2: 

Q^S:=(ViXo)£)(T{X)\ T(A ) = 1 
1 + AA0 

In th e case A Q = 0 , we define Qa^£ '=  Va^. Thus , we obtain a  global filtered bundle 

QiXo)£ = (QiXo)£ \aeRA) 

on (X^X°\X>^X°^)  wit h th e famil y o f meromorphi c fla t A-connections D. W e pu t 
Q(\o)£ .- \JAERA Q{Xo)8,  which is an OxixQ)  (*£><A°))-locally free sheaf. 

Lemma 11.1.1. —  Let P  be  any  point  of  X.  Let  Xp,  Up(Xo)  and  Up(Xi)  be 
as in  Section  9.2.3. Then, we  have  a  natural  isomorphism  Q^Aô |t/P(Ai)xXp — 
Q(<Xl>}£\Up{x1)xXp- We  mean by  "natural" that the restriction to X\D is  the identity. 

Proof — It follow s from Proposition 9.2.8 and Lemm a 4.5.5. • 

Thus, we obtain a  family of meromorphic A-fla t bundle s (Q£,B) o n C\  x (X, D). 
The restrictio n o f (Q£,B) t o Xx  i s denoted b y (Q£A,BA). Th e following theore m i s 
clear from the construction . 

Theorem 11.1.2 
• We  have a natural isomorphism of the meromorphic X-flat bundles (Q£ ,  BA ) ~ 

( P £ \ B A ) ( T ) where  T := (1 + | A | 2 ) - 1 . We  mean by  "natural" that the restriction 
to X  \  D  is  the  identity.  Moreover,  we  have an isomorphism  of  good filtered 
X-flat bundles  ( Q 1A ) £ \ B A ) ~  (V*£ X,BX)(T\ 

• Under  the setting in Section  7.2.1, the set of  the irregular values Irr(Q a£A,BA) 
is lrr(0). 

• ( Q i A O ^ £ , B ) is  a  good  family of  filtered X-flat  bundles  with the KMS-structure 
at X$. If  0  is unramified,  ( Q iA O ^ £ , B ) is  also unramified. 

• Under  the setting of  Section 7.2.1, the set of  the irregular  values Irr(QiA°^£, B) 
zslrr(0). • 

Let u s loo k at th e Stoke s nitration s under the settin g i n Sectio n 7.2.1 . W e take 
an auxiliar y sequenc e fo r lrr(0) . Le t S  b e a  smal l multi-secto r i n X  \  D.  I f A ^ 0 , 
we hav e the partia l Stoke s filtratio n ^^(QS^)  o f Q£fe  a t th e leve l m(i).  (Se e 
Section 3.7.3.) 
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Proposition 11.1.3. —  Let f be  a flat section of £x§. We  have f G  ̂ iirn^\Q£x)\s, if 
and only if the following estimate  holds for some  C > 0 and N >  0 ; 

| / exp((A- 1 + X)vm(i)(b))\h = 0(exp(C|z"*+1>|) 

k(i+i)<j^e 
o*P=f 

Proof. — It follow s fro m Propositio n 7.4.6 and Theore m 11.1.2. 

11.1.2. Prolongments V£^, V*  £^  and Q£ t. —  Fo r simplicity, we restrict our -
selves to the setting in Section 7.2.1. We obtain an unramifiedly good wil d harmoni c 
bundle (E,dE,0i,h)  o n X*  \  £>f . W e have the famil y o f //-flat bundle s (£*,H*)  o n 
CM x  (X*  \  Dt) , and th e restrictio n (£^,B^)  t o { / i } x  (X*  \  £>+) . A s in Section 
7.4.1, we obtain an unramifiedly good filtered /i-flat bundle (V*£^,  D ^ ) o n (Xt,£>+ ) 
for eac h /i. The set o f the irregula r values of i s given as follows : 

Irr(V£^,B^) = { ( l +  | / i |2)ä |aGlrr(0)} . 

Let U(po)  denot e a  smal l neighbourhoo d o f po.  Applyin g th e constructio n i n 
Chapter 9  to (E,  dE, 0f, h), we obtain a  family o f filtered /i-flat bundles (V^o)£^  P F ) 
with th e KMS-structur e a t PQ.  Applyin g th e deformatio n a s i n Sectio n 11.1.1 , we 
obtain a  famil y o f filtered  /i-fla t bundle s ( Q ^ ^ D * ) o n U(p0)  x  (X^D*)  an d 
^[/(/x0)xxt (*(U(p>o) x  D^))-fre e modul e Q^°)£t . B y gluing them, w e obtain th e 
family o f meromorphic /i-flat bundles (Q£t,Dt ) o n CM x (Xt ,Z) t ) . Th e restriction of 
Q£t t o { / i } x  X i s denoted by Qft/* . 

We have a characterization o f the Stokes filtration of the meromorphic /i-flat bundle 
(Q£^, D ^ ) i n the case /i ^ 0  in terms of the growth order with respect to h. Le t b e 
a small multi-sector in X*\D*. W e have the partial Stokes filtration >mM(Q£^) 

of Q£t^ t a t th e leve l m(z) indexe d by the ordered set (lrr(0t , m(z)), ^ ^ t ) -

Proposition 11.1.4. —  Let f be  a flat section  of £^. We have f G  J7^ , z/ and 
only if the following estimate  holds for some  C > 0 and N >  0 : 

/ exp((/i 1 +/i)r/m(i)(b)) ^ = 0(exp(C|zm(i+1)| ) 

-V4\Zjr-V4 

-V4\Zjr 

11.1.3. Canonical prolongation of a variation of polarized pure twistor 
structures. — We continue to use the setting in Section 7.2.1. We have the variation 
of polarized pure twistor structures {£A, D A , S)  o f weight 0 associated to (E, dE,0,h). 
(See [85]. See also [67].) In particular, i t give s a variation of twistor structure with 
a symmetric pairing. 

Proposition 11.1.5. —  The pair (Q£, Q£^) is  an unramifiedly good meromorphic pro-
longment of  (£A,DA,<S) (Section  6.2). 
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Proof. — Let A = n~l. Le t us show that the Stokes nitrations F51'^) o f (Q£x, DA'/ ) 
and jFts ,m(i) of (Qft^ptM/) ar e the same. Not e 

Re((A~1 + A) b) = Re((/i"1 + p) b) 

for b  G lrr(0,m(z)) an d A = Sinc e both the flat nitrations ^ m ( *) an d JFl-s,m(z) 
are characterize d b y the sam e conditio n o n the growt h orde r o f the norm s o f flat 
sections wit h respect t o h (Proposition 11.1.3 and Proposition 11.1.4) , they ar e the 
same. 

Let u s show that th e pairing So  : £ 0 a*£^  — > OX<D ca n De extended t o QSQ  : 
Q£<g>a*Q£—• Ox {**£>). Tak e A0 G C\, an d let C/(Ao) denote a small neighbourhood 
of A0 . Le t #<Ao> := t/(A0) x X an d I><Ao> := f/(A0) x D. 

Lemma 11.1.6. —  So is prolonged to a pairing 

T>(XO)S0 : V{XO)£ <g > A*V{A{XO))£]  - o*P=fo{««> 

Proof —  Let/ibeasectionof7:>(Ao)(^)onA'(Ao). Le t V^O)h be the Hermitian metric 
given in (182). B y construction, w e have the estimates \fi\v(\0)h  =  o(j\ij_1 \zj\~N^j 

for som e N. Le t f2 be a section of V^XQ))£ o n a(X^). Le t V^o)h o f p~lE on 
U(no) x  (X \ D)  given as follows: 

o*P=fo{««>-P[<>) o*P=fo{««>-P[<>)3^$92 0hr(/*) :=  eXP ( 
^ aGlrr(6>) 

ù!:;$b 

We have the estimate \f2\vu<r(x0))h = O(11^=1 N ) f°r some iV. Recal l cr(A) = —A , 
if we regard cr as a morphism C A — » CM . (Se e Subsection 6.2.3. ) Then , we have 

fl,t„HA)-a(Ao)) =  (ffirr (A-Ao)-1)t. 

We obtain the following: 

5o(/i,t7*/2) = h(fi,a*f2) = ft(^irr(A-A0)/i,t7*(flfJ.r(/i-/x0)/2)) = O 
$^$ 

$ù^$ 
o{«« 

Hence, we obtain Lemm a 11.1.6. 

By the functoriality o f the deformation in Lemma 4.5.6, we obtain a  pairing 

Q(Ao)5o . Q(Ao)£0a.Q(ff(Ao))£t —> O^(A0) (*P(A0) ) 

for A o 7^ 0, which is a prolongment of So. Not e that such a prolongment is unique if 
it exists . Hence , we hav e Q(Ao)S0|*<*i ) =  Q(Al)<S 0 if #(Al) C  #(Ao) . B y varying A 0 
and gluin g them, w e obtain th e desire d prolongmen t QSo  of So. Thu s w e obtain 
Proposition 11.1.5 . • 

Definition 11.1.7. —  The prolongment given by [Q£, Q£^) is called the canonical pro-
longment of (£A, DA, 5 ). • 
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11.2. Reduction and uniqueness 

11.2.1. Statement. —  W e set X  : = An, D{ := {z{ = 0} and D  :=  [fi=l D{.  Fo r 
any subset /C c C\,  w e put Xjc  := tC x X  an d X^^  : = cr(/C) x  X+ . Fo r 0 < R  <  1, 
we pu t 

X(R) : = {(zu ...,zn)eX\  \zi\  < R}, X*(R)  :=  (X \  D)  C\ X(R). 

Let (V , P A) b e a variation of twistor structure of weight 0 on P1 x  (X\D) equippe d 
with a  symmetric pairing S  :  (V, DA) ®  a*(F,DA) T(0) . Assum e the following ^ 

• W e are give n a n unramifiedl y goo d meromorphi c prolongmen t V  : = (Vb,V^o ) 
of (V,DA,<S ) o n (Afc , ^ ( k ; ) ) - (Se e Section 6.2.) Le t T  denot e th e goo d se t of 
irregular value s of the prolongmen t (l^),D) . 

• (Vo , D) ha s th e KMS-structur e a t eac h A o G /C, i.e., there exist s a n increasin g 
sequence o f lattices Q^°^Vo  C  Vo o n a  neighbourhood o f {Ao } x X  indexe d by 
a G  R£ suc h that (QiA°^Vb , O) i s a  famil y o f good filtere d A-fla t bundle s wit h 
KMS-structure. 

• Similarly , ( V ^ D) ha s the KMS-structure at each /io  G  cr(/C). Th e corresponding 
family o f filtered //-flat bundl e i s ̂ denoted by S l ^ V ^ . 

Recall that we have the reductio n Grv(V,DA,<S ) associate d t o the ful l Stokes struc-
ture. (Se e Subsection 6.2.5 . Althoug h it i s denoted b y G r ^ V , DA , S)  there , w e use 
the symbo l Grv(V, DA,<S) t o emphasize the dependenc e on the choic e of V . ) 

Remark 11.2.1. —  I f (V, PA, S)  a s above is a variation of polarized pure twistor struc-
ture o f weight 0, the underlyin g harmoni c bundl e i s unramifiedly goo d wil d b y th e 
above assumption, becaus e th e Higg s field i s given by the restrictio n o f DA t o { 0 } x 
(X \  D).  W e will use this property implicitl y in the subsequent argument. • 

We wil l prove the followin g theorem i n Sections 11.4-11.6 . 

Theorem 11.2.2. —  The  following conditions are equivalent: 

( P I ) :  (V,D)A,<S)|pixx*(JR ) is  a  variation  of  polarized pure twistor  structure  of 
weight 0 for some  0 < R  <  1,  and  the prolongment V is  canonical  (Definition 
11.1.7;. 

(P2) : The  full reduction  Grv(V, DA, 5)|pi xx*(R) is  a variation of polarized pure 
twistor structure of weight 0 for some  0 < R  <  1. 

We giv e a  consequence . W e take a n auxiliar y sequenc e m (0) , . . . , m ( L ) fo r th e 
good se t o f irregular value s T.  Recal l that w e have the reductio n Grm^(V , PA, S) 
associated t o the partia l Stoke s structure at th e leve l m(p). 

Corollary 11.2.3. —  The  following conditions are equivalent: 
• (V , DA, S)  is  a variation of polarized pure twistor structure of weight 0 for some 

0 < R  <  1, and the prolongment V is  canonical. 
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• The  one step reduction Grm^(V,0A,<S)|pixx*(#) w^h  respect  to  V is  a varia-
tion of  polarized pure twistor structure of weight 0 for some  0 < R  <  1, and the 
induced prolongment Grm(0) V : = (Grm(0)(K0), Grm(0)(yoo)) is  canonical 

Proof —  Accordin g to Theorem 11.2.2, both conditions are equivalent to the second 
condition in Theorem 11.2.2. • 

11.2.2. Plan of the proof. —  Befor e going into the proof , we give a rough sketch 
of the argument . I n Section 11.4, we study the one step reduction, an d we will prove 
the followin g proposition , which is a part of the clai m of Corollary 11.2.3. 

Proposition 11.2.4. —  The  following holds: 
( A ) :  Assume  that (V , DA,<S) is  a variation of polarized pure twistor structure of 

weight 0, and that (Vo,  V ^) is  canonical. Then,  there exists 0 < R  <  1 such that 
Grm^(V,DA,5)|pixx*(JR) ^  a  variation of polarized pure twistor structure of 
weight 0. 

(B) :  / / Grm(0)(F,DA,5 ) is  a  variation  of  polarized  pure twistor  structure  of 
weight 0, there  exists 0 < R  <  1 such that  (V,  DA, 5)|pi xx*(R) i>s  a  variation of 
polarized pure twistor structure of weight 0. 

We remar k tha t i t i s no t s o eas y t o deduc e a  conclusio n o n prolongments . 
For example , i n th e clai m ( A ) , Grm(0)(V,DA,5 ) come s fro m a  harmoni c bundle , 
say (E^l\dl  ,8^\h^)  whic h i s easil y show n t o b e unramifiedl y goo d wild . I n 
this stage , Grm^(V , B A, S) ha s tw o prolongments . On e i s th e induce d prolong -
ment (Gr™{0\%),Grrni0)(Voo)).  Th e othe r on e i s th e canonica l prolongmen t 

(2£(1),Q£(1)+) associate d t o ( £ W , 9 ( 1 ) , 6 ^ , Fo r a n inductiv e argument , w e 
would lik e to sho w that the y ar e th e same . W e will show it eventually , bu t i t doe s 
not see m easy to show it directly . Hence , we will postpone it . 

In Sectio n 11.5 , we will stud y the ful l reductio n i n the cas e wher e D  i s smooth , 
and w e will show the followin g proposition . 

Proposition 11.2.5. —  If  D is  smooth, the claim of Theorem  11.2.2 holds. 

Note tha t th e prolongmen t o f the ful l reductio n i s easil y controlled . A s in th e 
previous case, we have two prolongments. On e is the induce d prolongment , and th e 
other i s canonical . But , th e ful l reductio n i s grade d b y the goo d se t T,  an d eac h 
graded piece has a  unique irregular valu e for both th e prolongments . Hence , the two 
prolongments have to be the sam e by the uniqueness of the Delign e extension of flat 
bundles. 

Once w e have establishe d Theore m 11.2. 2 i n th e smoot h diviso r case , i t i s no t 
difficult t o compare the prolongments Q£^  an d Grm 0̂^ (Vb) for the one step reduction 
in the normal crossing divisor case. Then , we obtain Theore m 11.2.2 by an inductive 
argument, whic h will be done in Section 11.6. 
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11.3. Preliminary for convergence 

We wil l give preliminaries on the convergenc e of a sequence of twistor structures. 

11.3.1. Preliminaries. —  Le t V  b e a n n-dimensiona l vecto r spac e wit h basi s 
e i , . . . ,  en. Le t h  b e a  Hermitia n pairin g o f V.  Ther e exists a  positiv e number £0> 
depending only on n, with the followin g property : 

• I f \h(ei,ej)  —  Sij\ <  eo, then h  i s positive definite. Her e Sij denote s 1  (i =  j) 
or 0  (i ^ j). 

Let c r : F — • F be given b y ai[z0 : zi\) = \-zx : z0\-

Lemma 11.3.1. —  Let V  be  a pure twistor  structure  of  weight  0 with a symmetric 
pairing S :  V ® a*V —> T(0). Let  X be any point off1. Assume the following : 

• There exists a holomorphic frame w\,..., wn ofV  on  P1 such  that 

o*P=fo{««>-P[<>)o*P=fS*JSb\ 

Then, S is  a polarization ofV. 

Proof. — Sinc e any global section of T(0) =  (Dp i i s constant, we have 

S|A(w*|A><7*Wj>(À)) =  S(Wi,a*Wj). 

Hence, the clai m is clear by the choic e of eo- O 

11.3.2. Estimate on a bundle. —  I n this section , w e use th e standar d Fubini -
Study metri c of P1. Le t E b e a holomorphic vector bundle on P1 with a holomorphic 
basis v  =  ( v i , . . . , vr),  i.e. , E  ~  ©¿= 1 O ^i Vi. Le t h  be the Hermitia n metri c give n 
by h(vi ,Vj) =  Sij.  Le t L\(E)  b e the spac e o f the section s /  o f E suc h that /  an d 
dEf ar e L2  on P1 with respect t o h  and th e Fubini-Stud y metric . I t i s the L2-space 
with the Hermitia n product (f,g)L2  := f h(f,g)  +  / h(dEf,dEg).  Le t L2(E  <g > ft0'1) 
denote the space of L2-sections of E®Q0,1. W e hav e the surjectivity of dE L\(E)  —• 
L2(E 0  ft0,1).  Le t H denot e the orthogonal complement of Kev(dE) i n L2(E).  Then , 
dE '  H  —>  L2(E  ®  ft0'1) is homeomorphic . Ther e exist s a  constan t C\  suc h that 
C^\\u\\L2 ^  \\dEu \\L2 <  CiM |L2 fo r ueH. 

Let A  b e a  C°°-section of End(E) <g > ft0,1 such that su p \A\h  <  6.  Le t EA  denot e 
the holomorphi c bundle (E,  dE + A). 

Lemma 11.3.2. —  If  5  is  sufficiently small, we have 2_ 1 H d ^ H ^ ^  ||(^£ 7 -h ̂ 4.) |̂|̂ 2 ^ 
^HO -̂ixllx,2 for any  u G  H. Hence,  dE + A :  H —•  L2(E  ®  ft0'1)  is  a  homeomorphism. 
In particular,  EA is  a pure twistor structure of weight 0. 

Proof. — I f 6 is sufficiently small , we have the followin g fo r any u  G  H: 

IKös + A)u\\L2 < \\dEu\\L2 + \\Au\\L2 < 2\\dEu\\L2, 

\\(dE + A)u\\L2 > \\dEu\\L2 - \\Au\\L2 > ̂ \\dEu\\L2. 

Then, the clai m of the lemm a immediately follows . 
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Lemma 11.3.3. —  There  exist constants S > 0 and  Cio >  0 with  the following prop-
erty: 

• If  sup  \A\h <  6,  there  exists Ui G H such  that (&E  + A)ui  =  (8E  + A)vi  and 
swp\ui\h <  Cio sup\A\h- Note  that \vi\h = 1 . 

Proof. — I t follows from Lemma 11.3.2 and a  standard bootstrapping argument . • 

Let Sh  :  E ®  a*E —>  T(0 ) be the polarizatio n of the pure twistor structure E cor -
responding to h.  Le t o?Herm denote the natural distance o f the space of the Hermitian 
metrics of a vector space. 

Lemma 11.3.4. — Let S : Ea <S> cf*Ea —> T(0) be a symmetric pairing. Fix a point A 
ofF1, and  assume moreover  the following for some  rj > 0: 

• \S\\(u,a*v)  -  Sh\\(u,a*v)\  <  rj\u\h \v\h  for any  u G  E\X and  v G  £|a(A)-
If S  and  r]  are sufficiently small,  (E a ,S) is  a  polarized pure twistor  structure  of 
weight 0. Moreover,  the  following holds for the  metric hs corresponding  to S: 

SUp duermihsif^  % ) ^ C12  (S + Tj). 

Here, C12 is a constant depending only  on iwakE. 

Proof. — W e may assume that Ea i s pure twistor structure of weight 0, due to Lemma 
11.3.2. Le t so be as in Section 11.3.1 . I f 6 is sufficiently small , we can take section s 
Ui G H such that (dE+A)ui =  (dE+A)vi an d sup \ui\h <  Cio  5 < £o/100, as remarked 
in Lemma 11.3.3. W e put Wi := Vi—Ui. We may assume that w  =  (w\...,  wn)  give s 
a holomorphic frame of Ea- W e have the following : 

(232) S|A(wi|A,^*Wj|<r(A)) -Sij = S\x(wi\x,<r*Wj\*(X)) - S^xiVi^^Vj^x)) 

= (S\x(Wi\x,(T*Wj\^x)) - ^ | A ( ^ | A 5 C T * ^ V ( A ) ) ) 

+ [ShlxiwilXi^Wji^x)) - Sh\x(Vi\x^*Vj\^x)))' 

We hav e 

S\x(u>i\x,(7*Wj\v(X)) - Sh\x(wi\x,cr*Wj\aW) < 4r/. 

We als o have 

Sh\X (wi\\, a*wj\<T(\)) ~  Sh\X (Vi\x, cr*vj\a(X)) ^ 4Ci o S. 

Hence, w e obtain |5|A(^|A> °~*WJWW) ~  ^  an( * TNE  ^rst ĉ ai m OI > Lemma 
11.3.4 follows from Lemma 11.3.1. 

Let us show the second claim. W e have S\X  (wi\x, <7*WJ\<T(X)) ^  C2 0 (5+rj) due 
to the abov e argument. Hence , there exist s a  constant matrix Bi  wit h the followin g 
properties: 

• Th e frame w  —  w(I +  B\)  i s orthonormal wit h respect t o hs-
• \Bi\<C2i(S +  rj). 
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Let BQ  be determined by w = v (I + BQ).  B y construction, w e have sup \BQ\  ^  C2o  S. 
Therefore, we have sup \B2\  <  C22  (6 + rj),  where B2 is determined by w = v (I + B2). 
Since w an d v ar e orthonorma l frame s wit h respec t t o hs  an d h  respectively , we 
obtain th e secon d claim of Lemma 11.3.4. • 

11.3.3. Estimate through a C °°-map. —  Le t (V^\S^)  b e a  polarize d pure 
twistor structure. Le t b e the correspondin g metri c of ^ ( P 1, V^).  I t induce s a 
Hermitian metric of whic h is also denoted by 

Let b e a  holomorphic vector bundle o n P1. Le t F :S*J Sb\be a  C°°-
isomorphism. Assum e the followin g fo r some ¿1 > 0: 

suplF 1 o dV(2) o F -  dyd) (1 )  ̂Sx. 

Lemma 11.3.5. — / / Si is  sufficiently small, is  also a pure twistor structure. 

Proof. — I t follow s from Lemma 11.3.2. • 

Let b e a  symmetri c pairin g o f V^2\  an d le t F  b e a s above . Fi x a  poin t A 
of P1 . Assum e moreover that there exists a  62 >  0 such that th e followin g hold s for 
any u  G  an d v  G  V$Xy 

\S(2\F(u),a%F(v)))-S(1\u,a*v)\^62\u\h(1)S*JSb \ 

Lemma 11.3.6. —  If  Si  (i  = 1,2) are  sufficiently small, the following holds: 
• iy^2\  S^)  is  a polarized pure twistor structure. Let  h^ denote  the correspond-

ing Hermitian metric. 
• We  have supPi ^Herm(̂ \̂ F*h^) < C  (Si+S2), where  C is a constant depending 

only on the rank. 

Proof. — I t follow s from Lemma 11.3.4. • 

11.4. One step reduction 

11.4.1. Preliminary. — Fo r simplicity, we assume that th e coordinat e syste m i s 
admissible for the good set T. Le t k be the number determined by m(0) G  Z<0 x 0^_fc. 
By shrinking X , w e may assume that Grm(0) (V0) and Grm(0) (V^) ar e given on A/c and 
^l^y respectively . Let dpi v an d dl^x  Grm(o)^ denot e the P1-holomorphic structures 

of V  an d Grm(0)(V) , respectively. 
In the following , w e assume one of the following : 

(Case A ) :  (V ,DA,5 ) i s a  variatio n o f polarize d pur e twisto r structur e o f 
weight 0 , an d th e prolongmen t V  i s canonical . Th e underlyin g harmoni c 
bundle i s denoted by (E, DE, h). 

ASTÉRISQUE 340 



11.4. ONE STE P REDUCTIO N 291 

(Case B) : G r m ^ ( V , BA , S) i s a variation o f polarized pure twistor structure of 
weight 0. The underlying harmoni c bundle is denoted by ( i^ 1 ) , <9^ \ 0 ^ , Z^1)). 
It i s graded as 

(2«1U1,,tf>), 
o€T(m(0)) 

(2« 1 U 1 , , tf>), 

corresponding to the decomposition Grm ( 0 )(F,D A ,<S) = 0 GC ( 0 ) (F ,D A , 5 ) . 
We hav e some remarks in Case (B) , which will be implicitly used in the subsequen t 
argument. W e have the canonical prolongment (Qf^ , O ^) =  @(Q£*\ D ^ ) . Not e 
that we should distinguish Gr m ( 0 ) (Vo) an d Q£W.  However , we have a natural iso-
morphism 

G r m ( 0 ) (Vb) \cx x (ixD(a)) 0 £ ( 1 ) 

^ l c A x ( x s D ( a ) ) ' 
because both of them are regular along D{ for i > k. Th e induced KMS-structures at 
any A o are also the same due to the uniqueness o f a KMS-structure. W e also remark 
that the gradin g naturally gives a splitting of the Stoke s filtration a t the leve l m(0) 
for eac h small multi-sector . 

11.4.2. Preliminary estimate. — Let Ao € /C, and le t U\(\o) denot e a  small 
neighbourhood o f Ao- I f Ao ^ 0 , we assume 0   ̂U\(\o).  W e will shrink it in the 
following argumen t withou t mention . W e set W :=  U\(\Q)  X  D( < k) if Ao ^  0, 
and W  : = (J7A(A 0) X  D(< k)) U  ({0} x  X)  i f A 0 =  0 . Le t 5  b e a  multi-secto r 
in (U\(\Q)  x  X) \ W , and let S denote the closure of S in the real blo w up o f 
U\(\o) x  X alon g W.  I f S is sufficiently small , w e can tak e a D^-flat splittin g 
Q(

0

Xo)V0]s = 0 aQoA o )^o,a,s o f the partia l Stoke s filtratio n T s a t the level m(0), 
whose restrictions t o SO (U\(\o) x  Dj) is compatible with the endomorphism Res^(D) 
and the filtration lF^Xo^ for each i = fc-hl, ...,£. (Se e Propositio n 3.6.7.) Th e splitting 
induces a B^-flat isomorphis m on S: 

(233) ^ :Gr^° ) (Q^°Vo) | 5 Q(oXo%s. 
Its inverse is denoted by fs-

Lemma 11.4.1. —  Let  g's and  f's be  obtained from another  O f̂c-flat splitting  of  T s. 
// S  is  shrunk in the radius direction,  the  following holds: 

(Case A) :  id — f$l o  f's =  0(exp(—£|A _ 1zm(°)|)) for  some  e > 0 with respect 
to h. 

(Case B) :  id — g^1 o  g's =  0(exp(—£\X~1z r n^\)) for  some  e > 0 with respect 
to h™. 

Proof —  Let us consider Case (A). Note Q{

0

Xo)V0 =  Q{

0

Xo)£ i n this case. The B^-fla t 
endomorphism $ id—fg 1 o  f's strictl y decrease s the Stoke s filtration o f QQ X°^£\S 

at the level m(0). I t is compatible with the filtrations lF^x°^ an d the endomorphism s 
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Resi(D) o n S n (17A(A 0) x  A) (i  = k + 1,... J). I f UX(X0) i s shrunk, the Stokes 
filtrations o f Q(f°^£\s  a n d ^o A °^|5 a r e ^ n e same. B y shrinking S in the radius direc-
tion we obtain the desired estimate due to Lemma 9.3.1. We can argue Cas e (B) i n 
a similar way. 

Let Gsp (p = 1,..., L) be D^-flat isomorphism s as in (233). Let fs(p) denote their 
inverses. Le t \v (p  = 1,..., L) be non-negative valued C°°-functions on S such that 
(i) Y^Xp  = 1, (h) d\p ar e of polynomial order in |A_ 1 | and \z~l\ for i = 1,..., k. W e 
set g:=J2x P 9 P and / : = £ \ v f p. 

Lemma 11.4.2. —  In Case (A), we have the following estimate  with  respect  to h: 

(234) / 1 °  ^pi,GrTri(0)(y) ° / ^pijV o ( e x p ( - e | A - 1 z m ^ | ) ) 

In Case  (B), we have the following estimate  with  respect  to h^h 

(235) g 1 O dpi y O g — dpi ?Grm(0) (y) o ( e x p ( - £ | A - 1 z m ^ | ) ) 

Proof —  Let us show (234 ) in Case (A) . We remark the following estimat e wit h 
respect to h, due to Lemma 11.4.1: 

(fs

(p))-1 o f - id ^ ( ( J Î V W ^ - i d ) o(exp(-£|A- 1 z m (°>|)) 

The left-hand sid e of (234) can be rewritten as follows: 

/ 1 O (9pl)Grm(0)(^) °f — f°9pltv) f-1 o OXp fs

(p) 

^ ( r V ^ - i d ) . 
Hence, we obtain the desired estimate (234) . W e can show (235) in Case (B) by the 
same argument. • 

II.4.2.I. The  other side. — Let U^fio) denote a small neighbourhood of ¿¿0 £ cr(/C). 
We set W* := ({0} x X 1") U (U^(0) x  L>f(^ k)). If we are given a small multi-sector S 
of (U^fio)  x  X^) \ W+,  w e can take a D<fc-flat isomorphism 

(236) 4 G r ^ ° ) ( Q ^ 0 V o o ) | 5 Q^Voois 

in a  similar way , by taking a D^fc-flat splittin g o f the Stokes filtration a t the level 
m(0). It s inverse is denoted by f$. W e have estimates fo r them simila r to Lemma 
11.4.1 and Lemma 11.4.2. 

H.4.2.2. Remark  for gluing. — Let Ao ^ 0 and ¡10 —  XQ1. Le t U\(Xo) be a small 
neighbourhood of Ao in C\, and let U^(IIQ) be the corresponding neighbourhood of /¿0 
in CM . Assume that A o is generic with respec t to the KMS-structure o f Vo. I f S is 
a sufficientl y smal l multi-secto r i n E7\(Ao ) X (X \  7)( < fc)), we can take a D-fla t 
splitting Qo Xo)Vols = 0 a Q {

0

Xo)Vo,a,s. (Se e Proposition 3.6.8.) Note that S naturally 
gives a small multi-sector of ̂ ( /¿0) x (X^  \7) t(< fc)), and that the splitting naturally 
induces a Dt-spUtting Q^V^s  = ©a QoMo)^oo,a,s. 
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11.4-2.3. Estimate for pairing.  —  Le t 5  b e a  sufficientl y smal l multi-secto r of 
(U\(\o) x  X) \ W.  Le t gs be as in (233), and let fs denot e its inverse. W e obtain 
the small multi-sector a(S)  of a(Ux(\0)) x  (X* \ Z)t( ^ k)). Let g\{s) b e as in (236) 
for cr(S),  and let f\rS) denot e its inverse. 

Lemma 11.4.3. —  In Case (A), we have the  following estimate  with  respect  to h: 

(237) 5 _ G r ^ ) 5 o ( / s ^ 7 t ( s ) ) o ( e x p ( - £ | A - 1 z m ^ | ) ) 

In Case (B), we have the following estimate  with  respect  to : 

(238) GT™WS-So{gs®c*gl{s)) O(exp(-£ |A- I z m ( 0 ) | ) ) 

Proof. —  By the perfect pairings , we have the natural isomorphisms 
Voo = o*(V0

v), Gr^Foo) a*(Gr m ^(F 0 ) v ) 

Hence, g s induce s a*(g%)  a s in (236) for a(S). I f gl{s) =  a*(g%),  both (237 ) an d 
(238) vanish. 

Let us show (237 ) in Case (A) . We set $ : = Grm ( 0 )<S o (fs <8 > (<r*fl(s) - /£)). 
Note that S  give s an identification a*Q£^  ~ Q£ v , and we can regard ft as a D f̂c-
flat section of P(A0) End(£A) such that (i ) it is compatible with the nitrations lF and 
the endomorphism s Res^(D) on S fl (^A(AO ) x  (f c = fc + 1,... (ii ) ¿3 strictl y 
decreases the Stokes filtration of V^x°^£^. Hence , we obtain the desired estimate from 
Lemma 9.3.1. W e can show (238) in Case (B) by a similar argument . • 

Let g^ (p  = 1,... , L) be as in (233) , an d f^ denot e their inverses . Le t xs,P 

(p — 1,... ,L) be non-negative valued functions suc h that (i ) ^2xs,p — 1 > (ii) &XS,p 
are of polynomial order in |A _ 1 | and \z^l\ fo r i =  1,..., k. W e set g := E ^ 2 x p g ^ 
and /  := EX P 4

P ) - Letg o(s)

(q) ( g = 1,... , M) b e as in (236) for a(S), an d 
denote their inverses . Le t Xa(S),q (q  = 1,...,M ) b e non-negative value d function s 
such that (i ) EXa(5),q =  1, (ii) dxa{S)iq ar e of polynomial order in (µ -1) and \z~x\ 
for z  = 1,..., k. W e set g* := ]T Xa(S),q g^s) a n d f ] : = E X^(5), g 4(5)· 

Lemma 11.4.4. —  /n Case (A), we have the  following estimate  with  respect  to h: 

(239) S-Grm<°>So(/<8><77t) o ( e x p ( - £ | A - ^ m ^ | ) ) 

In Cas e (7?,) , we have the  following estimate  with  respect  to h (1): 

(240) G r m ( o ) 5 - 5 o ( ^ 0 a V ) 0 ( e x p ( - e | A - 1 z m ^ | ) ) 

Proof. —  It follows from Lemma 11.4.3. 
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11.4.3. Proof of Proposition 11.2.4. — B y shrinking /C , we may assume that 
every A  G  cr(JC)  D  K is generic with respect t o the KMS-structure o f Vo an d V^ . We 
set WJC  : = (/C x k))  U ({0 } xX). W e take a finite covering XJC \ WJC  C  Up=i 5p 
by small multi-sectors S p satisfyin g th e following properties : 

• O n each S p, w e can take a D^-fla t morphis m gs p a s i n (233) . It s invers e is 
denoted by f Sp. 

• O n each a(Sp), w e can take a D^-flat morphis m 9^sp) a s m  (236) . It s inverse 
is denoted by fl(s y 

• I f S p f l JC D cr(/C) 7̂  0, w e assume that g Sp come s from a  B-flat splitting . W e 
assume a similar condition for 9^s p)m 

We take a partition of unity (xs p,Xa(sp) |  p = 1,... , JD) subordinated t o the covering 
(Sp,a(Sp) \  p =  1,.. . ,L ) such that <9xs p (resp . dXo-(s p)) ar e o f polynomial order in 
|A | _ 1 (resp . |A|) an d \zi\~1 fo r z = 1,... , k. W e set 

9 
p 

JCsp 9Sp 
P 

Xa(Sp) 9<r(Spy f 
P 

XSp f  Sp 
P 

Xa(Sp) Ja(Sp)' 

Let us consider the cas e (A) . B y Lemma 11.4.2 and it s analogu e for the //-side , we 
obtain the followin g with respect to h: 

f 1 °  <^pi,Gr7Tl(0)(V) ° f d^iy 0(exv{-e{\\-'\ +  \\\)\z mW\)) 

By Lemma 11.4.4, we have the following estimate with respect to h: 

< S_Gr m ( ° )«So( /® C r* / t ) o ( e x p ( - £ ( | A - 1 | +  |A|)|z" l(°)|)). 

Then, there exists 0 < R  <  1 such that G r m ^ ( V , D A , S) i s a variation o f polarized 
pure twis t or structure, due to Lemm a 11.3.5 and Lemm a 11.3.6 . Hence , the claim 
(A) of Proposition 11.2.4 is proved. The claim (B) can be shown in a similar way. • 

11.5. Full reduction in the smooth divisor case 

In thi s section, we assume D  = Di, an d w e will prove Proposition 11.2.5. The 
argument i s essentially the same as that in the proof of Proposition 11.2.4. We almost 
repeat it by changing Lemma 9.3.1 with Proposition 10.2.1. 

Let dpi v an d d!^  G r v ^ denot e the P 1-holomorphic structure of V an d Gr v (V). 
In the following , we assume one of the following : 

(Case A) : (V,BA,<S) i s a  variatio n o f polarize d pur e twisto r structur e o f 
weight 0, and th e prolongmen t V i s canonical . Th e underlyin g harmoni c 
bundle is denoted by {E, dE,0,h). 

(Case C) : Gr v(V,DA,<S) i s a  variation o f polarized pur e twisto r structur e of 
weight 0. The underlying harmonic bundles are denoted by (E ,̂O(0), 0 (0) ,  h (0)). 
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It i s graded as 

(£( 0\â (V°U ( 0 )) 
aET 

(£(0\â(V°U(0)) 

corresponding to Gr v(V,DA,<S) Gvf(V,BA,S). 
We have some remarks in Case (C) , which we will implicitly use in the subsequen t 
argument. W e have the canonical prolongment (Q£^0\B^) =  0(Q£Jt°\Ba0)). Since 
GrJT(Vo) a n d Q£a°^  hav e the uniqu e irregula r value a, th e natura l isomorphism on 
C\ x  (X  \  D)  can be extended to the isomorphis m on C\ x  X b y the uniquenes s 
of th e Delign e extension o f flat bundles. W e also remark that th e gradin g give s a 
splitting o f the ful l Stokes filtration fo r each small multi-sector . 

11.5.1. Preliminary estimate. — Le t A o G /C, and le t U\(\Q)  denot e a  smal l 
neighbourhood of Ao- W e will shrink it i n the followin g argument withou t mention . 
We set W  :=  UX(X0) x  D i f A0 ^ 0 , and W  : = ({0 } x  X) U  (C/"A(0) x D) i f A0 - 0 . 
Let S be a multi-sector in {U\{\Q)  x l ) \  W,  and let S denote the closure of S in the 
real blow up of U\(\o) x  X alon g W. I f 5 i s sufficiently small , we can take a D-flat 
splitting Qo Ao)^o|5 = ©aeT 2oAo)^o,a,5 of the ful l Stokes filtration f s. Th e splitting 
induces a D-flat isomorphism 

(241) 9s:G^(Q{

0

Xo)V0,B)is (Q^°V 0 ,P) | S . 

Its inverse is denoted by fs- W e can show the following lemma by using Proposition 
10.2.1 and the argument i n the proof of Lemma 11.4.1. 

Lemma 11.5.1. —  Let  g's and  f's be  obtained from anotherD-flat splitting of  Ts. If  S 
is shrunk in the radius direction,  the  following holds: 

(Case A) : id-f^of'g. ^(expi-elA-^r 1!)) for some e > 0 with respect  to h. 
(Case C) : i d - o - 1 o  g's 0(exp(-e|A- 1zr 1 |)) for some  e > 0  with respect 

to ft(°). 

Let g^  (p = 1,... , L) be D-flat isomorphism s as in (241) . Le t 4p) denot e their 
inverses. Le t xP (p = 1,... , L) be non-negative valued C°°-functions on S such that 
(i) ^2xP —  1 , (h) dxP ar e of polynomial order in |A _ 1 | and \z{  1\. W e set g := Y^X Pgp 

and /  :=T,Xpf P-

Lemma 11.5.2. —  In  Case  (A), we have the  following estimate  with  respect  to h: 

(242) /•-1 If/ _ 
1 V,Gr v(V) 

f - dp1, v 0{exp{-e\z^\)) 

In Case  (C), we have the  following estimate  with  respect  to h^°h 

(243) 9 1°4^v°9-d';i^{v) 0{exp(^e\z^\)) 

Proof — It follow s from Lemma 11.5.1. 
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11.5.1.1. The  other side. — Le t /IQ  G  cr(IC)  \  {0} , and le t U^{JIQ)  denote a  small 
neighbourhood of /xo- I f we ar e given a small multi-sector S  of U^JIQ) X  {X^ \ Z^) , 
we ca n take a Dt-flat isomorphism 

(244) ^ :Gr^(^ o ) yoo,Dt) | S 
(£(0\â(V°U(0)) 

in a similar way , by taking a D-fla t splittin g o f the Stoke s filtration. It s invers e is 
denoted b y fg.  W e have estimates fo r them simila r t o Lemma 11.5.1 and Lemma 
11.5.2. 

11.5.1.2. Remark for gluing. — Let A o ^  0 and JIQ  = XQ1. Le t U\(\o)  b e a small 
neighbourhood o f A o i n C\, an d le t U^/io)  b e th e correspondin g neighbourhood 
of ¿¿0 m C^. Le t S be a  sufficientl y smal l secto r i n U\{\Q)  X (X \  D),  an d le t 
2oA o )^o|5 = ©a 2oAo)^o,a,s be a D-flat splitting. Not e that S naturally gives a small 
multi-sector o f U^{IIQ)  X  [X^  \ D^), and that the splittin g naturall y induces a D* -
Splitting Q^V^s  = 0a Qo^Vcc ^S. 

11.5.1.3. Estimate for pairing.  — Let 5 be a  sufficientl y smal l multi-secto r o f 
U\{\Q) x (X \  D).  Le t gs be as in (241), and le t fs denot e its inverse . W e obtain 
the smal l multi-sector a{S)  o f cr(C/A(A0)) x (X^ \  D^).  Le t g g(s) b e as in (244) for 
cr(S'), an d le t fl($) denot e its inverse . W e can show the followin g lemm a by using 
Proposition 10.2.1 and the argument i n the proof of Lemma 11.4.3. 

Lemma 11.5.3. —  In  Case  (A), we have the following  estimate  with  respect  to h: 

(245) S - Gi9 S o ( / s ® a* ft{S)) 0(exp(- £ |zr 1 | ) ) 

In Case  (C), we have the  following  estimate  with  respect  to  h (0) : 

(246) GrV S-So(gs® a* gl ) 0(exp(-e|zr 1 |)) 

Let g^  (p  = 1,...,L ) b e as in (241) , an d f^  denot e their inverses . Le t xs lP 

(p =  1,..., L) be non-negative valued functions such that (i ) Y^Xs,p —  1 5 (h) &Xs,p 
are of polynomial order in |A _ 1 | and \z^ 1\. W e set g = ^2xPg^ an d /  =  Y^Xpf^-
Let glfy {q  = 1,... , M) be as in (244) for a(S), an d /Jgj denot e their inverses. Let 
X(r(S),q {q  —  1? · · · > M) b e non-negative valued functions such that (i ) Y^Xa(S),q — 1 ? 
(ii) dx a(s),q ar e of polynomial order in (µ-1) and |z f *| . W e set g*  =  Ex f f(S),u4s) 
and P =  Ex«(sufl\%-

Lemma 11.5.4. —  In  Case  (A), we have the following  estimate  with  respect  to h: 

(247) S-GivSo(f®a*fi) o(exp(-e |z- 1 | ) ) 
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In Case  (C), we have the following estimate  with respect  to : 

(248) G r v S -So(g®a*gï) o ( e x p ( - £ | z - 1 | ) ) . 

Proof. —  It follow s from Lemma 11.5.3 . 

11.5.2. Proof of Proposition 11.2.5. — W e take a compact region K C C\ suc h 
that K  U <t(/C) = P 1. W e set W K : = (/CxDJU ({0 } xX). W e take a finite covering 
XJC \  WJC  C  Up=i smal l multi-sectors S P satisfyin g th e following : 

• O n each SP, w e can take a D-flat morphism gsp a s in (241). It s inverse is denoted 
by/5pfo-

• O n each a(Sp), w e can take a D -̂flat morphism g^s ^  as in (244) . It s inverse is 
denoted by 

We take a partition of unity (xs p, Xa(s p) \ P — 1 > · · ·»L) subordinate d t o the covering 
(Sp,a(Sp) \  p =  1,.. . ,  L) suc h that &xs p (resp . dx a^sp)) ar e o f polynomial order in 
IAI"1 (resp . |A| ) and \zx\~1. W e set 

E 
P 

Xsp 9Sp 
P 

Xa(sp) gi {Sp) f 
P 

XSp f Sp 

P 
Xa(Sp) ft(Sp)' 

Let u s consider the cas e (A) . B y Lemma 11.5.2 and it s analogu e i n the /x-side , we 
obtain the following with respect to h: 

r — l ill  _ 
1 V,Gr v(V) 

f - dP1,V o(eXp(-e(\\-1\ + \\\)\z^\)) 

By Lemm a 11.5.4, we have the following estimate with respect to h: 

S - Gr* S o (fs® a* fl(s)) ofexpí-edA^I + IADIzr1!)) 

Then, ther e exists 0  <  R  <  1  such that Gr v(V, DA , <S)|j>i xx*(r) i s a  variation of 
polarized pure twist or structure , due to Lemma 11.3.5 and Lemma 11.3.6. 

Let us consider the case (C) . B y a similar argument , w e obtain that (V,D A,<S) is 
a variation o f polarized pure twistor structure. Namely , by Lemma 11.5.2, we obtain 
the following with respect to h^: 

g l o4 ,i,V°fl-<Çi,Gr?(V) o ( e x p ( - £ ( | A - 1 | +  |A|) |zr 1 | )) 

By Lemm a 11.5.4, we have the following estimate with respect to h: 

GrvS-So(g®o-*gi) o(exp( -£( |A - 1 | + |A|) l^ - 1!)) 

Then, there exists 0 < R <  1 such that (V , PA , «S)|pixx*(#) i s a variation of polarized 
pure twisto r structure , du e t o Lemm a 11.3. 5 and Lemm a 11.3.6 . Le t (E 1, <9#, 0, h) 
be th e underlyin g harmoni c bundle. Le t dner m denot e the natura l distance o n the 
symmetric space of Hermitian metrics . Du e to Lemma 11.3.6, we have 

<Wm(<7*M ( 0 )) 0(exp(-6|z 1 - 1 | ) ) 
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In particular , the Hermitia n metrics g*h  and h(0) are mutuall y bounded . I t mean s 
that the full Stokes filtrations TS o f the family VQ  of meromorphic A-flat bundles can 
be characterized b y the growt h orders o f the norm s of the flat sections with respec t 
to /i, as in Proposition 11.1.3. Therefore, there exists a natural isomorphism between 
the meromorphi c prolongments V b — Q£> Similarly , w e obtain Voo ~ Q£^ . Hence 
{VQ, Voq) is canonical. • 

11.6. End of Proof of Theorem 11.2.2 

11.6.1. From (PI) to (P2). —  Assum e that (y,D A,<S) i s a variation o f polarized 
pure twistor structur e of weight 0 , and that the prolongmen t V i s canonical. I f we 
shrink X, w e have the harmonic bundle (E^ 1), ,  6^, h^)  o n X \ D  which induces 
Gr m ( 0 ) (y A ,D A , <S ) b y Proposition 11.2.4 . 

Lemma 11.6.1. — G r m ( 0 ) V  :=  (Grm ( 0 ) (F 0 ) , Grm(0)(^oo)) is  canonical. 

Proof. —  Let k  b e determined b y m(0) €  Z< 0

 x  O -̂fc- W e take 1  ^ j  ^  k.  Le t 
Q G  Dj b e sufficiently clos e to Dk, which is not singular poin t o f k).  W e take a 
small neighbourhood XQ of Q in X. W e set XQ  := XQ \ D.  W e put 

(Vi,Df,5i) (V,3A,S)lplxX.Q, ( V 2 , D £ , < S 2 ) Gr m ( 0 ) (V,D A ,<S) 
P1 x XQ 

They are equipped with the meromorphic prolongments induced by V an d Gr m^ 0 ' V, 
respectively. The y are denoted by V\ an d V2, respectively . A s remarked i n Lemma 
6.2.8, we have a natural isomorphism: 

Gr*1 (Fl Df, Si) Gr*a(V2,Df,5a) 

By Proposition 11.2.5, Gr V l (Vi , Df\ <Si) is a variation of polarized pure twistor struc-
ture. Again , accordin g to Propositio n 11.2.5, V2 i s the canonica l prolongmen t of 
(V2,P^,52). Then , i t i s easy to conclud e that G r m ^ V i s the canonica l prolong-
ment o f Grm ( 0 )(F,D A ,<S). • 

Now the claim (PI) (P2 ) can be shown by an easy induction. 

11.6.2. From (P2) to (PI). —  I n the following , we will shrink X withou t men -
tion. B y usin g Propositio n 11.2. 4 in a  descendin g inductiv e way , w e obtain tha t 
Gr m ^(V, DA,«S) ar e variations o f polarized pure twistor structure for any i.  I n par-
ticular, (V , DA , S) i s a variation o f polarized pure twistor structure . Le t (E,  <9E, 0, /i) 
be the underlyin g harmoni c bundle , whic h is unramifiedly goo d wild with th e goo d 
set T . Fo r each j =  1,..., le t T(j)  denot e the image of T via the natural map 

M(X,D)/H(X) M(X,D)/M(X,D&j)) 

where j)  := Ui#j l^i^e ^* W e Pu t Dsmj := \  j).  W e take an auxiliar y 
sequence m(0) , . . . , m(L) fo r T.  Ther e exist s q(j)  suc h tha t rrij(q(j))  —  — 1 and 
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rrij(q(j) + 1 ) = 0 , where rrij(i)  denotes the j-t h componen t of m(i). Not e we have 
the natural bijection Vm(q(j))(T) —  T(j). 

Let Q  G D jm . Le t Xq  b e a small neighbourhood of Q. W e put D Q :=  Xq f l D 
and X%  :=  Xq \  £> Q. W e set (Vq,b£,«S q) : = ( V , B A , S ) | P i x X 5 . I t i s equipped with 
a prolongment Vq induce d by V. B y the choic e of q(j), 

Gt*«(VQ,H%,SQ) G r m ^ ü » ( V , D A , 5 ) | P1 x XQ 

Since Gr VQ(VQ,Dg,<SQ) i s a variation o f polarized pure twistor structure , the pro-
longment Vq i s canonica l du e t o Propositio n 11.2.5. Hence, we obtain tha t V i s 
canonical, and thus the proo f of Theorem 11.2.2 is finished. • 

11.7. Norm estimate 

11.7.1. One step reduction. —  W e use the setting in Section 7.2.1. We have the 
variation o f polarized pure twistor structur e {£ A,DA,<S) associate d t o <9# , 0,/i). 
For simplicity, we assume that the coordinat e system i s admissible fo r the goo d se t 
lrr(0). I n the following argument, we will shrink X withou t mention, if it is necessary. 

We take an auxiliary sequence m(0), m ( l ) , . . . , m(L) fo r lrr(0). Le t (Eo,  <9o, #o> ho) 
be th e unramifiedl y goo d wild harmonic bundl e underlying Gr rn(°\£A, D A , S).  W e 
have th e associate d meromorphi c A-fla t bundle s ( 'P a f A ,D A ) , an d (V a£o^o) o n 
(X, D). Le t k  be determined b y m(0) G  Z<0 x Oe-k- B y construction, w e have th e 
following natural isomorphism: 

Ø (PaE0, D0)|D(<k) (PaE0, D0)|D(<k) 

We hav e the harmoni c bundle s E\  :=  Hom(Eo,E) an d E2 := Hom(jE7, Eq) wit h th e 
naturally induce d Higg s fields 0i and pluri-harmoni c metric s hi  (i  —  1,2). Not e 
that (£*,hi)  (i  =  1,2 ) ar e acceptable . Le t P£ A denot e th e associate d meromor -
phic A-bundle. W e can regard $  an d 3> _1 as sections of Vo£^.- an d VqE^.^  ^ 
respectively. 

Let iV be a sufficiently larg e number. Accordin g to Lemma 3.6.29, we can take a 
section ØN of ^o£^J2 <̂fc) with the following properties : 

• ĝcAô fc) = ^AT|B(iV)(<fc)' wher e D (N)(< k) denote s th e iV-t h infinitesima l 
neighbourhood of k). 

• R e s ^ D ^ ^ m . ) - 0  for i = k  + 1,..., L 
We can regard ØN as an isomorphism of T^â o an d Va£x preservin g the parabolic 

filtration. I f we shrink X appropriately , $>N  i s an isomorphism. 

Proposition 11.7.1. —  $N\X\D
 and ®N\X\D

 a r e bounded  with respect  to  h and  ho. 

Proof. — If we regard $ JV a s a  sectio n o f Vo£\, w e obtain th e boundednes s wit h 
respect t o hi  du e to Lemma 7.7.3. Thus, ØN is bounded with respec t t o h and ho. 
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We can regar d S^ 1 a s a  section of V0£$ satisfyin g $0(N)(^k) =  ®N]s(N)^k)
 a n d 

Res^D^X^jviD;) = 0  for 2  = fc + 1,.. . Then , ØN-1 is bounded with respect t o ft 2 

due to Lemma 7.7.3. Thus, ØN

1 i s also bounded with respect to h  and /IQ . • 

11.7.2. Full reduction. — B y using a n inductiv e argument , w e can reduc e th e 
norm estimat e fo r unramifiedl y goo d wil d harmonic bundl e t o tha t fo r tam e har-
monic bundles studied in [67]. Let (Es,  $3, #3, J13) be the harmonic bundle underlying 
g / ( £ a ,D a ,<S) . I t i s graded 

(249) (E3, OE3, 03, h3 

aelrr(0) 
Ea, OEa, 0a, ha 

corresponding t o th e decompositio n Gr^(£A , DA , S) = ©  Gr f (£A , D A , S). Eac h 
9a —  da is tame. W e have the associated meromorphic A-flat bundles (V a£X^X) an d (PaE3, D3). 

Theorem 11.7.2. —  There  exists a holomorphic isomorphism  $ :  Va£s —•  Va£X with 
the following properties: 

• It  preserves the parabolic structures. 
• Res*(D A) o ØDi —ØDi o ReSi(Dg) = 0. 

Moreover, $ and  Ø-1 are bounded  with respect  to h and  /13. 

Proof. —  We only have to use Proposition 11.7.1 inductively. 

Remark 11.7.3. —  We obtained the norm estimate for holomorphic sections of A-flat 
bundles associate d t o tam e harmoni c bundles , i n term s of the paraboli c filtratio n 
and th e weigh t filtration . (Se e Theorem 13.2 9 of [67].) Sinc e each {E a,da,Oa — 
da, ha) i s tame, such an estimate can be applied to (V££ ,1D>3, /13), and transferred to 
('P^A,DA, h) via the morphism $ i n Theorem 11.7.2. Hence , we obtain a satisfactor y 
norm estimate for holomorphic sections of good wild harmonic bundles. • 

11.7.3. Surface case. —  W e give a rather detailed description of the norm estimate 
for holomorphi c sections of Vc£A i n the cas e dimX = 2  and D  —  D\ U  D2. I n this 
subsection, (E ,dE->0,ti) i s assumed to be good wild, but no t necessarily unramified . 

We hav e th e paraboli c nitrations *F  o f VC£^D. (i  =  1,2) . Le t *Gr f (Vc£x) := 
^ai^c^)/lF<a(Vc£X), whic h ar e equippe d wit h th e induce d endomorphism s 
zGra(Res^(DA)). Th e eigenvalues of 2Gra(Res^(BA))|Q ar e independent o f the choic e 
of Q  G  A- (Thi s property i s clear i n the cas e A   ̂0 . I t follow s fro m Proposition 
8.2.1 or the definition o f good wild harmonic bundles, in the case A — 0.) Hence , w e 
have the well defined nilpotent par t N^ a o f Gra(Res^(DA)). Le t Var(V c£x,i) denot e 
the se t of a G R suc h that ^ rf (V c£x) ^  0 . 
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We pu t 2F a{Vc£$)) Ψαι(ναε*0) i2Fa2(Pc£f0) for a (aua2) G R2. Then , 
we pu t 

2-GrF(Pc£x) 
^a(Vc£x) 

(PaE0, D0)|D(<k) 

Let Var(V c£x,0) denot e th e se t o f a G  R2 suc h tha t ^Gr^Vc^)  ^  0 . O n 
^Gr^(Pc£'A), w e have the induce d endomorphisms ^Gr a(Res i(DA)) (i  =  1,2) . Th e 
nilpotent part s are denoted by A^ a . 

Lemma 11.7.4 
• The  conjugacy classes  of  N â\Q are  independent of  the choice  o/Q G A-
• Let  qi :  Var(Vc£x,0) —• Var(V c£x,i) denote  the projection. The  conjugacy 

classes of  N â\o and  © a G g - i ( a ) N^a ar e the same. 

Proof. —  We take a  ramifie d coverin g <p  :  X —>  X  give n by ^((1X2)  —  (Ci>Cf) 
such that (E,d&0,h)  : = ^ ( E, d^, 0,/i) i s unramified. Le t (P*£ \0 A ) denote the 
associated filtered A-fla t bundle. Tak e Q G A \  {6}  an d Q = p(Q) G  A \  {O} . We 
have the followin g isomorphism s for any — 1 < 6  < 0  which preserve the conjugacy 
classes of the nilpotent part s of the residues : 

(PaE0, D0)|D(<k) 

aeVar(Vc£x ,i) 
ae-beZ 

Gra

F (PcEA)|Q. 

For b G ] — 1,0]2, we have the following isomorphisms preserving the conjugacy classes 
of the nilpotent part s of the residues : 

2-GvF

b{Vo£% 
aeVar(Vc£x ,0) 

ea-b£Z2 

Gra

F (PcEA)|Q. 

Hence, we only have to show the claim for (V*£ A,BA), i.e. , in the unramified case . 
Let (Eo,d^ o,0o,ho) b e obtained a s the ful l reduction fro m (£" , <9g, 0,/i). W e can 

take an isomorphism 3> : VO£Q —> V$£ X whic h preserves the parabolic filtrations and 
the residues , a s in Theorem 11.7.2. Hence , we only have to show the claim for tame 
harmonic bundles. 

In th e tam e case , the clai m is proven in [6"]. W e indicate a n outline . I f A  is 
generic, i.e. , the map s e(A ) : KMS{£°, i)  — » C ar e injectiv e fo r any i , th e clai m is 
clear, because the conjugacy classes of the nilpoten t part s of A- 1 Res^(BA)|Q for any 
Q G  A ar e equal to those of the logarithm o f the unipoten t par t of the monodromy 
around A - B y using Corollary 12.43 of [67], we obtain that the conjugacy classes of 
the nilpoten t part s of ^Gr^ Resi(DA)|G an d *Gr F Resi(D A)| Q fo r Q  G A \  {O}  are 
independent o f the choice of A. Thus , we are done. • 

We pu t JV i : = 0i\Ti>a. Le t W(Ni)  denot e th e weigh t filtration  o f N1  on 
1GYF(VC£X). I n particular, we obtain th e filtration W^iVi)^ o f 1GrF\VC£X)\0- I t 
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induces the filtration o n -GrF(Vc£x), whic h is denoted by W(Ni)^\ W e also put 
N1

(1):= ©7V\, a, whic h is an endomorphism of -GrF(Vc£A)- W e have the weight 
filtration № ( # ) o f ^Gr F(Vc£x). 

Lemma 11.7.5. — W(N{)M and  W(N[ 1]) are  the same. 

Proof. —  Although this claim is proved in [67], we give an outline. W e have the 
induced filtratio n 2F o n 1GrF (V C£X)|G- Le t V be the vector bundle on SpecC[t ] 
obtained a s the Rees bundle associate d to 2F. Th e endomorphism N^Q  naturally 
induces Afi on V. Th e restrictio n t o t = 0 is N^Q. Sinc e the degeneration o f the 
conjugacy classes does not happen, the weight filtration o f W{J\f\) is the filtration in 
the category of the vector bundles on SpecC[£]. Th e specialization at t — 0 is equal 
to W(N^), an d the specialization at t ^ 0  is equal to W(N). 

Let W  denot e the filtration naturall y induced by W(Ni). Th e specialization of 
W a t t  =  0 is equal to W^iVi)* 1). W e also have W = W{M\). Hence , we obtain 
W(N[1)) =  W(N 1)W. • 

We have the nilpotent endomorphism NA(2) = AT1?a + A^a-

Lemma 11.7.6. —  There exists a decomposition 

Vc£x 

(a,k)eVar(VcS
x ,0)xZ2 

Uatk 

with the  following properties: 
• It  gives a splitting of  the parabolic filtrations: 

qi(b)^a k 
Ub,k\Di ^(^| A

D i) 

b<a k 
Ub,k\0 2-Fa(Pc£ib) 

• Under  the isomorphism 1 G T F ( V C £ x ) — ®aeq~1{a) ©fc Ua^\Dl, the  following 
holds: 

aeq1

 1(a) ki€£i 
Ua,k\Di Wl1 (N1) (Gra

F (PcEA) 

Under the isomorphism -Gr^(Vc£x) —  U a^\o, the  following holds: 

k<l 
Ua,k\0 Wl1 (N1) Wl2 (N(2)) 2-G<{VcS*) 

Proof. —  It follow s fro m Lemm a 11.7.5 . (W e can use a more genera l result , for 
example Corollary 4.47 of [67].) • 

We take a decomposition as in Lemma 11.7.6. Let v be a frame of Vc£x compatibl e 
with the decomposition. When Vi G Ua ,k  w e put aivA := a and k(yì) :— k. 
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Let hi  b e the Hermitian metri c given as follows: 

hi(vi,Vj) A ; N ~ 2 a i K ) Z2 

•2a2{vi) - l o g ^ i I kl(Vi) logici k2(Vi)-ki(Vi) 

Let Z (zi,z2) (z1) C\z2\ 

Proposition 11.7.7. —  h  and hi are  mutually bounded  on Z. 

Proof. —  The problem can be reduced to the unramified case . It follow s from Theo-
rem 11.7.2 and the norm estimate in the tame case (Theorem 13.29 of [67]). • 

11.7.4. Blow up. —  Le t X  :=Ji? = {(Ci,C2» - Le t T T : X - > X  b e given by 
^{(1X2) = (C1C2 , C2)- Le t (E,dfi,6,h)  := 7r_1(i£, <9E, 0,/i). W e have the associate d 
filtered bundl e V*£x. 

Lemma 11.7.8. —  V*£ is  obtained from V*£ by  the procedure in  Section 2.5.3.3. 

Proof. —  It follow s from the weak norm estimate for the acceptable bundles. 

For simplicity, we consider the cas e c = (0,0) . In the cas e a\(vi) + a2(vi) > —1, 
we put Vi := ir*V{. I n the cas e a\(vi) + a2(vi) < —1 , we put Vi := ^ViÇ^1- Then, 
^ — {vi) gives a frame o f Vo£x compatibl e with th e paraboli c structure . W e put 
dj(vi) := idegF(vi). W e also put kj(vi)  := kj(vi). Let ho  be the Hermitia n metri c 
given as follows: 

ho(vi,Vj) ^ I C i l " 2 a i K ) I C 2 | " 2 a 2 K ) . 
Let x  b e a  non-negativ e valued functio n o n R  suc h tha t x(t)  —  1  (t  ^  1/2 ) 
and x(t)  =  0  (t  ^  2/3) . Le t p(£ ) :  C * R  b e th e functio n give n b y 
P(C) = -X(ICI ) loglCI 2- W e set 

hi(vi,Vj) M ^ , ^ - ) ( l +  P(Ci) + P(C2) k1(vi) (i + p(c 2)) f c a ( V i )- f c l ( , , i ) 

Lemma 11.7.9. —  -?r*h  and hi are  mutually bounded. The  curvature R(ho) isO. More-
over, R(hi) and  6h1 — C\q are  bounded  with respect  to both (ti, hi) (i  = 0,1), where  u; 
denotes the  Poincaré metric of X —  D. 

Proof —  The first clai m follows fro m the nor m estimate. Th e other clai m can be 
shown by direct calculations . • 

11.8. Regular meromorphic variation of twistor structure on a dise (Ap-
pendix) 

Let X  b e the dis c {z  G  C\\z\ <  1} , and le t D  =  {0} . W e consider a  regula r 
meromorphic extension of a variation o f twistor structure on P1 x  (X \  D).  I n [67], 
we showed that if the variation of twistor structure is pure and polarized, then the limit 
twistor structur e is mixed polarized. W e shall stud y th e convers e (Lemma 11.8.6). 
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Although a  similar resul t i s given in [73], we would like to understand i t fro m our 
viewpoint. 

We shall review the construction of the limit twistor structure (Subsections 11.8.1-
11.8.3). Then, we study the characterization o f pure and polarized property. 

11.8.1. Preliminary. — Le t A 0 G  C, and le t / C be a neighbourhood of A0 in C. 
We pu t X :— / C x i an d V := /C x D. I n thi s case, V ca n b e identified wit h /C 
naturally. 

Let (V*,D) b e a  goo d famil y o f filtered A-flat bundles , whic h is regula r i n th e 
sense B(aV) C  aV ®  ^1 '°(log D). Th e restriction t o X \ V is denoted by V. Assume 
that V* has th e KMS-structur e a t A 0 indexed by T C  R  x  C, i.e. , K,MS(V*)  = 
{t{Xo,u) |  u G  T }. (Se e Section 2.8.) W e have the natura l Z-action on T give n by 
n - u = u + (n , 0) . W e recall some objects induced by the KM S structure . 

11.8.1.1. The  induced bundle  Q uiy)- —  Recal l that we have the induce d filtration 
F(A°) o f aV an d the generalized eigen-decomposition 

Gra

F (V) 
ueT, 

î(Xo,u)=a 

elXoHv) 

on /C , as in Section 2.8.2. Let J\fu denote the nilpotent part of the residue on GuX°\v)-
11.8.1.2. The KMS-structure of  the space of multi-valued flat sections.  — Assume 
A0 ^  0. The restriction o f (V,B ) t o {A} x (X \  D) i s denoted b y (F A ,D A ) . Le t 
%(V) denot e the holomorphi c vector bundle on /C, whose fiber over A  is the spac e 
H(VX) o f the multi-value d flat  section s o f (F A ,D A '^). W e have th e monodromy 
automorphism M along th e loo p wit h th e counter-clockwis e direction. Th e re -
striction t o A  is denote d b y M x. Th e se t o f the eigenvalue s o f M A i s give n by 
Spf(Vx) := {cf(X,u)\ueT/Z}. (Recal l tf(X,u) = exp(-27rv

/^TA-1e(A,u)).) We 
have the unique monodromy invariant decomposition 

(250) H(V) 
u>eSpf(vxo) 

EiXo)H(V) 

whose restriction t o A o is the same as the generalized eigen-decomposition of M A ° . 
Let /C* : = / C \ { A 0 } . W e may assume that an y A G K* is generic. W e have th e 

generalized eigen-decomposition: 

H(V)| K* 

ueT/z 

Ec/(A,u)W(Vr)|^* 

Here, the fiber of Ee/^ ) U)W(V)|^* ove r A is the generalized eigen space of Mx corre -
sponding to tf(X,u).  W e put 

^Xo)n{v\K. 
ueT/z 

pf(X0,u)^b 

Ee(A,„)W(V0|JC. 
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where p-̂ (X,u) : = Re(Aa i + A _ 1o;) =  p(A,it ) + Re(A _ 1 z(X,u)).  Thus , we obtain a 
filtration indexe d by {p^(A , u) |  u G T/Z} C  1?. I t ca n be extended to a filtration of 
'ft(V) o n /C, denoted by .F(A°). I t i s monodromy invariant, and compatible with the 
decomposition E(A°). 

We pu t Q {uo)H(V) Gr jri^o) g(*o) 
Ef (A0,u) H(V) Gr F

(A0) 

pf(A0,u) E (Ao) 
et (A0,u) 

H(V) o n /C . W e 
have the automorphism M u induce d by M, whose unipotent part is denoted by M ^m 

We put N u : = ( -2t tv c : T)" 1 logM£ n i. 

Remark 11.8.1. —  F*( Ao) j s not relate d wit h Stok e filtrations. Becaus e we consider 
this kind of filtration onl y in the regular case , there is no risk of confusion. • 

11.8.1.3. The  decomposition and  the filtration of  aV. —  Th e decomposition (250 ) 
induces a  D-fla t decompositio n V* = ®ueSpf (vxo) Vu>,*-  Th e filtratio n J 7^0^ o f 
H(V) naturall y induce s a  D-fla t filtratio n o f V  o n X  \  V,  whic h is also denoted 
by J7^0^. By construction, the subbundles J7^0^ o f V are naturally extended to those 
of a^ /|A,\{(A0,o)}- Moreover , we have the following lemma. 

Lemma 11.8.2. —  T^X°^ are  naturally extended  to  subbundles of  aV on  X. Namely, 
we obtain an  induced filtration ^A°) of  aV in  the category of  vector bundles on  X. 

Proof. —  It i s easy to reduce the proble m to the cas e Spf(VXo) =  { 1 } . First , le t 
us conside r the cas e where (i ) b  is the minimu m amon g the number s c  such that 
Grf ( A o ) H(V)  ^  0 , (ii) rankJ^ (Ao)W(F) =  1 . Le t s  be a frame o f J^A°)ft(y). W e 
have the element fioGT suc h that p^(Ao,uo) =  b  and a  — 1  < p(Ao,^o ) ^  a.  Then , 
t :=  s · exp(A_1e(A, uo) logz) naturall y gives a single-valued holomorphic section of 
Fb(A0) (a^|A'\{(Ao,o)}) - I t can be extended to a section of aV. Le t us show %a0,o) 0 
in ayX°\o- Le t t X° denot e the restrictio n o f t t o {Ao } x  X. W e have the relatio n 
pAô Ao = £A 0 . z(\QjUo)dz/z. I f =  0 , there exists (c , e(A0,u0)) G  KMS(V X°) 
such that c  <  a.  However , it i s eas y t o sho w p(Xo,u) ^  p(Ao,^o ) =  a  fo r an y 
u G  T suc h that e(A,^ ) =  e(Ao^o) , b y using th e relatio n p(Ao,w ) —  p(Ao,^o ) = 
pf(Xo,u) — p^(A 0,iio). Hence , we obtain t x^ Q ^ 0  in aV|(A,o)- Thus, F b

(A0) give s a 
subbundle of aV o n X i n this case. 

We can reduce the general case to the above case, by using the exterior product. • 

By construction , the filtration J 7^0^ i s compatible with the decomposition aV = 
0 a K;- Le t us look at th e restriction o f the decompositio n and the filtration t o V. 
Clearly, we have 

aVuj\V 
EXP(—2IRY/—L(OC/\))=(X> 

4 A o ) № ) 

(See Remar k 2.8.2 for EiAo).) W e take u G  T such that a  - 1  < p(A0,w) ^  a  and 
(AQ, u) = ou. It i s easy to show 

(251) F (Ao) 
p(A0,u) (aK;)'|p F (Ao) 

p(A0,w) 
E ;a0) 

c(A0,u) 
(aV|D) 

aES1 

4 A 0 ) ( a ^ ) . 
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Here, Si [exp(-27r>/=T(a/Ao) : u, A 0

 1 (a - e(A0, u)) G Z<0 

11.8.1.4- The  induced bundle  Q UV and  the isomorphism. —  Fo r any u  G T, we set 

G(A0) V 
T (Ao] 

p/(A0,w) p(Ao,u)K/(A0,u) 

F (An) 
p/(A0,u) p(A0,n)Ve/(A0,u) 

We have an induced family of flat A-connections Dw on Gus(A)V, which is logarithmic. 
The eigenvalue of the residue Res(D n) is e(A, г¿). The nilpotent par t is denoted by J\fu. 

By (251) , we have a natural isomorphism (G {uo)V\V, Mu) ~  {G {u°\v), Af u). Th e 
space of the multi-value d flat  section s H(Gu X°^V) wit h th e monodrom y is naturally 
isomorphic to G^°^Ti(y)  wit h M u. I n this situation, we have an isomorphism <£> can : 
(G(

u

Xo)H(V),\Nu) - > (G (uXo){V),Aru) whic h is given as follows. (Se e Section 10.4.1 o f 
[67], fo r example.) Le t F  b e a section of GuX°^'H(V). We can regard i t a s a  multi -
valued flat section of GUV on X \  V.  Then , we put $£ a n(F) := FQ for the expansion 

F 
m 

3=0 

Fj exp(— A 1e(A^)log2:) (\ogz) j. 

where Fj are holomorphic sections of GUV-

11.8.2. Globalization. —  Le t X  :=  Cx x  X  an d V  :=  Cx x  D.  I f (V,D ) i s a 
family o f meromorphic A-fla t bundle s o n (X,V),  whic h has th e KMS-structur e a t 
each A o G C\ indexe d b y T.  Fo r eac h Ao , we have a  neighbourhood U(\Q)  of Ao 
in C\,  an d w e obtain (G ^°\v), Af u) o n U(\o).  I n th e cas e A 0 ^  0 , we also have 
(G{uXo)H(V), N u) an d th e isomorphis m $ c a n :  (gl Xo)H{V),\NU) - > {G {Xo)'(V),Mu). 
By using the uniquenes s o f KMS-structure (se e Lemma 2.8.3, for example), we can 
glue them fo r various Ao , and so we obtain the following : 

• A  bundle Guiy)  wit h the nilpoten t endomorphis m Mu o n C\. 
• A  bundle GvHiy)  wit h the nilpoten t endomorphis m N u o n C\. 
• A n isomorphism $ c a n :  (QUH(V),\NU) - > (Gu{V ),K)\ci' 

We also obtain a  vector bundle GvV  on C\  x  X  wit h a  famil y o f logarithmic flat 
A-connections Dn , which is locally constructed a s above. 

Remark 11.8.3. —  The constructio n i s functoria l an d compatibl e with dual , tenso r 
product, and direc t sum. • 

11.8.3. Gluing. —  Le t X :=  C\ x  X an d Af + := C ^ x lt W e use the symbols V 
and D+ with simila r meanings . Fo r A o G C\, le t X( x°^ denot e a  product o f X an d 
a neighbourhoo d U(X 0) o f A0. W e use the symbol s V^x°\ X^ Q\ an d I >t(Mo) with 
similar meanings . 

Let (V, DA ) be a variation o f twistor structure on P1 x(X\D) wit h an unramifiedl y 
good meromorphic prolongment (VQ , Vqo)- Moreover, we assume the following : 
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• VQ  ha s the KMS-structure a t eac h Ao - Namely , we have locall y free O X{\0)-
lattices V{

a

Xo)(V) C V0 (a e R) such that (viX°\v0),BVo) i s a regular family of 
filtered A-fla t bundles with KMS-structure indexe d by T0. 

• Similarly , fo r each // 0, we have locall y free O xn^o)-lattices Va ^iYoo) C V qq 
{a e R) such that {V (So) {Voo),3\r  )  is a regular family of filtered //-fla t bundle s 
with KMS-structure indexe d by Too. 

In that case, we say that (VQ,  Vqo) is a regular meromorphic extension of (V,DA). 

Lemma 11.8.4 
• The  map u = (a, a) v)  = (—a, a) induces  a  bijection To ~ T .̂ 
• VF e Ziave a natural isomorphism (G uH(Vo),Nu) ~  {Q u\W(V^o), — A t̂ ) . 

Proof. — Let (Vr

0

A,DA) denote the restriction o f (Vb,Dy0) to {A} x X. Le t 5p(P aVoA) 
denote the set of the eigenvalues of Res(DA), and SP(VQ) : — \JaenSp(VaVQ). Le t 
Spf{VQ) denot e the set of the eigenvalues of the monodromy on the space of multi-
valued fla t section s of VqA, wher e the monodromy is taken along the loop with the 
counter-clockwise direction . Then , w e have the bijective correspondenc e between 
Sp(V0

x)/Z an d Spf (V 0

X) give n by a < —• exp(-27rv^ IT(a/A)). (Th e action of Z on 
Sp(Vx) i s given by n-a — a-\-n\.) Hence , the set <Sp(V^A) is determined by SP^(VQ). 

Note that SP(VQ")  is the image of To via the map e(A). Ther e exist s a  discrete 
subset Zo  of Cx suc h that e(A ) :  To —* C is injective for any A E Cx \  ZQ.  Hence, To 
is determined b y the family of sets {Spf(V£)  |  A G  Cx \  Zo}. 

Similarly, let V£ denote the restriction o f Vqq to {//} x (Xf \ T> f), and let Sp f(V£) 
{¡1 ^ 0) denote the set of the eigenvalues of the monodromy on the space of the multi-
valued fla t section s of V ,̂ where the monodromy is taken along the loop with the 
clockwise direction. There exists a discrete subset Z^ C  C* such that t(fi) : T^ — > C 
is injective for any \i E CM \ Z ^ , and the set T^ is determined b y the family of the 
sets { 5 P ^ ) | ^ C ; n Z 4 

For A = / i- 1 , we have a natural bijection SP^(VQ) ~  Sp*(Y£) give n by u —w1 
Then, w e obtain th e desired bijectio n T Q ~ T ^ by formal calculation . Not e that 
e(A, г¿) = e(A - 1,ut). Hence , we obtain the first claim. 

We hav e th e natural identification H(Vo)  c± W(V ô) on C* x —  C*. B y using 
pf(\,u) =  p ^ ( A - 1 , ^ ) an d e^(A,ix) = ( A - 1 , ! ^ ) - 1 , w e can show the second claim. 

Then, we obtain the vector bundle SU(V) on P1 by gluing Qu{Vo) and Qu\ (V ô). W e 
also obtain the nilpotent map AfA :  SU(V) ->  SU(V)®T(-1), wher e Af*x :=  Af^t^ 

a n d A / j ^ A / ^ ^ -

Remark 11.8.5. —  The construction i s functorial an d compatible with dual , tenso r 
product, and direct sum. • 
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11.8.3.1. Pairing.  —  Le t S :  V ® cr*(V) — » T(0) b e a symmetric perfect pairing. By 
the regularity, <S o can be extended to a pairing V 0 <g> o~*Voo — • Ox(*V).  Similarly , Soo 
can be extended to a pairing Voo ® o~*Vo —•  Ox(*V),  i.e. , (Vb , i s a meromorphic 
prolongment of (V, DA , S). B y using the uniqueness of the KMS-structure, we obtain 
an induced pairings: 

• S u :  gu(V0) <8 > a*^ t (Ko) - > 0C a satisfyin g 5 u(A/"n <8 > id) - ^ ( i d ^ a * ^ ) =  0. 
(See Lemm a 6.1.5 for the signature. ) 

• S u :  GuH(V0) ® <7*£u t H(Voo)- OCJ. 
• Su:guV0®(T*guiVoo->Ocixx-

Then, we can show that th e gluin g of Q u{YQ) and Guì(Voo) is compatible with th e 
pairing. Thus , we obtain the symmetric pairing Su :  SU(V) ®a*S u(V) — • T(0) , which 
satisfies S u(J\f£ <8 > id) +  Su(id®a*(Af£)) =  0. 

11.8.4. A  characterization of purity and polarizability. — A  result simila r 
to the following lemma was shown in [73] with a different argument . 

Lemma 11.8.6. —  // (5 n (F), A/"A,<Sn) is  a  polarized  mixed twistor  structure  of 
weight 0 for each  u G  T, then  (V,D A,<S) is  a  variation of polarized pure  twistor 
structure of  weight 0 after X is  shrunk around D. 

Proof. — We have the polarized variation of pure twistor structure (V^, H>u^, Su^) 
induced b y the polarize d mixed twistor structur e (S U(V),A/*A, S u). (Se e Sections 
3.5.3, 3. 6 and 3.7.5 of [67].) We have th e correspondin g tame harmoni c bundl e 
( < ^ â 0 ) „ , C ' O We put 

E(1), AE(1), 0(1), h(1) 

U 

E(1), AE(1), 0(1), h(1) 

E(1), AE(1), 0(1), h(1) E(1), AE(1), 0(1), h(1) 

®L(u) 

Let ( V ^ j O ^ 1 ^ , ^ 1 ^ ) b e th e correspondin g variation o f polarized pur e twisto r 
structure. W e have th e regula r meromorphi c extension (VQ^ jVoo^). W e recover 
0 (Su(V), A/*A j S  ̂ ) by applyin g th e constructio n i n Section s 11.8.3-11.8.3.1 to 
( y ( 1 ) , D ^ 1 ) A , 5 ( 1 ) A ) . Namely , we have the canonica l isomorphisms Gu :  SU(V^) ~ 
SU(V) compatibl e with the nilpotent map s and the pairings. 

Let u s construct a  C°°-map / :V(1)  — > V.  I n the following, U(Xo)  denotes a small 
neighbourhood of Ao G C\. Not e we have the isomorphisms: 

252 

G r f A > o ( 1 ) ) 
p(X0,u)=a 

Sti(Vo(1))|C/(À0)> 
Gra

F(A0) (V0) 
p(X0,u)=a 

Su{Vo)\U(\o) 

If A Q is generic, we have the unique flat isomorphism fu(x 0) ^ A o ) ( F 0

( 1 ) ) VÌX°\v0) 
with the following property: 
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Under the isomorphisms (252), the induced map 
G r f ( 0) (A/(A0)) G r r ° V « ) G r r V o ) 

is equal to the restriction o f 0p(Ao u)=a Gu-
Even if Ao is not generic, we can take a holomorphic (not necessarily flat) isomorphism 
fu(\o) '  ^i A o )(K) ( 1 )) - > Vix°\v0) o f the filtered bundle s on C/(A 0) x (X,D) with the 
above property. I f f{j(\Q) * s a n o^ n e r isomorphis m satisfying th e above condition, we 
have 

(253) i d-A/(A 0) fu(\0) hi 1) O((z)E) 

Let U(iio) denot e a neighbourhood of jio G  CM . W e take isomorphisms / ^ M o ) · 
ri^iV^) ->  V^iVoo) o f filtered fla t bundle s on C/(/x0) x (X t, D t) with a similar 
property fo r each ¿¿0 € Cµ. Let us look at the morphism: 

J : = sW-Soo(fu(Xo)Wflla(fu(Xo)Xo))) :  P< A o ) (^)®a»Pi f f ( A o ) ) (^ 0 0 ) —  <^ 0 )(*2>( A°>). 

Because of the conditions for fu(\0) an d fu(a(\0))i w e nave 1̂ 1 = O((z) E) ôr some 
e >  0 with respect to the metric ft^. 

We take compact regions Wi C C\ an d W2 C C  ̂suc h that (i ) Wi U W2 =  P1, 
(ii) any A G W1 D W2 i s generic. W e can take a finite coverin g W\ C IJ^(^o)- By 
gluing fu(\o)  in c°°, we obtain fw 1. Similarly, we obtain fw 2. Note . /W^n^ = 
/w2|Winw2-

 B ^ cluing them in C°°, we obtain /. 

Let f Q /|piXQ. Le t Vq V|Pixq an d V£1} 
v\F1xQ Then, we have 

/q 1 o9VQ 0 fQ  ~ dv^ 0(\z(Q)\£) 

with respec t t o h(1) due to (253) . Hence , (V, PA) i s a variation o f pure twisto r 
structure if Q is sufficiently close to O, due to Lemma 11.3.5. Because of the estimate 
of J  above , there exist s a  constan t C  >  0 such that th e following hold s for an y 
ueVK\,Q) andv£VSw,Q): 

S(1) (u, o*v) S(fQ(u)®a*fQ(v)) C z(Q) £ \u\h(D (v)h

(1) 

Hence, S  give s the polarization du e to Lemma 11.3.6 . Thus , the proof o f Lemma 
11.8.6 is finished. • 

Remark 11.8.7. —  Lemma 11.8.6 can be generalized in the higher dimensiona l case. 
We omit the details here . • 

Remark 11.8.8. —  The converse o f Lemma 11.8.6 was proved i n [67]. Namely, 
if (V , DA ' 5 ) i s a  variatio n o f polarized pur e twisto r structur e o f weight 0, then 
{Su(V)> J^ui Su) i s a polarize d mixed twistor structure of weight 0 for each uGT. • 
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CHAPTER 12 

PROLONGATION AS ^-TRIPLE 

In thi s chapter , w e consider th e T^x-module s ( £ and th e 7 -̂triple s %{E)  on X, 
associated to unramifiedly goo d wild harmonic bundles (E 1, dE,0,h) (except in Section 
12.8). I n particular , w e study thei r specializatio n alon g an y monomia l functions . 
These results are mainly preliminary fo r Theorem 19.1.3. (We refer to [73] for details 
on 7 -̂modul e an d 7^-triple . W e will give a revie w o n them an d thei r variant s in 
Chapter 22.) 

In Sectio n 12.1 , we construct 1Z- modules < £ associate d t o unramifiedly goo d wild 
harmonic bundle s (i£ , De, 0, fo). This construction i s a natural generalization o f that 
in the tame case which was studied i n [67]. 

We investigate th e basi c properties o f such 7£-module s in Section s 12.2-12.4 . I t 
is ou r basi c strategy t o reduc e th e stud y t o th e tam e case . Hence , w e review in 
Section 12. 2 our previou s result s on ( E for th e tam e case [67]. Then , w e study in 
Section 12. 3 the 1Z- module associate d t o th e tenso r produc t o f a  tam e harmoni c 
bundle an d a  rank one wild harmonic bundle . Applyin g these preliminary results , 
we show the basi c properties o f (£ in Section 12.4. In particular, we show in Section 
12.4.3 the stric t S'-decomposabilit y o f ( £ along an y monomia l functions . An d we 
show in Sectio n 12  A A th e stric t 5-decomposabilit y of P G r ^ ^5 j t i ( ( £ ) alon g any 
coordinate function. Section s 12.4.5-12.4.6 are preliminary fo r Section 12.7. We study 
the specialization an d the reduction . 

In Section 12.5, we construct a  Hermitian sesqui-linear pairin g <£ of (£, and thus we 
obtain a n ^-triple %(E) = (£, <£, <£). 

In Section 12.6, we give a characterization o f %{E) in the case dimX =  1. Thi s is 
one of the main differences between the tame case and the wild case. In the tame case, 
such a characterization i s given in a much simpler way , because of the uniquenes s of 
a meromorphic prolongment wit h regular singularity. However , we do not have such 
a nice uniqueness i n the irregular case. So we need more considerations. 
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In Sectio n 12.7, we study th e specializatio n o f 7 -̂triples T(E).  In Propositio n 
12.7.1, we give a comparison between the specializations of the original 7 -̂triple ^(E) 
and th e reduce d one . B y using thi s proposition , w e can conclud e that th e direc t 
summands o f P G r ^ ^ ^ f ï ^ ) ) generically com e fro m unramifiedl y goo d wild 
harmonic bundles . Then , b y Proposition 12.7.3, we show that the y com e from un-
ramifiedly goo d wild harmonic bundles. 

In Section 12.8, we shall address a similar issue in the ramified case. For simplicity, 
we restric t ourselves to the on e dimensional case, which we will use in Section 17.2. 
The higher dimensional case will be argued in Lemma 19.2.2 with a slightly differen t 
method. 

12.1. 1Z-module associated to unramifiedly good wild harmonic bundle 

Let X  : = A n , A  : = {* » = 0 } and D  := U? = 1 D{. Le t {E,d E,0,h) b e an un -
ramifiedly goo d wil d harmonic bundl e o n X \  D.  W e assume tha t th e coordinat e 
system i s admissible fo r th e goo d se t Irr(#) . W e use the notatio n X  :=  C\ x  X 
and V  : = C\ x  D. W e obtained th e famil y of meromorphic A-flat bundles (Q£,D ) 
on (X,V)  i n Section 11.1 . W e can naturally regard Q£  as a  left T^x-module . Le t 
[/(Ao) be a sufficiently smal l neighbourhood of A0. Le t 6 = ( 1 , . . . , 1 ) G  Rn. Fo r any 
a G  Rn, le t Q {X^£ b e the union of Q{

b

Xo)£ fo r b G Rn suc h that 6» < a* (i = 1,..., n). 
It i s equal to Q ^°ls£ fo r some e > 0, and hence it i s a locally free 0£/(Ao)xx-lattice 
of Q^£:=  QS mXo)xx. 

In particular, we have the lattic e Q<^£.  Le t <£( A°) denote the T^x-submodule of 
Q(A°)£ generated b y Q {X^£ ove r 7 ^: 

(£(Ao) Tlx • Q{^]£. 

Lemma 12.1.1. —  €^o) is  a coherent IZx-module. 

Proof. — Since Q£ is a locally free Ox(*V)-mod\ûe, £(A°) is a pseudo-coherent 0^-
module. Sinc e £(A°) is finitely generated ove r IZx, th e clai m of the lemm a follows . 
See Propositio n 22.1 A below, for example. • 

Let us take Ai G U(\i) C  U(X 0). 

Lemma 12.1.2. —  We have É ^ ^ ^ =  (£^A l\ As  a result, we  obtain the global TZx-
module (B on X. 

Proof. -  W e have flg^Wi)** c Q<ae- Hence ' c|tf(A,)xX c ^  W e would 
like to show the revers e implication . Th e composite of the followin g morphisms ar e 
denoted by ^ fo r i = 1,..., n: 

Q{

6

Xo)£ S t-\U(\0)xDi G1

rF(A0) (Qs  t\U(Xo)xDi) 
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Here, z Gr F ( o ) i s take n wit h respec t t o th e naturall y induce d filtratio n lF^x°^ of 
Q(sXo)£\u(x0)xDi- Le t /C(1,A 0) : = {u G  KMS{£ °, i) | p(A0, u) = l } . W e have th e 
generalized eigen-decomposition with respect t o the induced endomorphism ReSi(B): 

G r l \Qô t\U(\o)xDi) 
ug/c(i,a0) 

Eu 

Here, Res^(D) — e(A,w) is nilpotent o n i£u. W e put 

Km 

M 

i=l 
IIi

-1 

«#(1,0) 

iEu 
n 

i=m+1 
^ _ 1 ( o ) 

We have /C0 = Q< 5

o )f, and hence /C0 C £( A o ) . I t i s easy to see Q^S C  ICniu(Xl)xX. 

Hence, we only have to show /Cm C (£( A°). W e put /C m := /C ,,r/r-r~^ an d (£( A°) := 
^(Ao)r

f_U(Ao)*0. We onj hayQ sho w /Cm C <£(A°). We use an induction on m. 

Let us show ra — 1  m . Sinc e Q^^£ i s an unramifiedly goo d lattice , w e have 
the irregular decomposition 

(254) Q™£ r)(A°V 
^<S °\U(X0)xO aGlrr(6») 

«5 ô-

Let DQ denote the family of logarithmic A-connections of Q^E give n as follows: 

Po D 
aGlrr(0) 

da · id Q(*o) <S Ca 

Note Res * (Bo) —  ReSf(O). Le t v b e a  frame o f Q^^£ , whic h is compatible wit h 
the abov e irregular decomposition (254), the paraboli c nitrations lF^x°\ an d the de-
composition iE(<x°\ W e also assume that the induce d frame o f m G r F ( o ) (Q<<^£) i s 
compatible with the weight filtration o f the nilpotent part J\fm of the endomorphism on 
m G r F °  (Q^^S) induced by Resm(D). (Not e that the conjugacy classes of Afm\(x,Q) 
are independent o f (A, Q) G  U{\\) x  Dm. Th e proof of this property ca n be reduced 
to the tame case, by using the ma p in Theorem 11.7.2 , or the completio n at (A , O). 
The tame case was argued i n [67]. Se e Lemma 12.4 7 of [67], for example.) Le t dj 
be determined b y VJ G Q<^£AJ- Le t I(vj) b e the se t o f I such that Meg E( o)\vj) ^  0 
and Meg F ( o ) (vj) — 0. For £ = m — 1, ra, we put 

vj

(l) 

i<l 
iei(vj) 

zi

-1 vj. 

Then, V(m) is a  frame o f /Cm. W e only have to sho w vj(m) G <£(A°). I f ra  £  I(vj), 

we have vj(m) G /Cm_i, and thus there is nothing t o prove. Le t us consider the case 
ra G I(vj), i.e., Vj171^ = z " 1 ^m - 1 \ Becaus e D0 tCm-i C /Cm_i (8) n1 , 0 (logD), w e have 
^9i55 m " 1 ) - (^a ia i ) t i j m " 1 ) e  K m _i . Therefore , zord(flj) ^m-i) G g (A 0). I f th e m-t h 
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component of ord(aj) is not 0, we are done. Let us consider the case where the ra-th 
component of ord(cij) i s 0. We have 

Do(0m)t#n-1) 9ro(^m-1))-(ömaj)^m-1). 

Since we already kno w zordM x) e £(Ao) , we have (droa.,) ^m_1) €  <E(Ao) . We 
also have 9ro(t .̂m-1)) G E(A0), and thus Bo(dm)v^m~1] e  £(Ao). 

Let [vj]  denote the induced section of mGr (̂ o ) (Q^<$^£)- 1iAfm[vj]  =  0, we have 

Do(öm)̂ m_1) e(A,tim(uJ-))^m1i;j.m 1} 
Zm =0 

г- τητ?(λο)//θ(λο) ç 

Hence, D0(^m)^m ^  — t(\,um(vj)) zmx Vj171 ^  i s contained in /Cm_i C  £(A°) , an d 
we obtain 

vj(m) zm-1 vj(m-1) E E(A0) 

In general, we have the number p(vj) determined by the following condition: 

(Resm(D)-e(A,um(^))) p(Vj) <~(m-l) o, 
(Resm(D)-e(A,um(^))) p(vj)-l ~(m-l) 0. 

The induced section [D0(dm)^m_1 ) - e(A , um(^)) s"1 5JM_1)] o f mGrf(Ao> (fi£Ao)£) 
is contained i n the subbundl e generate d b y [vq171^] suc h that p (vq) < p(vj), b y our choic e of the fram e v. Then , we can show vj(m) G (£(A°) by an inductio n on p(vj). 
Thus, the induction on m can proceed, and the proof of Lemma 12.1.2 is finished. • 

Remark 12.1.3. —  We have considere d the 7 -̂modul e associated t o th e goo d wild 
harmonic bundle o n X \ D, wher e D = (JlLiî * = 0}· Le t us consider the case where 
a harmonic bundle (Ef,dE',0',hf) i s given on X \  £>' , where D' = \Ji=1{zi = 0}. We 
put (E ,dE,0,h) : = (Ef, 8e', ^')|X\£> - W e have the 7 -̂module € on associate d 
to (E,dE,0,h). 

We ca n construc t a n 7 -̂modul e <£ ' on X  fro m <9#> , 0', h!) in the sam e way. 
Namely, le t S  —  (1,. . . ,1) G  IL1 an d le t A o G CA- W e consider the 7^-submodule 
g'(Ao) 0f Qf|/Af(Ao) generate d b y Q^£'.  B y varying A0 and gluing them, we obtain 
the ^-module 

Note that we have a natural isomorphism <E' — > (£ . Indeed , we have natural iso-
morphisms Q£  = Q£'(*V)  and egj ^ -  Q^5o)£' , and hence <*(A°) = g'(A°), whic h 
induces the desired isomorphism. We will use it implicitly. • 

12.2. Review of some results in the tame case 

12.2.1. Some nitrations of <£. — Le t X : = An, A : = {z{ = 0} and D := \J"=1 Di. 
We put n  := { 1 , . . . , n}. Le t (E, 6,  h) be a tame harmonic bundle on X \  D . We 
have th e associate d 7£x-modul e (£ on A \ Fo r A Q G  C, le t A^0 ) denote a  smal l 
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neighbourhood o f {A 0 } x X i n X.  Not e that W^ Xo) ( u£) an d u £ i n [67] are equa l 
^ 2 a+6(E) and Q£  in this paper, respectively . Her e S =  (1, . . . ,1) . W e also have 
^o o ) (<£ ) =  ^ o o ) ( D £ ) =  Q {<s\S). W e will not distinguis h the m i n the followin g 
argument. 

Let I  b e any subse t o f n. Le t qi  denote the projectio n of Rn t o R1. W e have 
the filtration { ^ ^ ( R f ) |  b G R1} o f ^£\x(\0), whic h is equal to the following in the 
notation of this paper: 

\ ( A o ) ( D £ ) 
b'GRn 

Qi(b')=b 

Q(*o) Ç 
b'+ôC' 

It i s also equal to Q^ SS 0  0(* E jEI D j) fo r anY &' ^ Rn such that q I(b) = b W e 
also have the filtration ( 7V^A°^(£ I 6 G R1) o f (Sî caq) given by 

X ( A o ) ( £ ) ÉflV 6

( A o ) (%). 
(See Sectio n 15.2.4 and Corollary 15.63 of [67].) W e recall the following lemma. 

Lemma 12.2.1. — Let I c n and  J :=n  —  I. Let  b G i l < 0 and  c G RJ. We set 

7T(A°)(c, b) 
% ( λ „ ) ( ( £ ) 

Ed<c Vb+d (E) 

Here, d < c means  "d < c an d d ^ c".  We  put c\ := max{c^ — n < 0 | n G 2 ^ o } /^r 
any i e J,  c f :=  (c- I 2 G  J), an d 

7T(A°)(c, 6) Im 
2GJ 

3 r C i J Gr^ o ) X ( A o ) ( D 5) 
J Gr

cV(A0) IVb

(A0) 

E 

Then, the following holds: 
• The  multiplication ofdi  induces  the  surjection ^^(c —  Si,b) —>  TT^Xo\c,b) if 

Ci  ̂0 , where Si denotes  the element of RJ whose  j-th element  is 0 (j ^ i)  or  1 
U =  i). 

• We  have the  natural isomorphism  7T^A°^(c, 6) ~ TT^x°\c, b). 

Proof. —  The first clai m is clear from the construction. Th e second claim is Lemma 
15.46 o f [67]. • 

For a  subset /  C  n, let TZxj  denot e the sheaf of subalgebras of TZx generated by 
Ox an d <3 j (j  G  / ). W e remark th e followin g lemmas, which implicitly appeared in 
[67]. 

Lemma 12.2.2. —  Let  I C  n and  b € R<o- Let  e be  any sufficiently small  positive 
number. Then, we have the  following equality  on X( x°h 

(255) \ ( λ ο ) ( £ ) RX,n-I . nVb

(A0)

 dn-1 (E) 
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Proof. —  It i s clear that the right-hand side of (255) is contained i n the left-han d 
side. Hence , we only have to show that ^,+°^(£) i s contained in the right-hand side 
of (255 ) fo r any c G R-"1, wher e we regard b + c G R1 x  R-~* = Rn. 

Let c G R-~J, an d let / b e a section of ^b+^(<£). Le t us show that / i s contained 
in the right-hand sid e of (255). W e pu t q(c) := # {j G i" | cj ^  0} . W e use an 
induction on q(c). I f q(c) = 0, there is nothing to prove. Assum e q(c) > 0, and let 
Ci > 0. Due to Lemma 12.2.1, we have a section g G z ^+c-5 i (^) suc n ̂ na^ 

f -  3i9 
c'<c 

hc< fec'€*v£0J(<£) 

We remark that the set of the parabolic weights is discrete. Hence , we can reduce the 
number q after finite steps. Thus , we obtain (255) . • 

Lemma 12.2.3. — Let I c n and  b G R1^- Let  i G n — I and  c G R. Then,  we have 

Vc

(A0) IVb

(A0) (E) 

(c',m)GW 
9Γ(4(,λο)\(λο)(<ε)) 

u (c',ra) G jR<o x Z ^o c + m < c 

Proof. —  If c < 0, there is nothing to prove. Assum e c  ̂0 . We only have to show 
the following equality : 

(256) VJAo^V^A°^(€) v^ o ) V 6

( A o ) (c) 6i(iVc-1

 IVb

(A0) (E) 

Clearly, the right-hand side is contained in the left-hand side . W e put K :=n—({i}Ul). 
Let d G RK, an d let us show that nVb+cdi+d (E) +d( )̂ *s contained in the right-hand side. 
Let q(d) := # {j | ^  0} . W e use an induction o n q(d). I n the case q(d) = 0, 
i.e., d G H< 0, the claim easily follow s fro m Lemm a 12.2.1 . Le t / b e a section of 
^b+CSI+dity- Du e to Lemma 12.2.1, there exists a section g of ^b+FC-i)8I+d№ suc h 
that the following holds: 

f -3i9 •hi 
d'<d 

hd hx G V£ o ) V 6

( A o ) (C) ^ G ^ b

( A o i i + d , ( ( £ ) . 

Since the set of the parabolic weights is discrete, we can reduce the number q after a 
finite number of steps. • 

For any subset I  C n := { 1 , . . ., n}, we put Di \— f]ieI Di,  and let N^zX denot e 
the conormal bundle of Dj in X. 

Lemma 12.2.4. — (B is holonomic, and the characteristic variety of € is contained in 
S := UICn (CA x NDI X). 

Proof. — It i s shown in Proposition 15.68 of [67] and its proof . W e give a sim-
plified proof . W e put F 0 :=  Qfo)8. Fo r p G Z ^ 0 , we put ^  := JJd^. We 
set F m :=  ̂ 2\v\^mdpF0. Then , {F m} i s a coherent filtration of £ on X(x°\ Le t 
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Q G  V {Xo) \  \J^ K Vf°\  Fo r any j £  K, w e have 3^ C  F0, an d hence djFm C  F m. 
Then, the action of dj on GrF((£) around Q is trivial. I t implies that the characteristi c 
variety o f <E is contained in C\ x  NpKX aroun d Q.  • 

1 2 . 2 . 2 . Push-forward ig^(£ and the F -filtration U^A°K —  Le t g be any function 
of the form zp = Y\j eI zp-j for pj >  0 (j G  / ) . Le t i ff :  I I  x  Cf denot e the graph . 
It i s very important to investigate the push-forward i g^<£ on X x  C*. The support of 
ẑ f € is the graph of g, which is naturally isomorphic to X. An d ig^<£ is identified with 
(«0*£)[8t] on X x  C t (o r simply denoted by €[3*]) , where igj (resp . ig*) denote s the 
push-forward o f ^-modules (resp. sheaves). The action of 1Zxxct

 1S  give n by general 
formulas: 

(257) 

a · (3^ 0 u) 3̂  0 (a - u) (a G Ox) 

3i · (3^ 0 u) d{ 0 (Siu) d{+1®(dig).u 

t · (d{ 0 u) Q{ ®(g-u) d s x 0 n 
3 t (3^0u) 3 | + 1 0  u 

We will implicitly use the followin g formula for i G /: 

(258) + 9iZt)(9̂  0w) -Pi · j · A8̂  0 u d{ 0 8t(z»w). 

Let 7r denote the projection X x  Ct — •> X. Le t VoRx xct denot e the sheaf of sub-
algebras of IZxxCt generated by TT*1ZX and Qtt- Recall that we have the 

UAo of ig+E on X(A0) F-filtration given as follows (Section 16.1 of [67]): 

Ub

(A0)(ig+E) II*RX V £ o ) ( € ) ® l (6<0) 

Ub

(A0)(ig+E) 

c<0,n€Z^ o 
e+n<b 

Ot

n . UC

(A0) (ig+E) (6 ^ 0). 

These modules are locally finitely generated Vo1Zxxc t-mod\i\es, a property which im-
mediately follows from Lemma 12.2.2. Sinc e they are contained in a pseudo-coherent 
Oxxct-module i g*Q£[3t], the y ar e 7lxxc t-coherent. (Se e Proposition 22.7.2.) The 
following properties ca n be checked by a direct calculation: 

• t · C/b

(Ao) C  U£°J fo r any b G R,  an d t · *76

(Ao) =  u£°i fo r 6 < 0. 
• 3 tC/^A°^ C  £^ A°^ for an y b e R,  an d th e induce d morphism s 3 t :  G r ^^ —> 

Gr^( o ) ar e surjective fo r any b > 0. 
As in (16.3 ) of [67], we set 

(259) KMS(ig^) 
iei 

ue RxC Pi-ue)CMS(£0,i) 

(260) /C(igt<£, A0,6) u G JCM<S(ipt<£°) p(A0,tx) = b 

Here (£ ° means the specializatio n of 6 a t A  = 0 . Th e following lemm a is proved in 
[67]. 
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Lemma 12.2.5 
• The following endomorphism  is nilpotent on  Gr^( A o ) (i gj<£): 

ueJC(ig-f(B,Xo,b) 
-5 t t + e(A,u) 

(See Corollary  16.13 of [67].) 
• We also obtain that  Gr^( 0 )( ^ t ^ ) ^ s strict,  ^.e.; the multiplication of  X — X\ is 

infective for any Ai. (See Proposition  16.47 of [67].) • 

More strongly, we have the following proposition. 

Proposition 12.2.6 (Proposition 16.49 of [67]). — For any  Ao, ig\<£ is strictly S-decom-
posable along t at  Ao with the above V-filtration U^x°^. (See Section 22.3 for the notion 
of strict  S-decomposability.) • 

Remark 12.2.7. —  When we would like to know some property o f t/^uC^)» we only 
have to look at J7 b

(Ao) fo r b < 0. (See Section 22.3 for the functor ^ | t i . ) • 

12.2.3. Filtrations V<A°). — Let JV0nx b e as in Section 22.7.2. Let J ' V 0 f t X x c t 

denote the sheaf of subalgebras o f 7Zxxct generate d by 7r*(JVb7£x) and dtt-
Let b  < 0. As in Section 16.1.4 of [67], for any element c G jR^ 0

 X  -R~~ 7 » w e put 

^ c

( A o ) t f 6

( A o ) ( Î0 t g ) II* (nV0RX) (nVc+bp(E) O 1 

For any c G i£ n , we put 

^ ο ( Λ θ 4 ( λ θ ) ( ^ ) 
(n,a)eS 

gn Z^Ao) ( [ / (Ao) f e t € ) ) 

where 5 := {(n, a) G  Z1 0 x  ( i ^ 0 x  R-"1) \ n + a ^ c } and Qn := IIDnj·Note that 
these modules are -,1Vo^XxCt-modules, a property whic h can be checked by using 
(257) an d (258). Fo r 1 < i ^ n and c G JR, we put 

V c

( A o )C/ 6

( A o )(i 9 tÊ) 

cFHn 

9i(c)=c 

^ o ) f / ( A o ) ( . 5 t ( £ ) ) 

where  ̂denotes the projection of i ? n ont o the i-th component. It is easy to check that 
these modules are finitely generated over ljtV1Zxxct, an d pseudo-coherent Ox xct-
modules, and hence coherent l'tV1Zxxct-modules, a s remarked in Proposition 22.7.2 
below. Thus , w e obtain th e filtration V(A°) on U^x°\ig^(B) for b < 0 by coherent 
*'Vftxxc t -modules. 

We have the induced filtrations on Gr^( o) (ig^(B) which are also denoted by V^A°^. 
Since the filtrations V^A°^ ar e preserved by the action of —9*£, they are compatible 
with the decomposition Gr^( o) \ig\<£) = 0P(ao u)=b^u\h\^)- Hence , the filtrations 
of ^t ,u{ig^) o n X (A0) are induced, whic h are also denote d b y V^A°^. Not e that 
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viA°Vt,u(^t^) are coherent %7£x[5tt]-modules. Since —St£ + e(A,u) is nilpotent on 
viA°Vt,n(^t^)' the y are also coherent 7Vo1Zx-modules. 

Let N denote th e nilpoten t par t o f the actio n o f — (5tt o n V^uCVï^)» anĉ  ^ 
W(iV) denot e th e weigh t filtration . W e obtain th e induce d filtration  V^ A°^ o f 
GrJ^(A° ^t,„( t̂(£) by coherent V 0ftx-modules on X^ x°\ 

Proposition 12.2.8 
• The  filtrations lV^x°^ (i  — 1,... ,n) ar e compatible with the  primitive decomposi-

tion of Gr™{N) $t,u{itf£)  (Lemma  17.37 of [67]). 
• The  primitive part  P Gr^  ̂i /jtjU(ig^(£) is  strictly S-decomposable along  zi = 0 

with the  filtration V^ A°^ for any i (Corollary  17.45 and Corollary 17.55 of [67]). 

We giv e another description of the filtration V( A o ) on £/6

(Ao)(ipt<£) (b  < 0). Let 
ifi := 7  U {i} and if2 : = n — K\.  Le t <5j denote th e elemen t o f Rn suc h that 
(i) the j-th component is 1, (ii) the other componen t is 0. For any subset J  C n, let 
8 J = T,jej

SJ' 

Lemma 12.2.9. —  Let b < 0. Let  c  ̂0  in the case i G  I, or  c < 0 in the case i $ I. 
We have the  following for a sufficiently small e > 0: 

(261) n*(%Kx) bp+CÖi—£ÖK2 
(g) 01 Vc

(A0) Ub

(A0) (ig+E) 

Proof. —  Let us consider the case i G /. Let c\ G  -R<0 = R<Q- We have 

(262) 
c2ERk2 

nVc1+c2 Ub

(A0)(ig+E) 

c2eRK2 
II*(nV0Rx)I*(nV0Rx)I*(nV0Rx) β 1) 

n*(%Kx) nVc1+c2 Ub

(A0)(ig+E) nVc1+c2 Ub

(A0)(ig+E) nVc1+c2 Ub

(A0)(ig+E) O 1 

Here, we have used Lemma 12.2.2. Even in the case i 0 /, we have the formally same 
equality as (262) for ci G i i ^ 0 x R<0 C  -RK l. Then , it is easy to derive (261) . • 

Lemma 12.2.10. —  Let b < 0. In the case c > 0 and i £ I, we  have the following 
description: 

(263) 

Vc

(A0) Ub

(A0)(ig+E) 

{c',m)eU 
gr(V c

( A o ) ^ A o ) ( i , t e) ) 

u (c',ra) G xnV cv c' + m ^ c 

In the case c ̂  0 and i £ I, we  have the  following description: 

(264) 

Vc

(A0) Ub

(A0)(ig+E) 

(c' ,m)£lA 
gr(v c

( A o )c/6

( A o )(i, t(S) 

U (c',m) G .R<o x c' + m < c 
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Proof. —  The case i G /  i s easy by the construction of V^A°^ o n (^f<£) . Le t us 
consider the case i & I. Fo r c<i  G  RK2, w e have 

(265) 
c2 

Vc

(A0) Ub

(A0)(ig+E)Vc(ig+E) 

c2 

V0Rx 
Vc

(A0) Ub

(A0)(ig+E) O 1 

V0RX 
Vc

(A0) Ub

(A0)(ig+E) 

(c',m)eU 

Oi

m V0RX 
Vc

(A0) Ub

(A0)(ig+E) 

(c'm)eU 

Om

i 

nV0RX . RX,K2 

c'Si-\-bp—eÔK2 

(E) O 1 

Here, we have used Lemma 12.2.3, and we omit to denote 7r*. By using the description 
in Lemma 12.2.9, we obtain (264). • 

12.3. The case where Irr(#) consists of only one element 

12.3.1. The splitting of the associated T^x-module into the tensor product 

Let X , L> , and (E,d E,0,h) b e as i n Sectio n 12.2.1 . Le t m  G  Z 0̂ \ {0}. W e 
put $(m)  :=  {j |  rrij < 0} . Le t a  be a meromorphic function o f the for m n^ j^ '  a ' 
where a ' i s holomorphic and nowher e vanishing . Not e ord(a) =  m.  Le t L(a ) be 
the unramifiedl y goo d wil d harmonic bundl e o n I \  D , which consists o f the lin e 
bundle Ox^d wit h the Higgs field da and the trivial Hermitian metric. W e have the 
unramifiedly goo d wild harmonic bundle (E',  dE',0', h1) := (E, 8e, 0,  h) (8 L(a). The 
associated coherent T^x-module is denoted by <£' . 

Let C(a)  be the coheren t T^x-modul e Ox(* n*es(m) Zi) '  e wrth Dje ~ (dja)  ' e-> 
which is the TZx -module associate d t o the unramifiedl y goo d wild harmonic bundle 
L(a). W e obtain the 11  x-module ( £ <&ox 

Lemma 12.3.1 
• On  <B  (g) C(a) is generated by  W^X

0°\(B) ®  e 

over 7r*7lx. 
• We  have the natural isomorphism <£'  ~ ( £ <8> £(a). 

Proof —  Since we have the natural isomorphisms Q£'  ~ Q£  (8 C(a) and Q^£'  ~ 
^io 0 ^^) ®  e> ̂ he secon(i claim follows from the first claim and the definition of (£'. 

Let us consider the morphism 
Ø 7r*1lx (8 

nV<0 (E) O e £ (8) £(o) 

induced by the inclusion W^o)(<£) ( 8 e C <£ (8) C(a) and the ftx-action.  Le t F m(TZx) 
denote the submodul e of IZx whic h consists of the differentia l operator s o f at mos t 
order ra.  On X^x°\ w e define 

Fm (E) lm(Fm(Kx) ® 
nV<0 E E 

Since [j rnFrn((B) =  €  o n A^ A°) by constructio n o f (£ , w e onl y hav e t o sho w 
Fm(€) ®  C(a) C Im$ fo r any ra.  Let us consider the followin g claims: 
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(am) Fm(£) 0 e C Im$. 

(bm) Fm(<£) 0 £(a) C Im$. 

The claim (ao ) clearly holds . Le t us show (am ) (6 m ) . We only have to show 
zNm(Fm(<E) 0  e) C Im(<I>) for any N, which we show by an induction on N. I n the 
case N = 0, the claim directly follows from ( o m ) . Assum e we have already obtaine d 
z i V m ( F m ( C ) (8 ) e) C Im(*). Tak e i € s(m). Let / G  Fm((3). W e have 

I m ( $ ) 3 ^ ( / m . / ^ ) Vc Ub

(A0)(ig+E) * i9 i ( s " m - / )®e ( * N m ·  /) 0 (*fta) · e. 
Because ^ ( z ^7 7 1 ·/) G  Fm (g) , w e have ZiSi(zNrn - / ) 0 e G  Im($). Hence , we obtain 
T̂Vmy ^ ( Z i #. a ) .  e G  Im($) , whic h implies z ( N + 1 ) m / (8 ) e G Im($). Therefore , we 

obtain (6m ) . 
Let us show (6 m_i) == > (am ) . Fo r / G  Fm(<£), w e have 9;(/ 0 e ) = 9» / (8 ) e + 

(did)f 0 e. B y the assumption, 9»( / 0 e ) and (did)f (8 ) e are contained i n Im($). 
Hence, dif 0 e is also contained in Im($). Then , (a m ) follows. Thus , the proof o f 
Lemma 12.3.1 is finished. • 

For any subset I  C n := { 1 , . . ., n}, w e put D1 := Hie/ ^> an< ^ ^ N^jX  denot e 
the conormal bundle of Dj in X. 

Corollary 12.3.2. — (£' is holonomic. The characteristic variety of  <£' is  contained in 
S := U/cn(CA x N^X). 

Proof. —  We use the notation i n the proof of Lemma 12.2.4 . W e set F m(C(a)) := 
Fm(TZx) -  e. Le t Fm((£ 0 £(a)) b e the image of the following naturally defined map: 

p+q<m 
F p(<£)0F,(£(a)) £0£(a). 

Let us show that ©m^m(^ 0 £ ( a ) ) is finitely generated ove r © m i ?

m 7 £ x . Le t % 
denote the image of Fi(Tlx)-Fm_i(<£0£(a)) — > Fm((£0£(a)). W e only have to show 
H = Fm (<£ ® £(a)). A  section / o f Fm (<£ 0 £(a)) has an expression / , jr,_|_(?<^m ap 0 o^, 
where a p G i^(^) and 6q G Fq(C(a)). Ther e exis t section s bm G Fm_i(£(a)) and 
f G Fi(R,x)  suc h that v - bf

m = bm. Then , / i s equivalent to 

q<m-2 
ap 0  bq (ai 0 6 +  (m0) 0 O 

modulo W. B y an easy descending induction, i t is shown that / is equivalent t o a 
section of Fm(<£) 0 F 0 (£(-a)) modulo H. 

Take i G  s (m). Any section of Fm (€) 0 FQ(£(—a)) has an expression 

a m 0  (z m ·  ¿¿#¿0· e). 

It i s equivalent to —Zidiam 0 ( z _ m e ) +  am 0  (miZ~rne) modul o H. Hence, we only 
have to show z_ m · Fm (<£ ) 0 e is contained in H. Thi s can be shown by using Lemma 
12.2.1 as in the proof of Lemma 12.2.2. Therefore , F m give s a coherent filtration of 
<£ 0 £(a) , du e to Proposition 22.1.2. 
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Let us check that the support of GrF (<£®£(a)) as an Ocx XT*X -module is contained 
in <S. By changing the coordinate system, we may assume that a = z m . Le t I C  n. Let 
Q G T)f o) \ U j ^ ^ j A o ) - If/ns (m) = 0, according to Lemma 12.2.4, the characteristi c 
variety of <£' is contained in S around Q.  Assume ln$(m) ^ 0. Le t i G lC\s(m).  Fo r 
j G s(m)  \  J , w e put vj  := mJ1(zj9 J) —  m~1(zidi). Fo r j G n \ (/Us(m)), w e put 
v i : ~ ^j- Becaus e t>j e = 0, we have vj Fq C FQ and hence vj Fm C Fm aroun d Q. Thi s 
implies that the characteristic variet y of <£' is contained in C a X N D I X aroun d Q. • 

12.3.2. Strictly S '-decomposability of the associated 7 £x-modules along a 
monomial function. —  Le t 1  ^ I <  n . W e put {  := { 1 , . . . ,£}.  Le t g  = z p fo r 
some p G ^>o- We have a natural isomorphism ^ ((£(£ ) C(a)) ~ i^€(8)7r*£(a), where 
7r :  I x Cf - > I  b e the natura l projection. Tak e A o G Cv Le t u s conside r th e 
following for any b e R on  X (A0) x Ct\ 

(266) [7F E

( A O )(^T((8®/:(a))) ^ ( A o ) ( M « ) ® ^ A a ) 
Note that we have the isomorphisms: 

(267) Gr?™ ®£(a))) GrfX o >(i g t(£)®£(a). 

Proposition 12.3.3 
• igj (£®£(a)) ¿5 strictly S-decomposable along t at  any Xo, and U^x°^ (ig}(B<8)£(a)) 

is the V-filtration. As  a  result, <£ ® £(a) strictly  S-decomposable along  g. 
• We have natural isomorphisms: 

^t,u(*0t(£® £( a))) $t,u{igi<S) <8>£(α) 

Under these  isomorphisms, the  nilpotent parts N of  —cV ar e the same. In par-
ticular, we  have natural  isomorphisms for the primitive parts: 

PGr^WVt, uM*®Aa))) FGr p

№ W ^, u ( i s t €)®£(a) 

Proof. —  The second claim follows from th e firs t clai m and the isomorphism (267) . 
By construction of the filtration, w e have 

(268) 
t-U^(igi{£®£(a))) t-Uix°i(igi€)®Tr*£(a) 

U{

a

X_i(igi<B)®ir*£(a) U{

a

X_i(igi<B)®ir*£(a 

(269) 
U{

a

X_i(igi<B)®ir*£(a U{

a

X_i(igi<B)®ir*£(a 

U{

a

X

+°l(ig^)®n*£(a) Uix

+Ì(igì(€®£(a)) 

Moreover, we have t • U{

a

Xo) = U{

a

X_i (a  < 0) and 9 t :  G r ^0 > ~  G r ^ o ) (a  > -1 ) . 
Prom Lemma 12.2.5 and the isomorphis m (267) , we obtain that the followin g en-

domorphism is nilpotent o n Gr^( 0 > (i gj£ <£>  £(<*)): 

ueK.(igi<B,\0,b) 
-dtt + e(X,u) 
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We als o obtain that Gr^ °  (i g^(B ® £(&)) is strict. 
Let u s prepare to show that Ub(A0) (igj<£ ® C(a)) ar e VoT^xxc*-coherent . W e only 

have to conside r th e cas e b  < 0. We have the natura l inclusion ^^p-eôn-i (£) ® 1 C 
^fcA o^(^t^)- ^  induce s the inclusio n 

:^(

P

A-U_ i(«)®i ®eCi7 f c

( A o )(i g te®£(o)) 

Then, the VoTZx xct-action induce s the followin g morphism : 

$b : VoUxxCt ® ^f-L^)®!®* [/ b

( A o )(i s t(£®£(a) 

Lemma 12.3.4. —  <!>( , is surjective. 

Proof. — Fo r J =  ( j i , . . . , j „ ) , w e pu t 3 J = FEU 8? an d |J| =  E ji. Let 
^mOWjcxcJ b e as follows: 

Fm(V0HXxCt) 
(j)<m 

aj(z,t,dtt)-dJ 

The inclusio n Wb

(Xlls^(£) ®  1 C  [/ 6

( A o ) ( i s t S) an d th e Tlx x C t-action induc e th e 
following map : 

Fm(V0nXxct) 
(nVbp-edn-1 (E) O 1 Ub

(A0) (ig+E) 

The image i s denoted b y F mulX°\igj(B). 

Lemma 12.3.5 
• We have Di FmU^(igi(B) C  F m + 1 f / ^ ) ^ t € ) . 
• We have fai · F m [ / ( A °) (^ + £) C  F mU^\ig^). 

Proof. — Th e first clai m is clear. Fo r /  < G ^ ^ ^ ( C ), w e have 

g^-p(2,t,g ti)a J(/®i) P ( z , £ , 5 t t ) 3 J - S ^ ( / ® l ) FmC/ 6

( A o )(i g t(S). 
We als o have ^%Zi{f (g) 1) = ( 9 ^ / ) ® 1 —pi(5tt(f <S> 1), where · = 0 if i 0 /. Thus the 
second claim of Lemma 12.3. 5 follows. • 

Let u s return to the proo f of Lemma 12.3.4 . Accordin g to Lemma 12.2.2 , we have 

V 6

( A o )(e)®i 
m 

FmuiXQ\igie). 

Since C/ 6

(Ao)(^t<E) i s generated by ljVb

(X°\(B) <g > 1  over K x, w e obtain 

m 
FmuiXo\ig>e) u(

b

Xo)(igi€). 

Hence, to show the surjectivity of Øb we only have to show FmL^Ao'(ipt(£)(g)7r*£(a) C 
Im(3>b) for any ra. 

Let u s consider th e followin g claims : 

(Pm) FmU{

b

Xo\igf<£)®e Im($6) 
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(Qm) FmUlXo) (i,t<£) 0 C(a) Im(**)-
The clai m (PQ ) is clear . (Not e the actio n o f 9* on £(a) i s trivial. ) Le t u s show 
(P m ) —  (Qm). W e show z N m · FmU^°\ig^) 0 e  C Im(*& ) b y a n inductio n 
on TV . Th e case JV = 0  is (P m ) . Le t u s show iV i V + 1 . Take i G  s(m). Le t 
f eF mU^°\ig^). W e have 
I m ( $ 6 ) 9 ^ ( / m / ^ e ) NmiZNrnf®e zNrn(ziQif)^)e z N r n f^(zidia)e. 

We have zm / 0  e G Im(* b). B y Lemma 12.3.5, we have ¿¿3*/ G  FmUfo)(ig^(B), 
and hence zNrn(zidif) 0 e  G Im($ 6). W e obtain z N m / 0 (z*0*a) · e G Im($ 6), which 
implies 

z ( w ) m / 0 e G l m ( ^ ) , 
Thus, we obtain (Qm). 

Let u s show (Q m) =>  ( P m + i ) . Le t /  G  Pm [ / 6

( A o ) (^ t (£) . W e have 8^/ 0  e ) = 
(dif) 0  e  + / 0  9ie . B y the assumption , w e have o\(/ 0 e ) G Im($b) and /  0  o^ e G 
Im($b), an d thus (Si/ ) 0 e  G Im($&). Then , th e clai m (P m+i) follows . Thus , th e 
induction can proceed, and the proof of Lemma 12.3.4 is finished. • 

Let us check that 0 (itf<£®C(a))  is VoHxxct-coherent. W e have the inclusion 

c^ o )(i p t<*0£(a)) igdQ£)®**C(a). 

Hence, it is easy to check that Ud °  ̂(ig^<£®C(a)) i s a pseudo-coherent 0^xc t-module. 
According to Lemma 12.3.4, UaX°\ig^(B 0 C(a)) is finitely generated ove r VoTZx xct-
Thus, the desired coherence follows from Proposition 22.7.2. • 

Remark 12.3.6. —  Let A4 be a n unramifiedl y goo d meromorphi c flat  bundle wit h 
a uniqu e irregula r value . B y applyin g th e abov e argument , w e obtain tha t th e 
V-filtration o f the D-module M along g is described as (266). • 

12.3.3. Decomposition by the support. — Let n — { 1 , . . . , n}. Fo r each J c  n , 
we put Dj  := f]jeJDj an d Dj  := Dj \  \J^J(DJ  P i Di). Recal l the decomposition 
in Proposition 17.56 in [67]: 

P Grp

W(N) wt,u(igEOL(a)) 
JCn 

MpLULJ. 

Here, Mp, u,j ar e th e T^x-module s whic h com e fro m tam e harmoni c bundle s 
(EPiUij,dPiU,j,0p,Ulj,hPiUij) on  D}. The strict supports of Mp,u,J are£> j := CxxDj. 
According to Proposition 12.3.3, we obtain the following decomposition: 

(270) P G r ^ W Vv( i p t £0£(a)) 
JCn—s(m) 

Mp,UT®£(a). 

We use the notation i n Section 12.2.3. For any b < 0 and c G R, w e consider the 
htVQTlx x c t -module : 

Vi^C/ b

( A o )(i 9 t((£®£(o))) ^xMXo)(h^) 0 7r*£(a) 
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We would like to show that MP,U,J ®  C{a) ar e strictly .^-decomposabl e along Z{ 
at A0 with the induced filtration V^ A o^. 

Lemma 12.3.7. —  The induced subsheaves vJA°^ of  Gr^( A o ) (ig^(B ® C(a)) areVollx-
coherent. 

Proof. —  Let K :=  n — (/ U {i}). Le t b < 0. Let c  ̂0  in the case i < o r c < 0 in 
the case f ^ i < n. We have the following naturally defined morphism: 

Ø i,t V0RXxCt O (nVbp+cdi - edk (E) O 1 O e Yc(A0)[j^o) ipt(3(g)7r*£(a) 

Lemma 12.3.8. —  T/ie map $ is surjective. 

Proof —  Since the argument i s similar t o that i n the proof o f Lemma 12.3.4 , w e 
give only an outline. Le t Fm^H^T^xxCt denot e the intersection o f FmVo1Zxxct an d 
t'tVoTZxxct' Fo r b and c as above, we have the following naturally defined map: 

Fm^%nXxCt) (nVbp+cdi - edk (E) O 1 O e Vc

(A0) Ub

(A0) (ig+E) 

The image is denoted b y Fm V c

( A o ) £/ 6

( A o ) (ig^(£). A s in Lemma 12.3.5 , the following 
holds: 

• Fo r j ^  i , we have djF^^U^ (i g^) Ub(A) C Fm + 1 V c

( A o ) t f f o )(^ t<£). 
• Fo r any j , w e have QjZjFmV^U^ (i gie) C F m V c

( A o ) C/ 6

( A o ) fe t (£). 
By the description in Lemma 12.2.9, Vc

( A o ) C/ 6

( A o ) ( i p t €) i s |J F m ( V c

( A o ) C / 6

( A o ) ^ t ^ ) ) . 
Hence, we only have to show Fm(yc

{Xo)U^Xo) (i gj<E)) ®C(a) C  Im($) for any m, which 
can be shown using an inductive argument as in the proof o f Lemma 12.3.4 . Thus , 
we obtain Lemma 12.3.8. • 

Lemma 12.3.9. —  If i € s(m), iV^u(Xo\ig^®C(a)) Uix°\ig^®£(a)). 

Proof — If a < 0, we have zi V a

( A o )t/ b

( A o )(i s t<£) 4 (-°ι4 ( Λ Ο )(Μ<£)· Hence, the y 
are the same after tensoring C(a). 

Lemma 12.3.10. —  In the case (c > 0 and i ^ £), we have the following description: 

(271) 
Vc

(A0) Ub

(A0) (ig+E)(L(a)) 

(c',m)eU 

Vc

(A0) Ub

(A0) (ig+E) (igi<£®C{a)) 

U (c',m) e R^o x Z^o c' + m ^ c 

in i/ie case (c > 0 and £ < i ^n), we  have the following description: 

(272) 
ViA°)f/ 6

( A o )(i s t(£®£(a)) 
(c',m)eU 

gm î̂̂ (Ao)̂ Ao) i 5 t(£0£(a)) 

U (c',ra) G R<0 x  Z^o c' + m ^ c 
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Proof. —  By Lemma 12.3.9, we only have to consider the case i £ $(m). I n the case 
(c > 0 and i ^ £),  or (c  ̂0 and £ < i), we obtain the following equality from Lemma 
12.2.10: 
Vc

(A0) Ub

(A0) (ig+E) O L(a) Si Vc

(A0) Ub

(A0) (ig+E) O L(a) v£°)UJ)

X°\i9^)®£(a). 

Then, we obtain (271) and (272) by an easy induction. 

Let u s return to the proof o f Lemma 12.3.7. According to Lemma 12.3.8 and 
Lemma 12.3.10, the induced subsheave s lVcX°^ o f Gr^( o) (i g^<£ 0 £(a)) ar e finitely 
generated ove r lVo7Zx. It i s easy to check the pseudo-coherence of V^A°^ a s Ox-
modules. Hence , they are lVo7lx-coherent by Proposition 22.7.2. Thus, the proof o f 
Lemma 12.3.7 is finished. • 

As a consequence, the induced subsheaves viA°^ o f 

wt,u (ig+E O L(a) and Gtw(n) rl> ttU(i9i<E®C(a)) 

are als o 1Vq1Zx-coherent modules . Th e following clai m immediatel y follow s fro m 
Proposition 12.2.8 and Proposition 12.3.3. 

Proposition 12.3.11 
• The  filtrations V^ A°^ (i  = 1,..., n) are  compatible  with the  primitive decomposi-

tion of Gr^ N)^u(i9i<E®C(a)). 
• For  each i, the primitive part P G r ^̂  ̂ t,n(^t^ ® ^ (a ) ) ^ s strictly S-decompo-

sable along  zi — 0 at any Ao with the  induced filtration lV^x°^. 
• In  particular, A4 p,Uij 0  £(a) are  strictly S-decomposable along  zi at any Ao with 

the induced filtration V( A °) . • 

12.4. Specialization of the associated T^x-module 

12.4.1. Completion of <£ along V^. — W e use the setting in Section 12.1. Le t T>n 
denote the completion of X along T>n. Le t i: T>n  — > X denote the canonical morphism. 
Recall that we have the irregular decomposition: 

(273) t*g(Ao)£ 
aelrr(0) 

Q ( A o )£a, Q(Ao)£a, 
aelrr(0) 

Q(*o) ç 
«5 ta

it is easy to see that ¿*<£( Ao) is generated by l*Q^£ i n l*Q^£ ove r Kq^. Hence, 
we have the decomposition ¿*<£(Ao) =  0 a Ea

(A0) correspondin g to (273) , wher e the 

Tig -submodul e <£a C Q( A o ) £ a i s generated by Q<^£a o n U(\0) x  Dn. B y varying A0 

and gluing them, we obtain 

(274) i*E 
a 

Ea 
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For each a G lrr(0), we have the wil d harmonic bundle (Eaida,Oa,ha)  suc h that 
Irr(0a) = {a}, which is obtained fro m (£* , <9#, 0,/1) a s the ful l reductio n (Theorem 
11.2.2). 

Lemma 12.4.1. —  We have the  natural isomorphism  (E 0 ~ £*<£A . 

Proof. —  By construction, we have natural isomorphisms Q£a  ~  t*Q£a-  Th e KMS-
structure a t A o is unique, i f it exists , a  property whic h can be shown by using a n 
argument similar t o that in the proo f o f Lemma 2.8.3. Hence , we have the equalit y 
of the filtered bundles Q(A) £a = t*QiX°^£a for each Ao under the above isomorphism. 
Then the claim of the lemma is clear by construction in Section 12.1. • 

12.4.2. Holonomicity. — For an y subse t I  С n := { l , . . . , n } , w e put Dj  := 
f)iei Di,  and le t N^TX  denot e the conorma l bundle of Dj i n X.  Le t S denote th e 
union Cxx{JIClkN*DiX. 

Proposition 12.4.2. —  The characteristic variety  of <£ is contained in  S. In  particu-
lar, <£ is holonomic. 

Proof. — For J  - ( j i , . . . , jn) G Z£0, we put S J - n?=i °f and \ J\ = EJi- Le t 
Fmnx = {£,JKmaj · SJ}. W e put Fm(<E)  := Fmllx · Q{${£) aroun d {A0 } x X. 
Thus, we obtain a coherent filtration o f <£ around {Ao } x X. 

Let GrF(<£ ) denote the associate d Oc xxt*x-module. Le t u s show that the sup -
port o f GrF((£) is contained i n *S, when we shrink X.  W e have the coheren t filtra -
tions of {Fm((£a) I m = 1,2,... } of <£a constructed i n the sam e way. Then , we have 
L*Fm((£) ~ 0£*Fm((£a) unde r the isomorphism (274) and Lemma 12.4.1. Let y de-
note C\ x  (T*X Xx  {O}).  Le t Ch((£) and Ch((£a) denote the characteristic varietie s 
of <£ and <£a . Because t* GrF(€) ~ ©*<* GrF(€a), we obtain that the completio n of 
Ch(<£) along y is the union of the completions of Ch((£a) along y. Hence , the above 
claim follows from Corollary 12.3.2. • 

12.4.3. Strict .S -decomposability along any monomial function. —  Le t us 
consider a monomial function g  — zv fo r some p G Z^0. 

Proposition 12.4.3. —  (E is  strictly S-decomposable along g. We  have natural isomor-
phisms: 

(275) i*wg,u (E) 
oeirr(e) 

i*Wg,u (Ea) 

It is compatible with the  nilpotent part N of —<5tt-

Proof. — We put s(p) := {г | pi ф 0}. For any b < 0, we define 

(276) Ub(A0)(ig+E) УоТ^ХхСг nVbp-edn - s(p) (QE) O 1 
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For any b ̂  0, we define 

(277) U{

b

Xo\i9i<£) 
c<0,mGẐ  o 

c+m<b 

Ot

m Uc

(A0)(ig+E) 

They ar e Vo7£x xct-coherent modules. B y construction, the y satisf y th e following 
conditions: 

• Ua€R^A°^0t<£) = ^f^- Fo r any 6 G  fl, ther e exist s £ >  0  such tha t 

^ ( A o )(i f lt«E) =  E/fi 0

e

)(* f f t«)-
• t · C/iAo)(i9t<£) C  Uitiiig^) fo r any a £ R, and £ · t/iA o )(i 5 t<£) = ^ ( ^ ( E ) fo r 

any a < 0. 
• S t :  t/iA°^(i5f£) C  U^i(i gf€) fo r any a € R, an d the induce d morphism s 

S t :  Gr^' 0>(igt<£) —> Gr^^^igfC) are surjective fo r any o > —1. 
The induced morphism î?„ x Cj —> X x Ct i s also denoted by Le t us look at 

L*(igj£) and the induced filtration l*U^ x°^(igj£). W e have the decomposition: 

(278) i*(*9t<S) O ig+Ea •^Än_.(p)(e£) 
a 
• ^ Ä n _ . ( p ) ( e £ ) 

We have U^ X°\ig^a) define d a s in (276) and (277) for €a instea d of £. Then , we 
have the decomposition for any b corresponding to (278): 

C*U^\ig^) 
aelrr(0) 

^ ( λ 0 ) Μα)· 

We have natural isomorphisms: 
Ea = t* Ea, ^ ( p°k_« ( p ) (Q^) •^Än_.(p)(e£). 

Note the surjectivity o f Øb in Lemma 12.3.4. Hence , we have the natural isomorphism: 

u(

b

Xo)(igA) i*Ub

(A0)(ig+Ea) 

Therefore, we have the following equality of the nitrations under the isomorphism 
igE = OaEIrr(0)igEA 

(279) •^Än_.(p)(e£) 
aelrr(0) 

t*ut°\ig^a) 

Recall that <£ a i s strictly S'-decomposabl e along g at any Ao with the F-filtration 
[/(A°)(i5-j-(£a) (Propositio n 12.3.3). Hence , we can conclude that < £ is strictly .S-decom -
posable along g at A 0 with the ^-filtration U( x°\<£), du e to Proposition 22.5.8 below. 
We obtain the isomorphism (275 ) from (279) . • 

We have the tame harmonic bundle s (E' a, d'a, 0'a, h'a) suc h that ( £ a , <9 a, #a,/i a) ~ 
(E'a, da, 0 f

a, h'a) 0 L(a). The associated 7 -̂module s are denoted by <£' a. 
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Corollary 12.4.4. —  We  have isomorphisms: 

(280) t*Grjrw^,u(«) 
a 

t * G r ^ W ^ , u ( £ ' a ) ® £ ( a ) , 

(281) ^Gr;w^K)®£(a) 
a 

^ G r ; w ^ K ) ® £ ( a ) 

Proof. — It follows from Proposition 12.4.3. 

Recall the notion of *4-good wild harmonic bundle in Definition 7.1.3. 

Corollary 12.4.5. —  // (E, dE,0,h) is an unramifiedly A-good wild harmonic bundle 
then we have the vanishing PGr^^ ^, w(<£) = 0 unless u G R x  A. 

Proof —  Under th e assumption , <9 a, 0'a, h' a) ar e A-tam e harmoni c bundles . 
Hence, w e obtain th e vanishing o f t*PGrp

w ( i V ) i(; (

u

Xo)(igi<£'a) =  0 unless u  G  A by 
the argument give n in Section 19.5 of [67]. Althoug h we considered only the case 
A = \/-^lR i n [67], the other cases can be shown with the same argument. • 

12.4.4. Strict 5 -decomposability of PG t™^ i/>g iU(<E) along a coordinate 
function. — Let b < 0. We use the notation in Section 12.3.3. For 1 ̂  i ^ n , we 
put K :=  n — (s(p) U {i}). In the case (c ̂  0 and i G  s(p)) or (c < 0 and i 0 s(p))i 

we define 

Ч(л<Ч(Ао)(м«) Im 
i,tV0RXxCt O 'nw-(̂ o) 

.bp—côi—eÔK 
(Q£) ® 1 Ub

(A0) (ig+E) 

(See Sectio n 12.2.3 for 2 'V 07£xxc t-) I n the case (c > 0 and z G s(p)), we put 
iVc

(A0) Ub

(A0)(ig+E) 

(c',m)eU 
87». VJA o )t7 6

( A o )(i y tC) 

U (c',ra) G x c' + m ^ c 
In the case (c ̂  0 and z 0 s(p)), we set 

iVc

(A0) Ub

(A0)(ig+E) 

(c',m)eU 

g r . V c (Ao) c / (Ao)^ t ( , ) 

U (c',m) G i l < 0 x  Z^o cf +  m ^ c 

Thus, we obtain a filtration  i V(A0) of (7 b

( A o ) (z'5+€) fo r each 6 < 0. (Not e that we only 
have to consider the case b < 0 to investigate the property of ipt,u(ig}£)-) Th e induced 
nitrations of Gr^( o )( ^ f € ) , ^t,w(^t^) an< ^ G r ^̂  ^^ (z^È) are also denoted by 
V( A°). The y are %U X-coherent. 

Proposition 12.4.6 
• T/i e filtrations lV^x°^ (i  — 1,... , n) ar e compatible with  the  primitive decomposi-

tionofGT™W$tAig№-
• For  each i, the  primitive part P G r^ ^,wfet^ ) ^s  strictly S-decomposable 

along Zi = 0 at any A0 with the  filtration V ^ A ° \ 
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Proof. — We also have the induce d filtration V^ A°) o f Gr^( i V ) ^ , u ( € a ) . Unde r th e 
isomorphism (280), we have the equality of the nitrations V ^A ° \ by construction an d 
Lemma 12.3.8. Then, the claim of Proposition 12.4.6 follows from Proposition 12.3.11 
and Proposition 22.5.8 below. • 

12.4.5. Comparison of the specializations. — According to Proposition 12.4.6, 
we have the decomposition: 

(282) РСг^фд,и(<В) 
I 

Mu,p,I-

Here, the support o f Mu,Pj i s T>j, and the support o f any non-trivial coheren t IZ-sub-
module of A4u,P,i i s not contained in Vj ( J D  I). Sinc e Mu,p,i ar e strictly 5-decom-
posable along any zi, it is the push-forward o f the T^j-module MUiPj> Le t Ic :=  n—I 
and 2 /c := rijG/ 0 zr ^ n e localizatio n M!upI ®  0(*zic) i s a family of meromorphic 
A-flat bundles . 

We take an auxiliary sequenc e m(0) , . . ., m(L) fo r Irr(0). B y shrinking X, an d by 
using Corollary 11.2.3 with twisting b y good wild harmonic bundles o f rank one, we 
obtain harmoni c bundle s (E™^\d™^ %\o™^\h™^) o n X \  D  fo r a € lrr(0,m(z)) 
as the reduction s a t th e leve l m(z), which induce T^x-modules <£™^ l\ W e have th e 
decomposition: 

P G r ^ W ^ l 1 t ( C ( < ) ) 
I 

Mu,p,I (Ea

m(i) 

Lemma 12.4.7. — Let  k be  determined by  m(0) e Z< 0 x Qn-k- If  Di c  k),  we 
have the natural isomorphism: 

(283) Mu,p,I (Ea

m(i)Mu,p,I (Ea

m(i) 

Mu,p,I-

Proof. —  We may assum e tha t £> / C  g  1(0). Le t ¿1 : Di —*  X  b e th e natura l 
morphism. W e have the following natural isomorphisms: 

(284) 

t jPGr^W^ i U (<£) Mu,p,I (Ea

m(i)Mu,p,I (Ea

m(i) 

aGlrr(0,m(O)) 
PGr p

w W4«We ( 0 ) ) 

PGr^W^WC ( 0 ) ) 4PGr^W&,„(<S^ 0 ) ) 

Since the suppor t o f Mu,p,i an d M u,pj(E™^) ar e containe d i n !>/, we obtain th e 
desired isomorphism. • 

Corollary 12.4.8. —  We have natural isomorphisms ^Sf  : Aiu,p,n — >Mu,p,n ( £0

m W ) for 
* = 0,1,.. . ,L. • 
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12.4.6. C°°-lift of a section. — This subsection is a preparation for Propositions 
12.7.1 and 12.7.3. Let A o be generic with respect t o 

n 

2=1 
v eRxC mi-v e)CMS(V£ 0,i) 

Let K  be a small neighbourhood of Ao in C\. 
We tak e an auxiliar y sequenc e ra(0), ... ,m(L) for Irr(#) . Le t /  b e a section of 

Mu,P,i{E™^) o n /C x X. W e would like to consider a C°°-lift of / t o M u,pj. Le t k 
be determine d b y m(0) G  Z<0

 x  On-fc- Fo r simplicity , we consider the cas e where 
m(i) G  Z<0 x  On_jfe. W e may assume b  := p( XQ,U) < 0 . W e will shrink X  an d /C 
without mention . 

We have a section / G  ^A°^(^t<£™^) o n K x I wit h the following property: 
• Th e induced section fW o f G #( A o ) (^ t<C ( i )) i s containe d in W P(N)rj>gtU{£?W). 

And th e induced section f (2) o f G r ^N ) V^u^cT^) i s equal to / whic h is con-
t a ined inFGr^W^ ; U ( (S r W ) . 

Recall g — zv fo r some p G Z 0̂ . W e set i f : = {l ^ i  ^ n  | pi =  0} . By the definitio n 
of the filtration U^ Xo\ w e have the expression of / a s a finite sum 

/ P s - 3 B ( a B ® l ) 

where <5 A = Uti Oi

bi for B = (h,.. .,&„) , P B G  C[t9t], and a B G  n V b p - E d k ( f i £ 7 W ) 
for som e e > 0. 

Let 5  b e a small multi-secto r i n /C x ( X \ fc)).  Sinc e Ao is assumed t o be 
generic, we have a D-flat splittin g of the Stoke s filtration at th e leve l m(i): 

nVbp-Edk (QE) |S 

belrr(0,m(i)] 

nVbp-Edk (QE) |b,S QE|S 

b€lrr(0,m(i)) 
Q£b,s. 

They induc e a  decomposition of the 7 -̂modul e <£\s  =  ©  E b,S

m(i), and eac h <E™g^  i s 

naturally isomorphic to (&™^)\s-  Le t CLB,S  £  ^bp-edK ( ^ ) a 5  ^e ^e ^  ° ^ as' ^ e 
have the lif t f$  o f the restriction f\g  to i gf£™s^ o n S x C f : 

fs Ps -a 5 - ( a B , s ® l ) . 

If w e are given another D-fiat splitting 
nVbp-Edk (QE)|s 

aGlrr(0 ,m(i)) 

nVbp-Edk (QE) |b,S 

we obtain another lift : 

f's PB - dB ·  (a'BfS 0  1) 

The following lemma is obvious by construction, whic h is stated for reference i n the 
subsequent argument . 
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Lemma 12.4.9. —  We take a frame w ofw£p_eÔK {Q£), and  let hi be  the Hermitian 
metric for which w is  orthonormal. Then, we have üb,s ~aB s —  0{exp(—r]\zrri^\)) 
for some  r\ > 0 with respect  to  hi. • 

Shrinking X  an d K  appropriately, w e take a finite covering K x (X  \  D)  = ( J Si 
by smal l multi-sectors. W e take a partition of unity {xi}  subordinate d t o the cover-
ing {Si}  suc h that \i  depen d only on arg(zj) (j  =  1,..., k). Fo r each Si, we take a 
lift a s above. Let "0C°°" denote the operation to take the tensor product s with 
the shea f of C°°-functions. (Not e that i t i s faithfully flat,  accordin g to [54].) Then , 
we obtain the followin g section: 

fc°° Xi-fSi e  ( z , t €0C°° ) /Cx(X\D«fc))xCV 

Lemma 12.4.10. —  fc°° is  a section of Uj;Xo) (^ t<£) 0 C°° on  K x X x C*. 

Proof. —  We have 

Xi ' /S» 
B 

PB-Xi-9 B(a B , S i®l) 
B 

Pb 
L 

S L ( c ß , L Ä 0 l ) . 

Here, cs,L,Si ar e the product of as,Si a n d R b,l(Xi), where Rb,l € T^x are indepen-
dent o f Si. B y using X ^Xi =  1  and Lemm a 12.4.9 , we obtain that J2iCA ,L,Si i s a 
C°°-section of *VJ£}6k(Q). Then , the claim of the lemma follows. • 

Because of Lemma 12.4.10, we obtain an induced section /^2, o f Gr^( o ) (z pj (£)0C°° 
on K x I . 

Lemma 12.4.11 
f£L is  contained in Wp(N)ipgiU(£) 0  C°° . /fence , induces  a section of fgl of 
G r ^ ( i V ) ^ ( € ) ® C - . 
/£2, ¿ 5 contained in PGr^( A°nV b p - E d k (QE) |b,S0 C°°. Moreover,  it  is  contained  in 
Mu, P )/ 0 C 0 0 /or £/*e decomposition P Gr^( i V ) ^ , n ( £ ) 0  C°° -  ®  A4tt, P, j 0  C°°. 
(fc°°)\KxD(^k) ^S eaual  to f\jcxD(^k) u n ^ e r the  isomorphism 

(^ U ,p , J®C~) 5 ( < f c ) 

belrr(0,m(i)) 
Mu,p,I(Eb

m(i)) O Coo 

|/Cx5(̂ fc) 

in particular, if  Dj C  D(< fc), we have J^L — * ( / ) . f-See Lemma 12.4.7 /or 

"11") 
Proo/ —  Let u s sho w th e first  claim . Le t v  ^  г ¿, an d le t / ^ i v denot e th e 
i>g,v{£) 0  C°°-componen t o f / ^i fo r th e decompositio n Gr^( A o ) (¿^6) 0  C°° . As -
sume that i t i s not 0 . Then , there is an intege r £  such that /¿0 0 v i s contained i n 
W£(N)ij)gtV(€) 0  C° ° bu t no t i n W £-i(N)$g,v{<E) 0  C°°.  Le t [/^i 5J denot e th e 
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induced section of G r ^^ i>g,v{^)  ®  C°°- Accordin g to Proposition 12.4.6, we have 
the following decomposition as in (282): 

СгГ ( лЧ,.(е) 
J 

Mj 

Let [JçL J — Y^[fc<L v)j denot e the corresponding decomposition. T o show the firs t 
claim, w e only have t o sho w [fç<L v]j = 0  for an y J . I f Dj  C D(< K) fc), we can 
calculate [/̂ 2, J j afte r takin g the completio n along k).  Hence , it i s easy to 
check [fçl> v]j = 0 in this case. 

Let u s conside r th e cas e Dj  qL  D(<  k k). Le t f s

(1) denote th e sectio n of 
Gr^( o)  (i 9i&\s) induce d b y /5. By ou r choic e o f /5 , the restrictio n o f fs(1) to 
S H  (/C x ( X \  D( ^ fc))) is contained in Wp-i(N)ipgiU(<E)\S' Hence , the restriction o f 
f£l t o /C x (X \ k))  i s contained in W p _i (A0^(€) ®  c °°- A s a result, the 
restriction o f [f£ljV\ t o /C x (X \  / 3 « fc)) is 0. 

We have the inclusio n Mj —* Mj := Mj ®  0(*D(^ k)).  I t induce s the inclusion 
Mj ®  C°° —> M  (g) C°°. Recal l that Mj  i s the push-forwar d o f a family o f mero-
morphic A-flat bundles on Vj t o X. Sinc e the restriction o f [fç<L J;E Mj  ®  C°° to 
/Cx ( X \ D(^ fc)) is 0, we can conclude that [fçL v]j i s 0. 

The second and thir d claim s can be shown by the sam e argument . Th e fourt h 
claim follows from the third one. • 

12.5. Construction of the ^-triple (<£, <£, C) 

12.5.1. Statement. —  W e continue t o us e th e settin g in Sectio n 12.1 . Le t a  : 
C*x CI  b e given by a(X) = - A ~\ We set 5 : = { A G C  |  |A| = l } . Recal l that we 
have the naturally induced Hermitian sesqui-linea r pairin g 

(285) C : £\Sx(X^D) ® &*£\Sx(X^D) /700 
°Sx(X\D) 

given b y C(/ i 0 cr*/2) := /i(/i,cr*/2), wher e th e right-han d sid e mean s th e shea f 
of C°°-function s on Sx (X \  D).  W e show the followin g propositio n in Sections 
12.5.2-12.5.5. 

Proposition 12.5.1. —  We have a unique sesqui-linear  pairing 

£'.£\Sxx®o-*£lSxX ®bsxX/S, 

whose restriction  to  S x  (X  \  D)  is  equal to C. 
As a result, we  obtain an 1Zx-triple %{E) := ((£, £, (£) associated  to the unramifiedly 

good wild harmonic bundle  (E ,dE,0,h). 
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12.5.2. The induced pairing of V^S  and a*V{~dXo)£.  —  Le t A 0 <E S. Not e 
o~{Xo) —  —  1  — —  ^o- Le t U(Xo)  be a sufficiently smal l neighbourhood of Ao- Le t 
I(A0) : = U(X0)  H S. W e put U(-X0)  : = <t(£/(A0)) and J(-A0) := a(J(A0)). 

Lemma 12.5.2. —  The restriction of (285) to I(Xo) x (X \  D)  is  extended  to the 
following pairing: 

(286) P&%(Ao)xX®<7* ̂ </°)f|/(-Ao)xX 

F G C ° ° ( / ( A 0 ) x  (X^D)) 5 O 
n 

2=1 
zi -2+e for som e e > 0 

Proof. —  We use th e notatio n i n Sectio n 9.1.1 . A s a preparation , w e show that 
#irr(—A + Ao)^ o #irr(—A + Ao)-1 is bounded with respect to h on /(Ao) x (X  \  -D) , i f 
£7(Aq) is sufficiently small . W e put 

girr (A) exp 
a€lrr(0) 

Aa -4 
L 

2=0 
exp 

belrr(6>,m(z)) 
A-Cm(i)(b)-CWt 

We have the boundedness of 

girr(-A +  Ao^ ^ ( - A +  Ao)"1 exp 
a 

2 -11m A-Ao a 4 

with respec t t o h.  B y the argumen t i n the proo f o f Lemma 7.6.8, we can show the 
boundedness of g[TT(—A+Ao)o^irr(—A+Aq)-1 with respect to h if |A — Ao| is sufficiently 
small. Thus , we obtain the boundedness of #irr(—A+Ao)to^irr(—A+Ao)-1 with respect 
to h. 

Then, w e obtai n th e followin g estimat e fo r f\  6  V^s^£\i(\0)xx  an d / 2 £ 
^A°)f|/(-Ao)xX: 

(287) C(/i,a*/2) A(/i(A,z),/2(-A,z)) 
h(girr{X- A0)/i(-A,z ) fcr(-A +  A0)V2(-A,z ) 

/1 ν™ h /2 P(-Ao)/i 
r irr 

fcr(-A+Ao)to^irr(-A-fA0) 1 /1 c\fi\vixro)h'\Mvl-XQ)h' 

Thus, we obtain Lemma 12.5.2. 

12.5.3. Some estimates. — Recal l that the coordinat e system is assumed t o be 
admissible for lrr(0). We take an auxiliary sequence m(0) , . . ., m(L) fo r Irr(#). Le t k 
be determine d b y m(0) G  Z<0 x 0n_fc. Le t B i denot e the restrictio n o f D to th e 
zi-direction. Le t 5 be a small multi-sector i n U(XQ) X (X \D  k)).  Not e o~(S) i s a 
small multi-sector i n U(—X0) x  (X  \D k)).  W e take Di-flat splitting s o f the ful l 
Stokes filtrations b y the procedure in Section 3.7.5: 

F<6 C\S 
aElrr(<9) 

nVbp- |b,S H<5 C\cj(S) 
a<Elrr(0) 

r<0 Ca,S' 
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Let v a b e frames o f Grf (V^S). W e have the natural lift v a,s o f t ;̂  t o V^S^s-
Similarly, le t w a b e frame s o f Gr^  (V^TS

X°^£), an d le t w a,s denot e th e lif t t o 
-p(-*o)c 

Lemma 12.5.3. —  Let Sjr\ 0\ Sn(l(X0)xX) 
We have the  vanishing h(y ajs,pjO-*(wb,s,q)) —  0 unless a -b ^ 0 . 
In the  case a — b  >s 0,  we have the following estimate  on Si for  some positive 
constants C, N and  e: 

(̂̂ a,5,p,0-*U'b,S,g) exp (À^ +  AoÏÏa-b ) O zi N n 

J=2 
zj 

-2+e 

In the  case  a = b, we  have h(vaìs,p,cr*waìs,q) O •n 
3 = 1 

Z3 -2+£ for some 
e > 0. 

Proof. —  For fixed a, b G  Irr(#), w e put C Piq :—  h(va^s,p,cr*Wb:s,q), an d the n we 
obtain the matrix valued function C = (Cp q ). 

Lemma 12.5.4. —  We  have the estimate \C\ = 0^f]j=i \ zj\ 2+£j for  some e > 0 on 
/(Ao) x  S. In  particular, the  third claim of  Lemma 12.5.3 holds. 

Proof. —  Le t v  an d w  b e frames o f P(A) £\u(\0)xx an d V^~ 5

Xq) £\u(-\ 0)xx, respec -
tively. Le t vs  an d ws  b e the frames o f P^s^\s a n o - ^<5^°^\a(s) S i y e n b y va,s an d 
Wa,s (& G  Irr(#)). Le t B\  an d £? 2 be determined b y vs =  v · B\ an d tu s =  w -  B2. 
Then, Bi and i^"1 ( ¿ = 1,2 ) are bounded. Le t C' be the matrix valued function whose 
(p,g)-entry i s given by h(v p,a*wq). B y Lemma 12.5.2 , \C'\ — o (j^=1\zj\~2^£^. 
Then, the claim of Lemma 12.5.4 follows. • 

Let us return to the proof of Lemma 12.5.3. Let Aa b e the matrix-valued holomor-
phic function determine d by 

(288) Β{υα = υα (A" 1 +  Ao) dia · dzi + Aa ·  dz\lz\ 

Similarly, let B^  be the matrix-valued holomorphi c function determine d by 

(289) Β{υα = υα (A" 1 -  Ao) di b - dzi + B\y · dzi /z\ 

Put r\  :=  \z\\. From (288) and (289) , we obtain the followin g relation o n Sj(\0y. 

r1 

dC 
dri 

(A" 1 +  À 0)*iôia (X-1 +  \0)zidib C +  lAa-C + Ca*Bb. 

Then, th e first and secon d claims of Lemma 12.5. 3 follows fro m Lemma 12.5. 4 and 
Lemma 20.3.2 below. • 

Corollary 12.5.5. —  The  pairing of  ^ (V (^]£\S) and  a*J^(S) (V {~6

Xo)£k(5)) is  0 un-
less o - b 5̂ 0 . • 
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12.5.4. The induced pairing of Q {X^£ and a*Q (~s

Xo)£ 

Lemma 12.5.6. —  The  pairing C of  £|j(a0)x(X\D) and °"*£|J(-a 0)x(X\£>) c a n ^ e 

tended to 

(290) Q ^ % ( A 0 ) x X ^ * 2</0 )£|I(-A0)xX 

F G C ° ° ( / ( A 0 ) x  ( X \ £ > ) ) F O 
n 

i=l 
Zi •2+e for som e e > 0 

Proof. — Let 5 , v a 5  and w a s  be as in Section 12.5.3. We pu t 

va,s vais -exp(-A 0 a) : Wa,S wa,s · exp(A0a) 

They give frames vs  an d ws  o f Q ^ £ |s an d Q <̂ A°̂ £|a(S)> respectively. If C/(A 0) is 
sufficiently small , we have the following estimate for some e > 0 on Sj(a0), according 
to Corollar y 12.5.3 : 

h(ys,p,o-*ws,q) o 
n 

3 
z3 -2+e 

Let v  and it; be frames of Q<^£\u(\0)xx an d Q^ Ao)£|C7(-A0)xx> respectively. Le t £?i 
and B2 b e determined by vs — v-B\ an d tu,s = w · B2. Then , as remarked in Lemma 
4.5.8, B\ an d B±  1 ar e bounded on Sj(a0)- W e hav e a similar estimate for 52. Hence, 

we obtai n h(v p,a*wq) —  0(J]j=i kjl~2+£) f ° r some e > 0 on Si(a0)- B y varying 5 , 
we obtai n Lemma 12.5.6. • 

12.5.5. Construction of <£. —  W e ca n regard (290 ) as the pairing 

e:Q (A%(Ao)xX^* 2</0 )£|I(-A0)xX 2>bj(A0)xX//(Ao) 

We woul d like to extend it to the lZ\sxx  ®  cr*7^i(Sxx-homomorphism 

e:Q(A%(Ao)xX^* ®bsxx/s-
The argumen t i s essentially the same as that in Section 18.1 o f [67]. 

Lemma 12.5.7. —  Assume  A G /(Ao) ¿5 generic. If  Y^xPi - Ui = 0  in  Q£x for 
m G  Q{X^£A an d P{e Tlx  (i  = 1,..., ra), tfien we /lave E i=1

m P i C(n i 5 cr*?j) = 0  in 
mx for  any v G  Q (~6

Xo)e-x. 
Similarly, if  Y™  Qi ·  u{ =  0  in Q£~ A /or n* G 2^A o ) £- A ana 1 G  1ZX (i  = 

1,... ,ra) , tten we /iave EHi e:Q(A%(Ao)xX^* C>, a*?/; ) = 0 zn S bx /or any v G  Q ^ o ) £ A . 

Proof —  Le t v be a frame of Q (

<s

Xo)£x. W e have £ P^C^ , cr*^) =  0 on X \  £>. 
We se t z n6 : = n?=i ^j^- There exists a large number TV such that 

Pi . C(ui, o (Zn6vj)) 0 

for an y j. Hence , there exists a large N such that we have 52 P » · C(itj, CT*w) = 0 for 
any « e Q ( _ A ;^ A -
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Since we have assumed A  is generic, any v  G  Q<SX°^£X hav e the expressio n v  = 
J2^J ' vJ-> where vj G  Q^~^£x- Then , the claim of the lemma can be shown easily. 

Lemma 12.5.8. —  7/ ̂ X i Pi · m =  0 in £\i(x0)xx for  m G  Q^S|i(a0)xx and Pi G 
Tlx (i  = l , . . . ,m), then  we have Y™=1 Pi · C(uu °*v) =0 inVbI{xo)xx/I{Xo)  for any 
veQ{-sXo)£\K-Xo)xX' 

Similarly, ifY^Li Qi · Ui = 0  in £|i(-a0)xX for г¿i G Q</o)£|j(-a0)xx and Qi € 
Tlx (i  = 1,... ,m) , £/ie n we ftave Ei o (Qi) C(v,o*ui) = 0· C(v, <r*Ui) = 0 inBb/(Ao)xWo) /o r 
any t; G Q <5) |̂j(A0)xX-

Proof. —  It follow s from Lemma 12.5.7 and the continuity . 

Let u s finish  th e proo f o f Propositio n 12.5.1. Let v an d w b e frame s o f 
Q<ô)£\u(\o)xx and Q<sXo)£\u (-\o)xXi respectively . Fo r an y / G  £|j(a0)xx an d 
g G  £|j(_a0)xx, w e nave th e expression s / =  ^2  Pi · ^ an d # =  J^Qj · ^ fo r 
some Pi,Qj  G 7£x. W e put £(/,£"*#) : = X)P« · cr*Qj · £(vi,a*Wj). W e can check 
the well-definednes s b y using Lemm a 12.5.8. It i s easy t o chec k the morphis m i s 
IZx ® o~*1Zx-linear. Thus , we obtain a sesqui-linear pairin g 

(291) £ :  ë|/(Ao)xX ® ̂ * |̂/(-A0)xX Sîbj(A0)xX/j(Ao) 

whose restriction t o /(Ao) x (X \ D)  is equal to C. 
Let <£' be another such IZx (g)cr*7^x-homomorphism. Then, we have <£' = <£ because 

of the strict 5-decomposability of (£ along the function fllL i Zi  (Proposition 12.4.3). 
See [73], [67] or Proposition 22.10.7 below. 

Hence, by varying A Q and gluing (291), we obtain the global sesqui-linear pairin g 

C: £\sxx ®0'*<£{sxx Qbsxx/s 
with th e desire d property . Again , th e uniquenes s follow s fro m th e stric t S-
decomposability o f € along th e functio n Y[™=1  Zi. Thus , w e obtai n Propositio n 
12.5.1. • 

12.6. A characterization of the prolongment in the one dimensional case 

12.6.1. Statement. —  W e give a remark on the uniqueness of 7£-triples extending 
a variation o f polarized pure twistor structure in the one dimensional case. 

Let X : = A and D := {O}.  Le t T =  (M,  M, C)  be a strictly specializabl e 1l(*z)-
triple on X suc h that S  =  (id , id) :  T — • T * is a Hermitian sesqui-linea r dualit y of 
weight 0 . Recal l that the underlyin g famil y o f meromorphic A-flat bundle s M  ha s 
the KMS-structure a t each Ao G C  due to a lemma of Sabbah [75]. (I t is reviewed in 
Lemma 12.6.7.) For simplicity, we assume that it is unramifled. Le t X denote the set 
of irregular values. 
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To simplify the claim , we assume that the restrictio n o f T t o X \  D  comes from 
a harmonic bundle (E ,dE,0,h). B y the assumption , w e obtain that (£, <9E, 0,/i) is 
unramifiedly goo d wild . Accordin g to Proposition 12.5.1, we have the 7l(*z)-trip\e 
%(E)(*z) := (Q£, Q£,£(**)) associated to (E,d E,0,h). W e would like to compare 
T(E) (z)  and T. 

Theorem 12.6.1. —  Assume that ( P G r ^ ^ ) U ) a ( T ) , 5 a > u ^ ) ar e polarized  pure twistor 
structure of  weight £ for any a el, u e RxC and  £ G Z^ 0 - T/ien , we Aave a natural 
isomorphism (Z(E)(*z) ~ T . 

Remark 12.6.2. — Conversely , if T ~  T(E)(*z),  (PGrf ^ j U j f l ( T ) , S f l j ^ ) ar e polar-
ized pure twisto r structur e of weight £ for any a e l , u  € Rx C  an d £  G Z^0 - Se e 
Corollary 12.7.2 . "  • 

Remark 12.6.3. —  According to a result by Sabbah in [75] , we do not have to assume 
that (T,5)|x^£> comes from a harmonic bundle. Namely , if (T, S)\x^£> comes from a 
variation o f twistor structure with a pairing of weight 0, and if the assumption o f the 
theorem is satisfied, th e variation o f twistor structure comes from a harmonic bundle. 
(It also follows from our argument below. ) • 

12.6.2. Reduction of 7£(*z)-triples. —  Le t T =  (A4,M,C)  b e an 7£x(*z)-triple 
on X  suc h that S  —  (id, id) give s a Hermitian sesqui-linea r dualit y o f weight 0. We 
set X  \—  C\  x  X an d V :—  C\ x  D.  Assum e the following : 

• Ai  i s an unramifiedly goo d meromorphic prolongment of M\x^x> in the sense of 
Definition 6.2.1 . Th e set of irregular values is denoted by T. 

• (T , S)\x^d come s from a variation o f twistor structure with a pairing of weight 0. 
Namely, M.\x^x> come s from a family of A-flat bundles, and C  is the restrictio n 
of a A-holomorphic sesqui-linear pairing . 

For any a  G X , we have the ful l reduction M a :=  Gr^(A4) on the produc t o f C\ 
and a neighbourhood X' o f D. Fo r simplicity of description, we replace X wit h X'. 

12.6.2.1. Le t A0 G S. Le t X^Xo) denot e a small neighbourhood of {A0 } x X i n X. We 
use the symbol XMA°) in a similar meaning . Le t S  be a small sector in X^ x°^ \ V^ x°\ 
Then, a(S) i s a smal l secto r i n X (~xo) x £>(- A<>). Not e that a  < 5 b  if and onl y if 
a ^a(S) b for any j an d an y a G 1.  B y Lemma 12.6.10 below, we obtain an induced 
Hermitian sesqui-linea r pairin g 

Co,a M°alsx{X^D)®°-* «^a|Sx(X\D) ®bSx(X\D)/S-

In particular, we obtain an 7 -̂triple Gra(T)° : = (M° a, M° a, C0 , a ) o n X \  D  for a G X, 
which is equipped with a Hermitian sesqui-linea r dualit y Gr a(5)° := (id, id). W e will 
prove the following lemma in Subsection 12.6.2.4. 

Lemma 12.6.4. —  Co a is  naturally extended  to a Hermitian sesqui-linear pairing: 

Ca Ma\SxX ®0~*Ma\SxX ®bsxx/s(*z). 
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In particular, we  obtain an 7Z(*z)-triple Gr a(T) : = (M a,MA,CA) on  X for  a  G  X 
with a  Hermitian sesqui-linear duality  Gr a(<S) = (id,id) . 

12.6.2.2. W e assume that M i s strictly specializabl e and unramified. (Se e a remark 
in Subsection 12.6.1. ) Sinc e we have the natural isomorphism MD  ~  © a a ^ a | P ' 
the induce d 7 -̂triples Gr a(T) ar e also strictly specializabl e along z =  0. Moreover, 
we have natural isomorphisms 

(292) ^,o,u( M) ^,o,u(Grfl M). 

We will prove the following lemma in Subsection 12.6.2.5. 

Lemma 12.6.5. —  Under (292), we have ifjz,a,uC = ^z,a,uCa- Namely,  we have a 
natural isomorphism ^ z^a^uT ~  ^,a,n(Gr a(T)) for any a el. 

12.6.2.3. Let M y denot e the dual of M as a family of meromorphic A-flat bundles. 
Let Y(T°,<S° ) b e th e variatio n o f twistor structur e wit h th e pairin g o f weight 0, 
obtained as the gluing of M.\X^T> and cr*À4Y-y v b y the isomorphism induced by C. 

Lemma 12.6.6. —  The  Stokes structures of  M. and a*Mw are  the same in the sense 
of Definition  6.2.2. Namely,  (M,cr*Mw) is  an unramifiedly good  meromorphic pro-
longment o/T(T 0,<S°). 

Proof. —  Let 7 r : X(D) —»  X b e the rea l blow up. Du e to the existenc e of C and 
Lemma 12.6.10 below, th e Stoke s nitrations of M. and a*M.  are mutuall y dua l on 
S x  X(D). Henc e their Stokes filtrations o f M an d o~*M V ar e the same onSx X(D). 
Let us compare them on C\ x  X(D). Le t m  := min{ord(a — b) | a ̂  b G  l}. Le t us 
compare the partial Stokes filtrations ^ ( m ) p ( P G  C* X X  ^(D)) o f M an d cr*M V. 
They ar e th e sam e in the cas e P  G  S x  -K~ 1(D). Not e that th e filtrations  f( m)p 

are constant , whe n P varies {arg(A ) = raarg(z)}.  Hence , we obtain that the partial 
Stokes filtrations  F (m)p (P G  C* X x  n~ 1(D)) o f M an d a*M V ar e the same. Then , 
it i s eas y t o obtai n tha t th e Stoke s structure o f M an d cr*.M v ar e th e sam e on 
Clxir-^D). • 

We hav e a  variatio n o f twisto r structur e wit h a n induce d symmetri c pairin g 
Gra(T(T0,<S°)) o n P 1 x  (X  \  D)  a s explained i n Section 6.2. B y construction, i t 
is naturally isomorphic to Y(Gr 0(T°,<S°)), an d (M a,o-*Ma) give s a meromorphic 
prolongment of Gra(Y(T°,<S°)). Not e that M a ar e a-regular. 

12.6.2.4- Proof  of  Lemma 12.6.4- —  Le t A o G S. Le t /  b e a section of M. a\x(\0), 
and g  be a section of Ma\x(-\0). W e shall show that Co, a(/ 5 &*g) give s a section of 
®bSxx/s(*z) o n 7(A0) x  X, where J(A0) := U(X0) n S. 

Let E( X°^ b e a  goo d lattic e o f M\X(\0). W e may assume tha t /  i s a  section of 
Gra(£ ,^A°)). Le t u s take a  coverin g X (A0)\ D(A0)  = \J? =1Si b y smal l sector s on 
which we have flat splittings E^ O) =  ®A £ X E ^ ] E ( A 0 ) of the ful l Stokes filtration TSi o f 
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E^°\ W e have the natural isomorphism E^. ~  Gra(E(^Xo^)^i.  Hence , we obtain a 
lift o f fsi  t o E^].  B y gluing them i n C°° as in Section 3.6.8.2, we obtain a  C°° -
section / o f E(x°\ whic h is called a C°°-lift o f / t o E^x°\ Similarly , we take a good 
lattice jf£(_A°) o f A î̂ (-ao) sucr i that g  is a  section of Gra(£^_A°)), an d w e take a 
C°°-lift g  of g to E(~x°\ 

Let £̂ A~ an d E^£o) denot e the sheaf of C°°-sections of E  ̂an d £,(~A°) , respec-
tively. Th e pairing C  : £(A°) (8) a*E^~x^ —>  %)bsxx/s(*z) ca n naturally be extended 
to C :  E££ <g > a*E^o) ®bSxx/s(*z).  Hence , we have the sectio n C(f,a*g) o f 
S)bsxx/s{*z)- Becaus e C(f,a*g) —  Ca(f,cr*g) by construction o f / an d g,  we are 
done. • 

12.6.2.5. Proof of Lemma 12.6.5.  —  B y considering the tensor product with £(—a), 
we may reduce the problem to the case a = 0. We obtain an isomorphism of the under-
lying 7 -̂modules ^ZiU(M) — ipz,u(Mo) from the isomorphis m MD  ~  0aer ^a\3' 
Let u s compare the specialization s of sesqui-linear pairing s C  and Co - Le t A o G S. 
Let [/i ] be a section of $z,u(Mo)\ViXo). Let [f2]  be a section of ^Z,U(M0)\V(-xo)· W e 
would like to show ^)WC([/iU*[/2]) =  ^,«Co([/i],a*[/2]) . 

We take /i G ̂ ,o,u(Grfl M) n̂  (A40| at(*o) ) which is a lift of [fi] in the sense that /i induce s the 

element [fx]  G ^)U(M0) C G r ^ ^ ^ o ). W e also take f2 G ̂ ^^(A^oiatc-^o)) 
which is a lift o f [/2]. Le t x be a test function on X whic h is constantly 1  around 0. 
We put luq '·= y/—ldzdz/2/K. By definition, we have 

>*,«0)([/iu*[/2]),p: Res 
s+e(A,u) 

C0(/i,a*/2), \z\2sx(z)Pujo 

We take a  lattic e jE?(Ao) of .M^cao) suc h that (i ) /1 i s a  section of Gr0r(£'(Ao)), 
(ii) £<A° ) is contained in V$lu)M\X(x0)  · W e take a C°°-lif t / 1 of /1 to E^0) a s in 
the proof of Lemma 12.6.4. Similarly , we take a lattice E^~x°^  o f M.^(-\0) suc h that 
(i) / 2 i s a section of Gr£(E(-x^), (ii ) £(~A°) i s contained i n v£~_X°lu)(M\X(-xo)). 
We take a C°°-lift / 2 of f2 to E*"^). Then , we have C0(fu<T*f2) = C(/i , cr*/2). 

We hav e th e sectio n [/1 ] o f ^>z,u(M)\T>(xo) induce d b y [/1 ] an d th e isomor -
phism il)z,u{M)  — ipz,u(Mo). Similarly , [/2 ] naturall y induce s a  sectio n [/2 ] of 
^z,u{M)\V{-\Q). Le t us show the following equality : 

(293) Res 
s+e(A,ti) 

C(fua*f2), \z\2sXpu;o ^ c ( [ / I U * [ / 2 ] ) , p ; 

We can take a lift / { o f [/1] to £?(A°> such that f{-fi= 0(\z\N)  forjom e sufficiently 
large N. Similarly , we can take a lift f2  of [f2] t o £(~A°) such that f2-f2 =  0(\z\N) 
for some sufficiently large N. Then , it can be shown that both sides of (293) are equal 
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to 
Res 

s+e(A,u) 
C(/í,<r*/¿), Z 2s XPw0 

Thus, we obtain ip ZLUC = ^Z,UCQ. 

12.6.3. Proof of Theorem 12.6.1. — Let us return to the setting in Subsection 
12.6.1. According to Lemma 12.6.5, PGr^ ( A ° ^z^u(Ta) an d P G r ^W ^z^u{T) are 
naturally isomorphic, compatible with the naturally induced Hermitian sesqui-linea r 
dualities. Hence , we obtain that Y(Gr a(T°,<S°)) = Gr a(Y(T°,S°)) ar e variations of 
polarized pure twisto r structur e from the assumptio n i n the theorem , accordin g to 
a resul t by Sabbah [73], (It als o follows fro m Lemma 11.8.6 and Corollar y 22.12.5 
below.) Then , the claim of Theorem 12.6.1 follows from Theorem 11.2.2. • 

12.6.4. Strictly specializable holonomic 7 £(*£)-module on a disc (Ap
pendix). —  W e recall a  lemm a du e t o Sabbah . I t relate s stric t specializabilit y 
of a n Tlx -module with KMS-structure o f the correspondin g family of meromorphic 
A-flat bundles . Le t X  : = A and D  := {0} . Le t /C be a neighbourhood of Ao € C\. 
We put X  :=  K x X an d V :=  K x D. 

Let M.  be a strict coherent holonomic 7£x(*z)-module on X whos e characteristi c 
variety i s contained in K  x  (N^X  U NpX), wher e N^X  denote s the 0-sectio n and 
NpX denote s the conormal bundle of D in X. Then , M give s a family of meromorphic 
A-flat bundles . Moreover , we assume tha t i t i s strictly specializabl e alon g z  wit h 
ramified exponentia l twist. (Se e [73] or Sections 22.4.1-22.4.3 below.) W e would like 
to show the followin g lemma. Althoug h it was already shown by Sabbah in [75], we 
would like to give a partially differen t proo f based on the arguments in [58], [72] and 
[75], just fo r our understanding . 

Lemma 12.6.7. —  M,  has the KMS-structure at  XQ, i.e., we have the locally free Ox-
submodules viXo)(M) C  M (a  e R) such  that (i) {JaP(

a

Xo)M =  M, (ii)  viXo)M = 
(V{

a

Xo)M \ae  R) is  a good family of filtered X-flat  bundles  with  the  KMS-structure 
at Ao-

Proof. — For any Ai, let Ai Xl denot e the restriction AI/(A — X\)A4. Fo r simplicity, 
we assume that M x° i s unramified. (Th e general cas e can be reduced to this case 
easily.) W e have the irregular decomposition MD  = 0 a G j A ^ 0 with the good set of 
irregular values I c  M(X,  D)/H(X). 

Lemma 12.6.8 
• Mx is  also unramified  for each X. 
• The set of the irregular values of  Mx is  given by T. 
• Let M x~ = (&a£zMx be  the irregular  decomposition.  Then,  rank(Ai A) = 

rank(AÍAo) 
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Proof. — We give only an outline. Se e [75] for more details. Th e following equality 
can be shown: 

rank(X^) 
ueRxC/Zx{0} 

rank^ , a , n (X) | A 

Then, the claim of the lemma follows. 

Let us return to the proof of Lemma 12.6.7. We pu t 

V(Xo)(M) V(Xo)(M®C(-a))®C{a), V(Xo)(M) 
aeT 

V(Xo)(M 

We shal l sho w V^°\M) i s a goo d lattic e o f M. Usin g the argument s in [58] and 
[72], w e can show the following general result: 

• I f we shrink /C appropriately, w e have a ramified covering (f>e :  K' x X' — • /C x X 
given by 0 e(A, z)  =  (A o + ( A —  Ao) e ,z e) suc h that th e restrictio n o f (j)* eM t o 
/C'* x  X' ha s an unramifiedly goo d lattice, where /C'* :=  K! \ {Ao} . 

We already know that each Mx ha s a good lattice, and the set of the irregular values 
is T. Hence , it ca n be shown that we do not hav e to take a ramified covering , i.e., 
M\)c*xx ha s an unramifiedly goo d lattice, where /C* := /C \ {Ao} . Then , it is easy to 
see that vi X°\M)\jc*xx i s a good lattice of M\JC*XX> 

Take smal l number s 0  <  E\ < e2 suc h tha t /C o := { A | ei <  | A — Ao| ^  £2 } 
is containe d i n /C . W e can tak e a  locall y free Ox-submodul e C C  M. such that 

Pa(^)|x: 0xx C C\JC 0XX- Becaus e o f th e O^-loca l freenes s o f £ , w e obtai n 
viXo){M) C  C by using Hartog s theorem . Becaus e viXo)

 {M) i s the limi t o f Ox-
coherent submodules of V<£KO\M), w e can conclude that V^ 0\M) i s Ox-coherent. 

Let viXQ\MYy denot e the Ox-submodule otM generate d by viXo)(M). I t is O x-
locally free, and V {

A

XO) (M)^ {{XQ G ) } =  ^ A O ) ( A 4 ) | * x { ( A 0 , o ) } - W e already know that 
Pa C^Oik * xx i s a g°oci lattice. Then , by using the non-degeneration of the irregular 
values and a  well established argumen t i n [51], it i s easy to obtain that vi X°\A4)vv 

is a good lattice o f M. Onc e we know that M.  has goo d lattices , i t i s easy to show 
V{Xo)(MYy -  vi Xo)(M). B y construction, th e famil y vi Xo)(M) o f good filtered 
A-flat bundles has the KMS-structure a t Aq . Thus , we obtain Lemma 12.6.7 . • 

12.6.5. Preliminaries for the sesqui-linear pairing (Appendix) 

12.6.5.1. Preliminaries  for  the  compatibility  with  Stokes structure. —  Le t S  b e a 
small sector { r e ^ | 0\ < 6 < 02, 0  < r  <  r 0 } in A*. Let a , b £ C[z _ 1 ] suc h that 
Re(a +  b )>0on S. 

Lemma 12.6.9. —  There  does not exist  a  distribution  F  on  A  such  that  F\$  = 
exp(a + b  + a log z -f (3 log z). 
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Proof. —  Let e > 0 be a sufficiently smal l positive number. Le t 9[, 6'2 be 6\ < 0[ < 
6'2 <  #2· Let # C C°°(A) b e the subspace generated b y the functions of the followin g 
form: 

exp 
1 

R2E P(0) 
1 

TA Q(z,z). 

Here, (i ) p(0) is a C°°-function whose support i s contained i n [#i,02] > (u ) Q ls a 
polynomial, (iii ) A E R. Th e space # is preserved by dz and 9^. 

For n  G  Z^o> let L2 denote the space of distributions whic h are contained in 
the dua l o f the Sobolev space L2_n o n A. Le t F be a distribution o n A such that 
F\S = exp(a + b + a log 2 + (3\ogz). W e have some n G Z<0 such that F G  L2. For 
any g G w e have g - F £ L2. We have 

V(Xo)(M (^) -¿V+s-№F) iA* ^•F iA . +  ^ . ^ a + a-z-1)) F|A 

Note that d^g and g - dza are contained in J. B y a similar calculation , there exists 
a G  S such that <9#(# · F) |A# — OL- F|A * o n A*. Hence , there exist a large integer N 
and /3 E $ such that dd(zN · g · F) = /3 · F on A. Usin g an inductive argument, we 
can show that there exist a  large number N(f)  and /3^ E S f°r each £ E Z>o such 
that (dd)£(zNWg  · F) = (3{i) · F E l?n. Then , w e obtain tha t zNWg  · F is locally 
Ln+2l. Hence, if £ is sufficiently large , zN^g  · F has to be locally I?. But, we can 
directly show that zN · g · F is not L2 for any N iî g ̂  0. Thus, we have arrived at a 
contradiction. • 

The lemma can also be shown by a more direct argumen t b y taking a sequence 
of test functions pn  satisfying (i ) the supports o f pn are contained in 5, (ii) pn —• 0, 
(iii) (F,pn)  -+ oo. 

12.6.5.2. Compatibility of sesqui-linear pairing with Stokes filtrations. —  Let (Vi, V$) 
(i =  1,2) be meromorphic flat bundles on (A, O), i.e. , V* are locally fre e 0(*O) -
modules with connections V* : V* —> V * (8 ) r2A. Fo r simplicity, we assume that the y 
are unramified. Le t DbA(*0) denot e the sheaf of distributions o n A* with moderate 
growth at O  (see [72] or a review in Section 22.8 below) , an d let V&(*0)  denot e 
the sheaf of meromorphic differential operator s on A whose poles are contained in O. 
Let A * denote the conjugate of A. Le t C : V\ (8) V2 —•> £)bA(*0 ) be a sesqui-linear 
pairing, i.e. , (T>a(*0) ®  VAt (*0))-homomorphism. Le t S be a small sector in A* , 
and let S denote the closure of S in the real blow up of A along O. We take a V -̂flat 
splitting o f the ful l Stokes filtration F5: 

(294) Vi|s 
aGlrr(Vi) 

Vi,a,s 

Then, we obtain an induced T>s  ® P^t-homomorphism Ca^  : Vi,a,s ® V2,b,s —» 3)bs 
on 5. 

Lemma 12.6.10. —  We have Ca¿ = 0 unless Re(a + b) < 0 on 5. 
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Proof. —  Let O denote the completion of A along O. We take a meromorphic frame 
of v{i) =  (t; « I a G Irr(Vf) ) o f V^q which is compatible with the irregular decompo-
sition: 

Viv(i) v(i) 
a€lrr(Vi) 

da 4 ° dz 
z 

Here, A$ ar e constant matrice s with Jordan forms. Fo r each small sector S' i n A*, 
let Vg] be the lift of t o V^,, which is compatible with the decomposition (294). By 
varying S' and gluing them in C°° as in Section 3.6.8.2 above, we obtain a (7°°-frame 
VqL — {Va^C°°)m ^We may assume tha t (̂̂ î C00' Vf?qC°°) ar e âS O distributions 
on A . O n the secto r S,  w e may also assume tha t ^apC°°\s ar e holomorphi c and 
compatible with the decomposition s (294). Le t us consider the distributio n Fp  q :— 
G v 1 

a,p,C°° V 2 u,q,Coo on A. 
First, we consider the case where ^^p,c°° and v^q c°° are contained in the the bot-

tom part of the weight filtration W  associated to the nilpotent parts of A  ̂an d A^\ 
respectively. Then , we may assume to have the following equality on S: 

V1va,p,C|S 
da + cip 

dz 
z 

V 
l 

a,p,C°°\S< V2v 2 
o,g,C°°|5 db + ßq dz 

z 
V 2 

b,q,C°°\S-

We have Fp^q\s =  B · exp(a + ap \ogz -f b +  (3 \ogz) fo r some constant B.  Du e to 
Lemma 12.6.9, we have B = 0, i.e., Ca,b(v^pCoo\S,v^Coo^s) = 0. 

We show FPiq\s =  0 in general by using an induction on the degree with respect to 
the filtration W.  W e put d^\p)  : = degw(v^jCoo|5) an d d<2>(g) := degw(v^Coo|5). 
We will show Fp^s =  0 assuming -Fp'̂ 'js = 0 for any d(1)(p') ^ d(1)(p ) and d(2)(<?') < 
d(2\q). I n that case, i^gjs satisfie s the differential equation : 

dFp,q|S da + db + ojp 
dz 
z 

Bq dz 
2 

Fp,q|S 

Hence, we obtain FPiQ\s  =  B · exp(a + b  + ap\ogz +  /? logz ) fo r some constant jB. 
And by Lemma 12.6.9, we have 5 =  0 . Similarly , we can show Fp^q\s —  0 assuming 
Fp>,q'\s =  0 for any d(1) (p)< d(1)(p) and d(2)(<?') < d(2)(tf)- Thns , we obtain Ca,b = 0. 

12.7. Specialization of the associated 7 -̂triples 

12.7.1. Reduction and specialization. — Le t X  : = An , D{ := {z{ = 0 } and 
D = UILi A- Le t (E,8E,  0 , h) be an unramifiedly .4-goo d wild harmonic bundle on 
X\D. Accordin g to Proposition 12.5.1, we have the T^x-triple %{E) :—  (<£ , <£, <£). Let 
us study it s specialization along a monomial function g  — zv', where p — (pi) G Z>̂ 0 . 
We use the notatio n i n Section 12.4. Accordin g to Proposition 12.4.6 , we have the 
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decomposition: 

(295) P G r ^ ) ^ ( e ) 
I 

Mu,p,I 

Here, the support o f A4u,P,i i s Vi, and the support o f any non-trivial 7^-submodule 
of M u,p,i i s not contained in Vj (J  D I). Sinc e Mu,pj i s strictly 5-decomposable 
along any Zi (i  G J), it is the push-forward of the 7^-modules M'upI. W e have the 
sesqui-linear pairin g 

Cu,p,I MUìPj\SxX ® 0-*MUiPiI\SxX QbsxX/Si 

induced by P̂ ? U (C) o -17V p(g)l We would like to know a more detailed property 
of the 7 -̂triple 

Tu,p,i{E) M-u,p,I-) •M.u,p,Ii Cu,pJ 

with the Hermitian sesqui-linea r dualit y <S u,p,/ = ( ( — l ) of weight p. 
For a  subset J  C  n, let Irr(0, J) denote the image of Irr(#) by the natural map 

M(X,D)/H(X) M(X, D)/M(X,D(n - J)), 

where D(n — J) :=  \Jien_j D{.  W e take an auxiliary sequenc e ra(0),...  ,m(L ) fo r 
Irr(#). Fo r J, w e have m(p) such that m^(p ) < 0 for some i £ J and rrii(p + 1) = 0 
for an y i e  J.  W e have a natural bijection lrr(0,m(p)) ~ lrr(0 , J). W e have the 
unramifiedly *4-goo d wild harmonic bundles (Ej ia, d j ? a , 0j 5 a , ftj, a) fo r a £ lrr(0, J) on 
X \  Z) , which is obtained as the reduction of <9E , 0, ft) at the level m(p). (We 
inductively use the one step reduction in Proposition 11.2.4 with twisting by good wild 
harmonic bundles of rank one.) W e have the associated T^x-triple (£j , a , £j,a 5 £j,a) 
on X.  W e have the decomposition as in (295): 

PGr^Wv f l,«(Cj,a) 
I 

Mu,p,l(Ej a)> 

We have the induced sesqui-linear pairin g 

Cu,p,i(Ejia) Mu,p,i(Ejìa)ÌSxx ®(T* Mu,p,i(Ejia)\sxx Qbsxx/s-

Thus, we obtain T^x-triples TUìPj(Ejìa). 

Proposition 12.7.1. —  We  have natural  isomorphisms T u^pj(E) ~  T U,pj(Ei$). 

Proof. —  We may assume Dj C g x(0). Let lj :  Dj —> X b e the natural morphism. 
We have the following natural isomorphisms: 

296 

PGr^w^,u(t;e/i0) PGr^w^,u(t;e/i0) 

aelrr(6»,/) 
PGr^w^, u ( t ;e / i 0 ) 

i ' G r ^ ^ w e / . o ) tJPGr? r<J V)v9,«(€/,o) 
Since the support o f MUlPj an d Af u,p,/(^/,o) ar e contained in D1, we obtain the 
natural isomorphis m M u,P,i —  MUip,i(Ei,o)- I n the following , w e may and will 
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implicitly identify them . Le t us compare the sesqui-linear pairings . Fo r simplicity of 
description, we put C' UPI :=  CU#j{Ei$). Becaus e of the strict 5-decomposability of 
MUiPli an d M u,p,i(Ei,o) alon g any Zj (Proposition 12.4.6), we only have to compare 
Cu,p,i an d C' UPI o n I \ Ujgi Dj- Th e restriction s o f M u,P,i an d M u,P,i{EIi0) 
come from the famil y of A-flat bundles M' upI an d M' upI{Ei<o) o n C\X DJ , where 
DJ := Di \  U/c j A/ - W e only have to compare the restrictions o f Cn ? P j j an d C' UPI 

to M' upI an d >l^ P 5 /(F/,o). (Se e Proposition 22.10.7.) Let t t : X -> D 7 b e th e 
natural projection. B y considering the restriction t o tt~ 1(P) fo r P €  DJ, we may and 
will assume I  = n. 

We take an auxiliary sequenc e m(0) , . . ., m(L) fo r lrr(0). We have the reduction s 
( £ T ( i ) , S ^ ( i ) , C ( 0 , C ( i ) ) for  a G Er"(0,m(t)). W e have th e associate d ^-triple s 
( C ' 1 ' j C ' ' ' ) C ' 1 ' ) o n -X" - We have the decomposition: 

PGrfWv<,,«(<C W ) 
j 

Mu,p,j(ET{i)). 

We hav e the induce d sesqui-linear pairing s C u ? p ? j (F™^) . W e have the natura l iso-
morphisms -M u,p,n (F™( 0 ) ~  A4 u , p , n (F^ ( i + 1 ) ) , a s remarked i n Corollary 12.4.8 . We 
only have to show Cu^n(E™^) =  Cu,p,n(E™^l>)) fo r i =  —1,. . . , L under the iso -
morphisms. (W e put E™^~ 1>} := F , formally. ) B y an eas y inductiv e argument , we 
only have to compare Cn ? p ?n an d C UjPin(E™^). T o make the description simpler, we 
rmt r r n ^ —  C (F m ( 0 ) >> put ^u,p,n  ·— ^w^n^u / * 

Take a  generi c A o G S. W e take a  smal l neighbourhoo d U\  o f Ao , an d w e put 
JJ2 \—  a(Ui) whic h i s a  neighbourhoo d o f —Ao - W e put Ui  PI S =  I{ (i  =  1,2) . 
Take fi  G M'UiPtrkVJiXDjL =  ^ ^ ( E ^ J i ^ . x ^ . W e would like t o compar e th e 
distributions CUtPin(fi,(T*f2) an d C™p°n(fi,cr* /2)· W e may assume p(A 0,?x) <  0 and 
p(-A 0 , tz)<0. 

We tak e a lift / 1 G (ig^T^)\UlX{Xxct) of h a s in Section 12-4-6 , i.e., (i ) /1 G 

^pGxJ.uj^t^ 0 ^ ( a ) the educed section o f G r ^0 ^ (z^ t €^ ( 0 ) ) i s contained in 
Wp(iV)4Ano )C ( 0 )

5 th e induced section f[2) o f Grjf( i V ) ^<S™ {0) i s equal to /1. 
Similarly, w e take a lif t / 2 G (v^cT^)\u2x(Xxct) °^ f2' ^ e t A De a test functio n 
on C t whic h is constantly 1  around t  = 0. Let cc; 0 := (27r) -1 \f—\dt · dt. B y definition, 
we hav e 

(297) Cupn(f1, o* (f2)), p yp,u^o —liV pf1(1), o f2(1)), p 

-1 p Res 
s+e(A,u) 

C ( 0 ) ( ( - 3 t * + e(A,ti))Vi,aV2) \t\2S'X'P'UJo 

We take a lift / i , c - o f /1 to [/( A°) (igt<E) <g> C°°, a s in Section 12.4.6. Similarly, we 
take a lift / 2 c ~ of /2 to c f ( _ A o ) (vj-£) <g > C°° . B y construction, f hiC°° (b  = 1,2) are 
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contained i n pernio) ^  eac n sma| j sector S.  B y using Corollar y 12.5.5 , we obtain 
the followin g equality o n I\ x  (X  \  D): 

(298) C((-9t* + c(A,ti))Vi,c~, *̂/2,coc) C(°)((-^ + e(A ,^/1,a*/2). 

Due to Lemma 12.4.11, the followin g holds: 

(299) -1 v Res 
s-f e(A,u) 

£((-dtt +  c(\,u))pfi,c°°, <J *f2,C~ \t\2s-X-p-u;0 

Wg,u(C) -IN Jl,C°° ' J2,COQ E CUìP,n{fi,o~* /2) 

Prom (297), (298 ) and (299), we obtain CUjP, n = C£$,n around generi c A0 . B y 
continuity, we obtain CUjPiIk = C™p°n. Thus , the proof of Proposition 12.7.1 is finished. 

Corollary 12.7.2. —  The  restriction  of TUiPj to  X  \  I J ^ D j come s /rora a n un-
ramifiedly A-good wild  harmonic bundle (EU jPj, dUiPii,  Ou,pj,hu^pj) on D°j  with 
the twist  by  Ts(—p/2). The  set  of  the  irregular  values  of 0u^pj  is contained  in 
{aelrr(<9)|a = 0in Irr(0,J)} . 

Proof —  Note that (2£/,o , 9E,O, 0j,o5 ^/,o) i s tame wit h respec t t o th e divisor s Dt 
(£ G  / ) . Hence , TUiPj(Ei^)\£)o  come s from the harmoni c bundl e wit h th e twis t b y 
Ts(-p/2). (Se e Section 18.4.9 of [67].) B y considering the restriction t o {0 } x X, we 
can easily check the other claims . • 

12.7.2. The specializations come from wild harmonic bundles 

Let %(EUiPii)  denot e th e T^x-triple s (€n,p,/ , <£u,P,i, &u#j) associate d t o th e re -
ductions (EUiPj,dUjPj,QUjPj,hUiPj,)  (Corollar y 12.7.2 ) with th e natura l Hermitian 
sesqui-linear duality . 

Proposition 12.7.3. —  There  exists an isomorphism %(EUiPj) ~  Tu,pj 0 Ts(p/2). 

Proof. —  Their restriction s t o X  \  Uj^ i Dj ar e th e same - W e only have t o show 
<£u,p,i —  M-U,p,i- (Not e Proposition 22.10.7.) Sinc e both of them are strictly 5-decom-
posable along G := Yij^j Zj, we only have to compare their meromorphic structures, 
i.e., we only have to show £u,p,i ®  0(*G) =  Mu,P,i 0 0(*G).  (Se e Lemma 22.4.10 
below.) Not e that they come from families of meromorphic A-flat bundles on C\ x  12/, 
which we have to compare. For this purpose, we only have to compare their restrictions 
to njl(P)  i n £> / for j ^  I  an d P  £  (Dj  D  £>/ ) \  \Jk^{j}ui (DJ N  Dk H £>/), wher e 
ttj :  Di —>  Dj  n £>/ denotes the projection . Therefore , we only have to consider the 
case dimD\ =  1. Becaus e of Proposition 12.7.1 , we may assume /  =  { 2 , . . . ,n } an d 
lrr(0) C  C[z^]. W e have the ft-triples GTa(TUiPiI 0 Ts(p/2))°  fo r a G lrr(0) on Dj 
obtained fro m Tu,pj  0 Ts(p/2)  a s t*he reductions (Sectio n 12.6.2) . Becaus e of the 
uniqueness (Theore m 11.2.2), we only have to show that Gra(Tu^pj  0 Ts(p/2))  ar e 
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variations of polarized pur e twistor structure s of weight 0. For this purpose, le t us 
show that Gr a(%i,p,i) are isomorphic to the restriction of TUjPj(Ei^a) t o D°j. 

We have the isomorphism: 

PGr^W^,„(<£(*2?i)) | 5 i 

a<Elrr(0) 
PGr^WVfl , u (<Si , .№)) | S l 

Thus, we have the isomorphism: 

'300 Mu,p,I(*D1)|D1 
aElrr(0) 

A^t4,p,/(Si,fl)(*©i) |Si 

Note that M u,pj{*Vi) an d Mu,p,i(Ei^a)(*Vi) com e from familie s o f meromorphic 
A-flat bundles on Dj, which are denoted by V and Va. We regard them as Ox(*T>i)-
modules. B y (300) , w e have the isomorphism 

301 W Va|D1 
a 

Gr„(V) | S i V|D1 

Lemma 12.7.4. —  TTie reduction Gr„(V ) is  naturally isomorphic  to  Va for  each a € 
lrr(0). 

Proof. —  By considering the tensor product with rank one harmonic bundle, we may 
assume that a = 0 . W e are given the isomorphism: 

Ø Gr0(V) 
zi=0 

V0|z1=0 

Let A  / 0 . The restriction of $ to {A = 0 } is denoted b y 3>A. Sinc e the restric-
tions GroV |{A}xJD/ and Vo|{a}xD/ ar e A-flat meromorphi c bundle s wit h regula r sin -
gularity, 3> A is convergent, and it gives the holomorphic isomorphism Gr 0 V|{a}xDj — 
Vo|{a}xD7- Then , it is easy to see that $|{ a^o} comes from the flat isomorphism : 

302 Gr0 V|c*xDj V0|CxD1 

Let us show that the isomorphism (302 ) ca n be extended on C\ x  Dj. We take local 
frames v and w of Gro V and Vo on some neighbourhood U around (0,0) in Vi. The 
morphism (302 ) i s expressed b y the matrix A  with respec t t o v an d w. W e ma y 
assume that the entries ctij of A are holomorphic on U n {A =  0 } . Moreover , a^j 
has the formal expansion J2  ai,j,fc(A) · z\, where ai,j,fc(A) are holomorphic with respec t 
to A. (Recal l that we are given Ø on C\ x  {z\ = 0 } . ) Th e power series are absolutely 
convergent on {\z\\ < R{\ x {¿1 < |A | < ¿2}. Hence , we have the following for any 
£ ^ 0  and \zi\ ^ 

\x\=s2 

dij · Â  · dX 

k \M=s2 

aij,k(\)'\e-zk'd\ 0. 

Then, we can conclude that o^i^j  ar e holomorphic on {\z\\  ̂Ri}  x {|A| < ¿2}, which 
implies that the morphism (302 ) ca n be extended o n C\ x  Dj. Sinc e the completion 
along {z\ = 0 } i s an isomorphism, it is an isomorphism if we shrink X appropriately . 
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Take a generic Ao , and its small neighbourhood U(Xo).  W e have another direc t 
construction of the flat isomorphis m Gr0 V\u(\0)xx —  Va\u(\0)xx- Le t b = p(Ao,^). 
Let S  be a small sector in U(Xo) x  (X \ Di).  Becaus e we have assumed tha t A o is 
generic, we can take a D-flat splitting o f the full Stokes filtration (Propositio n 3.7.18): 

(303) "T6p-£<5IL_s(p) 
Q£ s aelrr(0) 

bp-eôn-s(p) Q£ a,S-

It induces the flat decompositions Q£\s = © a Q£a,s and 

'304 Ub (ig+E(*D1))|SxCt 
a€lrr(0) 

Ub(A0)(ig+E(*D1))a,s 

rr(A0) 
We hav e the corresponding decomposition of Gr .  Sinc e the decomposition is 
compatible with the action of — S£t, we also obtain the decompositions: 
305 ^u 0 ) («№)) | 5 

aEIrr(0) 
PGr^w^,u(t;e/i0) 

306 P G r f W ^ ) ( Ê ( * P 1 ) ) | s 

a€lrr(0) 
Р С г ^ ^ ) ( в ( . 2 > 0 ) o,5' 

307 V|s 
a€lrr((9) 

Va,s 

By th e order ^ 5 on the set lrr(0) associate d to the sector 5 , we obtain the filtra -
tions T S\ 

^M„o)(«№))|S 

b<s&a 
J7 b

( A o ) (z g t e№)) b S , 

^M„ o )(«№))| S b<sa 
C o ) ( « № ) ) „ , 5 . 

£SpGjW(N) V£«o)(e(*2M)|s 
k<sa 

P G r ^ ( i V ) ^ o ) ( ( £ № ) ) ^ M „ o ) ( « № ) ) | S 

Fa V|s 
b<sa 

V b f 5 . 

Although the decompositions (304), (305) , (306) and (307) depend on the choice of a 
splitting o f Q£, the filtrations J^ 5 ar e well defined. 

By construction , we have the natural isomorphism Fa^s : Va\s — V a,s. 

Lemma 12.7.5. —  //we shrink  S, Fs := 0 ^ ,5 ca n fee extended to the isomorphism 
0V f l ^ ~  V|£ , an d Fs/z = 7T -1 o  \£. T/i e filtration Fs(V\s) is  equal to the full Stokes 
filtration ofV\s-

Proof. —  Let / b e a section of Vfl. W e tak e a  lif t /  t o ^  }(^ t^i,a). Namely , 
the induce d section f(1) of Gr^( o) (igi&i^)  is contained in Wp(N)ipUig(<Eiia), an d it 
induces f eV AC G r ^ ( i V ) ^ , p ( € i , a ) . Not e that ^fo )(ip t£i,a)(*£>i) (b  < 0) is the 
V0nXxCt (*L >i)-submodule of i p t Q ^ £ h a generate d b y ^-Is^.^iQ^a) ®  1 over 
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Hx{*Vi). Hence , we have the expression 

f Pi'(ae®l), 

where P £ e  Ux^D,)  an d a t e  W^^JQS^). 

Let d£,s  be the lif t o f an  t o 2 2^/p-£<5n_ s ( p ) (Q£) a s * W e obtain th e sectio n /5 of 
C/b

( A o )(i5 t(H(*Di))a 5  give n as follows: 

/5 P£ · (a/5 0 1) 

It induce s a  section /5 o f Va,s, whic h is equal to F ais(f\s)- T o show the firs t claim 
of th e lemma , w e only have t o chec k that / 5 induce s th e sectio n o f V^, and tha t 
fs\z = 7 r " 1 ( * ( / | « 1 ) ) » afte r shrinking 5. 

We tak e a  finit e coverin g U(Xo)  x (X  \  D\)  =  [JSj  b y smal l multi-sector s 
such tha t Si  =  S.  W e take a  partitio n o f unity (xi)  subordinate d t o th e cover-
ing (Si)  suc h tha t \i  depen d onl y o n arg(zi) . O n eac h Sj,  le t a^SJ  be th e lif t 
of a£  t o 10^bp-S5RI_S{V) (Q£)a,s 3r A s m Sectio n 12.4.6 , we obtain a  sectio n /c° ° of 
UbXo) (*0t c №)) ®  C°° Sive n as follows: 

fc°° Xi-Pi' {at,SI ® 1). 

As i n Lemm a 12.4.11, the induce d sectio n o f Gr^ 7 °  (i g^(E (8) C°°) i s containe d 
in W p(N)ipgiU(<E) 0 C°°, an d moreove r i t induce s th e sectio n o f V  0 C°° C 
G r ^ W ^ n ( £ ) <g > C0 0 whos e restrictio n t o P i i s equa l t o Vtffa).  Not e tha t 
we have fc°°\s — /5 after S is shrunk. Hence , we can conclude that fs give s a section 
o f V | s , a n d / s | f =  7T-1($(/ | S l)). • 

Then, we obtain isomorphism s © V a | ^ ~  Gr(V)| ^ fo r any such S.  The y are inde-
pendent o f the choice of a D-flat spitting. By gluing them, we obtain the isomorphism 
© Va\u(\0)xx — GT(V)\U(X0)XX- Sinc e its restriction t o V\  i s equal to W, it i s equal 
to the isomorphism in Lemma 12.7A. 

Note tha t th e underlyin g 1Zv I-modules o f G r a ( 7 ^ j ) an d T u^pj(Ei^a) ar e 
Gr a(V)|cAxD° and V a |c AxD° 5 respectively . T o show that Gva(TUiPiI) an d T UiPj(Eiia) 
are isomorphic , we only have to compar e the sesqui-linea r pairings . B y continuity , 
we onl y have to compare them o n I(Ào) x S, wher e I(A 0) denotes th e intersectio n 
of S and a  small neighbourhood of some generic Ao , and S denotes a  small sector in 
X \  D.  Suc h a comparison can be easily done by using the splitting s (304), (305) , 
(306) and (307). Thus, the proo f of Proposition 12.7.3 is finished. • 

12.8. Prolongation of ramified wild harmonic bundle on curve 

In Sectio n 12.5, we have constructed a n 7 -̂triple from an unramifiedly  good wild 
harmonic bundle , whic h is strictly 5-decomposabl e along an y monomia l functions . 
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We have several ways to argue a similar issue in the ramified case . In Lemma 19.2.2 
below, w e shall construc t suc h a  prolongation as the direc t summan d o f the push -
forward o f the ft-triple  associate d t o a n unramifiedl y goo d harmoni c bundle . W e 
can also obtain the prolongatio n directly by using the sam e method as that i n th e 
unramified case . W e explain the latter only in the one dimensional case. W e shall use 
it in Section 17.2 . 

Let X  :=  A and D  :=  { O }. Le t <9# , 0, ft) be a wild harmonic bundle defined 
on X  \  D,  which is not necessarily unramified. W e shall construct a  family of mero-
morphic A-flat bundles Q£ , a strictly 5-decomposable ft-submodule <£ C Q£, and an 
^triple %{E)  := (C, £,£). 

12.8.1. The family of meromorphic A -flat bundles Q£ . — W e take an ap-
propriate ramifie d coverin g ip  :  (X F,DF) —•  (X,D) suc h tha t (£" , BE', h')  := 
</?_1(i2, 8E, 0, ft) is unramified. Th e ramification index is denoted by e. W e have the 
associated family of meromorphic A-flat bundles (Q£F, W)  on C\ x  (XF, D'). Sinc e it is 
Gal(X'/X)-equivariant, we obtain the family of meromorphic A-flat bundles (Q£,B) 
on Cx x  (X,D). 

We have the irregular decomposition: 

(ö£'>»'Wo)xö' 
aelrr(Ö) 

AEa, Da 

We pu t Q£[ rr := 0 a # o Q£' a. Sinc e Q£[ rr an d Q£' Q ar e Gal(X7X)-equivariant , w e 
obtain the decomposition 

OS Q£o e fifirr-

12.8.2. The good lattices. — Fo r each Ao, we have the goo d lattices Q^°^£ f of 
Q£f on U(Xo) x X'. The y are Gal(X'/X)-equivariant . Th e descents are denoted by 
Q[X/^£f- I t ha s the KMS-structur e a t A 0 with the inde x set K,MS(Q£°).  W e have 
the decomposition QiA°̂ £'U(A0)xA, = ® A Qa X°^£a, which induces a decomposition 

c\U(X0)xD QiXo)£o e Q(Ao)4r. 

12.8.3. The ft-module <£.  —  W e naturally regard Q£  as a n 1Zx -module. Let 
£(A°) b e the ft x-submodule o f Q£ on J7(A0) x X, generate d by Q {X^£. Th e following 
lemma is clear from the construction. 

Lemma 12.8.1. — We  have the decomposition <E^?\  , - = Q£uv  ® Q^n^o, where 
\U \Xq)XL> 

Q^£o denotes  the  Hg-submodule of  Q£o generated by  Q<^£o. • 
We hav e the wil d harmonic bundles (E 'a,dE'A,0'a,h'a) fo r a e lrr(0' ) o n X' \  D', 

obtained as the full reduction of (£',dE>,0', h!). Not e that (E 'o,dE'O,0Q,h'o) i s equiv-
ariant, and we have the descent (EQ,  <9E0, 0o, fto)- We have the family of A-flat bundles 
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(VSo,Bo) and the T^x-module (So, associated to (E0, dE0,@o, h0). Not e we do not have 
to consider deformations becaus e №o , <9#n, #0, ho) is tame. 

Lemma 12.8.2. —  We have the  natural isomorphisms 

™0\D - ÖS» E0|D = Qmin E0 

Proof. —  We have the natura l isomorphisms Q c So  — Vc °  ^q,- Then , th e firs t 

isomorphism is obtained. Sinc e 0̂\3 an d Q^-^So  are generated by Q<^£o, th e second 
isomorphism is obtained. • 

Lemma 12.8.3. —  For X1 G  U(Xx) C U(\0), we  have <B^ « | & ) x x onU(X1)xX. 

Proof. —  We only have to compare the completio n of them alon g U(Xi) x D.  Bot h 
of them ar e isomorphic to the direc t su m of Q\xx£ an d the completion of (Bo. Hence , 
the claim of the lemma follows. • 

Therefore, we obtain the global T^x-module (B. 

Lemma 12.8.4. —  (B  is  strictly S-decomposable along  the  function z n. 

Proof. —  We only have to show that the completio n <B0 is  strictly S'-decomposable 
along the functio n zn. I t follow s fro m the stric t 5-decomposabilit y of (Bo ([73] and 
[67]). • 

12.8.4. The sesqui-linear pairing €. —  Recal l that we have the pairing fo r each 
Ao € S: 

C 2^| I (Ao)xX'®^ Q
(-Ao) ol 
<1 t|/(-A0)xX' 

; / e C ° ° ( 7 ( A o ) x X ' ) / 0(\z'\-2+£) 3e>0 

It induce s the pairing : 

C Q(<?]£\i<\0)xx®<? y<l t\I(-\0)xX 

feCOG(l(Xo)xX) f 0(\z\-2+£) 3s  > 0 

It induce s €  :  <B\sxx ® &*(B\sxx —>  Qbsxx/Si a s in Section 12.5.5. Thus, we obtain 
the desire d 7£-tripl e %{E)  :=  (<£ , €, <B) eve n i f (£" , <9E, #,/i) i s ramified , i n th e cas e 
dimX =  1. 

Remark 12.8.5. —  W e only have to consider the unramified cas e to know the property 
of ^ 9%(E). Se e Lemma 22.11.2. • 
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CHAPTER 13 

PRELIMINARIES 

This chapter is a collection of miscellaneous preliminaries for our study in Part III. 
In Section 13.1, we recall some general properties of filtered flat sheaf in [69] related 

to //^-stability, with some minor generalization. 
In Sectio n 13.2 , we study a  Mehta-Ramanatha n typ e theore m fo r filtere d fla t 

sheaves. Thi s kind of result is always fundamental fo r the study o f the //^-stabilit y 
condition. Not e that we do not have to assume that the filtered sheaf is good. Thi s 
result will be useful in Chapter 16. 

In Section 13.3, we construct Hermitian metric s for good filtered A-fla t bundles in 
a standard manner, which have some nice properties, althoug h the y ar e no t pluri -
harmonic. Thi s is preliminary for Sections 13.4 and 13.5. 

In Section 13.4, we collect some results related to wild harmonic bundles on pro-
jective curves. W e review in Section 13.4.1 the Kobayashi-Hitchin correspondence for 
wild harmonic bundles on curves, due to O . Biquard an d P . Boalch [10]. Section s 
13.4.2-13.4.4 are preliminary fo r the proo f o f Theorem 16.1.1. W e show in Section 
13.4.2 the convergence of the sequence of harmonic metrics for ^-perturbations. Then , 
we study in Section 13.4.3 the convergence of a sequence of Hermitian metrics, whose 
pseudo-curvatures converge to 0 in some sense. W e also prove the continuity of har-
monic metrics for a holomorphic family of stable good filtered flat bundles. 

In Section 13.5, we give a sufficient conditio n for a harmonic bundle to be good 
wild. Propositio n 13.5.1 can be regarded as a kind of "curve test". 

We explain in Section 13.6 some basic properties of the good filtered flat bundles 
associated t o goo d wil d harmoni c bundles. Sinc e the argument s for the proo f ar e 
essentially the same as those in [66] and [69], we give only outlines. 

In Sectio n 13.7, we explain a  method of perturbation. Th e point i s to kil l the 
nilpotent par t of the action of the residues on graded pieces. Th e content is almost 
the same as that in Section 2.1.6 of [69]. 
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13.1. Preliminaries for //^-polystable filtered flat sheaves 

13.1.1. Filtered flat sheaf and parabolic flat sheaf. — Le t X  b e a complex 
manifold wit h a  simple normal crossing divisor D with the decompositio n into irre-
ducible components D = \J ieADi- A  filtered fla t shea f on (X,D)  i s defined to be a 
pair o f filtered shea f 25* = ( a25 | a £ RA) o n (X, D) and a  meromorphic flat connec -
tion V of the O x(*D)-module E = U aeR A °> E- ( S e e Sectio n 3.2 of [66] or Subsection 
2.5.3 in this paper for filtered sheaf . W e use the symbol ^E instead oi  oE.) I f 25* is a 
filtered bundle , it is called a filtered fla t bundle . Recal l that (25* , V) i s called regular, 
if V( a£7) C aE® ft 1 (lo g D) i s satisfied. 

In thi s paper , a  c-parabolic shea f wit h a  meromorphi c connectio n i s calle d a 
c-parabolic fla t sheaf . B y the operatio n o f taking the c-truncation, a  filtered fla t 
sheaf is equivalent t o a c-parabolic flat ŝ eaf . 

Remark 13.1.1. —  Usually, the logarithmic property i s contained in the definitio n of 
parabolic fla t shea f o r paraboli c Higg s sheaf. Fo r example , i n ou r previou s pape r 
[66], a  parabolic Higgs sheaf means a pair o f parabolic sheaf V * with a  Higgs field 6 
satisfying 0( aV) C  ay ®  ^x°(log£*)- I t woul d be more appropriate tha t suc h an 
object is called regular parabolic Higgs sheaf or logarithmic parabolic Higgs sheaf. • 

13.1.2. /XL-Stability. —  Le t X  b e a  smoot h irreducibl e n-dimensiona l projec -
tive variet y wit h a  norma l crossin g hypersurfac e D  an d a n ampl e lin e bundl e L. 
The /i£-(semi)stabilit y conditio n fo r a  filtere d fla t shea f (25*,V ) o n (X,D)  i s 
defined i n a  standar d manner . Namely , w e say tha t (25* , V) i s //^-stabl e (resp . 
/iL-semistable) i f w e have ml(2*\«) <  Ml(25*) (resp . ml(2?*) ^  ¿¿¿(25*) ) fo r an y 
sub-object (F*,V ) C  (25* , V) suc h that 0  <  rank F <  ranki5 , wher e ¿¿¿(25* ) : = 
(rankE1) - 1 J x c i ( L ) n _ 1 par-c x(25*). W e say that (25* , V) i s /x^-polystable , i f i t i s 
a direc t su m o f /x^-stable one s 0(25i*,V*) suc h that /¿¿(25* ) =  £¿¿(25;*) . B y the 
correspondence of filtered sheave s and paraboli c sheaves, we define the //^-stability , 
/X£-semistability an d //£-polystability conditions for parabolic flat sheaves . 

As in [66], we say that (£7*, V) is /i^-polystable with trivial characteristic numbers , 
if i t i s //L-polystable and i f each //^-stable componen t (E^,Vi ) satisfie s /¿¿(25^* ) — 
/ x par-c 2 L ( B i . ) =  0. 

13.1.3. Canonical decomposition. — Le t (£* l\ V ^) (i  = 1,2) be //L-semistable 
c-parabolic fla t sheave s suc h tha t // l(£[^) =  Ml(£^)- Le t /  :  ( f i ^ j V ^ ) — • 
(£i 2 ),V< 2)) b e a non-trivial morphism . Le t (/C* , V/c) denot e the kerne l o f /, which 
is equipped with the naturall y induced parabolic structure and th e flat connection. 
Let X denote the imag e of /, an d X  denote the saturated subsheaf o f £^ generate d 
by X, i.e., X/X i s torsion, and £^/X  i s torsion-free. Th e parabolic structures of £^ 

(2) — 
and £1  J induc e parabolic structures of X and X, respectively. We denote the induced 
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parabolic flat sheaves by (Z*, Vj) an d (2*, Vj). Th e following lemma can be shown 
using the argument in the proof of Lemma 3.9 of [66]. 

Lemma 13.1.2. — (/C*,Va:), (X*,Vj) and  (Z*,Vj) are  also pL-semistable such that 
µL(k) = Pl(%*) =  Pl(%*) = µL (E(i)) Moreover, Z* and T* are  isomorphic in 

codimension one.  • 

Lemma 13.1.3. —  Let (£[*\v^) (i  =  1,2 ) be  pL-semistable reflexive  saturated 
parabolic flat sheaves such that Pl(£^) =  Pl(£^)- Assume  either  one of the 
following: 

1. One  o / ( £ . ( i ) , V « ) is  pL-stable, and  rank^ 1)) =  rank(f(2)) holds. 

2. Both  (E(i),Vi V )̂ (i = 1,2) are pL-stable. 

If there  is a non-trivial map f E(1), V(1) E(2), V(2) i/ien / is an isomorphism. 

Proof. — If ( f i ^ V W) i s /UL-stable, the kernel of / is trivial due to Lemma 13.1.2. 
If (£i 2 ),V< 2)) i s /XL-stable, the image of / and £ ( 2 ) are the same at the generic point 
of X. Thus , we obtain that / is generically an isomorphism in any case. Then , w e 
obtain that / is an isomorphism in codimension one, du e to Lemma 3.7 of [66]. Since 
bothfj 0 ( ¿ = 1,2) are reflexive and saturated, we obtain that / is an isomorphism. • 

Corollary 13.1.4. —  Let (£*,V) be  a pl-polystable reflexive saturated parabolic  flat 
sheaf. Then,  we have  a unique decomposition: 

(£.,V) 
3 

E(j), V(j) Cm(j) 

Here, (£^\v^) are  p^-stable with  Pl(£*^) —µ(E*), and they are mutually non-
isomorphic. It  is called the canonical decomposition.  • 

13.2. Mehta-Ramanathan type theorem 

13.2.1. Statement. — Le t X b e an n-dimensional smooth irreducible projective 
variety with an ample line bundle L over a field k of characteristic 0 , and let D be a 
simple normal crossing divisor of X. 

Proposition 13.2.1. —  Let V* be  a parabolic sheaf  on (X,D) with a  meromorphic flat 
connection V. Then,  it is pl-(semi)stable, if and only  if the following holds: 

• For  any mi >  0, there exists m > m\ such  that (V*,V)¡y is pl-(semi) stable, 
where Y denotes a l-dimensional complete  intersection  of  generic hypersurfaces 
ofLm. 

The proo f will be given in Sections 13.2.2-13.2.4. I t is essentially the same as that 
in [66], where we closely follo w the argument of V. Mehta, A . Ramanathan ([61], 
[62]) an d Simpson ([83]). So , we will indicate only how to change in some points. 
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Before going into the proof, we give a remark on a characterization o f semisimplicity 
of meromorphi c fla t connection . Le t (£,V ) be a  meromorphi c fla t connectio n on 
(X, D). W e recall the followin g lemma, which we use implicitly in many places. 

Lemma 13.2.2. —  (£>V ) is simple  (resp. semisimple)  if and  only if the  associated 
Deligne-Malgrange filtered flat sheaf (E^M, V ) is  [instable (resp.  hl-polystable). 

Proof. —  W e only have to show the "if" part. I t was essentially observed by C. Sabbah 
[73]. Namely , we obtain ( F ? M , V) C  M , V ) for any flat subsheaf T C  £. Becaus e 
M ( F ? M ) =  / z ( £ ? M ) =  0 , F ?M break s the stabilit y o f (Ff M , V ) i f F  i s non-trivial . 

Corollary 13.2.3. —  (£ , V) ¿5 simple, if  and only if(£, V)\ y is  simple, where  Y denotes 
a complete intersection  of  generic hypersurfaces of  Lm for  arbitrary large  m. 

Proof. — The "only if" part i s trivial. Th e "if" part follows from Proposition 13.2.1 
and Lemma 13.2.2. • 

13.2.2. Preliminary . —  Th e following lemma can be shown by using the argument 
in the proo f of Proposition 3.2 of [61]. 

Lemma 13.2.4. —  Let  So be  any bounded family of torsion-free sheaves  on  X. There 
exists a large integer  mo with  the  following property: 

• Let  Yi , . . ., Yr be  generic hypersurfaces of  Lmi for  mi ^  mo . Let Y =  Y\C\- · -nY r. 
Let p ^ mo,  and let T be  any member of  So- Then,  H°(Y, T ®  L~p) =  0 . • 

Lemma 13.2.5. —  Let  Si be  a bounded family of torsion-free sheaves on X, and  let S2 
be a bounded family of line bundles on  X. There  exists a large integer  mo with the 
following property: 

• Let  Yi, . . . , Yr be  generic hypersurfaces of  L™1 for mi ^  mo-  Let  Y =  YiC\ - — nYr. 
Let T  G  S\ and  C G S2. Let  (j> be  any morphism C —> T ® £lx. Then,  4> vanishes 
if and  only  if the induced  morphism (f)'  :  C\y —• T\y ®  Fib vanishes. 

Proof. —  We pu t y W : = Y x n  ·  · · fl Y{.  I f mo  i s sufficientl y large , w e hav e 
H° (yW, C' 1 ®  T ®  9>x ®  L~P) =  0 and H°  (yW ^ " ^ f^ L~P)  =  0  for any i and 
P ^ accordin g to Lemma 13.2.4. We have the exact sequence: 

0 L " ™ ^ 1 ® ^ 1 ® ^ ® ^ , y ( i ) 
£ _ 1 ®;F®^ | y ( i ) C, *® *̂*®!T2̂ -|y(i+i) 0 

Thus, the maps # ° ( Y ^, C'1 ® Ĵ ® fi^)  -> tf°(Y( i+1), ^C" 1 ® JF® j ^ ) ar e injective, 
if m o is sufficiently large . Hence , w e only have t o sho w that (/>'  =  0  implies that 
(j)\Y : C\y —> J-  <S) ^xiy i s trivial. We have the exact sequence: 

0 £ - x ® J=-®L | y

m i £ _ 1 ® J 7® fiyO-.Diy C~l ®JF® fiy(i)|y 0 

Hence, the maps if 0 (Y , £_ 1 ®  T ®  My(j) ) -> #° (Y, ®  T ®  )̂ ar e injective, 
if mo i s sufficiently large . Thu s we are done. • 
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Let E  b e a torsion-free shea f on X wit h a meromorphic flat connectio n V : E —• 
E®Qx (*D).  W e remark the following obvious lemma as a reference for the subsequent 
argument. 

Lemma 13.2.6. —  Let  G be  a subsheaf  of  E, and  let G be  the saturated subsheaf 
of E generated  by  G, i.e.,  G/G is  torsion, and E/G is  torsion-free. Then,  V(G) C 
G ®  Qx(*D) if  and only if V(G?) C  G <S> iix(*D). In  this  case, we say that G C E 
generates a  fiat subsheaf. • 

Fix a constant C.  Le t S  denot e the famil y of the pair s (£ , </>) of line bundles C 
with deg(£) ^  C  and a non-trivial morphism (j): C  —> E. 

Lemma 13.2.7. —  S is  bounded.  We  also  have the boundedness  of  the  family of 
Cok((f))tf, where  Cok(0) £/ denotes  the  quotient o/Cok(0 ) by  the torsion-part. 

Proof —  Let Sf b e the family of torsion-free quotient sheaves Q of E which are of the 
form C6k((f))tf  fo r some (£,</>) G S. Not e that deg(Cok(0)$/) is bounded above. Due 
to a result of Grothendieck (Lemma 2.5 of [32]), the family S' i s bounded. Hence, we 
have the boundedness of the family S" o f saturated subsheaves /C of E generated by 
<j)(C) fo r some (£, (/>) G  S.  B y construction, for any (£ , (j)) €  <S, we have a member K 
of the bounded family S" suc h that (f)(C)  C  /C. W e have 0 ^ deg(/C ) — deg(£) ^  C' 
for some constant C'.  Hence , we obtain that the family S i s bounded. • 

Lemma 13.2.8. —  There  exists  an integer mo, depending only on (E,V) and  the con-
stant C, with the  following property: 

• Let  mi > mo- Let  Y =  Hi=i Yi> where  Yi denotes general  hypersurfaces of  L™1. 
Let (£, <j>) G  S. Then,  4>(C) generates  a  flat subsheaf of E ®  0(*D), if  and only 
if 4>(C\y) generates  a  flat subsheaf of E 0 0(*D)\y. 

Proof. —  There exists a  large integer N  suc h that V(E)  C  E  <g> ^(N D).  Then , 
V o (f) induces the (9x-homomorphism F^ : C  —> Cok(0) t/ ®  Q}X(ND). Accordin g to 
Lemma 13.2.6 , FØ vanishes i f and onl y if 4>(C) generate s a  flat subshea f of E. Du e 
to Lemmas 13.2.5 and 13.2.7 , if mo is sufficiently large, F^ vanishes if and only if the 
induced map F^y :  C\y —• Cok(</>) |̂ y ® QY(N D)  vanishes . Th e latter condition is 
equivalent to that (/>\y(C\y) generate s a  flat subshea f of E <S) G(*D)\y. Thus , we are 
done. • 

13.2.3. Family of degenerating curves. — W e recall the settin g i n [61], [62] 
and Sectio n 3.4 of [66]. Fo r simplicity, we assume H l(X, L m ) =  0  for any m  ^  1 
and i  >  0. W e put S m :=  H°(X,Lm) fo r m  G  Z^i. Fo r m =  (mi,.. . ,ran_i) G 
Z ^ 1 , w e put Sm  :=  Yl™=i S mi. Le t Z m denot e the correspondenc e variety, i.e. , 
Z m =  {(x , 5i,..., sn_i) £  X  x  Sm  | 0* 0 = 0 , 1  ^ i  ^  n  —  l } . Th e natural mor-
phisms Zm —>  Sm  and Zm  —>  X  ar e denoted by #m an d pm , respectively . W e put 
Zmd = Zm x x D  and Z m

J : — Zm Xx  Dj.  Le t km  denot e the function field of S m. 
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We put F m : = Zm x Srn K m , Y%  ~  Z% x Srn K m an d Y» : = Z£ x Srn K m. Th e de-
composition into irreducible components of Zdm X5m Km is given by [jj Zm

J X5 m l f m . 
We fix a sequence of integers (a i , . . . , a n _i) wit h ai^  2 . We put a  : = \\ai. Fo r 

a positive integer ra,  let (m ) denote (a™, · · · ?a™-i)- Le t V * be a coherent parabolic 
sheaf o n (X,D).  Fo r each ra,  we can take an ope n subset U m C S( m) suc h that, 
for al l s G C/m, (i ) q(m)(S) is smooth ,  (ii ) Q(m)(s) intersects wit h th e smoot h part 
of D  transversally, (iii ) V* is a parabolic bundle on an appropriate neighbourhoo d of 
#(m)(s) C -X". In the following , we will shrink C/m, if necessary. 

Mehta and Ramanathan constructed a family of degenerating curves. Take integers 
£ > m > 0. Let A be a discrete valuation ring over k with the quotient field K. The n 
there exist s a  curv e C  ove r Spec A wit h a  morphis m ip  : C —>  X  x  Specv4 over 
Spec A wit h th e properties : (i ) C  i s smooth over fc, (ii) the generi c fiber Ck give s 
a sufficiently genera l K- valued point i n Ue,  (iii) the specia l fiber Ck is reduced with 
smooth irreducible components C\ (i = 1,... , ae~rn) which are sufficiently general k-
valued points in Um- W e use the symbol Dc t o denote C Xx D. 

Then, we obtain the parabolic bundle <£>*(V*) on (C, Dc), which is denoted by V*|c-
The restriction to Ck and C\ are denoted similarly. Le t VF* be a parabolic subbundle 
of V*\c K- Recal l that W  ca n be extended to a  subsheaf W  C V\c, flat over Spec A 
with the properties : (i ) W i s a vector bundle over C, (ii) W|Cik —> V |Cz are injective. 

We pu t &c/ A : = f^(logCfc)/f2s p e c A(log£), wher e t  denote s th e close d poin t of 
Spec A. W e have the induced meromorphic flat connection of V* relative to A: 

VC : V* K ® ^ M ( * £ > c ) . 

The restriction t o C\  i s equal to the connectio n induced by the inclusio n C l

k C X. 
If VF is a flat subbundle with respect to V cK , then, Vc preserves W, and hence Wcki 
is also preserved by V r̂*. 

13.2.4. Proof of Proposition 13.2.1 

Lemma 13.2.9. —  (V* , V) is  iiL-semistable, if  and only if there exists a positive integer 
mo such that (K, V)|y( m ) is  fiL-semistable for any  m ^ mo. 

Proof. —  We only have to show the "onl y if" part. I f (K,V) |y ( m ) i s /x^-semistable 
for some ra, then (V* , V)|y( £ ) i s /XL-semistable for any £ > ra, which we can show by 
an argument i n [61]. (See also the firs t par t of the proo f of Lemma 3.31 of [66].) 

We wil l show that V * is not semistabl e i f K | y ( m ) ar e no t semistabl e fo r any ra. 
By shrinkin g Um  appropriately, w e may hav e th e subshea f W m * o f p1.V>-i u 

^ ' '"(m) m 

such tha t (i ) i t i s preserve d b y th e induce d relativ e connectio n of P^m)V^q-i U m , 
^m^q'1^) l s tn e /3-subobject of (V*, V)| -i ^  fo r any s G U m. B y an argumen t 

in [61] (se e also the proo f o f Lemma 3.3 1 o f [66]), w e can sho w the existenc e of 
subsheaf W  o f V  suc h tha t W^ q-i^ =  W m\q-i ^  fo r a  sufficientl y larg e ra  an d 
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for som e s G £ (m ) . W e can make m arbitraril y large. Then , W  i s preserved by V 
according to Lemma 13.2.8. Thus , W  contradict s th e /i^-semis t ability assumptio n 
o n ( K , V ) . • 

Now, Proposition 13.2.1 follows from the next lemma. 

Lemma 13.2.10. —  (Vi, V) is  [instable, if and only if there exists a positive integer 
mo such that  (V*, VW, ym is p,L-stable for any m ^ mo. 

Proof. —  First, let us remark that (V*, V). -i ,  \ has only obvious automorphisms for 
any sufficiently large m and general s , if (V*, V) i s //^-stable. T o show this, we only 
have to consider the case where V* is reflexive and saturated in the sense of Definition 
3.17 of [66]. Then , th e shea f Wom(K,K ) i s also reflexive. Fo r any V . -i ( s)-flat 
/ G Hom(V*,  V*)i-i / x, we can take a lift F  G Wora(V*,K ) suc h that F ,-i (s) =  f 
if m  i s sufficiently large . W e would like to sho w V(F) = 0 , which is a section o f 
Hom(V*,V*) ® Qx(ND). Becaus e V(F)| -i ^ = 0 > ̂ ne claim follows from Lemma 
13.2.5. Hence , F is an automorphism of (K, V), which is the multiplication by some 
constant. Thus , / i s also a multiplication of some constant. 

Assume that (V* , V)|y(m) i s not stable for any m. Then , by an argument i n [62] 
using th e socle , w e can sho w the existenc e of a subshea f 0  ^  W m* C V*  for a n 
arbitrarily large m, such that (i) W <  -i ( s ) i s preserved by V. -i , \ for some general 
s G U m, (ii ) fJLL(Wm*) —  P>l(V*)- (Se e also the proof of Lemma 3.32 of [66].) Du e to 
Lemma 13.2.8, W i s preserved by V. • 

13.3. Auxiliary metrics 

In this section, we fix a non-zero À. 

13.3.1. Regular case. — W e recall a  constructio n o f a Hermitia n metri c fo r a 
regular filtered A-flat bundle, which is not harmonic but satisfies some finiteness con-
ditions. W e put X  :=  A an d D  :=  {O}. Fo r any e  >  0, let g £ denot e the metri c 
of X  \  D  give n by \z\~ 2+2£dzdz. W e put fi m :=  {uo  G C\ufa —  1}, whic h acts 
on X b y the multiplication (w,z)  i—> ujz. Le t (i2*,D A) b e a /xm-equivariant regula r 
filtered A-flat bundle . Th e restriction t o X  \  D  i s denoted b y (E',D A). W e have 
the paraboli c filtration F o f °i£|o Fo r eac h a  G Var(°E), w e have th e general -
ized eigen-decomposition Gr f (0E\0) =  0 a e C ^^a)^E\o)- Recal l KMS^E) := 
{(a,a) |  Gr^ E

a ) ( °£ | 0 ) ±  0}. Fo r any (a,a ) G X;M5(°£), w e have the mode l bun-
dle (£0,0,0^0,0,0,̂ 0,0,0^0,0,0) associated to G r ^ ) ( ° £ j 0 ) wit h the nilpoten t par t 
Na,a o f Res(DA). (Se e Section 6.2 of [67], or Sections 7.4.1.2-7.4.1.3 in this paper.) 
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Namely, we set 

Eo,a,a Gr F,E 
(a, a) 

E|O O oX/D, O0,a,a Na,a dz 
z 

and then there exists a model metric foo,a,a for (̂ o,a,a? #o,a,a) such that the parabolic 
structure is trivial. 

We take u(a,a) =  (b,(3)  e  R x  C  suc h that £(A , -u(a, a)) =  (a,  a). W e have the 
model bundl e L(u(a,a)).  (Se e Section 6.1 o f [67].) Namely , L(u(a,a))  i s a  line 
bundle Ox^d ' e with the Higgs field f3dz/z an d the metric \e\  — \z\~h. 

Then, we obtain the following harmonic bundle: 

EQ, do,  OQ, ho 
(a,a) 

Eo,a,cti ̂ 0,a,aj ̂ 0,a,a5 ̂ 0,a,a:. (g) L(u(a, a) 

It i s naturally equippe d wit h a  /i m-action. Le t ( T ^ o ^ o ) denot e th e associate d 
filtered A-flat bundle . B y construction, we can take a /i m-equivariant holomorphi c 
isomorphism <I> :  VQ£Q  —• °E with the following properties: 

• 3 > preserves the parabolic filtration . 
• Th e induced map Gr F ($) :  GrF(7^0^o|o) - > G r F ( 0 ^ | o ) i s compatible with th e 

residues. 
We obtain the induced /xm-equivariant metri c of E, which is also denoted by HQ. 

Lemma 13.3.1 
• (E,ho)  is  acceptable. 
• The  norm estimate  holds for  (E*,DA, ho),  i.e.,  let  v be  a frame of  ^E such 

that (i)  it  is  compatible  with  the parabolic filtration F,  (ii)  the  induced frame 
of GT F(^E\Q) is  compatible with  the  weight filtration W of  the nilpotent  part of 
Res(DA). We  put a(vi) := degF(v{) and  k(vi) :=  degw(vi). Let  hi be  a Her-
mitian metric  of E given  by  h\(vi,Vj) := Sij \z\~ 2a(Vi^ (—lo g |2;|)f e^*\ Then,  ho 
and h\ are  mutually bounded. 

• DA — DQ is bounded with respect  to ho and  g£ for  some e > 0, under the identifi-
cation of  the bundles  given by 

• Let  6 denote the  section ofEnd(E) 0  f i 1 ' 0 associated  to  ho and DA. (See  [82], 
[83] or  Section 2.2 of  [69].) Then, 6 — 0o is bounded with respect  to ho and g£ 

with respect  to ho, under the above identification  of  the bundles. 
• G (DA, ho) is  bounded with respect  to  ho and  ge for  some e > 0. 

Proof —  The first and secon d claims follo w fro m the propert y o f tame harmonic 
bundles [67]. The third claim is clear by construction. Th e fourth claim follows from 
the third one and the relation 0 - 0O = ( 1 + |A| 2)_1(1D)A - D£). (Se e Subsection 2.2.1 
of [69].) W e have 6Q =  O(l) dz/z wit h respect to ho.  Henc e 0 = O(l) dz/z. 

Let R(ho)  denote the curvature of the holomorphic bundle E with the Hermitia n 
metric ho-  Because dimX = 1 , we have the relation 

G(B\h0) (l +  \\\ 2)R(h) (l +  |A| 2)2[0,0t] 
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(See Subsectio n 2.2. 3 of [69].) W e have a similar relatio n fo r G(Bq,/z,o) . Hence , we 
obtain the equalit y 

G(B A ,/i 0) G(B A , h 0) - G(Dq , h0) (l +  |A| 2)2([ö,öt]-[fl0,flJ]) 

Then, the last claim follows. 

Corollary 13.3.2. — / / there  exists a tame  harmonic  metric h of  (E,3 X) adapted 
to E*, the  metrics h and  ho  are  mutually bounded.  • 

We pu t X  := A n an d D  := {z\ = 0 } . We have th e // m-action o n X  b y th e 
multiplication o n zi, which preserves D.  Le t (2£*,B A) b e a /xm-equivariant regula r 
filtered A-fla t bundle on (X,D). Th e restriction t o X - D is denoted by (E, BA ) . Fo r 
any e > 0, let g£ denote the metric of X — D given by \z\ \~2+2e dz\  dz\ + Y^=2 dzj  dzj. 

Lemma 13.3.3. —  There  exists  a fim-equivariant Hermitian metric  ho of E with  the 
following properties: 

• (E,  ho) is  acceptable. 
• The  norm estimate  holds for  (JE?*,B A, ho), i.e.,  let  v be  a frame of  ^E such 

that (i)  it  is  compatible  with  the parabolic filtration F, (ii)  the  induced frame 
of Gr F(°E') is  compatible  with  the  weight filtration W of  the nilpotent part  of 
Res(BA). We  put a(vi) := degF(vi) and  k(vi) :=  degw(vi). Let  hi be  a Hermi-
tian metric of E given  by h\(vi,Vj) : = Sij | z i | _ 2 a ^ ^ ( — log |̂ i 1)^^* -̂ Then,  h 0 

and hi  are  mutually bounded. 
• G(B A, ho ) is  bounded with respect  to  ho and  the metric g £ for  some e > 0. 
• Let  6 denote the section o/End(£l) ® Q1'0 associated  to  BA and  ho- Then,  9 = 

Q(l)dzi/zi. 

Proof. —  There exist s a  /x m-equivariant regula r filtere d A-fla t bundl e (JE7*,B A) o n 
(X,D) suc h that (F* ,B A ) i s the pull-bac k of (F* ,B A ) b y the projectio n (X,D)  -> 
(X,D). Hence , the claim follows from Lemma 13.3.1 . • 

13.3.2. Good filtered A -flat bundle. —  Le t X  : = A n an d D  :=  {z x =  0 }. 
Let g £ denot e the metri c o f X \  D  given by \z\\~ 2+2£ dz\  dz\ +  Y^=2dzj dzj.  Le t 
(2S*,BA) b e a  goo d filtere d A-fla t bundl e o n (X,D).  Th e restrictio n t o X  \  D 
is denote d b y E.  W e take a  ramifie d coverin g ip e :  (X',D f) —>  (X,D)  give n by 
Veiz'i, ¿2, ...•,z n) =  (z[e, 2^2,..., zn) suc h that (fl(E*, BA ) i s unramified. W e have the 
irregular decomposition: 

(308) Pe (E*, DA)|D 
aGlrr(DA) 

Ea, Da 

Here, th e filtratio n o f Pe E  is give n a s i n Sectio n 2.5.3.3 . W e have th e natura l 
Gal(X7X)-action o n Irr(BA). Fo r a  G Irr(BA), le t Stab(a ) denot e the stabilize r of 
the Gal(X //X)-action. Sinc e B'aA — da is logarithmic, we have a Stab(a)-equivarian t 
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good filtered A-flat bundle (E'a„Wf) o n (X', D') such that (Ëa„W})\& ~  (E a^Wa

x). 
The restrictions to X' \ D'  are denoted by Ea. W e obtain an isomorphism: 

W 
oeirr(BA) 

(Ea, Da)|D = Pe(E*, D)|D. 

We may assume to have the Gal(X'/X)-action on 0(22^, D' a

A) which is equal to the 
natural Gal(X'/X)-action on (flE* after the completion. Le t TV be any large number. 
We can take a Gal(X'/X)-equivariant holomorphic (not necessarily flat) isomorphism 
i/jn : 0^* ^ <£ê * which is equal to ^ on the iV-th infinitesimal neighbourhood 
D'W o f D'. 

We have the induced action of Stab(a) o n (E' a„Wf). Le t B'a

A r eg : = D'a

A - da. 
Applying Lemma 13.3.3 to (E'a„B'a r e g ) , w e can take a Stab(a)-equivariant Hermitia n 
metric h' a of E'a with the property as in Lemma 13.3.3. W e may assume u*h'a = h'LJ*a 

on E f

LU*a. Hence , the metric 0/i'a o f 0 ^ i s Gal(X'/X)-equivariant. W e obtain the 
induced metrics h'^ an d h(0) of (flE and E, respectively. Th e metric h(0) is called 
an auxiliary metric. 

Lemma 13.3.4. —  Let N be  sufficiently large.  By construction, we  have the following 
properties: 

• (E,h^)  is  acceptable. 
• The  norm estimate holds  for (i£*,BA, h^). (See  Lemma 13.3.3.J 
• G(D A, h^) is  bounded with respect  to h(0) and g£ for some e > 0. 
• Let  0h(o) denote the section of End(E) 0 ft 1,0 induced  by  h(o) and DA . Then, 

1̂ (0)1̂ (0) is of polynomial order  with respect  to z\. More  precisely, 

Pe0h(0) ©(1 + IAI 2 )" 1 ^ i d ^ , ) 

is OWdz'Jz'i - n 
J=2 

0(l)dzj with  respect  to h'(°\ 

Proof. —  The claims hold for 0(-E a*,D' a

A) wit h the metric 0 / i ' a by construction 
of h' a. Unde r the identification of 022'a* and <p*I3* via ip, we have 

peDA 
a 

Kx O(z1N/2) 

Since N is sufficiently large, the claim of the lemmas are clear. 

13.3.3. Family version. — We put X :=  A and D := {O}. Let D A) be a good 
filtered A-fla t bundle on (X, D). Th e restriction to X \ D  is denoted by (£, DA ) . We 
take a real number c 0 Var(E*). W e have the induced parabolic structure F of CE. 
Take rj > 0 such that lOrj  <  gap(cE*). (Se e Section 3.1 of [66] for gap.) Fo r any 
e ^ 0, let uo£ denot e the metric of X \ D  given as follows: 

(309) 9e 'e2\z\2e r]2\z\^ dzdz 
(z)2 
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Let F(e) denote ^-perturbation of F fo r any sufficiently smal l s >  0, as explained in 
(II) of Section 13.7 below. 

Lemma 13.3.5. —  If  eo  >  0 is  sufficiently small,  there exists a family of Hermitian 
metrics {h  ̂|  0 < e ^ £o } of  E with  the  following properties: 

• G(B A,/io^) are  bounded with  respect  to h^ and  g£. The  estimate is uniform 
for e. 

• The  norm estimate holds  for (E, F^ e\h^). 
• {h^  |  s > 0} converges  to  h^ in  the C°°-sense locally  on  X \  D. 
• Let  t £ be  determined by det(h^) /  det(h^).  Then,  t £ and  t~x are  bounded, 

uniformly in e. 

Proof. —  In Section s 4.2-4.4 of [69], we give the constructio n o f such a  family of 
Hermitian metric for a regular A-flat bundle. Th e result can be extended to the case 
where a meromorphic A-flat bundle is not necessarily regular but good , with the same 
argument as in Section 13.3.2. • 

13.4. Harmonic bundles on curves 

13.4.1. Review of a result due to Biquard-Boalch. — Let C  b e a  smooth 
connected complex projective curve, and D  be a finite subset o f C. Le t (£7*, V) b e a 
good filtered flat bundle on (C,D).  Th e restriction t o C \ D  is denoted by (E, V). 
We recall the following result due to Biquard-Boalch [10]. (See also [71].) 

Proposition 13.4.1. — (2£*, V) ¿ 5 polystable with  par-deg(i£*) = 0,  if and only if there 
exists a wild harmonic metric  h of  (E, V) adapted  to E*. Such  a  metric is unique up 
to obvious ambiguity.  (See  Theorem 16.1.1  for the higher dimensional version.) 

Proof. —  We give an outlin e o f a proo f base d o n Simpson's method, fo r our later 
purpose. Th e claim is easy in the rank one case. Hence , we take a harmonic metric 
hdet(E) ° f (det(2£*), V). Le t g£ be a Kahler metric of C\JD, which is given by | z | - 2 + £ 

around P  G  D  for a holomorphic coordinate z such that z{P) = 0. 

Lemma 13.4.2. —  There  exists  a Hermitian metric  h^ of  E with  the following prop-
erties: 

• (E^h^)  is  acceptable. 
• The  norm estimate holds  for (E,  V, h^) at  each P G  D.  (See  Lemma 13.3.1. ) 
• G(V , h^) is  bounded with respect  to h^ and  g£ for  some e > 0. 
• Let  0(0) denote the section of End(E) (8 ) fi 1'0 induced  by  h^ and  V. Then, 

|#(°)|h(o) is  of polynomial order with respect to around  each P G  D,  where  z 
denotes a holomorphic coordinate  around  P such  that z(P) =  0. 

. det(/ l(°)) = / i d e t ( £ ) . 
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Proof. —  Applying the construction in Section 13.3.2 around each P G D, we obtain 
a metric of E\U^D, where U denotes some neighbourhood of D. W e extend it to a C°° 
Hermitian metri c h^*  o f E. Le t s be determined by /idet(£;) — det(fe^*)s . Then , 
s and 5_1 are bounded on C \ 2) . Hence , we obtain the desired metric h(0) with an 
obvious modification. • 

For any F* C 25*, we have par-deg(F*) = deg(F, du e to a result of Simpson 
(Lemma 6.2 of [82]). Hence , (25*, V) i s stable if and only if (25, V, A) is analytically 
stable. Then , due to a theorem of Simpson in [81] and [82], we obtain the harmonic 
metric h — h(0) s such that (i ) s and s~x are bounded with respect to h^°\ (ii) V s 
is L2 with respect to h^°\ (iii) det(s) = 1. (See also Proposition 2.49 of [69].) Le t 6 be 
the Higgs field associated to h and V. Let d" denote the (0, l)-part o f V, and let 5'h(0) 
denote the (1,0)-operator induced by d" and h^°\ Becaus e of the L2-property of d"s 
and the self-adjointness o f s, we obtain that S'h(0)s  is L2 with respect to h^°\ 

Let us show that (25 , V, h) is a wild harmonic bundle. Fo r any P G  D, we take a 
coordinate neighbourhood (Up,z) wit h z(P) = 0. Let i/j : HI —• J7p \  { P } b e given 
by 2p(() =  exp(27rv^TC)- W e put Kn := {C | - 1 < ReC < 1, n - 1 < ImC < n + 1}. 
Because (9 =  0<°) + 5 1(5Jlo5/2 , there exists a constant C , which is independent o f n, 
such that the following holds: 

kn 
re\l 2 

kn 
\ro{0)\U+c 

Since JK  \ i/j*Q\\ i s the energy of the harmonic map on KN corresponding to the 
harmonic bundle i/j*(E,V,h) u p to some positive constant multiplication , we obtain 
the following estimate (see [27]): 

sup 
kn 

w 02h Ci sup 
kn 

w 0(0) 2 h(0) c2. 

Here 2f; := {-2/3 ^ Re(C ) < 2/3, n - 2/ 3 < Im(C) < n + 2/3}. Sinc e the norm 
of 0(0) is of polynomial order of (z)-1 around P, the norm of 6 is also of polynomial 
order of \z\~x. In particular, the eigenvalues of 6 are also of polynomial order. Thus , 
(E,dE,0,h) i s wild. 

Conversely, we can show the "if" part by the same argument a s that in Chapter 6 
of [82] . 

We kno w the norm estimate for wild harmonic bundle s on curves (Proposition 
8.1.1). Hence , if hi (i = 1,2) are wild harmonic metrics for (E, V) adapte d t o 25* , 
they are mutually bounded. Then, by the same argument i n the proof of Proposition 
2.6 in [66], we can show the existence of a decomposition (25*, V) =  0(25**, V») such 
that (i ) it is orthogonal with respect to both hi (i = 1,2), (ii) h\ = aih2/12 on 25$ fo r 
some di > 0. • 

Remark 13.4.3. —  We will also prove that if a harmonic metric h of (25, V) is adapted 
to 25*, then (25 , V, h) is a wild harmonic bundle (Proposition 13.5.3). • 
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13.4.2. Convergence of a sequence of harmonic bundles. — Le t (C, D) be 
as in Section 13.4.1. Le t (E, F, V) be a stable goo d parabolic flat bundle on (C,D) 
such that par-deg(£' , F) = 0. Let F^ denot e an ^-perturbation of F as in the case 
(II) of Section 13.7 below. We have det(£7, F) = det(E, F{e)). W e take the harmonic 
metric ftdet E of det(J5, F, V). Le t h(e) be harmonic metrics of (E, V) adapted to F^ 
such that deth^  =  hdetE- Le t 0^ denot e the associated Higg s field. We have a 
straightforward generalizatio n o f Proposition 4.1 of [69]. 

Proposition 13.4.4. —  We  have the convergences h^  —>  and  0  ̂— • 0(°) in the 
C°°-sense locally  on C \ D. 

Proof. —  Let r] be a small positive number such that r]  <  gap(£l, F)/10. Le t e$ be a 
small positive number suc h that 10rank(E)£ o < V- Fo r any 0  ̂ e < £U 5 let us take 
Kàhler metrics g£ of C \ D  with the following properties : 

• Le t P G D.  Let (Up,z) b e a holomorphic coordinate neighbourhood of P such 
that z(P) = 0. The restriction o f g£ is as in Section 13.3.3. 

• g £ —> go in the C°°-sense locally on C \ D. 

Lemma 13.4.5. —  We  can construct a family of  Hermitian metrics of  E\c\D with 
the following properties: 

• G(D A , / IQ^) are  uniformly bounded  with respect  to  h0(E) and g£. 
• The  norm estimate holds  for each (E,  F^£\h^). 
• {h^  |  e > 0} converges  to h0(o) in the C°°-sense locally  on  C \ D. 

• det (4e)) = ftdet(E)-

Proof. —  It can be shown by using the argument i n Section 4.5.1 of [69] together 
with Lemma 13.3.5 (instead o f Lemma 4.11 of [69]). • 

Then, th e claim of Proposition 13.4.4 can be shown by using th e argument i n 
Section 4.5 of [69]. • 

13.4.3. Convergence of a sequence of Hermitian metrics. — Le t (C, D) be 
as in Section 13.4.1. Le t (E, F, V) be a stable goo d parabolic flat bundle on (C, D) 
with par-deg(E l, F) = 0. Fo r each P G D, let (Up,z)  b e a holomorphic coordinate 
around P  such that z(P)  = 0. Le t F^ b e an ^-perturbation as in the case (II) o f 
Section 13.7 . W e have h0(Ei) be a harmonic metri c fo r each (E 1, F^£i\V) fo r some 
sequence {si} such that Si  —> 0 . Fo r simplicity of the description, we use e instead 
of si.  W e assume detft^ =  detho^- Not e that the sequence h^ (e  > 0) converge s 
to h0(o) in the C°°-sense locally o n C \D (Propositio n 13.4.4). 

Let AT be a large positive number, for example N >  10. We use Kahler metrics g£ 

(e ^ 0 ) of C \ D  which are as follows on Up for each P G D: 

[eN+2\z\2s (z)2 dzdz 
\z\2 
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We assume that {g £} converge s to go for e —* 0 in the C°°-sense locally on C \ D.  By 
using the argumen t i n Section 5.1 of [69] with Proposition 13.4.4, we can show the 
following lemma, which is a straightforward generalizatio n of Proposition 5.1 of [69]. 

Lemma 13.4.6. —  Let (e  > 0) be Hermitian metrics  of E\c^d w^h the  following 
properties: 

1. Let  s(E) be determined by  h  ̂=  h^s(E) .  Then,  S(E) is bounded  with  respect 
to h^\ and  we have dets^ =  1 . We  also have the finiteness of the L 2-norm 
| | V s ^ | | 2 h(s) g < oo . (The  estimates may depend on e.) 

2- \\G(h^)\\ 2<h(s)<ge <  oo andlim £^0 |№< e >)| | 2 i f c ( . , i f l , -  0 . 
Then the following claims  hold. 

• The  sequence {s^}  is  weakly convergent  to  the identity of E in  L\ locally  on 

• Is^l .(e) and  \ (s^)~1\h(e) are  bounded  on C \ D  uniformly  in e. • 

Corollary 13.4.7 
• The  sequence {h^}  is  convergent to h^ weakly  in L\ locally  on  C \ D. 
• The  sequence { V s ^ } is  convergent to  0 weakly in L2 locally  on  C \ D. 
• The  sequence {6^}  is  convergent to  0(°) weakly  in L2 locally  on  C \ D. 
• In  particular, the  sequences are  convergent almost  everywhere. 

13.4.4. Continuity for a holomorphic family. —  Le t C —• A be a holomorphic 
family of smooth projective curve, and T> —> A be a relative divisor. Let (E, F, V) be a 
good filtered flat bundle on (C,V). Le t t be any point of A. W e denote the fibers by Ct 

and V u an d th e restrictio n o f (E,F,V) t o (C t,Vt) i s denoted by (E uFt,Vt). W e 
assume par-deg(i?£, Ft) =  0 and that (Et,Ft,Vt)  i s stable for each t. Fo r simplicity, 
we also assume that we are given a pluri-harmonic metri c hdet(£?) o r > det(F, V)|c*vd 
which is adapted t o the induced parabolic structure. 

Let hn,t  b e a  harmonic metric o f (E t, F t,Vt) suc h that det(hn,t)  = ftdet(£;)|cv 
They give the metric hu o f E. Le t 6n,t be the Higgs field obtained from (Et, V , h^), 
which i s a  sectio n o f End(E t) ®  fi^ 0(logPt). The y giv e th e sectio n Q H o f 
End(F) <g > fl^ A(logP), wher e Q^° A(logP) denote s th e shea f o f the logarithmi c 
relative (l,0)-forms . Th e followin g lemm a i s a  straightforwar d generalizatio n of 
Proposition 4.2 of [69], and i t ca n be proved by using an argumen t i n the proo f o f 
Propositions 4.1 of [69] with Lemma 13.3.4. 

Lemma 13.4.8. —  hu and  Oh are continuous.  Their derivatives of  any degree along 
the fiber directions are  also continuous. • 

13.5. Some characterizations of wildness of harmonic bundle 

We fix a non-zero À in this section. 
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13.5.1. Statements. — Le t X  := A n , A  : = {z { =  0 } and D  := IjLi A- Le t 
TTi :  X — > A denot e the natural projection. W e put D°  := Di \ Uj^i,i^j<^ Le t 
(2£*,BA) be a good filtered fla t bundl e on (X,D).  Le t / i be a pluri-harmonic metri c 
of (E, DA) : = (JE*,B a ) | X x D , an d le t (E,d E,6) b e the associate d Higgs bundle. We 
will prove the following proposition in Section 13.5.4 , afte r showin g the specia l cases 
in Sections 13.5.2 and 13.5.3 . 

Proposition 13.5.1. — Assume that there exist subsets Zi  C Di (i  = 1,... ,£) with the 
following properties: 

• The Lebesgue measure  of  Zi are  0. 
• h^-i^ is  adapted to E^-i^ for  any P G D° \ Zi. 

Then, the following holds: 
• The harmonic bundle  (E 1, <9#, #,/i) is  good and wild, and  h is adapted to  £7*. 
• //(!£*, BA) is  unramified, (E, 3E,0,K) is  also unramified, and  the following holds 

for any  P G D: 

(310) lrr(0, P) (1 + IAI 2)"^ a G Irr(BA,P) 

We give a slightly different proposition . Fo r simplicity, we assume that the deter -
minant det(£", dE,0,h) is good and wild, and det(/i) is adapted to det(22*). W e prove 
the following proposition in Section 13.5.5. 

Proposition 13.5.2. —  If h is adapted to  E*, then the following holds: 
• /1 ^71 (Q) is  adapted to  E^^-i^ for  any Q G D\ and  for any  i = 1,.. . ,£ . 
• (E,dE,6,h) is  good and wild. 
• 7/(F*,DA) is  unramified, (E,  3E, 0, h) is  also unramified, and  the following holds 

for any  P G D: 

lrr(0, P) (l +  IAI 2 )-^ a G Irr(BA,P) 

13.5.2. A characterization of wildness of harmonic bundles on a punctured 
disc. — W e put X  : = {z  G C |  \z\ < l} and D  :=  {O}. Le t (2£*, D A) b e a good 
filtered A-fla t bundle on (X.D). Th e restriction t o X \  D  is denoted by (E,I]) X). 

Proposition 13.5.3. — Let  h be  a harmonic metric  0/(E1, DA) adapted  to  E*. Then, 
(E,DA,/i) is  a wild harmonic bundle.  7/( JE 5 ( e,DA) is  regular, then  h is tame. 

Proof. —  The second claim follows fro m th e firs t clai m and th e compariso n of the 
irregular values of A-connection and the Higgs field (Theore m 7.4.5). W e can take an 
auxiliary metri c fo 0 for (2£*,BA) as in Section 13.3.2 , whic h has th e propert y a s in 
Lemma 13.3.4 . Le t 6h 0 denote the section of End(E') (g) fl 1,0 associate d to ho  and DA . 
Let d"  denote the (0 , l)-part o f DA , and le t 5' ho denot e the (1,0)-operato r induced 
by d"  and ho . Le t s  be determined b y h = ho s, which is self-adjoint wit h respect to 
both the metrics h  and ho.  Becaus e h is adapted t o J£*, we have \s\h 0 = 0(\z\~£) fo r 
any e > 0. 
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Lemma 13.5.4. —  \s\h0 is  bounded. 

Proof. —  We have the inequality Alogtr(s ) ^ C  |AG(fto)|^ on  X \D.  (Se e Section 
2.2 o f [69], for example.) Hence , we have A(logtr(s ) + elog |^|) ^  C\AG(h 0)\hQ o n 
X \  D  for any e > 0. Since log tr(s) + elog \z\  is bounded above, the inequality holds 
on X  a s distributions. Hence , the value s of logtr(s) + elog \z\ i s dominated b y the 
values on the boundary. B y taking e —> 0, we obtain the boundedness of tr(s). Then , 
the claim of the lemma follows. • 

Lemma 13.5.5. —  Let  (L,ID) A) be  a flat X-bundle on  X \  D  of  rank one. Let  hi be  a 
harmonic metric  of ( L , DA ) . Let  u be  a holomorphic section  of L on  X \  D  with  the 
following properties: 

• Let  f be  determined by  DA<u = ufdz. Then,  f is  meromorphic on  X. 
• \u\h  ^ C  \z\a for  some a G R. 

Then, there exist  b e R and  Ci > 0 (i = 1,2 ) such  that C\ ^  \u\h  \z\b <  G2. 

Proof. —  Taking the tenso r produc t wit h a n appropriat e wil d harmonic bundle on 
X \  D  of rank one, and replacin g u  with e 9 u  for some holomorphic function g,  we 
may assume H) xu = 0. Let d" denote the (0 , l)-part o f DA . W e put A  :=  \u\\. Du e to 
rank L = 1, we have 

(311) ddlogA R(d",h) (l +  |A| 2 )- 1 G(D A , / i ) 0, 
Hence, we have the expression log A = — b log \z\ -f-ReF(z), where F is a holomorphic 
function on X\D. B y assumption, we have log A ^ —  a log r on X \  D,  and hence F 
must b e holomorphic on X. Then , the claim of the lemma follows. • 

Let us return to the proof of Proposition 13.5.3. We have det(h) — det(/io) det(s). 
By Lemma 13.5.5, we have det(s) ^ Ci  \z\~Nl fo r some positive constants C±  and N1. 
Hence, we obtain C2  \z\N2 <  \s\h0 and |s - 1 |h 0 ^  Cs\z\~ Ns. 

Recall the followin g formula (se e [81] or Section 2.2 of [69]): 

(312) l +  |A| 2)Atr(s) tr s -1AG(M D A ( 5 ) . 5 " 1 / 2 2 
hn 

Lemma 13.5.6. —  We have the  finiteness X/D D A S · 8 ~ 1 / 2 2 
ho OO. 

Proof — Although it follows from a lemma in [82], we give a direct argument. Le t p 
be a n H^o-value d G°°-functio n on R suc h that p(t)  = 1  for t  < 1  and p(t)  = 0 
for t ^ 2. We can take such a  function a s p 1 p~xl2 i s bounded. W e put Xn(z) = 
p(—N~1 log \z\). We have the following equality : 

D A B A *(XJV s) XN D A P A * S + 0AXiv · BA*s D A s · D A * X N + 5-DADA*Xiv 

(See Sectio n 2.1 of [69] for B A * . ) B y using (312) , we obtain the followin g inequalit y 
for som e constant A±,  which is independent o f N: 

XN Bxs · s" 1/ 2 2 
ho 

A,+2 DAs 
ho 

DA*Xn 
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The following inequality holds for some A2 > 0: 

:313 

Bxs\h \Β χ*χΝ x ^ X N \ V / 2 \ l 0 

1/2 
X jv IOV s - 1 / 2 2 

ho 
1/2 

A2 
XN \B xs · s~1/2 2 

ho 
1/2 

Hence, we obtain f  xn  |D A s · s 1^2\flQ ^  A 3, independentl y o f N. Thus , we obtain 
J\b\s).s-^\1^a3. a 

In particular, we obtain the finiteness fx^E>\d"s\ ho <  00 from Lemma 13.5.6. Due 

to the self-adjointness o f s, we also obtain the finiteness Jxx£>|<%0

5L0 < 0 0 · 
We take a universal covering  ̂:  HI —> A * given by ip(() — exp(2n\^l(). W e put 

Kn : = {(  G  M I - 1  < ReC < 1 , n  - 1  <  Im(C) < n + l } . Le t (9 be the Higgs field 
corresponding to the harmonic bundle (i£,B A,/i). W e have 6 = 9h0 + s~15'h s.  Du e 
to the L 2-property of 5'h s and the estimate Is - 1 !^ ^  Cs\z\~ N3, w e obtain 

Kn 
W*0 

ho 
C 1 2 e C l 3 n . 

Since h and ho  are mutually bounded up to polynomial order of \z\ 1 , we obtain 

(314) 
Kn 

W*0 2 
h 

C 1 4 e C l 5 n . 

Recall that \6\ 2 i s the energ y function fo r a  harmonic map up to positive constant 
multiplication. B y using a result in [27] , w e obtain \6\\  ^ Ci6l^i~ 0 x 7 from (314) . I n 
particular, 6 is wild. • 

Corollary 13.5.7. —  Let  (22*,BA,/i) be  as in Proposition 13.5.3 . Then,  the norm es-
timate holds for h. • 

13.5.3. Curve test in the smooth divisor case. — W e put X  :=  A n an d 
Di := {zì = 0} . Le t (£*,D A) b e a  goo d filtered A-flat bundl e o n (X,£>i) . Th e 
restriction t o X  \  D\  i s denoted by (E,D A). Le t h  be a pluri-harmonic metri c of 
(E, DA) on X/D1,  and let (E, &E,0)he the associated Higgs bundle. Let ^ :  X  — > A 
denote the projection. For each P G  Di, we put 7r f 1(P)* : = 7rf *(P) \ { P } . 

Proposition 13.5.8. — Assume that there exists a subset Z C D\ with  the  following 
properties: 

• The  Lebesgue measure  of  Z is  0. 
• For  any P e Di \ Z,  the  restriction h^-i^ py is  adapted to E^ n-i^py 

Then, the following holds: 
• (E ,dE,6,h) is  good wild harmonic  bundle,  and  h is  adapted to  E*, i.e.,  E* = 

VXX. 
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If (E*, DA) is  unramified, (E,ÔE,Q,h) is also unramified,  and 

Ьт(0) (i + W 2 ) " 1 * a G Irr(BA) 

Proof. — In the following, w e will shrink X withou t mentio n if it is necessary. By 
taking a ramified covering , we may assume that (2£*,D A) i s unramified. W e divide 
the proo f into several steps. 

13.5.3.1. Decomposition of  (E,9). — We have th e expression 6 =  Y^fidzi. B y 
Proposition 13.5.3 and the assumption, (E 1, <9E, 0, ̂ )|7 r-1(Q) ar e wild harmonic bundles 
for any Q G Di \ Z.  Hence , P(t) = det(t - z\ f\) i s contained in M(X,Di)[t). W e 
put T := {( 1 + |A| 2) _ 1zi9ia |  a G Irr(DA)}. Accordin g to Theorem 7.4.5, the following 
holds: 

• Tak e any Q G D\ \ Z.  Le t a be a multi-valued meromorphic function on 7rf 1 (Q), 
which is a solution of P(t)^-i  ̂=  0. Then , there exists b(a , Q) G T such that 
the following holds: 

b{a,Q) II1-1(Q) a Oil). 

In other words, the assumption made in Section 13.5.6.1 (Appendix below) is satisfied 
by the good set of irregular values T. Applying Proposition 13.5.16 below, we obtain 
the decomposition P(t) = Пьет Pb(t ~ b) such that Pb(t) G H(X)[t]. B y using it, we 
obtain the decomposition 

(315) (EJi) 
a€lrr(DA) 

(Ea, f1, a) 

such that (3 — (1 + |A| 2) - 1zi<9 za is bounded for any solution /3 of det(t —  zi/ i , a ) =  0. 
In particular, the restrictions (E,dEiO,h)^-i^  ar e wild harmonic bundles for any 
P G  Di. Th e decomposition (315) is preserved b y fi (i  —  2, . . . ,n) du e to the 
commutativity [fi,  fi] =  0. Note the decomposition (315) is holomorphic with respect 
to &E,  but not necessarily holomorphic with respect to the (0, l)-part o f DA . Le t 7r a 

denote the projection onto E'a with respect to (315). 

Lemma 13.5.9. —  For  each a G Irr(DA), we  put /[  ̂:=  fha -  ( 1 + |A|2)_1dia7ra. 
Then, det(t — zi/[e^) are  contained in H(X)[t], and  the coefficients of  the restriction 
det(t —  2i/[fa)|Di ar e conŝ an '̂ 

Proof. —  The first claim follows fro m the construction. Th e second claim follow s 
from Proposition 8.2.1 and the assumption (i£*,D A) i s good. • 

13.5.3.2. Norm estimate for (15* , DA , h). — Recall that Simpson's main estimate in 
Section 7.2 depends only on the behaviour of the eigenvalues of the Higgs field. Due 
to Corollar y 7.2.10, the curvature R(h^-i^) o f (E, DE,  ^)| 7 r- 1(p) i s bounded with 
respect to ft^-^pj  an d the Poincaré metric gp o f 7r^1(P)*, and the estimate is uniform 
i n P e D i . 
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As i n Sectio n 13.3.2 , w e take good filtere d flat  bundle s (22 a*,DA) suc h that B A 

is a-regular for each a G Irr(O), an d a n isomorphis m i^n :  ©22 a * —  E* which is 
an approximatio n o f the irregula r decomposition in N-th  order . Then , w e take an 
auxiliary metri c ho  of (£ ,DA ) , whic h has the propert y i n Lemma 13.3.4 . B y taking 
a ramifie d covering , we may assume tha t G(D A,/io) i s bounded with respec t t o ho 
and th e Euclidea n metri c o f X. Le t s  be determined b y h = hos.  Le t A A denot e 
- ( l +  I A I 2 ) ^ . 

Lemma 13.5.10. —  s and  s- 1 are  bounded with respect  to  ho. Namely,  h  and  ho are 
mutually bounded. In  particular, h  is  adapted to  E*, and  more strongly, the  norm 
estimate holds  for (2£*,D A, h). 

Proof. —  Due to G(h,3 x) =  0, the boundednes s of G(Ao,DA) an d a n inequality i n 
Subsection 2.2 of [69], we have a constant A  such that the following holds on 7rf1(P)*, 
independently o f P G  D\: 

A A l o g t r ( s K - 1 ( p ) ) A A > g t r ( * - ; _ 1 ( p ) ) A. 

Since we already know the boundedness of s^-i^py an d s^_ 1(^p^ fo r any P G D i, th e 
inequality holds on 7r]~1(P) in the sense of distributions fo r such P. Henc e l^-i^p)* \h Q 

and l^" 1.!^^ ar e dominated by their values at 97rj~ 1(P) for any P G  D\. Hence , 
we obtain the uniform boundedness of s and s - 1 . • 

13.5.3.3. Estimate for ft (i  = 2 , . . . , n). —  W e put F(  := £ f l ( l 4 - lAI2)- 1^^^ an d 
f*eg : = ft  —  F[ for i  >  1. W e would like to show that det(t  — f* eg) i s contained in 
H(X)[t]. 

Lemma 13.5.11. — Let  pa,N denote  the projection onto ipw(Ea) with  respect  to the 
decomposition E —  ($)ipN(Ea). Then,  we have the estimate pa^ —  7r a = 0 (\zi\N/2) 
with respect  to h. 

Proof. —  We already kno w \7ra — paiN\^-i^ — 0(\z\\N} fo r each P (Propositio n 
7.5.1). Le t 8e,i  denot e the restrictio n o f 8e t o the zi-direction . Becaus e the con -
stants in Simpson's Main estimate (Section 7.2) depend only on the behaviour of the 
eigenvalues, we also have the following estimate on X \  D\  with respect to h and the 
Poincaré metric of X \  Di,  fo r some e > 0: 

(dE,i + A f\dzi)(7Ta - pa,N) A fldzi, πα 0(exp(-e |z 1 | - 1 )) 

Then, th e clai m follow s fro m Lemm a 21.9. 2 below an d th e unifor m boundednes s 
R(h|II-1(P)) 

h,gp 
c. 

Corollary 13.5.12. —  We  put Fi := £ ( 1 + W^dmp^N for  i > 1. Then, 

Fi-Fi o ( N " / s ) . 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



374 CHAPTER 13. PRELIMINARIES 

Proof. — It follow s from Lemma 13.5.11. 

Let # o denote the sectio n of End(£*) <g) ft 1,0 induce d b y h 0 an d D A . W e have th e 
expression 9Q  —  Y17=i f®4 dzi> Not e the following estimate for i > 1 with respect t o h 
(Lemma 13.3.4): 

(316) fo,i — Fi 0(1)· 

Lemma 13.5.13. — There  exists a subset Z\  C D\ whose  measure  is  0, such  that the 
following finiteness holds for any  P G D\  —  Z\: 

(317) 
II1 (P) 

fi ~ fo,i |2 
\h 

dvol9p CO. 

Here gp denote  the Poincaré metric of the punctured disc  7r 1

 1 (P)*. 

Proof. — Let DA denote the restriction of BA to the ^-direction. W e have the equalit y 

AAtr(s) M 4 0 
DA5 · 5 _ 1 2 

ho 
for som e bounded sectio n Ai  o f End(i£). (Se e Section 2.2. 5 o f [69] , fo r example. ) 
Let x  b e a  cu t functio n o n a  disc . Fo r an y Q  G Di \  Di , w e have th e followin g 
equality o n 7TZ~1(Q): 

A A t r ( X s ) X(Ai, s)h-X D A s . 5 - 1 / 2 | 2 +  2(l + |A| 2) Re dx 
dzi 

dirts) 
6zi 

(A,Ax)tr( 5). 

Therefore, w e obtain 

0 
II-1(Q) 

x(A,s)h 

II-1 (Q) 
X|Dis . s-1/22 

II-1(Q) 
2(l + |A| 2)Re dX 

dzi 
dtrs 
dzi II-1(Q) 

(A^y) tr(s). 

Thus, we obtain th e following inequality fo r some constants Bj (j =  1,2,3) : 

II-1(Q) 
x№* 2 

h 
Bi 

II-1(Q) 
X AiX (s) B2 

II-1(Q) 
diX (Dis|h 

B3 + B2 
II-1(Q) 

diX DAs h> 

Let x  b e suc h tha t (i ) x(r ) =  1  for r  <  r 0/3, (ii ) x(r ) =  exp(-( r -  r 0) l ) fo r 
r 0 -  7 7 <  r  <  r 0 (7 7 > 0) , (hi) x(r ) =  0  for r  ^  r 0. Then , (<9x)x - 1/ 2 i s bounded . 
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Hence, we obtain the following inequality for some constants Bj  (j  = 4, 5): 

(318) 

II-1 (Q) 
X Pi s 2 

h 
Bs +  B4 

II-1 (Q) 
(diX) X -1/2.2 

1/2 

II-1 (Q) 
X|Dis-2 

1/2 

P 3 +  #5 
II-1 (Q) 

X|Dis|h 
1/2 

Hence, w e have th e unifor m boundednes s o f the integral s J^ - i Î I -1 (Q) for i = 
2, . . . ,n and for Q G Di \ D1, when we shrink X. Le t d" denote the (0, l)-part 
of D A , and let Sf

h denot e the (1,0)-operator induced by ho and d". The restrictio n 
of S'h to the ^-direction is denoted by S'hoi. Sinc e s is self-adjoint wit h respect to /i0, 
we obtain the uniform boundednes s of the integrals J ^_i^ |<%0,i

5l/l for z = 2 , . . . , n 
and for Q € Di \ Di. 

Since we have the relation 6 — 60 = —  (l +  \\\2)~1s~1ôf

hQs, we obtain the uniform 
boundedness of the integrals J 7r-i(Q) |/i ~~ /o ,i|2 ^¿ 1 for i = 2 , . . . , n and for Q G 
Di\ D\.  Then, the claim of Lemma 13.5.13 follows from Fubini's theorem. • 

Let us complete the proof of Proposition 13.5.8. We obtain the following finiteness 
for an y P G D\ \ Z\  and i > 1 , due to Corollary 13.5.12, the estimate (316) and 
Lemma 13.5.13: 

(319) 
II-1 (p) 

freg 2 
h 

dvo\9p oo. 

Note that / [e g are holomorphic with respect to 8E- Hence, we obtain the boundedness 
of (/ z

r e g ) | 7 r - 1 (p) (i  = 2 , . . . ,n) fo r any P E Di \ Zi  fro m (319) , by using the norm 
estimate for wild harmonic bundles on curves. 

By construction, we have [0, / z

r e g ] =  0. Hence, we have the inequality Ai | / 2

r e g | ^ ^  0 
on 7rj~ 1(P)* fo r any P G D\ (Lemm a 4.1 of [82]), where Ai = —d Zldz1. Sinc e we 
already kno w the boundedness of | /z

r e g | | o n 7rj~1(P) fo r any P G D\ \ Zi , we obtain 
A i | / [ e g | 2 <  0 on 7rj~1(P) a s distributions, fo r any P G D\ \ Z\.  Hence , the values of 
\fieg\l o n Trf^P)* ar e dominated by the values on 07rf *(P)* for P e D 1\Z1. Then , 
we obtain the boundedness of | /2

r e g |^ o n X \ i ) by using the continuity. A s a result, 
we obtain det( £ — f* eg) G H(X)[t]. Togethe r with Lemm a 13.5.9 , we can conclud e 
that 9 is good and wild. Thus, the proof of Proposition 13.5.8 is finished.  • 

13.5.4. Proof of Proposition 13.5.1. — We may and will assume that (2£*,DA) 
is unramified. W e will replace X wit h a small neighbourhood of the origin O with-
out mention . W e assume tha t th e coordinate syste m i s admissible fo r Irr(DA) := 
Irr(B\0). W e have the expression 6 = J27=i ft dzt. Due to Proposition 13.5.8, we al-
ready know that det(*-^ fj) G M(X, D)[t] (j = l,...,i) an d det (t - fj) G M(X, D)[t] 
( j = ^ + l , . - . , n ) . 
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Lemma 13.5.14. —  Let a be  a multi-valued meromorphic  function on X, which  is  a 
solution of det(t — z\ f\) =  0. Then,  there exists  a G Irr(B A) such  that 

(i + |A|2 

a z\d\a Oil). 

Proof. —  W e put T := { ( 1 + lA] 2)" 1 z&a \ a G I r r (B A )} . Du e to Proposition 13.5.8 , 
the polynomia l det(t — z\ f\) satisfie s th e assumption mad e in Section 13.5.6. 1 (Ap-
pendix below) with the good subset T.  Hence , the claim of the lemma follows from 
Proposition 13.5.1 6 below . • 

By Lemm a 13.5.14 , w e obtain th e decomposition (E,fi)  =  ® aeirr(p\)(Ea, /1 ,0) 
such that the eigenvalues of 

zl /l,a l + |A | 2 ) -^ iô ia id E a 

are bounded. W e have the corresponding decomposition fi — © aGirr(pA) fi,a- W e set 

/•reg / . . a - a +  I A p r ^ a i d ^ 

Lemma 13.5.15. —  det(* - z{ f^) G H(X)[t] for  i = 1,.. . ,£, and det(t - f^) G 

H(x)[t] fori  =  e + i,...,n. 

Proof —  Let 1 < i ^ £ and let Q e D°. Le t Xq be a small neighbourhood of Q such 
that Dq = Xq n D is smooth. Let Irr(DA, i) denote the image of Irr(DA) by the map 
M ( X , D)/H(X)  - + M ( X, D)/M(X, i)) , where i)  := Ui^ij^i Di- D u e t o 

Proposition 13.5.8 , we have the decomposition (E,0)\ Xq =  (Bbeirr(Bx,i)(Eb,Q,Ob,Q) 
with the following property: 

• Fo r the expression 9B,Q =  Efb,ifo,i,Q dzi, we put fb

efQ : = h^Q-dib \d EbiQ. Then , 
the characteristi c polynomial s of det(£ - Zif™^Q) and det(t -  /£^q) (j / 0  a r e 

contained in H(Xo)\t\. 
We ca n observe E b,Q = © a ( _^ b E a | x Q \D Q b y the comparison of the eigenvalues o f 
zi / 1 . Hence , we obtain tha t det( t -  z*  / 2

r e g ) (i  = 1,.. . ,£) and det(£ - / 2

r e g ) ( i = 
£ + 1,.. . , n) are contained in #(Xq)[£]. Then , the claim of Lemma 13.5.1 5 follows 
from the Hartogs theorem. • 

By usin g Proposition 8.2.1, we can show that the coefficients of det(t — zi fl^)\D 
are constants fo r i = 1,... , £. Hence, (25, # , /i) i s unramifiedly goo d wild, and we 
have (310). We have the filtered A-flat bundle s V*£ A obtained a s in Section 7. By 
the assumption , w e have P*£y~1(p) = ^*\tt'1{p) fo r z = 1,.. . and P G D° \ Zi. 
We ca n deduce P*£A =  15* . Thus, the proof of Proposition 13.5.1 is finished.  • 

13.5.5. Proof of Proposition 13.5.2. — We may assume (25*, D A ) is unramified. 
Due to Proposition 13.5.1, we only have to show the first claim. We put (Eq *, Dq) := 
(£^*,DA)|7r-i^Q^ an d Eq : = 2 5^ - 1 ^ for any Q G D°. W e take an auxiliary metri c /iq 
for (25 q*,Dq) a s in Section 13.3.2. We also assume det(/iQ ) = det(h^n-i^) b y an 
obvious modification. 
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Let sq be determined by h^-i^(Q) = HqSq. Because h is adapted t o E* Y w e have 
|sq|^q = 0 ( | ^ | _ £ ) fo r any e  > 0 . Then, w e can show |sq|^q i s bounded by the 
same argument a s that in the proo f of Lemma 13.5.4. Because det(sQ) = 1 , we also 
obtain that Sq1 i s bounded with respect to Hq. Then , we can conclude that h^-i^ 
is adapted t o Eq^, an d the proof of Proposition 13.5.2 is finished. • 

13.5.6. Decomposition of polynomials (Appendix) 

13.5.6.1. Statement.  —  Le t X  : = A n , A : = {zi  = 0 } and D  := \Je

i=1 D{. W e put 
D° :=  Di \ {Ji^j^tj^iDj.  Le t 7̂  denote the projection of X t o Di.  Le t P(z,t) = 
Y^rj=QO,j(z)P G M(X, D)[t]  be a monic polynomial in the variable t with M(X,D)-
coefficients. Assum e that we are given a good se t o f irregular values T C M(X, D) 
(Definition 2.1.2 ) and subsets Z j C A ( i = l , . . . ,< ) suc h that the following holds for 
each i: 

• Th e Lebesgue measure of Zi is 0. 
• Tak e any Q G D° Le t a be a multi-valued meromorphic function on 7T"1 (Q), 

which is a solution of P(t)^-i  ̂—  0. Then, there exists a(a, Q) G T such that 
the following holds: 

a(° ;

5

(9)|7r-1(Q) ~ a 0(1) 

In other brief words, a is decomposed into a multi-valued holomorphic function 
and the polar part a(a, Q)\7rr

1(Q)-
We will prove the following proposition in Sections 13.5.6.2-13.5.6.3. 

Proposition 13.5.16. —  We  have a splitting P (z,i) —  Y\aeTPa(z^t) in  M(X,D)\b] 
with the  following properties: 

• Each  P a(z,t) is  a monic in the variable t. 
• Let  a  be  a multi-valued  meromorphic  section  on X which  is a  solution  of 

Pa(z,t) —  0. Then,  a  — a is bounded. In  other words, P a(z,t —  a) G H(X)[t]. 

13.5.6.2. Preliminaries. —  Le t X  :=  An an d D  :=  Dx. Le t P  G M(X,D)[t]  b e a 
monic polynomial. 

Lemma 13.5.17. — Assume that there exists a subset Z c D whose measure is 0, such 
that the following condition  holds: 

• Let  Q G D \ Z.  For  each root  a of  P^-i^, we  have \a\  =  0(1) . 
Then, the coefficients of  P are  holomorphic, and  all roots of P are  bounded on X. 

Proof. —  Let P(z,t) =  Y^dj{z)V. W e obtain the boundedness of o^j^-1^) f ° r a n Y 
Q G D \ Z.  Then , we obtain that aj are holomorphic on X. • 

Assume that w e are give n a goo d se t o f irregular value s S  =  { a = am^f 1} C 
M(X, D)  at the level m, and a subset Z  c D with the following properties: 

• Th e Lebesgue measure of Z i s 0. 
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• Le t Q G D \ Z.  Le t a be a root of P^-i^y Then , there exists a(a)  G S such 
that the following holds: 

a — a(a) ̂ ( Q ) o(Nm+1) 

Lemma 13.5.18. —  We  have a decomposition P —  Y[aeS Pa into monic polynomials 
with the  following property: 

• \a  — a| = 0(|zi|m+1) for  each root  a of  Pa. 

Proof. —  Let r : = degt P. W e set Q(z,t) =  z^rrnP(z, z?t). B y Lemma 13.5.17, 
we obtain th e expansion Q (z,t) =  YJJ^0Qj(z,t) z{. W e hav e the decomposition 
Q° =  Y\aeSQa- ^ ca n be lifted t o a decomposition Q = YlaeSQa> B y applying 
Lemma 13.5.17 to Qa(z\l (t  — a)), we obtain that the coefficients of Qa^1 (t  — a)) 
are holomorphi c on X. Hence , the induced decompositio n P =  Y\aeS Pa has the 
desired property. • 

13.5.6.3. Proof of Proposition 13.5.16.  —  We use an induction on \T\. Let m(0) := 
min{ord(a) | a G T } . I n the case |rym(0)(T) | =  1 , we pick an element a o G T , and 
we put P(t) = P(t — ao) . Then , the polynomial P satisfies th e assumption i n Sec-
tion 13.5.6. 1 with th e good se t of irregular value s T  : = { a — a o | a G T} and w e 
have min{ord(b ) | b G T } > m(0) . Hence , we can reduce the problem to the case 
|r/m(T)| > 2, which we will assume in the following argument. 

We put V :=  z_rm(0)P(zm(0)£), which is monic in M(X,D)[i\. I t can be show n 
that it is contained in H(X)[t] b y using Lemma 13.5.17 and Hartogs theorem. Le t k 
be determined by m(0) G Zk<0. Le t Dj := f]iGT A fo r J c { 1 , . . . , k}.  W e set 

TI (^-m(0)a)iD/ a G T 

For I  C  J C  { 1 , . . . , /c}, we have the natural map </>j,j : Tj —• Xj induced by the 
restriction to Dj. 

Let Q  be a point o f D°- := Dj \ Ui#jl^i^f c A- Le t UQ be a small neighbour -
hood o f Q in X. B y using Lemm a 13.5.18, we obtain th e decomposition V(t) = 
YlbeTj ^VQW o n Uq, such that 7\Q(£)|£>j . has the unique root b . For c G T ,̂ we put 

Pc,Q(t) 
<t>3,e(b)=c 

vb,Q(t). 

By varyin g Q  in Dj, we obtain th e decomposition V =  II cgt*<PC(t) aroun d Dj. 
Because ofP G if (X)[t], we have Pc,j G H(X)(t) and the decomposition holds on X. 
Since Vcj(t)\De ha s the unique root c, we obtain that Vcj is independent o f j, whic h 
we denote by Vt. 

We put Pcm(0) := zrm(°)pc(z"^0)*) an d Tc := {a G T | rym(a) = c z m ^ } . Then , 
pm(o) G M(X,Dr;)^] has the following property: 
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• Tak e any Q  G Dj.  Le t a  be a solution of Pc

m v ;)\7rr1(Q) ~  ^ ' which is a multi -
valued meromorphic function o n ttJ1^). Then , there exists a(a , Q) G T c such 
that the following holds: 

o(a,Q) II-1 (Q) a O(l)-

By applyin g th e inductiv e assumption , w e obtain th e desire d decomposition s for 
P c

m ^ ( t ) , an d thu s fo r P(t).  Henc e the inductio n ca n proceed , and th e proo f of 
Proposition 13.5.16 is finished. • 

13.6. The filtered flat bundle associated to wild harmonic bundle 

13.6.1. Polystability. — Le t X  b e a connected smooth n-dimensional projective 
variety with an ample line bundle L. Le t D be a simple normal crossing hypersurface. 
Let (2£*,]D)A) be a filtered A-fla t bundle on (X,D) which is generically good, i.e. , we 
have a Zariski dense open subset D'  of D such that J5* is good around ever y point 
P G D'.  W e say that a pluri-harmonic metri c h  of E is generically adapted to E*, i f 
it is adapted to E* around P  for each point P  G D'. 

Proposition 13.6.1. —  Let (J5*,D A) be  a filtered X-flat sheaf which is  saturated and 
generically good. 

• Assume that we have a pluri-harmonic metric  h of (£ ,D A ) := E,  BA)|xx£> 
which is generically  adapted to E*. Then,  (2£*,DA) is  fiL-polystable with 
par-degL(i2*) = 0. The canonical decomposition (see  Section 13.1.3,) is orthogo-
nal with respect  to h. The  restriction of  h to any stable components  of  (i£*,DA) 
is also pluri-harmonic. 

• Let h' be  another pluri-harmonic metric  of (i£,D A) generically  adapted  to  E*. 
Then, we have a decomposition  (22*,DA) = ®(2£i*,DA) such  that (i) it  is  or-
thogonal with  respect  to both of  the metrics h and h', (ii) hi = ai h\ for some 
ai > 0, where hi  and  h\ are  the restrictions of  h and h' to  E\, respectively.  In 
particular, if  (J£*,DA) is [instable, h' — ah for  some a > 0. 

Proof. —  Let u s conside r the firs t claim . I n th e on e dimensional case , i t ca n be 
shown by Simpson's argument in Section 10 of [81] and Sectio n 6 of [82]. W e give 
only an outline. Not e that we already know that (E,D A, h) is good wild according to 
Proposition 13.5.3 . I n particular, (E 1, h) is acceptable, which we will implicitly use. 
Let (W*,D A) b e a  filtered A-fla t subbundl e o f (£*,ID) A). W e put W  :=  W*\X^D. 
Let hw  b e the metri c of W induce d by h. Le t R(hw)  b e the curvature of (W, hw)-
The analytic degree degan(W) i s defined to be (^/ :::T/27г) fx trR(hw)'  Accordin g to 
Lemma 10.5 of [81] (see also Lemma 6.2 of [82]), it is equal to par-deg(W*). Le t ttw 
be the orthogonal projection of E ont o W. B y the Chern-Wei l formula (se e Lemma 
2.34 o f [69] fo r th e Chern-Wei l formula fo r A-fla t bundle) , w e have th e followin g 
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formula 
degan(W) -1 

2tt(1 + |A |2) X\D 
BX7TW 

2 
h 

0. 

Hence, we obtain that (22* , B A ) i s semistable. Moreover , if par-deg(W*) = 0, we have 
Bxttw =  0 . I t implie s (£,B A , / i) i s decomposed into (W ,Bx,hw) 0  (W ,BX, h W') 
as harmonic bundles . Then , w e obtain the decomposition (25*,DA) =  (W*,D A) 0 
(W^,B A ) . Hence , (£*,BA ) i s polystable. 

We ca n reduce the higher dimensional case to the one dimensional case as follows. 
By considerin g the restriction o f (22*, B A ) t o sufficiently ampl e and generic curves, 
we obtai n the /x^-semistability and par-degL (22*) =  0. Let W* C 25* be a saturated 
filtered subshea f suc h that par-deg L(Wr*) = par-deg L (22*). Le t ttw denote the or-
thogonal projectio n to W which is defined outsid e of the subset wit h codimension 
two. B y considering the restriction to the sufficiently ample general curves, we obtain 
B)xnw =  0. I n particular, ixw  is holomorphic. B y Hartogs theorem , ttw is defined 
on whol e X \ D,  and tr^y = ttw Hence , we obtain the decomposition 22 = W 0 W', 
where W —  Ker7r^. I t is orthogonal and flat. Hence , we obtain the decomposition 
of harmonic bundles (W,  D ^ , h w) 0  (W , D^, , h W')-

Let P  b e a poin t o f D aroun d whic h (22,B A,/i) i s good. Then , (W ,B^,hw) 
and (W 7, B^, , hw')  ar e also goo d aroun d P , an d the decomposition is prolonged 
as 22 * =  W* 0 W + around P . B y Hartogs property , w e obtain the decompositio n 
22* =  W*0 o n whole X. Hence , the /i^-polystability follows. W e als o obtain that 
the restriction o f h to any /i^-stable component s are pluri-harmonic. Le t (22*,BA) = 
© i = 1(22**, BA ) b e the canonical decomposition . W e also hav e the decomposition 
(#*,B A ) =  (£i*,B^ ) 0  (E^,H)X±) whos e restriction t o X \  D  is orthogonal with 
respect to h. I t is easy to derive E^ = 0f=2̂ **- Henc e the orthogonality o f the 
canonical decomposition is also obtained. 

Let u s show the second claim. I n the case dimX =  1 , h and hi are mutuall y 
bounded due to the norm estimate . Therefore , th e claim can be shown using the 
argument in the proof of Proposition 5.2 of [66]. Le t us consider the higher dimen-
sional case . Fo r every point P  G  X \  D,  we have sp  such that / i j p = h\psp. B y 
considering the curve case, we can show that s  is flat wit h respect to BA . The n the 
claim follows. • 

Corollary 13.6.2. —  Let (22*,BA) and  h be as in Proposition 13.6.1. Assume that 
(22*, B A ) is  the tensor product of  [instable (22O*,BQ ) and  a vector space V. Then,  h 
is of  the form ho  ® gy, where  ho is a pluri-harmonic metric  for (22O*,BQ ) as  in 
Proposition 13.6.1 ; and  gy  is a metric ofV. 

Proof. — We tak e an inclusion 22o * C  22*. By restricting h,  we obtain a  pluri -
harmonic metri c ho  for (22 0*, BQ) as in Proposition 13.6.1. By using th e second 
claim of Proposition 13.6.1, we obtain that h is isomorphic to a direct sum of copies 
of h 0. • 
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Corollary 13.6.3. —  Let (i£*,B A) and  h be as in Proposition  13.6.1. Let E* be  a 
filtered X-flat  subbundle of  E* such that par-degL(-E*) = 0 . Let E" be  the orthogonal 
complement of E1 \—  Ef^x^D in  E. Then,  E" is  naturally extended to a filtered X-flat 
subbundle E" of  E*, and  we have E* = E\ 0 E". 

Proof — We can deduce this claim from the orthogonalit y o f the canonica l decom-
position and Corollary 13.6.2. We can also deduce it directly from the proof of Propo-
sition 13.6.1. • 

13.6.2. Vanishing of the characteristic numbers. — Le t (E,  DA,/i) b e a good 
wild harmonic bundl e on X \  D.  W e have the associate d goo d filtered A-fla t bundl e 
(F*,DA) o n (X,D). 

Proposition 13.6.4. —  We have the vanishing of  the characteristic numbers: 

x 
par-ch2 r(E*) 0 

x 
par-c?L(JS*) 0. 

Proof. —  We can show it by the essentially same argument as the proof of Proposition 
5.3 of [66]. We give only an outline with minor simplification, (i.e. , we may simplify 
Lemma 5.4 of [66].) 

Let 7r : X —>  X  b e the blo w up at crossin g points o f D. Le t D  denote the invers e 
image o f D. Le t (£? , <9g, 0, fo) := 7r~1(E,dE,0,h). A s remarked i n Sectio n 11.7.4, 
V*£x is obtained fro m V*£A by the procedure in Section 2.5.3.3. Hence, we may only 
have to consider the integrals over X b y Lemma 14.3.5. 

Let ho be an ordinary metric for the parabolic bundle Vo£x a s given in Chapter 4 of 
[66], where we considered ordinary metric s fo r parabolic Higgs bundles with possibly 
irrational parabolic weight. W e apply it in the trivial Higgs field case. Then , we only 
have to show 

x 
t r (P(M 2 ) 0 

x 
tv(R(h0))2 0. 

Let hi  be the Hermitian metric of E which is as in Section 11.7.4 around the crossing 
points o f D, and a s in Section 4.2.6 of [66] around Di. Then , the followin g equality 
can be shown by using Lemmas 4.5 and 4.10 of [66] and Lemma 11.7.9: 

x 
tr(R(h0f 

x 
tr(P(/n) 2 

X 
tr(P(/i0) 2 

X 
tr(#(hi) 2 

We can sho w the followin g equalities b y using th e argumen t i n the page s 62-6 3 of 
[66] and Lemma 5.2 of [81]: 

x 
tr(P(/l!)2 

X 
tr(R(h)2 

0 
X 

tr(P(/ii) 2 
X 

tr(R(h)) 2 0. 

Thus, we are done. 
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13.7. Perturbation 

The construction o f this section will be used in Sections 14.5 and 16.1 . (W e have 
already use d such a perturbation for good filtered fla t bundl e on curves in Sections 
13.4.2-13.4.3.) I t i s essentially th e same as that given in Section 2.1.6 of [69]. 

Let X  b e a complex surface with a  simple normal crossing divisor D —  IJzea ^i-
Let (£7*,V ) b e a  goo d filtere d fla t bundl e o n (X, D). Le t c  G RA suc h that Ci 0 
Var(E*,i), an d le t CE denot e the c-truncation . W e have the induce d filtration lF 
of CE\D. fo r eac h i  G A. W e have 7r a :  lFa(cE\D.) —•  lGrF(CE). W e have th e 
endomorphism Res^(V) o n lGrF ( CE). Sinc e the conjugac y classes of Res^(V)|p ar e 
independent o f the choice of P G D\  :=  Di \ Uj^ i ^ j ' th e nilpotent par t of Res^(V) 
induces the weight filtration W  o f lGrF ( CE) | D 9 . I t can be extended to the filtration o f 

GrF(cE) i n the category of vector bundles. W e put zP(a,/c) :— k~ 1(Wje), whic h is the 
filtration o f CE\D. indexe d by Si : = {(a , fc) G ]c i - l,c» ] x  Z | Gr^(*Grf ( c £) ) ^  0 } 
with the lexicographic order. Fo r (a, k) = (a^ , fci I i G A ) G f|<S ,̂ we put 

(a,k)E Ker cE 
ieA 

αΕί0./ψ{α.Μ)(αΕί0.) 

Note that (a,k)E is a goo d lattice . I f (22* , V) i s unramifiedl y good , thi s clai m is 
obvious. Th e general case can be reduced to the unramified case . 

Let e be a sufficiently small number. W e take an increasing map tfi :  Si  —> R such 
that \<pi(a,k)  —  a\ ^ Ce  fo r some C >  0. (Sinc e we are interested i n the famil y of 
the filtration s F^ (e  > 0), this condition makes sense. ) Then , %F and ipi  giv e the 
c-parabolic filtration F ( e ) =  ( lF^ \  i G A) . Thus , we obtain a  good c-paraboli c flat 
bundle ( CE, F^£\V) whic h is called a ^-perturbation of (CE, F, V). B y construction, 
we have the following convergence in the cohomology group H* (X, R): 

lim par-Ci CE,F^ par-cx 
.cE,F lim par-cho , £ , F ( £ ) par-ch2 CE,F 

The following proposition is standard. (Se e Proposition 3.28 of [66], for example.) 

Proposition 13.7.1. —  Assume that (CE, F , D A ) is  pL-stable. If  e is  sufficiently small, 
then the e-perturbation ( CE, F ^ , D A ) is  also [instable. • 

We will use two kinds of perturbations tpi o f parabolic weights. 

(I) :  Th e image of cpi i s contained in Q for each i G A (Section 14.3). 

(II) :  Fo r simplicity, we assume e = m - 1 an d 0 < 10rankle <  gap( ci£, F). (Se e 
Section 3. 1 of [66] for gap. ) Le t i  G A. Fo r each a  G Var(cE,F), w e take 
af(e,i) G m~ l Z  such that \a f(e,i) —  a\ < m"1 . Le t L(e,i)  G R b e determined 
by 

L(e, i) rank(J3 ) (a(e,i)'-a) rank*Grf( c£) 
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Then, we put a(e, i) := af(e, i) — L(e, i) and c/?(a, k) := a(e, i) + ks. B y construc-
tion, we have the following equality : 

a.k 
(p(a, k) rank *Gi(c£) 

a 

a rank ¿ Grf( c £); 

Hence, w e have par-c 1(cE, F) = par-c 1( c^, F^) . Th e parabolic structur e 
satisfies th e SPW-condition in Definition 2.6 of [69]. Namely, for each z, w e 
also hav e som e — 1/ra < yi ^ 0 such tha t Var( cE, F^e\i) i s contained i n 
{ci +7i +p/m |p G Z^o, -1 <  7» +p/m  ̂ 0}. 

Remark 13.7.2. —  The construction given in this section is valid, when the base man-
ifold X  i s a curve. • 
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CHAPTER 14 

CONSTRUCTION OF AN INITIAL METRIC AND 
PRELIMINARY CORRESPONDENCE 

In this chapter, w e mainly study graded  semisimple  good filtered fla t bundle . Al-
most all the results are minor generalization o f those in Chapter 3 of [69] for A = 1 . 
We will often give only outlines for the proof. 

In Sections 14.1-14.2, we explain local constructions of ordinary metrics . W e give 
in Section s 14.1. 6 and 14.2. 5 the estimate s which we will use i n Section s 14.3 and 
14.4. W e also explain in Sections 14.1.7 and 14.2. 6 the induce d metrics on divisors, 
which will be used in Section 14.3. 

In Section 14.3, we explain some formulas for the parabolic Chern character of good 
filtered A-fla t bundles . Ou r main purpose is to show the vanishin g o f characteristi c 
numbers for good Deligne-Malgrange filtered bundle (Corollary 14.3.4), which will be 
significant i n the proof of Theorems 16.2.1 and 16.2.4 . Note that this vanishing holds 
even if the good Deligne-Malgrange filtered bundl e is not graded semisimple. 

In Section 14.4, we show Kobayashi-Hitchin correspondence for graded semisimple 
filtered fla t bundles satisfying th e SPW-condition in the surface case. This result will 
be used in the proof of Kobayashi-Hitchin correspondence for wild harmonic bundles 
(Theorem 16.1.1). 

It also implies Bogomolov-Gieseker inequality fo r /x^-stable good filtered fla t bun -
dles, which is explained in Section 14.5. Note that the inequality holds even if the /in-
stable good filtered fla t bundl e satisfies neithe r graded semisimplicity nor the SPW-
condition. 

14.1. Around a crossing point 

14.1.1. Taking a ramified covering. — Le t X =  A2 , Dj =  {ZJ = 0} and D  = 
D\ U  D2. I n the following argument, we will replace X b y a small neighbourhood of 
O = (0,0) without mention. Le t (25*, V) be a good filtered flat bundle on (X, D) such 
that ReSj(V ) i s graded semisimple , i.e. , the induce d endomorphisms on J 'Gr F (°25) 
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are semisimple . Le t c =  (ci ,C2) G  R2 suc h that Q  0  Var(E*,i).  W e assume th e 
SPW-condition fo r (22*, V) , i.e. , there exist a  positive integer m  an d ^  E  R wit h 
— 1/ra <  7i ^ 0 , such that 

Var(cE,i) Ci + 7» + P / m pGZ, -1 <  7i +p/m · 0 

Let d be an integer divisible by m rank(E)!3. W e pu t X' := X, D'j :=  Dj,  D'  := D 
and O ' =  (0,0) . LetV d : {X' iD') — > (X,D)  b e the ramifie d coverin g given by 
<£d(2i,22) =  (21,22) · Le t Gal(X '/^0 denot e the Galoi s group of X'/X. W e have 
the filtered fla t bundl e (22*, V ) on (X' , £)' ) induce d by (22*, V ) an d Pd as in Section 
2.5.3.3. W e put c[  :=  d(ci  + 7$) an d d  : = (ci,c 2 ). B y the assumption , Var(E^i)  i s 
contained in {c ^ + n | n G  Z }. 

14.1.2. Taking an equivariant decomposition. — Sinc e we have assumed that 
(22*, V ) i s goo d an d tha t d  is divisible by (rankle!) 3, w e have the goo d subse t of 
irregular value s Iir(V,O f) G  M(X',  D')/H(X')  an d th e irregula r decomposition 
of th e completio n of ( ciE',V) a t O'.  Fo r simplicity , w e assume tha t th e coordi -
nate syste m (z 1,z2) i s admissibl e fo r Irr(V /,0 /). Le t Irr(V',£>i ) : = Irr(V',0') > 
and le t In^V',!)^ ) denot e th e imag e o f Irr(V',0') vi a th e naturall y define d ma p 
M(X',D')/H(X') M{X',D')/M{X',D' 1). W e have the irregula r decompositions 
for j = 1,2 : 

(c'£',V) 3j aeIrr(V',DJ) 
c E aDj, Va,Dj 

As remarke d i n Subsection 2.4.3, we have the decomposition on D'\ 

(320) c>rj\D' 
beIrr(V',£>2) 

c'EId>' 

We hav e th e naturall y define d Gal(X'/X)-actio n on Irr(V',Z^) . Fo r an y g  G 
Gal(X'/X), w e hav e g  · c>E'b =  c'E'g.b. Du e t o th e grade d semisimplicit y as -
sumption, th e endomorphism s Res^V ) (j = 1,2 ) ar e semisimple . W e have th e 
eigen-decomposition: 

c>E\D/j 

aec 
jEa 

Lemma 14.1.1. —  We  can take a decomposition 
cE 

aGlrr(V',0') cxeC2 

Ua,a 

with the  following  properties: 
• For g G G&l(Xf /X), we  have g · Ua,(x = Ug.alCf 
• For a G Irr(V, D[), we  put  Ua(1) := ®a U a,a- Then,  tf<^ w =  o E ' ^ ^ . 

• For b G  Irr(V',Z}2); we  Put  Ub(2) := ®aeT(b) Ua(1) where we have  set 
T(b) := { a e I r r ( V ' , 0 ' ) | a ~ b}. Then,  U N̂) =  c>E>b~,0,N). 
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• For j = 1,2, we have Ea - 0aeirr(v,O') 09i(«)=a U^cx\D'ô, where qd : C2 -> C 
denotes the projection onto  j-th component. 

Proof. —  We hav e th e decompositio n lvr{V',D'2)  =  \Joi  b y the orbit s o f the 
Gal(X'/X)-action. W e take representatives hi  of o^. For each b^, let Stab(b^) denote 
the stabilize r o f hi with respect to the Gal(X'/X)-action. W e can take a Stab(o^) -
invariant subbundle Ubi C C>E', such that U^gf(N)  = c'E'b. 3 '\Df(N)' ^or 9 ' ̂  e °u 

we put Ug2l. : = g-U^\ Thus , we obtain the decomposition =  0beirr(v/,o/) ^b -̂

Let 7r^ denote the projection onto Ub(2) with respect to the decomposition. 
We have the decomposition Itt(V,Di) =  \Jpi by the orbits of the Gal(X'/X) -

action. W e take representatives ai of p̂ . For each a*, let Stab(p )̂ denote the stabilizer 
of di  with respec t t o the Gal(X'/X)-action . B y using the equivariant versio n o f 
Lemma 3.6.30 , we can take a  Stab (pi)-invariant subbundl e U$  C  c>Ef  with the 
following properties: 

U 1 
D1(N) c E ai,D1|D1(N) 

• U^1D,  i s preserved by Res2(V) and njfib'z ^  or any  ̂e Irr(V, £>2)-
We pu t Ug1^  := 3 ·Uai(1) for g · Oj € pi,  and then we obtain th e decompositio n 
c'E' = ©aeirr(v,o') 0̂̂ · B y construction, the following holds: 

(a) U 1 
a/Di(N) 

cE a,D1[D1(N° 

(b) U^D, are preserved by Res2(V). 

(c) The decomposition o€T(b) 
U{1) 
Ua\D>2 

is preserved by 7T(2) 

Since we have ufy, = 0ûGT(b) ̂ $>M WE obtain ^bjo j = 0aeT(b) ̂ «fÀj from (c) -
By makin g the modification to whic h is trivial modulo z± z2l we obtain the 
decomposition Ub  =  0aGT,(b)^1^ ^h e conditions (a) and (b) are satisfied for 
the modifie d Ua(1) Let denot e the projection ont o Ua(1) with respec t t o the 
decomposition.  

Since U^D, {j = 1,2) are preserved by ReSj(V'), we have the eigen-decomposition 

U^D, = ®^a(U^p')i whic h are Stab(p^)-equivariant. Then , we can take a Stab(p )̂-

equivariant decompositio n U$ = ®aec2 ^i5a such that the following holds: 

<lj (<*)=(* 
Uaila\Dj ^a{Uai,alDj) 

We put Ug.auOL : = g · UauOL. Thus , we obtain the decomposition C>E' —  0a 0 a £/a,cn 
which has the desired property, and the proof of Lemma 14.1.1 is finished.  • 
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We consider F Firr + r̂eĝ  where Firr and Freg are ag foUows: 

îrr 
a<Elrr(V',0') 

da id^D, r̂eg 
a£lrr(V',0'V 

cxeC2 

a1 
dz\ 
z1 

OL2 
dz2 
Z2 

idt/a,« 

We put V^0 ) := V — F, which gives the holomorphi c connection of C'F\ althoug h i t 
is not necessarily flat . 

14.1.3. Frame and metric 

Lemma 14.1.2. —  We  can  take  frames va^ =  (vai0tj\j  =  1,... , rank J7a>a) of 
Uaa such  that  g  ·  vaaj =  (j(g,a,OL,j)vg.aiClj for  some  u;(g,a, a , j ) G  C  with 
\u{g,a,oL,j)\ =  1. 

Proof. —  For eac h a* , w e can tak e a  fram e vaijCt = (vfl»,a,j ) o f Ua,a  such tha t 
9 · vcn,otj =  u(g, a*, OL,J) vai,a,j for any # G Stab(pi). Fo r a G p*, we take g(a, a*) G  G 
such that #(a, a*) · a* = a, an d w e put va^aj  := #(a, a*) · vaiiOLj. Thus , w e obtain 
frames va^a whic h have the desired property b y construction. • 

We obtai n th e fram e v = (va,a ) ° f c'E'.  Le t h'0  denot e th e metri c give n by 
h'0(vi,Vj) = \zi\~2ci\z2\~2c2 Sij. Sinc e it i s Gal(X'/X)-equivariant, it induce s a Her-
mitian metric ho of E1, which is adapted to E*. We have the vanishing of the curvature 
R(ho) = 0. 

14.1.4. Estimate of the connection 1-form with respect to the frame 

Let A be the connection 1-form of wit h respect to v, i.e., V^v — v A. Corre -
sponding to the decomposition C>E' =  0aGlrr(y D[) ^a~\ w e have the decomposition 
v = (v<a^)> Correspondingly , we have the decompositio n A =  Y^Aa^. By our choice 
of the decomposition in Lemma 14.1.1, the followin g holds: 

• W e have Aa^ =  0 modulo (z± z2)N i n the case ord(a — b) < (0,0) . 
• I f ord(a — b) = (j , 0) for some j <  0, Aa^ ar e holomorphic and Aa^  =  0 modulo 

zN 
In the cas e ord(a — b ) = (j , 0), w e have some refined estimat e for the expressio n 

Aa,b =  Aa,bil dzi + Aa?b52 dz2: 
• W e may an d wil l assume 4̂a,b,2 = 0(2:^^2) afte r takin g some more ramifie d 

covering. 
• Fo r the decompositio n Aa$,i =  S  ̂ a,b,i ,<*,/35 we nave ̂ a,b,i ,<*,/3 — 0(z^ z2) i f 

&2 7̂  P2 , because the eigen-decomposition c>E' ~ =  © Ea (C/ JE7' ~, )  is flat 
0, L) < 2 \ ® 1  <2\ "2 

with respect t o the action of V^\d\). 
Let us look at th e term Aa^a = ^ 4̂a,a,c*,/3- We have the followin g estimate in the 

case OL  ^  /3  for the expression Aa)a?â  = A^a^^i cbi + 4̂a,a,c*,/3,2 ̂ 2' 
• W e may assume 4̂a,a,a,/3,i —  ^(^i ) lifte r takin g one more ramified covering. 
• I f ai  ^  w e have A>,a,a,/3, 2 =  0(z1z2). I f a2 ^  #2 , w e have ^0)a,a,^, i = 

0(21^2). 
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14.1.5. Estimate of the associated (1,0 )-forms. —  Le t 0y b e the (l,0)-form 
induced b y V an d hf0.  (See [83] or Section 2.2 of [69].) W e use the symbo l 0V(o) 
with a  simila r meaning . W e put r  : = 2_ 1 (ci dz\jz\ +  cf2dz2/z2)- Then , 0V(o ) ~ ~ 
r i d is C°° on X'. (Se e Section 2.2.5 of [69].) W e have the decompositio n 0V(O) = 
E M b ' C b , b ' + E b f t , b correspondin g t o c/£ ' =  0bGlrr(V',z^) ^2)- W e also 
have the decomposition 0V(O) = ]Ta^a/ #v(o),a a' + ^v(°), a corresponding to C>E' = 
©aeirr(v/,D;) ^o^- Fro m the abov e estimate for A, we have the following estimates: 

0y(°) 
b€lrr(V',L>2) 

â(2) o(kin^r) 

0v(°) 
aGlrr(V,,D;) 

9(D o ( N " ) 

(See Sectio n 2.2. 2 of [69] fo r th e relatio n o f A an d 0V(o) , f° r example. ) W e have 
the decompositio n 0V(O> = X^vt0)),* ^ correspondin g to the decompositio n C'E' — 
0 Uai  where Ua — 0a UajCt.  Afte r taking some more ramified covering , we may and 
will assume to have the following: 

• I f ai ^  B1 we have (0V(o))c*,/ 3 = C°° · ¿1 ^1 + C°° · ¿1 ̂ 2 dz2. 
• I f a2 ^ P2,  we have (0V(°))a,/ 3 = C°° * ¿1 ¿2 d î +  C°° · z2 cb2. 
• I f ai 7̂  A ( z = 1 , 2), we have (0V(° ) )«,/3 = C*00 · z1 z2 dz\ + C°° · zi z2 ck2. 
We have 0y =  0V(o ) + F/2. 

Lemma 14.1.3. —  [0y,0y' ] ^s  bounded with  respect to the  metric  h'0 and the Eu-
clidean metric  of X'. 

Proof. 0y, 0y 0v(°)^v(°). 1 
2 F-> 0y(o) 1 

2 0V(°) 5 ̂  The firs t ter m is 
C°° o n X'. Fo r the estimat e of the othe r terms , le t u s take an auxiliar y sequenc e 
M —  (m) for the goo d se t Irr(V',0' ) a s i n Sectio n 2.1. We use the symbol s r/m 
and £ m in Section 2.1.3. Let Irr(V;,m) denote the imag e of In^V^O') vi a rj^. Fo r 
c G Irr(V',m), let U™  denote the su m of Ua(1) such that ?7m(a) = c. Le t p™  denote 
the projectio n onto £7cm with respect t o the decompositio n C'E' = 0cGï^(v m) U™. 
Then, we put a s follows: 

Fm 
b€lrr(V,m) 

dCm(b)pb. 

Note Firr = £ F m . W e have [Fm,6^(0) ] = OQsil*/2 H * ' 2) i n the cas e m <  0, 
and we have [F m,e^m] = 0(\Zl\N/2) in the case m —  (j, 0) for some j < 0. Hence, 
we obtain that [Firr , 0^(o)] i s bounded. W e also have 

Freg, 0V(t0) G C°° + C°° Z\ 

Z\ 
C°° Z2 

Z2 
Thus the proo f of Lemma 14.1.3 is finished. 
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Lemma 14.1.4. — [0y>0V'] is  bounded  with respect  to  h' Q and  the  Euclidean 
metric of  X'.  After  taking  a refined  ramified covering, we have  [0y,0y] = 

0(\zi z 2\) dzi  dz 2. 

Proof. —  The secon d clai m immediatel y follow s fro m th e firs t one . W e hav e 
[0y,0y] = [0v(°>>0v<°>] +2[F,<9v (o)]. Th e first ter m i s C°°. 

Let us look at the second term [F , 0yo>]. B y construction, we have [ F m , 0yo)] = 

0(\z1\N'2\z2\N/2)dz1dz2 fo r m <  0 and [F m ,0 V ( O ) ] = 0(\z x\Nl2) dz x dz 2 fo r m -
(j, 0). W e also have 

Freg dz1 
*1 

0v(°) E Coo dz\ 
z\ 

z\ z 2 dz 2 
C°° z2 dz\  dz 2. 

Similarly, we have [Fl egdz2/z2,0V(o)] ^ * z i ^z2- Then , the clai m of Lemma 
14.1.4 follows . • 

14.1.6. Estimates which will be used later. —  Le t G(h f

0) denot e the pseudo 
curvature associated to V an d h' 0. (Se e [82], [83] or Section 2.2 of [69].) 

Lemma 14.1.5. —  G(h' 0) is bounded with respect to h'Q and  the Euclidean metric of X'. 

Proof. —  We have G(h0) 2R(K) 4(a2 + ^ , - [ ^ „ M ) Recall R(h' 0) = 0, 
2 

and d  i s adjoint o f 0y, wit h respec t t o h f

0. Hence , we obtain th e boundednes s of 
G{ti0) fro m Lemmas 14.1. 3 and 14.1.4 . • 

We hav e tv(R(tir})'
2) = 4 " 1 ti(G(h'0)2) - 4<9tr(0%,0^,) (Lemma 2.31 of [69]). In 

Section 14.4, we would like to compare the integrals o f tr(R(hf

0)2) = 0 and tr (G(/IQ)2) . 
So, let us look at t r (Oîr, OL, ). We have the following . 

Lemma 14.1.6. —  tr(0y, 0y,) is  bounded with respect  to h'0 and the Euclidean metric 
ofX'. 

Proof. —  The boundednes s o f tr (0y, 0^ (o )) follow s fro m Lemm a 14.1. 4 an d th e 
smoothness o f 0^ ( o ) -  rid . Le t u s estimat e t r ^ , F+) . Le t C>E' =  0t/™ b e 
the decompositio n as i n th e proo f o f Lemma 14.1.3 . W e have th e correspondin g 
decomposition 0y = £ b / b , 0£V + £ b 0™. 

In the cas e m < 0, we have 0%, -  EbeiFF (v,m)O9™)2 =  0(\z 1z2\Nl2)- Becaus e 
tr((0™)2) = 0, we have the following estimate : 

tr(0^, F m t ) tr((0r)2)dCm(b) -0(\z1z2\N'*) o(ki^r/3) 
In particular, tr(#y, Fm^) i s bounded in the case m <  0. 

In th e cas e m  =  (j,0),  w e have {6%,)  - E b ^ ) 2 = 0(\zx\ N'2), an d henc e we 
obtain 

tr(0^, F m t ) tr((C) 2) Ĉm(b) + o ( k i r / s ) o ( M w / s ) 

In particular, tr(0y, F771"1') is bounded in the case m —  (j, 0). 

ASTÉRISQUE 340 



14.2. AROUND SMOOT H POIN T 391 

Recall tha t w e hav e assume d #y , =  0(\zi  22 1.) dz\ dz^  afte r takin g som e refine d 
ramified covering , w e obviousl y hav e th e boundednes s o f tr^O^,  Fregj[).  Thus , w e 
obtain Lemm a 14.1.6 . • 

14.1 .7 . T h e i n d u c e d m e t r i c of tGiF,E(<>E).  —  Fo r simplicity , w e assum e c1 = 
7i =  0  i n thi s subsection . Le t (6,/? ) G  ICMS^E*,  Dj) . W e conside r th e induce d 
metric o n lGr^(<>E).  W e restric t ourselve s t o th e cas e i  =  1  fo r simplicit y o f de-
scription. Th e othe r cas e ca n be argue d similarly . W e put D\  :=  D\  \  {O} . W e fix 
a positiv e C°°-functio n p  o n X.  Le t x  : = p |^ i |2 . Then , h0  an d x  naturall y induc e 
the Hermitia n metri c h^p  o f G r ^ (02£)|£>o a s follows . Le t vi  (i  =  1,2 ) b e section s o f 
1Grpp(E). W e tak e lift s v%  o f Vi  to °2£, i.e. , t ^Di i s containe d i n iFj, , and mappe d 
to Vi  via the projection iF ^ —> xGrf (E1) . Then , i t can be shown tha t (% b /10(^1^2)) jDo 

is independen t o f the choic e o f lift s Vi,  which i s denoted b y hb,p{v \,V2). 

Lemma 14.1.7 

• We  have  a  holomorphic  frame  u  of  1GiF'p(<>E)  on  D\  which  is  compatible  with 

the induced  parabolic  structure  at  O, such  that  hbfi{ui,  Uj) =  pb  \zi\~2degF ^ 5ij. 
• Let  R{hb^)  denote  the  curvature  of ' ( 1 G r ^ ( °E ) , h^^¡3) . Then,  the  following holds 

onD\: 

(321) aGlrr(aGlrr( b rank GifißfE) 3d log p = 0 . 

Proof. —  Th e claims ar e clea r fro m th e construction . 

14 .2 . A r o u n d s m o o t h po int 

14 .2 .1 . Taking a ramified cover ing . —  Le t X  : = A 2 and D : = Dx.  Le t (22*, V) 
be a  goo d filtere d flat  bundl e o n (X , D), whic h i s grade d semisimple . Le t c  G  R 

such tha t c  0  Var(E*).  W e assum e th e SPW-condition , i.e. , ther e exis t a  positiv e 
integer m  an d 7  G  R wit h —  1/ra <  7  ^  0 , suc h tha t 

VarLE) \c + 7 + p/m\p G Z -1 <  7 - h p / m < 0 

Take a n intege r d  which i s divisible b y m rank(E')!3 . Le t (fd \ X' —>  X  b e give n b y 
^ ( 2 1 , 2 2 ) =  (zf,Z2). W e hav e th e filtered flat  bundl e (22*, V) o n (Xf,D')  induce d 
by (25*, V) an d cpd  W e put c ' : = d( c + 7 ) . B y the assumption , Var(E^)  i s containe d 
i n { c ' - h n | n G Z } . Sinc e d  i s divisibl e b y rank (2£)!3, (25+, V) i s unramified , an d we 
have th e irregula r decomposition : 

aGlrr( 

aGlrr(V/; 
aGlrr( 

We hav e th e Ga l (X ' /X) -ac t io n o n I r r (V ' ) , an d g  •  E'a =  E'  a.  Fro m th e grade d 
semisimplicity assumption , Res(V' ) i s semisimple . W e have th e eigen-decompositio n 
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of Res(V') : 
c'E[D. 

aGlrr( 

aGlrr( 

14 .2 .2 . Taking a d e c o m p o s i t i o n . —  Le t N  b e sufficientl y large . Th e followin g 
lemma ca n b e show n usin g a n argumen t simila r t o tha t employe d i n th e proo f o f 
Lemma 14.1.1 . 

Lemma 14.2.1. —  We can  take  a  decomposition 

C,E> 
ieIrr(V) aeC 

aGlrr( 

with the  following  properties: 
For g G  Gal(Xf/X), we  have  g aGlrr( aGlrr( 

We put  Ua 
'a 

aGlrr( Then, £̂ ai_g/(Ao TP' 
c a|D'W sdsd 

aelrr(V') Ua,a\D'-

We conside r 

(322; aGlrr( 
a 

da idua, aGlrr( 
a,a 

a 
dz\ 

zi 
aGlrr( aGlrr(aGlrr(aGlrr( 

We pu t V<° ) : = V  -  F , whic h i s a  holomorphi c connectio n o f c'Ef,  al thoug h i t i s no t 
necessarily flat. 

14 .2 .3 . M e t r i c . —  Tak e a  larg e numbe r N.  Le t hn  b e a  Gal (X ' /X)- invar ian t 
C°°- • metric o f c'Ef  wit h th e followin g properties : 

There exis t C°°-metric s h'0  o f Ua  suc h tha t h'0  = ®h'0a o n th e iV-t h infinites -
imal neighbourhoo d o f D. 

h'Q\D i s compatibl e wit h th e eigen-decomposition , i.e. , C'E^D,  = 0 E a i s orthog -

onal wit h respec t t o hfQ^D, 
We remar k tha t R(h'0)  — 0 a Ä ( ^ o , a ) is 0{\z\\N\  Le t p  b e a  positiv e C°°-functio n 
on X , an d w e pu t \  \—  p |zi |2 . Then , w e se t 

aGlrr(aGlrr(aGlrr(aGlrr( 

The induce d metri c o f E is denote d b y h0. 

14.2A. E s t i m a t e of t h e a s s o c i a t e d ( l , 0 ) - form. —  Le t #v ' denot e th e (1,0) -
form obtaine d fro m V ' an d hf0.  W e us e th e symbo l 0V(O > wit h a  simila r meaning . 
Let r  : = 2~1(c  +  7 ) <91og((/^x) , an d the n 0V(( » -  r  i d i s C° ° o n X'.  W e hav e th e 
decomposition 6>v(0 ) =  £ b 0v(O)5 b +  J2b^bf  #v(°),b,b' > correspondin g t o C>E'  =  0 a Ua. 
By construction , w e hav e th e followin g estimate : 

(323) öy(o) aGlrr( 0(\Zl\N). 
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We als o kno w tha t 0v (o)|£>/ 1S  compatible wit h th e residu e Res(V') . Le t 0 V(o) = 

E q ^ V ^ . q , ^ ^ e tn e decompositio n correspondin g t o c'Ef  =  ® a ( © a ^ a , a ) - Afte r 
taking a  refine d ramifie d covering , w e may assume th e following : 

(324) 
0V(o) - r i d 0(\zsdsl\)dz1 0(l)dz2, 

#V(°),c*,/3 Ol\z1sds\)dz1 0(\z1\)dz2 aGlrr(aGlrr( 

Lemma 14.2.2. —  After  taking  a  refined  ramified  covering,  we  have  the  boundedness 
of [flv 'j^v'l wtth  resPect  to  h'0  and  the  Euclidean  metric  of  X'. 

Proof. — We have 0 y 0V(o) + F / 2 , and henc e 

aGlrr(aGlrr( 0V(O), 0 v(o). 
1 
2 

aGlrr(v 
1 
2 #V(°)5 ^ ] 

41 
4 

F , F t ] 

The first  ter m i s C°° on X'.  W e have [Firr , 0^(o)] =  0 ( | z i | N ) b y (323) . W e also hav e 
the boundednes s o f [Fres,0^(o) ] becaus e o f (324) . W e have [Firr , (Firr)t ] =  0 ( 1 ^ 1 ^ ) , 
[Fre«, (Firr)+] = 0 ( 1 ^ 1 ^ ) . W e als o hav e [Freg , (Fre§)t ] =  0 ( | * i | _1 ) d* i dzx. Hence , 
we obtai n th e desire d boundednes s o f [0y>0v' ] afte r takin g som e refine d ramifie d 
covering. • 

Lemma 14.2.3. —  [ 0 y , 0 y ] is  bounded  with  respect  to  h'0  and the  Euclidean  metric 
of X'.  We  have  [ 0 y , 0 y ] =  0 ( | z i | ) c b i dz2  after  taking  some  refined  ramified  cover-
ing. 

Proof. —  W e have [ 0 y , 0 v ] =  [ ^ v w ^ v w ] +  [F,0V(O)] . Th e first  ter m i s C°°, and 
we ma y assum e tha t i t i s 0 ( | z i | ) dz\  dz2,  afte r takin g som e mor e ramifie d covering . 
We hav e [Firr,0V(O) ] =  O ^ i l ^ ) dz\  dz2.  Pro m th e compatibilit y o f 0v (o)|£> an d th e 
residue, w e obtai n [Freg,0V(O) ] =  0(V)dz\dz2.  Afte r takin g som e mor e ramifie d 
covering, w e may have 0 ( | z i | ) dz\  dz2.  Thus , w e are done . • 

14.2 .5 . E s t i m a t e w h i c h wil l b e used 

Lemma 14.2.4. —  G(hf0)  is  bounded  with  respect  to  h'Q and  the  Euclidean  metric  of  X'. 

Proof. —  I t follow s fro m Lemma s 14.2. 2 an d 14.2. 3 wit h a n argumen t simila r t o tha t 
employed i n the proo f o f Lemm a 14.1.5 . • 

We hav e tr(i?(/i[))2 ) =  4" 1 tr(G(h'0)2) - 4 d t r ( 0 ^ , 0 ^ , ) . Le t us see the second term . 

Lemma 14.2.5. —  t r (0y /0y , ) is  bounded  with  respect  to  hf0  and the  Euclidean  metric 
ofX'. 

Proof. —  Th e boundednes s o f tr(0v'0y(o) ) follows  fro m Lemm a 14.2. 3 an d th e 
smoothness o f 0^(o) -  r  id . Le t rjj  and Q  b e the maps M(Xf,  D')  —•  M(X\ D')  give n 
by lHj(Tlak (z2)zi) =  E ^ a * ^ ) E ^ * ? an d Cj(Y,ak (z2)zE^2) =  aj{z2)z{.  Le t I r r ( V ' , j ) 
denote th e imag e o f I r r (V' ) b y rfj  :  M(X,D)  ->  M(X,D).  Fo r c  G  Irr(V7,j) , 
let Uc^  denot e th e su m o f Ua  suc h tha t r]j(a)  —  c . Le t p[^  denot e th e projectio n 
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onto Uq^  wit h respec t t o th e decompositio n C'E'  —  0cGirr(v' j)  U^K  W e hav e th e 
corresponding decompositio n #v ' —  №№  •  We se t 

E^ 
b€lrr(V',i) 

d(j(b)p{bj). 

We hav e th e decompositio n Fir r =  ^ F ^ . W e obtai n th e followin g estimat e a s i n 
the proo f o f Lemma 14.1.6 : 

tr | '0%, F«) t ) tr b€lrr(V dCj(b) o \zi\N/2) O 2i r /2 ) 

Hence, t r ( 0 |, Firrt ) i s bounded. Th e boundedness of tr(<9|, Fre^) follow s from 9%,  = 
0(\zi\) dzi  dz2-

14.2.6. The induced metric of GiF'p(E).  —  Fo r simplicity, we assume c  = 7  =  0 
in thi s subsection . W e remark tha t th e eigenvalue s o f Res(V/) ar e give n b y d(b  + /?), 
where (b,/3)  G  KMS(^E*).  W e hav e th e decompositio n E Q =  ©0<g<d-i^ « suc n 
that Gal(X'/X)  3  uj  act s o n E £ b y th e multiplicatio n o f -wq.~ The decompositio n 
E« -  0 ^ a i s orthogonal wit h respec t t o / IQ. 

Let (6 , /3) G  KMSi^E*). The n h0  an d x  naturall y induc e a  Hermitian metri c hb,p 
of GiF'p(E)  a s follows. Le t ^ ( ¿ =  1,2 ) b e sections o f GrF'p(E).  W e take lift s ^  o f Vi 
to E  i.e. , Vi\£>  i s contained i n Fb  an d mappe d t o v\  vi a the projection Fb  —• Gr f (£") . 
Then, i t ca n b e shown tha t (x b fto(^i> ^2))|D i s independent o f the choic e of V{,  whic h 
is denoted b y hb,p(vi,V2)-

Let (q,a)  an d (6 , /3) be relate d b y th e relatio n b  — —q/d an d / 3 = ( a +  g)/d . Le t 
b€lrr(V denote th e metri c o f Eg, induced b y h'Q. 

Lemma 14.2.6. —  Let  R(hb,p)  and  R(h'bj3)  be  the curvatures  of  (GrF'p(E),  hb,p)  and 
(Eg, /^^) respectively.  Then,  we  have  the  following relation: 

(325) b€lrr(Vb€lrr(V :tr(R(hb,p) 6rankGr£ ' | (£ ) dd  log p. 

Proof. — W e tak e th e isomorphis m $  :  GrF^{E)  ~  E g give n a s follows . Le t v  b e 
a sectio n o f GrF^(E).  W e tak e a  lif t v  o f v  t o °E.  Then , $(v ) : = (z±q(p*dv)\D>  i s 
contained i n Eg , an d i t i s independent o f the choic e o f v.  Unde r th e isomorphis m Q 
we have h'hp  — hb,p p~lThen, (325 ) follow s fro m a  genera l formula . • 

14.3. Some formulas for the parabolic Chern character 

Let X  be a  smooth projectiv e comple x surface , an d D  be a  simple normal crossin g 
hypersurface wit h th e decompositio n int o irreducibl e component s D  —  I J i e A D i L et 
(£*, V) b e a  goo d filtere d flat  bundl e o n (X,D).  W e hav e th e bundle s *Grf;f(c£ ) 
on Di  fo r eac h c  G  RA an d fo r eac h (a , a) G  K,MS(CE*, Di).  I t i s naturally equippe d 
with th e Q-paraboli c structur e a t Di  f l Uj^i Dj,  wher e Ci  : = (CJ |  j G  A, j 7 ^ i). 
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Proposition 14.3.1. —  We have  the  following  formula: 

(326) 
x 

2par-ch2(I2*) 

b€lrr(V 
(a,a)elCMS(cE*,Di) 

a+Re(a) -par-degD. :*Grf2(ci5).: a rank :«Gi££(e25)) [A] 2 

Here [Di]2  denotes  the  self  intersection  number  of  Di. 

Proof. —  Not e tha t th e right-han d sid e i s independen t o f th e choic e o f c  G RA. B y 
using ^-perturbation s explaine d i n (I ) o f Sectio n 13.7 , w e ca n reduc e th e proble m t o 
the cas e wher e th e followin g condition s ar e satisfied : 

• Var(E*,i)  C  Q , 0  0  Par(E*,i),  an d (£7* , V) i s grade d semisimple . 
So, w e wil l assum e the m i n th e followin g argument . W e ma y assum e c = ( 0 , . . . , 0) . 

We tak e d  suc h tha t (i ) dw  G Z  fo r an y u > G Var{E*,Di),  (ii ) d  i s divisibl e b y 
(rankE\)3. W e tak e a  C°°-metri c ho  of  E  onX\D  whic h i s a s i n Sectio n 14. 1 aroun d 
crossing point s Di  n b€lrr(V and a s i n Sectio n 14. 2 aroun d smoot h point s o f D. 

We tak e a  Hermitia n metric s gi  o f O(Di).  Th e curvatur e o f (0(Di),gi)  i s de -
noted b y uji.  Le t ^  :  O  —>  O(Di) denot e th e canonica l morphism . B y usin g th e 
functions \o~i\2.,  we obtai n th e C°°-metri c ha^a  o f %GT^(<>E)\DO  fo r eac h (a,a)  G 

K,MS(°E,Di), a s explaine d i n Section s 14.1. 7 an d 14.2.6 . I t i s compatibl e wit h th e 
induced paraboli c structur e o f Grf '^ (°£ ' ) . Hence , w e hav e 

(327] 
- 1 

2TT 'Dì 
TT(R(hata) •9b€lrr(V 

b€lrr(Vb€lrr(V 

Let P  b e a  poin t o f th e smoot h par t o f D.  W e tak e a  holomorphi c coordinat e 
(U,zi,Z2) aroun d P  suc h tha t DJJ  :—  D  f l U  —  {z\  —  0} . Le t ipp  :  U'  — •» 17 b e a 
ramified coverin g a s i n Sectio n 14.2 . W e hav e th e irregula r decomposition b€lrr(V— 

©aeirr(v,P) E'a-  W e pu t Gp r : = 0aGlrr(V) a  id^ v .  W e ca n tak e a  C°°-equivarian t 
section G£ r o f E n d ( ° £ ' ) suc h tha t GirT~  /(jv) — G1  ̂^,{N)  for  som e larg e TV. I t induce s 
an endomorphis m o f E \u^D. Fo r an y crossin g poin t P  G -D, w e tak e a  holomorphi c 
coordinate ([/ , zi,z2) aroun d P  suc h tha t U  D D =  {zi  =  0 } U {¿2 =  0} . W e tak e 
(pp :  U'  —>  U an d a  decompositio n ° £ " = 0 J 7 a a s i n Sectio n 14.1 . W e pu t Gpr  := 
0a idua, whic h i s Gal(t///C/)-equivariant . Hence , i t induce s a n endomorphis m o f 
E\u^D. B y varyin g P  G D,  gluin g Glp  i n C°° , an d extendin g it , w e construc t a n 
endomorphism Gir r o f E  o n X  \  D. 

Let Vu  denot e th e unitar y connectio n associate d t o ho  an d th e (0 , l ) -part d"  o f V . 

We obtain th e C°°-sectio n JPr r :=  VuGirr  o f E n d ^ ) ® ^ 0 ' 1 on X\D.  B y construction , 

we hav e J^T^,M  — ^ " ( A O around an y smoot h poin t P  oi  D  (Sectio n 14.2) . W e als o 

have TXVX  = Fir r aroun d an y crossin g poin t o f D  (Sectio n 14.1) . 
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Let di  :  Ox —>  Ox(Di)  denot e th e canonical section . Th e norm o f &i  with respec t 
to a  chose n Hermitia n metri c i s denoted b y \ai\.  Le t X$  : = dtv(G  >a^  W e remar k 
R(ho) =  0  around th e crossing point s o f D.  Hence , w e hav e 

'dXs 
t r ( .Fr r R(ho) 

JdXs 
t r(VuGirr R(ho)sds 

JdX8 
dtv(GiTr R(ho) 0. 

We pu t V(1 ) : = V  -  PTV,  an d the n 0 V =  #va ) +  JFirr/2 . Recal l th e relatio n 
R(ho) —  —2d"0y Henc e w e hav e 

(328) ' - 1 
2TT 

2 

IX5 
tr(R(h0)2) - 2 

-1 
2TT 

sd 

}x5 
t r ( d "0v Rsfdfdf{h0)) 

- 2 | - l 
27T 

2 

JXz 
dtr(evR(h0)) - 2 1 sdqd 

2?r 

2 

dX5 
tr(0V(i) #(/l0)) 

We pu t Y$ti  : = {|<Ji | = <$ } H X .̂ Le t u s loo k a t JYs  t r (0V(i ) R(h0)).  Th e integran d 
is 0  aroun d A  f l Z> , fo r an y j ^  z . Le t P  e  Di  \  U j / i ^ i- Let(U 1 2 i ' ^2) ,DU an d 
<^P : U' — • Z7 b e as above . W e put D'u:=  (fp1  (Du). W e use the notat ion i n Sectio n 
14.2 fo r thi s loca l argument . O n U',  w e have V(1 ) = V(0 ) + Fre§ , wher e FTe%  i s as in 
(322). Sinc e 0V(° ) ls C°°  o n J/', it doe s no t contribut e t o the limi t fo r 5  —>  0 . (Not e 
tha t c  = 7  =  0  in this case. ) Thu s w e only hav e t o look a t the term tr(Fre g R(hf0)) /2. 
Then, th e limi t o f the contribution o f U  flb€lrr(V is as follows : 

(329) 
1 
d sd 

dsds 

2TT (a,a)e/CM«S(o 
(da + da) b€lrr(Vv 

b€lrr(Vb€lrr(Vb€lrr(V 
(a +  o 

wx 

2tt xc 
tvR(haiCt] a rank2G r ,F,E 

a,a i 
E)(Ji] 

Here, fojj  a i s a s i n Sectio n 14.2.6 , an d w e hav e use d Lemm a 14.2.6 . W e remar k 
R(ho) =  0  aroun d ever y crossin g poin t o f D  an d the vanishing (321) . Togethe r wit h 
(327), w e obtai n 

(330) lim 
b€lrr(V 

- 1 
2tt 

2 

]x5 
tv(R(h0)2) 

i (a,a)eJCMS(*E+tDi) 
a+a par-deg ( b€lrr(Vb€lrr(V —a rank ( fip F,E ! ^ ) ) [A] 2 

As show n i n the proof o f Proposition 4.1 8 of [66], we have th e equality : 

b€lrr(V 
2TT 

2 

rX\D 
tr(R(h0)2) 

X 
2par-ch2(d.E*). 

Taking th e rea l part , w e obtain th e desired formula . 
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Proposition 14.3.2. —  Let  r  be  a  closed  2-form  on  X.  Then,  we  have  the  following 
equality: 

Jx 
par-Ci(i2*) r 

i (a,a)eK,MS(cE,Di) 
Re (a + a) ran k *Gr 5\E 

a,a ' Di 
T. 

Proof. — Recal l tha t (\/—T/27r ) tri ?(/i0) represent s par-c 1(-E*). W e als o hav e th e 
relation trR(ho)  =  —  2<9tr(#v)- Then , i t ca n b e show n b y th e sam e argumen t a s i n 
the proo f o f Proposition 14.3.1 . • 

Remark 14.3.3. —  Se e Section 3. 5 o f [69] for mor e formula s i n the regula r case . Sim -
ilar formula s shoul d hol d eve n i n the irregula r case . • 

Let L  b e a n ampl e lin e bundl e o n X. 

Corollary 14.3.4. —  Let  (S , V) be  a meromorphic flat connection  on  (X,  D)  such  that 
the associated  Deligne-Malgrange  filtered  flat bundle  (E^M, V ) is  good.  (See  Subsec-
tion 2.7. 1 for Deligne-Malgrange  filtered  flat bundle.)  Then,  we  have the  vanishing  of 
the characteristic  numbers  par-degL(^^M ) =  fx  par-ch2(^f)M ) =  0 . 

Proof —  W e onl y hav e t o remar k tha t an y (a , a) £  K,M.S (E^M, i)  satisf y a  + 
Re(a) =  0  by the definitio n o f E°M. • 

14.3.1. Blow up and the parabolic characteristic numbers (Appendix) 

Let X  b e a smooth projective surface with a simple normal crossing hypersurface D. 
Let 7 r :  X —•  X  b e a  blo w u p o f X  a t a  poin t P.  Le t b e a  filtered  bundl e o n 
(X,D). W e have th e induce d filtered  bundl e E* o n (X,D). 

Lemma 14.3.5. —  We  have  the  following equality: 

(331) 
fx 

par-ch2(i£*) 
x 

par-ch2(22*), 

(332) par-Ci 'E) 7T* (par -Ci (£*)) 

See [66] for  par-c1(£?* ) and  par-ch2(J5*) , and  see  [39] for  a  more  systematic  treat-
ment. 

Proof. — Th e equalit y (332 ) ca n b e reduce d t o th e ran k on e case , whic h ca n b e 
checked easily . Le t u s show (331) . W e give only an indication fo r a  direc t calculation . 
We use the formula (10 ) in [66] for par-ch2(.E*). Le t us consider the case P £  DiC\D2. 
The othe r cas e ca n b e show n similarly . Le t Di  denot e th e prope r transfor m o f Di, 
and le t Dp  denot e th e exceptiona l divisor . 

Let lF  (i  =  1,2 ) denot e th e paraboli c filtration  o f °J5?|£>. , an d le t *Gr f (°J5) : = 
V a ^ E ^ S / V ^ E ^ ) ^ E ^ ) Fo r an y a  =  (aua2)  e  R2, w e pu t 

^a(°£|P ^a^Eip] b€lrr(Vb€lV 2-GvFa{«E) ^a(°£|p) 

6<o 
^E^)^)^E^) 
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We put Var(i)  : = {a  |  *Grf ^E^) ^ 0 } an d Pa r (P ) : = {a  e  R2 \  ^Grsdf^fE) ^  0} . 
We take a  splitting °£,|P =  0  Ua  of the filtrations  lF  (i  =  1,2 ) indexe d b y Var{P), 

i.e., i t i s taken a s ̂ E^) = 0b^ a £/ & holds fo r eac h a =  (ai,a2) . W e pu t pF}){<>E\p)  := 
^E^)^E^) which i s independent o f the choic e of a splitting. W e have rank F_ i = 

•'ai+02^—1 rank-Gra i^E).  W e have th e exac t sequence : 

0 7r*(°£) ^E^) FF-i 0Sp{Dp) n 

Hence, w e obtain th e followin g equality , b y usin g Lemm a 3.2 3 o f [66]: 

(333) 
fx 

p a r - c h ^ E ) ^ E ^ ) 
x 

par-ch2(<>^ 1 
2 

ai+a2^-l 
rank^GrF(°£), 

Let P F denot e th e paraboli c filtration  o f °E,p ,  and w e se t 

G r ? ^E^) 17 a E\DP >PF<a E\DP 

Let Var(Dp)  : = { a I  G r / ( ° . E) ^  0} . We hav e the followin g equality : 

(334 
aeVar(Dp) 

a degg p 
aeVar( 
aeVar( 

aeVar(P) 
ai-\-a2^ — l 

(o i+02 +  l ) rank^Grf(*£) . 

Let ^F^E.jj.) denot e th e paraboli c filtratio n o f ^-Ejg. , an d w e se t 
aeVar(a 
wwxeVar( 

aeVar( 
aeVar( ^<a(aeVar(̂ |5l)-

We have th e followin g equality : 

(335) 
¿=1,2 aeVarii) 

a deg5 . aeVar( 
aeVar( 

i=l,2 aeVar( 
a degD . < G r £ ( ^ 

aeVar(P) 
rank ^ G 

(ai +  «2 ) r a n k ^ G r f ^ ) . 

We have th e followin g equality : 

(336) 1 
2 

aGVar(Dr>s 

a2 rank G] a aeVar( 
aeVar( 

1 
2 

aeVar(P) 
a1+a2^-l 

( a i + a 2 +  l) 2 rank^Gr^(°E ) 
1 
2 

aeVar(P) 
ai+a2> — 1 

(ai + a2) 2 r a n k ^ G r ^ E ) . 

We hav e 

(337) 
qs 
2 

¿=1.2 aEVar(i) 
a2 rank'Grf -*E) [A]2 

qs 
2 

¿=1 ,2 aeVar(i) 
a2 rank^Grf^) [A] 2 

1 
2 2=1,2 a£Var(i) 

a2 rank^Grfr^ ) 1 
2 aeVar(P) 

{a\+a22) rank^GrF(°£) . 
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We hav e 

(338) 
aeVar(P] 
ai+a2> —1 

(ai + a2)a 2 ra 
aeVar(P) 
vaeVar( 

(ai +  a2 + 1 ) a2 ra 

aeVar(P) 
ai+«2> — 1 

a i a i + a 2 r < 
aeVar(P) 

aeVar( 

a i (a i +  a2 + 1 ) ra 
aeVar(P) 

ai a2 r a 

aeVar(P) 
ai+a2> — 1 

(of + a2 + a ia2 ' wx 
aGParfP) 
ai+a2<-l 

(a? + û o +  a ia2 + a i +  a2 sd 

where r a : = rank-Gra(° i£ ) . Takin g summatio n o f (333)-(338 ) an d usin g th e formul a 
(10) i n [66], we obtai n (331) . • 

14.4 . P r e l i m i n a r y c o r r e s p o n d e n c e 

Let X  b e a  smoot h irreducibl e projectiv e comple x surface , an d D  b e a  simpl e 
normal crossin g hypersurfac e wit h th e decompositio n int o irreducibl e component s 
D =  \Jie\Di.  W e als o assum e tha t D  i s ample . Le t L  b e a n ampl e lin e bundl e 
on X , an d (j  b e a  Kahle r for m whic h represent s c\{L).  W e wil l no t distinguis h UJ  and 
the associate d Kahle r metric . Le t (2£*,V) b e a  //^-stabl e goo d filtere d fla t bundl e 
on (X,D),  whic h i s grade d semisimple . Le t c  G  RA suc h tha t c $ 0  Var (E*,i). W e 
assume th e SPW-conditio n fo r eac h i  G  A, i.e. , ther e exis t a  positiv e intege r m  an d 

7* € i£ wit h —  1/m <  aeVar( 0, suc h tha t 

Var(E*) aeVar(aeVar(xdf p G Z , - 1 7i + p / r a < 0 } 

We tak e a  larg e intege r d  whic h i s divisibl e b y m  rank(E')!3 . Fo r e  —  1/d, w e tak e 
a Kahle r metri c UJE  o f X  \  a s i n Sectio n 4.3. 1 o f [66]. 

Proposition 14.4.1. —  There  exists  a  Hermitian  metric  hnE of  E  on  X\D  satisfying 
the following  conditions: 

• Hermitian-Einstein  condition  2~1A(Jj£G (hHE) =  a  ids  for  some  constant  a  de-
termined by  the  following  equation: 

(339) a 
qs 

2TT 

rankE1 
2 X\D 

qs - a 
sds 

2TT 

ransdk(E) 
2 ' x 

J1 par -deg^ (E*). 

huE is  adapted  to  E*. 

degUe(E, hHE)  =  p a r - d e g J J ^ * ) . 
We have  the  following  equalities: 

x 
8par-cho(12* 

- 1 
2TT 

2 

X\D 
t r G(hHqsE)2 

4 
fx 

par-cf (E* 
' - 1 
2TT 

.2 

aeVar( 
ti(G(hHE)aesqVar(Y. 
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Proof. —  W e tak e a  C°°-metri c ho  o f E\X^D  whic h i s a s i n Sectio n 14. 1 aroun d ever y 
crossing poin t o f D , an d a s i n Sectio n 14. 1 around ever y smoot h poin t o f D.  I t satisfie s 
the followin g properties : 

Lemma 14.4.2 

• G{ho)  is  bounded  with  respect  to  ho  and  uo£. 
• The  following  equalities  hold: 

(340) 
1 
4 

- 1 
2TT 

2 

aeVar( 
t r ( G ( M 2 ) 

T 
2TT 

2 

aeVar( 
tr(R(ho)2) 

X 
2par-ch2(JE*), 

(341) 
1 
4 

- 1 
2TT 

2 

aeVar( 
tr(G(/i0))2 

- 1 
2TT 

, 2 

aeVar( 
t r ( # ( M ) a e V a r ( 

wxw 
par-Ci (Ü7*)2. 

Proof. — The first  clai m follow s fro m Lemma s 14.1.5 and 14.2.4. The equalit y (340) 
follows fro m Lemm a 14.1.6, Lemma 14.2.5 and th e Chern-Wei l formul a t o expres s th e 
Chern characte r b y th e curvatur e (Se e Propositio n 4.18 of [66] in th e trivia l Higg s 
case, fo r example. ) Th e equalit y (341) follows fro m th e genera l formul a tr(G ( / io)) = 

2 t r R(ho)  an d th e Chern-Wei l formula . (Se e Lemm a 4.16 of [66], for example. ) • 

Make a  modificatio n hin = ho exp(-g')  a s i n th e proo f o f Propositio n 6.1 of [66], 

such tha t Auj£  det( /^n) i s constant . Then , hin satisfie s th e followin g conditions : 
• hin i s adapte d t o th e paraboli c s tructur e o f E*. 

• G (hin) i s bounde d wit h respec t t o hin an d u£. 
• Let V  b e an y saturate d coheren t subshea f o f E,  an d le t 7iv denot e th e orthogona l 

projection o f E  ont o V.  The n diry  i s L2  wit h respec t t o hin an d UJ£,  if an d onl y 
if ther e exist s a  saturate d coheren t subshea f CV  o f CE  suc h tha t CV\X^D  — V 
([52] and [89]). Moreover w e hav e par-dega;(cK ) = d e g ^ V , hiny), wher e hiny 

denotes th e metri c o f V  induce d b y hin. 

• t r Au>£G (hin) = 2  rank(E') a  fo r th e constan t a  determine d b y th e equatio n (339). 
• The followin g equalitie s hold : 

- 1 
2?r 

9. 

X\D 
tr G(hin)2 

X 
8par-cho(JE?*] 

- T 
2TT 

2 

X\QSSQD 
t r G(hin) 

\2 

X 
4par-Ci(.E;*). 

Then, th e propositio n follow s fro m Simpson' s theore m i n [81] and [82]. (See als o 
Proposition 2.49 of [69].) • 

14 .5 . B o g o m o l o v - G i e s e k e r inequal i ty 

Let Y be a n n-dimensiona l smoot h connecte d projectiv e variet y ove r C.  Le t L  b e 
an ampl e lin e bundl e o n Y, and le t D  b e a  simpl e norma l crossin g hypersurfac e o f Y. 
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Corollary 14.5.1. —  Let  (25* , V) be  a  p^-stable  good  filtered fiat  bundle  on  (Y,D). 
Then, Bogomolov-Gieseker  inequality  holds  for  25* . Namely,  we  have  the  following 
inequality: 

sd 
par-ch2 L (E* sd par-c?5jL(JE*) 

2 rank E 
Proof —  Accordin g t o Mehta-Ramanatha n typ e theore m (Propositio n 13.2.1) , th e 
problem ca n b e reduce d t o th e cas e d im F =  2 . B y usin g ^-perturbation s a s i n th e 
case (II ) o f Sectio n 13.7 , w e ca n reduc e th e proble m t o th e cas e wher e (25* , V) i s 
graded semisimple , an d satisf y th e SPW-condition . Then , th e clai m follow s fro m 
Proposition 14.4. 1 and th e inequalit y fo r th e curvatur e o f Hermitian-Einstein metri c 
(see [81]) . • 

Corollary 14.5.2. —  Let  (25* , V) be  a p^-stable good  filtered flat bundle  on  (Y,D)  with 
the trivial  characteristic  numbers  par-degL(25* ) =  JY  par-ch2 ¿(25*) =  0 . Then,  we 
have par-c1?L(25*) =  0 . 

Proof —  Du e t o Propositio n 13.2.1 , th e proble m ca n b e reduce d t o th e cas e 
d imF =  2 . W e hav e 

qs 
par-cx (25*̂  ci(L) par-degL(£*) =qsdq 0, 

0 = sqsq2rank(£ 
lY 

par-ch2 (25* ) 
}Y 

par-C! (25*). 

Then, th e clai m follow s fro m th e Hodg e inde x theorem . 
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CHAPTER 15 

PRELIMINARIES FOR THE RESOLUTION OF 
TURNING POINTS 

We giv e a  preparatio n fo r th e resolutio n o f "turnin g points " fo r Higg s field s un -
derlying harmoni c bundles . I n Sectio n 15.1 , w e explai n a  procedur e t o construc t a 
projective morphis m vi a whic h give n ideal s ar e transforme d t o principa l ideals . 

When w e ar e give n a n algebrai c equatio n o n th e rationa l functio n field  o f a n ir -
reducible variety , w e sometime s hop e tha t th e pola r par t o f a  solutio n ma y ramif y 
only alon g th e poles . W e sho w i n Sectio n 15. 2 tha t i t ca n b e achieve d i f w e tak e th e 
pull-back vi a a n appropriat e morphism . I t wil l b e use d i n Sectio n 16.3.3 . 

It i s significan t t o ask , fo r a  give n Higg s field  # , whethe r ther e exist s a  projectiv e 
birational ma p tp  such tha t ip*0  i s goo d i n th e sens e o f Definitio n 7.1.4 . W e sho w i n 
Section 15. 3 th e existenc e o f suc h a  ma p unde r som e condition . Thi s resul t wil l b e 
useful fo r th e resolutio n o f turning point s (Section s 16.2-16.3 ) an d th e correspondenc e 
between wil d harmoni c bundle s an d polarize d wil d pur e twis t or D-module s (Sectio n 
19.3). 

15 .1 . R e s o l u t i o n for a t u p l e of ideals 

Let G  b e a  finite  group . Le t Y  b e a  norma l comple x analyti c spac e provide d 
with a  G-action . Le t i i , . . . , / r b e idea l sheave s o f Oy.  Assum e tha t th e G-actio n 
induces th e permutat io n o f { i i , . . . , Ir}.  W e woul d lik e t o giv e a  canonica l construc -
tion t o obtai n a  norma l comple x analyti c spac e Y'  equippe d wit h a  G-actio n an d 
a G-equivarian t birationa l projectiv e morphis m y  :  Y' —>  Y  suc h tha t th e followin g 
holds: 

• Le t Ij  denot e th e idea l shea f o f Oy>  generate d by{ii,...,  Ir}; Then, V-  is invertible . 
Moreover, fo r eac h poin t P  o f y4  th e ideal s / j ar e totall y ordere d wit h respec t 
to inclusio n relatio n aroun d P.  (W e ma y permi t tha t Ij  =  I'k  aroun d P.) 

We pu t (0) Y :—Y.  Usin g a n inductiv e argument , w e wil l construc t Y^  wit h th e 
following properties : 
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• W e have G-action s o n Y^  an d G-equivarian t map s ipk  • Y  ̂—>  Y. 
• W e pu t lf]  :={ i i ,qs I r } • Oy(fc) . Fo r eac h close d poin t P  G  Y(fc \ w e hav e a n 

ordered subse t 

S(P) {ii(Psd) MPsds)} [ l , . . . , r } 

such tha t (i ) Iih(p) (h  = 1 , . . . , k) ar e invertible. (ii r(k) 
i Ir} Jia(P) ' 'ifc(P)' 

(m) j f > ( j ^  5 ( P ) ; are containe d i n / ^ L N , aroun d P. 
Assume tha t Y^  ha s already bee n constructed . W e have th e following G-equivarian t 
ideal shea f o n Y ^ : 

|J|=fc 

|J|=fc+] ie J 
|J|=fc 

For eac h close d poin t P  G  Y^> an d fo r eac h h  &  S(P), w e have f |*= i I$P)  H  l£fe) = 

1h • Hence, th e following ; hold s aroun d P : 

sd 

h£S(P) 

r(fc) 

Let 7RK  : Y^+1) - > Y<*) be th e blo w u p o f y(* > alon g j£fc) . Le t ^k+1  :=/jfr+i o 7rfc. W e 
put /jfr+i := t/jfr+iilj)  -  Oy(fe+i) = TTfc *  Oy (Hi). Le t P ' b e an y close d poin t o f 

y(fc+1\ an d le t P  := 7rfc(P'). Aroun d P ' , th e ideal s /jfc+1 ) ( j G  S ( P )) ar e invertible . 
We hav e Y^jgs (P) Ijk+1^  =  7rfc1(^y^ ) *  Oy (Hi) , whic h i s invertibl e b y definitio n o f 
blow up . Hence , on e of/jfr+i/jfr+i (j ^  5 ( P ) ) i s invertible , an d w e hav e I^1^  /jfr+i/jfr+i C 

for an y h  £  S(P).  Thus , th e inductiv e constructio n ca n proceed . Le t Y'  b e th e 
normalization o f y(r+1) , an d le t V > : Y' — • Y b e the naturall y induce d morphism . B y 
construction, (Y',ip)  ha s the desire d property . 

Let G  b e a  finite  group , an d le t Y  b e a  comple x analyti c spac e wit h a  G-action . 
Assume tha t w e ar e give n a  surjectiv e homomorphis m G  — » G, an d a n equivarian t 
non-ramified coverin g F  :  Y — > Y whic h induce s Y/G  ~  Y/G . W e hav e th e induce d 
ideals Ij  (j  =  1 , . . . , r) o f Y , whic h ar e th e pull-bac k o f 7j . Th e G-actio n induce s 
the permutat io n o f { / i , . . . , / r } . Applyin g th e abov e procedure , w e obtai n th e G -
equivariant ma p tp  : Y' — > Y . 

Lemma 15.1.1. —  VF e Zia^ e £/ie natural isomorphism  Yf  ~Y  xYYf.  The  induced  map 
F' :Y'  — • Y' z s ¿/¿6 non-ramified Galois  covering,  whose  Galois  group  is  the  kernel  K 
of G  —+  G.  In  particular,  we  have  the  natural  isomorphism  Y'/G  ~  Yf/G. 

Proof. —  Inductively , w e can chec k th e following : 
• W e hav e th e natura l isomorphis m Y^  ~  Y^  Xy Y , an d th e induce d ma p 

p(k) .  y(fc) _> y(fc) i s unramified K  -covering. 
. } W =  ( jF( /e ) ) - i ( /W) . 0_(Jk ) an d / W =|J|=fc|J|=fc|J|=fc|J|=fc • OyW. 

Then, th e clai m o f the lemm a follows . • 
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Remark 15.1.2. —  Th e constructio n ca n als o wor k i n th e categor y o f comple x alge -
braic geometry . • 

15.2. Separation of the ramification and the polar part of a Higgs field 

15 .2 .1 . S t a t e m e n t . —  Le t X  b e a  smoot h projectiv e variet y ove r C.  Le t D  b e a 
simple norma l crossin g hypersurfac e o f X.  Le t U  =  Speci ? b e a n affin e Zarisk i ope n 
subset o f X.  Fo r simplicity , w e assum e tha t th e idea l shea f Ou(—D  n  U)  i s principal , 
and le t g  G  R  b e a  generato r o f Ou(—D  f l U).  Le t Rg  denot e th e localizatio n o f R 
with respec t t o g.  Le t K  denot e th e quotien t field  o f R,  whic h i s th e sam e a s th e 
rational functio n field  o f X.  I n th e following , a n algebrai c closur e K  o f K  i s fixed. 
Let V(T)  G  Rg[T] b e a  moni c o f degre e r.  W e wil l prov e th e followin g propositio n i n 
Sections 15.2.2-15.2.3 . 

Proposition 15.2.1. — There  exists  a  birational  projective  morphism  F  :  XQ —> X  with 
the following  properties: 

• Do  :=  F~1(D)  is  a  simple  normal  crossing  hypersurface,  and  the  restriction 
Xo \  A ) —>  X  \  D  is  an  isomorphism. 

• Let  Uo  :=  F~l(U).  For  any  P  G  Uo  f l Do,  we  take  a  holomorphic  coordi-
nate neighbourhood  (Xp,  z\,... , zn)  around  P  such  that  Dp  :=  Do  f l Xp  = 
Ui=i{zi =  0} - We  take  a  ramified  covering  x/ip  :  Xp  —>  Xp given  by 
^p(Ci» •  •  • >  Cn) =  (C I^J • • • >  Ci^j 0+1» •  •  •»Cn) ; ^ e r e M  i s divisible^by  r\.  We  put 
Dp :=  ^pX(Dp).  Then,  there  exist  a  finite  subset  S  C  M(Xp,Dp)  and  monic 
polynomials Qa  G  H(Xp)[T] for  a G  S such  that  the  following  holds: 

(FoipPyv(T) 
/jfr+i 

Q a ( T - a ) . 

Here, M(Xp,  Dp)  denote  the  ring  of  meromorphic  functions  on  Xp  which  admit 
poles along  Dp,  and  H(Xp)  denote  the  ring  of  holomorphic  functions  on  Xp. 

Remark 15.2.2. —  Le t a  b e a  (possibly ) multi-value d roo t o f th e polynomia l 
( F o ^ P ) * P . Th e clai m o f Propositio n 15.2. 1 ca n b e reworde d i n th e wa y tha t 
the pola r part s o f a  ca n ramif y onl y alon g Do-  • 

15.2.2. Construction of the space. —  Le t K'/K  b e th e Galoi s extensio n asso -
ciated t o V(T).  Le t G  denot e th e Galoi s grou p o f K'  ove r K.  Le t 7r : X' —•  X b e 
the normalizatio n o f X  i n K'.  W e pu t D'  : = TT~1(D).  Th e pull-bac k V  : = n'1^) 
is th e affin e schem e S p e c i e , wher e R'  i s th e normalizatio n o f R  i n K'.  W e hav e th e 
roots on  (i  =  1 , . . . , r)  o f V(T)  i n R'g. 

We tak e a  larg e numbe r N  suc h tha t gN  -  oti G  i? 7 fo r ever y i.  Let /jfr+i denot e 
the idea l o f R'  generate d b y gN  an d gN  -  (on —  ctj).  The y naturall y induc e th e idea l 
sheaves Tij  o f Ox>  • Note tha t th e close d subse t associate d t o Xij  i s containe d i n D'. 
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We appl y th e construction i n Sectio n 1 5 . 1 t o X'  wit h th e ideal sheaves/jfr+i and 
the G-action . Then , w e obtain th e normal variet y X[  wit h th e G-action an d the G -
equivariant morphis m F{  :  X[ -*  X'.  W e pu t U[  :=  (F[)-L(UF),  D[  :=  (F{)-1{D/) 

and ctij  : = (F{)_1(a^) . Th e pull-bac k o f g is denoted b y g\. Not e tha t X[  \  —> 
X ' \  D ' is an isomorphism. Sinc e th e ideals sheave s (F{)_12i, j •  Ox'Y ar e invertible, 
either on e o f the followin g holds , fo r each Q  G  U[ fl D[ and for each pai r i , j : 

( A l ) :  ^  generates /jfr+i/jfr+i• Ox ( aroun d Q . In this case , /jfr+i — a\j G  OX[,Q1 
where OX[,Q  denot e th e local rin g a t Q. 

(A2) :  g±  •  (a^* —  a i j) generates (F{ )_1Z ^ *  Ox[  aroun d Q.  I n this case , ther e 
exists Xi,j  €  C? X{,Q suc h tha t 1  = ( a M -  aij)  •  Xi,j m  0X[,Q-

Let X i : = X[/G,  whic h i s als o a  norma l variety . W e have th e induced morphis m 
F i :  Xi - > X. W e put Di : = F f 1 ^ ) , whic h i s the same a s £>i/G- Not e tha t the 
restriction X i \ D\  — •> X \ D  is an isomorphism, an d i n particular, X i \ D i i s smooth. 

We tak e a  smoot h projectiv e variet y X q wit h th e birational projectiv e morphis m 
^i,o •  Xq ^ X i suc h tha t (i ) Do '= F^Q(DI)  i s a simpl e norma l crossin g divisor , 
(ii) X o \ DQ  ~  X i \ D\.  Le t no : X0 —> XQ denot e th e normalization o f Xo i n Kf, 
and w e pu t D'Q : = 7TQ1(DO). Thus , w e obtain th e followin g commutativ e diagram : 

Ko Ko Ko Ko 
X' 

TO 7Ti 7T 

* 0 
Ko x , Ko X 

We pu t F : = F i o Fi,0, F'  : = F { o F{?0, C/ 0 := F " 1 ^ ) an d E/£ := TT^1 (#(>)• W e 
also pu t ao,i := ( F ' ) - 1 ^ , whic h ar e the algebraic section s o f Ox' (*D'o)  o n UQ. Th e 
pull-back o f g is denoted b y go- B y construction, eithe r on e o f the followin g hold s for 
each Q  eUnil  Dn  an d eac h i,  j: 

(AQI) : a0,i - a0j G OU^Q. 

(AQ2) : There exist s Xi,j  £ ^u^Q suc n tha t 1 = (ao,i — OÙQJ) • Xij-

15.2.3. Proof of Proposition 15.2.1. —  Let u s show tha t (Xq , Fq) has th e desire d 
property. Le t P  be any poin t o f Do- W e tak e an affine Zarisk i ope n neighbourhoo d Up 
of P  i n Xq with a n etal e morphis m <pp  : Up —» Cn suc h tha t Dp  := Do D ZYp = 
( ^ p 1 ( | J ^ 1 { ^ = 0 } ) . Let gi := ^ p ( ^ ) — 1 , -L e t Kp  denot e th e Galoi s 
extension ove r K  associate d t o the polynomials TM  — gi (i  = 1 , . . . ,£) , where M 
is a s in the claim o f Propositio n 1 5 . 2 . 1 . Let K'p denot e th e minimal field  whic h 
contains Kp  an d K'. Due t o a genera l theor y ([29], for example), K'p  is the Galois 
extension ove r K,  an d the Galois grou p Gp  o f K'p/Kp  i s the same a s the Galoi s 
group o f K'/K' KKp. 
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Let UP,  Up  an d Up  denot e th e normalizatio n o f Up i n K',  Kp  an d K'p,  respectively . 
We hav e th e followin g commutativ e diagram : 

Up 
A' UP 

7TP sd 

UP sd UP 

We hav e th e natura l isomorphis m Up  ~  UP/Gp.  Le t Dp  :=  Xp1(Dp).  W e remar k 
tha t 7Tp is unramifie d a t th e generi c point s of  Dp,  becaus e M  i s divisibl e b y r! . 

In th e followin g argument , w e wil l work i n th e categor y o f comple x analyti c spaces . 
Let P  =  \p1(P).  W e take a  poin t Q  G  7Tp1(P). Le t GQ  :=  {a  G  GP \  a{Q) =  Q}.  W e 
take a  GQ-invariant smal l ope n connecte d neighbourhoo d V q o f Q  i n UP.  B y shrink -
ing VQ,  w e ma y assum e tha t Vp  :=  VQ/GQ  naturall y give s a  smal l neighbourhoo d 
of P  i n Up.  Le t 7Tq :VQ  — > Vp  denot e th e induce d projection . 

We hav e th e minima l reduce d close d analyti c subspac e Rp  C  Vp  suc h tha t 7Tq 
is non-ramifie d coverin g o n th e non-empt y ope n se t Vp  —  Rp. W e fix a  bas e poin t 
Po G  Vp  —  Rp, an d le t 7Ti(Vp —  Rp,Po) denot e th e fundamenta l group . Sinc e VQ 
is normal , i t i s smoot h i n codimensio n one . Sinc e VQ  —  7r~1(Rp) i s connected , w e 
have th e naturall y induce d surjectio n pQ  :  7Ti(Vp —  Rp,Po) — > GQ. Fo r an y smoot h 
point A  o f Rp,  le t YA  denot e th e elemen t o f ni(Vp  —  Rp, Po)  whic h i s induce d b y a 
pa th connectin g A  an d Po ? an d a  smal l loo p aroun d Rp  nea r A.  Le t a  A '=  PQ{IA)-

Let ctQj  denot e th e pull-bac k o f aoj  b y VQ  — • U'P,  an d le t DQ  := 7Tg1(Dp). 

Lemma 15.2.3. —  OLQJ  are  GQ-invariant  in  OVQ^Q(*DQ)/OVQ,Q-

Proof. —  Le t A  b e a s above . Fo r eac h j , either on e o f th e followin g holds : 

(Asdni) <r*A\aQ,j) (°a(<*Q,j(°a(<*Q 

(AQSD2) There exist s Xj  ^  ®vQ,Q  suc h tha t 1  =  Xj (°a(<*Q,j) aQ,j) 
We hav e th e close d analyti c subse t ZA C VQ  o f codimensio n 1  suc h tha t (i ) Q  G  ZA 
and A  G  -KQ(ZA),  (ii ) ZA <t 7rg1(-^p)5 0" ) ( ° A ( a Q j ) ~  OLQ,J)Q1  IS  contained i n th e 
maximal idea l a t Q i fo r an y Q\  G  ZA- Hence, w e ca n conclud e tha t (AQ2)  canno t 
happen. 

Since the element s JA  generat e 7Ti(Vp — Rp, Po) , the clai m o f Lemma 15.2. 3 follows . 
• 

Because th e GQ-invarian t par t o f OVQSDQ,Q{*DQ)j'OVQ,Q  i s naturall y isomorphi c t o 
Ovp,p(*Dp)/OyPip, w e hav e f3pj  G  OvPsdqds,p(*Dp)/OvP,p induced b y OLQJ,  an d henc e 
the finite  subse t S  =  {PP,J}-  W e tak e a  lif t o f S  t o OvP,p(*Dp),  whic h i s als o 
denoted b y S.  W e hav e a(j) G  S fo r eac h j  suc h tha t ctQj  —  7Tg(a(j)) G  OyQ. Then , 
we ca n conclud e tha t {XQ,DQ)  (X,D)  ha s th e desire d property , an d th e proo f o f 
Proposition 15.2. 1 i s finished. • 
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15 .3 . R e s o l u t i o n for gener ica l ly g o o d H i g g s field 

1 5 . 3 . 1 . S t a t e m e n t . —  Le t X  b e a  comple x manifold , an d le t D  b e a  norma l cross -
ing divisor . I n th e following , Zarisk i ope n subse t mean s th e complemen t o f a  close d 
analytic subset . Le t A  b e a  Q-vector subspac e o f C. Le t (E,0)  b e a  holomorphi c 
Higgs bundl e o n X  \  D  o f ran k r.  W e stat e som e condition s o n (E,0). 

(Gener ica l ly . 4 - good) :  W e hav e a  Zarisk i ope n subse t D'  o f D  suc h tha t 0 
is *4-goo d aroun d ever y poin t o f D'.  (Se e Definitio n 7.1.5. ) Not e tha t th e 
condition implie s tha t th e eigenvalue s o f 0  ar e multi-value d meromorphi c 1 -
forms o n (X , D) , whic h ma y ramif y alon g som e hypersurfac e o f X. 

If (E,9)  i s genericall y *4-good , th e followin g conditio n make s sense . 

( R D ) : The ramificatio n o f th e eigenvalue s o f 0 may happe n onl y alon g D. 

We hav e anothe r slightl y mor e complicate d condition . Fo r an y P  G  D,  w e tak e a 
holomorphic coordinat e neighbourhoo d (Xp,  Z i , . . . , zn)  aroun d P  suc h tha t Dp  := 
D f l Xp  = CiM{zi =  0} . W e tak e a  ramifie d coverin g tpp  :  Xp  —>  Xp  give n b y 
^ P ( C I , • • •, Cn) = (CiM, • • •, Cflpy C*(P)+i, • • • > Cn), wher e M  i s divisibl e b y r\.  W e pu t 
Dp :=  ^pl{Dp).  W e hav e th e expression : 

CiM 
i(P] 

i— 

cv 
CiM 

Ci 

n 

t=*(P) + l 
fid&. 

Let M(Xp,Dp)  denot e th e rin g o f meromorphi c function s o n X p whic h admi t pole s 
along D p , an d le t H(Xp)  denot e th e rin g o f holomorphi c function s o n Xp.  I f (E,  0) 
is genericall y *4-good , th e characteristi c polynomial s de t ( T —  fi) ar e containe d i n 
M(Xp, Dp)[T].  Then , th e followin g conditio n als o make s sense . 

( S R P ) :  Fo r eac h P  G  D  an d i  =  l , . . . , n , w e hav e a  finite  subse t Si(P)  C 
M(XP,Dp) an d moni c polynomial s Qp,;, b G  H(XP)[T] (b G  S*(P)), suc n tna t 
the followin g holds : 

de t (T - fi) 
bGS<(P) 

Qp,i,b(T-b). 

We wil l prov e th e followin g propositio n i n Sectio n 15.3.4 after th e preparat io n i n 
Sections 15.3.2-15.3.3. 

Proposition 15.3.1. —  Assume that  (E,  0) is generically  A-good,  and  moreover  it  satis-
fies either  (RD)  or  (SRP).  Then,  there  exists  a  complex  manifold  X'  with  a  birational 
projective morphism  ip  : X' —> X such  that  (i) D' := (p~1(D) is  normal  crossing, 
(ii) X'  \  D' ~ X  \  D,  (Hi)  (/?*(#) is A-good  (Definition  7.1.6;. 

Corollary 15.3.2. —  Let (Ei,6i,hi)  (i  — 1,2 ) be good  wild  harmonic  bundles  on 
(X,D). There  exists  a  projective  birational  morphism  ip  : (X',Df) —» (X,D) such 
that <p*  ((Ei, 0i,  hi)  0 {E2,02,h2)) is  good. 

Proof. — It i s eas y t o se e tha t id^ 1 ®0 2 + 0\ ^  ^E2  satisfie s th e conditio n (RD) . • 
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Remark 15.3.3. —  I f (RD ) holds , (SRP ) als o holds . Hence , w e onl y hav e t o conside r 
the cas e (SRP ) i n Proposition 15.3.1 . W e consider th e cas e (RD ) too , partiall y becaus e 
it i s easy t o s tat e an d argue , an d partiall y becaus e i t suffice s fo r som e o f our purposes . 

• 

Proposition 15.3. 1 i s a  preparatio n fo r th e resolutio n o f turnin g point s (Theore m 
16.2.1) an d th e correspondenc e betwee n wil d harmoni c bundle s an d polarize d wil d 
pure twisto r D-module s (Theore m 19.1.3) . 

15 .3 .2 . T h e irregular va lues and t h e logar i thmic 1 -forms. —  Le t X  :=  A n 
and D  :=  \J£i=1{zi  —  0}. Le t (E,  6)  b e a  genericall y unramifiedl y *4-goo d Higg s bundl e 
on X  \  D.  W e hav e th e expressio n 

(342) fl = 
e 

i=i 
fi 

dzi 
sd 

n 

i=£+l 
fidzi. 

We shal l observ e tha t a  (no t necessaril y good ) se t o f irregula r value s i s associated t o 6 
in a  functoria l way , unde r som e assumptions . 

Let M(X,D)  denot e th e rin g o f meromorphi c function s o n X  whic h admi t 
poles alon g D,  an d le t H(X)  denot e th e rin g o f holomorphi c function s o n X.  Le t 
CL(X, D,  A)  denot e th e spac e o f logarithmic 1-form s o f the for m ^  a * dzi/zi (c ^ G  A). 
In th e cas e A  = C , i t i s simpl y denote d b y CL(X,D).  Recal l th e followin g lemma . 
(See Propositio n 3.1 3 i n Chapte r I I o f [24].) 

Lemma 15.3.4. —  Let  u  be  a  meromorphic  1-form  on  X  which  admits  poles  along  D. 
• Assume  that  dw  is  logarithmic  on  (X,D),  then  there  exists  a  G  M(X,D)  such 

that to  — da is  logarithmic  on  (X , D), by  shrinking  X  around  the  origin  ( 0 , . . . , 0 ) 
appropriately. Such  an  a  is  unique  modulo  H(X). 

• If  moreover  duo  is holomorphic  on  X,  there  exists  a  unique  K  G  CL(X,  D)  such 
that UJ  —  da  —  K is  holomorphic  on  X.  • 

15.3.2.1. The  case  (RD).  —  I n thi s subsection , w e assum e th e following : 

( U R ) :  Th e eigenvalue s o f fi  ar e single-value d o n X. 

Remark 15.3.5. —  I f (RD ) i s satisfied , th e abov e conditio n i s satisfie d o n som e rami -
fied coverin g o f (X , D).  • 

We hav e th e homogeneou s generalize d eigen-decompositio n E  =  0 ^ o n a 
Zariski ope n subse t o f X  \  D , an d fi  hav e th e single-value d eigenvalue s a[p^  o n E^. 
We pu t a> > : = £ ¿ = 1 dZ dZi/Zi  +  £ ^ + 1 d Z d * . 

Lemma 15.3.6 

• We  have  dZ  G  CL(X,  D,  A)  and  meromorphic  functions  dZ  G  M ( X, D)  such 
that uj(p)  — (da^ +  K^)  are  holomorphic  on  X. 

• Such  a  dZ is  unique,  and  such  an  a^  is  unique  modulo  H(X). 
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Proof. —  Sinc e 0  i s genericall y ^4-good , duo^  ar e holomorphi c aroun d an y genera l 
point Q  G  D.  Hence , duj^  ar e holomorphi c 2-form s o n X.  Du e t o Lemm a 15.3.4 , 
we ca n tak e dZ  G  M(X,D)  an d K(p) G  CL{X,D)  suc h tha t u > ) -  da^  -  №  i s 
holomorphic. Sinc e 9  i s genericall y *4-good , w e obtai n K(p)G  CL(X,  D,  A).  • 

Let K(0) denot e th e tupl e ( AC^) of logarithmi c 1-form s o n (X , D),  an d le t Irr(# ) 
denote th e subse t { a ^ } i n M(X,D)/H{X).  The y ar e uniquel y determine d b y 6. 

Let X  : = A £ an d D  :=  U j U i C j = 0 } . Le t ip  :  X ->  X  b e a  morphis m suc h tha t 
t/;~1(D) =  D.  W e hav e th e induce d tupl e ip *K,(9) o f logarithmi c 1-form s o n (X,D), 
and th e induce d subse t ^ * Irr((9 ) c  M ( X , D)/H(X). 

Lemma 15.3.7. —  We  have  the  functoriality  Irr(ip*6)  =  ip*Irr(9).  VK e also  have 
K(i/)*9) =  ip *K,(6) modulo  the  holomorphic  exact  1-forms. 

Proof. —  Sinc e ip*uj(p}  — d^*(a^) — K(p) ar e holomorphic , th e clai m o f th e lemm a 
is clear . • 

15.3.2.2. The  case  (SRP).  —  I n thi s subsection , w e assum e th e following : 

( U R - S R P ) :  W e hav e th e finite  subset s 5 » C  M(X,D)  an d polynomial s Vt>,i  G 
H{X)[T] (b G  Si) suc h tha t 

det(sdfsdfdT-/<) 
beSi 

Vb,i{T-b) 

We als o assum e tha t th e root s o f 7 \ i ( T ) ar e unramifie d alon g a  Zarisk i dens e 
open subse t o f D. 

Remark 15.3.8. —  I f (SRP ) i s satisfied , th e abov e conditio n i s satisfie d o n som e ram -
ified coverin g o f (X , D).  • 

We hav e a  norma l comple x spac e X'  wit h a  finite  morphis m ip  :  X' —>  X  suc h tha t 
the root s o f V7* de t (T —  fi) ar e single-value d fo r an y i.  W e hav e th e homogeneou s 
generalized eigen-decompositio n t/j*E  =  0 E^  o n a  Zarisk i ope n subse t o f X',  an d 
tp*fi hav e single-value d eigenvalue s af^  o n E^p\  W e pu t u/p ) : = Yfi=i  ip*dzi/zi  + 
Yl7=e+i a\P^  ip*dzi.  W e regar d the m a s multi-value d meromorphi c 1-form s o n (X,D) 
which ma y ramif y outsid e o f X  \  D.  Fo r eac h ot K(p)f\ w e hav e th e correspondin g 

b[p) G  Si.  W e pu t u{p)  : = E L i ^  dzi/zi  +  £ [ U + i K(p)̂  dz  ̂whic h ar e single-value d 
meromorphic 1-form s o n (X,D). 

Lemma 15.3.9 

• There  exists  a(p) G  M (X , D) such  that  u^p)  -  da^p)  is  a  logarithmic  1-form.  Such 
an K(p)  is  unique  modulo  H(X). 

• There  exists  a  unique  K(p)G  CL(X,  D,  A)  such  that  uo^  —  da^ —  K(p) is a  multi-
valued holomorphic  1-form  on  X,  i.e.,  it  is  of  the  form  J2  tff^ ty*dzi where  (3^ 
are holomorphic  on  X'. 
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Proof. —  Le t Q  b e an y poin t o f D  suc h tha t (i ) (E,  0 ) i s unramifiedl y *4-goo d 
around Q,  (ii ) an y root s o f Vb,i  (i  =  1 , . . . , ^ , b  G  Si)  ar e unramifie d aroun d Q. 
On a  smal l neighbourhoo d XQ  o f Q,  K(p)  ar e single-value d meromorphi c 1-forms , an d 
dujW ar e holomorphi c 2-forms . Becaus e K(p)  —K(p)  ar e logarithmic , dw^  ar e loga -
rithmic o n XQ.  B y varyin g Q  i n a  Zarisk i dens e subse t i n jD, w e obtai n tha t duJ^  ar e 
logarithmic. Du e t o Lemm a 15.3.4 , w e ca n tak e K(p) G  M(X, D)  suc h tha t uJjf*  — da^ 
are logarithmic . W e obtai n tha t K(p)—  da^  ar e logarithmi c o n XQ.  Sinc e 0  i s gener -
ically .A-good, w e ca n find  K$>  G  CL(X, D,  A)  suc h tha t T W : = t > } - (k;(p) 4- d a ^ ) 

are holomorphi c o n XQ.  Hence , K(p)ar e holomorphi c o n I ' . • 

Let K(6) denot e th e tupl e o f th e logarithmi c 1-form s (K^),  an d le t lrr(0 ) denot e 
the subse t {a(p) } o f M(X,D)/H(X).  The y ar e uniquel y determine d b y 0 . 

Let X  : = A n an d Z ) : = I J j l i i O —  0}- Le t ^  :  X —*  X  b e a  morphis m suc h tha t 
ip~1(D) =  D.  W e hav e th e induce d tupl e o f logarithmi c 1-form s ip*n(0),  an d th e 
induced subse t V * lrr(0) c  d f s f d f M ( X , D ) / H ( X ) . 

Lemma 15.3.10. — ip*(E,9)  also  satisfies  the  condition  ( U R - S R P ) . We  have  the 
functoriality l r r(^*0 ) =  ^;*lrr(0) . We  also  have  K,(i/j*0) =  i/;* K(0) modulo  the  holo-
morphic exact  forms. 

Proof. —  Sinc e -0*o/p ) —  d^*(a^) — K(p) K(p)  ar e multi-value d holomorphi c 1-form s o n 
X, th e clai m o f th e lemm a follows . • 

15 .3 .3 . T h e ideal sheaves a s soc ia ted t o a set of irregular values . —  Le t 

X :=  An  an d D  : = Ui=i{* * =  ° l - Le t 1  b e a  finite  subse t o f MSQDQ(X,D)/H(X).  W e 
take a  lif t o f X  t o M(X,  D),  whic h i s give n b y {a(p ) |  p =  1 , . . . , s}.  Fo r j  =  1 , . . . , 
we pu t raj(a(p))  : = ord^.(a^p^ ) i n th e cas e wher e {zj  =  0 } i s containe d i n th e pole s 
of a(p\  an d rrij(a^)  : — 0  otherwise . W e se t rrij(X)  :=  min p ra^a^),  whic h i s wel l 
defined fo r X.  W e pu t £(Z ) : = Yl£j=1zJm3^X\  whic h i s uniquel y determine d b y X 
and independen t o f th e coordinat e syste m u p t o th e multiplicatio n b y a n invertibl e 
function. Le t I(a(p\X)  (p  =  1 , . . . ,5) denot e th e idea l generate d b y £(T ) •  an d 
£(X). Th e tupl e o f th e idea l I(X)  i s uniquel y determine d b y X. 

Remark 15.3.11. —  Th e constructio n i s independen t o f th e choic e o f a  coordinat e 
system, an d i t ca n b e globalized . Namely , le t X  b e a  comple x manifold , an d le t D  b e 
a norma l crossin g diviso r o f X.  I f w e ar e give n a  finite  subse t dqsdqX C M(X,D)/H(X), 
we obtai n th e tupl e o f th e ideal s I(X),  whos e restrictio n t o holomorphi c coordinat e 
neighbourhoods ar e give n a s above . 

We als o hav e th e purel y algebrai c constructio n o f th e idea l J (X) , whe n X  i s alge -
braic. • 

Let X  : = A n an d D  : = Uj=i{C j =  0} . Le t V : (X,D)  (X,D)  b e a  ramifie d 

covering. W e hav e the induce d subse t ip_1X  C  M(X,  D)/H(X)  an d th e induce d ideal s 
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xl)-lI{X) : = tyr1 /(a^Z) .  0% \  p =  1 , . . . , s).  I t i s eas y t o se e I ^ " 1 ! ) = y^~ l I {X) . 
If - 0 is a  ramifie d covering , w e ca n reconstruc t I(X)  a s th e Galoi s descen t o f J ( ' 0 _ 1 J ) . 

15 .3 .4 . C o n s t r u c t i o n of a reso lu t ion . —  Le t u s retur n t o th e settin g i n Sectio n 
15.3.1. Le t P  b e an y poin t o f D.  W e tak e a  coordinat e neighbourhoo d U  aroun d P . 
We tak e a  ramifie d coverin g <p  :  (U°,D°)  —>  (U,D)  suc h tha t eithe r (UR ) o r (UR -
SRP) i s satisfie d fo r (p*9.  Applyin g th e constructio n i n Section s 15.3.2.1-15.3.2.2 , w e 
obtain th e subse t XP  : = lrr(<p*0 ) C  M(U°,D°)/H(U°),  an d th e se t o f logarithmi c 
1-forms K,((p*6). Applyin g th e procedur e o f Sectio n 15.3. 3 t o XP,  w e obtai n th e tupl e 
of ideal s I(XP)  o f Ou°  •  Applying th e procedur e i n Sectio n 15. 1 to them , w e obtain th e 
complex analyti c spac e U'  wit h a  birationa l projectiv e morphis m U'  —>U.  Accordin g 
to Lemm a 15.1. 1 and th e remar k i n the las t par t o f Section 15.3.3 , w e can globaliz e th e 
construction, an d thu s w e obtai n th e comple x analyti c spac e X'  wit h th e birationa l 
projective morphis m X'  —>  X.  Takin g a  resolutio n o f singularities , w e obtai n a 
complex manifol d X\  wit h a  birationa l projectiv e morphis m F\  :  X\ —•  X suc h tha t 
(i) Dx  :=  F\X{P)  i s norma l crossing , (ii ) XY  \  Dx  ~  X  \  D.  W e pu t ( F i , 0 i ) : = 
F * ( F , 0 ) . 

Let P i b e an y poin t o f D\.  W e tak e a  smal l neighbourhoo d U  o f P  =  F i ( P i ) . 
Let [/ i b e a  coordinat e neighbourhoo d aroun d P i suc h tha t Fi(Ui)  C  U.  W e tak e a 
ramified coverin g (U°,D°)  o f U,  a s above . W e hav e Xp  an d K((p*9) o n (U°,D°)  a s 
above. W e tak e a  lif t o f X P t o M(U°,D°)  whic h i s give n b y { a ^ } . Le t f ( 2 » b e a s 
in Sectio n 15.3.3 . Le t ^ i :  (Ui,D°)  — > (£7i,.Di) b e a  ramifie d coverin g suc h tha t th e 
composite U%  -> 1 7 factors throug h C7° , an d s o w e hav e F f :  (*7i°,F>? ) -> {F?)*£(X{F?)*£(X 
Then, eithe r (UR ) o r (UR-SRP ) hold s fo r ^ * 0 i . W e pu t a£p) : = (P 1°)*a^, an d the n 
Irr(V>i*0i) C  M(U{,Dl)IH(Ui)  i s th e sam e a s ( F f J - J p - { a ^ } } . W e als o hav e 

{F?)*£(X (F°)*K,((p*0) modul o th e exac t holomorphi c 1-forms . B y construction , 
either on e o f th e followin g holds , fo r eac h p: 

( C a s e 1) : I(a^\XP)  •  Ou; i s generate d b y {F?)*£(XP). 

( C a s e 2) : I(a^\XP)  • CVj i s generate d b y (F?)*(Z{IP)  • o ^ ) . 

In the cas e 1 , since (F10)*^(Jp )-a^ i s the multiplicatio n o f (P1°)*^(Jp ) with a  holomor -

phic function,{F?)*£(X is holomorphic o n [7° . Le t u s consider th e cas e 2 . Le t ( 2 1 , 1 , . . . , 2 1 ,n) 

be a  coordinat e syste m o f U?  suc h tha t D°x  = U ^ L i l ^ i j =  0} . Then , (F?)*£(IP)  i s 

the produc t o f a n invertibl e functio n wit h a  monomia l IIjLi{F?)*£(X f°r som e #j ^ 0 . 

Since ( F ^ ^ p ) •  c 4 p ) divide s (F1°)*^(2» , w e obtai n tha t{F?)*£(X is th e produc t o f a n 

invertible functio n wit h JljLi{F?)*£(Xf°r some rj(p) ^ 0 -

We pu t a{™]  := a?° - a ^ . Le t XPl  c  M(U^Dl{F?)*£(X)/H(U?)  b e give n b y { a ^ g ) } . 

Applying th e procedur e i n Sectio n 15.3. 3 t o Zp1 ? w e obtai n th e tupl e o f ideal s I(XPl). 
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Applying th e procedur e i n Sectio n 15.1 , makin g th e globalization , an d takin g a  res -
olution o f singularities , w e obtai n a  comple x manifol d X2  wit h a  birationa l projec -
tive morphis m F2j i :  X2  — • X\  suc h tha t (i ) D2  : = F2~l{Di)  i s norma l crossing , 
(ii) X2  \  D2  ^  X1  \  2?i . W e se t (J52,02 ) : = P2*i(E'i ' #i) an d F 2 : = P i o  F2ji . 

Let P 2 b e an y poin t o f D2 . Le t P i : = P2,i(P2 ) an d P  : = P2(P2) . W e tak e neigh -
bourhoods U\  an d £ / o f P i an d P  a s above , respectively . W e als o tak e ramifie d cov -
erings (£/ i , I>i ) - + ( t / 1 , ^ 1 ) an d (U°,D°)  - > ([/,£> ) a s above . Le t J7 2 be a  coordinat e 
neighbourhood aroun d P 2 suc h tha t F2A(U2)  C  C/i . Le t ^ 2 :  (U2,D2)  - > (U2,D2) 
be a  ramifie d coverin g suc h tha t th e composit e U2  U\  factor s throug h £7° . S o w e 
have P2°? 1 :  ( [ / J . JDS) (tfi°,I>i) . Then , eithe r (UR ) o r (UR-SRP ) hold s fo r ^ 0 2 . 
We pu t : = {F?)*£(X(P2,i)*GiP\ and the n Irr(^2^2 ) i s th e sam e a s {a2p^} . W e als o hav e 
K(^292) =  (P2i)* 'K>(ipiOi) modul o th e holomorphi c exac t 1-forms . Le t (wi,...,  wn) 
be a  coordinat e syste m o f (U2,D2)  suc h tha t D 2 =  Ufc=i{^f c =  0} - B y constructio n 
of X2 , eithe r on e o f th e followin g hold s fo r eac h a2p ^ — a2^ : 

(Case 1) : a2^ — a2^ i s holomorphi c o n U2. 

(Case 2) :  I f a2p̂  — a2^ admit s a  pole , a2p̂  — a2^ i s th e produc t o f a n invertibl e 
function wit h rifcLi{F?)*£(X for  som e Sk(p, q)  ^  0 . I n thi s sense , ord (a2p^ — a2^) 

exists i n Z^0 . 

Moreover, th e ideal s (F^i)"11 (asfd^^^Xp^ -Ou°  ar e totall y ordere d wit h respec t t o th e 
inclusion relation . Hence , th e se t o f ord (a2p^ — a2^) fo r non-holomorphi c a2^ — a2^ 

is totall y ordere d wit h respec t t o ^ ^ 2 - B y constructio n o f X i , eithe r on e o f th e 
following hold s fo r eac h p:  (i ) a2^ i s holomorphic , o r (ii ) ord (a2^) exist s i n Z^0 . 
Hence, l r r (^ |02 ) i s a  goo d se t o f irregula r values . 

By construction , eac h eigenvalu e o f ip262  i s o f th e for m d a +  K  + r , wher e (i ) a 
belongs t o th e goo d se t o f irregula r value s lrr(^202) , (ii ) K  —  Y^k=iak  '  dwk/wk 
(dk G  A),  (hi ) r i s a  multi-value d holomorphi c 1-for m o n Ug-  Henc e 02  i s .A-good , 
and thu s th e proo f o f Propositio n 15.3. 1 i s finished. • 
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CHAPTER 16 

KOBAYASHI-HITCHIN CORRESPONDENCE AND 
SOME APPLICATIONS 

In thi s chapter , w e stud y existenc e proble m o f pluri-harmoni c metric s fo r goo d 
filtered fla t bundles . A s a n application , w e sho w th e existenc e o f a  resolutio n o f 
turning point s fo r a  meromorphi c fla t bundle . (Se e Introduction.) 

In Sectio n 16.1 , we establis h Kobayashi-Hitchi n correspondenc e betwee n goo d wil d 
harmonic bundle s an d //^-polystabl e goo d filtere d fla t bundle s wit h trivia l character -
istic number s (Theore m 16.1.1) . Thi s i s a  rathe r straightforwar d generalizatio n o f th e 
correspondence i n th e tam e case . 

We stud y i n Section s 16.2-16. 3 a  characterizatio n o f semisimplicity o f meromorphi c 
flat bundle s b y th e existenc e o f y/—LR-good wil d pluri-harmoni c metri c (Theore m 
16.2.4). W e als o sho w th e resolutio n o f turnin g point s fo r a  meromorphi c flat  bundl e 
on a  projectiv e variet y (Theore m 16.2.1) . Thes e tw o result s ar e intimatel y related . 
(They wil l b e slightl y refine d i n Sectio n 16.4. ) 

In contras t t o th e t am e case , w e canno t directl y appl y Theore m 16.1. 1 t o sho w 
Theorem 16.2.4 , becaus e th e Deligne-Malgrang e filtered  shea f o f a  meromorphi c flat 
bundle i s no t necessaril y good  eve n i n th e surfac e case . W e nee d th e existenc e o f a 
resolution o f turning point s a s i n Theore m 16.2.1 . Conversely , onc e w e know Theore m 
16.2.4, i t i s rathe r eas y t o sho w Theore m 16.2.1 . 

Our argumen t wil l proceed a s follows . W e hav e alread y establishe d Theore m 16.2. 1 
for th e surfac e cas e i n [68] an d Propositio n 2.7.10 . Applyin g Theore m 16.1.1 , w e ob -
tain Theore m 16.2. 4 fo r th e surfac e case . Then , w e wil l sho w a  varian t o f Theore m 
16.2.4 i n th e highe r dimensiona l case , i n whic h w e d o no t assum e th e existenc e o f a 
good Deligne-Malgrang e lattice . B y usin g it , w e sho w Theore m 16.2. 1 i n th e highe r 
dimensional case . Afte r tha t , i t i s eas y t o sho w Theore m 16.2.4 . Thi s i s a  nic e inter -
action betwee n th e theorie s o f wil d harmoni c bundle s an d meromorphi c flat  bundles . 

In Sectio n 16.4 , w e refin e th e result s i n Sectio n 16.2 , i.e. , w e conside r th e cas e 
where X  i s no t necessaril y projectiv e bu t prope r algebraic . 
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1 6 . 1 . K o b a y a s h i - H i t c h i n c o r r e s p o n d e n c e for g o o d filtered flat b u n d l e s 

Let X  b e an n-dimensiona l connecte d smoot h projectiv e variet y wit h a n ampl e lin e 
bundle L , an d le t D  b e a  simpl e norma l crossin g hypersurfac e o f X  wit h th e decom -
position int o irreducibl e component s D  —  [JieA L>%-  Le t (£7* , V) b e a  //^-stabl e goo d 
filtered fla t bundl e o n (X , D) wit h trivia l characteristi c number s par-degL(£7* ) = 
Jx par-ch 2)£,(-E*) = 0 , an d w e pu t (E,  V ) : = (£?*,V ) |X\D- Recal l par-c 1(F*) = 0 
(Corollary 14.5.2) . Fo r eac h c  E RA, w e hav e th e determinan t lin e bundl e det(cE) 
of th e bundl e CE,  o n whic h w e hav e th e induce d paraboli c s tructur e an d th e in -
duced fla t connection . Thu s w e obtain th e canonically determine d filtere d fla t bundl e 
(det£7*, V) o n (X,D)  o f ran k one . W e als o hav e par-c x (det £?*) =  par-c x (£?*) =  0 . 
Therefore, w e can take a  pluri-harmoni c metri c ftdet e o f (det (£7), V) whic h i s adapte d 
to th e paraboli c s tructur e o f det£7* . I t i s determine d u p t o positiv e constan t multi -
plication. 

Theorem 16.1.1. —  There  exists  a  unique  pluri-harmonic  metric  h  of  (E,  V ) with  the 
following properties: 

• de t (ft) =  hdetE-
• (E,  V , ft)  is  a  good  wild  harmonic  bundle  on  X  \  D. 
• ft  is  adapted  to  the  parabolic  structure  of  E*. 

Proof. —  I t ca n be prove d b y the argumen t i n the tam e cas e [69], after th e prepara -
tion i n Chapter s 13-14 . Hence , w e give onl y a n indication . 

Let u s begin wit h a  remark. I f we have a  pluri-harmonic metri c ft of (£7, V) adapte d 
to £?* , the corresponding harmoni c bundl e (E,  <9 E, #, ft) is good an d wild, accordin g t o 
Proposition 13.5.2 . Le t u s sho w th e uniquenes s o f suc h a  metric . Le t hi  ( ¿ = 1,2 ) b e 
pluri-harmonic metric s o f (E,  V ) which ar e adapted t o £7* such tha t det(ft^ ) = ftdet(£)-

Let C  C  X  be  an y sufficientl y ampl e an d generi c complet e intersectio n curve , whic h 
intersects wit h D  transversally . Th e restrictio n o f (£7*,V)| c i s stable , accordin g 
to Propositio n 13.2.1 . Becaus e o f th e wea k nor m estimat e o f goo d wil d harmoni c 
bundles (Theore m 7.4.3) , th e metric s ft ^cxD ar e adapte d t o £7*|c - Then , w e obtai n 
^ i | C \ D — h2\c\D du e to Proposition 13.4.1 . Sinc e suc h curve s C  cove r a  Zarisk i ope n 
subset o f X  \  D,  w e obtain fti =  ft2  o n X  N D. Thus , w e obtain th e uniqueness . 

Let u s sho w th e existence . I n the curv e case , i t wa s shown b y Biquar d an d Boalc h 
(Proposition 13.4.1) . Le t u s conside r th e surfac e case . 

Lemma 16.1.2. —  We  have  the  desired  pluri-harmonic  metric  ft  in  the  case  dim X =  2 . 

Proof. —  Th e argumen t i s essentiall y th e sam e a s tha t i n th e proo f o f Theore m 5. 4 
in [69]. So , we give onl y a n indication . Le t (CE ,F) b e the c-truncation . Fo r a  larg e 
integer d,  w e put e  =  1/d , an d we take a n e-perturbatio n F^ a s explaine d i n (II ) of 
Section 13.7 . Then , w e hav e th e Hermitia n metri c h^E  o f (£7, V) suc h tha t (i ) i t i s 
adapted t o F^£\ (ii ) d e t ( f t ^ ) = ftdet> (iii ) i t satisfie s th e condition s i n Propositio n 
14.4.1. 
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We would lik e to tak e th e limi t o f the sequenc e {ft## } i n e  —>  0 . Le t m  b e large . B y 
using Lemm a 13.4.6 , Lemma 13.4. 8 and th e argumen t i n Sectio n 5. 2 o f [69], we obtai n 
the pluri-harmoni c metri c ft  o f (E,V)  satisfyin g det(h)  =  ftdet(£?) and th e followin g 
property: 

• fys-^o)  i s adapte d t o Ê s - i ^ ( 0 ) for an y sufficientl y genera l s  G  H°(X,Lm). 
According t o Propositio n 13.5.1 , (E,  V , ft)  i s a  goo d wil d harmoni c bundle , an d ft  i s 
adapted t o E*.  Thus , th e proo f o f Lemm a 16.1. 2 i s finished . • 

Now, w e ca n sho w th e existenc e i n th e genera l cas e b y usin g th e sam e argumen t 
as tha t i n th e proo f o f Theore m 5.1 6 o f [69], and thu s th e proo f o f Theore m 16.1. 1 i s 
finished. • 

We sa y tha t a  //^-polystabl e goo d filtere d fla t bundl e ha s trivia l characteristi c 
numbers, i f eac h //^-stabl e componen t ha s trivia l characteristi c numbers . 

Corollary 16.1.3. — Let  (22*, V) be  a  good  filtered flat bundle  on  (X,D).  We  put 
E :=  E*\X\D-  It  i>s  i^l-polystable  with  trivial  characteristic  numbers,  if  and  only  if 
there exists  a  pluri-harmonic  metric  ft  of  (E,  V ) adapted  to  the  prolongment  E*. 

Proof. —  Th e "onl y if " par t follow s fro m Theore m 16.1.1 . Le t u s se e th e "if " par t . 
Let (E,  V , ft)  b e a  goo d wil d harmoni c bundle , an d le t (J5*,V ) b e th e associate d 
filtered fla t bundle . Accordin g t o Propositio n 13.6.1 , (2£*, V) i s //L-polystable wit h 
par-degL(i£*) = 0. Moreover , i f (Eq*,  V O) i s a  stabl e componen t o f (22*, V ), an d the n 
the restrictio n o f ft  t o Eq  :—  i?o*|X\£> give s th e pluri-harmoni c metri c o f (£o ,Vo ) 
adapted t o th e prolongmen t Eo*.  Then , w e obtai n fx  par-ch 2 L(i?o*) = 0  fro m 
Proposition 13.6.4 . • 

We als o obtain th e followin g corollar y o n th e uniquenes s o f pluri-harmonic metrics , 
from Theore m 16.1. 1 an d Propositio n 13.6.1 . 

Corollary J6.1.4. —  Let  ( I S * , V) be  a  fiL-polystable good  filtered flat bundle  on  (X,D) 
with the  trivial  characteristic  numbers.  Let  (i£*, V ) =  0iGr(JE^* , V* ) 0  (7m(* ) fre  ihe 
canonical decomposition,  where  (E^,Wi)  are  [instable.  We  take  a  pluri-harmonic 
metric hi  of  (Ei,Vi)  adapted  to  the  prolongment  E^  for  each  i  G  T.  Then,  any 
pluri-harmonic metric  ft  adapted  to  E*  is  of  the  form  ft =  0 ^ ( 8 ) ft,  where  gi  are 
Hermitian metrics  of  Cm^.  • 

Remark 16.1.5. —  Recal l tha t , fo r a  give n goo d filtere d V-fla t bundl e ( . E * , V ) , w e 
have a  deformatio n (E^\  V ) a s explaine d i n Sectio n 4.5.2 . Althoug h w e considere d 
a pluri-harmoni c metri c ft  adapte d t o E*,  i t migh t b e mor e natura l t o conside r a 
pluri-harmonic metri c adapte d t o E^\  Se e th e proo f o f Theore m 19.4.1 . • 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



418 CHAPTE R 16 . KOBAYASHI-HITCHIN CORRESPONDENC E AN D SOM E APPLICATION S 

16.2. Applications to algebraic meromorphic flat bundles 

16 .2 .1 . E x i s t e n c e of a g o o d m o d e l . —  Le t X  b e a n n-dimensiona l smoot h con -
nected projectiv e variet y wit h a  simpl e norma l crossin g hypersurfac e D.  W e wil l prov e 
the followin g theore m i n Sectio n 16.3 . 

Theorem 16.2.1. —  Let  (£ , V) be  a  meromorphic  flat connection  on  (X,D).  Then, 
there exists  a  smooth  projective  variety  X'  with  a  birational  morphism  (p  :  X' —>  X 
such that  (i)  D'  :=  cp~1(D)  is  simply  normal  crossing,  (ii)  X'  \  Df  ~  X  \  D,  (Hi)  the 
Deligne-Malgrange lattice  o/y?*(£ , V ) is  good. 

Before goin g int o th e proof , w e give a  direc t corollary . Le t K  b e a  finit e extensio n o f 
C(xi,..., xn).  Le t M  b e a  finite  dimensiona l K- vector spac e wit h Der ( i f /C) -ac t ion . 
We hav e th e followin g corollary . 

Corollary 16.2.2. —  There  exist  a  smooth  projective  variety  X  with  K(X)  ~  K,  and 
a meromorphic  connection  (£ , V) on  X  with  {£ , V ) 0  K  ~  M,  such  that  the  Deligne-
Malgrange lattice  of  (£ , V) is  good.  • 

Remark 16.2.3. —  Ver y recently , Kedlay a establishe d th e existenc e o f resolutio n o f 
turning point s i n a  mor e genera l situatio n wit h a  completel y differen t method . Se e 
[46] an d [47]. • 

16 .2 .2 . Charac ter i za t ion of semis impl ic i ty . —  Le t X  b e a n n-dimensiona l 
smooth connecte d projectiv e variety , an d le t D  b e a  simpl e norma l crossin g hyper -
surface o f X.  Le t {£ , V) b e a  meromorphi c fla t connectio n o n (X,D).  W e wil l prov e 
the followin g theore m i n Sectio n 16.3 . 

Theorem 16.2.4. —  ( f , V ) is  semisimple,  if  and  only  if  the  following  holds: 
• Let  (f  :  X  —>  X  be  a  birational  projective  morphism  such  that  the  Deligne-

~DM 
Malgrange filtered  flat bundle  ,  V) associated  to  V ) is  good,  as  in 
Theorem 16.2.1 . Then,  there  exists  a  pluri-harmonic  metric  h  of  (£ , V) : = 
(P*(^^)\x-(p-1(D) which  is  adapted  to  E^ .  Note  that  ( £ , V , / i ) is  a  y/^lR-
good wild  harmonic  bundle. 

We giv e a  complemen t o n th e uniqueness . Suc h a  metri c h  i s uniqu e u p t o obviou s 
ambiguity a s i n Corollar y 16.1.4 , whic h follow s fro m Propositio n 13.6.1 . 

Proposition 16.2.5. —  Let  (£ , V) be  semisimple,  and  let  h  be  the  metric  as  in  The-
orem 16.2.4 . Then,  (i)  if  (£,V)  is  simple,  h  is  uniquely  determined  up  to  constant 
multiplication, (ii)  the  canonical  decomposition  of  (£ , V) is  orthogonal  with  respect 
to h,  (Hi)  if  (£ , V) is  a  tensor  product  of  a  simple  meromorphic  flat bundle  (£ ' , V ) 
and a  vector  space  V,  then  h  is  the  tensor  product  of  h'  for  (£ ' , V ') and  the  metric 
ofV. • 
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16.2.3. Good Deligne-Malgrange lattice. —  I t seems better t o give an explicit 
statement fo r the filtered fla t bundl e associate d t o a <\/^T .R-good wil d harmonic bun -
dle, which is implicitly use d in the statement o f Theorem 16.2.4 . Le t X b e a complex 
manifold, an d let D  be a simple norma l crossin g hypersurfac e o f X. 

Proposition 16.2.6. —  Let  (.E , <9#, #, ft) be a good wild harmonic  bundle  on (X,D).  It 
is y/^ÌR-good wild, if and only if  (V+S1 , D1) is  the Deligne-Malgrange filtered bundle 
associated to  the meromorphic flat bundle  (VS1,!!)1).  In  particular,  VoS1  is the good 
Deligne-Malgrange lattice  of  {VE1 ,1b1) in  this  case. 

Proof —  I n the case àimX — 1, the claim follows fro m th e comparison o f the KMS-
spectra i n Proposition 8.2.1 . Th e general cas e can be reduced t o the above case . • 

16.2.4. Pull-back. —  W e give an application o f Theorem 16.2.4 . Le t X an d Y b e 
irreducible smoot h projectiv e varieties . Le t F :  Y —»  X  b e a rational morphism . Le t 
(V, V) be a semisimple meromorphi c fla t connectio n o n X. Assum e tha t F(Y)  i s not 
contained in the pole of (V, V). W e have the meromorphic fla t bundl e F*(V, V) on Y. 

Theorem 16.2.7. — F*(V , V) is  also  semisimple. 

Proof. — B y replacing X  birationally , w e may assume the following : 
• W e have a simple normal crossing hypersurface Dx  suc h that (V , V) is a semisim-

ple meromorphic fla t bundl e o n (X, Dx)-
• Th e Deligne-Malgrange filtere d fla t bundl e V J ^ f associated t o (V , V) is good. 

We take a good wild pluri-harmonic metric hx  o f (V, V)|X\DX > adapted to V^ f • Let 
(Ex,dEx ,@x,hx)  denot e the corresponding goo d wil d harmonic bundl e o n I \ Dx-
The associated meromorphi c fla t bundl e (V£x£x^x)  * s naturally isomorphi c to (V, V). 
By construction , 8  is good an d wild. Moreover , th e eigenvalues of the endomorphis m 
Res£>x ¿(0) on lGrF (°Ex) o n Dx,i ar e purely imaginary . 

By replacing Y birationally , we may assume to have a regular morphism F :  Y —»  X 
such tha t Dy  :=  F~1(Dx) i s a simple norma l crossin g hypersurface . 

Lemma 16.2.8. — (E£xYi8ey >hY) :=  F~1{EXidEx,Oxsds,hx) is  a  yf^lR-good wild 
harmonic bundle  onY\  Dy. 

Proof. — Not e that F*(°E'x ) give s a prolongment o f Ey t o a locally free CV-modul e 
on Y. Le t P be any point o f Dy. W e take a small holomorphic coordinat e neighbour -
hood V  aroun d P.  W e also tak e a  smal l holomorphi c coordinat e neighbourhoo d U 
around F(P).  W e put DJJ  :— Dx  ri U and Dy :=  Dy fi V. W e can take a  ramifie d 
covering ipu  : (U,Du) —>  (U,Du)  suc h tha t w e have the decomposition : 

(3431 y>u(?Ex,Ox, 
aelTT(9x,F(P)) 

(Ea, Oa) 

Here, 9a — da-idEa are logarithmic with respect to ip^^Ex) fo r any a £ lir(0x,F(P)). 
We ca n take a  ramifie d coverin g ipy  :  (V,Dy) —»  (V,Dy)  suc h tha t th e composit e 
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F o  cpv :  V —»  U  factor s throug h [/ , i.e. , ther e exist s F  :  V —>  U  suc h tha t F  o  ipv — 
(Pu o F. Fro m (343) , w e obtai n th e decompositio n aroun d P: 

* [F*(<>Ex),eY 
a 

(dsdFEa),0Y,a 

And 0~ g : = 0 ( 0 y , a -  dF* a •  idp*(Ea))  i s logarithmic . 
Let u s sho w tha t th e eigenvalue s o f th e residu e o f Oy  ar e constan t o n eac h com -

ponent o f D y , an d tha t the y ar e purel y imaginary . Le t P  b e a  smoot h poin t o f Dy. 
Let V  an d U  b e a s above . Le t (w±,...,  wm)  an d ( 2 : 1 , . . . , zn)  b e holomorphi c coordi -
nate o n V  an d { / respectively , suc h tha t Dy  =  {w\  =  0 } an d DJJ  —  UJ= i{z j — 0} -
Let di  (i  =  1 , . . . , £) b e th e orde r o f F*(zi)  wit h respec t t o wi . Le t Q  b e an y poin t o f 
Dv. Then , R e s ^ O ^ f l y J i Q o n < ^ F * ( ° £ X ) | Q i s give n b y ^ L i di' R*®zi(<Pu0x)\F(Q)-
Hence, w e obtai n tha t th e eigenvalue s o f Res^ (pyOy)  ar e constan t o n Dy,  an d the y 
are purel y imaginary . 

We hav e th e expressio n #~ s =  f\  •  dw\/w +\dw\/w  fj  '  dwj- Then , w e ca n conclud e 
tha t th e coefficient s o f P(t)  :=  det(t  —  fi)^v ar e constant , an d tha t th e solution s o f 
P(t) =  0  ar e purel y imaginary . Thus , th e proo f o f Lemm a 16.2. 8 i s finished . • 

We hav e th e meromorphi c flat  bundl e (V£y,Tby)  associate d t o (Ey,  8ey  >  6y, fty). 
We als o have th e goo d lattice s Va£y  o f 'P fy. W e hav e th e naturall y define d morphis m 
F+CPoSJtMx) -+  ( ^ o ^ y ^ y ) , whic h induce s th e morphis m ¿  :  F^VS^)  -»  VE\  o f 
locally fre e Oy(*Dy)-modules . Sinc e th e restrictio n o f 1  to Y  \  D y i s a n isomor -
phism, i  i s a n isomorphis m o n Y.  Hence , F*(V,  V ) ha s th e goo d lattice s Va£y-  B y 
using Propositio n 8.2.1 , w e ca n sho w tha t V*£y  —  {Va£y  \  Q> G  Re)  i s th e Deligne -
Malgrange filtered flat  bundl e associate d t o F*(V,  V) . Then , w e ca n conclud e tha t 
F*(V, V ) i s semisimpl e du e t o Theore m 16.2.4 . • 

16 .3 . P r o o f of T h e o r e m s 16 .2 .1 a n d 16 .2 .4 

1 6 . 3 . 1 . E x i s t e n c e of a p lur i -harmonic metr i c . —  Le t X  b e a n n-dimensiona l 
smooth connecte d projectiv e variety , an d le t D  b e a  simpl e norma l crossin g hyper -
surface o f X.  Le t (£ , V) b e a  flat  meromorphi c connectio n o n (X,D). 

Proposition 16.3.1. —  If  ( £ , V ) is  simple,  there  exists  a  pluri-harmonic  metric  h  of 
(E, V ) : = (£ , V)|X\£> wtth  the  following  property,  which  is  unique  up  to  positive 
constant multiplication: 

• Let  P  be  any  smooth  point  of  D  around  which  {£ , V ) is  good.  Then,  (E,  V, / i ) is 
a V ' —lR-good wild  harmonic  bundle  around  P,  and  h  is  adapted  to  the  Deligne-
Malgrange filtered  bundle  E^M  around  P. 

In particular,  if  the  Deligne-Malgrange  filtered  bundle  E^M  associated  to  {£,  V ) is 
good, then  h  is  adapted  to  E®M,  and  (E,  V , h)  is  a  \/^lR-good  wild  harmonic  bundle 
on(X,D). 

ASTÉRISQUE 340 



16.3. PROOF OF THEOREMS 16.2.1 AND 16.2.4 421 

Proof. — First , le t u s conside r th e cas e dim X =  2 . W e ca n tak e a n appropriat e 
birational projectiv e morphis m cp  : X —>  X  suc h tha t (/?*(£ , V) ha s a  goo d forma l 
structure. (Se e [68].) Not e tha t </?*(£ , V) i s als o simple . So , w e ma y assum e tha t 
(£, V) ha s a  good forma l structur e fro m th e beginning . Then , th e associate d Deligne -
Malgrange filtere d bundl e i s goo d (Propositio n 2.7.10) . Becaus e <p*(£,  V) i s simple , 
the associate d Deligne-Malgrang e filtere d bundl e i s /x^-stable. W e also have the van -
ishing o f the paraboli c characteristi c numbers , accordin g t o Corollar y 14.3.4 . Hence , 
we obtain the desired pluri-harmonic metric due to Theorem 16.1. 1 (or Lemma 16.1.2) . 

The highe r dimensiona l cas e can be reduced t o the surfac e cas e by using Corollar y 
13.2.3 and a n argumen t i n the proo f o f Theorem 5.1 6 o f [69]. • 

16.3.2. Pull-back via the birational projective morphism. —  Le t ip  : X' —> 
X b e any birational projective morphism. I f (£, V) is simple, then ip*(£,  V) i s also sim-
ple. Therefore , w e have pluri-harmoni c metric s hs  an d h^s  for  ( f ,V ) an d ip*(£,  V) 
as i n Propositio n 16.3.1 . 

Lemma 16.3.2. —  (p*hs  = a  • h^*s  for  some  a  >  0 . 

Proof. — Le t C  be a sufficiently generi c and ample curve in X. Then , hs\c  an d h^*s\c 
are the pluri-harmonic metrics for the simple meromorphic connection (£ , V ) |o Thus , 
we have <p*hs\c  —  &c • h^*s\c  becaus e o f the uniqueness . Sinc e suc h curve s C  cove r 
Zariski ope n subset s o f X  an d X1 ', the clai m o f the lemm a follows . • 

16.3.3. Proof of Theorem 16.2.1 in the case that (£ , V) is simple. —  Assum e 
that (£ , V) i s simple. W e can take a pluri-harmonic metri c hs  a s in Proposition 16.3.1 . 
Let (E,  Be,  0,  hs) b e th e correspondin g harmoni c bundl e o n X  \  D. 

Lemma 16.3.3. —  There  exists  a  birational projective  morphism  F  :  X\  —>  X with  the 
following properties: 

• Di  :=  F~1(D) is  a  simple normal  crossing  hypersurface,  and  Xi\Di ~  X  \  D. 
• We  put (Ei,dEnhi,0i)  : = F*(E,  <9# , ft, #). Then,  6\  is  generically  \f^\R-good, 

and (SRP)  holds.  (See  Section  15.3.1. ; 

Proof. — W e tak e a  coverin g X  —  [jU^  b y affin e Zarisk i ope n subset s Jl=i{zi = 
Specie wit h etal e morphism s <p p :Jl=i{zi -+ Cn  suc h tha t ip~l([Jl=i{zi  =  °})  = 
UpHD. Le t Jl=i{zi = Y$?\  tPp1^)  b e the defining equatio n oiDnU^.  Le t R(p)p)  denot e 
the localizatio n o f R^  wit h respec t t o g(p\  Le t : = cp*dzi/zi  fo r i  =  1 , . . . ,£{p), 
and Jl=i{zi := <p*dzi  fo r i  =  £(p)  + 1,.. . ,n . The y giv e a  fram e o f ^1(logD ) o n U^p\ 
We hav e th e expressio n 6  =  Ylfi^Jl=i{ziA^-  We obtai n th e characteristi c polynomial s 
V\P){T) : = d e t ( T - f!>p)).  Le t P  b e any poin t o f D  aroun d whic h (E,dE, 0,h) i s good 
wild. Then , th e coefficient s o f V\P\T)  ar e meromorphi c function s aroun d P  whos e 
poles ar e containe d i n D.  Hence , w e obtain v\p\T)  g  R^P)  PI-

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



422 CHAPTE R 16 . KOBAYASHI-HITCHIN CORRESPONDENC E AN D SOM E APPLICATION S 

Applying Propositio n 15.2. 1 t o eac h V\ • ,  w e obtai n a  smoot h projectiv e vari -

ety X^l  wit h a  regula r projectiv e birationa l morphis m f[p^  :  x[p^  — > X suc h tha t 

(F^yVJl=i{zi^ satisfie s th e conditio n i n Propositio n 15.2.1 . Takin g th e fiber  product s 

of x[p)  ove r X , th e normalization , an d th e resolutio n o f th e singularities , w e obtai n 

a birationa l projectiv e morphis m F\  :  X\  —>  X suc h tha t eac h F^v\p^  satisfie s th e 

condition i n Propositio n 15.2.1 . Th e morphis m factor s throug h eac h x[p^. 
Due t o Lemm a 16.3.2 , 6\  i s generically \ / ^LR-good . Le t u s sho w tha t (SRP ) holds . 

We pu t U[p)  : = F f 1 ^ ) ) . Fo r an y P  €  D1  C\U[P\  w e tak e a  holomorphi c coordinat e 
(U,zi,...,zn) aroun d P  suc h tha t U  f l D\  =  Ui=i(2; i =  W e tak e a  ramifie d 
covering i /jP :U  give n b y V P ( C I , •  •  • , Cn) =^(CiM , • •  • , Ĉ M, O+ i, •  •  • , Cn), wher e M 
is divisibl e b y r! . W e pu t D  :=  ip^Di.  Le t ^ p : = F i o  ^ p. B y construction , th e 
eigenvalues o f ippf^ ar e o f the for m / 3 + 7 , wher e / 3 € (9^(*D ) an d 7  ar e multivalue d 
holomorphic function s o n U.  Fo r the expressio n i/jp9 = Yfi=i fi'dQ/d+Yl^e+i fi'ddi 

we hav e fi = Y^j ai,j ' ^pfjP\ wher e a^ j G  H(Up).  Not e th e commutativi t y o f Jl=i{zi 
Then, i t i s easy t o observ e tha t (SRP ) hold s fo r 6\.  Thu s w e obtain Lemm a 16.3.3 . • 

Hence, w e ma y an d wil l assum e tha t (SRP ) hold s fro m th e beginning . Applyin g 
Proposition 15.3. 1 t o # , w e ca n tak e a  birationa l projectiv e morphis m (p :  X'  —»  X 
such tha t <p*6 is A/^TjR-good, i.e. , (E1 , V, ft)  : = ip*(E,V,h) i s a  ^/^T-R-goo d wil d 
harmonic bundle . Then , w e hav e th e associate d prolongmen t (£7* , V), whic h i s good . 
Due t o Lemm a 16.3. 2 an d Propositio n 16.3.1 , i t i s the sam e a s th e Deligne-Malgrang e 
filtered fla t shea f o f cp*£ around a  genera l poin t P  o f th e smoot h par t o f D.  Hence , w e 
can conclud e tha t E*  i s th e sam e a s th e Deligne-Malgrang e filtered  shea f associate d 
to (<£>*£ , V), an d i t i s good . Thus , w e obtai n th e desire d resolutio n i n th e cas e wher e 
(£, V) i s simple . 

16 .3 .4 . E n d of proof of T h e o r e m s 16 .2 .1 a n d 16 .2 .4 . —  Le t u s conside r th e 
general case . A  meromorphi c flat  connectio n (£ , V) i s th e extensio n o f simpl e mero -
morphic flat  connection s (£i,Vi)  (i  =  l , . . . , i V ) . W e ca n tak e a  birationa l projec -
tive morphis m ip :  X'  —»  X  suc h tha t (i ) D'  :=  ip~1{D) i s simpl e norma l crossing , 
(ii) X'  \  D'  ~  X  \  D,  (hi ) an y (p*(£i, V» ) hav e th e goo d Deligne-Malgrang e lattices . 
We ma y als o assum e tha t th e unio n o f th e se t o f th e irregula r value s o f (p*(£u V* ) ar e 
also goo d aroun d eac h poin t o f ip*D. (Fo r example , w e onl y hav e t o appl y Proposi -
tion 15.3.1 , t o th e meromorphi c Higg s bundl e correspondin g t o 0 ( £ i 5 V*). ) Then , th e 
Deligne-Malgrange lattic e o f <£*(£ , V) i s good , accordin g t o Corollar y 2.7.11 . Thus , 
the proo f o f Theore m 16.2. 1 i s finished. 

Let u s sho w Theore m 16.2.4 . Le t (£ , V) b e a  meromorphi c flat  connectio n o n 
(X, D).  W e tak e a  birationa l projectiv e morphis m <p :  X —>  X  suc h tha t th e Deligne -
Malgrange filtered  bundl e E^  associate d t o (£ , V) := Jl=i{z iV) i s goo d (Theore m 
16.2.1). Not e tha t (£ , V) i s semisimple , i f an d onl y i f (£ , V) i s semisimple . I f (£ , V ) 
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is semisimple , w e ca n tak e a  pluri-harmoni c metri c h with th e desire d propert y du e 
to Propositio n 16.3.1. Conversely, i f w e hav e a  pluri-harmoni c metri c h of (£, V) 

~£>M -DM  ~ 
adapted to Jl=i{zi , then (E+ , V) i s /x^-polystabl e du e t o Propositio n 13.6.1. By 
Lemma 13.2.2, we obtain tha t (£, V) i s semisimple, an d thu s (£, V) i s semisimple. • 

16.4. Minor refinement of the result in Section 16.2 

Let X  b e a  smoot h prope r algebrai c variet y ove r C.  Le t D  b e a  simpl y nor -
mal crossin g hypersurfac e o f X.  Le t (£, V) b e a  meromorphi c fla t bundle . W e se t 
Jl=i{ziJl=i{ziJl=i{ziJl=i{zi 

Proposition 16.4.1. —  (£ , V) is  semisimple,  if  and  only  if  there  exists  a  pluri-harmonic 
metric h  of  (E,  V ) such  that  the  following  holds: 

• Let  P  be  any  smooth  point  of  D  around  which  (£ , V) is  good.  Then,  (E,  V , h)  is 
a y/^lR-good wild  harmonic  bundle  around  P,  and  h  is  adapted  to  the  Deligne-
Malgrange filtered  bundle  E^M  around  P. 

Such a  metric  is  unique  up  to  an  obvious  ambiguity,  in  the  following  sense: 
• / / (£ , V) is  simple,  it  is  unique  up  to  positive  constant  multiplication. 
• Let  (£ , V) =  d 0 ^ ( £ i , <8 > Vi be  the  canonical  decomposition,  i.e.,  (£{,Vi)  are 

simple, Vi  are  vector  spaces,  and  (£ŝ , V») ^  Vj ) fori  ^  j . Then,  the  metric  h 
is of  the  form  @hi<S>gi,  where  hi  is  a  pluri-harmonic metric  for  (£; , Vi) as  above, 
and gi  are  metrics  of  Vi. 

Proof. —  Assum e tha t (£ , V) i s semisimple . B y usin g Chow' s lemm a an d Theore m 
16.2.1, w e ca n tak e a  projectiv e birationa l morphis m (p  : X' —>  X  suc h tha t (i ) D'  := 
y~l(D) i s simpl y norma l crossing , (ii ) th e Deligne-Malgrang e lattic e o f (£ ' , V) : = 
<p*(£, V) i s a  locall y fre e Ox-modul e an d good . W e pu t ( £ ' , V' ) : = (£ ' , V ' ) | x ' xD ' -
By usin g Theore m 16.1. 1 o r Theore m 16.2.4 , w e ca n tak e a  pluri-harmoni c metri c h' 
of (EF,V)  suc h tha t V*E'  i s th e sam e a s th e Deligne-Malgrang e filtere d bundl e o f 
(£ ' , V;) . Ther e i s a  Zarisk i close d subse t W  C  X  suc h tha t ip  induces X'  \  (p~1(W)  ~ 
X\W. 

Lemma 16.4.2. —  There  exists  a  pluri-harmonic  metric  h  of  (E1 , V ) such  that 
h\x^w =  ^l\x/\(p-1(w)  under  the  natural  identification. 

Proof. —  Accordin g t o Theore m 6.1. 3 o f [73], V ' , / i ' ) naturall y induce s a  pur e 
twistor D-modul e T(E')  o f weigh t 0  wit h th e polarizatio n (id , id) o n X'  \  D'.  B y 
the Har d Lefschet z theore m fo r regula r polarize d pur e twisto r D-modul e (Theore m 
6.1.1 o f [73]), w e obtai n th e pur e twisto r D-modul e ip®T(E')  o f weigh t 0  o n X  \  D. 
Let TE  b e th e direc t summan d o f (p®T(EF)  whos e stric t suppor t i s X  \  D.  I t i s eas y 
to observ e tha t th e underlyin g D-modul e i s naturall y isomorphi c t o (E,  V) , becaus e 
of th e regularity . Moreover , b y th e Har d Lefschet z theorem , TE  i s equippe d wit h th e 
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polarization whos e restrictio n t o X  \  W  i s the sam e a s th e polarizatio n o f T(Ef)  unde r 
the natura l identification . Thus , w e obtai n a  pluri-harmoni c metri c ft  o f (E,  V) . • 

If P  G  D \  W , (£ , V ) i s good aroun d P , an d ft  i s adapte d t o E+M  b y construction . 
Let P  b e an y poin t o f D  aroun d whic h (£ , V) i s good. B y applyin g Propositio n 13.5.1 , 
we obtai n tha t ft  i s adapte d t o E^M . Hence , / 1 has th e desire d property . 

Conversely, assum e tha t (£ , V) i s equippe d wit h a  metri c ft  a s above . Le t £ i C  £ 
be a n (9x(*£>)-submodul e suc h tha t V£\  C  £ 1 0 fi^  (*£)) . W e pu t J5 i : = £\\x\D, 

which i s a  flat  subbundl e o f E  —  £\x\D- Le t E2  denot e th e orthogona l complemen t 
of Ei  i n E  wit h respec t t o ft. 

Lemma 16.4.3. —  E2  is  aflat  subbundle  of  E. 

Proof. —  Le t u s conside r a  morphis m F  fro m a  smoot h projectiv e curv e C  t o X  suc h 
tha t (i ) F(C)  i s not containe d i n D,  (ii ) (£ , V) i s good aroun d eac h poin t o f F(C)C\D. 
We hav e F* (£ i , V ) C  F*(£ , V) , an d F*ft . Not e tha t semisimplicit y i s related wit h th e 
polystability a s i n Lemm a 13.2.2 . Applyin g Corollar y 16.1.4 , w e obtai n tha t F*E2  i s 
flat wit h respec t t o F * V . Becaus e a  Zarisk i ope n se t o f X  i s covere d b y suc h curves , 
we obtai n tha t E2  i s als o flat. • 

Let E^M  an d E^M  b e th e Deligne-Malgrang e filtered  shea f associate d t o (<? , V) 
and (£i , V), respectively . Le t ir  b e th e orthogona l projectio n o f E  ont o E\.  Le t u s 
observe tha t i t ca n b e extende d t o a  projectio n E*  —>  E\*.  Le t P  b e a  smoot h 
point o f D  aroun d whic h (£ , V) i s good . Becaus e E^M  ~  P*i? i ©  P*i ?2 aroun d P , 
7R has th e desire d extensio n aroun d P . B y usin g th e Hartog s propert y o f reflexiv e 
sheaves, w e obtai n th e desire d extensio n o n X.  I t implie s tha t E2  ca n b e extende d 
to a  meromorphi c flat  subbundl e £ 2 o f £ , an d w e hav e th e flat  decompositio n £  = 
£\ ®  £2- Moreover , £i  ar e als o equippe d wit h th e metric s hi  satisfyin g th e conditio n 
in th e s ta temen t o f Propositio n 16.4.1 . Hence , b y a n eas y inductiv e argument , w e ca n 
conclude tha t £  i s semisimple . W e ca n als o deduc e tha t th e canonica l decompositio n 
of (5 , V) i s orthogona l wit h respec t t o ft. 

Let ft  an d ft'  b e metric s fo r (£ , V) a s i n Propositio n 16.4.1 . Le t s  b e th e endomor -
phism o f E  determine d b y ft =  h! -5, whic h i s self-adjoint wit h respec t t o bo t h ft  an d ft'. 
Let C  an d F  b e a s i n th e proo f o f Lemm a 16.4.3 . B y applyin g Corollar y 16.1.4 , w e 
obtain tha t F * s i s V-flat . Hence , w e obtai n tha t s  i s V-flat . I t induce s th e V-fla t 
decomposition E  =  0  Ei  suc h tha t (i ) i t i s orthogona l wit h respec t t o bo t h ft  an d ft', 
(ii) hEi  =  a>i  h'Ei  fo r som e >  0 . B y usin g th e argumen t i n th e previou s paragraph , 
we ca n sho w tha t th e decompositio n ca n b e extende d t o tha t o f meromorphi c flat 
bundles £  —  0  £i.  I n particular , w e obtai n th e uniquenes s i n th e cas e wher e (£ , V ) 
is simple . B y usin g th e argumen t i n th e proo f o f Corollar y 13.6.2 , w e obtai n tha t 
the restrictio n o f ft  t o a  direc t summan d o f th e canonica l decompositio n ha s th e for m 
as i n th e s tatemen t o f Propositio n 16.4.1 . Thus , th e proo f o f Propositio n 16.4. 1 i s 
finished. • 
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Corollary 16.4.4. —  There  exists  a  birational  projective  morphism  ip  :  X' —>  X  such 
that (i)  Df  :=  <p~1(D)  is  simply  normal  crossing,  (ii)  Xf  \  D'  ~  X  \  D,  (Hi)  the 
Deligne-Malgrange lattice  of '^*(f,V) is  a  locally  free  Ox-module  and  good.  Namely, 
Theorem 16.2. 1 holds  without  the  assumption  that  X  is  projective. 

Proof. —  W e onl y hav e t o appl y th e argumen t i n Subsection s 16.3.2-16.3.4 , b y re -
placing Propositio n 16.3. 1 wit h Propositio n 16.4.1 . • 
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PART IV 

APPLICATION TO 
WILD PURE TWISTOR D-MODULES 





CHAPTER 17 

WILD PURE TWISTOR D-MODULES 

In Sectio n 17.1 , w e recal l th e notio n o f wil d pur e twisto r D-module s an d thei r 
basic propert y du e t o Sabba h ([73] an d [75]). Not e tha t w e wil l giv e a  revie w o n 
7^-modules, 7^-triple s an d variant s i n Chapte r 22 . 

We sho w i n Sectio n 17. 2 th e correspondenc e betwee n wil d pur e twisto r jD-module s 
and wil d harmoni c bundle s o n curves . Although , w e wil l s tud y a  mor e genera l corre -
spondence i n Chapte r 19 , w e nee d th e correspondenc e i n th e curv e cas e fo r th e proo f 
of th e Har d Lefschet z theore m i n Chapte r 18 . 

In Sectio n 17.3 , w e stud y th e Gysi n ma p fo r wil d pur e twisto r D-modules , whic h 
is a  preparatio n fo r Sectio n 18.4 . 

17.1. Review of wild pure twistor D-modules due to Sabbah 

17 .1 .1 . W i l d pure tw i s tor D - m o d u l e s and s o m e proper ty . —  W e recal l th e 
notions o f pur e twisto r £)-modul e an d wil d pur e twisto r D-module s define d i n [73] 
and [75]. Se e thos e paper s fo r mor e detail s an d precision . (Se e als o [77] an d [78] fo r 
the origina l wor k du e t o Sait o o n pur e Hodg e modules. ) First , w e recal l th e definitio n 
of pure twisto r D- module i n [73], which i s given i n a n inductiv e wa y o n th e dimensio n 
of th e support . Le t X  b e a  comple x manifold . 

Definition 17.1.1. —  Le t w b e a n integer . Th e categor y MT ^d(X,w) i s define d t o 
be th e ful l subcategor y o f th e categor y o f T^x-triple s whos e object s T  satisf y th e 
following conditions : 

(HSD) :  Th e underlyin g T^x-module s o f T  ar e holonomi c an d strictl y 5-decom -
posable. Th e dimension s o f thei r stric t support s ar e les s tha n d. 

(MTQ) :  B y (HSD) , we have the decompositio n T  =  0 Z Tz  b y the stric t supports , 
where Z  run s throug h th e irreducibl e close d subset s o f X.  I n the cas e dim Z  =  0 , 
Tz i s a  push-forwar d o f a  pur e twisto r structur e i n dimensio n 0  via th e inclusio n 
Z ^ X . 

(MT>o) :  Le t U  b e an y ope n subse t o f X , an d /  b e an y holomorphi c functio n 
on U.  Le t u  b e an y elemen t o f R x  C , an d £  be an y integer . The n th e induce d 
7^-triples GrY ^f,uT\u  ar e object s o f M T ^ _ i ( [ / , i i ; - f t).  Her e W  denote s th e 
weight filtration  o f th e induce d nilpoten t ma p o n x^f  uT\\j. 
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In th e cas e d  ^  d i m X , w e denot e th e categor y b y MT(X,w).  Th e object s o f 
M T ( X , w)  ar e calle d pur e twisto r D-module s o f weigh t w  on  X.  • 

See [73] fo r th e fundamenta l propertie s o f pur e twisto r D-modules . Not e tha t Tz 
with dimZ =  0  ca n b e obtaine d fro m T  b y a  successiv e us e o f th e vanishin g cycl e 
functor. 

Let A  b e a  Q- vector subspac e o f C. 

Definition 17.1.2. —  Le t T  b e a  pur e twisto r D-modul e o n X.  W e hav e th e de -
composition T  =  0  Tz  b y th e stric t supports . Fo r th e definitio n o f *4-wil d pur e 
twistor D-modules , w e impos e th e followin g conditio n inductivel y o n th e dimensio n 
of th e support s o f Z\ 

(MT>o(rami, exp , A)) :  Le t U  b e an y ope n subse t o f X , an d g  b e a  holomorphi c 
function o n U.  Fo r an y n  G  Z> o an d a G  C^t"1], Tz  i s strictl y specializabl e 
along q  wit h ramifie d exponentia l twis t b y a. An d th e induce d 1Zx -triples 
GTJl=i{zivsdqsdvé (Tz) ar e wil d pur e twisto r D-module s o f weigh t w  + £  for an y 
u G  Rx C  an d £  G Z. Moreover , t/jg,a^u(Tz)  =  0  unles s u  e  R  x  A.  • 

Let MTwlld(X , w,  A)  denot e th e categor y o f A- wild pur e twisto r D-module s o n X 
of weigh t w.  Le t MT<^d(X , w,  A)  denot e th e categor y o f A- wild pur e twisto r D-
modules o n X  o f weigh t w  suc h tha t th e dimension s o f th e stric t support s ar e les s 
t han d.  Fo r a  subvariet y Y  C  X , le t MTylld(X , w,  A)  denot e th e categor y o f A- wild 
pure twisto r D-module s o n X  o f weigh t w  whos e stric t support s ar e containe d i n Y. 

Remark 17.1.3. —  I n th e followin g argument , w e ofte n omi t t o distinguis h A.  I n [67], 

a \/—LR-wil d pur e twisto r D-modul e satisfyin g th e regularit y conditio n i s calle d a 
pure imaginar y pur e twisto r D-module . • 

We recal l som e propertie s o f wil d pur e twisto r D-modules . W e refe r t o [73] an d 
[75] fo r mor e details . 

Lemma 17.1.4. —  Kashiwara's  equivalence  holds.  Namely,  M T y l l d ( X , w , A ) = 
MTwlld(Y,w, A)  for  a  complex  submanifold  Y  C  X. 

Proof. —  Accordin g t o [73], MTY(X,w)  =  MT(Y,w).  I t i s eas y t o chec k tha t th e 
condition (MT>o(rami , exp , A)) i s preserved . • 

The followin g lemm a i s clea r fro m th e definition . 

Lemma 17.1.5. —  LetT  =  (M',M",C)  be  anKx-triple. 
• If  T  is  a  wild  pure  twistor  D-module  on  X,  the  restriction  T\u  is  also  a  wild  pure 

twistor D-module  on  U  for  any  open  subset  U  of  X. 
• Assume  (i)  there  exists  an  open  covering  X  =  [jUi  such  that  T\JJ.  are  wild  pure 

twistor D-modules  on  Ui,  (ii)  M'  andM"  are  holonomic  (see  Subsection  22.2.Z). 
Then, T  is  also  a  wild  pure  twistor  D-module  on  X.  • 
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Lemma 17.1.6. —  Let  T  e  MTwild(X , w, A)  and  T  G  MTwild(X, w',  A)  for  w  >  wf. 
Any morphism  T  —>  T'  of  7Z-triples  is  trivial. 

Proof. —  I t ca n b e reduce d t o th e clai m fo r pur e twisto r D-module s i n th e sens e o f 
[73]. (Se e Propositio n 4.1. 8 o f [73].) • 

Let M T W ^ d ( X , . 4 ) b e th e categor y o f ^ - t r ip le s T  wit h increasin g nitration s W 
indexed b y Z^suc h tha t G r f T G  M T ^ d ( X , £ , A).  Le t MTNwild(X , w, A)  b e th e 
category o f 7^-triples T  wit h morphism s N  :  T - > T ® T(—1) suc h tha t (i ) Afm =  0  fo r 
any sufficientl y larg e ra,  (ii ) G r f (A°(T ) G  M T ^ d ( X , w  +  i,A)  fo r th e monodrom y 
weight filtratio n W(N).  A  morphis m < p :  (7i,A/i ) — > (T2, A/2) i s define d t o b e a 
morphism o f 7^-triple s suc h tha t ip  o M\ —  A/2 0  {P> 

Lemma 17.1.7 

(ad) The  category  MT<$d  (X,  w,  A)  is  abelian.  All  morphisms  are  strict  and  strictly 
specializable. 

(bd) The  category  M T W ^ d ( X , A)  is  abelian.  Any  morphism  (p  :  (7i , W\)  —• 
(72, W2 ) ¿5 strict wzt/ i respect  to  the  filtrations  W{.  All  morphisms  are  strict. 

(cd) The  category  M T N ^ J d ( X , w , A) is  abelian.  Any  morphism  (p  :  (7i ,A/i ) — > 
(72, A/2) ¿«5 strict mt/ i respect  to  W(M\)  and  W(A/*2) . T/i e filtrations  on  Im(<p), 
Ker(<p) and  G6k(<p)  induced  by  W(N%)  (i  =  1,2 ) ar e eana Z to  the  monodromy 
weight filtrations  of  the  induced  morphisms.  All  morphisms  are  strict. 

Proof. —  Th e proo f o f the lemm a ca n b e carrie d ou t wit h th e argumen t i n [73] (base d 
on [77] fo r pur e Hodg e modules) , an d man y claim s ca n b e reduce d t o th e cas e o f pur e 
twistor D-modules . W e giv e onl y a n outline , an d w e refe r t o [73] an d [75] fo r mor e 
details. Le t u s se e (ad)  ==>  (cd). Le t cp  : (7i,A/i) — • (72,A/2). W e hav e th e induce d 
morphisms GTY^\<p)  :  G r ^ ^ ( 7 i ) — > G r ^ " ^ )̂ o f pur e twisto r D-modules . B y 
using Lemm a 17.1.6 , i t i s eas y t o deriv e tha t <p  i s stric t wit h respec t t o W(Mi)  an d 
W(A/2). Therefore , Ke r cp,  lm((p)  an d Cok(<p)  ar e equippe d wit h th e naturall y induce d 
filtration W , an d w e hav e th e natura l isomorphism s Gr]^(Ker(<^) ) ~  Ke r (Gr]^ (<£>)) , 
G r f (lm(cp))  ~  I m ( G r f (tp))  an d G r f (Cok(<p)) -  C o k ( G r f (<p)) . Sinc e w e hav e th e 
isomorphisms Af(  :  Gr^(Ker (cp)) ~  Gr^(Ker((/?)) , th e induce d filtratio n i s th e 
same a s th e weigh t filtratio n o f th e induce d nilpoten t ma p N  o n Ker(<p) . Simila r 
claims hol d fo r lm(<p)  an d C o k ( I m ^ ) . W e ca n sho w (ad)  (bd)  i n a  simila r way . 

Let u s se e ( Q__I) = > (a^) . Le t <p : 71 — > 72 b e a  morphis m o f wil d pur e twisto r D-
modules o f weigh t w.  W e ma y assum e tha t %  hav e th e sam e stric t suppor t Z.  Since , 
it i s a  morphis m o f pur e twisto r D-modules , w e alread y kno w tha t (i ) <p  is stric t 
and strictl y specializabl e alon g an y functio n g,  (ii ) Ker(<p) , lm((p)  an d Cok((p)  ar e 
pure twisto r D-module s whos e stric t support s ar e Z.  Le t g  b e an y function . W e 
have th e induce d morphis m ^,fl,u(y> ) :  ( ^ , a , u № ) , M ) — • (^,a,u(72) , A/*2) t o whic h 
we ca n appl y ( c^ - i ) . W e obtai n tha t G r ^ ^ Ker(^)(lj U (<£>)), G r ^ ^ lm(4>g^u(ip)) 
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and GrY^ C6k(ip giaiU((p)) ar e wil d pur e twisto r D-module s o f weigh t w  +  £.  I n 
particular, w e als o obtai n tha t Cok IP9la,U(<p) 1S  strict. Du e t o Lemm a 22.11.1 , w e 
obtain th e natura l isomorphism s Ker(^jajU (<p)) ~  ^>ajW(Ker(/?) , Im(xpg^jU((p))  ~ 
tl>g)aiU(Imip) an d Cok(^?a?u ((f)) ~  I/jgjajU(Colnp).  Hence , w e obtai n tha t Ker(<p) , 
Im(y?) an d Cok(</? ) ar e als o wil d pur e twisto r D-module s o f weigh t w.  • 

In th e proof , w e hav e obtaine d th e following . 

Corollary 17.1.8. —  Let  %  ( ¿ = 1,2 ) be  wild  pure  twistor  D-modules  of  weight  w.  Let 
(f :  7i — • T2 be  a morphism of  wild  pure  twistor  D-modules.  For  any  holomorphic  func-
tion g,  a G  C^"1] and  u  G  Rx C, we  have  the  natural  isomorphisms  ^a?n(Ker<p ) ~ 
Ker^,fl ,u(y?), ^,fl,u(Im<p ) ~  Im^,fljW(<p) , an d ^ja>ti(Coky? ) ~  Cok^,ajtt(<p) . W e 
a/50 Ziav e 

PGrfW^,a,n(Ker^,n(Ker^)) :KerPGrfW^|fl,tt(Vxcxc), 

P G r f W ^ , a , n ( I m ^ ) , n ( K e r ^ ) ImPGr^(Adfgfg,a,M,n(Ker^) 

P G r f W V w ( C o k p ) , n ( K e r ^) C o k P G r f W ^ , a , u M , n ( K e r ^) 

In particular,  let  C  be  a  complex  in  MTwlld(X , w,  A).  By  taking  the  functors  ipG,A,U 
and P  GrY^  ip g,a,U, w e have  the  complex  I/jG,A,U(C)  in  MTNwlld(X , w,  A),  and  the 
complex PGrY^  I/j g,a,U(C) in  MTwlld(X , w,  A).  Then,  we  have  natural  isomor-
phisms: 
,n(Ker^),n(Ker^) ,n(Ker^),n(Ker^) iT(PGrfwV,n(Ker^)er^)w(C)) P G r f w ^ , a , . ^ ( C ) . 

17 .1 .2 . Po lar izab le wi ld p u r e t w i s t o r D- module. —  W e recal l th e definitio n o f 
polarization o f wil d pur e twisto r D-modules . ([73] an d [75]. Se e als o Saito' s origina l 
work [77].) 

Definition 17.1.9. —  Le t T  G  MTwild( I ,« ; ,^ ) . Le t S  :  T -*  T*(-w)  b e a  Hermitia n 
sesqui-linear dualit y o f weigh t w.  I t i s calle d a  polarization , i f th e followin g inductiv e 
conditions ar e satisfied : 

(MTPo) :  W e hav e th e decompositio n S  =  0 < S z , correspondin g t o T  =  0 7 z -
If dim Z  =  0 , (Tz,Sz)  i s th e push-forwar d o f a  polarize d pur e twisto r s tructur e 
of weigh t w. 

(MTP>0( rami , exp) ) :  Le t U  b e a n ope n subse t o f X , an d le t /  b e a  holomorphi c 
function o n U.  Fo r eac h a G  C[t~x), u  G  R  x  A  an d £  G  Z^0 > th e induce d 
Hermitian sesqui-linea r dualit y 

,n(Ker^) PGry>/ | f l | f4(T) PGlY V >/,a,u(T): ,n(Ker^),n(Ker^) 

is a  polarizatio n o f PGry  ipf,A,U{T)  a s a n .A-wil d pur e twisto r D-modul e o f 
weight w  +  £. 

An A- wild pur e twisto r D-modul e T  i s calle d polarizable , i f i t ha s a  polarization . • 
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Let MTwild(X , w, A){p)  denot e th e ful l subcategor y o f MTwild(X , w, A)  whic h con -
sists o f th e polarizabl e A- wild pur e twisto r D-module s o f weigh t w.  Whe n w e ar e 
given a  subvariet y F d , le t MT£i ld(X, w, A){p)  (resp . MT^*(X,w, ,n(Ker^)A)W) denote 
the ful l subcategor y o f A-wil d pur e twisto r D-module s o n X  o f weigh t w  whos e sup -
ports ar e containe d i n Y  (resp . whos e stric t support s ar e exactl y Y).  W e sa y tha t 
T G  MTwlld(X, w,A)  i s simple , i f i t doe s no t contai n an y non-trivia l subobjects . W e 
say tha t (T , S) o f weigh t w  i s simple , i f T  i s simple . 

Lemma 17.1.10. —  Let  (T,«S ) be  a  polarized  wild  pure  twistor  D-module  of  weight  w, 
whose strict  support  is  Z.  We  have  a  Zariski  closed  subset  Zo  C  Z  such  that 
(T , <S)|X\Z0 i>s  a  push-forward  of  a  variation  of  polarized  pure  twistor  structure  on 
Z \  Z0. 

Proof. — It ca n b e reduce d t o th e clai m fo r pur e twisto r D-module s i n th e sens e o f 
[73]. Then, i t follow s fro m Propositio n 4.1.9 of [73]. • 

Proposition 17.1.11. —  Let (T,S)  be  a  polarized  A-wild  pure  twistor  D-module  of 
weight w.  Let  T'  C T be  wild  pure  twistor  D-submodule of weight  w.  Then,  the 
composition S'  of  the  following  morphisms 

sd sd s T*(-w) + T'*(-w) 

gives a  polarization ofT',  and  we  have  the  decomposition  (T,S)  = (T7, S')(&(T", <S"). 

Proof. — We hav e th e decompositio n o f polarize d pur e twisto r D-module s a s above , 
which i s show n i n Propositio n 4.2.5 of [73]. It give s th e decompositio n o f polarize d 
A-wild pur e twisto r D-modules . • 

Corollary 17.1.12. —  Let (T,S)  be  a  polarized  A-wild  pure  twistor  D-module  of 
weight w.  Then,  we  have  a  decomposition  (T,S)  — ®(%,Si), where  % are simple 
A-wild pure  twistor  D-modules  of  weight  w.  In  particular,  the  abelian  category 
MTwild(X,w,A){p) is  semisimple.  • 

Proposition 17.1.13. —  Let (T , S) be  a  simple  polarized  A-wild  pure  twistor  D-module 
of weight  w. 

• Let (V,  S)  be  a polarized pure  twistor  structure  of  weight  0 in dimension  0. Then, 
the naturally  defined  Hermitian  sesqui-linear  duality  T ® V  —> T * ® V*(—w) is 
a polarization. 

• Let V  be  a pure twistor  structure  of  weight  0 in dimension  0. For any  polarization 
S ofT®V, there  exists  a  polarization  SofV  such  that  S =  S  (g ) S. 

Proof. — The firs t clai m i s clear . Becaus e o f Corollar y 17.1.12, we have th e decompo -
sition V  = 0  Vi int o ran k on e object s suc h tha t (T , S) = 0 ( T 0 Vi, Si).  Becaus e T 
is simple , ther e exist s a  positiv e numbe r ai >  0  such tha t Si  — ai  •  <S, unde r som e 
identification Vi  ~  T5(0) . Then , th e secon d clai m follows . • 
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Proposition 17.1.14. —  Let T  be  a  polarizable  A-wild  pure  twistor  D-module  of 
weight w. 

• We have  the  canonical  decomposition  T  = 0 7 ^ , where % are the  direct  sum  of 
some simple  objects  T/  such  that  T{  qfcTj  (i ^ j). 

• Any polarization  S of T  is  a  direct  sum  of  the  polarizations  Si  of%. 

Proof. — The first clai m follow s fro m Corollar y 17.1.12. The second clai m i s obvious . 
• 

Corollary 17.1.15. —  Let T  be  an A-wild  pure  twistor  D-module  of  weight  w.  Let  Si 
(i = 1,2 ) be polarizations of  T . Then, there  exists  an  automorphism  </? of T  such 
that ip  : (T, Si) —» (T,S2) is  an  isomorphism.  In  other  words,  a  polarization ofT  is 
unique up  to  obvious  ambiguity. 

Proof. — It follow s fro m Propositio n 17.1.13 and Propositio n 17.1.14. • 

17 .1 .3 . Po lar i zed graded wi ld Lefschetz t w i s t o r D - m o d u l e . — We recall th e 
definition an d some result s fo r polarize d grade d wil d Lefschet z twisto r D-modul e du e 
to Sabba h ([73] and [75]). We conside r th e grade d object s wit h th e lowe r index . I t 
is eas y t o giv e a  modificatio n fo r the uppe r inde x case . 

Let £ be a n integer . A  grade d *4-wil d Lefschet z twisto r D-modul e o f weigh t w  o f 
type e  i s a  pai r (T , C) a s follows : 

• T = ®7Gz7? i s a  grade d 7^-triple . Eac h Tj  i s an A- wild pur e twisto r D-modul e 
of weigh t w — e - j . 

• C  i s a  grade d morphis m T  — > T(e)[2 ] suc h tha t CJ  :  Tj —•  T-j(e •  j) ar e isomor -
phisms fo r an y j ^  0. 

We pu t PTj  : = Ker£*+ 1 f l Tj  fo r eac h j  ^  0 , an d PTj  =  0  fo r j  <  0 . Then , w e 
obtain th e naturall y define d primitiv e decompositio n Tj  =  Ck(PTj +2k{—£&)) fo r 
any j , wher e Ck  (P7}+2fc(—sk)) denot e th e imag e o f Ck :  PTj+2k(—£k) —•>  Tj. 

Recall t ha t th e Hermitia n adjoin t T * ha s th e natura l gradin g give n b y (T*)j  := 
(T-j)*. I t i s naturall y equippe d wit h a n induce d morphis m £ * :  T* — > T*(e)[2] , an d 
( T * , £ * ) i s a  grade d .4-wil d Lefschet z twisto r D-modul e o f weigh t w  o f typ e e.  W e 
have th e natura l isomorphis m (PTj)*  ~  (C*)i  (PT*(—£j)). 

Let S  T,n(Ker^) T*(—w) b e a  grade d Hermitia n sesqui-linea r dualit y satisfyin g 
£*o<S +  <So £ =  0 . We hav e th e composite : 

,n(Ker^) Ü : PTj sd £j(PTi(-ej))(ej' (PTjn-w +  sj) 

Then, S  i s called a  polarization o f (T, £ ), if the composite S-j  oC?  give s a  polarizatio n 
of PTj  fo r eac h j  ^  0 . 

The followin g lemma , du e t o Sabbah , i s on e o f th e mos t importan t propertie s o f 
graded .4-wil d Lefschet z twisto r D-module . Sait o originall y prove d th e correspondin g 
property fo r hi s Hodge modules . 
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Lemma 17.1.16. —  Assumes  is  1  or-I.  Let  (T,£,«S ) (resp.  (T',C',S'))  be  a  polar-
ized graded  A-wild  Lefschetz  twistor  D-module  of  type  e  of  weight  w  (resp.  w  —  e). 
Let c  :  T  — > T ' [ l] and  v  :  T'  —>  T[l](e)  be  graded  morphisms  such  that  v  o c  =  £ 
and c  o v  =  £'.  Assume  that  c  and  v  are  adjoint  with  respect  to  S  and  S',  i.e., 
Sf o c =  v*  o S. Then  we  have  the  decomposition  T  =  I m c 0  Ke r v. 

Proof. —  I t ca n b e show n b y usin g th e argumen t i n th e proo f o f Propositio n 4.2.1 0 o f 
[73]. W e give only a n outline . W e may assum e tha t bot h T  an d T 7 have the sam e stric t 
support Z.  B y th e resul t fo r smoot h polarize d grade d Lefschet z twisto r structure s 
(Lemma 5.2.1 5 o f [77] o r Propositio n 2.1 9 o f [73]), w e hav e suc h a  decompositio n o n 
the generi c par t o f Z.  Becaus e o f th e stric t 5-decomposability , w e ca n easil y obtai n 
the decompositio n o n Z . • 

17 .1 .4 . B i -graded wi ld Lefschetz tw i s tor D- module. —  W e recal l th e notio n 
of bi-grade d wil d Lefschet z twisto r D-modul e du e t o Sabba h ([73] an d [75]). W e 
consider th e bi-grade d object s wit h lowe r indices . I t i s eas y t o giv e a  modificatio n i n 
the othe r cases . 

Let ea  ( a =  1,2 ) b e integers . A  bi-grade d A-wil d Lefschet z twisto r D-module s o f 
type (£i,£2 ) o f weigh t w  i s define d naturally , i.e. , i t i s a  tupl e (T , £1 ,^2) a s follows : 

• T  i s a bi-graded 7^-tripl e 0i}J-e Z %,j •  Each %j  i s a A-wild pur e twisto r D-modul e 
of weigh t w  —  ie\  —  JE2-

• C\  i s a  tupl e o f morphism s %  ? - —> %-2 7(^1) {hj  £  Z ) suc h tha t 

rl • T - T-iAiei) 

is a n isomorphis m fo r eac h i ^ 0. 
» £2 is a  tupl e o f morphism s % 7 ,n(Ker^),n(Ker^),n(Ker^) such tha t 

,n(Ker^) 
,n(Ker^) 

,n(Ker^),n(Ker^) 

is a n isomorphis m fo r eac h j  ^  0. 
• £1 an d £2 commute . 

We pu t P%j  =  Ker£ j+ 1 D  Ker£^+1 D  Tij.  The y obviousl y induc e th e primitiv e 
decomposition a s i n th e cas e o f grade d A-wil d Lefschet z twisto r D- modules. Th e 
Hermitian adjoin t T * naturall y ha s th e gradin g an d th e morphism s £ * (i  —  1, 2), fo r 
which (T* ,£* ) i s a  bi-grade d A-wil d Lefschet z twisto r D-module . 

A bi-grade d morphis m S  :  T —>  T*(—w)  suc h tha t £ * o  S +  S  o  £a =  0  (a  =  1,2 ) 
induces th e morphism : 

SoC[o CJ2 : PTid (PTiJ)*(-w +  ie1+je2). 

If S o C\ o C?2 give s a  polarizatio n o f P%j,  S is calle d a  polarizatio n o f (T , £1 , £2). 

Let d  :T  —• T(e± + £2) be a  morphis m satisfyin g th e following : 
• d : Tij —> 7i_2,j-2(ei + £2 ) and d o  d = 0 . 
• d i s anti-commutativ e wit h £ a ( a = 1,2) , i.e., d o  £a -f £a o d = 0 . 
• d i s self-adjoin t wit h respec t t o 5 , i.e., d* o  S =  S  o d. 
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We hav e th e naturall y define d bi-grade d structur e o n T(1)  : = Ke r d/ Imd.  W e als o 
have th e naturally define d maps,n(Ker )̂ (a —  1,2) an d the Hermitia n sesqui-linea r dual -
i t y ^ 1 ) . 

The followin g lemma , du e to Sabbah , i s one of the most importan t propertie s o f bi-
graded A- wild Lefschet z twisto r D-module . Sait o originall y prove d th e correspondin g 
property fo r hi s Hodge modules . 

Lemmal7.1.17. — (T*1),,n(Ker^)C{2\s^),n(Ker^) is a  polarized  bi-graded  A-wild  Lefschetz 
twistor D-module  of  weight  w  of  type  (si,  £2). 

Proof. —  I t can be shown usin g the same argumen t a s that i n the proof o f Propositio n 
4.2.10 o f [73]. W e giv e onl y a n outline . W e ma y assum e tha t T  ha s th e stric t 
support Z  whic h i s irreducible . W e us e a n inductio n o n th e dimensio n o f Z.  B y 
the resul t fo r smoot h polarize d bi-grade d Lefschet z twisto r structure s (Propositio n 
4.22 o f [77], Theore m 4. 5 o f [33], Lemm a 2.1.2 0 o f [73]), th e clai m hold s o n th e 
generic par t o f Z.  B y th e stric t 5-decomposability , i t follow s tha t th e morphism s 
(C^Y1 :  T^j2 c ± 7 ^ , j 2 ( ii -£i ) are isomorphisms fo r ji ^  0 , and that th e morphism s 
(C^Y2 :  Tj\j2 —  T^_j2(J2 '  £2) are isomorphism s fo r j2  >  0 . W e only hav e t o sho w 
tha t th e composit e $ W o  (C^Y1 O  (C{2]Y2 give s a  polarizatio n o f PT^j2  fo r eac h 
( j i , j 2 ) e z | 0 . 

Let g  b e an y holomorphi c function . Fo r any £ € Z^o , u €  Rx  C  an d a G  C ^ 1 ] , 

we conside r 

,n(Ker^),n(Ker^) PGlY flpg,aìu(Tjlìj2) 

Kei ,n(Ker^),n(Ker^),n(Ker^)v,n(^) Gr_/_2 VVa,u (%1 j2) -e-i) 

Then, TgiatUi£  : = ®j1,j2{/Tg^u,e)jiJ2  wit h th e induce d morphism s £a  (a  =  1,2 ) i s a 
bi-graded A- wild Lefschet z twisto r D-modul e o f weight w  + £. W e have th e followin g 
morphisms induce d b y Afe an d S: 

Gr» '^g1aìu{Tjlìj2) • Gr -£ 'll;gìa,u(Tj1j2 u(Tj1j G r " u(Tj1ju(Tj1ju(Tj1ju(Tj1ju(Tj1j 

They induc e a  morphis m {Jg,*,u,it)h,n  ~^  (№,a ,u^) - j i , - j2 ) (~w  ~  whic h give s a 
Hermitian sesqui-linea r dualit y SgA,u^  o f the bi-grade d *4-wil d Lefschet z twisto r D -
module Tg^uj  o f weight w  +  £. 

Lemma 17.1.18. —  Sg ,a,u,£ is  a  polarization ofTg^a,u^. 

Proof. —  W e have th e natura l isomorphis m P(T9ia^Uji) u(Tj1j ~  PGr u(Tj1jf^ ipg ,a,u(PTj1j2), 

via whic h Sg,a,u,e  i s the sam e a s the polarizatio n o f P G r f ^ ^ ^ ( P ^ j J . Thus , w e 
obtain Lemm a 17.1.18 . • 
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We hav e th e induce d morphism s d  :  ^Jg^u,i)n,h  ~*  (Tg,a,u,e)j1-i,j2-i'  B y th e 
inductive assumption , th e induce d tupl e (Tg^u i ,Tg^u i ,Tg^u i ,Tg^u i ,Tg^u i, Sg]liUie) i s a  polarize d bi -
graded A-wil d Lefschet z twisto r D-modul e o f weigh t w  +  £.  I n particular , S^au^  o 

( 4 1 } ) * ° ( £ ^ V 2 give s a  polarizatio n o f ^ ( T ^ ) ^ . 
By Corollar y 17.1.8 , w e hav e a  natura l isomorphis m 

\-lo,a,u,ehi,32 Tg^ui,Tg^ui,Tg^ui, 
< 71 ,72/ 

compatible wit h th e induce d Lefschet z morphisms . W e obtai n th e isomorphis m 

P(T9{!a,u,i) i  i  ~P  GTT  V w {PT$]2) , an d th e induce d Hermitia n sesqui-linea r du -

ality o f P G r f ^g^u{PTg^ui,T^]2)  is equa l t o th e polarizatio n <S^ ] ^ o  (C^)jl o  (C^Y*. 
Therefore w e ca n conclud e that Tg^ui, o (C^Y1  o  (C^Y2  i s a  polarizatio n o f PT^j2, 
and w e obtai n Lemm a 17.1.17 . • 

17 .2 . W i l d h a r m o n i c b u n d l e s and wi ld pure twi s tor D - m o d u l e s o n curves 

17 .2 .1 . S t a t e m e n t . —  Le t X  b e a  smoot h comple x curve . Le t A  b e a  vecto r 
subspace o f C  ove r Q. Le t D  b e a  discret e subse t o f X.  Le t (V , DA) b e a  variatio n o f 
pure twisto r structur e o f weigh t w  o n X  \  D  wit h a  pairing . W e sa y tha t (V , DA, S) 
is A-wil d o n (X , D ), i f th e correspondin g harmoni c bundl e i s wil d o n (X , D). 

Let VPTwlld(X , D, w,  A ) denot e th e categor y o f A-wild variatio n o f polarize d pur e 
twistor structur e o f weigh t w  o n (X,D).  Le t M P T ^ c t ( X , D , ^ , ^ l ) denot e th e cate -
gory o f polarized A  wil d pur e twisto r D-module s o f weight w,  suc h tha t (i ) thei r stric t 
supports ar e X , (ii ) thei r restrictio n t o X\D  come s fro m a  polarize d variatio n o f pur e 
twistor structure . I n thi s subsection , fo r bot h categories , morphism s ar e define d t o b e 
isomorphisms. Fo r a  give n (T , <S) G  MPT^^ct(X,  D , w,  A) , it s restrictio n t o X  \  D 
comes fro m a  harmoni c bundl e afte r a  suitabl e Tat e twist . I t i s eas y t o se e tha t th e 
harmonic bundl e i s wil d o n (X , D).  Hence , w e hav e a  naturall y define d functo r 

sd M P ! iwild 
strict '.X. D.  w.  A) V P T wild X,D,sqdw,A). 

Proposition 17.2.1. —  $  is an  equivalence. 

VVE UNRY IICIVE iv UUNSIUEI TIIE UCISE w  — U. ±11 TUT; LUNUWING CNGUIIIEIIT, WE UNNI TU 

distinguish A. 

Remark 17.2.2. —  We wil l sho w th e highe r dimensiona l versio n (Theore m 19.1.3) in 
Section 19.1.2. Because w e nee d Propositio n 17.2.1 in th e proo f o f th e Har d Lefschet z 
theorem (Theore m 18.1.1), we includ e i t here . Se e als o Corollar y 19.1.4 for a  varian t 
of th e statement . • 
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17.2.2. From wild harmonic bundle to wild pure twistor D-module 

Let D  b e a  discret e subse t o f X . Le t (E ,dE,0,h) b e a  wil d harmoni c bundl e 
defined o n X  \  D.  B y applyin g th e constructio n i n Sectio n 12.8 , we obtain th e IZx-
triple %(E)  : = ( £ , £ , £ ) wit h th e Hermitia n sesqui-linea r dualit y 6  :  %{E) *Z(E). 
Let u s sho w tha t (£(£7) , ©) i s a  polarize d wil d pur e twisto r i9-module . W e may and 
will assum e tha t X  =  A  an d D  =  {O}.  W e already kno w tha t i t i s strictly S-decom -
posable (Lemm a 12.8.4) . I t i s easy t o chec k tha t < £ is holonomic . 

Let g(z)  :=  zn  an d a G  C[t^].  Le t u s sho w tha t P G r ^ W ^>a,u2:(E ) wit h 
the induce d Hermitia n sesqui-linea r dualit y i s a  polarize d pur e twisto r s tructur e o f 
weight L  Le t <̂ m : Ctm - > Ct  give n b y <pm(£m ) =  C - Tn e induced ma p X  x  Ct m —> 
X x  Ct  i s als o denote d b y ipm.  Le t 7r : X  — > X b e give n b y 7r(£) =  £m e suc h 
tha t (£" , dg,#5ft) :—  7r_1(i£,Tg^ui, 0, ft)  is unramifiedl y good . Th e induce d morphis m 
X x  Ctm  — > X x  Ctm i s also denote d b y 7r. W e put 7r := y? m o7r. Le t ig :  X —>  X x  Ct 
denote th e grap h o f g,  an d le t T  denot e th e image . Le t u;m be a  primitiv e ra-th  roo t 
of 1 . W e hav e 

Tg^ui, m—l 

p=0 
tCtm) Tg^ui,Tg^ui, Tg^ui, xc 

Let jp  : X —» X x  Ctrn  b e th e grap h o f th e function s 7 P := aZ, • £ne. W e pu t 
a p : = a < - C " e • 

We hav e th e 7^ -triple X  =  ((£,<£,<£ ) wit h th e Hermitia n sesqui-linea r dualit y 
© : = (id , id) associated t o (E,  9 ^ , 0, ft).  We have the unramifiedly goo d wil d harmoni c 
bundles (EpiTg^ui, ,6p,hp) :=  {E,  d g , 0, ft) ®L(—ap). W e have the associated Tg^ui, -triples 

Tp : = (<EP , (£p, <£p) wit h th e Hermitia n sesqui-linea r dualit y & p :— (id, id). W e obtai n 
the I^xxct  -kript e Jp\^p  an( 1 the localizatio n ipfXp(*tm) . 

Lemma 17.2.3. —  P  G r ^ ^ ^ ^tm,u(jp^p) with  the  induced  Hermitian  sesqui-linear 
dualities are  polarized  pure  twistor  D-modules  of  weight  t  with  0- dimensional sup-
ports. 

Proof. —  I t follow s fro m Corollar y 12.7.2 . • 

Lemma 17.2.4. —  n^jp^pfam)  are  strictly  specializable  along  tm,  and 

pGW(N) Tg^ui, F\Ìp\Zp, 

with the  induced  Hermitian  sesqui-linear  duality  are  polarized  pure  twistor  structures 
of weight  £. 

Proof. — It ca n be shown b y using th e argumen t i n [77], [73] or Section s 14.6 of [67] 

(see Lemm a 18.3.6 and Propositio n 18.3.7 below i n thi s paper ) wit h Lemm a 17.2.3. 
Note Assumptio n 18.3.4 below i s satisfied i n thi s case . • 
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Lemma 17.2.5. — (fln(igj(I(E)(^t)sd) 0 £(—a) is  a  direct  summand  of 

m—1 

o=0 

Tg^ui,Tg^ui,Tg^ui,xvxv 
Tg^ui,Tg^ui,Tg^ui,xvvxv 

Proof — Let ïpf<£(*£) denote ig^(E  ®oXxCt  Oxxct(*t)-  Le t jp^(Bp(*tm)  denot e 

jp-\ £p 
Tg^ui, 

Tg^ui,xxqdffc Tg^ui, We hav e th e followin g natura l isomorphism : 

^ H (^t 
Tg^ui,Tg^ui,Tg^ui, Tg^ui,Tg^ui, 

Therefore, w e hav e 

(344) 
m—1 

p=0 
ipf ^P Tg^ui, Tg^ui,Tg^ui,Tg^ui, > £ ( - a ) 

Note tha t th e multiplicatio n o f £  •  £m o n jpf£p(*tm ) i s invertible . Hence , w e obtai n 
the followin g isomorphis m fro m (344 ) b y usin g Lemm a 22.7.1 : 

(345N 
m—1 

p=0 
Tg^ui,Tg^ui,Tg^ui, Tg^ui,Tg^ui, Ö(*t] C(-a) Tg^ui,Tg^ui,Tg^ui, xwcwc 

We hav e th e natura l /iem-actio n o n T T J ( ® jp |Êp(*tm)) , which i s th e sam e a s th e on e 
induced b y th e //em-actio n o n 7r*C?£ r  (*£m ) i n th e right-han d sid e o f (345). We 
have a  natura l morphis m fro m ^ ( ^ f <£(*£)) ® £(—a) t o th e //em-invarian t part . It s 
restriction outsid e o f {£ m = 0 } is a n isomorphism , an d th e multiplicatio n b y tm  i s 
invertible o n bot h side s o f (345). Hence, y >tn(igi&{*i)) <£)£(—a) i s identifie d wit h th e 
/xem-invariant par t o f 7rt ( © jpfÊp(*tm)) . 

To sho w tha t th e isomorphis m i s compatibl e wit h th e sesqui-linea r pairings , w e 
only hav e t o compar e the m o n ( X x Cm) \ (X  x  {0}), where th e clai m i s clear . • 

Lemma 17.2.6. —  P G r J ^ ^ ^)ajU(ï(£?)) with the  naturally  induced  Hermitian 
sesqui-linear duality  is  a  polarized  pure  twistor  structure  of  weight  I. 

Proof. — Since PGTY^  ^t,a ,u(^(E)) i s a  direc t summan d o f 

p 
PGTY(N) Wtmtu\ '?\3P№P) 

Lemma 17.2. 6 follow s fro m Lemm a 17.2.4 . • 

Corollary 17.2.7. —  The  above  IZx-triple  *Z(E)  with  the  Hermitian  duality  a  polarized 
wild pure  twistor  D-module  of  weight  0 . • 

17 .2 .3 . E n d of t h e proof of P r o p o s i t i o n 17 .2 .1 . —  B y Corollar y 17.2.7 , w e 
obtain tha t $  i s essentiall y surjective . Le t u s sho w tha t 3 > is full y faithful . I t i s eas y 
to deduc e tha t $  i s faithfu l fro m Lemm a 22.4.10 . Le t u s sho w tha t $  i s full . 

Let (T,<S ) G  M P T ^ t ( X , D , 0 ) , wher e T  -  (M,M,C) an d S  =  ( id,id) , an d 
let (E ,dE,0,h) b e th e correspondin g wil d harmoni c bundl e o n X  \  D.  W e hav e 
the associate d wil d pur e twisto r .D-modul e T(J5 ) =  ((£ , (£, <£) o f weigh t 0  wit h th e 
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polarization ( 3 = (id , id). W e onl y hav e t o sho w tha t th e isomorphis m X(i£)|x\ D — 
T\X^D ca n b e extende d t o %{E)  ~  T . Sinc e th e propert y i s local , w e ma y an d wil l 
assume X  —  A an d D  =  {O}.  W e hav e th e natura l isomorphis m JM|(X\D)XCa — 
^|(X\D)xCA- W e onl y hav e t o sho w tha t i t ca n b e extende d t o a n isomorphis m 
M. ~  <£ . Sinc e bot h module s ar e strictl y S'-decomposable , w e onl y hav e t o sho w 
M{*z) ~  €(*z) ^ (Se e Lemma 22.4.10. ) 

Let ip  : (X,D) — > (X, D) b e a  ramifie d coverin g suc h tha t (p~1(E,  DE,  h)  i s un -
ramified. W e obtain the 7^ (*Z))-triple s (p^T(*z)  an d (pJ[CZ(E)(*z).  The y are the same 
on X  —  D. B y the assumptio n tha t (T , S) i s a polarized wil d pure twisto r D-module , 
PGrY^ ^ , O , U ( ^ ^ ( * ^ ) ) wit h the naturally induce d Hermitia n sesqui-linea r dualit y 
are polarize d pur e twisto r structure s o f weigh t £ . Du e t o Theore m 12.6.1 , w e obtai n 
that ip*Ai(*z)  i s naturally isomorphi c t o ip*<£(*z),  an d henc e M.(*z)  ~  <£(*z).  Thus, 
we are done . • 

17.3. Gysin map for wild pure twistor D- modules 

We consider th e Gysi n map s fo r wil d pure twisto r D-modules , followin g M . Saito' s 
argument i n th e Hodg e cas e (se e [77]). 

17.3.1. 7 ^-module j*j*M.  —  Le t X  b e a  comple x manifold , an d le t iy  :  Y C  X 
be a  smoot h hypersurfac e o f X.  W e pu t X  :—  C\ x  X  an d y  :=  C\  x  Y.  W e hav e 
the followin g T^x-submodul e o f Ox(*y)'-

Tg^ui,Tg^ui, Tg^ui,Tg^ui,Tg^ui, Ox(*y). 
If Y =  {t = 0} , it i s equa l t o J2m  °x  • (A • t_1)m • t'1. Thus , i t i s holonomi c an d 
strict. Fo r a n T^x-modul e M,  w e defin e 

3*3*M M Tg^ui,Tg^ui,Tg^ui, M(*y). 

In othe r words , j*j*M  i s the submodul e o f M(*y)  generate d b y M(y)  :=  M ®ox 
Ox(y) ove r IZx-  I f th e suppor t o f an y submodul e o f M  i s no t containe d i n y,  w e 
have th e injectio n M  —>Tg^ui,sd 

In th e following , le t M  b e a  strict , holonomi c T^x-module , an d w e assume tha t Y 
is strictly  non-characteristic  wit h respec t t o M.  (Se e Sectio n 3. 7 o f [73].) 

Lemma 17.3.1. —  Assume  that  X  has  a  global coordinate system  (£ , z i , . . ., zn-i) with 
Y U —  0}. Then,  the  IZx-modules  M.  and  j*j M  are  strictly specializable  along  t. 

tCMS(M,t) is  contained  in  Z^_ i x  {0 } C  R  x  C,  and  the  V-filtration  for  M 
is given  by  Vn(M) =  t~x~nM for  n  e  Z<^_ i and  Vn(M)  =  M for  n  e  Z^0 -
K,MS(j*j*M,t) is  contained  in  Z  x  {0 } C  R  x  C.  The  V-filtration  for  j*j*M 
is given  by 

Tg^ui,Tg^ui,Tg^ui, 
'trnM Ox(y) ( n e z ^ o ) 

Tg^ui,Tg^ui, 
Tg^ui,Tg^ui,Tg^ui, 
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The induced  morphism  t  :  ipt,o(j*3*M)  — » ifjt,-S0(j*j*M) is  an  isomorphism, 
and 9 t :  i/j t-s0(j*j*M) ^t,o(i*i*A^ ) teal.  Afot e Vn(j*j*M)  =  Vn(M) 
for n  G  Z^-i, and  So  =  (1,0) . 

Remark that  the  filtration  V  is  independent  of  the  choice  of  a  coordinate  system. 

Proof. —  Th e first clai m follow s fro m Lemm a 3.7. 4 of [73]. Le t us consider th e secon d 
claim. I t i s eas y t o chec k Conditio n 22.3.1 . B y construction , Vn(j*j*M)  =  Vn(M) 
for n  ^  —1 . Hence , Gr^(j^j*M)  ar e stric t fo r n  <  —1 . W e ca n easil y chec k (i ) t  : 
G r ^ G r ^ i s a n isomorphism , (ii ) dt  :  Grx^1 — > GTQ i s 0 . I n particular , i t follow s 
tha t &Q  (j*j*A4)  i s strict . W e ca n als o easil y chec k th e vanishin g o f th e actio n o f 
—dtt —  n\ o n Gr^( j* j* .M) . I t follow s tha t t  :  Gr^ — » Gr^_x ar e injectiv e fo r n  >  1 , 
and henc e w e obtain tha t Gr^  (j*j*M)  ar e stric t fo r n  ^  1 . Thus , w e are done . • 

Let Myjx  denot e th e shea f o f section s o f th e norma l bundl e o f Y  i n X.  W e pu t 
My fx  :=  A • p*xNy/Xi wher e p\  denote s th e projectio n X  —•  X. 

Lemma 17.3.2. —  We  have  a  naturally  induced  isomorphism: 

A' : j*j*(M)/M : A 1 • iY]iyM. 

Proof. —  W e have naturall y induce d isomorphism s 

j*j*(M)/M M ïox j*j* {Ox)/Ox, iy^iy M Ox ÌY]ÌyOx-

Hence, w e onl y hav e t o conside r th e cas e M  =  Ox-  Recal l tha t iy^iyOx  i s iso -
morphic t o iy*(Ny/x  ®  Sym#A/y /Af). I t i s equippe d wit h th e filtratio n give n b y 
Vm =  T g ^ u i , i y ^ y / x ^ S y m ^ X y / x) for m £  Z^o - Not e tha t V0  = iy*Ny/x  C  iy\iYOx 
generates iy^iyOx  ove r 1lx> 

We hav e th e subshea f Ox{y)  C  j*j*Ox  an d a  naturall y define d surjectio n 

Ox{y) Ox(y)\y ' P*\Ny/x A"1 • VQ. 

We clai m (i ) i t i s uniquely extende d t o a  morphis m j*j*Ox  — • A-1 • iy^iyOx a s IZx-
modules, (ii ) the kernel i s Ox- Becaus e o f the uniqueness, w e only hav e t o check thes e 
properties locally . Then , th e claim s ca n be checke d b y a  direc t calculation . • 

We hav e th e isomorphism A  :  j*j*M/M ~  iy^iyM  give n b y A = —  1 A • A'. I n 
the cas e X  =  {(£ , z i , . . ., z n _ i ) } , Y  =  {t  =  0 } and M  =  Ox,  w e have A(>/—it~1)  = 
[9t]j wher e th e latte r denote s th e naturall y define d sectio n o f My/x-

17 .3 .2 . 1Z- moduleTg^ui,Tg^ui,— Le t M  an d Y  b e as above . Le t us construct a n TZx-
module j\j*M.  First , le t u s conside r th e cas e M  —  Ox-  A s a n O^-module , w e 
define 

JifOx Ox iy^YOx = Ox ) iy*(Sym* My ix Ny/x)-
The actio n o f @x  o n j\j*Ox  i s given a s follows : 

v • ( s i , s2) (v • Si , V • So k(v\y) -suy) 
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Here, "\Y"  denote s th e restrictio n t o Y, n denote s a  projectio n o f @x\y  —> Ny/x, 
and v  • s2 i s give n b y th e natura l T^x-modul e structur e o n iy^iyOx-  I t i s uniquel y 
extended t o a n actio n o f IZx  o n j\j*Ox-  W e onl y hav e t o chec k i t o n a  coordinat e 
neighbourhood suc h tha t Y =  {t = 0}  by a,  direct calculation . 

In th e genera l case , w e pu t j\j*M.  := Ai  ®j\j*Ox- (Not e tha t Y is assume d t o b e 
strictly non-characteristi c wit h respec t t o M.)  B y construction , w e hav e th e followin g 
exact sequenc e o f IZx -modules: 

(346) 0 Vn(i\i*M) 3\J*M M 0 

Lemma 17.33. —  Assume  that  X  has  a  global  coordinate  system  (£,  z\,..., zn-i)  with 
Y =  {t  =  0} . The  IZx  -module  j\j*M.  is  strictly  specializable  along  t.  The  set 
tCMS(j\j*M) is  contained  in  Z  x  {0} . The  V-filtration  is  given  by  Vn(j\j*Ai)  = 
Vn(M) 0  Vn(i$M).  More  concretely, 

Vn(i\i*M) 
t~n-lM (n e z ^ ; 

M Vn(i\i*M) (SympNy/x Nv/x ®  M n G  Z^o) 

The induced  map  t  : il>t,o(j\j*-M) —> ipt,-ô0(j\j*M)  is 0, and dt  • ipt,-60(j\j*M) 
Vn(i\i*M) is an  isomorphism. 

Note that  the  filtration V  is  independent  of  the  choice  of  a  coordinate  system. 

17 .3 .3 . Sesqui - l inear pair ings j\j*C  a n d j*j*C.  —  Le t (Mr,  M",  C)  b e a n IZx-
triple suc h tha t M!  an d M!'  ar e stric t an d holonomic . Le t Y  b e strictl y non -
characteristic wit h respec t t o M!  an d M".  W e woul d lik e t o construc t a  sesqui-linea r 
pairing j * j * C (resp . j\j*C)  o f j\j*M'  (resp . j*j*M')  an d j*j*M"  (resp . j\j*M"). 

We explai n th e constructio n o f j * j * C . Le t u s conside r th e cas e wher e X  ha s a 
global coordinat e syste m wit h Y  —  {t =  0} . Le t A o G 5, an d le t U (Ao) denot e a  smal l 
neighbourhood o f A o i n C\.  W e pu t /(Ao ) : = U{\o)  f l S.  Le t /  (resp . g)  b e a  loca l 
section o f M'  (resp . M")  o n U(X0)  x  X  (resp . cr(U(X0))  x  X).  Le t 0  b e a  C°°-to p 
form o n X  wit h compac t support . Then , (C(f,a*g),  \t\2s  •  t~l(j))  give s a  continuou s 
function o n I(Ao ) x  {s  G  C |  Re(s ) >  0 } , which i s holomorphi c wit h respec t t o s. 

Lemma 17.3.4. —  {CVn(i\i*M)(f,(j*g),\t\2s  •  t~ </>)  gives  a  continuous  function  on  the  set 
J(Ao) x  {seC\  Re(s ) >  —  l} which  is  holomorphic  with  respect  to  s. 

Proof —  Sinc e i t ca n b e show n b y a  s tandar d argument , w e giv e onl y a n outline . 
Let uj  :—  dt  •  dtVn(i\i*M)RIJ^i1 ' W e tak e a  sufficientl y larg e N.  A  tes t functio n (j> 
on X  ca n b e decompose d a s 

0 = 

Vn(i\i*M) 
0Li 't^t3 UJ + UD - UJ, 

where faj  ar e tes t function s whic h ar e constan t wit h respec t t o t  aroun d t  =  0 , an d ip 
is a  tes t functio n suc h tha t ip  =  0(\t\N)  aroun d t  =  0 . I f AT is sufficientl y large , 
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the contributio n o f ip  to ( C ( / , o~*g),  \t\2s -t  <p)  i s holomorphi c aroun d 5 =  0 . Let u s 
consider 

Fid{8) := {C{f,**g), \t\2s  -tf  -F-1 Vn(i\i*M)-u) = <C( t i+1 / , <r*{i?g)),  l ^ * " 1 W  ^ } 

Note ti+1f E  V-i-2{M')  an d t- ^ e  V-j-\(M").  W e pu t 

Vn(i\i*M) 
L 

m=0 
( - f t * Vn(i\i*M) xc 

Using a  s tandar d argument , w e obtai n th e followin g equality , modul o continuou s 
functions o n I ( A Q ) x  Cs whic h ar e holomorphi c wit h respec t t o s: 

(347) <C(6M,L(̂ +Vn(iM)1/) G*{iPg)) u.2(a-l) Vn(i\i*M) 

L 

ra=0 
's + i  + l + ra)M Vn(i\i*M)Vn(i\i*M) I t l 2 ^ - 1 ) . ^ ^ ) 

If M  i s sufficientl y large , ther e exist s a  loca l sectio n P  €  VQR-X  suc h tha t 
bML(ti+1f) =  P  •  (tL+1+i+1f). Hence , th e left-han d sid e o f (347 ) i s 

(.•M8Ì (C(ti+lf, o*{tig\ tL+i t |2( .- l) Vn(i\i*M) 

for som e Q  €  VQTZX-  I f £  i s sufficientl y large , (348 ) i s continuou s an d holomorphi c 
with respec t t o s  o n I(Xo)  x  {Re(s ) >  —1} . Thus, th e clai m o f th e lemm a follows . • 

Let M"(y)  :=  M"  ®ox  Ox(y),  whic h i s a  Vb^x-submodul e o f j*j*M".  W e 
obtain th e followin g pairing : 

(349 C M\SxX S<T*M"(y)iSxx Vn(i\i*M) 

(350) 'C(f,cT*(t-lg)), 4>\ [C(f,<T*g)t \t\2s-rl ó 
|s=0" 

Due t o Lemm a 22.10.9, the restrictio n o f C  t o M'\SxX  ®  a*-M"SxX  i s equa l t o C. 

Lemma 17.3.5. — The  pairing  C  is  a  VQIIX  ® a*VolZx-homomorphism.  It  is  inde-
pendent of  the  choice  of  a  coordinate  system. 

Proof. — Let u s conside r {C(Pf,o-*{Q{t-lg))),<j>).  W e hav e Q'  € V0KX suc h tha t 
}t~x = t-xQ' in Tlx-  B y definition , w e hav e 

(351) Vn(i\i*Mdfsd)Vn(i\i*M) ,<t> [C(Pf,tT*(t-1Q'g)),<f> 

C(Pf,a*(Q'gsdsd) Vn(i\i*M) c 
I c=0 

Vn(i\i*M) Vn(i\i*M)Vn(i\i*M)w 
\s=0 

Note tQ't  1  = t  ltQ.  Ther e i s a  C°°-to p for m ip  with compac t support , suc h tha t th e 
following holds : 

Vn(i\i*M)V) 2s Ó \t\2s tp a * ( W xwxx+ « l*l2V 
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Thus, (351 ) ca n b e rewrit te n a s follows : 

(C(f,<r*(g)) r > i 2 s (<P)-<r*(<Q)-4> 
s=0 

C{f,<r*{t-lg)] Vn(i\i*M) 

Thus, w e obtai n th e first  claim . Th e secon d clai m i s clea r b y construction . 

Note tha t j\j*M'  an d j*j*M"  ar e generate d b y M'  an d M"{y)  ove r Kx,  respec -
tively. Le t 5 t : = —A- 1 -dt, whic h i s identified wit h <7*(9t). W e woul d lik e t o exten d C 
to th e pairin g 

(352) 3*fC i\i*M' a* j*j*M" Vn(i\i*M) 

by th e formul a 

C353Ì Vn(i\i*M) Vn(i\i*M) Vn(i) Vn(i\i*M)Vi*Mq 

for dk  G M1 an d 6̂  G  A i " ^ ) . W e hav e t o chec k th e well-definedness . 

Lemma 17.3.6. —  If Vn(i*M) 0 in cvcv j* i*M ' we have Vn(i\i*M)Vn(i\i*M) 0. 

Proof. —  Sinc e i t ca n b e show n b y a  s tandar d argumen t (se e [73] o r [67], fo r exam -
ple), w e giv e onl y a n outline . W e us e th e notatio n i n th e proo f o f Lemm a 17.3.4 . W e 
put $  :=  J2i  3tC(ofc , (T*bi). Sinc e th e suppor t o f $  i s containe d i n t  =  0 , 3 > is o f th e 
form Ylp,qAp,q  •  dPdtSy, wher e Ap^q  denot e distribution s o n Y" , an d Sy  denote s th e 
^-function a t Y.  W e pu t 6 M,L • = rim=o(— &t •  t +  m)M.  I f M  i s sufficientl y large , 
there exist s Q  G  VoUx  suc h tha t &M,L«fc =  Q  •  tL+1  •  a .̂ Henc e 6 M , L ^ =  0  fo r an y 
large L.  W e als o hav e th e relatio n (— dtt +  m)dpSy  =  ( p +  m)dp5y.  Then , i t i s eas y 
to deriv e $  =  0 . • 

Lemma 17.3.7. — if sd 
k=0 

Vn(i\i*M) 0 in j\j*M' , we have  J2k=o^tC(ak,cr*be)  = 0 . 

Proof —  I n th e cas e N  =  0 , th e clai m i s clear . Le t u s conside r th e cas e N  —  1 . 
Assume a o +  S^a i =  0  i n j\j*Mf  =  0 . Then , w e hav e a ^ y =  0  an d a o +  o^a i =  0 
in Au' . I n particular , w e hav e a\  G  V_2Af, an d henc e a\  —  t -  a[ fo r som e ai  G  M!. 
We hav e 

(3541 9 tC(a i , a*6*) i*M) StCitVn(i\i*M)a'^bi) •dttCiala'bi) 
Vn(i\i*M)Vi*M) C ( g , a ! , a * ò , ) 

In particular , w e obtai n C(ao,<r*^ ) +  S^C(ai,a*6^ ) =  C(a o +  <3tai ,<7*& )̂ =  0 . 
Let u s show th e clai m fo r genera l JV , assuming th e clai m fo r N- 1. I f ^ =0 ° 1 aj =  ( 

in j\j*Mf,  w e hav e a] v G  V_ 2 an d a/ v =  t  -  a!N fo r som e Vn(i\i*M)G A4'. W e hav e th < 
following vanishin g i n Vn(i\i*M) 

N-2 

3=0 

Vn(i\i*dsfsfM) Vn(i\i*M)xcxc 0. 
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By th e inductiv e assumptio n o n N,  th e followin g holds : 

N-2 

i—C) 
&tC{aó, a*bt) - o f ^ C ^ - i ^ dt(taN), a*be) 0 . 

We hav e C ( a N - i +  %t{ta'N),a*bt)  =  C(aN-U(r*bi)  +  dtC(t  •  a'N,a*b£) a s i n (354) . 
Then, th e inductio n ca n proceed . • 

Thus, w e obtai n th e pairin g j * j * C give n b y (353 ) i n th e cas e wher e X  i s equippe d 
with a  coordinat e syste m suc h tha t Y  =  {t  —  0 } . 

Lemma 17.3.8. —  j*j*C  is  an  1Zx \sxx ®  cr*lZx \sxX-homomorphism. It  is  indepen-
dent of  the  choice  of  a  coordinate  system.  As  a  result,  we  obtain  the  globally  well 
defined pairing  j*j*C. 

Proof —  Th e first  clai m i s clea r b y construction . Th e restrictio n o f j*j*C  t o 
M! ®  M"(y)  i s equa l t o C  give n i n (349) , whic h i s i s independen t o f th e choic e o f 
a coordinat e system . Sinc e j\j*M'  an d j*j*M"  ar e generate d b y M!  an d M.n(y) 
over 1Zx,  th e extensio n o f C  t o a n IZx  0cr*7^x-homomorphis m o f j\j*Mf  an d j*j*A4" 
is unique . Hence , j*j*C  i s independen t o f th e choic e o f a  coordinat e system . • 

Similarly, w e hav e th e globall y define d sesqui-linea r pairin g j\j*C  o f j*j*M'  an d 
j\j*M" give n b y th e loca l formul a 

(355) d*M' d*M'xcx d*M' &dktC(bt,cj*ak) 

for bi  e M'{y) and ak  G M". 

17.3 .4 . 7 ^-triples j*j *T a n d j\j *T. —  W e obtai n th e followin g 7^-triples : 

d*M' (jd*M',j*j*Msds",j*j*C] 3\3*T J*fM',j,fM",j,jdjsjf*C 

Lemma 17.3.9.— We have  the  natural  identification  (j*j *T)* = j\j*(T*) and 
J*3'(T*)=Jd*(T)*. 

Proof. —  W e onl y hav e t o sho w on e o f them . W e onl y hav e t o conside r th e cas e 
where X  ha s a  coordinate syste m wit h Y  =  {t  =  0 } . We have (j*j*C)  (t~1g,  cr*(f))  :— 
o~*(j*j*C(f,a*(t~1g))) fo r loca l section s /  an d g  oij\j*M'  an d j*j*M",  respectively . 
Hence, w e obtai n th e followin g equalit y fo r loca l section s /  G  M! an d g  G  M"(y): 

(356) v*(j*J*C(f,a* d*M'd*M' a* [j*j*C(f,a* {t-ig))t a*<f> 

o-*(C(f,o-*(g)), t\2st a*4>) 
=o 

C*(g,o-*f) | i | 2 * r V 
s=0 

(jifC^t-'g, * 7 ) , 4> 

Then, th e clai m o f th e lemm a follows . 
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It i s eas y t o observ e tha t j*j*  an d j*j*  ar e functorial , i.e. , a  morphis m o f 7^-triple s 
(<£',(/?") T2 naturall y induce s 

3*3* 3*3*% 3*3*%, 3\3 V  3\3  % j\3*%-

17 .3 .5 . Cok(T ) a n d K e r ( T ) . —  W e hav e th e natura l morphis m T  - » j * j * T . Th e 
cokernel i s denote d b y Cok(T) . W e als o hav e th e natura l morphis m j\j*T  —>  T. Th e 
kernel i s denote d b y Ker (T) . I t i s eas y t o observ e tha t Ke r an d Co k ar e functoria l 
as i n th e cas e o f j*j*  an d j*j*  Th e underlyin g sesqui-linea r pairing s o f Cok(T ) an d 
Ker (T) ar e denote d b y \j*j*C]  an d [j\j*C],  respectively . W e als o us e th e symbol s 

3*3* C an d ?i7*C , i f ther e i s n o ris k o f confusion . 

Lemma 17.3.10. —  We  have  the  natural  identification  Ker(T) * =  Cok(T*) . Together 
with Lemma  17.3.9 , we  obtain  the  following  identification  of  the  exact  sequences: 

0 T* 7!7*m*7!* Cok(T*) 0 

0 7!7*m* 7!7*m* Ker(T)* 0 

Proof. —  I t ca n b e checke d directl y fro m th e definition . 

17 .3 .6 . Pu l l -back of po lar ized pure tw i s tor s t r u c t u r e in t h e s tr ic t ly non-

character i s t i c case . —  Le t T  =  (M',  M",  C)  b e a  wil d pur e twisto r D-modul e 
on X  o f weigh t 0  wit h a  polarizatio n S  =  (<£',(/?") . Le t iy  :  Y  C  X  b e a  smoot h 
hypersurface whic h i s strictl y non-characteristi c wit h respec t t o T . Recal l tha t w e 
have i n thi s cas e th e polarize d wil d pur e twisto r D-modul e iyT  =  (iyM  j*j*  iyM"Cy) 
on Y  o f weigh t 0  wit h th e induce d polarizatio n iyS  =  (iy(pr,iy(p").  (Se e [73] fo r 
more details. ) I t ca n b e see n a s follows . W e onl y hav e t o conside r th e cas e wher e 
M' =  M"  —'.  M  an d =  (f"  =  id , t o whic h th e genera l cas e ca n b e reduced . 

Locally Y  i s define d b y a  coordinat e functio n t.  Not e tha t iyM.  i s equa l t o 
^t-So{M) m  thi s case , a s show n i n Lemm a 3.7. 4 o f [73]. Moreover , th e nilpo -
tent par t o f —  dtt o n ^t-8Q{M)  i s trivial . W e als o hav e th e induce d sesqui-linea r 
pairing Cy  : = ipt^-$0C.  Hence , iyT  i s give n b y ^ ? _ $ 0 T locally . I t i s a  wil d pur e 
twistor D-modul e wit h a  polarizatio n (id , id) . 

We obtai n th e stric t 5-decomposabilit y o f iyM.  fro m th e loca l expressio n a s 
i/jt,s0(M) an d th e twisto r propert y o f T.  W e ca n glu e th e locall y define d sesqui -
linear pairing s b y usin g th e uniquenes s o f th e extensio n o f th e sesqui-linea r pairing s 
for strictl y 5-decomposabl e 7^-modules . (Se e [73], [67] o r Propositio n 22.10. 7 below. ) 
Thus, w e obtai n a  globall y define d 7^-triple . I t i s a  wil d pur e twisto r D-modul e o n Y 
of weigh t 0  wit h a  polarizatio n (id , id). 
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17.3 .7 . S o m e i s o m o r p h i s m s a n d a po lar izat ion of Ke r (T). —  Le t (T, S) an d Y 

be a s in Subsectio n 17.3.6 . Le t A be the isomorphism give n i n Sectio n 17.3.1 . 

Lemma 17.3.11. —  The  pair  of  the  morphisms  cpi  := (A , id) gives  an  isomorphism 

iYiiYT ~Ker(sdfdsfsdfT ) r5(-l/2)sdfsf. 

Proof. —  W e only hav e to consider th e case M!  =  M" =:  M. W e only hav e to chec k 
the compatibilit y o f tpi  an d the sesqui-linea r pairings . Sinc e iY^iYM  i s strictl y S-
decomposable, w e only hav e t o chec k th e compatibilit y o n the generi c part . Hence , 
we onl y hav e t o conside r th e case wher e T  come s fro m a  harmoni c bundl e o n X. 

Let T5(0 ) = (Ox,  Ox,  Co) - W e have th e isomorphisms iY^iYM  ~  M  0  iy ^YOx 

and j*j*M/M  ~  M®3*3*OxlOx-  Fo r local section s / 0 a e  M®j*j*Ox/Ox  an d 
X 

g 0  b e M 0  IY\IYOX, w e hav e 

[j<rc](f a, a*(g *)) C(f,a*g)-[j,fCo}(a,a*b). 

For loca l section s f a an d g b of M iy\iYOdfdx we hav e 

ÌY\ÌYC(f iYiiYT ~Ker( ) 6 ) ) C(f,G*g)-iY]iYCo{a,cr*b). 

Hence, w e only hav e t o conside r th e case T  =  T5(0) , X  =  A an d Y = {0} . 
Let uj  — x '  V—ldt - dt/27r, wher e x  i s a tes t functio n o n U  whic h i s constantly 1 

around 0 . W e can check J!J*Co(£_1 , cr*l) =  t~x directl y fro m th e definition . Then , 
we hav e 

iYiiYT ~Ker(iYiiYT ~Ker( UJ -x-ldt{rl), wsdsd) iYiKer( 

Hence, w e obtai n 

-LAR.7.7*COL -lt-\a*{3ssdsf\)) UJ = 1 . 

We als o hav e {iY}iYCo{\&t], cr*[^])? u)  =  1 - ($e e Section 1.6. d of [73].) Now , w e can 
check th e compatibility o f (pi  an d the sesqui-linear pairing s easily . • 

Lemma 17.3.12. —  The  pair  of  morphisms  if2 := ( — id, A) gives  an  isomorphism 

C o k ( R ; îTs(l/2) • iY]iYT. 

Proof. —  Usin g th e same argumen t a s in the proof o f Lemma 17.3.11 , w e can reduce 
the issu e t o th e cas e T  =  T5(0) , X  =  A  an d Y = {0} . W e hav e j*j*C0(dt  • 
1, ^(t'1))  =  Xdtft"1)  fo r th e section s 9 t •  1 e  j\j*Ox  an d t'1  e  j*j*Ox-  Le t uj 
be a s in the proof o f Lemma 17.3.11 . Then , w e hav e 

[j.j*C0(dt • 1 , o * { r l ) f g ddf (xdt(t 1),cj)  =  x. 

Hence, w e obtai n 

sdds iYiiYT ~Ker(iYiiYT ~Ker(wxc iYiiYT ~Ker( UJ 1. 

Then, w e can check th e desired compatibilit y easily . 
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We obtain a n isomorphis m (p3  = ( - Л , Л ) : Cok(T)(g>T5(l/2) ~  K e r ( T ) ® T 5 ( - l / 2 ) . 
We obtai n th e followin g isomorphisms : 

357 Ker(T) T s ( - l / 2 i 
^з1 

Cok(T) T s ( l / 2 ) 
Cok(S) 

Cok(T*) T 6 ( l / 2 ) 

> Ker(T)* T s ( l / 2 ) (Ker(T) T s ( - l / 2 ) ~Ker()*. 

The thir d ma p i s give n i n Lemm a 17.3.10 . Th e composit e i s denote d b y щ. 

Lemma 17.3.13. —  We  have  the  following  commutative  diagram: 

Ker(T) ) T ~ K e r ( s ( - l / 2) ~Ker( (Ker(T) T s ( - l / 2 ~Ker()* 

•Pi xc 

iy^iyT 
iYiiYT ~Ker( 

ÌYìi\rT* 

Hence, (f4 gives  a  polarization  o / K e r ( T ) 0 Ts(— 1/2). 

Proof. —  Th e firs t componen t o f </?4 is th e composit e o f th e following : 

nfM'IM! 
-A"1 

ÌY^YM' 
iYiiYT ~Ker( 

ÌY\Ì]YM" id iYiiYT ~Ker( - l iydfsdfM". 

Hence, th e firs t componen t o f y? J о y?4 о ^ i s 

А о ( ( - A ) " 1 iYiiYT ~Ker( - 1 о id = iyfiy<//. 

It i s equa l t o th e firs t componen t o f iyfiy<S . Th e equalit y fo r th e secon d component s 
can b e checke d i n a  simila r way . • 

Let <SKer(T) :  Ker (T ) — > Ker(T) * (8 ) T 5 ( l) denot e th e induce d polarizatio n o f 
Ker (T) . 

17 .3 .8 . R e l a t i o n w i t h t h e Lefschetz m o r p h i s m . —  Le t (T,«S ) an d Y  b e a s 
above. Le t ax  denot e th e obviou s ma p fro m X  t o a  point . Le t c  b e th e cohomolog y 
class 27r[F] . Whe n w e tak e a  C°°-for m UJ representin g c , w e hav e th e induce d ma p 
xcxc ~Ker( ~Ker( iYT ~Ker( iY ~Ker( T ( l ) , i.e. , 

~Ker(xc xxv 
a-X\-2M', ~Ker( ~Ker( wx ~Ker(xcxcx 

Here, Lu  i s give n b y th e multiplicatio n o f A  1uo.  The ma p Cc  i s calle d th e Lefschet z 
morphism. (Se e [73]. Se e als o Subsectio n 22.2A.) 

Prom th e exac t sequenc e 0  — • Ker (T) — > j \ j*T — > T  — > 0  o f -triples , w e obtai n 
the followin g morphism : 

~Ker( ~Ker( e n 4+ЛКег(er()). 

Prom th e exac t sequenc e 0  — > T — • j * j *T — > Cok(T) — • 0, w e obtai n th e followin g 
morphism: 

?Gys • a1 гу* • ax\ Cok(T) ~Ker( ~Ker( 
~Ker( ~Ker( 
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Recall tha t w e have obtaine d th e isomorphis m 

^s1 Ker(T) ( Ts(-ldfd/2) Cok(T) )T5(l/2). 

Lemma 17.3.14. —  The  following diagram  is  commutative: 

~Ker( df Ker(T) Ts(l) 

Ker(T) ,-Gys' 

«ZÌI Ker(T) Ker(T)vxv 
ax\ Cok(T) )T5(1) 

Proof. — L e t n : = d i m X . Not e that we recall the construction of ax\M! an d ax\M" 
in Subsectio n 22.2.4 . W e use the notation there . Fo r a local definin g functio n t  o f Y, 
the sectio n X~1[dt]dt  o f iy^iyOOxx ® ^x i s independent o f the choic e o f t.  Hence , i t 
defines a  globa l sectio n o f iy\i\rOxOx 0Ox Similarly, w e have the well-defined globa l 
section \-xdt/t  oij*j*Ox/Ox  ®Ox 

Let s  be a C°°-section o f M!' ®  £t*x suc h that ds  = 0. Th e induced ma p alx^M" —» 
a^1 ( i - ^ in iyGy s i s given by the following correspondence : 

M* M" sd M" sd 

UtfM" Ker(T) 3i3* M" Ker(T) 

(s,0) - S 

(-1) nA_1[9t] • it • S|y o , ( - i ; Ker(T)Ker(T)Ker(T) 
Ker(T)Ker(T)Ker(T) 

Here, (—1) " appears becaus e o f th e shif t o f th e degree . B y th e isomorphis m A  : 
i^M" ^  j*j*M"/M"  i n ifz1  :  Ker(T) ~  Cok(T ) <g > T(l), we have th e correspon -
dence: 

A-1 [3*1 dt - s\y -l\~ldt/t- s\Y. 

We tak e a  Hermitia n metri c g  o n th e lin e bundl e 0(Y).  Le t a  :  O  — • 0 ( F) b e 
the canonica l section . W e obtai n th e functio n log|a|^ . Recal l tha t th e C°°-for m 
y/—lddlog \a\2g  represent s th e cohomology clas s 27r[y]. Then , w e obtain th e image of 
(- l )nx/^TA-Mt/t •  S\Y via the map a^1 {j*j*M"/M") - > a*+2 (AT') i n z£ f , by the 
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following correspondence : 

7' i*M" n ? 1 j*j*M"/Ker(T)M" n ? 1 

Ker(T) Ker(T) j*j*M" Ker(T) 

- l)n -lA^dKer(T)log vKer(T) Ker(T) ^ÏKer(T)X^dt/t- S\Y 

- l A - ^ ö l o g l a l 2 s - l A - ^ ô l o g l a l 2 
9 S 

Thus, w e ca n conclud e tha t Lu  i s equa l t o th e (alx±M"  — * a ^ A ' f ' ' ) - c o m p o n e nt o f 
Ker(T)Ker(T)Ker(T)Ker(T) Similarly w e ca n chec k tha t L-^  i s equal t o th e (ax\  2M'  —> 

a-x\M')- -component o f iyZs Ker(T) 1((P3 *) ° *y,Gys-

Corollary 17.3.15. — We  have  the  following  commutative  diagram: 
(358) 

Ker(T)xc 
Ker(T) 

a-;+2^-2(r) Ts(j - 1 ) xc Ker(T)Ker(T)Ker(T) TSÜ) 

*r,Gys V.Gys iGyS 

ax] Ker(T) tt1 -i+2i-l , 
"jft 1 Ker(T)] i T s 0 - l ) 

cvxc Ker(T)Ker(T) 3ok(T)) Ts(j) 

i/ere, Ker(T)xcvx Ker(T) is denoted  just  by  (p3  . 

17 .3 .9 . A l e m m a . —  Le t u s conside r th e cas e wher e X  i s a  projectiv e variet y 
and Y  i s a  smoot h ampl e hypersurface . W e recal l th e followin g lemma . 

Lemma 17.3.16. —  Let  M.  be  an IZx-module  on  C\  x  X,  which  is  strict,  coherent  and 
holonomic. Then,  we  have  the  vanishing  aXj(j*j*M)  —  0 for  i  >  0 . 

Moreover, the  following  holds: 
. If  i  >  1,  a^(j*j*M/M)  ~  a^M. 
• lfi  =  0,  a?x^j*j*M/M)  —*  aXjM.  is  surjective. 

Proof. —  Le t u s sho w th e firs t claim . W e shal l argu e suc h a  vanishin g o n a  smal l 
compact neighbourhoo d K  o f A o €  C\.  W e pu t X^Xo>)  :=  K,  x  X.  Fo r a n OX(\0)-
coherent shea f J7,  w e hav e a^^T  ®  Ox(*y))  —  0  fo r i  >  0 , becaus e Ox(y)  i s 
relatively ample . I f K  i s sufficiently small , M. #(Ao) ha s a  finit e filtratio n b y 7^-module s 
such tha t th e associate d grade d 7^-modul e i s the limi t o f Oxi *o)-coherent submodules . 
Hence, w e obtai n th e vanishin g alx*(j*j*M  ®p\flx  )  —  0 fo r i  >  0  an d an y r  ^  0 , 
where fir'°  denot e th e shea f o f holomorphi c r-form s o n X.  W e ca n deduc e th e firs t 
claim fro m th e vanishing . Th e othe r clai m follow s fro m th e exac t sequenc e 0  —• > M. —• 
j*j*M -  j*j*M/M  -  0 . • 
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CHAPTER 18 

THE HARD LEFSCHETZ THEOREM 

We sho w th e Har d Lefschet z theore m fo r polarize d wil d pur e twisto r D-modules , 
which i s essentially du e t o M . Sait o an d C . Sabbah . Thi s chapte r i s included fo r rathe r 
expository purpose . 

18 .1 . S t a t e m e n t 

Let X  an d Y  b e comple x manifolds , an d le t /  :  X —>  Y  b e a  projectiv e morphism . 
Let A  b e a  Q-vector subspac e o f C . Le t (T , S) b e a  polarize d ^4-wil d pur e twisto r D-
module o f weigh t w  on  X.  W e hav e th e grade d 7^-tripl e 0 / f T o n Y.  W e hav e 
the Lefschet z morphis m Cc  :  fj.T  — » / | + 2T 0  T 5 ( l ) associate d t o th e Cher n clas s c 
of a  relativel y ampl e lin e bundle . W e als o hav e th e induce d Hermitia n sesqui-linea r 
duality ® / | < S o f © / | T o f weigh t w.  (Se e [73].) Le t u s sho w th e followin g theore m 
in thi s chapter . 

Theorem 18.1.1. —  ( 0 / | T , K e r ( T ) £c, 0  i s a  polarized  A-wild  Lefschetz  twistor  D-
module of  weight  w  onY. 

Let Ai  b e th e underlyin g 7^-modul e o f T . W e obtai n th e D-modul e b y takin g th e 
specialization a t Xx  fo r A  ^ 0 , whic h i s denote d b y Mx. 

Corollary 18.1.2. —  Let  (T,S)  be  a  polarized  wild  pure  twistor  D-module  on  X.  The 
Hard Lefschetz  Theorem  holds  for  the  D-module  Mx  ( A ^  0) , i.e.,  Llc  :  f^l{Mx) —• 
f^(Mx) is  an  isomorphism.  As  a  result,  we  have  an  isomorphism  Rf^(Mx)  ^ 
0 i i z / t ( - ^ A ) in  the  derived  category  of  cohomologically  holonomic  complexes  on  Y. 
(See [23].) • 

The Har d Lefschet z Theore m wa s prove d b y Beilinson-Bernstein-Deligne-Gabbe r 
[7] fo r regula r holonomi c D-module s o f geometri c origi n b y th e metho d o f mo d p-
reductions. Then , i t wa s vastl y generalize d i n th e origina l wor k du e t o M . Sait o fo r 
polarized pur e Hodg e module s [77]. Usin g th e argumen t o f M . Saito , C . Sabba h 
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proved i t fo r regula r polarize d pur e twisto r D-module s [73]. W e closel y follo w th e 
argument o f Saito and Sabbah . (But , we follow Saito' s argument mor e closely in some 
part.) 

18.1.1. Plan of the proof. —  W e us e th e inductio n o n th e dimension s o f th e 
strict support s Supp(T ) an d /(Supp(T)) . Le t u s consider th e following clai m fo r an y 

n ^ ra: 
P(n, ra) :  Th e clai m o f Theorem 18.1. 1 holds, i n the cas e where dimSupp(T) ^  n 

and dim/(Supp(T) ) <  ra  hold . 

The clai m P(0,0 ) i s obvious. Th e proo f i s divided int o th e followin g thre e steps . 

Step 1 :  Prov e th e Har d Lefschet z Theore m fo r a  polarize d wil d pur e twisto r D-
module i n th e cas e wher e X  i s a  smoot h projectiv e curv e an d Y  i s a  poin t 
(Proposition 18.2.1) . 

Step 2 :  Giv e the argumen t fo r P(n  —  1,r a —  1 ) P(n , ra). 

Step 3 :  Giv e the argumen t fo r P(n  —  1,0 ) = > P(n , 0). 

We wil l sho w Ste p 1  i n Sectio n 18.2 . A  rathe r detaile d argumen t fo r Ste p 2  i s 
explained i n Chapte r 14. 6 of [67] i n th e regula r case . Hence , w e will indicat e ho w t o 
modify th e statement s i n Sectio n 18.3 . W e wil l giv e a  rathe r detaile d argumen t fo r 
Step 3  i n Sectio n 18. 4 b y followin g M . Saito , althoug h i t i s just a  translatio n o f hi s 
argument t o th e cas e o f wil d pur e twisto r D-modules . W e als o rel y o n som e result s 
of Sabba h i n [73]. I n th e followin g argument , w e omit t o distinguis h A. 

18.2. Step 1 

18.2.1. Statement. —  Le t X  be a  smoot h projectiv e curve , an d le t D b e a finite 
subset o f X. Le t ax  denot e the obvious morphism o f X t o a  point . Le t UJ be a  Kahle r 
form o f X. 

Proposition 18.2.1. —  Let  (T , S) be  a polarized wild  pure twistor  D-module  on  X  of 
weight w. Then,  the  push-forward ( 0 a%x^T,  Cu, ax\S) is  a polarized graded  Lefschetz 
twistor structure  of  weight  w. 

We only hav e t o conside r th e cas e where th e stric t suppor t o f T  i s X. 

18.2.2. The L 2-cohomology for ( P * £ \ BA, h). —  Le t X  b e a  smooth projectiv e 
curve. Le t D  b e a  finite subse t o f X.  W e take a  Kahler metri c gx^D of  X \  D  whic h 
is Poincare-lik e aroun d eac h poin t o f D.  Le t uj\  denot e th e associate d Kahle r form . 
We assum e Jx \D UJl  =  fx00' 

Let (E ,dE,0,h) b e a  wil d harmoni c bundl e o n X  \  D.  W e hav e th e associate d 
filtered A-fla t bundl e (P*£A,B ) fo r A  G C. Recal l tha t th e nor m estimat e hold s fo r 
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(V*£A,BA, h)  (Propositio n 8.1.1). Because o f th e result s i n Sectio n 5.1, we hav e th e 
following quasi-isomorphism s o f th e complexe s o f sheaves : 

(359) Ker(T)xcxc Ker(T) Ker(T)Ker(T)Ker(T) • £ e ( P . £ \ D A ) 

In particular , w e obtai n th e followin g corollary . 

Corollary 18.2.2. —  The  cohomology  groups  H*(Y(C*(V*£ A,BA))) associated  to 
C*(V*£A,DA) are  finite  dimensional,  where  Y  denotes  the  functor  taking  global 
sections. 

Proof. —  Th e hyper-cohomolog y group s associate d t o S(V*£X  <S>  ^x°)  ar e finit e di -
mensional. Hence , w e obtai n Corollar y 18.2. 2 b y th e quasi-isomorphism s i n (359) . • 

Let Harm * denot e th e spac e introduce d i n Sectio n 8.4.1 . 

Proposition 18.2.3. —  The  induced  map  Harm ' - » i T ( r ( £ * ( ; P * £ \ D A ) ) ) is  an  iso-
morphism. 

Proof. —  W e onl y hav e t o appl y Lemm a 8.4.1 3 with Corollar y 18.2.2 . • 

We hav e th e factorizatio n Harm ' C  r(£^oly(;P*£A , PA)) c  T  (£* (P*£x ,BX)). 
Hence, w e obtai n th e followin g factorization : 

Harm* ~  H1 г{с;о1Ж£\вvKer(T)х)) cv r ( £ * ( 7 > * £ \ B A ) ; 

In th e cas e A  ^ 0, we als o hav e th e factorizatio n Harm * C r(£polKer(T) ,DA)J C 
r ( £ * o l y ( : P . £ A , D A ) ) ) , accordin g t o Propositio n 8.4.5 and Corollar y 7.5.4. It induce s 
the followin g factorization : 

(360; Harm* ~  Hl Ker(T)Ker(T)Ker(T) H Г(£'п](Г*£х,dsfdsfВх)] 

We hav e th e multiplicatio n LUl  o f их on Harm * an d Я*(Г(£*о1у(:Р*£А, B A ) ) ) , 
which i s compatibl e wit h (360) . W e als o hav e th e multiplicatio n Ьш of OJ o n 
я ' ( г ( г ; о 1 у о р . £ \ е л ) ) ) . 

Lemma 18.2.4. —  The  isomorphism  (360 ) is  compatible  with  Lt0l  and  L^. 

Proof. —  Ther e exist s r  suc h tha t (i ) и — UJ\ = dr,  (ii ) r  i s bounde d wit h respec t t o 
gx^D- Hence , i t i s eas y t o sho w L^  =  LW l o n Я ' (Г (£*о1у( ;Р*£A,BA)) ) . Then , th e 
claim o f th e lemm a follows . • 

Remark 18.2.5. —  Recal l tha t a  A-connectio n i s equivalen t t o a n ordinar y connectio n 
in th e cas e А ф 0. Le t V min£x denot e th e Dx-submodul e o f V£x  generate d b y V <i£x 
over Dx-  I f A  is generic , i t i s th e sam e a s th e s tandar d minima l extension , an d w e 
obtain a n isomorphis m betwee n th e cohomolog y grou p o f th e D-modul e V min£X an d 
the L2-cohomolog y grou p H*  (Г (£* {V*£A, B A ) ) ) fro m th e quasi-isomorphis m (359) . 
For thi s isomorphism , w e d o no t nee d th e harmonicit y o f h  bu t onl y th e nor m esti -
mates. • 
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18.2.3. Deformation caused by variation of the irregular values. —  Recal l 
Q+£° :=V*£°,  an d henc e we have the isomorphis m <J> ° : Harm*—• BP(<S(Q*£° <g > fi^0)). 
In th e cas e A  ^ 0 , le t Qh  b e a  Hermitia n metri c o f £ x o n X  \  D  whos e restrictio n t o 
a neighbourhoo d o f D  i s a s i n Sectio n 5 . 1 . 1 fo r th e filtere d A-fla t bundl e ( Q £ A , B A ) . 
We ca n construc t th e metri c Q /i(1+lAl2) a s i n Sectio n 5 . 1 . 3 wit h T  =  1  + |A|2 . Then , 
Q h ^ + W )  and h  ar e mutually bounde d (Lemm a 5 . 1 . 6 ) . Hence , w e obtain th e followin g 
quasi-isomorphisms becaus e o f th e result s i n Sectio n 5 . 1 . 3 : 

3 6 1 Ker(T)Ker(T)Ker(T) £poiy(£A,eft(1+|A| U ) £poiy(e.fA,DA) 

£;oly(Q.£A,B>A) 5 Q.5A Ker(T) 

They induc e th e isomorphism s o f th e associate d cohomolog y groups . Therefore , w e 
obtain a  natura l isomorphism : 

(3621 sdf Harm1 Ker(T)Ker(T) Ker(T) 

Lemma 18.2.6. —  We have  the  compatibility  LU o LUJl = L^ o 

Proof. — The multiplicatio n Lw  i s compatibl e wit h th e quasi-isomorphism s i n ( 3 6 1 ) . 
Then, Lemm a 1 8 . 2 . 6 follows fro m Lemm a 1 8 . 2 . 4 . • 

If |A | i s sufficientl y small , du e t o Propositio n 8 . 4 . 5 and Propositio n 1 0 . 2 . 3 , we hav e 
the followin g inclusion s whic h ar e quasi-isomorphisms : 
( 3 6 3 ) 

Harm* T(C'xJ£\OxOxQh^\hQh^\h) :r(£poly(Q.£A,BQh^\hA) Qh^\hQOxh^\hQh^\h 

It i s eas y t o se e tha t th e composit e o f ( 3 6 3 ) is equa l t o th e isomorphis m 3>A , i f |A | i s 
sufficiently small . 

18 .2 .4 . Q u a s i - i s o m o r p h i s m s for local famil ies . — Let u s conside r th e famil y 
case. Le t U{\Q)  denot e a  smal l neighbourhoo d o f A o in C\.  W e hav e th e famil y o f flat 
A-connections (q1A°^£,B) , fo r whic h w e tak e a  Hermitia n metri c h\  a s i n Subsectio n 
5 . 3 . 1 . We hav e th e followin g quasi-isomorphism s o f associate d complexe s o f sheave s 
(the left-han d sid e i s define d onl y i n th e cas e A q ^ 0 ) : 

(364) Qh^\hQh^\hQh^\h > £;oly(QÌAo)£,B) S(Qr,'£> Qh^\h 

Let px  denot e th e projectio n U (A0)xl — • U(Ao). B y considerin g th e push-forwar d 
by px->  w e obtai n isomorphisms : 

RlVx*C>Vo\y Qh^\hQh^\h Qh^\hQh^\h S i O ) £ , B ) R'px.S [Or* E 9 0 5 ° ) . 

These sheave s ar e Ou(\0) -coherent. 

Around A o = 0 , we hav e th e inclusio n Harm * ®Ou(o)  —> Px* (C*ol  (Q^£,  B ) ) du e 
to Propositio n 8 . 4 . 5 and Propositio n 1 0 . 4 . 2 . Therefore, w e obtai n a  morphis m o f th e 
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coherent OJJ (0)-modules: 

(365; Qh^\h 

d 
Harm2 Qh^\h 

2 
Qh^\hQh^\hQ\h Qh^\h 

Lemma 18.2.7 

•Qh^\his an  isomorphism. 
• T /ie specialization of  Rlpx* (S(Q^  £®Q,x°))  atXe  U(0)  is  naturally  isomorphic 

to HP(<S(Q*£ A ®  Qx))> and  the  specialization  of  Qh^\h 25 same as  3> A under 
the isomorphism. 

Proof. — For simplicity o f the description , w e put := S(Q^£ <S> £2*'°). For any 
Ai €  f/"(0), le t <Sp^ denot e th e specialization o f Qh^\h at {Ai} x X . W e remark tha t w e 

have th e natural quasi - isomorphism 5 ^ -> S(Q*£Xl 0î î#»°) . By using th e remark i n 
the las t paragrap h o f Subsection 18.2.3, we obtain th e following commutativ e diagra m 
of th e Ou(o) -coherent sheaves : 

Harm* Qh^\h A-Ai Harm* ^c/(o) Harm' 0 

Qh^\h Qh^\h Qh^\h 

Qh^\hQh^\h A-Ai iPpx.«S(0) Qh^\hQh^\h Qh^\hQh^\h 

Here, A  — Ai mean s th e multiplicatio n o f A  — Ai . Then , i t i s easy t o sho w th e claim s 
of th e lemma . • 

Let u s se e aroun d A 0 ^ 0 . Le t Ti(A ) : = 1  + |A|2 . W e hav e th e metri c h{^lW)  a s 
constructed i n Sectio n 5.3.4 . 

Lemma 18.2.8. —  If  we  shrink  U(Xo)  appropriately,  the  metrics  h^1^  and  h  are 
mutually bounded. 

Proof. —  Le t ho  b e a  Hermitia n metri c fo r th e famil y o f filtere d A-fla t bundle s 
(viXo)£,B) a s i n Subsectio n 5.3.1 . Le t S  b e a  smal l secto r i n U(X0)  x  (X  \  D). 
We ca n take a  D-fla t splittin g 7^Ao) % =  ®aS V^Xo)£a,s o f the ful l Stoke s filtration . 
Let p^s  denot e th e projectio n ont o VQX°^£a,s- Let Fs(w)  b e give n a s in (198) : 

Fs(w) exp(it; Bs) Qh^\h 

aGlrr(<9) 
*Pa,S 

According t o Corollar y 10.4.3 , th e metric s Fs{—X  +  A0)*/i o an d h  ar e mutuall y 
bounded o n S.  B y constructio n o f Q^£  (se e Subsectio n 4.5.3) , th e metric s 
Fs(Xo)*ho an d hi  ar e mutuall y bounde d o n S.  Hence , h  an d Fs(—X)*hi  ar e 
mutually bounded . I t implie s th e clai m o f Lemm a 18.2.8 . • 
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Then, w e obtai n th e followin g inclusion , du e to Propositio n 8.4.5 and Propositio n 
10.2.3: 

i 
Harm* Qh^\h Qh^\h Qh^\hQh^\hQOxOxh^\h 

We als o hav e th e following quasi-isomorphism s o f the complexes o f sheaves du e to the 
results i n Sectio n 5.3 : 

(366) ^poly ( 
Qh^\hQh^\hQh^\h 

' £poly( 2iXo)S,h1,h?lW)Qhh) Qh^\hQh^\hQh^\h 

£poly' QÌXo)£,B) S Qh^\h Qh^\h 

Thus, w e obtain a  morphis m o f coheren t Ou(\0) -sheaves: 

Qh^\h 
i 

Harm* >0tf(Ao) 
i 

R'pxA S Qr0)£ Qh^ 
\h0 

Lemma 18.2.9 
-S-(AO) . . 

• <P is  an  isomorphism. 
• The  specialization  of  Rlpx*  (<S(Q£A°^£(g)f^0) ) at  A  G {/(Ao) ¿«5 naturally isomor-

phic to  W(S(Q*£x  ®  ft*'0)), and  the  specialization  of  $^A°^  at  A  is the  same  as 

<1>A under the  isomorphism. 

Proof. —  Th e claim s ca n b e show n b y th e argument s i n th e proo f o f Lemm a 18.2.7 . 
For simplicit y o f th e description , w e pu t <S(A°) := <S(q£Ao)£ <g > Q#'°). Fo r an y \±  G 
£/(Ao), le t S\xf  denote  th e specializatio n o f <S(A° ) a t {Ai } x  X.  W e remar k tha t 
we hav e th e natura l quas i - i somorphism Qh^\h -> <S(Q*£A l <g> Qh^\hBy usin g th e 
commutative diagram s (85 ) an d (86) , we obtai n th e followin g commutativ e diagra m 
of th e Ojj{\0) -coherent sheaves : 

Harm* Qh^\h À-À1 Harm* , C W o Harm* 0 

$(*o) Qh^\h Qh^\h 

Qh^\hQh^\h A-AI 
#*Px*<S(Ao) 

Qh^\hQh^\h 
Qh^\hQh^\h 

i?*+1px*<S(Ao) 

Here, A  — A i mean s th e multiplicatio n o f A  — Ai . Then , i t i s eas y t o sho w th e bot h 
claims o f the lemma . • 

18 .2 .5 . G loba l i s o m o r p h i s m . —  Le t Qx°  denot e th e holomorphic d e Rham com -
plex o n X.  W e hav e th e comple x <E  ® 0 ^° induce d b y D an d Xdx-  W e woul d lik e 
to compar e th e hyper-cohomolog y o f ( £ (£) Qĥ \h an d th e harmoni c forms . Le t U(\Q) 
denote a  smal l neighbourhoo d o f A q in C\.  Le t (£(A° ) denot e th e restrictio n o f ( £ to 

7 An x X. 
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Lemma 18.2.10. —  The  naturally  defined  morphism  S(Q{X°">£  0 ftx°)  - > &Xo)  0  ftx° 
zs a  quasi-isomorphism.  Therefore,  we  obtain  an  isomorphism: 

<|>(Ao) 

fg 
Harm* °U(X0) 

i 

Qh^\hQh^\h Qh^\h 

Proof. —  W e onl y hav e t o sho w th e acyclicit y o f th e quotien t comple x o f S(Q(X°^£  px^x°0 
px^x° (B^o'^il*^. Fo r tha t purpose , w e may replac e the m wit h thei r completion s a t 

U(Ao) x  D.  Fo r th e regula r par t whic h come s fro m a  tam e harmoni c bundle , th e issu e 
was studie d i n [73] an d [67]. Fo r th e irregula r parts , bot h o f the m ar e acyclic . • 

For C7(Ai ) C  [/(A0) , w e hav e <£(Al ) =  £ | ^ l ) x X - Accordin g t o Lemma s 18.2. 7 an d 

18.2.9, w e obtain ^\ufXl)  =  $(Al) . Hence , w e can glu e {3>(A° ) |  Ao G  C }, an d w e obtai n 
the globa l isomorphism : 

(367 
i 

Harm Qh^\h Qh^\hQh^\h Qh^\h 

Lemma 18.2.11. —  We  have  the  compatibility  o  LUl =Qh^\h  <I>. 

Proof —  Sinc e th e specializatio n o f Rlpx*  (<£0QX° ) a t A  is naturall y identifie d wit h 
(S(Q*£X 0  ft*'0)),  th e clai m follow s fro m Lemm a 18.2.6 . • 

18.2 .6 . T w i s t . —  T o conside r th e push-forwar d o f TZ- triples, w e twis t th e d e Rha m 
complex a s i n [73] whic h w e refe r t o fo r mor e detail s an d precision . Le t px^x° = 
X-iplto)? C  p*xn]f(*(X x  0)) , an d fij0  : = /\pn]f. Th e derivatio n dx  fo r p x^x° 
induces th e derivatio n o f flx°'  W e hav e th e natura l isomorphis m px^x°  —  px^x° v*a 
which dx  i s identifie d wit h Xdx  o n pxSlx-

We hav e th e derivatio n o n ( £ 0 Qx  induce d b y an d dx , whic h i s als o denote d 
by Bf.  W e hav e th e natura l isomorphis m (< £ 0 £l%°,Bf)  ~  ( C 0  ftX°,B)  induce d 
by th e natura l isomorphis m flx°  ~  Px^x°  give n b y th e multiplicatio n b y A . Shift -
ing th e degree , w e conside r th e comple x (< £ 0 Q1J~9,° , ) . W e hav e a  simila r twis t 
Qh^\hQh^\hQh^\h 

We pu t ftx  : = fi^ J ® P A ^ x •  ^ h e derivatio n —  dx —  dx induce s th e derivatio n 
on Q}^~9,m.  B y th e natura l i s o m o r p h i s m Q h ^ \ h — p ^ ^ x * ' ~&x  —  dx correspond s 
to —Xdx  —  dx- B y th e natura l isomorphism , w e obtai n th e comple x o f sheave s 
/C;oly(Q£AO)£,D) correspondin g t o £ p o l y ( s £ A O ) £ , D ) . Then , w e hav e th e followin g 
quasi-isomorphisms: 

(368^ /Cpoly(s£AO)£,D <S(Q(Ao)£ Qh^\h g(Ao) Qh^\h 

If A Q = 0 , we hav e th e induce d inclusion : 

Harmp Qh^\h r "poly fQi0)<?,O)ï r ^ J ( G i 0 ) f , D ) 

Thus, w e obtai n th e isomorphis m $(0 ) :  Harm1+# ~  i?px*(< £ ®  fij^1"*'0) Qh^\hQh^\h. 
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If A Q 7^ 0, w e hav e th e correspondin g twis t fo r th e diagra m (366) : 

(369; ^poly 
px^x° px^x° px^x° Y 

^poly 
(Q(Ao)£,/ii,/4Tl(A px^x°)) >ICloly{QiXo)S,B) 

AC* ìv(QÌXo)£M * S(QÌXo)£ px^x° px^x° 

We als o hav e th e induce d inclusion : 

Harmp (Q(Ao)£ sd ^ ( c i ^ T l ( A ) ) : ( Q ( A o Q ( A o ) £ 

We obtai n induce d isomorphism s $(Ao ) :  Harm1+* ®£>£/(A0) &Px*  (<£(Ao ) 0 ^ + * ' ° ) 
By gluin g them , w e obtai n $  :  Harm14"* <g>0Cx - > Rpx*(<£  ®  (Q(Ao)£+*'°). 

We pu t Hp  : — Harmp+1 ®OcA- W e obtai n a n induce d isomorphis m 

(Q(Ao)£ a*x]£. 

18.2 .7 . T h e graded Lefschetz t w i s t o r s t r u c t u r e o n t h e space of harmonic 
forms. —  Le t C ° ( S , C) denot e th e shea f o f continuou s function s o n S = {|A | =  l } . 
Recall tha t th e natura l multiplicatio n an d th e integratio n induce s th e followin g sesqui -
linear pairing : 

wx H -v (7* (np df C ° ( S , C ) . 

Thus, w e obtai n th e ^ - t r ip le s f)p  :=  {H-p,Hp,C%)C% (p =  - 1 , 0 , 1 ) . W e pu t H*:= 
0 £ p . W e hav e th e Lefschet z morphis m CUl =  (-LWl,LWl ) :  5 T1 - > tf1  ®T5(1) . W e 
regard i t a s th e morphis m ft*  — > h*®T5(1) . W e als o hav e th e Hermitia n sesqui-linea r 
duality Ssj  :  $)* —>  ($)*)*•  Th e followin g lemm a ca n b e show n usin g th e argumen t fo r 
Hodge-Simpson theore m 2.2. 4 i n [73]. 

Lemma 18.2.12. —  ,h* CCJlJS^)  is  a  polarized  graded  Lefschetz  twistor  structure  of 
weight 0 . • 

18 .2 .8 . C o m p a t i b i l i t y w i t h t h e sesqui- l inear pair ing. —  Le t C f denot e th e 
induced sesqui-linea r pairing : 

C? R-pPx*(£ ^i+*'°) is (7*(%4î04+,'C%C%C%C%°)) C°(S,C). 

We hav e apx. T C%C% <£t(<S),Cf). 

Lemma 18.2.13. —  C f and  are  compatible  with  the  isomorphism  <&.  Namely,  the 
following diagram  is  commutative: 

(370) 

Harm1"? °CX\S <7*(Harm1+p Oc, Is 
C% 

C°(S, C) 

$>6arr*& 

C°{S,C°{S, uxwcx hs )<j*(RPpx*(<£ C°{S, 
IS 

sd 
C°{S,C). 
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Proof. —  Le t A o G  C suc h tha t |Ao | =  1 . W e hav e th e followin g pairings : 

^poly( (q£Ao)£,/4Ti)) |I(A0)xX C°{S,C°{S,COx°MTl){S,MTl), 
/(Ao)xX 

2)bj(Ao)xx//(Ao) ®ftx 

^poly QiXo)£,hi,h^l} |/(A0)xX ^(Cy(^l"Лo)^qsqsfC°{S,tьMTl) /(An)xX 

®Ь/(л0)хХ//(А0) n i 1 

^poly C°{S,vC°{S, |I(A0)xX C°{S,C°{S,C°dsd{S,C°{MTl), 
/(Ao)xX 

®Ь/(л0)хХ//(А0) 
sdsd 

C°{S, C°{S,C°{S, I(X0)xX C°{S,C°{S,C°{S,MTD)) |/(A0)xX 

2>b/(Ao)xX/J(Ao) 
C° 
{S, 

<S(Sl*o)£ C°{S, |/(A0)x^ &a*(S (QrAo;5 
MTl)Tl), 

|/(A0)xX " 

ЭЬ1(Ло)хХ//(Ло) " i 1 

(The continuit y o f distribution s follow s fro m th e remar k i n Subsectio n 5.3.1.2. ) The y 
are compatibl e wit h th e quasi-isomorphism s i n (366 ) an d (368) . Hence , w e obtai n th e 
commutativity o f th e diagra m (370) . • 

Then, w e obtain th e isomorphis m o f 7^-triples h* c± a^- j (X). I t i s clearly compatibl e 
with th e induce d Hermitia n sesqui-linea r dualities . W e als o hav e th e compatibilit y 
with th e Lefschet z morphism s b y Lemm a 18.2.11 . Hence , Propositio n 18.2. 1 follow s 
from Lemm a 18.2.12 . • 

18 .3 . S t e p 2 

In thi s section , mos t o f th e proo f i s referre d t o ou r previou s pape r [67]. However , 
we shoul d emphasiz e tha t i t i s essentiall y du e t o Sait o an d Sabbah , a s remarke d i n 
[67]. 

18 .3 .1 . P r e l i m i n a r y I . —  Le t /  :  X  —>  Y  b e a  projectiv e morphis m o f comple x 
manifolds. Le t Z  b e a  close d subvariet y o f X.  Le t с be th e first  Cher n clas s o f a 
relatively ampl e lin e bundl e o n X.  I n thi s subsection , th e followin g assumptio n i s 
imposed. 

Assumption 18.3.1. —  The  claim  of  Theorem  18.1. 1 holds  for  the  morphism  f  and 
polarized wild  pure  twistor  D-modules  whose  strict  supports  are  contained  in  Z.  • 
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Let u s conside r a  tuple (T , M, TV, S) o n X  a s follows : 

Condition 18.3.2 
• A n IZx  -triple T  wit h an y increasin g filtratio n M  suc h that Grf ^ T  ar e wild pur e 

twistor D-module s o f weight w  + i. Th e suppor t o f T  i s contained i n Z. 
• A  nilpoten t ma p N  :  T —>  T(—l)  whos e weigh t filtratio n i s equal t o M. 
• A  Hermitia n sesqui-linea r dualit y S  :  T — • T*(— w). W e assum e tha t N  i s skew 

adjoint wit h respec t t o <S , i.e., 7V*o< S + *Soi V =  0 . 
• S  o  7VJ gives a  polarizatio n o f P  G r ^ T  fo r eac h j  ^  0.  • 

We pu t f * : = G r ^ T , an d the n w e obtai n th e grade d ^-tripl e T  =  0 ^ Tj.  W e 
have th e naturall y induce d nilpoten t ma p N  :  TJ — > TJ+2(—1) an d th e Hermitia n 
sesqui-linear dualit y < S : T — * T * ( — B y th e condition , th e tupl e (T , iV,<S) i s a 
polarized grade d wil d Lefschet z twisto r D-modul e o f weight w  an d typ e —1 . 

We obtai n th e comple x f^T  o f IZy -triples wit h th e nilpoten t ma p f^N  an d th e 
Hermitian sesqui-linea r dualit y f^S.  (Se e [73].) W e hav e th e induce d filtratio n M 
on / | T , whic h i s th e weigh t filtratio n o f f}N.  W e als o hav e th e Lefschet z ma p Cc  : 
/ t T ^ / t T [ 2 ] ( l ) . 

By takin g th e cohomology , w e obtai n 0 / | T wit h 0/ |A/" , 0 / | « S , an d th e Lef -
schetz ma p Cc.  W e als o hav e th e induce d filtratio n M  o n eac h f^T.  W e pu t 
T*'-7 : = G r ^ / | T. Th e induce d nilpoten t ma p an d sesqui-linea r dualit y ar e denote d 
by N  an d S.  Th e Lefschet z ma p i s also denoted b y Cc. 

Proposition 18.3.3 
• Let  (T,M,N,S)  be  as in  Condition  18.3.2 . Under  Assumption  18.3.1 , the  tuple 

(T, 5, iV, Cc) is  a  polarized  wild  bi-graded  Lefschetz  twistor  D-module  of  type 
(—1,1) of  weight  w. 

• The  induced  filtration  M  on  f^T  is  equal  to the  weight  filtration of  f^N. 

Proof —  I t ca n b e show n by using Lemma 17.1.6 , Lemma 17.1.1 7 and th e argumen t 
in the proo f o f Proposition 14.13 3 in [67]. • 

18.3.2. Preliminary II. —  Le t /  :  X —•  Y  b e a  projective morphis m o f a comple x 
manifolds. Le t g  be a  holomorphi c functio n o n Y.  Le t c  be th e firs t Cher n clas s o f a 
relatively ampl e lin e bundl e o n X.  W e pu t g  =  g  o /. Le t Z  b e a  close d subvariet y 
of X  suc h tha t g  i s no t constantl y 0  o n Z.  W e impos e th e followin g assumptio n i n 
this subsection . 

Assumption 18.3.4. —  The  claim  of  Theorem  18.1. 1 holds  for the  morphism  f  and  po-
larized wild  pure twistor  D-modules  whose  strict  supports  are  contained in  g~1(0) C\Z. 

• 
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Let u s conside r a  tupl e (T , «S, a) o n X  a s follows : 

Condition 18.3.5 

• T i s a holonomic 7£x-triple , < S : T —• T* (—u>) is a Hermitian sesqui-linea r duality , 
and a E Ci*"1]. 

• T i s strictl y 5-decomposabl e alon g g.  Th e suppor t o f T  i s containe d i n Z. 
Moreover, i t i s strictly specializabl e alon g g with ramifie d exponentia l twis t b y a. 

• For eac h u G  R x  C , w e pu t Ta^u := ilig^vT- Th e induce d nilpoten t ma p an d 
Hermitian sesqui-linea r dualit y ar e denote d b y NaiU  an d <Sa?u . Le t M denote 
the monodrom y weigh t filtratio n o f Na)U.  Then , (TajU,  M, Na>1A,<Sa,n) satisfie s 
Condition 18.3.2. • 

We pu t Ta^u  := GrM Ta,u.  Th e induce d nilpoten t ma p an d th e Hermitia n sesqui -
linear dualit y ar e denote d b y NQ:U  an d <S a,u- Th e tupl e (TaiU,  NajU, Sa,u) i s a  polarize d 
graded wil d Lefschet z twisto r D-modul e o f weigh t w  an d typ e —1. 

Lemma 18.3.6. —  Let (T , <S, a) 6 e a s m Condition 18.3.5. Then, f^T  is  strictly  spe-
cializable along  g with ramified  exponential  twist  by  the  a G  C\t~x], and  we  have  the 
natural isomorphism  ifjg^a^uf^T ~  f ^ifrg^vT. 

Proof. — Applying Propositio n 18.3.3 to an y (7^jU , M, NajU,<Sa>u), we obtai n f^Ta^u 
are strict . Hence , th e clai m follow s fro m Propositio n 22.11.3 and Propositio n 22.11.5. 

• 

For an y u G  R x  C , w e pu l 

M a.u G r ^ ^ , 0 i t , / / T . 

Here, M denotes th e weigh t filtration  fo r th e induce d nilpoten t map s fo r ifrg^u- Then , 
we obtai n th e bi-grade d 7^-triple s Ta^u  = ® 7 ^ . The induce d nilpoten t ma p an d th e 
sesqui-linear dualit y ar e denote d b y Na^u  an d Sa,u.  Th e Lefschet z ma p Ca,u  i s als o 
induced. 

Proposition 18.3.7. —  Let (T , <S, a) be  as  in  Condition  18.3.5. Under Assumption 
18.3.4, (T0l ui Sa,m ^a,ui ^a,w) ¿5 a polarized bi-graded  wild  Lefschetz  twistor  D-module 
of type  (—1,1) of weight  w. 

Proof. — It ca n b e show n b y usin g Propositio n 18.3.3 and th e sam e argumen t a s tha t 
in th e proo f o f Propositio n 14.139 of [67]. • 

Let (T,«S ) b e a s i n Conditio n 18.3.5 with a = 0 . We pu t T0  := < fo0 (T) ( - l / 2 ) , 
and 7 q := GT^TQ. Then , w e obtai n th e grade d 7£x-tripl e % . We hav e th e in -
duced nilpoten t map s No  an d th e sesqui-linea r dualit y So.  Th e tupl e (7o,5o , No)  i s 
a polarize d grade d wil d Lefschet z twisto r D-modul e o f weigh t w  + 1.  We hav e th e 
maps Ca n : 7Ls0 —> % and Va r : T0 —> 71$0(—1), such tha t N -s0 = V a r o C a n an d 
No = Can o  Var. Th e map s Ca n an d Va r ar e adjoin t wit h respec t t o th e sesqui-linea r 
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dualities. Th e nilpoten t ma p N0  induce s th e nilpoten t ma p N0  o n f^T0.  Le t M 

denote th e weigh t nitration . W e pu t T^3  :=f^T0.f^T0.f^T0.f^T0.f^T0. The induce d sesqui-linea r 

duality i s denote d b y <So - W e als o hav e th e induce d Lefschet z ma p Co. 

Proposition 18.3.8 

• The  underling  IZy  -modules  of  f^T  are  strictly  S-decomposable  along  g. 

• The  tuple  (7o , <So, ^o> £Q) is  a  bi-graded  wild  Lefschetz  twistor  D-module  of  weight 
w +  1  and  type  (—1,1) . 

Proof —  I t ca n b e show n b y usin g Propositio n 18.3.3 , Lemm a 17.1.1 6 an d th e sam e 
argument a s tha t i n th e proo f o f Propositio n 14.14 0 o f [67]. • 

Let M.\  an d M!{  ar e th e underlyin g IZy -modules o f / | T . Du e t o th e S-
decomposability o f M.\  an d Ai",  w e obtai n th e sesqui-linea r pairin g o f ^0,0 ( A )̂ an d 
V^,o{Ai'D b y th e specialization . A s a  result , w e obtai n th e 7^-tripl e (j)g$f^T. 

Lemma 18.3.9. —  0^jo/ |T(—1/2 ) and  f^T0  are  isomorphic. 

Proof —  I t follow s fro m Lemm a 22.10. 6 an d Propositio n 18.3.8 . • 

18 .3 .3 . T h e e x p l a n a t i o n for S t e p 2. —  Th e followin g assumptio n fo r th e induc -
tion i s impose d i n thi s subsection . 

Assumption 18.3.10. —  Let  n  and  m  be  non-negative  integers.  Let  f  :  X —>  Y  be  a 
projective morphism.  Let  (T , S) be  a  polarized wild  pure  twistor  D-module  of  weight  w 
on X  whose  strict  support  Supp(T ) is  irreducible.  We  put  n(T)  =  d i m S u p p ( T ) and 
m(T) =  d i m / ( S u p p ( T ) ) . The  claim  of  Theorem  18.1. 1 holds  for  T  if  n(T)  ^  n  and 
m{T) ^  m  are  satisfied.  • 

Under th e assumption , w e sho w tha t th e clai m o f Theore m 18.1. 1 hold s fo r T  suc h 
tha t n(T)  <  n  +  1  an d m ( T ) <  m  +  1  ar e satisfied . 

Since the clai m i s local on 7 , w e may replac e Y  wit h an y ope n subse t o f Y.  Le t g  b e 
any holomorphi c functio n o n Y  suc h tha t g  i s not constantl y 0  on / ( S u p p ( T ) ) . Du e t o 
Proposition 18.3.8 , the underlyin g 7Zy -modules o f 0 / | T ar e strictl y S'-decomposabl e 
along g.  Then , w e hav e th e decompositio n /j?T =  ®zU}T)z  b y th e stric t supports . 
The decompositio n i s compatibl e wit h th e Lefschet z ma p Cc  an d th e induce d Hermi -
t ian sesqui-linea r dualit y 0 / | < S . B y usin g Propositio n 18.3. 8 an d Lemm a 18.3.9 , w e 
can chec k tha t ®j{f^T)z  wit h (£c) z an d ®j{fJ^S)z  i s a  polarize d grade d Lefschet z 
twistor s tructur e i f d i m Z =  0 . Then , b y usin g Propositio n 18.3.7 , w e ca n chec k 
tha t ( 0 / | T , £ c , 0 j f^S)  i s a  polarize d grade d wil d Lefschet z twisto r D-modul e o f 
weight w.  Thus , w e finish  Ste p 2  i n th e proo f o f Theore m 18.1.1 . 
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18.4 . S t e p 3 

18 .4 .1 . S t a t e m e n t . —  Le t X  b e a  smoot h projectiv e variet y wit h a n ampl e lin e 
bundle (Dx(l) - Le t ax  denot e th e obviou s morphis m o f X  t o a  point . Le t (T , <S) 
be a  polarize d wil d pur e twisto r D-modul e o n X  o f weigh t whos e stric t suppor t 
is a n irreducibl e close d subse t Z  o f X  wit h dimZ  =  n.  W e wil l sho w th e followin g 
proposition i n thi s section . 

Proposition 18.4.1. —  Assume  P(n  —  1,0) holds.  Then,  ^ 0 ^ ax^T, Cc,  0^ ax^S^  is 
a polarized  graded  Lefschetz  twistor  structure  of  weight  w,  where  Cc  denotes  the  Lef-
schetz morphism  associated  to  Ox(l)-

We follo w a n argumen t i n [77] very closely . W e als o us e some result s i n [73]. We 
may assum e w  =  0 , T  =  (M,  M,  C) , and S  =  (id , id). 

18 .4 .2 . Pre l iminary . —  W e fix an embedding X  C  P ^ . Le t XQ be the intersectio n 
X f l H\  n  H2,  wher e Hi  denot e genera l hyperplane s suc h tha t X o i s strictl y non -
characteristic wit h respec t t o T . Le t X  b e th e blo w u p o f X  alon g Xo.  W e obtai n 
the followin g diagram : 

X 7T X p p1 . 

Here, p  i s th e Lefschet z penci l fo r Hi  an d H2.  W e hav e th e 7^-tripl e (T,S)  o n X, 
as i n [73]. Le t M  denot e th e underlyin g 7^^-modul e o f T.  W e hav e th e naturall y 
induced Hermitia n sesqui-linea r dualit y S  o f T. 

Lemma 18.4.2. —  ^ 0 ^ p | T, £c , 0^ plS^j  is  a  polarized graded  wild  Lefschetz  twistor  D-

module on  P 1 , where  Cc  denotes  the  Lefschetz  map  associated  to  TT*OX(1)-

Proof. —  Se e (1 ) an d (2 ) i n Chapte r 6. 4 of [73]. • 

Lemma 18.4.3. — We  have  the  vanishing  7r |T =  0  for  j  ^  0,  and  the  canonical 
decomposition (fl^T , ir^S) =  (T,S)  ©  (1i,Si)  of  IZx-triples  with  Hermitian  sesqui-
linear duality. 

Proof. —  Se e (3 ) i n Sectio n 6. 4 o f [73]. W e jus t giv e a  remar k o n th e vanishin g 
7r |T =  0  fo r j  ^  0 . Accordin g t o (3 ) i n Sectio n 6. 4 o f [73], it ca n be show n tha t th e 
underlying T^x-niodule s o f 7r |T are strict. Hence , w e only hav e t o show th e vanishin g 
of th e specializatio n M1  a t A  = 1 , wher e M1  denote s th e specializatio n o f M 
along A  = 1 . Hence , w e ca n reduc e th e issu e t o th e cas e o f D^-modules . B y th e 
projection formula , w e have th e isomorphism n^M1  ~  M1  0 L TT^OX  i n the derive d 
category o f Dx-modules . W e hav e th e vanishin g ^\Ox  =  0  fo r j ' ^ 0 , an d n^Ox  i s 
isomorphic t o th e direc t su m Ox  0  M2 , where M 2 i s locall y isomorphi c t o th e push -
forward o f Ox0 •  (Se e Section 5.3. 9 of [77], for example.) Sinc e XQ  is non-characteristi c 
with respec t t o M1,  w e obtain tha t M1  ® L M2 ~  Ml  ®  M2. • 
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By Lemm a 18.4.2 and Deligne' s resul t [23], the spectra l sequenceC°{S, a^^T => 

a~?T degenerate s a t th e i?2-level . Hence , du e t o Propositio n 18.3.3, a~ T  i s a  pur e 
X f Xj 

twistor s t ructur e o f weigh t i.  Accordin g t o Lemm a 18.4.3, ax^T i s a  direc t summan d 

of T . Hence , ax^T  i s a  pur e twisto r s tructur e o f weigh t i. 
We hav e th e Lera y filtration : 

Llaqsq%M 
A T 

L°aeqsf.M L~la%.M. 

Because o f th e degeneratio n o f th e spectra l sequence , w e hav e th e isomorphism s 
GT%L(O?~ M) ~ a\X^~%M.  W e als o hav e th e Lera y filtratio n fo r pur e twisto r struc -
tures o f weigh t £: 

C°{S,C° 
C°{S,{S, 

C°{S, C°{S,C 
C°{S,{S, 

We hav e th e isomorphism s Gr ^ ( a ^ T) ~  ajpijP f lT. 

We wil l us e th e followin g genera l lemm a i n linea r algebra . 

Lemma 18.4.4. —  Let V  be  a  pure twistor  structure  of  weight  w  with  a  polarization S. 
Let Vi  be  a  pure twistor  structure  of  weight  w  with  a  monomorphism  ip  : V\ —> V. We 
have the  following  maps: 

Vi s V s . y * T(-w) 
sdd 

C°{S, )T(-w). 

Then, the  composite  Si  gives  a  polarization  of  V\ . 

Proof. — We ca n reduc e th e proble m t o th e cas e w  = 0 . Then, th e clai m i s th e sam e 
as th e following : 

• Let V  b e a  C-vector space , an d le t V\  b e a  subspac e o f V . Let h be a  Hermitia n 
metric o f V.  Le t hi  denot e th e restrictio n o f h to V\.  W e hav e th e induce d 
anti-linear map s iph  : V —> Vy an d ip^  : V\ —> .  Let i  denot e th e inclusio n 
Vi —> V. Then , th e followin g diagra m i s commutative : 

Vi 
(fh1 C°{S, 

i w 

V Ph C°{S, 

The clai m ca n b e checke d directly . • 

18 .4 .3 . G y s i n m a p s . —  Le t Y  denot e a  genera l fibe r o f p.  Fo r 7  C I , w e appl y 
the constructio n i n Sectio n 17.3 . W e hav e obtaine d th e polarize d wil d pur e twisto r D-
module (Ker(T) , 5Ker(T)) o f weigh t —1 . (Se e Sectio n 17.3.7. ) Sinc e th e suppor t o f 
Ker (T) i s containe d i n Y,  th e inductiv e assumptio n ca n b e applied . 

Recall w e hav e obtaine d th e morphism s iyjGy s an d iy**  m  Sectio n 17.3.8 . 
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Lemma 18.4.5. —  The following  holds: 
• iyQys : &%x(ï  ~> ax:i  Ker (T ) is  an  isomorphism  for  i  < —  1 and a  monomor-

phism for  i  = —  1. 
• T/ie morphism  (^Gys)* :  (axt" Ker(T)) — > a ^ ( T ) * is  an  isomorphism  if  i<—l, 

and an  epimorphism  if  i  = —  1. In o£fte r words,  iy*s  : ax^ Cok(T ) —> alx^T is 
an isomorphism  for  i  > 0  and a n epimorphism  for  i  = 0 . 

Proof. — Since w e alread y kno w tha t a ^ K e r ( T ) , ax^  Cok(T ) an d a ^ T ar e pur e 
twistor structure s wit h appropriat e weight s (Sectio n 18.4.2), the clai m follow s fro m 
Lemma 17.3.16. • 

Lemma 18.4.6. —  The morphism  Llc : axl^Ai —> ax^M. is  an  isomorphism  for  i ^ 2. 

Proof. — We identif y j*j*M/M  an d iy^iyM  b y A . (Se e Sectio n 17.3.1 for A. ) 
According t o Corollar y 17.3.15, we hav e th e factorizatio n o f Llc up t o signature , a s 
follows: 

ax\M Ьл ax^liy^i\sqdsrM к-sd1 у ax^iyqdsd^iyM ь2 a'x]M. 

Due to Lemma 18.4.5 , bj (j  =  1,2 ) ar e isomorphisms . Sinc e we can appl y th e inductiv e 
assumption t o Ker (T) , th e middl e arro w i s als o a n isomorphism . Thus , w e obtai n 
Lemma 18.4.6 . • 

Lemma 18.4.7. —  The  following  diagram  is  commutative: 

(371) 

ax\T 
C°{S, C°{S, 

C°{S, Ts{i) 

*V,Gys 

ax\+1 K e r ( T C°{S,C°{S, [ax)+1 K e r ( T 
*c 

Is(i) 

Here {iy,Gys)*  denotes  the  Hermitian  adjoint  of  iyGys,  and  c>Ker(T) denotes  the  po-
larization o / K e r ( T ) given  in  Section  17.3.7 . 

Proof. —  W e have th e commutativit y o f the diagra m (358 ) i n Corollar y 17.3.15 . Not e 
tha t c>Ker(T) ca n ^ e factorize d a s follows : 

Ker(T) 
qs 

CC°{S,okm C°{S, ¥>5 3ok(T*' T s ( l ) Ker(T)" T s ( l ) . 

Here, ipz  i s give n i n Sectio n 17.3.7 , ^5 i s induce d b y th e polarizatio n S o f T , an d th e 
right arro w i s th e natura l identificatio n give n i n Lemm a 17.3.10 . 

We hav e th e followin g commutativ e diagram : 
(372 

axiT ssds C°{S,C°{v C°{S,C°{S, C°{S,C°{S, 

a^1 Cok(T)dsfs •fib a ^ 1 Cok(Tdfd* ) а^(Кег(sqffdТ)*) (а-\+1КегC°{S,(Т)У 
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The horizonta l arrow s ar e th e natura l identifications . Composin g (358 ) an d (372) , w e 
obtain th e commutativit y o f th e diagra m (371) . • 

18 .4 .4 . T h e case i  ^  2 . —  Le t u s conside r th e cas e i  ^  2 . Le t Pax^T  denot e th e 
kernel o f C+l  :  ax\T - > a*+2 T ®  Ts(i  +  1) . 

Lemma 18.4.8. —  We  have  the  following  commutative  diagram: 

(373) 

Pa~x\T C°{S, 
{Pa-X\TY C°{S, 

C°{S, 

Pa~^1 Ker(T) ^Ker(T)°̂ c 1 P a " ^ 1 Ker(T ) Ts(i) 

Proof. —  B y Lemm a 18.4.6 , w e hav e th e decomposition s ax^{M)  =  Pax^(M)  0 A / i 
and o}x^M  =  Palx^M  0  A/"2 : 

Pax\{M) :=  Ker(L*+ 1 :  ax\M — > a*+2.M) , M  : = Im(L c :  a " 2 ^ 2^ — > a ^ M ) , 

P a 2 x f ( X ) : = Im(L2 c :  P a ^M — + ^ x f M ) , A/ 2 : = Im(L2 c :  M —xJ^M). 

Let 7 1 denot e th e imag e o f Cc  :  axl^~2T  ®  T5(—1 ) — + ax^T. Then , th e underlyin g 
7^-modules o f Pax^T  (resp . Ti)  ar e give n b y Palx^M  an d P a ^ - M (resp . A/*2 and Mi). 
We als o hav e a  simila r decompositio n fo r a^ |+1(Ker(T) ) . Then , w e ca n directl y chec k 
tha t th e morphism s i n th e diagra m (371 ) preserve s th e decompositions . Hence , w e 
obtain (373 ) fro m (371) . • 

Since th e lowe r horizonta l arro w give s a  polarizatio n o f P a ^ + 1 Ker (T ) b y th e 
inductive assumption , th e Hermitia n sesqui-linea r dualit y S  o  Clc gives a  polarizatio n 
of Pax\T. 

18 .4 .5 . T h e case i  =  1 . —  I n th e cas e i  =  1 , w e obtai n th e followin g commutativ e 
diagram fro m (371) : 

(374) 

ax\7 SoCc 
fix]?)* Ts{\) 

C°{S, (*V,Gys)* 

< t K e r ( T ) 
$Ker(T) > ° Ker(T) ; T s ( l ) 

Since w e alread y kno w tha t L\  :  ax^M — • o?x^M  i s a n isomorphism , w e hav e th e 
following decompositions : 

ax\M Lc • axsds^M Kei Ll-.ax)M- axfM) 

alx1M Ll-axsdlM )Ker Lc : aXiM : aXiM 

This decompositio n i s compatibl e wit h th e sesqui-linea r pairing . W e se t 

Paxqs\7 [Ker Lc,Ker  L2C,  d) T4 Im Lc,\m LC,C2 
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Here, Ci  denot e th e naturall y induce d sesqui-linea r pairings . W e hav e ax^T  = 
Pax^T 0  T\.  W e alread y kno w tha t ax^T  i s a  pur e twisto r s tructur e o f weigh t 
— 1. (Sectio n 18.4.2) . Hence , Pax^T  an d T\  ar e also pur e twisto r structure s o f weigh t 
- 1 . Th e morphis m < S o £c :  ax)T - » (aJ^T)*  <g > T 5 ( l) preserve s th e decomposition . 
It i s easy t o sho w tha t th e induce d ma p T\ —> T{ ®Ts(l) i s an isomorphism , b y usin g 
the fac t tha t L\  :  ax3^M. — > a^- j Mis  a n isomorphism . 

We hav e th e primitiv e decompositio n er(T))(Ker(T)) = P a ^ (Ke r (T)) 0  T2.  Here , 
the underlyin g T^x-module s o f Pax^  K e r ( T ) ar e give n b y 

Ker Lc:a°xJjdfdsf*j*M/M] >a2xJj*fqsddM/M) 

Ker kc : a°xJiYJj*MiitM Jj*fqsddM/M 

The underlyin g 7^-module s o f T2  are give n b y 

Im Lc:aZ2Jj*j*M/M} aiïrJûi*M/M) 

Im Lc : aY?(iy+zL.M a x t ( ^ t 4 ^ ) 

Lemma 18.4.9. —  TA e morphism  iy^Gys  :  a x ^ T —•ax^T  Ker(T ) induces  the  mor-
phisms: 

Pa~x\T Pax] Ker (T ) 7i T2. 

Proof. —  W e pu t Mo  '•=  iy^iyM. W e wil l identif y Mo  an d j*j*M/M  vi a A . W e 
have th e followin g commutativ e diagram : 

ax*M sd ax^M 
sd ax^Txcvv 

f 

axlMc 
xc 

a°x^M0 xc ax^Mo 

Hence, w e obtain / ( I m L c ) C  Im(Lc ) an d J (Ke rL^ ) C  KerLc . 
We hav e th e followin g commutativ e diagram : 

axisdM0 
T 

a°XjM0 ax^T ax^Ta 
ax^Tx^T 

9 

ax]M 
sd 

ahM 
sd 

aXiM 

Hence, w e obtai n g(Ker(Lc) ) C  Ker(Lc ) an d g(lm(Lc))  C  Im(L^) . Thus , Lemm a 
18.4.9 is proved . • 
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We obtai n th e followin g commutativ e diagra m fro m (374 ) an d Lemm a 18.4.9 : 

Pax\i Soax^T£c (Pasdsx\T) T s ( l ) 

bi ds 

Pa°Xi Ker (T ) 
$Ker(T) 

PoPX] Ker(T)« ^ T 5 ( l ) 

We kno w tha t b\  i s monomorphic , an d b\  i s epimorphi c (Lemm a 18.4.5) . B y th e 
inductive assumption , c>Ker(T) give s a  polarizatio n o f Pax^ Ke r (T) . Hence , w e ca n 
conclude tha t Cc  :  Pax^T — > PaXjT®Ts(1) i s an isomorphism , an d (Pax^T, Sf)  i s a 
polarized pur e twisto r s tructur e o f weight — 1 due t o Lemm a 18.4.4 , where S'  :—  SoCc. 
Since th e induce d ma p 7 i — » 7^* (8 ) T5 ( l ) i s a n isomorphism , w e als o obtai n tha t 
Cc : ax^T —• ax^T ® Ts(l) i s a n isomorphism . 

18 .4 .6 . T h e case z  =  0 . —  W e alread y kno w C2C :  a ^ T - + a\(T ®  T(2 ) i s a n 
isomorphism. I n particular , w e obtai n th e decomposition s o f 7^-module s oPx^M  = 
ImLc®Pa°XjM an d th e ^ - t r ip le s a°x^T =  I m £ c 0 P a ^ t T, wher e Pa°x^M : = Ke r L c 
and Pax^T := K e r £ c . W e alread y kno w tha t I m £ c an d Pax^T ar e pur e twisto r 
structures o f weigh t 0 . Th e decompositio n i s compatibl e wit h th e Hermitia n sesqui -
linear duality . Le t So  denot e th e induce d Hermitia n sesqui-linea r dualit y o f Pax^T. 

We woul d lik e t o sho w tha t So  give s a  polarizatio n o f Pax^T. 

We hav e th e followin g pur e twisto r structures : 

ax^Tax^ 
Tax^T 

aXiM 

ax^Tax^T 
ax^Tax^T 

L°a0~M, d 
a°~ T* 

L 1 4 t T * 
(L°sdsd4tT)*. 

Here, C i denote s th e naturall y induce d sesqui-linea r pairing . 

Proposition 18.4.10. —  We  have  the  following  factorizations: 

Pax{l ax^Tax^T 
ax^Tax^T > *hf> ax+ T* 4t^sdsd 

ax^Tax^T 
ax^Tax^T 

Pax]T*. 

Proof. —  W e onl y hav e t o sho w th e firs t factorization . W e alread y kno w th e twisto r 
property o f Pa°x^T, L°a°~ T  an d oP^ T.  Hence , w e onl y hav e t o sho w suc h a  factor -
ization fo r th e specializatio n a t A  = 1 . Namely , w e onl y hav e t o sho w tha t PoPx^Ml 

is containe d i n L°a°~M1. W e pu t Y := Y an d le t iy : Y —> X denot e th e natura l 
inclusion. 

Lemma 18.4.11. —  We  have  the  following  commutative  diagram: 

(375) 

0 M1 ax^Tax^T ax^Tax^Tax^T 0 

h xc 

0 ax^Tvvx ax^Tax^Txc ax^Tax^Tax^Tax^T fl 
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(376) 

0 ÌYìiyM1 jij'M1 sdds 0 

92 91 

0 ax^Tax^Tax^T ax^Tax^Tax^T ax^Tax^T 0 

Here fi and g\  are  the  natural  morphisms. 

Proof. — We wil l us e commutativ e diagram s i n Sectio n 22.6.5 below. Becaus e o f 
the non-characteristi c condition , w e obtai n (375) and (376) from (429) and (430) 
respectively, b y takin g th e tenso r produc t wit h Ai1.  • 

Let u s return t o the proof o f Proposition 18.4.10. We obtain th e followin g commu -
tative diagrams : 
(377 

sdd 
ax^Tax^Tax^Tv ax^Tax^T axAMsdsl) ni+1 vaxAMsdsl 

4 t 
axAMsdsl s ^ 1 

3*t m 1 ; 4 (A-f1) 4 + ; 
axAMsdsl 

We als o hav e th e followin g commutativ e diagram : 

(3781 

a°x .M1 axAMsl axAMsdslaxAl 

sd fg 

axAMsdsl axAMsd 
4 t iJ'M1 M1 

The righ t arro w i s th e natura l isomorphism . Fro m (377 ) an d (378) , th e morphis m 
Lc :  cfix^M1 — • a^^Ai1 i s factorize d a s follows : 

aXiM' vaxAM 
dfgfgdsl 

dfd 
dfdf 

axAMs 
ghgdsl 

dfd* 
xcdf 

axAMsdsl axAMs 
xcxcdsl 

Hence, w e obtai n 

PaS^M1 axAMsdslaxA 
axAMsdslMsd 4 t 

axAMsdsl 

Note w e hav e th e decompositio n p^M1  = Ni  0  AT2, where th e stric t suppor t o f Ni 

is P 1 an d th e suppor t o f 7V 2 is 0-dimensional . W e hav e api j (iNfc) = 0  for j  ^  0, and 

/ £  a^i^{Ni) i s 0 if and onl y i f the restrictio n o f / to som e genera l poin t i s 0. Hence, 

we obtai n th e injectivit y o f th e natura l morphis m Gv^1  d-.^M1)  ~  a^p^M1  —> 

^(iy^-M1). Hence , w e obtain Pa^^M1  C L°a°~ M1.  Then , th e clai m o f Proposi -
tion 18.4.10 follows. • 
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Because Cc  : L1a°~ M.  Llo?~  M is a n isomorphism , th e followin g induce d mor -x t X J 
phism i s injective : 

Pa°xjM Gr£4 TGr 
GH£4 T 

L°a°~M 
x T 

Lla%M 
X T 

axM 
Gr£4 TXC 
Gr£4 T 

Due t o Propositio n 18.4.10, we obtai n th e followin g morphisms : 

(379) Pa%7 Gr£4 T Gr°L aXiT Gr£CXC 

(380' Gr£4 TXC G r £ 4 T 
Gr£4 T 

Gr£4XC T 
P a ^ T * 

The composit e o f (379 ) i s denote d b y F.  Th e composit e o f (380 ) i s th e adjoin t F * . 
They ar e morphism s o f pur e twisto r structure s o f weigh t 0 . Sinc e PaxM,  —»  a^p^M 
is injective , F  i s a  monomorphism . 

We hav e th e primitiv e décomposition : 

a^pp 
XC 

XCX Gr£4 TXC 

Lemma 18.4.12. —  We have  the  following  factorization  of  F: 

Pa»T Gr£4 TXC Gr£4 T 

Proof. —  Becaus e o f th e twisto r property , w e onl y hav e t o sho w tha t th e imag e o f 
Pa^jAi1 — • apifPt-M1 i s containe d i n a^^Pp^M1.  Th e composit e o f th e followin g 
morphisms i s 0 : 

Pa^M1 L ° 4 A41 XC Gr£4 TCV 

Hence, th e composit e o f PaP^M1  ->  Gr^aP-^M1  ->  Gr°L  a^^M1 i s 0 . Thi s implie s 
the abov e claim . • 

Lemma 18.4.13. —  The  following  diagram  is  commutative: 

(381) 

Pa%T F Gr£4 TXC 

So Si 

PaXiT* 
XC 

a° P p ° T * 

Here Si  denote  the  naturally  induced  polarization  of  a^^Pp^T. 

Proof. —  W e hav e star te d fro m th e followin g commutativ e diagram : 

P a " T W<C Gr T 

Pa°T* fi0 T* 
ax\1 

Gr£4 T 
Gr£4 T 
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We obtai n th e commutativit y o f th e followin g diagram , becaus e i t i s obtaine d a s th e 
factorization (Propositio n 18.4.10) : 

Pa%T L°a°~ T x\ 
Gr£4 
Gr£4 

Pa»T* 
a°~ T* 

Xi 
Llahfm 

Gr£4 
Gr£4 

Then, w e obtai n th e followin g commutativ e diagram : 

(382) 

Pa°XiT L°a°~ T G r ° L 4 t T 

Gr£4 T 
Gr£4 T 

a°~ T* 
Xi 

Gr£4 T 
Gr£4 T 

Gr°La°~^ 
Gr£4 T 

Since (381) is obtaine d a s th e factorizatio n o f (382) in Lemm a 18.4.12, we obtai n th e 
desired commutativity . • 

Since F is monomorphic , ( P a ^ ^ T , So)  i s polarized , an d henc e Propositio n 18.4.1 
is proved . • 
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CHAPTER 19 

CORRESPONDENCES 

In thi s chapter , w e study som e correspondence s an d thei r applicatio n t o a  conjec -
ture o f Kashiwara . I n Section s 19.1-19.3 , w e establis h th e correspondenc e betwee n 
wild harmoni c bundle s an d polarize d wil d pur e twisto r J9-module s o n comple x man -
ifolds (Theore m 19.1.3) . Th e argumen t i s essentiall y th e sam e a s tha t i n th e tam e 
case in [67], although we have some additional difficultie s cause d b y Stokes structure s 
and ramification . I n Sectio n 19.4 , w e sho w th e correspondenc e betwee n semisimpl e 
algebraic holonomi c D-module s an d polarizabl e wil d pure twisto r D-module s o n pro -
jective varietie s (Theore m 19.4.1) . A s a n eas y consequence , w e obtai n Kashiwara' s 
conjecture (Theore m 19.4.2) . 

19.1. Wild harmonic bundles and wild pure twistor D- modules 

19.1.1. Preliminary. —  Le t X  b e a  comple x manifold , an d Z  b e an y close d ir -
reducible subvariet y o f X.  Le t A  b e a  Q-vector subspac e o f C.  I n th e following , 
"Zariski open " mean s "th e complemen t o f som e close d analyti c subset" . Le t U  b e a 
smooth Zarisk i open subse t o f Z.  Recal l tha t a  harmonic bundl e (2£ , <9E, 0, h) on U  i s 
called *4-wil d on (Z , [/), i f we have a  comple x manifol d Z  an d a  birationa l projectiv e 
morphism (f : Z —>  Z  satisfyin g th e followin g properties : 

• D  :=  Z \  (U)  i s a  norma l crossin g divisor . 
• ip*(E ,dE,Q,h)\u i s an .A-wil d harmoni c bundl e o n (Z,D). 

Definition 19.1.1. —  Le t (V7 , DA, S) b e a  variation o f polarized pur e twisto r structur e 
of weight w define d o n U.  W e say tha t (V , BA, S) i s an A- wild variatio n o f polarize d 
pure twisto r structur e o f weigh t w o n (Z,U),  i f th e underlyin g harmoni c bundl e i s 
Awi ldon (Z,U).  • 

Let (T , S) b e a  polarize d .A-wil d pur e twisto r D-modul e o f weigh t w whos e stric t 
support i s Z.  A s remarke d i n Lemm a 17.1.10 , ther e exist s a  Zarisk i ope n subse t U 
of Z  suc h tha t (T,«S )|X\Y come s fro m a  harmoni c bundl e (E ,dE,0,h) o n U  afte r a 
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suitable Tat e twist , wher e Y  :=  Z  \U.  W e wil l prov e th e followin g lemm a i n Sectio n 
19.3. 

Lemma 19.1.2. —  (E,  8E,  0,  h) is  A-wild  on  (Z,U). 

19 .1 .2 . S t a t e m e n t . —  Le t Z  b e a n irreducibl e close d subse t o f X , an d le t U  b e 
a Zarisk i ope n subse t o f Z , an d Y  :=  Z  \  U.  Le t VPTwild(Z , U,  w, A)  denot e th e 
category o f A-wild variation s o f polarized pur e twisto r structur e o f weight w  o n (Z , U). 
Let MPT^1r1^t(Z , U,w, A)  denot e th e categor y o f polarize d .A-wil d pur e twisto r D-
modules suc h tha t (i ) thei r stric t support s ar e Z , i.e. , th e suppor t o f an y non-zer o 
direct summan d i s Z , (ii ) thei r restrictio n t o X  \  Y  com e fro m variation s o f pur e 
polarized twisto r structur e o f weigh t w  o n U.  I n th e bot h categories , th e morphism s 
are th e isomorphisms . B y Lemm a 19.1.2 , w e obtai n a  functo r 

$ : M P T -\wild 
strict (Z,U,w,A) VPTwild(Z,I7,ti;,.A). 

The followin g theore m i s on e o f th e mai n result s i n thi s monograph . 

Theorem 19.1.3. —  $  is an  equivalence  of  categories. 

Note tha t thi s theore m implie s th e following : 
• Let (V,DA,S' ) b e a n A- wild variatio n o f polarize d pur e twisto r s t ructur e o f 

weight w on (Z , 17). Then, ther e exist s (T , S) e  M P T ^ t ( Z , U,  w, A)  suc h tha t 
(T,«S)|X\Y come s fro m (V,DA,S') . I n othe r words , (V ,DA,£ ) ca n b e extende d 
to a  polarize d wil d pur e twisto r D-modul e o n X.  I t i s called a  minima l extensio n 
of ( y , D A , S ) . 

• If (T7, Sf) i s anothe r minima l extensio n o f (V,DA , 5 ) , we hav e ( T , S ) ~ (T7, 5;) , 

where th e restrictio n o f th e isomorphis m t o X  \  Y is th e identit y o f (V,DA , S). 
Namely, a  minima l extensio n i s unique . 

• In particular , i f (V ,DA,5 ) = 0 ( V ^ , B f \ S * ) , we hav e th e correspondin g decom -
position ( T , 5 ) = 0 ( 7 ï , 5 i ) . 

We wil l sho w th e essentia l surjectivit y o f $ in Sectio n 19.2, and th e ful l faithfulnes s 
in Sectio n 19.3. 

19.1.2.1. Variant. — Let Z, [7 , Y be a s above . Le t (V,BA ) b e a  variatio n o f pur e 
twistor s t ructur e o f weigh t w  define d o n a  smoot h Zarisk i ope n subse t U  o f Z . 
We sa y tha t (V,DA ) i s a  polarizable  .A-wil d variatio n o f pur e twisto r s tructur e o f 
weight w on (Z , U)1  i f ther e exist s a  polarizatio n S of (V,DA ) suc h tha t (V,DA,S' ) 
is a n .A-wil d variatio n o f polarized  pur e twisto r structur e o f weigh t w on (Z, U). Le t 
VPTwlld(Z, U,w,A)f  denot e th e categor y o f th e polarizable  .A-wil d variation s o f pur e 
twistor s tructur e o f weigh t w on (Z, U). Morphism s i n thi s categor y ar e define d t o b e 
morphisms fo r variation s o f twisto r s tructur e o n U . 

Let MPT^1r1^ct(Z , U, w, A)'  denot e th e categor y o f polarizable *4-wil d pure twisto r D-
modules o f weigh t w  suc h tha t (i ) thei r stric t support s ar e Z , (ii ) thei r restrictio n t o 
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X \  Y  com e fro m variation s o f twisto r structur e o f weigh t w.  (W e conside r th e ful l 
subcategory o f th e categor y o f wil d pur e twisto r D-module s o f weigh t w  on  X.)  B y 
Lemma 19.1.2 , w e obtai n th e followin g functor : 

$ :  MPT wild 
• strict (Z,UDF,w,A) >VFDFTwnd(Z,U,w,A)'. 

Corollary 19.1.4. —  $  is  an  equivalence  of  categories. 

Proof. —  Th e essentia l surjectivit y follow s fro m Theore m 19.1.3 . Le t u s conside r 
the ful l faithfulness . Not e tha t bot h th e categorie s M P T ^ t ( Z , U,  w, A)'  an d 
VPTwlld(Z, U,w,A)  ar e semisimple . Hence , w e onl y hav e t o sho w th e following : 

• * ( T ) i s simpl e i f T e  M P T ^ c t ( Z , U,  w, A)  i s simple . 
• Le t %  G  M P T ^ c t ( Z , C / , w ; , ^ ) (i  =  1,2 ) b e simple . I f * ( 7 i ) ~  $(T2) , the n 

Ti ~T2. 

Both claim s follo w fro m Theore m 19.1.3 . • 

19.2. Prolongation to polarized wild pure twistor D -modules 

We shal l prov e th e essentia l surjectivit y o f $  i n Theore m 19.1.3 . Th e argumen t i s 
essentially th e sam e a s tha t i n th e tam e cas e [67]. 

In Subsectio n 19.2.1 , w e wil l reduc e th e issu e t o th e loca l an d unramifie d case , i n 
which w e hav e alread y constructe d a n 7^-tripl e i n Chapte r 12 . W e onl y hav e t o sho w 
tha t i t i s a  wil d polarize d pur e twisto r D-modul e (Propositio n 19.2.1) . I n Subsectio n 
19.2.2, w e giv e a  preparatio n fo r th e functorialit y o f th e famil y o f filtere d A-fla t bun -
dles associate d t o a n unramifiedl y goo d wil d harmoni c bundle . I n Subsectio n 19.2.3 , 
we shal l sho w tha t th e 7^-tripl e i n Chapte r 1 2 i s strictl y ^-decomposabl e alon g an y 
function. I n Subsectio n 19.2.4 , we stud y th e specializatio n alon g a  monomia l functio n 
with a n exponentia l twist . Then , i n Subsectio n 19.2.5 , w e argu e th e specializatio n 
along an y functio n wit h exponentia l twist . 

Recall tha t w e hav e alread y studie d th e specializatio n o f th e 7^-tripl e alon g mono -
mial function s withou t exponentia l twist , i n Section s 12. 4 an d 12.7 . Namely , w e 
already kno w tha t i t i s strictly .^-decomposabl e alon g an y monomia l functio n (Propo -
sition 12.4.3) , an d w e als o kno w tha t w e obtai n a  polarize d grade d wil d Lefschet z 
twistor D-modul e a s the specializatio n alon g a  monomia l functio n (Propositio n 12.7.3 . 
More precisely , w e us e th e inductiv e assumptio n o n th e dimensio n o f th e stric t sup -
port.) Th e specializatio n alon g an y functio n ca n b e reduce d t o tha t alon g monomia l 
functions b y Hironaka' s resolutio n an d th e proposition s i n Subsectio n 18.3.2 . 

19 .2 .1 . R e d u c t i o n t o t h e local and unramif ied case . —  Le t X  =  A ™ an d 
D =  \jl=1Di.  Le t (£" , <9#, 0,/i) b e a n unramifiedl y ^4-goo d wil d harmoni c bundl e 
on X  \  D . W e hav e constructe d th e TZx -module ( £ wit h th e sesqui-linea r pairin g 
£ :  £\SxX ®  o-*£\sxx —>  Qbsxx/s-  (Se e Section s 12. 1 an d 12.5. ) W e wil l prov e th e 
following propositio n i n Section s 19.2.2-19.2.5 . 
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Proposition 19.2.1. —  5(E)  : = (<£,(£,<£ ) z s a n A-wild  pure  twistor  D-module  of 
weight 0 . The  natural  Hermitian  sesqui-linear  duality  S  =  (id , id) gives  a  polariza-
tion. 

Let X  an d D  b e a s above . Le t (E,  8E,0,  h)  b e a n *4-goo d wil d harmoni c bundle , 
which i s not necessarily unramified . W e show the next lemm a by assuming Propositio n 
19.2.1. 

Lemma 19.2.2. —  There  exists  an  A-wild  pure  twistor  D-module  (<Ei,£i ,Ci ) of 
weight 0  with  the  natural  polarization  (id , id) satisfying  the  following: 

• The  restriction  to  X  \ D  is  isomorphic  to  the  polarized  pure  twistor  D-module 
associated to  (E,  8E,  0,  h). 

• Let  X  : = C\  x X and  V  : = C\  x  D. Then,  £i<g>Ox{*T>)  is  naturally  isomorphic 
to Q£.  In  particular,  we  naturally  have  <£ i C Q£. 

Proof. —  Tak e a  ramifie d coverin g <p  :  (X,D)  — > (X, D) suc h tha t (E1 , ft)  : = 
(p~x(E, <9 E, 0, ft)  i s unramified . W e obtai n th e associate d polarize d A-wil d pur e 
twistor D-modul e 1(E)  —  (<£,<£,<£) wit h 6  =  (id , id) a s i n Propositio n 19.2.1 , whic h 
is Gal (X/X)-equivar iant . Hence , we obtain a  polarized A-wil d pur e twisto r D-modul e 
PrfZ(E) o n X  wit h th e Ga l (X/X)-ac t ion . Th e invarian t par t o f P < ^ X ( £ ) ( X \ D i s 
isomorphic t o th e polarize d pur e twisto r D-modul e associate d t o (E,  8E,  0,  h). Not e 
tha t a  wil d pur e twisto r D-modul e ha s the decompositio n b y stric t supports , becaus e 
it i s assumed t o b e stric t .^-decomposabl e i n definition . W e have th e direc t summan d 
Ti =  (<£i , <£i, <£i) o f the invarian t par t P^+T(E)Gal (^ /x ) suc h tha t th e stric t suppor t 
of T i i s X , wit h th e naturall y induce d polarizatio n &i  =  ( id, id) . Then , ( X i , S i ) 
gives a  prolongmen t o f ( £ , C?E, 0, ft). 

We hav e (f*Q£  =  Q£ , an d henc e Q£  i s naturall y isomorphi c t o th e G a l ( X / X ) -
invariant par t o f <p}Q£.  W e also hav e C 0 O ^ ( * O ) =  Q£.  Hence , w e obtain a  natura l 
morphism <£ i Q£  satisfyin g d  <g > Ox{*V) ~  Q£.  • 

Let X  b e a  comple x manifol d wit h a  norma l crossin g hypersurfac e D . Le t 
(E , <9#,0 , ft)  b e a n A-goo d wil d harmoni c bundl e o n (X , D ). W e sho w th e nex t 
lemma b y assumin g Propositio n 19.2. 1 an d henc e Lemm a 19.2.2 . 

Lemma 19.2.3. —  There  exists  an  A-wild  pure  twistor  D-module  ( £ i , £ i , £ i ) of 
weight 0  with  the  polarization  (id , id), whose  restriction  to  X  \  D  is  isomorphic  to 
the polarized  pure  twistor  D-module  associated  to  (E,  8E,  0 , ft). 

Proof —  Le t U  b e a n ope n subse t o f X  wit h a  holomorphi c coordinat e syste m 
( z i , . . . , z n ) suc h tha t DnU  =  {J£j=1{zj  =  0} . By applyin g Lemm a 19.2.2 , w e obtai n 
the wil d pur e twisto r D-modul e T[ / : = (<£[/,<£[/,<£(/ ) wit h th e polarizatio n (id , id). 
Let Ui  (i  =  1,2 ) b e suc h tw o ope n sets . Then , th e restrictio n o f 6 ^ ®  0(*V)  t o 
C\ x  (Ui  f l U2)  i s naturall y isomorphi c t o Q£\c xx{u1nu2)' Le t g  b e a  holomorphi c 
function o n U\  f l £/ 2 suc h tha t U\  f l [/ 2 H  D =  { # =  0} . Sinc e bot h ^t/^^nc/s are 
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strictly 5-decomposabl e alon g g,  th e isomorphis m on  (UinU2)  \  D  ca n b e extende d 
to a n isomorphis m o n U\  f l U^-  (Se e Lemm a 22.4.10. ) Hence , b y varyin g U  an d 
gluing T LT, w e obtai n th e globall y define d T^x-tripl e 1 ( F ) : = (<£ i ,£ i ,£ i ) wit h th e 
Hermitian sesqui-linea r dualit y 6 ( F ) : = (id , id). Le t u s chec k tha t ( 1 ( F ) , 6 ( F ) ) i s 
a polarize d wil d pur e twisto r D-modul e o f weigh t 0 . Accordin g t o Lemm a 17.1.5 , w e 
only hav e t o sho w tha t (£ i i s a  goo d T^x-module . (Se e Subsectio n 22.2.3. ) 

Note tha t (Si  i s naturall y containe d i n Q£.  Le t K  b e an y compac t subse t o f X. 
For an y A o G C A , ther e exis t a  larg e numbe r N  an d a  neighbourhoo d U  o f {Ao } x  K 
in X,  suc h tha t a n C^-modul e (¿1  f l Q^£  generate s <£i . Hence , (£ 1 is good . Thus , 
the proo f o f Lemm a 19.2. 3 i s completed . • 

Let u s sho w th e essentia l surjectivit y o f <I > assuming Propositio n 19.2.1 , an d henc e 
Lemma 19.2.3 . Le t ( ( F , 8E,  0 , h)) b e a n A- wild harmoni c bundl e o n (Z , U). W e tak e 
a comple x manifol d Z  an d a  birationa l projectiv e morphis m ip  :  Z  —>  Z suc h tha t 
(i) th e complemen t o f <p-1([/ ) i s norma l crossing , (ii ) (p~1(E ,dE,@,h) i s a  goo d A-
wild harmoni c bundle . B y applyin g Lemm a 19.2.3 , w e tak e a  polarize d A- wild pur e 
twistor D-modul e ( X i , 6 i ) o n Z  whos e restrictio n t o (^-1(£/ ) i s isomorphi c t o th e 
polarized pur e twisto r D-modul e associate d t o ^ _ 1 ( F , <9#, 0, h). Accordin g t o Theo -
rem 18.1.1 , ( 0 ^ <£|Xi , £c, ^ t ® i ) * s a polarize d grade d A- wild Lefschet z twisto r D -
module o n X , wher e Cc  denote s a  Lefschet z ma p associate d t o a  lin e bundl e relativel y 
ample wit h respec t t o (p.  Le t Pp^li  b e th e primitiv e par t o f ip^%i.  W e hav e th e de -
composition P<P|X i =  T 2 0  X2 , wher e th e stric t suppor t o f X 2 i s Z , an d th e suppor t 
of T2 i s strictly smalle r tha n Z.  W e hav e th e naturall y induce d polarizatio n 6 2 o n 12 . 
Then, (X2 , 6 2) give s th e desire d prolongmen t o f ( F , <9#, 0, h). Thus , th e proo f o f th e 
essential surjectivit y o f <I > is reduce d t o tha t o f Propositio n 19.2.1 . 

In th e res t o f thi s section , w e wil l prov e Propositio n 19.2.1 . W e us e a n inductio n 
on d i m X . 

19.2.2. Pull-back of the associated family of meromorphic A -flat bundles 

Let X  : = A ™ and D  : = (Ji= i A - Le t ( F , <9#, 0, /1 ) b e a n unramifiedl y *4-goo d wil d 
harmonic bundl e o n X  \  D . Le t (/ ? :  X i - > X  b e a  birationa l projectiv e morphis m 
such tha t D i : = (p~1(D)  i s a  norma l crossin g divisor . 

Lemma 19.2.4. —  ( F i , <9 E15 # I , h\)  : = <^_1(F , 0 , /1 ) is  an  unramifiedly  A-good  wild 
harmonic bundle  on  X\  \  D i . 

Proof. —  Becaus e th e clai m i s loca l o n X , w e ma y assum e t o hav e th e decompositio n 
( F , dE,  0)  =  0 ( F a , 6 a ,  6a) <g > L(o). Then , th e clai m i s clear . • 

Let V<0£x  b e th e unio n o f Vb£x  fo r b e  R£ suc h tha t b{  < 0  ( i =  1 , . . . , i). 

Lemma 19.2.5. —  We  have  (p*V£x  =  V£$  and  (p*V<0£x  C  V<0£x. 
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Proof. — Becaus e (p*V<o£x  =  Oxx  ®<p-iox  V  1'P<o£X,  w e onl y hav e t o sho w 
^LV<Q£XC V<06a£? which follow s fro m th e definition. (Se e Subsection 7.4.1. ) 

Let Q<0£x  b e the union o f Qb£x  fo r b G  R£ such tha t b * < 0  (i  =  1 , . . . , f). W e 
obtain th e following lemm a fro m Lemm a 4.5.7 . 

Lemma 19.2.6. —  We  have ip*Q<0£x  C Q<0£iA and  ip*Q£x =  Q£f.  • 

It i s eas y t o deriv e th e followin g lemm a fro m Lemm a 19.2. 6 b y usin g th e loca l 
freeness o f Q^6a£i  an d Q^A0o)£i . 

Lemma 19.2.7. —  For  any X0, we have ^Q{6a6a^£  C Q^0o)£ i andy*Q6a^£  =  Q6a^£x. 
• 

19.2.3. Strict 5 -decomposability. —  Le t X,  D  an d (E, 66aa0,/i) b e a s above . 
Let g  be any holomorphic functio n o n X. Le t us show tha t 6  i s strictly 5-decompo -
sable along g. Le t X b e a complex manifold wit h a projective birationa l morphism (p  : 
X X  suc h that (i ) X-tp-1 (g^^UD)  ~  X-(g-1(0)UD),  (ii ) tp'1 (^"1(0)UD) i s a 
normal crossin g divisor . W e obtain the *4-good wild harmonic bundl e (E,  <9g, 0, h) := 
<p_1(i5,d£,0,/i) an d th e associate d ^- triple %(E)  : = (<£,<£,£) . Le t # i : = # a • 
I l j=i ZJJ  f°r som e a > nj G  Z^o- We put <7 i := g\ o <p. 

• B y Proposition 12.4.3 , T(E' ) is strictly .S-decomposabl e alon g g\. 
• Fo r any u G -Rx C, according to Proposition 12.7. 3 and the inductive assumptio n 

on dimX , © ^ G r^ tpgliU(%(E)) with th e induce d morphis m N  an d Hermitia n 
sesqui-linear dualit y i s a polarized grade d *4-wil d Lefschetz twisto r D-modul e of 
weight 0 . 

Namely, T(F) and the Hermitian sesqui-linea r dualit y (id , id) satisf y Conditio n 18.3. 5 
with a =  0 . Accordin g t o Propositio n 18.3.8 , <pyZ{E)  is strictl y iS-decomposabl e 
along g\.  Hence , w e have th e decompositio n <^( £ =  Mi  ©  M2 suc h tha t (i ) Mi 
contains n o non-trivia l 7^-submodule s whos e support s ar e contained i n D  U g_1(0), 
(ii) th e suppor t o f M.2  i s containe d i n #-1(0 ) U  D. B y construction , w e have th e 
natural identificatio n o f the restrictions o f <E  and Mi t o C\  x ( l - ( D U { ^ 0})) -

Lemma 19.2.8. —  The  above  identification  can  be naturally extended  to  a  morphism 
« :  (S -> Mi on  C\ x  X. 

Proof. — I t can be shown usin g the same argumen t a s in Section 19.3. 1 of [67]. We 
give only a n outline. W e consider th e corresponding righ t IZx -modules, ( £ ® uox an d 
(£(g)o;^. B y Lemma 19.2.7 , any section o f Q^£ ®(Jx  naturall y induce s a  section of 
Q^^£ ®  &X C  6 0 ^ . Hence , i t naturall y induce s a  sectio n o f ^ ( £ 0 ^ ) . (Se e 
Lemma 14.1 1 of [67].) Hence , we obtain F  :  Q^\£) ^ ^ ^ M i ^ 6 a u x . 

Let fi  ( i =  1,2 ) b e loca l section s o f Q ^ { £ ) 6 a 6 a an d let Pi  (i  =  1,2 ) b e loca l 
sections o f lZx>  I f fi  •  Pi =  / 2 *  P2  m £  (8 ) UJX, th e restriction s o f F(fi)  •  Pi t o 
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C\ x  ( X —  [D  L)g 1(0)) ) ar e the same . B y using the stric t 5-decomposabilit y o f Mi 

along g  • n5=i ** > we obtain Fih)  '  pi =  F(h)  '  p2 o n X -
Since <£<g)UJx i s generated b y Q£^£<8)(JJX ove r Tlx,  w e obtain th e desired map . • 

Let u s sho w tha t K  is an isomorphism . Sinc e <£|cAx(X\D ) come s fro m a  harmoni c 
bundle, we know that <£|cAx(X\L> ) i s strictly S'-decomposabl e alon g g \x^D- (Se e [73] 
or [67].) Hence , K\X^D  i s an isomorphism , du e t o Lemm a 22.4.10 . W e alread y kno w 
that < £ is strictly 5-decomposable I~Ij= i zr  Hence , K  is an isomorphism, du e to Lemma 
22.4.10 again . I n particular , w e obtain tha t €  i s strictly 5-decomposabl e alon g g. 

19.2.4. Specialization along monomial functions with exponential twist 

We study th e specializatio n alon g monomia l function s befor e considerin g th e gen -
eral case . 

Proposition 19.2.9. —  Let  g  :=  nj=i z™*. 
• %{E)  is  strictly  specializable  along  g with  ramified  exponential  twist  by  any  a G 

6a6a6a 
• PGre  ^  '  ^g:ajU%(E) are  A-wild  pure  twistor  D-modules  of  weight  £  with  the 

naturally induced  polarization  for  any  u  G  Rx C  and  a  G  Cft"1] . 
• Moreover,  PGr^^  il)g,a,uZ{E)  = 0  unless  u  G  fix  A. 

Proof. — W e firs t conside r th e unramifie d case , i.e. , a  G  C[£-1], an d the n w e argu e 
the genera l case . 

19.2.4-1- Unramified  case.  —  Not e tha t (2? , <9#, #, ft) 0 L(—  g*a) i s no t necessaril y 
good. Accordin g t o Propositio n 15.3.1 , we can tak e a  birational projectiv e morphis m 
(X,D) -+  (X,D) suc h that (i)  X -  (<p*g)-1  (0) ~ X  -g-1  (0),  (ii ) (p-^((E,dE,0,h)® 
L(—g*a)) i s a n unramifiedl y *4-goo d wil d harmoni c bundl e o n (X,D).  W e se t g  := 
<p*g. W e se t 

{E,dE,0,hCV ^{SDE,dE,0,h), (£',dFDF*,,0',ft'VCVC) {E,dei0,h) 6a6a6aVCV 

We hav e th e associate d ^-triples T{E)  : = (£ ,£ ,£ ) an d T(E')  : = (<£',<£',£' ) wit h 
the Hermitia n sesqui-linea r dualitie s (id , id). Le t ig  (resp . ig)  denot e th e grap h X  —* 
X x  Ct  (resp . X  X  x  Ct)  fo r th e functio n g  (resp . g).  Sinc e (E\  dg, , h!)  i s also 
unramifiedly .A-goo d wild , th e followin g holds : 

• Th e TZxxct -triple ig^%(Ef)  i s strictly 5-decomposabl e alon g t. 
• Accordin g t o Propositio n 12.7. 3 an d th e inductiv e assumptio n o n dimX , 

0 ^ G r ^ ipg^u{^(Ef))  wit h the induced morphis m M  an d Hermitia n sesqui-linea r 
duality i s a  polarize d grade d *4-wil d Lefschetz  twisto r D-modul e o f weight 0  fo r 
each u  G  R x  C.  Moreover , i/jg^u(%(Ef))  =  0  unles s u  G  R x  A,  b y Corollar y 
12.4.5. 

Because ig}%(Ef)(*t)  ~  ijft%(E)(*t)  0  £(—g*a),  w e obtain th e following : 
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• The 7^xCt(*£) - t r ip l e ig^%(E)(*t)  ®  £(—g*a) i s strictl y specializabl e alon g t. 

• © ^ Gr] ^ ^jU>a(T(i£)) wit h th e induce d morphis m A/ " and Hermitia n sesqui-linea r 
duality i s a  polarize d grade d .4-wild Lefschet z twisto r D-modul e o f weigh t 0 for 
each u G  Rx C. Moreover , ipgiUiaÇ£(E)) =  0  unless u G  R x A. 

Namely, %(E)  an d th e Hermitia n sesqui-linea r dualit y (id , id) satisf y Conditio n 18.3.5 
with a. W e als o hav e ig^(pjCZ(E)(*t)®£(—g*a)  = 0  unless i  = 0 . According t o Lemm a 
18.3.6 and Propositio n 18.3.7, the followin g holds : 

• The 7£xxct(*£)-tripl e ig^ip^%(E)(*t)  0 £(— g*a) i s strictl y specializabl e alon g t. 

• © ^ Gr ] ^ ipg,u,a(P® ( 1 (^0 ) with th e induce d morphis m A T and Hermitia n sesqui -
linear dualit y i s a  polarize d grade d wil d Lefschet z twisto r D-modul e o f weigh t 0 
for eac h u G  Rx C. Moreover , i/jgiUiaip^(%(E))  = 0  unless u G  R x A. 

Let u s sho w tha t ig^ip^%(E)(*t)  an d igfë(E)(*t) are isomorphic . W e onl y hav e t o 
show tha t cp(^<X(E)(*g)  and %(E)(*g)  ar e isomorphic . B y construction , thei r restric -
tions t o X  \  {g  = 0 } are naturall y isomorphic . A s i n Sectio n 19.2.3, the isomor -
phism o f th e underlyin g 7^-module s ca n b e extende d t o <£(*g)  ~ <£ j <£(*#), and henc e 
(p®(£(E)(*g) ~  %(E)(*g).  Hence , w e ar e don e i n th e unramifie d case . 

19.2.4-2. General case.  — Let (pm  : X x  Ctrn —> X x  Ct b e induce d b y 
(fmitm) = C - Le t 7rm : X X  b e th e ramifie d coverin g give n b y 7rm(Ci, • •  • , Cn) = 
(Cr\ • • • J C™> Cfc+ij • • •  >  Cn)- Th e induce d morphis m X  x Ctrn -> X x  Ct m i s als o 
denoted b y 7rm. W e pu t 7rm : = (/?m o  7rm. Le t r p : = { £ — g  =  0 } C  X x C* . Let a; m 
be a  primitiv e ra-th  roo t o f 1. We hav e th e followin g decomposition : 

{E,d 
E,0,h 

ra —  1 

p=0 
t m - < . ^ ( C i , . . . , C n ) - o ' 

Let j p :  X - > X  x  C^m b e th e grap h o f u; ^ •  #(Ci , -  -  - , Cn)-
We se t (E,d£,6,h)  : = T T ^ { E , 8 E 0 FG F, h ) , which i s unramifiedl y ^4-goo d wild . W e 

have th e associate d 7^-modul e < £ and th e associate d 7^-tripl e %{E).  Th e direc t su m 
©p jpi<Z(E)(*tm) (g )£(-a) i s Gal(X/X)-equivar iant . 

Lemma 19.2.10. —  ( ^ i p f X ( F ) (*£)(£)£(— a) ¿5 identified with  the  Gal(X/ 'X) - invariant 
part of 

Km 
« p 

{E,dE,0,hdE,0,h £ ( - a 

Proof. — We hav e th e followin g natura l isomorphisms : 

{E,dE,0,h{E {E,d,h <i( t̂FGHe out) 
DFF 
DSFG 0(*tm) 

Therefore, w e hav e 

{E,dE 0(*tm] C(-a - Km {E,dE,0,h )0(*t)) C{-a) 
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By usin g Lemm a 22.7.1 , w e obtai n 

TTmt ' 0(*tm ' 0(*tm) C(-a ' 0(*tmXV out)' C(-a) TMITT^OUtm) 

Hence, ^(ig^  0  G(*i))  0  C(—a) i s identifie d wit h th e Gal (X/X)-invariant par t o f 

TTmt ' 0(*tm )C(-a) 

We hav e th e sesqui-linea r pairin g o f ^ ( V i ^ 0  (D(*t))  0 C(—a) induce d b y (f^C. 
The sesqui-linea r pairin g o f 0  jp}<£  0  £(—a) als o induce s a  sesqui-linea r pairin g o f 
<^(^ t<£®0(*£) )®£(—a) . Sinc e the restrictio n o f them t o X  x Ctm \  {£ m =  0 } are th e 
same, the y ar e th e sam e o n X  x  Ctm. (Not e th e sesqui-linea r pairin g o f 7£(*£m)-triple s 
has th e value s i n th e moderat e distributions. ) Thus , w e obtai n Lemm a 19.2.10 . • 

Let u s retur n t o th e proo f o f Propositio n 19.2.9 . B y th e previou s resul t i n th e 
unramified case , jp^%(E)(*tm)  0  £(—<* ) ar e strictl y specializabl e alon g £m , an d 
(^Grw'ipt^^u,a(jp^iE^^Afp^Sp^j ar e polarize d grade d A-wil d Lefschet z twisto r D-
modules o f weigh t 0 , wher e Afp  an d Sp  ar e th e naturall y induce d nilpoten t map s an d 
Hermitian sesqui-linea r duality . Moreover , ^t m,u,o(ipt^(^)) ~  ^  unles s u G  R x  A . 
By Propositio n 18.3. 7 an d Lemm a 18.3.6 , th e followin g holds : 

• fl"mt ( j p t ^ ( ^) ®  £ ( ~ a )) ar e strictl y specializabl e alon g tm . 
• (Gr^ i[;TRN^UIA7Trn^[jp^%(E)),J\fp,S/p) ar e polarize d grade d A-wil d Lefschet z 

twistor D-module s o f weigh t 0 , wher e Afp  an d S'p  denot e th e induce d nilpoten t 
maps an d Hermitia n sesqui-linea r duality . Moreover , ^TM,U,a^MJ(jpj'Z(E))  —  0 
unless u G  Rx A . 

Then, th e firs t clai m o f Propositio n 19.2. 9 follow s fro m Lemm a 19.2.10 . Sinc e 
P G r f ( i V ) ^ a i J ( ^ ) i s a  direc t summan d o f 0  PGrf  ^m,u,a7rmt ( j p t T ( ^ ) ), th e 
second an d thir d claim s o f Propositio n 19.2. 9 follows . • 

19.2 .5 . E n d of P r o o f of P r o p o s i t i o n 19 .2 .1 . —  Le t g  b e an y functio n o n X.  Le t 
a £ C'[t~1]. W e tak e a  comple x manifol d X\  an d a  birationa l projectiv e morphis m ip  : 
Xx-+X suc h tha t (i ) Xx  -  cp'1  (g'1 (0))  -X-g-^5(0),  (ii ) ^ 1 ( ^ 1 ( 0 ) U J D ) isjiorma l 
crossing. W e hav e th e unramifiedl y A-goo d wil d harmoni c bundl e (£", ' 0(*tmh) := 
y r 1 ^ , 0 ^ , 0 , ft).  W e hav e th e associate d ^ - t r ip l e %(E)  =  (<£ , <£,£). Le t g  :=  g  o ip. 
Due t o Propositio n 19.2.9 , th e followin g holds : 

• %{E)  i s strictl y specializabl e alon g g  wit h ramifie d exponentia l twis t b y a. 

• PGTY^  i/jg1u,ae£{E)  i s a n A-wil d pur e twisto r D-modul e o f weigh t £ , an d th e 
naturally induce d Hermitia n sesqui-linea r dualit y give s a  polarization . Moreover , 
^g,u' 0(*tmvE) = 0  unles s u G  R x A . 

By construction , w e hav e <pyZ(E)(*g)  =  0  unles s i  —  0. Accordin g t o Propositio n 
18.3.7, th e followin g holds : 

•' 0(*tmZ[E) is strictl y specializabl e alon g g  wit h ramifie d exponentia l twis t b y a. 
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• P G T Y V̂ ; p , ( * t m V;p,u,a^f^(^) i s an ^4-wild pur e twisto r D-modul e o f weight £ , and the 
naturally induce d Hermitia n sesqui-linea r dualit y give s a  polarization . Moreover , 
^,u,a^|^(^) = 0  unles s u  G R x  A. 

As in Section 19.2.3 , we have the natural isomorphis m X ( F ) ( * # ) ~  ^%(E)(*g).  Thus , 
the proo f o f Proposition 19.2. 1 i s finished. • 

19 .3 . W i l d n e s s a n d u n i q u e n e s s 

We shal l sho w Lemm a 19.1. 2 an d th e ful l faithfulnes s o f $  i n Theore m 19.1.3 . 
The faithfulnes s i s clear b y stric t S-decomposabilit y o f wild pur e twisto r D-modules . 
Indeed, le t /  :  Mi  —>  M2  b e a  morphis m o f strictl y .^-decomposabl e 7^-module s 
whose stric t support s ar e Z. I f its restriction t o a  Zarisk i ope n subse t o f Z i s 0, it i s 0 
on Z.  Hence , w e onl y hav e t o sho w Lemm a 19.1. 2 an d tha t th e induce d functo r $ 
is full . Le t u s rewrit e th e claims . Le t Z  b e a n irreducibl e close d subse t o f X.  Le t 
(T , S) b e a polarize d *4-wil d pur e twisto r D-modul e o f weight w  whos e stric t suppor t 
is Z.  Ther e exist s a  Zarisk i ope n subse t U  o f Z  suc h tha t (T,«S)|X\ Y come s fro m a 
harmonic bundl e (E,  9 ^ , 0, ft) on U  afte r a  suitabl e Tat e twist , wher e Y  :=  Z \  U. 

Proposition 19.3.1 

• (E,  BE,  0, ft) is A-wild  on  (Z,  U).  In  particular,  we  obtain  a  functor 

* :  M P T ^ Z, U,  w, A) —  VPTwild(Z , U, w, A). 

• Recall  that  we  have constructed  the  polarized A-wild  pure  twistor  D-module  (X , S) 
of weight  0  associated  to  (E,  <9e , 0, h) which  is  A-wild  on  (Z,  U).  Then,  we  have 
a natural  isomorphism  (T , S) ~  (T , (3) 0 Ts(—w/2). 

The firs t clai m i s Lemma 19.1.2 , an d the second clai m implie s tha t $  i s full . 
In Subsectio n 19.3.1 , w e conside r th e cas e dim Z  =  1 . T o argu e th e highe r di -

mensional case , w e reduc e th e issu e t o th e loca l cas e i n Subsectio n 19.3.2 . W e giv e 
a preparat io n i n Subsectio n 19.3.3 . W e study th e restrictio n t o curve s i n Subsectio n 
19.3.4, an d the behaviou r aroun d a  goo d poin t i n Subsectio n 19.3.5 . Then , w e finis h 
the proo f i n Subsectio n 19.3.6 . 

Although muc h par t o f the argumen t i s essentiall y th e sam e a s tha t i n th e tam e 
case, w e have som e additiona l difficulties . I n the tame case , i t i s rather eas y t o sho w 
tha t th e corresponding harmoni c bundl e i s t ame b y using a  convenien t curv e test , i.e. , 
for a  given harmoni c bundle , i t is t ame i f its restrictions t o curves ar e tame. Althoug h 
we hav e a  curv e tes t i n the wil d cas e (Propositio n 13.5.1) , w e need preliminarie s t o 
apply it , and an additiona l argumen t t o use Proposition 15.3.1 . 

Another difficult y i s cause d fo r th e secon d clai m b y Stoke s structures . Recal l 
t ha t w e hav e th e uniquenes s o f a n extensio n o f a  flat  bundl e t o regula r singula r 
meromorphic fla t bundle . Hence , i f w e ar e give n regula r polarize d pur e twisto r D -
modules %  ( ¿ = 1,2 ) whos e restriction s t o a  Zarisk i ope n subse t ar e isomorphic, i t i s 
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rather easy to obtain that th e underlying 7^-modules o f % are isomorphic. Becaus e we 
do no t hav e such uniquenes s i n the irregula r case , we need som e argument s t o obtai n 
the desire d isomorphisms . Hence , w e wil l stud y th e compariso n o f th e associate d 
meromorphic objects . 

Recall tha t w e have alread y establishe d th e correspondenc e i n the cas e where Z  i s 
smooth an d one dimensional (Sectio n 17.2) , in which the wildness is easy to show, bu t 
the uniqueness i s not s o easy. Not e that w e have used the uniqueness resul t (Theore m 
12.6.1) i n a n essentia l way . 

19.3.1. The case dim Z =  1 . —  Assum e dim Z =  1 . Le t P  G  Z \  U.  W e tak e a 
small neighbourhoo d Xp  o f P.  W e hav e th e decompositio n T\Xp  =  0 ^ %  b y stric t 
supports, correspondin g t o th e decompositio n int o irreducibl e component s Z  D  Xp — 
\JieA Zi.  W e onl y hav e t o sho w th e claim s o f Propositio n 19.3. 1 fo r eac h % . Hence , 
we ma y assum e (i ) X  =  An , (ii ) Z  i s no t containe d i n {zn  =  0} . Le t (T,5 ) b e a 
polarized *4-wil d pur e twisto r D-modul e o f weigh t 0 , whos e stric t suppor t i s Z.  W e 
assume tha t th e restrictio n o f (T , S) t o X  \  {zn  =  0 } comes from a  harmonic bundl e 
(E,dE, 0,  h) o n U  = Z  \  {zn  =  0} . We may assum e T  =  (M,M,  C ) an d S  =  (id , id). 
Let 7r : X —>  A  b e th e projectio n ont o th e n-t h component . Le t Z  :=  Az,  an d le t 
(p :  Z —>  Z  b e a  normalization. Th e composit e TT  O cp i s denoted b y 5r . W e may assum e 
TT(Z) ~ zm  fo r som e m  >  0. 

Let T ' =  {M!,M!,C}  denot e th e direc t summan d o f PTT^T  whos e stric t sup -
port i s A . I t i s a n .A-wil d pur e twisto r D-modul e o f weigh t 0  wit h th e naturall y 
induced polarizatio n S'  =  (id , id). W e als o hav e th e correspondin g *4-wil d harmoni c 
bundle (E',dE>,0',h')  : = -K*(E,dE,6,h)  o n A* . Accordin g t o Propositio n 17.2.1 , 
(T',Sf) i s naturall y isomorphi c t o th e A- wild pur e twisto r D-modul e associate d t o 
(Ef, dE>,  6', h') b y the constructio n i n Sectio n 17.2. 2 o r Sectio n 19.2 . 

Lemma 19.3.2. —  (E,d^,9,h)  :=  (p*(E,dE,Q,h)  is  an  A-wild  harmonic  bundle. 
Namely, the  first claim  of  Proposition  19.3. 1 holds  in  the  case  dimZ =  1 . 

Proof —  Sinc e (E,dg,9,h)  i s a  direc t summan d o f 7f*(£", dE', 0',  ft'),  th e clai m i s 
clear. • 

Let u s sho w th e secon d clai m o f Propositio n 19.3. 1 i n th e cas e dim Z =  1 . W e 
have th e wil d pur e twisto r D-modul e 1(E)  =  ((£ , 6, £) wit h th e polarizatio n 6  = 
(id, id) o n Z , associate d t o (E,  <9g , 0, h). Le t Cc  b e th e Lefschetz  ma p o f <p*%(E) 
for a  relativel y ampl e lin e bundl e wit h respec t t o (p.  Le t Pip^Z(E)  b e th e kerne l 
of Cc  :  (p^%(E)  —>  (p*Z(E).  Le t 7 1 =  (Mi,Mi,Ci)  b e th e direc t summan d o f 
P(p^.%{E) whose stric t suppor t i s Z , whic h i s equippe d wit h th e naturall y induce d 
polarization 5 i . Le t M\  denot e th e underlyin g T^x-modul e o f T\.  W e woul d lik e 
to sho w (7i,«Si ) ~  (T, S). Fo r tha t purpose , w e only hav e t o sho w tha t th e natura l 
isomorphism Mi\x^{Zn=o}  —  M\x^{Zn=o}  ca n be extended t o an isomorphism o n X. 
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Lemma 19.3.3. —  We  have  a  natural  isomorphism  -K^M{*zn)  ~  №(*zn). 

Proof. —  B y constructio n o f Ai'(*zn),  w e have a  natura l morphis m t  :  M1 — •> TT^M, 
and th e suppor t o f Ker(t)  an d Cok(^ ) ar e containe d i n {zn  —  0} . Becaus e o f th e 
coherence, w e obtain th e vanishin g o f C6k{i)  an d K e r ^ ) afte r th e localization . • 

In general , fo r a  give n T^x-modul e N  o n C\ x  X, le t Nx denot e th e specializatio n 
o f . A / t o { A } x X . Le t A ^ 0 . WesetV A : = L - ^ 1 ^ ĉ p t Mx(*zn). Not e Vcpy^Mx{*zn)  =  0 
for an y j  ^  —  n +  1 . A s remarke d i n Lemm a 22.6.3 , i t give s a  meromorphi c A-fla t 
bundle o n (Z,D). 

Lemma 19.3.4. —  We  have  a  natural  isomorphism  t r :  ip®Vx —+ Mx{*zn). 

Proof. —  A s remarked i n Sectio n 22.6.1 , w e have th e trac e ma p 

t r : (p*L(p*Mx\l - n Mx. 

If we take th e localization wit h respec t t o zn,  w e have (f}L(p*  Aix[l —  n](*zn) ~  (f®Vx. 
Thus, w e obtain th e desire d morphism . T o chec k tha t i t i s an isomorphism , w e onl y 
have t o see that the restriction i s an isomorphism o n X \  {zn  —  0}, and it i s clear. • 

Lemma 19.3.5. —  We  have  a  natural  isomorphism  Vx  ~  Q£x  =  <£A(*z) . 

Proof —  Becaus e M.fX(*zn)  =  Q£'x  a s i n Propositio n 17.2.1 , w e hav e th e natu -
ral inclusio n Q£x  C 7T*MfX(*zn).  Not e Q£x,  Vx  an d 7r*M'x(*zn)  ar e locall y fre e 
Og(*D)-modules. Becaus e th e restrictio n o f V A and Q£x  t o </?-1(£7) ar e the sam e i n 
7r*A/f/A(*2:n)|y?-i([/), w e onl y hav e t o sho w tha t V A is als o containe d i n 7r*Ai,x(*zn). 
We obtai n th e following natura l isomorphism s fro m Lemm a 19.3. 3 and Lemma 19.3.4 : 

7C*M'X(*Zn ^(V;p,df^MxUzn)\ r7r+V?(VA) F T F * (vA) 

Since 7 r is a  ramifie d covering , Jr-j - is the sam e a s the push-forwar d fo r (9-modules , a s 
explained i n Lemm a 22.7.1 . Hence , V A is naturally identifie d wit h a  direc t summan d 
of 7r*7T|(VA) . Thus , w e are done . • 

Lemma 19.3.6. —  We  have  a  natural  isomorphism  Mx(*zn)  ~  Mx{*zn)  for  A  ^ 0 . 

Proof. —  I t follow s fro m Lemm a 19.3. 4 an d Lemm a 19.3.5 . • 

The res t i s essentiall y th e sam e a s th e argumen t give n i n Sectio n 19.4. 2 i n [67]. 

We giv e a n outlin e wit h mino r simplification . Le t A o G  C\. Le t U{\Q)  denot e a 
small neighbourhoo d o f Ao - Le t v = (VJ) be a  fram e o f Q^^£.  Eac h vi  naturall y 
induces a  sectio n if\{vi)  o f Mi(*zn).  Th e tupl e o f (f^(vi)  i s denote d b y <p-\(v).  Le t 
(fi(v) 'Hx{*zn)  denot e th e submodule o f Mi(*zn)  generate d b y </?t(v) ove r ^x(^zn). 

Lemma 19.3.7. —  We  have  (p^{v)  •  1Zx(*zn)  —  Mi(*zn). In  other  words,  (f ^(v) gen-
erates M.i(*zn)  over  1lx(*zn). 

In particular,  Mx(*zn)  is  generated  by  the  restriction  of  ip^(v)  to  {A } x X. 
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Proof. —  I t i s easy t o sho w th e coincidenc e o f the restrictio n o f them t o X  \  {zn  —  0}. 
Then, th e clai m follow s fro m Lemm a 22.4.9 , fo r example . • 

Let 8  denot e the 1Zu-modu\e  o n C\ x  U associate d t o (E,  <9 E, 0, ft).  Le t i\j  :  U —>  X. 
Then, w e obtai n th e T^x-modul e i\j\£.  A s remarke d i n Lemm a 19.2 5 o f [67], an y 
section /  o f ijj\£  (resp . iu\£X)  o n U(Xo)  x  X  (resp . X)  i s uniquel y expresse d a s 
follows: 

(383) / = 

V;p,V;p, 

V;p,V;p,V;p,V;p, 
n-1 

V;p, 

<3nj 

Here, /n> i ar e holomorphi c function s o n U(\Q)  X [7 (resp . (7) . 

Lemma 19.3.8. —  Let  f  be  a  section  of  Mx(*zn)  on  X.  Then,  each  fn^  is  meromor-
phic on  Z. 

Proof. —  Le t z  b e a  holomorphi c coordinat e o f Z.  Then , (p~1(d/dzn)  i s expresse d 
as a  linea r combinatio n o f d/dz  an d (p~1(d/dzi)  ( z =  1 , . . . , n  —  1 ) wit h meromorphi c 
coefficients. Then , th e clai m o f Lemm a 19.3. 8 follow s fro m Lemm a 19.3.7 . • 

Lemma 19.3.9. —  We  have  a  natural  isomorphism  Ai(*zn) ~  Mi(*zn). 

Proof. —  W e onl y hav e t o sho w M(*zn)  C  M.\(*zn)  i n i\j^£.  Le t /  b e a  sectio n o f 
M,(*zn) o n U(XQ)  x  X.  W e hav e th e expressio n o f /  a s i n (383) . Th e restriction s 
fn,i\{\}xx ar e meromorphi c o n X  fo r eac h A  ^  0  containe d i n U(Xo).  Hence , a s 
remarked i n Lemm a 19.2 3 o f [67], we obtai n tha t fnj  i s meromorphi c o n U(Xo)  x  X. 
Then, i t i s eas y t o se e tha t /  i s containe d i n Mi(*zn).  Thus , w e obtai n Lemm a 
19.3.9. • 

Then, w e obtai n M  =  M±  du e t o Lemm a 22.4.10 . Thus , th e secon d clai m o f 
Proposition 19.3. 1 i s finished  i n th e cas e dimZ  =  1 . 

19 .3 .2 . Pre l iminar ies for t h e genera l case . —  Befor e goin g t o th e cas e 
dim Z > l , w e giv e som e lemma s t o sho w tha t w e ca n shrin k X  an d U  arbitraril y i n 
the proof . Le t Z  b e a  close d analyti c subse t o f X.  Le t (E,  3E,  0,  h) b e a  harmoni c 
bundle define d o n a  Zarisk i ope n subse t U  o f Z. 

Lemma 19.3.10. —  Assume  the  following: 

(Local ly wi ld) : For  any  point  P  of  Z,  there  exists  a  neighbourhood  Up  of  P 

in X  such  that  (E,dE,0,h)\Upnu  ^s  wild  on  (Z  C)Up,U  flWp) . 

Then, (E,dE,0,h)  is  wild  on  (Z,U). 

Proof. —  W e tak e a  birationa l projectiv e morphis m (p  :  Z\  —>  Z  suc h tha t D\  := 
^p~1(Z \  U)  i s a  norma l crossin g hypersurfac e o f Z\.  B y th e assumption , th e eigenval -
ues o f ip~1{6)  ar e (possibl y multi-valued ) meromorphi c 1-forms . B y replacin g ip  and U 
appropriately, w e ca n assum e tha t th e ramificatio n o f th e 1-form s ma y happe n onl y 
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along D\.  Fo r eac h poin t o f Pi  G  Z i, th e loca l wildnes s conditio n i s satisfied . Hence , 
(f~1(0) i s genericall y good . Du e t o Propositio n 15.3.1 , w e ca n tak e a n appropriat e 
refinement o f <p  suc h tha t ip*0  i s good . Then , <p*(E,  dE, ft)  i s goo d wild . • 

Let (E,  <9# , 0, ft)  b e a  wil d harmoni c bundl e o n (Z , U).  W e hav e th e polarize d wil d 
pure twisto r D-modul e (X , (5) o f weigh t 0 , associate d t o (E,  <9# , 0, ft)  a s i n Sectio n 
19.2. Assum e tha t w e ar e give n anothe r polarize d wil d pur e twisto r D-modul e (T , S) 
of weigh t 0  whos e stric t suppor t i s Z , suc h tha t th e restrictio n t o X  \  F  come s 
from (E1 , dg;, 0, ft),  wher e V  : = Z  \  £7 . Then , w e hav e th e natura l isomorphis m 
F : ( T , 6 ) | X x y ~ ( T , < S ) | X v Y 

Lemma 19.3.11. —  Assume  the  following: 

(Local ly e x t e n d a b l e ) : For  any  point  P  G  Z,  there  exists  a  neighbourhood  Up 
of P  in  X  such  that  the  isomorphism  F\up^y  can  be  extended to  an  isomorphism 
FUP : ( ï , 6 ) ,Mp - ( T , S ) | M p . 

Then, F  can  be  extended  to  an  isomorphism  F  :  (X, (5) — > (T, 5 ) . 

Proof —  B y th e stric t 5-decomposabilit y o f th e underlyin g 7^-module s o f pur e 
twistor D-modules , w e hav e th e followin g genera l an d eas y fact : 

• Le t T  b e a  pur e twisto r D-modul e whos e stric t suppor t i s Z\.  Le t tp  b e a n 
automorphism o f T.  I f th e restrictio n o f ip  t o som e non-empt y Zarisk i ope n 
subset o f Z\  i s equa l t o th e identity , the n ip  is equa l t o th e identity . 

Then, w e obtain FUP\UPNUQ  =  Fuq\up C<Uq J an d thu s w e obtain th e globa l isomorphism . 
• 

By Lemma s 19.3.1 0 an d 19.3.11 , w e ma y shrin k X  arbitraril y t o sho w Propositio n 
19.3.1 i n th e followin g argumen t withou t mention . 

Let u s discus s shrinkin g U.  Le t U'  C  U  b e a  Zarisk i ope n subset . W e pu t Y  := 
Z \  U  an d Y'  :=  Z  \  U'. 

Lemma 19.3.12. —  Let  (E ,dE,0,h) be  a  harmonic  bundle  on  U.  Then,  (E,  8E,  0,  ft) 
is wild  on  (Z , U) if  and  only  if  (E,  8E,  0 , ft)it/'  is  wild  on  U'). 

Proof. —  W e argu e onl y th e onl y i f par t . Th e othe r cas e ca n b e discusse d similarly . 
We ca n tak e a  projectiv e birationa l morphis m <p  :  Z — > Z suc h tha t (i ) Z  i s smooth , 
(ii) ip~l{Y)  an d ip~l(y')  ar e norma l crossing , (hi ) (p~1(E ,dE,0,h)Uu/ i s goo d wil d 
on (Z, (p~l(Y')) . Then , i t i s eas y t o chec k tha t t p~ l (E , 3E , 0 ,h)U i s goo d wil d o n 
{Z,<p-HY)). 

Let (E ,dE,@,h) b e wil d o n (Z,U).  W e hav e constructe d polarize d wil d pur e 
twistor D-module s (X , 6) an d ( X ' , 6 ' ) associate d t o (E,9je ,0,f t ) o n (Z , U), an d 
(EidEiQ,h)\u> o n (Z , U')  respectively . B y construction , w e hav e a  natura l isomor -
phism (X , &) ~  (X; , &) whos e restrictio n t o U'  i s th e identity . Hence , w e ma y an d 
will shrin k U  arbitraril y fo r th e proo f o f Propositio n 19.3. 1 i n th e followin g argument . 
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19 .3 .3 . M e r o m o r p h i c flat c o n n e c t i o n s . —  I n th e followin g argument , w e wil l 
not distinguis h meromorphi c A-fla t bundle s an d meromorphic fla t bundle s i n the cas e 
A ^ O . Let u s conside r th e cas e dimZ =  k  +  1  > 1 . B y shrinkin g U,  w e may assum e 
Z \  U  =  5f_1(0 ) f l Z fo r som e functio n g.  Le t tpf : Z' —>  Z  b e a  birationa l projectiv e 
morphism suc h tha t Z1  —L~n+k+1^is a  norma l crossin g hypersurface . Not e tha t th e 
Higgs bundl e ((^/)_1(F , 8E, 0)  ca n be extende d t o a  meromorphi c Higg s shea f o n Z' 
given b y ((p')*M0.  B y shrinkin g 17 , if necessary , w e can tak e a  birationa l projectiv e 
morphism ip  : Z —>  Z,  whic h factor s throug h Z ' , such tha t th e followin g holds : 

• Z  —  (/?-1(J7) i s a norma l crossin g hypersurface . 
• Th e ramificatio n o f th e eigenvalue s o f L~n+k+1 m̂ay happen onl y alon g D  := 

Z - y ~ \ U ) . L ~ n + k + 1 ^ 
We pu t V A : = L~n+k+1^Mx  <S>  0(*D)  fo r A  ^  0 ^ I t i s a  holonomi c D-modul e 
whose characteristi c variet y i s contained i n Z  U  7r_1(l)), wher e TT  :  T*Z —»  Z  denote s 
the natura l projectio n o f th e cotangen t bundle . Henc e V A is a  meromorphi c A-fla t 
connection. I t i s an 0^(*Z))-reflexiv e modul e [58]. 

Lemma 19.3.13. —  cp^Vx  and  Mx(*g)  are  naturally  isomorphic. 

Proof. —  W e hav e th e trac e ma p t r :  (p}L(p*Mx[k  +  1  — n]  —>  Mx,  a s remarke d i n 
Section 22.6.1 . Afte r localizatio n wit h respec t t o g  w e have (p^L(p*Mx(*g)[k+l—n]  ~ 
(p®Vx. Then , w e obtain a  naturally define d morphis m t r :  cp®Vx —>  Mx(*g).  Sinc e the 
restriction tr\u  i s an isomorphism , th e suppor t o f Ker(tr ) an d Cok(tr ) ar e containe d 
in #-1(0) . Sinc e th e actio n o f g on (p®Vx  and Mx(*g)  i s invertible , w e obtain tha t t r 
induces a n isomorphis m o n Z.  Thus , w e obtain Lemm a 19.3.13 . • 

19.3 .4 . R e s t r i c t i o n t o a curve . —  Le t C  b e a  smoot h curv e i n Z  transversa l 
to th e smoot h par t o f D.  W e hav e th e wil d harmoni c bundle s (E^^dEd,0L~n+k+1̂  := 
(p~1(E,dE,01h)L~n+k+1^£r W e have th e associate d meromorphi c A-fla t bundl e (Q<?~,P~ ) 
on C.  W e put C  :=  <p(C). 

Proposition 19.3.14. —  We  have  a  natural  isomorphism  Q£~  ~  Vx~.  The  harmonic 

bundle (E^,dEd,0^,h^)  is  A-wild. 

Proof. —  I n th e proo f o f the proposition , w e may and wil l shrin k X  an d Z  withou t 
mention. 

Lemma 19.3.15. —  We  can  take  a  function f  on  X  with  the  following  property: 
• C  f)U  is  contained  in  the  smooth  part  o / / _ 1 ( 0 ) f l Z. 

Proof. —  Le t IQ denote the ideal sheaf of Ox correspondin g t o C. Le t P&C H  {g = 0}. 
We hav e som e function s f \ , . . . , whic h generate s th e idea l shea f IQ  aroun d P.  I f 
Q E  C  f l U i s sufficientl y clos e t o P , / i , . . . , f n generat e IQ  a t Q.  I n particular , on e 
of dfi\Q  i s not 0  on T Q Z , whic h give s a  desire d function . • 
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Lemma 19.3.16. —  We  can  take  functions  /1, L~n+k+1^with the following  properties: 
• c c z n n J U / f H o ) . 
• C  HU  is  contained  in  the  smooth  part  of  Z  n  fYi=1  /i~1(0) . 
• fj~+i(0)  and  Z  n  f]Ji=1  / " ^ O ) are  transversal  at  CnU. 

Proof. —  W e onl y hav e t o appl y Lemm a 19.3.1 5 inductively . • 

We pu t Z<0 > : = Z , Z(° > : = Z, L~n+k+1 :̂= C  an d L~n+k+1  ̂<?. Le t L~n+k+1  ̂denote th e 
irreducible componen t o f Z  f l f l i ^ / r ^ O ) ' whic h contain s C.  W e tak e function s 
g(j) =  a^gti-1)  suc h tha t th e singula r par t o f Z  f l C\i^.j  fr1 ft) ls  containe d i n 
(9^)-1(0)- W e tak e Z(J ) inductivel y a s follows : Assum e tha t w e ar e given L~n+k+1^ 
with a  birationa l projectiv e morphis m <pti)  :  Z^)  — > Z  an d th e curve r1 ft  C  Z^ ^ suc h 
tha t ipW(C^)  —  C.  W e tak e a  birationa l projectiv e morphis m µ(i=^ :  z[^  — • Z^ 
with th e followin g properties : 

• I t i s bi-holomorphi c o n Z^  \  ( g ^ ) r1 ft'r1 f t1^ ). 
• W e pu t Fj  : = (<pW r1 ft  o r1 ft  an d : = (</?(j ) or1 ft n№)*(gV+V). Then , 

F " 1 ^ ) U  G " 1 ^) i s norma l crossing . 

Let C '̂"1"1 ) b e th e prope r transfor m o f r1 ft  Le t Z(J+1 ) denot e th e irreducibl e compo -
nent o f i?jr1(0 ) whic h contain s G^+1^ . W e hav e th e induce d ma p ip^+1^  :  Z^+1^ —> 
^O'+i) . Not e tha t th e intersectio n o f Z^+1 ^ an d anothe r irreducibl e componen t o f 
F " 1 ^ ) i s containe d i n G " 1 ^ ) . Le t VA(j ) b e th e pull-bac k o f V A vi a th e induce d 
morphism Z ^ —> • Z. 

We obtai n th e polarize d ^4-wil d pur e twisto r D-module s T(j)  o f weigh t 0  whos e 
strict support s ar e Z^\  inductivel y a s follows : 

• W e pu t T^0 ) : = T.  Assum e tha t w e are given T(i)  o n Z^\  W e hav e the polarize d 
A-wild pur e twisto r D-modul e P  G r ^ r 1 f t _ ^ 0 T ^ , whic h i s decomposed b y th e 
strict supports . Le t T^J+1 ^ denot e th e Z(J+1)-component . 

Let M.^  denot e th e underlyin g 7^-modul e o f T(i) 

Lemma 19.3.17. —  We  have  a  natural  isomorphism  (p^Vx^  —  A4^x(*g№). 

Proof. —  W e us e a n induction . Th e cas e j  =  0  i s th e clai m o f Lemm a 19.3.13 . 
Assume tha t th e clai m hold s fo r j , an d w e wil l deriv e th e isomorphis m fo r j  +  1 . W e 
put ViU)  := ^)*vA0") 0 OzU)(*Gj).  W e pu t №  : = <pU)  o  nU) •  Then , w e hav e th e 
following natura l isomorphisms : 

V(J>(*</(J'+1 r1 ftV(J>(*</(J'+1 V(J>(*</(J'+1 ̂V ( J > ( * < / ( J ' + 1 ) Mij)x(*gii+1)). 

Here, w e hav e use d th e isomorphis m fi^fj,^*Vx^(*g(j+1^)  ^  yA(j)(*gO'+i) ) induce d 
by th e trac e map . Then , w e obtai n th e followin g isomorphisms : 

(384) V(J>(*< V(J>(*</(J'+1 V(J>(*</(J'+1V(J>(*+1 !il>ft^-iMU)x(*9U+1)) 
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Let V(J>(*</ (J '+1denote the irreducibl e component s o f F-  1f0 ) whic h ar e no t containe d i n 

G-\0). (We pu t z\^+1^  := Z^+l\) W e hav e th e decompositio n b y th e supports : 

V(J>(*</(J'+1 
i 

V(J>(*</(J'+1 

And Afgu +i) —  t^VX^+1\  wher e i  denote s th e inclusion V(J>(*</(J'+1—> z[j\ 
We hav e th e followin g natura l isomorphisms : 

Mu+1)(*gu+1)) PGr™ é(Xo)cxvx Vtü) ( *^ü+1) ) V(J>(*</(J'+1 V(J>(*</(J'+1 

We also have th e followin g isomorphism : 

V(J>(*</(J'+1V(J>(*</(J'+1 A 
V/j+1)-iA4Ü)A(*<7Ü+1)). 

Hence, th e restrictio n o f (384) to th e Z^+1^-componen t give s the desire d isomorphism . 
Thus, w e obtai n Lemm a 19.3.17. • 

Let u s retur n t o th e proo f o f Propositio n 19.3.14. By construction , w e hav e Z^>  = 
(j{k) ^  ç Under th e isomorphism , w e hav e VX^  ~  VXg  an d ipW  = (p^g. W e als o 

have C  = Z^, and T^>  give s a  polarize d A-wil d pur e twisto r D-modul e o f weigh t 0 
whose stric t support s i s C . W e hav e obtaine d th e followin g isomorphism : 

(385) ^)yA(fc) MWx(*gW). 

The res t o f th e argumen t i s essentiall y th e sam e a s th e proo f o f Lemm a 19.3.5 . 
We giv e onl y a n outline . W e ma y assum e t o hav e a  coordinat e w  o n C  suc h tha t 
C f l D  =  {w =  0}. W e tak e a  projectio n TT  : X  — • A  suc h tha t th e composit e \ £ : = 
Tr o  <p(*) Z(k): — • A i s give n b y V(w)  =  w£  fo r som e £  >  0 . Le t T  =  (M',M',C) 
denote th e direc t summan d o f th e polarize d A-wil d pur e twisto r D-modul e TT^T^ 
whose stric t suppor t i s A . W e hav e th e correspondin g A-wil d harmoni c bundl e 
(£", dE',0', hf)  o n A* , whic h i s obtaine d a s th e push-forwar d o f (E,  <9 E, 0, h)\c- A s i n 
Lemma 19.3.3 , w e hav e th e natura l isomorphisms : 

V(J>(*</ 
cxc(J'+1 

7 r + < Ä A ^ >.7TiM{k)x(*g(k)) M'x(*w). 

As i n th e proo f o f Lemm a 19.3.5, we hav e natura l inclusion s V  ^  }  —• *&*ftAA(*w) an d 
Q£% -> V*M'x(*w). Sinc e th e restrictio n o f VX^  an d Q£%  t o Z<* > \ {G(/e ) - 0 } are 
the same , w e obtai n VX^  ~  Q£~ , an d thu s th e firs t clai m o f Propositio n 19.3.14 is 

G 

proved. Sinc e (Eg,  <9 E~, Og, ft^)  i s a  direc t summan d o f (<p>^)~l(Ef  ,ÔE',0',h'), th e 
harmonic bundl e (J5g , <9#a, 0g, hg)  i s als o A-wild . Thus , w e obtai n th e secon d clai m 
of Propositio n 19.3.14. • 
19.3 .5 . A r o u n d a g o o d po int . — For distinction , w e se t (E,d^,6,sdh)  := 
(p~1(E1dE,0,h). Le t u s fi x Ai ^ 0. We continu e t o us e th e notatio n i n Subsectio n 
19.3.4. Let P  b e a  smoot h poin t o f D  aroun d whic h VA l i s good . (Recal l tha t th e se t 
of goo d point s i s non-empt y an d Zarisk i open . Se e [58].) 
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Lemma 19.3.18. —  On  an  appropriate  neighbourhood  U  ofP,  ( £ , d g , 0 , ft)|^Xj5  is  A-

good wild  on  (U,  D  C\U),  and  QS^  is  naturally  isomorphic  to  ft)|^  for  any  A  ft)|^0. 

Proof —  Tak e a  ramifie d coverin g n  :  {U',D') ->  (<U,DnU)  suc h tha t 77*(VAl,DAl) 
is unramified . Le t X  denot e th e se t o f th e irregula r value s o f r/*(VAl , DAl). W e ma y 
assume tha t U  i s equippe d wit h a  coordinat e syste m (zi,...,  zn)  suc h tha t D  D  U = 
{zi =  0} . Le t 7r : U — > D  f l U  denot e th e projectio n give n b y th e coordinate . 

We appl y Propositio n 19.3.1 4 t o th e harmoni c bundl e 

En-i{Q),dEn_ 07r-1(Q)5^7r-1(Q) (E,d&0,h)\n-sdsi(Q). 

Since th e meromorphi c Ai-fla t bundl e 77* Q£X-1(^Q^ i s unramified , th e meromorphi c 
A-flat bundl e r]*Q£ £-i(Q) i s als o unramifie d fo r ever y A , accordin g t o Theore m 7.4.5 . 
Moreover, th e se t o f irregula r value s ar e give n a s follows : 

[rr( ft)|^ ft)|^ ft)|^ ft)|^ 
¡̂77"17T—1 (Q) a e l 

According t o Lemm a 2.7.14 , r/*V A als o ha s a n unramifiedl y goo d lattic e Vx. 
We hav e th e generalize d eigen-decompositio n V^Q  = ® a E a ( V | g ) wit h respec t t o 

Res(DA). Le t u s conside r th e followin g set : 

5p(Q,A) a 4- n • A sd VA ^ 0, n  G  Z 

It i s wel l know n an d eas y t o se e tha t th e se t <Sp(Q , A) i s independen t o f th e choic e o f 
lattices Vx.  I t i s als o independen t o f Q. 

We hav e th e se t K/ASfj  f t ) | ĵ ^ E ^ - i ^ ) of th e KMS-spectr a o f th e unramifiedl y 
good wil d harmoni c bundl e 7]~1(E,d^,6 ,h)\7r-i^Q a t A  = 0  for eac h Q.  W e hav e 
a discret e subse t A(Q)  C C* suc h tha t th e ma p e(A ) give s th e bijectio n betwee n 
KMSi^^E^-i^Q)) an d Sp(Q,X)  fo r an y A G  C* — A(Q). (Se e Propositio n 8.2.1.) 
Then, w e can conclud e tha t th e set s KMS^n^E ^-i-1Q) ar e independen t o f the choic e 
of <3 , and the y ar e denote d b y JCA4S(rj~1E, D'). 

Let A  be generi c wit h respec t t o th e se t JCMS (r?-1E, D'), namely, th e ma p e(A ) : 
K,MS(j)~lE, D')  —• C i s injective . Fo r eac h c G  R, w e ca n tak e a  goo d lattic e CV  o f 
77* VA wit h th e followin g property : 

• The se t o f th e residu e Res^/(DA ) G E n d ^ V 7 ^ / ) i s give n b y th e followin g set : 

e(A,it) ueKMS(r)-lE,D' ft)|^ ) c-1 C p(\,u) ^ c 

Thus, w e obtai n a n unramifiedl y goo d filtered  A-fla t bundl e (V',DA ) o n (hi1',  D'). B y 
taking th e descent , w e obtai n a  goo d filtered  A-fla t bundle s (V*,ID)A ) o n (U,D  HU). 
By construction , w e hav e V A = ( J CV. 

Let T : = ( 1 +  |A|2) , an d le t u s conside r th e deformation s V^T>*  an d VJT^  (Sectio n 

4.5.2). W e hav e th e natura l isomorphis m (7?*^A)[J -i(Q) — 7/*^TT-1(Q ) (Sectio n 12.1 ) 

and henc e C^A) [ J- i (Q) — /P£TT-1(Q)-  B y usin g th e characterizatio n o f th e lattice s 
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(Proposition 8.3.1) , we obtain {V *T^)\n-i(Q) —  P*£X-i(Qy Hence , we obtain that 
(E, <9g, 6, 1S  w^ anc * du e to Proposition 13.5.1 . Sinc e the eigenvalues 
of Res(D°) on Q£° are the same as those of the residue on Q£f~, the harmonic bundle 
is .A-good wild. For any A ^ 0 , we have the isomorphism Q£x7r-1^  ~  ^ - ^ Q ) ' ANC * 

hence we obtain the isomorphism Q£x  ~ VA . Thus, we obtain Lemma 19.3.18. • 

19.3.6. End of Proof of Proposition 19.3.1. — Le t us show the firs t clai m of 
Proposition 19.3.1. Due to Lemma 19.3.18, (E, <9jg, #, h) satisfies the assumption made 
in Section 15.3.1. Hence , we can take a birational projectiv e morphism <// : Zf —•  Z 
such that <p'*{p*0 is good due to Proposition 15.3.1, and so we can assume (E1,9^, 0, h) 
is a good wild harmonic bundle on (Z,D) fro m the beginning. 

Lemma 19.3.19 
• For  any A 7^ 0, we have a natural isomorphism Q£x  ~ Vx. 
• (E,dg,0,h)  is  an A-good wild harmonic bundle. 

Proof. —  There exists a closed analytic subset W C D such that VA is good on Z\W. 
Then, we have the isomorphism Q£x^ ^  V.A ~ becaus e of Lemma 19.3.18. Then, 

it can be extended to an isomorphism on Z by the reflexivity of Q£x and VA. Thus, we 
obtain the first claim of Lemma 19.3.19. The second claim also follows from Lemma 
19.3.18. • 

Hence, we can conclude that (E, 3E, 0, h) A-wild harmonic bundle on (Z, U). Thus , 
the first claim of Proposition 19.3.1 is proved. 

In the above argument, w e obtain the ̂ 4-good wild harmonic bundle (E1, 0,  h) = 
(p~1(E1 8E, 0, h) on (Z, D). W e have the associated polarized ̂ 4-wild pure twistor D-
module & ) on Z whose underlying 7^^-module is denoted by <£. Let T\ denote 
the direc t summan d o f cp^%(E) whos e strict suppor t i s Z.  W e have the naturall y 
induced polarization Si o f 71. W e would like to show (7i, Si) ~  (T , S), which is the 
second claim of Proposition 19.3.1 . Le t M.\  denot e the underlyin g 7Z-module of T\. 
We only have to show M.\ ~ Ai. 

The rest is essentially the same as the argument i n Section 19.4.3 of [67]. We give 
only an outline. W e put r  :=  n — k — 1. 

Lemma 19.3.20. — We  have a natural isomorphism <£f — M(*g). 

Proof. —  By shrinking U,  we may assume to have holomorphic functions ai,.. . , ar 
with the following properties : 

• Z  i s one of the irreducible components of flj=i aJ1(fi)-
• W e put Wj  := ]Cr= i dzi^j '  dZi. Then, wi,...,wr  for m a frame o f the norma l 

bundle of U in X. 
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We have the 7£[/-module £ on C\ x  U, associated to (E1, <9E, 0,/i). Le t i denote the 
immersion U —» X. We only have to show that M(*g) and y?f <£(*#) are the same in 
e+ E. 

Let s be any section of M(*g) o n C/(A0) x X. Whe n we regard s  as the section of 
£j£, it is expressed as a finite sum of the following form: 

s — 
nez-

un{s) 
j = 1 

Tl-i 
wiz 

Here un(s)  are holomorphic sections of £ on U(Xo) x £/. W e can naturally regar d 
them as section s of £ on U(\o) x  (Z — D). 

Lemma 19.3.21. —  wn(s) are meromorphic sections  of Q£ on U(Xo) x  Z. 

Proof. —  Let (7 be a curve in Z as in Section 19.3.4 , and let C — <p(C). We also 
use the other object s and the notation i n Section 19.3.4 . Le t us see that s  induces 
sections o f M^\*g^) inductively . W e may assume tha t fj  ar e coordinat e 
functions o n X, by replacing X  wit h X  x  Ck. Le t us consider the specializatio n 
along /i. Sinc e S|x\{s=o} is contained in vl*0^(^(*^))|x\{^=o}' wner e V^A° ) is the 
F-filtration along /i, we obtain s  G V^\0^ (M(*g)). Hence , it induces the section 
of Gr (M(*g))  Sinc e the support o f ipfllU(-M) i s contained i n {g = 0} unless 
u G Z<o x {0} , w e have Gr^ o) (M(*g)) =  V4t °-<50 (*^(*^))* Fo r a similar reason , 
we obtain the natural isomorphism i/>fo°}_s0M(*g) ^ MSx\*g).  Thus , ŝ 1) is induced. 
By the same procedure , we obtain (M(*g)) from B y applying Lemma 19.3.8 , we 
obtain tha t the restrictions o f un(s) t o C are meromorphic sections of Q£\u(\0)xdm 
Then, w e can conclude that un(s)  are meromorphic sections of Q£ on U(\Q) X Z. 
Thus, we obtain Lemm a 19.3.21. • 

Let us return to the proof of Lemma 19.3.20 . Le t :  Z —>  Z  x X denot e the 
graph. Eac h un(s) • YVj=i gives  a section of T^QE, and hence it induces a section 
of (f}Q£  (See Lemma 14.11 of [67], for example.) Therefore , s is naturally contained 
in y?f<£(*# ) —  ip^QS, and we obtain M(*g)  C y>f (M(*g))By using th e coherence 
property o f M an d (£ and Lemma 22.4.9 , we obtai n M(*g)  =  (p^<£(*g). Thus , we 
obtain Lemma 19.3.20. • 

We hav e th e natural isomorphis m Mi(*g)  ^  <£ f <£(*#), an d hence Mi(*g)  ~ 
(*</). Sinc e both Mi(*g)  an d ar e strictly 5-decomposabl e along g,  we ob -

tain tha t Mi  an d M ar e isomorphic due to Lemma 22.4.10 . Thus , th e proof of 
Proposition 19.3. 1 is accomplished. • 
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19.4. Application to algebraic semisimple holonomic D-modules 

19.4.1. Main theorems. — Le t X  b e a  smooth proper comple x algebraic vari -
ety. Le t Z  b e an irreducible close d subvariety o f X. Le t Holz(X)  denot e the cate -
gory of holonomic D-modules whose supports ar e contained in Z.  (W e consider the 
full subcategor y o f D-modules, i.e. , morphism s ar e no t necessaril y isomorphisms. ) 
Let Holz5SS(X) denote the category of semisimple holonomic D-modules whose strict 
supports are exactly Z, and let Holz,spO denote the category of simple holonomic D-
modules whose strict supports ar e Z. 

For an intege r w,  let M T ^ ^ X , w,  yf^lR)  ̂denot e the categor y of polarizable 
\/^T.R-wild pure twistor D-modules of weight w, whose strict supports are exactly Z, 
i.e., th e suppor t o f any non-zer o direct summan d i s Z.  (W e consider the ful l sub-
category o f MTwlld(X, w), i.e. , morphism s ar e no t necessaril y isomorphisms. ) Le t 
MT^d(X, w, y/^lR)(p) denot e the categor y of simple polarizable LR-wil d pure 
twistor £)-modules whose strict supports ar e Z. 

We have the naturally defined functor EDR  :  MT^ds(I,w, y/^lR)^ ->  Holz(X) 
by taking the specialization of the underlying 7 -̂modules at A  = 1 . We will prove the 
following theorem in Sections 19.4.2-19.4.3 . 

Theorem 19.4.1. —  Fix  an integer w. The  functor 'EDR naturally induces  an  equiv-
alence of the categories MT^l]fs(X,  w, y/^lR)  ̂and  H.o\z,Ss(X). It also  induces  an 
equivalence of  the categories MT^d(X, w, y/^lR)  ̂and  Hol^?s(X). 

Before going to the proof , we give the followin g consequence , which is one of the 
main motivations for this study. 

Theorem 19.4.2 (Kashiwara's conjecture). — Let  X be  a smooth complex algebraic va-
riety, and let F be  an algebraic semisimple  holonomic  D-module. 

• Let  F :  X —>  Y  be  a projective morphism of  smooth algebraic  varieties.  Let  L 
denote the Lefschetz morphism  for  some  line bundle which  is  relatively  ample 
with respect  to  F. Then,  F  ̂(J7) are  also semisimple  for any  j , and  the induced 
morphisms LJ : F^3  T —*  F3^T (j  ^  0 ) are  isomorphic for j ^  0 . In  particular, 
F^J7) is  isomorphic to  ©i7|(^r)[—i] in  the derived category  of  cohomologically 
holonomic Dy -modules. 

• Let  g be  an algebraic function on X, and  let a £ C^"1]- Then,  Grw ipg^J7) 
and Grw (pgiJ7) are  also semisimple, where  (i) V^a denotes  the nearby cycle 
functor with ramified exponential  twist by a (see  Section 22.6.3,) , (ii)  (j)g denotes 
the vanishing cycle functor, (Hi) Gvw is taken with respect to the weight filtration 
of the naturally induced nilpotent maps. 

Proof. —  We take a smooth proper variet y X  whic h contains X  a s a  Zarisk i open 
subset suc h that X  —  X  i s a normal crossin g hypersurface, b y using Nagata' s em-
bedding and Hironaka' s resolution . W e take the minima l extensio n T  o f T o n X. 
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By Theorem 19.4.1, we can take a polarizable \/--LR-wild pure twistor D-modul e T 
on X  suc h that EDR(T)  ~  T.  Le t T  denot e the restrictio n o f T t o X.  W e have 
Z>DR{T) =  Becaus e F^{F) ~  EDR(F^ (T)), th e first claim follows from Theorem 
18.1.1. 

We also have 

Gr^g,a(JT)~ 0  5DiJ(Grw^,a,u(T)) , GrH'0s(^)~SM(GrM/^(T)) . 
U=(a,Q!) 
-l^a<0 

Hence, the second claim is also clear. • 

19. J^. 1.1. Fo r the proo f o f Theorem 19.4.1 , we only have to show the followin g two 
claims: 

(A) :  EDR(T)  i s simple for any T G M T ^ d ( l , ^ , yf^\R){p). 

(B) :  EDR  induces an equivalence between the categories MT^d(X, w, ^sf-lR)^ 
and Holz,s(X) . 

19.4.2. Construction of wild pure twistor D -module. —  Le t M  b e a simple 
holonomic D-module whose strict support i s Z. Ther e exists a  smooth Zariski open 
subset U  C Z suc h that M\X-(z^u)  come s from a flat bundle on U. W e can take a 
smooth projective variety Z  an d a  birational projectiv e morphism TT  :  Z —•  Z  suc h 
that M j= £-dimX+dimZ7r*M <g> 0(*D) i s a meromorphic flat connection on (Z, D), 
where D := Z —  7r-1({7). (Se e Proposition 22.6.2 and Lemma 22.6.3.) According to 
Theorem 16.2.1 , we may and wil l assume that i t i s a meromorphic flat bundle, an d 
that the Deligne-Malgrange lattice associated to M i s good. 

We have the meromorphic flat bundle V = ,  obtained as the deformation of M 
by the procedur e explained i n Section 4.5.2 with T  =  2 . (Recal l that w e used th e 
deformation in the construction of QS.) 

Lemma 19.4.3. —  V  is  also simple. 

Proof. —  We only have to consider the cas e dim Z =  1  due to Mehta-Ramanatha n 
type theore m (Propositio n 13.2.1) . Le t V  C V  b e a  flat  subbundl e suc h tha t 
0 < rank(V) < rank(V). Le t P  b e a  poin t o f Z, wher e th e connectio n of V  ha s 
a pole. Le t [/p b e a small neighbourhood of P, an d let <pp  :  Up —» Up  be a ramified 
covering such that both cp*pV and (p*PVf have an unramifiedly good Deligne-Malgrange 
lattice. Then , it can be easily checked that the irregular decompositions are compat-
ible. Hence , we have the naturall y defined morphis m V^1/2 ) — > y(V2 ) = M  wit h 
0 < rankF^1/2) <  rankM, whic h contradicts with the simplicity of M. • 

Due to Theorem 16.1.1 , we can take a pluri-harmonic metri c h  of V^_^, whic h 
is adapte d t o th e Deligne-Malgrang e filtered bundle M  associated t o V.  Le t 
(E1, 8E, h, 6) be the corresponding x/^LR-good wild harmonic bundle on Z — D. We 
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have VS1 = V and Q£1 = M. Let (%(E), 6) be the associated y/^lR-wild  polarize d 
pure twisto r D-modul e of weight 0 on Z. Le t T =  (A4,-M,C ) b e the \/--T-R-wild 
polarized pure twistor D-module of weight 0, which is a direct summand of Pir®%{E) 
whose strict support i s Z. We have the induced polarization S of T. 

We would like to show M\\=\ ~  M.  W e can take a divisor D of X suc h that 
(Z \U) C D. We may assume U = Z \ D  from the beginning. W e have the trace 
map t r :  TT^M  —> M(*Z}). Th e restriction t o J \  D  is an isomorphism. Hence , 
the support s o f Ker(tr) and Cok(tr) are contained in D. Both n^M and M(*D) are 
algebraically localized o n l x D, an d hence we can conclude that they are isomorphic 
on X. Thus , we obtain the isomorphism M\\=\ ® (D(*D) ~ M 0 0(*D).  Sinc e M is 
simple, it is strictly .S-decomposable along D. W e know that A1JA=I is also strictly 5-
decomposable along £>. Hence , we can conclude Ai\x=i —  M by the same argumen t 
as in the proof of Lemma 22.4.10. 

19.4.3. End of the proof of Theorem 19.4.1. — Le t (T, <S) be a simple po-
larized \/—TjR-wil d pure twisto r D-modul e of weight 0  whose strict suppor t i s Z. 
Let M  : = EDR(T).  W e have a  Zarisk i ope n subse t U  C Z  suc h tha t (T , <S) 6 
MPT^ct(Z, t/,0, v^Ti*). (See Subsection 19.1.2 for MPT™l£t.) Le t (E,dE,0,h) b e 
the corresponding harmonic bundle on U, which is V^—T-R-wild on (Z,U). B y shrink-
ing C7, we may assume to have a divisor D of X suc h that Z \ U  = Z C\ D. W e can 
take a smooth projective variety Z  with a projective birational morphis m (p :  Z Z 
such tha t (i ) Z) := ip~x{Z  \  C7 ) is simply norma l crossing , (ii ) (E^d^^O^h) := 
(p~1(E,dE,0,h) i s a v^~Ti£-g°°cl wil d harmonic bundl e o n (Z,D).  W e hav e the 
associated polarized \/^Tii-wild pure twisto r D-modul e (X(i£),<3) on Z. W e know 
that T is isomorphic to the direct summan d o f P(p®%(E) b y the correspondence in 
Theorem 19.1.3. 

Due to Theorem 16.2.4 , (VS1^1)  i s semisimple. B y using Propositio n 13.6.1 , 
we can take an orthogonal decomposition (E1,c?g, 0, ft) = <9 g ,  0̂ , ft*) such that 
(V£i, Bj) associated to (Ei, d^^Si, hi) are simple. We have the decomposition %{E) = 
0-T(^ )5 an d P^{E) =  (BPrf^iEi), whic h induces a decomposition of (T,5). 
Since we have assume d (T,5 ) is simple, we obtain tha t (P^1,!))1 ) i s also simple. 
(Note that th e restriction o f (p is an isomorphism on a generic part of Z.) Usin g 
the argumen t i n the proof of Lemma 19.4.3 , we obtain that Q£ 1 is simple. B y the 
construction of M, we have the isomorphism M ® 0(*D) ~ <p^Q£1  0 0(*D) induced 
by the trace morphism. Hence , the support o f any non-trivial submodul e of M is 
contained in D. Becaus e M is strictly S'-decomposabl e along any function g  on X 
such that Z (jL #-1(0), we obtain that M is also simple. Thus , the claim (A) is proved. 

By the construction i n Section 19.4.2 , we obtain the essential surjectivit y i n the 
claim o f (B). Let us show the ful l faithfulness . Le t (Ti,Si)  (i  =  1,2 ) be simple 
polarized \/—TjR-wild pure twistor D-module s of weight 0. We put Mi := Ejj^Ti). 
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Let (Ei,dEi)@i,hi)  be \/^I.R-wild harmonic bundle s o n (Z,U)  underlyin g (7^,5^) . 
Let ip  : Z  —>  Z b e a  birationa l projectiv e morphism suc h that (Ei,djj,,Oi,hi)  := 
ip*(Ei, dEn Ou  hi) are V—T-R-good wild harmonic bundle on (Z, D), where D denotes 
some normal crossing divisor of Z. Le t {Q£} , 3})  denote the meromorphic flat bundles 
associated to (Ei,dg.,0i,hi). 

Let /  :  Mi c ± Mi b e a  morphism . B y Lemma 19.3.19 , w e obtain th e induce d 
isomorphism (Q£\,^)\)  —  (Q^2 »^2 ) as meromorphic flat bundles. I t induce s an iso-
morphism of the associated Deligne-Malgrange filtered fla t bundle s Q*£\  ~ Q*£\.  I t 
induces V*£\ ^  V*£\.  Hence , we obtain /  :  {E\,d^,0\,h\) ~  (i£2 , <9g2 , #2, ^2) - (Se e 
Corollary 16.1. 4 o r Proposition 13.6.1. ) Becaus e of the correspondenc e in Theorem 
19.1.3, w e obtain a n isomorphism F  :  (7i,<Si) ~  (72,£2) - B y construction, w e have 
the coincidenc e of the restriction s o f EDR(F) an d /  t o a  Zariski ope n subset o f Z. 
Because Mi are simple, we obtain EDR(F)  —  /, i.e. , EDR  i s full. 

Let F :  71 —> T2  be a morphism such that ££>#(F) = 0. W e obtai n the vanishing o f 
the induced morphism of variations o f pure twistor structure on U. Then, we obtain 
F =  0. Hence , SDH is fully faithful. Thus , the proof of Theorem 19.4.1 is finished. • 

ASTÉRISQUE 340 



PART V 

APPENDIX 





CHAPTER 20 

PRELIMINARIES FROM ANALYSIS 
ON MULTI-SECTORS 

In Sectio n 20.1 , we give a  generalizatio n o f Hukuhara-Malmquist typ e theorem . 
Namely, we study a  lifting of a formal solution of some non-linear differentia l equatio n 
to a  solutio n o n smal l ope n multi-sectors . I t i s one of the fundamenta l tool s in th e 
study o f Stokes structures in Chapters 3-4 . Fo r the proof , we use a classical argumen t 
explained in [94]. 

In Sectio n 20.2 , we giv e som e estimate s o f sections o n a  sector . Lemm a 20.2. 1 
has bee n use d fo r compariso n o f irregula r decomposition s (Sections 7. 6 an d 10.2) . 
Lemmas 20.2.2  and 20.2. 3 have been used i n the stud y o f L2-cohomology associate d 
to wild harmonic bundles on curves (Chapte r 5) . 

In Sectio n 20.3 , we give som e estimates o f the growt h orde r o f solutions o f some 
differential equation s o n multi-sectors . I n Sectio n 20.3.1 , w e give a n estimat e o f the 
growth order o f a section whose derivative rapidl y decays . I n Sectio n 20.3.2, w e give 
an estimate o f the growth order of a flat section. W e reformulate i t in Sections 20.3.3-
20.3.4. Thes e result s hav e bee n use d implicitl y in man y places . Fo r example , the y 
have been used to giv e a characterization o f Stokes nitrations . 

20.1. Hukuhara-Malmquist type theorem 

20.1.1. Statement. —  W e study a  liftin g o f a forma l solutio n o f some non-linea r 
differential equatio n t o a  solution on small ope n multi-sectors. Se e [53] and [94] for 
the histor y an d th e classica l arguments i n th e on e dimensional case . Fo r the highe r 
dimensional case, it was studied i n [53] more generally but i n a different manner . W e 
give some statements and the outlin e of a proof in a way conveneint for our purposes. 
Although w e have use d i t fo r analysi s o n a  multi-secto r aroun d 0  (Chapter s 3-4) , 
it i s mor e conventiona l an d easie r t o conside r i t o n a  multi-secto r aroun d oo . Th e 
translation can be done in a  straightforward way . 
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We se t S1 := {w e C\ \w\ —  1} for which we use a polar coordinate . Le t 
(0(°>, e[0),..., 0 {n]) be a point of (S1 )n+1. Le t W be a compact region in CM, wher e M 
denotes some non-negative integer. Give n 

R G il>0, Ry  = (Ru...,Rn)e Rio,  e  G ]0,2TT [, e„ = (d, . . . , e„) € ]0,27r[n, 

let S(R,e,Ry,ey)  denot e the multi-sector in C* x (C*)n x VT : 

5(i?, e, Ryi £y) :=  {x eC\\x\> R,\  arg(x) - 0(O ) | < x 
n 

( y € C I \yi\  > Ri, I arg(^) - 0<O) | < £i} x W. 
i=l 

We fix a multi-sector S(R^°\e^\  Ry°\ey0))  for some given R(°\ e(°> , #(0) and ê 0). 
Let a be a non-negative integer such that 2e^ (a + 1) < 7r, and let 6 = (61,..., 6n) G 
Z>0. Le t Ai(iy) (i = 1,..., d) be holomorphic functions on W satisfying the following 
condition: 

• Le t us consider the region 

ff(e(0),40)) { (Mi , • • • A ) € (S1)^1 1|0 - 0<°>| < eW, |6> 4 - 0JO) | < e f } 

and the functions 

Fj(0,0i, ...,0n,w):=  Re(Xj(w)  e x p ( V Z I ( ^ M i +  (a + 1 ) 0 ) ) ) 

for j = 1,..., d. Then, the following holds for each j : 
• I f {Fj =  0} fl [H(e(°\ £y°^)  x W) is not empty, it is connected and contained 

in H{ef\e{y]) x  W for some ef] < e<®. 
Let u s consider the following differentia l equatio n fo r Cd-valued function s u  o n 
S(fl(°>,e(°>,40\40)): 

(386) X~a~dx  =  A  'U + P{xiyiwiu(xiy->W))' 
• A  is a diagona l d-t h square matri x whos e (j,j)-t h entrie s ar e of the form 

^j(y,™)yb-

• yb :=nr=i^-
• A j (y, w)  are holomorphic functions independent o f the variable x, and satisfy 

n 
\\j{y,W)-\j{W)\=0{^\yi\-1). 

i=l 
• p(x,  y, w, u) —  (pj(x, y,w,u)\j =  l,...,d) i s a Cd-valued holomorphic function 

on S(R(°\e(0\Ry0\ey0))  x  Cd, and it is decomposed into 

p(0) (x, y, iy) + (x , 2/, w) •  u H- p(2) (x, iy , u) 

with the following properties : 
• p(°\x ,y,w) =  0(|x|~m|2/|~m) fo r any m. Here , \y\ denotes Y\7=i \Vi\-
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20.1. HUKUHARA-MALMQUIST TYPE THEOREM 501 

• p^(x ,y,w) -  u i s linea r wit h respec t t o u  =  (ui,...,Ud).  W e hav e 
\p^\x,y,w)\ ^  g(x)  \yb\, where g(x) —> 0 in |x | —> oo. 

• p(2\x ,y,w,u) i s polynomia l with respec t t o an d th e coefficient s ar e 
0(|x|_m |2/|_m) fo r any m.  W e also assume that i t doe s not contai n th e 
constant an d linear terms with respect to u. 

Take a  positiv e numbe r e'  <  e^°\  W e assum e e'  >  i f {Fj  —  0 } fl 
(H(e(0) e^) x  W)  i s no t empty . W e wil l sho w th e followin g propositio n i n 

Sections 20.1.2-20.1.9. 

Proposition 20.1.1. —  If  R  and  are  sufficiently large,  we have a solution u  of 
(386) on  S{R,£,,R^\e{y)), such  that \u\ =  0(\x\-m\y\-m) for  any m >  0. 

We follow the argument i n Chapter 1 4 of the standard text boo k [94]. We recom-
mend the reader to read it to understand the idea. In the following argument, w e may 
and wil l assume 6^  =  of^ = 0 . W e will also consider only the cas e a = 0, because 
the general case can easily be reduced to the case a — 0 by the change of the variables 
f =  xa+1. (Se e [94].) 

20.1.1.1. Remark  for simplification of  the proof. —  Assum e the following : 

(*) :  {Fj  = 0 } H (#(e(0) , 4°}) x  w) i s not empty for each j =  1,... , d 
Then, the proof below can be simplified, i.e., the arguments in Sections 20.1.6-20.1.8 
are no t necessary : Sinc e we only have t o conside r the cas e (B) i n Sectio n 20.1.2 
under th e assumptio n (*) , the integra l equation PXl(u)  = u  i s independent o f the 
choice of a?i, which implies that U(mo) in Section 20.1.5 is independent o f mo. Hence, 
we obtain U(m0) =  0(|x|"m \y\~N ) fo r any m in the end of Section 20.1.5. Actually, 
we have the uniqueness i n Proposition 20.1.1 if the condition (*) is satisfied. 

We have applied Proposition 20.1.1 for lifting o f a formal irregular decomposition 
to a  decomposition on multi-sectors, fo r example, in Sections 3.5.1, and 3.6.1 . Fo r 
this application, we only have to consider the case where the condition (*) is satisfied. 
Although we keep the proof for generality, the reader can skip Sections 20.1.6-20.1.8. 

20.1.2. Integral transforms. —  W e put T  : = {z  |  |arg(z)| <  e^}.  W e take a 
positive number x\.  Le t x\+T  denot e the subse t \x\  +  z | z G T} of C. Not e that 
the se t [x  |  | arg(x)| <  e',  \x\  > i?} is contained i n x\ +  T, i f R i s sufficiently large . 
For each x £  x\  +  T, we take a tuple o f paths T(x,xi) =  (71(0; , x i ) , . .. ,7d(a;,xi) ) 
contained in x\ +  T a s in Chapter 14. 3 of [94]: 

(A) :  I f Fj < 0 on H(e(°\e^), le t 7j(x,xi ) b e the segment connecting x\ t o x. 
(B) :  Otherwise , w e can take some 9^ suc h that Fj{0^\  #1,... , 0n, w) >  0 for 

any |^ | < an d w  G W.  Le t 7j(x,xi) denot e the path connecting 00 and x 
on the line {x  + s exp(v/-10^1^) | s > 0}. I n this case, 7j(x,^i) i s independent 
of X\. 
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We put S(xuRy)  :=  {x\ + T) x lft=1{y G C7 | | ^| >  ^ , | a rg (^ ) | <  e[0)} x W. 
For a  Cd-valued holomorphi c function v  =  (vi , . . . , Vd) o n S(xi,R^),  w e consider 
the following integral, if it i s convergent: 

T(x,xi) 
exp((x — t)A) v(t, y, w) dt := 

7J(X,XI) 
exp((x-t)\j(y,w)yb)v(t,y,w)dt j  = l , . . . ,d 

Then, we consider the following integral transform : 

P*i(v)(ff,2/,w) := 
r(a,a:i) 

exp((:r - t)A) y, w, v(t, y, w)) dt. 

We will construct th e solution of the integral equation VXl  (u) = u in Sections 20.1.3-
20.1.4. 

20.1.3. Preliminary estimate. —  W e put A o := mm.jiW |Aj(u;)| . I f ar e suf-
ficiently large , there is a positive constant /¿ 0 such that th e followin g holds for any 
(t,y,w) e  7j(s,zi ) x U7=i{v ^  C I N > Ri°\  I »rg(yi)| < e[0)}  x (Se e Lemma 
14.1 in [94]): 

3̂87) Re[{x-t)Xj(w)yb) < -|x-t|A0//0|2/b • 

Then, we can show the following lemma by using the argument in the proof of Lemma 
14.2 in [94]. 

Lemma 20.1.2. —  There  exists  a constant Km > 0, which is taken independently from 
large Ry and  x\, with  the  following property: 

• Let  x(x,y,w) be  a Cd-valued holomorphic function on S(xi,Ry) such  that 

\X(x,y,w)\^c\x\-m\y\-N 

for some  c > 0, m >  0 and N >  0. We put 

ip(x,y,w) := 
T(a;,a;i) 

exp((x - t) A) x(t, 2/, w) dt. 

Then, the following inequality  holds: 

U)(x,y,w)\ : Km 
\yb\ 

c\x\-m\v\~N. 

We may assume Km ^ holds . For each m, we take a small 7m > 0 such that 
jm Km <  1/ 2 and 7m > 7m+i. We can take x^\m) suc h that the following holds for 
uiy(x,y,w)eS(x?\m), Rp)): 

\pi(x,y,w)\ 
1 
2 

1m\VbV 
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Take a  constant C0 which is independent of m an d N.  W e can take x\  J(m)  > 
x^\m) suc h that the following holds for any ^  C 0 (i = 1,2) and (x,y,w)  G 
5(42)(m),4°)): 

|P2(X,J/,K;,TX(1)) -p2(x ,2/,w,u(2))| <  7̂™ \u{2) -uw\. 

Thus, w e obtain th e followin g fo r an y |t/M | ^  C n (2 =  1,2 ) and (x ,y,w) G 

s ( 4 V ) , 4 0 R (0) )): 

|p(x,2/,^,^(1)) -p(x,y,w,u(2))\  ^ 7m u(2 ) - u{1) . 

20.1.4. Construction of limit for each (m,N).  —  Fo r each m > 0 and N >  0, 
we can take Cm?j/ v >  0  such that |po (#,2/,w)| <  Cm,A T |# | -M |2/|-iV- W e can take 

(m, iV) >  (m ) such that the following inequality holds on S(x^(m, TV) , -R^): 

(388) 
1 Km 

1 - 7mKm I?/0 
CmìN \x\-m \y\~N ^ Co,  CmtN  \x\~m \y\~N < C0. 

We put : = 0 and V{ := P (3), Ms(vi-\)  fo r i ^ 1 , inductively . 

Lemma 20.1.3. —  The  limit v^m^N) : = lim^oo  ̂exist s on S(x(3\m, N),  Ry0^), 
and satisfies the  following estimate  on  S(x(3\m, N),  Ry0^): 

^(m, N)\ 
1 

1 7m-̂ m (m, N) 
Km 
\yl 

\x\-m\y\-N. 

Proof. — Using an inductive argument, we can show 

\Vi+i - Vi\ < hmKm) CTO,J V 
ax 
\yb\ \x\-m\y\-N, 

\Vi+l\ < -L ! m 
1 

Cm,N 
Km 
\vb\ 

x\~m \y\~N. 

Then, the claim follows. 

20.1.5. Estimate for any N and some fixed mo. — We fix mo and AT0, and we 
put U{mo) := Voo(mo,No) which is given on S{x^\mo, No),  R^)-

Lemma20.1.4. — |*7 (m0)| ̂  CfN |x|"m° lyl"* on  S(x^(m0lN0),Ry0)) for  any N. 

Proof. — Let Cm05iv be a constant as in Section 20.1.4. For each AT, we take a large 
i?^(mo, N) (i  = 1,..., n) such that the following holds on the region 5(mo, N) := 
[X^S(xf\m0,N0),R^(m0,N)): 

1 

1 7m0̂ m0 
(m, N) 

aox 
\yb 

\x\-mo \y\-N ^ CmoN ìxì-m0 ^-N ^  ^ 

Here, RyJ(mo,N) denote s the tuple whose j-th entry is }  for (j ^ i)  and whose 
i-th entry is R^\mo,N). 
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We put Vo  =  0  and Vi  :—  Px^)^mo N0)(vi-i)  f°r ^  > 1 , inductively. Usin g the sam e 
argument as that in the proof of Lemma 20.1.3, we can show the existence of the limit 
U(mo)(N) :— lim ^OO^I which satisfie s 

\U(mo)W\ <  —-1— Cmo>Ar ^ \x\~^  \y\~N. 

By construction, the restriction o f U(mo) to S{x^\mo, N0),  jR^(m0, N)) i s equal to 
U(m0)iN). Hence, we obtain |[/(ra0) | ^ C^0tN\x\-mo \y\~N on S(ra0, N). Thus , we 
are done. • 

To obtain the estimate |[/(mo) | ^  Ciim,N\x \~Tn\y\~N for any m and iV , we would 
like to compare the two solutions [/(mo) and U(m)  of the differentia l equatio n (386) 
in the case a = 0 . Not e that we do not have the uniquenes s o f the solutions of (386) 
in general , an d tha t the integra l equation VXl{u)  = u depends o n the choic e of x\. 
(As remarke d i n th e en d o f Subsection 20.1.1 , i f the conditio n (* ) is satisfied , th e 
proof is completed in this stage.) W e give some preparations in Sections 20.1.6-20.1.8 
to estimate the ambiguit y o f the solution s o f (386) , an d w e will finish the proo f of 
Proposition 20.1.1 in Section 20.1.9. 

In th e followin g argument, w e may an d wil l assume x^\m)  <  x^\m  +  1 ) for 
i =  1,2,3 . 

20.1.6. Estimate of a solution of the linear differential equation. —  Tak e 
any X2(m)  > x^\m). Le t u s consider the followin g linear differentia l equatio n fo r 
Cd-valued holomorphic functions u  on 5(#2(m), R^)' 

(389) —  =  A • u + p\(x,y,w) -u. 

We also consider the following integral transform : 

ftX2(m)U= / exp  ((x-t)A)pi(t ,y,w)-u(t,y,w)dt. 
Jr(x,x2(m)) V  7 

The following lemma is easy to show. 

Lemma 20.1.5. —  Let  mi ^  m.  If\u\  ^  C  \x\~mi \y\~N, we  have 

\KX2{m)(u)\ < l-{Kmilmi)C\x\-m-  \v\~N. 

Hence, if u satisfies  \u\  ^  C  \x\~rrhl \y\~~N ^nd  TiX2(m)(u) —  u> we  obtain u = 0. 

Proof —  Recal l that we have assumed xf ' (mi ) <  x^\m). Th e first claim immedi-
ately follow s from our choice of Kmi and 7mi. I f u satisfies \u\   ̂C  |x|~mi \y\~N and 
T^x2(m)(u) —  ui we obtain 

\u\^C(Kmi7rni/2y\x\-^ \y\~N 

for any j usin g an inductive argument. Hence , we obtain u  = 0. • 
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Let u  b e a  solutio n o f the equatio n (389 ) on S(x2(m),  Ry0^) satisfyin g \u\  ^ 
CN \x\~mi  \y\~N  for some mi an d N. 

Lemma 20.1.6. —  We  have the  estimate \u\  ^  C'N  |x|_m |2/|_Ar. 

Proof. —  We have nothing to prove in the case mi ^  m , and so we assume mi <  m. 
We have the estimate |7̂ CC2(m)ti | ^ jmi  KMI  CN  |#|_mi |y|_Ar- I t i s easy to show the 
following equality : 

d 
dx 

(llX2{rn)(u) - u) = A(nx2{m)(u) - u). 

Then, we have the estimate 7lX2(m)U — u = 0(exp(—77 \x\ \yb\))  for some rj > 0. In 
particular, we have 

nx2(m)u - u\ < Cw M " m i \y\~N. 

By an easy induction, we can show 

K+2L)(U) -K2{m)iu)\ < (7mi Kmiyc10 \x\~m  1 \y\~N. 

Hence, we have the limit 7£^(m)(^) := lim^oo ^42(m)( )̂ which satisfies 

K+2L)(U) -K2{m)iu)K+2L)(U) 

K+2L)(U) -K2{m)iu) Cm 
1 7mi ̂ mi 

K+2L)(U) -K2 

Hence, we can conclude ^^(m)( )̂ —  0 because of Lemma 20.1.5. 
Because TZx2(m)u ~ u = 0(exp(—77 \x\ \yb\)),  w e also have 

Rxm (m) u - u < C n \x\-m\v\~N. 

We can show ^ ^ ( u) - TVX2{rn)(u)\ ^  (7™ #m)* Cn |^|~m b y an easy induc-
tion. Hence , we have 

\u\ =  \u-n~(m,(u)\ < C11 
I Tm-̂ m 

|a:|"m|vrW-

Thus, the proof of Lemma 20.1.6 is finished. 

20.1.7. Existence of a small solution of some equation. — Le t u s consider 
the following differential equatio n on S(x2(m), Ry°^)'-

(390) du 
dx 

A • u + pi (x, y, w) • u + <?(x, 2/, w). 

Here, q(x,y,w) satisf y \q(x,  y, w)\ ^  C  \x\ m  \y\ N. 

Lemma 20.1.7. —  We  have  a  solution  v of  the  equation  (390) satisfying  \v\ ^ 
C'\x\-m \y\~N. 
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Proof. — We consider the following integral transform : 

Qx2(m)(u) = 
T(xIX2(m)) 

exp((x - t) A) ( y, w) • u(t,y,w) + q(t,y,w) dt. 

If \m\ ^C\x \-m\y\-N {i = 1,2), we have 

|Qx2(m)(wi) - Qx2(m)(^2)| = | ^2 (m) K - ^ 2 ) | ^  7m Km C |x| m  \y\ N. 

We pu t 0  an d ^  =  QX2(m)(vi-i)  for z  ^  1  inductively. Then , w e have 
|v»+i -  Vi| ^ ^ m ^ m ^ C M - ^ * / ! " ^ Hence , we have th e limi t VQO : = lim ^oo v» 
which satisfie s 

Qx2(ra)̂ oo — ôo 5 |̂ oo I ^ 
1 

1 Im-Km 
C\x\~m \y\~N. 

Thus, the proo f of Lemma 20.1.7 is finished. 

20.1.8. Estimate of the difference of two solutions of the equation (386) 
Let us consider the equation (386) in the case a — 0. 

Lemma 20.1.8. —  Let Ui (i = 1,2 ) be solutions of (386) on S(x2(m), Ry0>)), which 
satisfy \ui\ ^  CN  \x\~m° \y\~N for any N and some mo > 0. Then, we have \ui—U2\ ^ 
C'N \x\-rn\y\-N for  anyN. 

Proof — We may and wil l assume m o < m. W e put V  := u\ — u2. W e have th e 
following equality : 

aV 
dx 

- A • V + pi (x, y, w) • V + q(x, y, w). 

Here, q(x ,y,w) :=  p2(x, y, w, m(x, y, w)) - p2(x,  y, w, u2(x, y, w)). B y assumption , 
we have \q(x,y,w)\ ^  i?/ v \x\~m \y\~N fo r any JV. Due to Lemma 20.1.7, we can take 
v(m) o n S(x2(m),Ry0^) satisfyin g 

dv(m) 
dx 

= A-v(m)+p1(x,y,w)-v(m) +  q(x,y,w), \v(m)\  ^ C1  \x\ m\y\ N. 

We have \V  - v(m)\ ^  d,  N\x\  m°|y | an d the following equality: 

d(V - vim)) 
dx = A(V - v(m)) +pi(x ,y,w)(V - v(m)). 

Due to Lemma 20.1.6, we obtain \V  — v(m)\ ^  C25;v|# | m  \y\ • Hence, we obtain 
|^| < C3,A/|#|_m \y\~N- Thus, we are done. ~ 
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20.1.9. End of the proof of Proposition 20.1.1. — Le t u s show |£/(mo) | < 
CmiN\x\~m\y\~N fo r any m and TV , where U(mo) was constructed in Section 20.1.5. 
Take m >  mo, and le t us compare I7(m0) and U(m)  on S(x^\m, N0),  R^). Bot h 
of the m satisf y th e differentia l equatio n (386) , an d bot h o f them ar e dominate d 
by CN  |#|~m ° \y\~N for any TV . Becaus e of Lemma 20.1.8, we obtain th e estimate 
\U(mo) — U(m)\  ^  Amjjv|#|- m \y\~N for any TV . Thus , we obtain the desire d esti -
mate \U(m0)\ ^  A'^ 57vkl_m \y\~N•> and the proof of Proposition 20.1.1 is finished. • 

20.2. Estimates of some integrals on a sector 

20.2.1. Exponential decay 

Let Soo(ro,60,6i)  denote a sector {x  =  r e^ |  00 < 0 < #i,r0 <  r} around oo 
for 00,6i  e R an d r 0 >  0 . Fi x any 0<° ) such that 0o  < 0<O> <  02 . I n the followin g 
argument, r0 and 0^(1 = 0,1) denote the numbers such that (i) rf0 >  7*0 is appropriately 
large, (ii ) 00 <  6'0 <  0<°) <  0[  < 0U (iii) \0[ -  0(°) | ar e sufficiently small. Le t Y  b e a 
complex manifold. Le t P  be any point of Y. I n the following argument, Up  denotes 
a small compact neighbourhood of P. 

Let (V, V) be a flat bundle on y := 5oo(r0,#o, 0\) x Y relative to Y (i.e. , we consider 
derivations only along 5oo(̂ o» Oo, ^-direction). Assum e we are given a frame v  such 
that V v =  v  (da + Adx/x), wher e A  i s a  constant matrix , an d a  is a  polynomial 
^2J=i aj x^ wnose coefficients cij ar e holomorphic functions o n Y. W e assume <Xk i s 
nowhere vanishing. Le t w = ^ W i ^ bea V-close d section of V <S> fly/Y o n y suc h 
that \u){\  =  0(exp(—e\x\L))  fo r som e e >  0 , wher e w e use th e Euclidea n metri c 
drdr + r2 dOdO on Soo^o, #o, #i)-

Lemma20.2.1. —  On  some small Soo(rfQ,0'0,0[) x  Up,  there  exists a section  r = 
Y^Tivi ofV  satisfying  Vr = uo and  0(\ti\) =  0(exp(—2~1e\x\L)). 

Proof —  We may replace v with v exp(—A log x), and so we may assume rank(F) = 1 
and A = 0. Formally, we put 

(391) r(r,  0, Q) := exp(a) /  y (r, o) exp(-a) u 

for some path 7(7*, 0) connecting (r, 0, Q) and (7*2,02, Q), where (r2,02) i s a base point 
of (VO,0Q,0I)  U {00}. Then , i t satisfie s V r =  u,  i f the integra l (391 ) converges . 
The problem is how to choose the path 7(7*, 0) so that the desired estimate holds. 

In the case L > k, we choose the path 7(7-, 0) connecting (r, 0) and 00 on the ray 
{(s,0) I  5 > r} . Then , r  satisfie s th e desired estimate. S o we only have to consider 
the case L ^ k. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



508 CHAPTE R 20. PRELIMINARIES FROM ANALYSIS O N MULTI-SECTORS 

We have Re(a) =  rk Re(ak e^"1*^) +0(rfc_1). W e also have the following equality: 

(392) ^(r~fc+1exp(-Re(a ) -erL))  =  (-k +  1 ) r~k exp(- Re(a) -  srL) 

_ (r-*+i f*]^L + £ L r-k+LJ exp(_  Re(a)  _  e  rLy 

Note w e have r ~fc+1arRe(a) =  k  Re(ake^lke) +  O^'1). I n th e cas e k  =  L , 
we wil l hav e t o b e concerne d wit h th e zer o se t o f the functio n r_fc+1<9 r Re(a) + 
ek =  k(Re (akey/^Jke) + e) + 0(r_1) t o us e (392 ) for the estimat e of the integra l 
of exp(— Re (a) —  erk). 

In the following , SQO^Q, 6$, 0[) wil l be denoted by 5, for simplicity of the descrip-
tion. I f S x  Up is sufficiently small , we may assume that one of the following holds: 

(A) :  ^ R e ( a ) ^ 0 o n S x t / P . 
(B) :  <9rRe(a)^0onSxC/P. 

Let us consider the case (A). We may assume that — Re (a), is increasing with respect 
to 0. We may also assume that one of the following holds for sufficiently smal l Up,  i f 
we choos e 0FO appropriately : 

(Al) : L  = k and -  Re(af c e ^ ^ o) _  e  < o on UP. 

(A2) : L  — k and -  Re(af c e^ K ) - o O o n [ / P . 

(A3) : L  < k and -  Re(af c e^kdo) <  0 on UP. 
(A4) :  L  < k and —  Re(afe e ^ ^ l) >  0 on UP. 

In the case (Al), le t 71 be the path connecting 00 and (r, 0FO) on the ray {(s , 0'O) | S  ̂r}, 
and let 72 be the path connecting (r, 0O) and (r , 0) on the arc { r e ^ " ^ |  0O ^ < p  ̂0}. 
The contribution o f 72 t o the integra l (391) is dominated b y exp(—erL). li  S  x  Up 
is sufficiently small , th e contributio n o f 71 i s dominated b y the followin g for some 
C > 0 : 

poo 
exp(Re(o)^,r,Q) /  exp(-Re(a)^,s, g - e  sk) ds  ^ C  exp(-erk). 

J r 
Here, we have used (392) . Thu s we are done in the case (Al) . 

In th e cas e (A2) , let 7 1 be th e pat h connectin g (ro,0o ) an d (rFO,0)  o n th e ar c 
{r^e^^^ \0'O   ̂(p  ^ 0},  and le t 7 2 be the path connecting (ro,0 ) an d (r , 0) o n the 
ray { s e ^ |r0 ^  s  ^  r } . W e have Re (ake^~Tke) < -e  on  S  x  Up.  Hence , if 
S x  Up  is sufficiently small , we may have Re(a) < —  (2/3) srk  o n S x  Up.  Then, th e 
contribution o f 71 i s dominated b y exp(—(2/3) erk). I f rf0  i s sufficiently large , th e 
contribution o f 72 can be estimated a s follows for some C\ >  0, by using (392) : 
exp(Re(a)0,r,Q) /  exp( - Re(a) ,̂s,Q -esk) ds  ^ C\  (exp(Re(a)^,r,Q) + exp(-erk) J. 

Jr'0 
Thus we are done in the case (A2) . 
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In the case (A3), we take the paths 7j (j  = 1,2) as in the case (Al) . Th e contri-
bution of 72 is dominated by exp(—e \x\L). We have the following estimate, b y using 
(392): 

exp(Re(a)^,r,Q) 
cc 

r 
exp(-Re(a)^,s,Q - es1")  ds ~ r  w  exp(-er^) . 

Thus, we are done in the case (A3). 
In the cas e (A4), we take the paths 7̂  (j = 1,2) as in the cas e (A2) . Th e con-

tribution o f 71 is dominated by exp(Re(a)6»,r,Q)- I f r'Q ^s  sufficientl y large , we have 
Re(a)0,r,Q ^  Re(a)^,r, Q < 2"1 Re(ak(Q)ê =Teo)rk ^  -erL  fo r any r > r'0. Hence , 
the contribution of 71 is dominated as desired. B y using (392), we obtain the following 
estimate: 

exp(Re(a)0,r,Q) 
rr 

rr 
exp(- Re(a)6»,s,Q - e sL) ds 

^ d  r~k+1  exp(-erL) + C2 exp(Re(a)^r,Q). 

Then, we can obtain the desired estimate for the contribution of 72. 
Let us consider the case (B) . I f S x Up is sufficiently small , we may assume that 

one of the following holds: 

(Bl) : L = k and -  Re(af c e ^ 1 ^) -e<  -e/10  o n S x  UP. 

(B2) : L = k and -  Re(af c e ^ 1 ^) -  2e/3  > e/10 on S x  UP. 

(B3) : L < k and -  Re(ak  e^™) <  0 on S x UP. 

(B4) : L < k and -  Re(af c e^1*6) >  0 on S x  UP. 

In the case s (Bl ) and (B3) , let 7  be the pat h connecting 00 and (r , 6) on the ra y 
{sc^19 I  s ^ r } . I n the case (Bl), we obtain the following estimate, by using (392) : 

exp(Re(aVr,o) 
rr 

Jr 
exp(-Re(a)0,s,Q -esk) ^  Ci exp(-£r*). 

The case (B3) can be estimated similarl y and easily. 
In the cases (B2) and (B4) , let us take the paths 7̂  (j = 1,2) as in the case (A2). 

In th e cas e (B2) , the contributio n o f 71 is dominated b y exp(Re(a)#jr5Q). I f r'Q  i s 
sufficiently large , exp(Re(a)0?r,Q) i s dominated by exp(—2~1erk). Th e contribution 
of 72 can be dominated as follows, by using (392): 

;393) exp(Re(a)0,r,Q ; 
rr 

r0 
exp(- Re(a)e,s,Q - £  sk) ds 

^ exp(Re(a)^,r,Q ) 
rr 

rr 
exp(- Re(a) ,̂s,Q - (2/3 ) e sk) ds 

< d (ex p ( - (2/3 ) erk) + exp(Re(a)^r,Q) 
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Note that th e integra l f^,  exp(— Re(a)e,s,Q —  (2/3) ssk)  ds  is estimated mor e easily 
than Jrr , exp(—Re(a)6i,s,Q —  £  sk) ds,  because r~k+1drRe(a)  +  2ek/3 <  —  rj < 0 for 
some r] >  0 on S x  Up.  Th e case (B4) can be estimated a s in the cas e (A4) . Thu s 
the proo f of Lemma 20.2.1 is finished. • 

20.2.2. Polynomial order. — W e continue to use the settin g in Section 20.2.1. 
Let UJ = YLUJivi b e a V-closed C°°-section of V ® SI1 o n ^ suc h that =  0(1^1^ ) 
for som e N. 

Lemma20.2.2. —  There  exists a C°°-section r  —  Y^Tivi ofV  on  S =  SQQ (r0,0f0,0[) 
such that (i) Vr =  u, (ii)  \T{\  =  0(\x\N+e), where  £  ̂0  is independent of  UJ. 

Proof. —  As in the proo f o f Lemma 20.2.1 we may assume rank(V) = 1  and A  =  0 
by makin g a  meromorphic transform. W e remark that an additional growt h order £ 
may appear, bu t i t is independent o f UJ. W e may assume that one of (A) or (B) holds 
as in the proo f of Lemma 20.2.1, if S x  Up is sufficiently small . 

Let u s conside r th e cas e (A) . We may assum e tha t —  Re (a) i s increasin g wit h 
respect to 0. If Up is sufficiently small , and i f we choos e 9'0 appropriately , on e of the 
following holds: 

(Al') : - R e K e ^ ^ o ) <  0 on UP. 

(A2') :  -  Re(af c e^keo) >  0 on UP. 
Let us consider the cas e (Al') . W e take the paths 71 and 7 2 as in the cas e (Al) in 
the proo f of Lemma 20.2.1. Then , |r(r , 9, Q)\ i s dominated by 

exp(Re(a)0,R,Q) /  exp( - Re(a)^,s,Q) sN ds 

+ exp(Re(a)0,r,Q ) /  exp( - Re(a)v,,r,Q) rN dip. 

The contribution of 72 i s dominated by rN. W e have the following equality : 

(394) ^(s-fc+i+^exp(-Re(a),,S)Q) ) 

= (JV_ k +1) s-k+N EXP(_  RE(A),IS)Q)  _S-^+N  dRe (a)e,S,Q gxp(_ Ma)9,.,Q)• 

Note s_fc+1 ds Re(a)6i)S,Q = k  Re(ak)e,s,Q + 0(s~1). Hence , we obtain 

f exp(-Re(a)Cs,Q ) sN  ds < & rN~k+1  exp(-Re(c)8;,P)(,). 

Therefore, the contribution of 71 is also dominated by rN. 
For the case (A2') , w e take the paths ji (i  = 1,2) as in the case (A2) i n the proof 

of Lemm a 20.2.1 . Th e contributio n o f 71 i s dominated b y exp(Re(a)) . I t ca n be 
shown as in the proo f of Lemma 20.2.1 by using (394) , that the contribution o f 72 is 
dominated by rN. 
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Let u s consider the cas e (B) . If S x  Up is sufficiently small , on e of the followin g 
holds for some S > 0: 

(Bl') :  -Re(a ) < -S o n S x UP. 
(B2') :  - R e ( a ) x J o n 5 x [ / P . 

We take the path s 7  a s i n th e case s (Bl ) o r (B2 ) in th e proo f o f Lemma 20.2.1 , 
respectively. W e can obtai n th e desire d estimat e a s i n th e case s (Al' ) and (A2') 
above, by using (394) . • 

Let UJ — Y^^i Vi  b e a C°°-section of V 0 FT2  o n Y suc h that =  0(1^1^). 

Lemma 20.2.3. — There  exists  a  C°°-section  r  =  ^nvi  of  V  0 ^y/y  on 
Soo^O'^) x  UP  such that (i)  V r =  u,  (ii)  n  =  0(\x\N+£),  where  £ ^  0  is 
independent of  u. 

Proof. —  As in the proo f of Lemma 20.2.2, we may assume rank(T/r) = 1  and A  —  0, 
and w e may assume that on e of (A) , (Bl' ) or (B2' ) holds. W e have the expressio n 
LJ =  /(r, 0, Q) drdO. I n the case (A) , we put 

r(r,0,Q) := -(ехр(ав,г,с) o oo ехр(-а^,г,д)/(г, <p, Q) d<¿>) dr. 

In the case (Bl') or (B2') , we take the paths 7 as in the proo f of Lemma 20.2.2, and 
we put 

r(r,0,Q) := exp(arAQ) / exp(-a8,e,g)/(5,6, Q) ds ) dB. 
7 

(We note that the contribution o f 71 is 0 in the case (B2'). ) Then , r  ha s the desire d 
property. 

20.3. Some Estimates on a multi-sector 

20.3.1. Estimate of growth order of some integrals on multi-sectors 

Let Sx  and Sw  be small multi-sectors aroun d 00 : 

Sx = {(xlì...,xi) e  Ce\RXìi  < \xi\, largfo) -0Xìi\ < SXìiì (i  = 1 , . . . ,^ )} , 

Sw = {(wi, • • •, wp) G Cp  I RWìi < \WÌ\, |arg(wi) - 6Wìi\ < 6Wìi, (i  = 1,... ,p)}. 

Let Y be a compac t region in Cm.  Let À be a holomorphi c function o n Y. Let 
m E Z>0 and n G Z>0. Let /  b e a Cd-valued holomorphic function o n Sx x Sw x Y 
satisfying th e following differential equation : 

4 / = (d* (A(y) *m ti;n) + Í4Í(«, ta, y) f + u>. 
i=i Xi  7 
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Here, Ai  denote s Md (C)-valued holomorphic functions, an d w e consider the deriva -
tions onl y with respec t t o th e variable s #i , . . . Assum e the followin g for some 
e >  0: 

• <jj = 0 (\x\~N\w\~N) holds for any N  >  0, where we put \x\ := nt=i \xi\  and 
M : = UU 1^1-

• Re(\(y)  wn) <-e \xTnwn\ o n 5. 
• \Ai\  and |a; | are sufficiently smalle r than e \xrnwn\. 
• Tak e som e point xo G Sx. Then , |/|{a;o}x5ti;xy| = 0(\W\~N)  hold s fo r an y 

N>0. 
Let Tx  := {(xi , . . . , ^ € ^ 1 |arg(x» ) - 0Xii\  <  SXji}. 

Lemma 20.3.1. — Under  these  conditions, we  have f = 0(|cc|-iV|t/;|-iV) for  any  N 
and for any  x G (xo + Tx) x Sw xY. 

Proof —  The followin g i s mino r generalizatio n o f th e argumen t i n Lemm a 14. 2 
of [94]. Le t &  : = X?'. Le t £ 0 =l + 16 - S'l . . ., ^0)) correspon d t o x0. Le t T$  := 
{(& ? • • •  > €i) | I arg(&) - rrii  0Xii\ <  mi SXti, (i  =  1,... , i)}. B y the abov e correspon-
dence, Xo + Tx is contained i n $0 + T^. Hence , we only have to obtain th e estimate 
on (£0  + Tz)xSwxY. 

We pu t : = ( 6 , - . . , ^ , d + i , - - - , d 0 ) ; ^ ^ ) fo r 2  =  0 , . . . , * . W e have £(0 ) = 
(̂ 0,Xjt?,?/) an d £ ^ =  (£i,.. . ,£e]w,y). Le t Tf(s ) be the segmen t connectin g 
and 

nit) =  ( 6 , . . . , 4 ( 0 ) +  s(6 -  d0)) , l + 16 - S'l .. •,£0);w,2/), ( 0 < s < 1). 
On the path r^(s), we have the following inequalities fo r some constants C{\ 

(395; d\f\2 
ds 

^ 2Re (A 
j<i 

&(6 -e j0) ) 
7>i 

€ j 0 ) » " ) | / | a 

+ Co |&ri& - 6 H 1̂ 1 l/l + 16 - S ' l l + 16 - S'l / 

< l l tel 16 - *ri 111^1 i-ni l/l + c216 - enl + 16 - S'll + 16 - S'l 
7<2 7>2 

Here, we have used | / | ^  2( 1 + |/ |2) . 
Let us show the following estimate for some constant B$  independen t o f £, by an 

induction on i: 

| / a r ^ { ? № r I l l s I" \w\~N-
j^i j>i 

From (395) , we obtain 

(396) | / ( £ « ) | 2 £  expf -CiTTM 16 "d0)| ITI<S0)Il + 16 - S'l |/«(<_1))|2 
j<l j>i 

+ 
a 

ac exp( -C1( l -* )TT |^ l l6 -d0) | TTkf |«»n | C2|&-^0) |l + 16 - S'l d*. 
j<i j>i 
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The first term can be dominated by 

s r w -canteii6-*ninaiai C4 |&| C4 mo)\ H-N-
j<i j>i  3<i  j^i 

In the cas e \Q  }\ ^ |&|/2 , w e have | & - Q  |  ^  |&|/2 , an d hence the exponential 
term i s very small. I n the cas e \ ^ \ >  |&|/2 , w e have C4 |&| C4 |&|  ̂C4 |&| »  and 
hence the first term can be estimated appropriately . 

Let u s look at the second term of (396). Fo r s > 1/2, we have C4 |&| C4 |&|^— >> 
|^ | /2 . Hence , the integrand ca n be dominated by 

(397) c4,*i&-*n ni6rJVld0)+S(6-d0))rJV TTtëSTVr" 
j<i j>i 

«*,*nM ITICI M-". 
Thus, J^2 ca n be estimated appropriately . Fo r s < 1/2, the exponential term in the 
integrand i s dominated by 

exp( 
-Ci 

2 fellu-^ini^ll»"! 
j<i 3>i 

The ter m \iduv\  i s dominated by C^N r i j ^ N FIj^ls I  \ w\ ^ ' and ITICI MI 
is dominate d b y |&| . Hence , usin g th e sam e argumen t fo r th e estimat e o f the firs t 

1 / 2 

term, w e ca n estimat e L  .  Thus , th e inductio n ca n proceed . Th e estimat e fo r 
ITICI M gives the clai m of the lemma . 

20.3.2. Estimate of flat sections. —  Le t Sx, Sw,  Tx and Y b e as in Section 20.3.1. 
Let 1  < k  ^  £,  m e 1k>0  and neZp>0. Le t R  b e a C°°-section of Md{C) <g > Q}Sx o n 
Sx x  Sw  x  Y\ 

R = 
e 

i=l 

„(1,0) â i 
Xi i=i 

«(0,1) d'xi) 
X{ 

We assum e th e estimate s C4 |&| C4 ̂  £0|#mu H for C4 |&| C4= (1,0), (0,1) an d i  = 
1,... Le t / b e a Cd-valued C°°-function on Sx x Sw x Y satisfyin g the following 
differential equation : 

dxf =  Rf. 

We assume /(a?o, 2/) ^  0  for some »0 G S 'x. 

Lemma 20.3.2. —  We  have the following estimate  on (xo + Tx) x  Sw xY for  some 
C0 > 0; 

log 
f(x,w,y)\ 

f(xo,w,y)\2 
^£0C0|xm™n| log 

l 

i=k+l 

dxi 

The constant  Co is independent of  f. 
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Proof. —  Let & = x™1  fo r i  —  1,..., /c, an d &  = Xi  for i  =  k  + 1,... , £. W e use 
the notation in the proo f of Lemma 20.3.1. W e only have to obtain the estimate on 
(£0 + X^) x  Sw x Y. O n the paths Ti(s) (i  = 1,..., &), we have 

d • 
fi2: << C1 Bo 

aoxi 

auux 
1̂ 1 6  - e r 

k 

j = 1 + 1 

E (0) 
k n i i / i . 

Hence, we obtain 

log( 
\m(i))\2 

<< C1 Bo 
<< C1 Bo i-l 

3 = 1 
16116 - e n 

a 

<< C1 Bo 
K r n » w i -

Note we have rt-l 
axxs 6 6 - e f } •k 

7=2+1 
(0) 
a < c 2 •k 

3 = 1 6 Hence, we obtain 

(398) log 
/(̂ (fe): ,2 

/(£(0)) 2 
<< C1 Bo 

k 

3=1 
6ll™n 

On th e paths TJ(S) (i = +  1, ...,£), we have 

d 
da' 

f 2 << C1 Bo 
<< C1 Bo 

ld0) + « ( 6 - d 0 ) : 

a 

.7 = 1 
61 | ^ | l/l2-

By an elementary geometric argument, we can show the following inequality on r^(s) 
for som e 0 < C4 < 1: 

(399) 6 - 6 
d0) +  «(&-e!0 ) 

C4l6 -d0) 

d0)i + - | 6 - t ì 0) 
Hence, we obtain 

log 
<< C1 Bo 

l/«(<_1): 
<C5B0 log 1 + t(0) Si 

-1 6 - 6 (0) a 

3=1 
6 apxis 

Note 1 + t(o) 
»2 

-1 & - d 0 ) << C1 Bo Thus we are done. 

Lemma 20.3.3. —  If  moreover \nf \  < B0 \xi 1xrnwri\ +B$ are  satisfied for (p,q) = 
(1,0), (0,1) and  i = k + 1, • •., I, the  following holds for some C0: 

log 
f(x,w,y) 2 

f(x0,w,y) 2 
<< C1 Bo << C1 Bo flog 

e 

i=k+l 
Xi 

Proof. — We obtain (398) without any change. On rAs) (i = k + 1, ...,<£), we have 

d 
ds 

log 2 << C1 Bo 
<< C1 Bo (0) 

d 0 ) + « ( 6 - d 0 ) 
<< C1 Bo 

<< C1 Bo 

d0) + S (6-e0) ] |2 

ax 

axs 
161 l^n 
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The contribution o f the firs t ter m ca n be dominated b y log(l + I C f V ' l ^ - £ 0 ) \ ) . 
By usin g (399), it i s easy to show that the contributio n o f the secon d term ca n be 
dominated by n£=i l& l l™n|- • 

Remark 20.3.4. —  We have a  varian t o f Lemm a 20.3.5 corresponding t o Lemm a 
20.3.3. Namely, if ord(R) ^ m(l) , then we have an estimate 

log( 
#exp(A 1q)|(A,z ,y) 

g exp(A-1a)|(A,z0,y) 
^ C l z - W l +  Clogfl^o)!" 1 

t 

i=k+l 
N"1 

If 777̂ (0 ) <  -1 ? the ter m 12̂ (0 ) I 1  m the logarith m i s not necessary . Se e Subsection 
2.6.1 for the order ordi?. • 

20.3.3. Estimate for a flat section of a family of A -flat bundles for A  ^ 0 
We giv e a special version of Lemma 20.3.2, which will often b e used in our sub-

sequent arguments . Le t X  b e a product o f Aez an d a  complex manifold Y.  Le t /C 
denote a point o r a compact region of C\. Le t X  :=  X x  /C and V  :—  D  x /C . Le t 
7r : X(V) —>  X  denot e the rea l blow up of X alon g V. Le t Sz  b e a multi-sector of 
(A*)*. Let S be a product of Sz and a compact region U of Y x  /C. Le t 5 denote the 
closure of 5 in X(V). 

Let m €  Z<0 for some k £  [1,<£] , and le t m(l ) = m + ¿¿(0 ) f° r some ¿(0) £  [1 , k]. 
Let a be the product of zm and a nowhere vanishing holomorphic function am on X. 
Let # b e a holomorphic section of Md(C) 0^(zmWft^0(log £>) ) o n 5. 

Lemma 20.3.5. — Z/e£ g  be  a  Cd-valued holomorphic function on S such  that  \ dzg  = 
(da +  R)  g. Let  ZQ be  any  point  of SZ. Then,  we have the  following  estimate for some 
C> 0: 

(400) log 
\g exp( A 1a)\(\z,y) 

\g exp(A-1aj|(A,^o,2/ ) 
^ C l z ^ l l o g f l ^ o ) ! - 1 

£ 

i=k+l 
M_1 

If mi(o)  <  the  term |^(o)| 1  ^n the  logarithm is not necessary. (If g\ZoXu =  0 ? we 
use the  convention log(0/0) =  0.) 

Proof. —  We put f  —  g exp(A_1(a — a|ZoXt/))- B y changing the variables X{  =  z~x, 
we appl y Lemma 20.3.2 to / . Then , we obtain the desire d estimate . (Not e we may 
assume that R and g are defined on 5' which is slightly larger than S.) • 

Corollary 20.3.6. —  Let  g be  as  in Lemma 20.3.5. Assume  the following: 
• k  = £ and  Re(A-xa ) < -5|zm| for some S > 0. 

If we  shrink  S appropriately  in  the radius direction,  we  have \g\ =  0(exp(—e|zm|)) 
for some  e > 0. • 

Corollary 20.3.7. —  Let  g be  as  in Lemma 20.3.5. Assume  g\ZoXu is  nowhere vanish-
ing. We  also assume  the  following: 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



516 CHAPTER 20 . PRELIMINARIES FRO M ANALYSI S O N MULTI-SECTORS 

• k  = I and  Re(A_1a) > (J|zm| for some S > 0. 
If we  shrink  S appropriately  in  the radius direction,  we  have \g\ > C\ exp(£|zm|) for 
some C\ >  0 and e > 0. • 

20.3.4. Estimate for a flat section of a family of A-flat bundles around A = 0 

We giv e another special version of Lemma 20.3.2. Le t X  b e a product o f Az an d 
a complex manifold Y.  Le t /C denote a neighbourhood of 0A in C\. Le t X :=  X x  /C 
and V :=  D x K,. Let X° :=  X x {0A}. We put W  :=  X° U V. Le t X(W)  denot e the 
real blow up of X alon g W. Le t 5 A and 5 Z be multi-sectors o f /C \ {0A } and (A*)^ , 
respectively. Le t S be a product o f S\, Sz and a  compact region U of F, an d le t S 
denote the closure of S i n X(W). 

Let m G Z -̂0 for some k G [1,^], an d le t m(l ) =  m + ¿¿(0 ) f° r some ¿(0) G 
Let a be the product of zm and a nowhere vanishing holomorphic function am on X. 
Let it ! be a holomorphic section of Md(C) ® p^(zmWftx(logD)) o n 5. 

Lemma 20.3.8. —  Let  g be  a Cd-valued holomorphic function on S such  that 

\dzq = (da + R) q. 

Let ZQ  be any point of Sz. Then,  we have the following estimate  for some C > 0: 

(401) log 
g exp(A 1a)\(\,z,y) 
g exp(A-1a)|(A,z0,y)^ 

^CIz-WA-^logfl^o)!"1 
£ 

i=k+l 
( axiq) u 

In the case m^o ) <  —1 , the  term |^(o) | 1  in the logarithm is  not necessary. (We use 
the convention log(0/0) = 0  in the case g\sxxz0xu — 0•) 

Proof. —  W e put f  —  g exp(A_1(a—a\SxXz0xu))- B y changing the variables w = A-1 
and Xi = z^1, we apply Lemma 20.3.2 to /. Then , we obtain the desired estimate. • 

Corollary 20.3.9. —  Let  g be  as in Lemma 20.3.8. Assume  the following: 
• \g\  is bounded on  S\ x ZQ  x U. 
• k  = £ and  Re(A"1a) < -^A-1*™ ! for  some S > 0. 

If we  shrinks appropriately  in the radius direction, we  have \g\  = 0(exp(—£|A-1zm|)) 
for some  £ > 0. • 

Remark 20.3.10. —  We have a  varian t o f Lemma 20.3. 5 correspondin g t o Lemm a 
20.3.3. Se e Remark 20.3.4 . • 
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CHAPTER 21 

ACCEPTABLE BUNDLES 

We studie d acceptabl e bundles i n [65], [66] and [67] after [21], [81] and [82]. I n 
this chapter , w e give a  revie w and som e complements. Th e mos t importan t on e is 
local freenes s (Theore m 21.3.1 ) i n Sectio n 21.3 . Althoug h ther e i s a  considerabl e 
overlap with [65] and [67], the author thinks it appropriat e t o give the detail s i n view 
of significanc e of the theor y o f acceptable bundles fo r us. 

In Sectio n 21.1 , we recal l basi c fact s o n holomorphi c vector bundle s o n Kahle r 
manifolds. W e review in Section 21.2 the fundamenta l propert y of the twisted metric s 
for acceptabl e bundles, with mino r refinement . Roughl y speaking, i f N i s sufficiently 
negative, we have the vanishing of higher L 2-cohomology, due to which we can extend 
holomorphic section s o n a  hyperplan e t o thos e o n th e whol e space . An d i f N  i s 
sufficiently positive , th e norm s o f holomorphic sections ar e pluri-subharmonic , du e 
to whic h we do no t hav e t o car e th e distinction s betwee n L 2-estimates an d growt h 
estimates, o r curve-wise estimates and globa l estimates . 

In Sectio n 21.3 , w e giv e th e statemen t o f th e mai n theore m (Theore m 21.3.1 ) 
of thi s chapter . I t briefl y mean s th e loca l freenes s o f the sheave s o f holomorphic 
sections satisfying som e growth estimate. I t wa s shown in [67] for acceptable bundles 
underlying tam e harmonic bundles . Th e main bod y o f the proo f i s almost th e same . 
We need only some easy changes for the genera l case . However , it i s used to obtain a 
filtered A-fla t bundl e fro m an unramifiedl y goo d wil d harmonic bundle , which is one 
of th e mos t fundamenta l result s fo r us . Hence , we give a  rathe r detaile d outlin e of 
the proo f i n Sections 21.4-21.7 . 

The theory of acceptable bundles on curves was well established b y Simpson in [81] 
and [82]. W e explain some complements in Sectio n 21.4 for our use , which are mor e 
or les s well known. I n Sectio n 21.4.2, we explain that th e paraboli c filtration  ha s th e 
splitting b y the weight decomposition with respect to the Galoi s group after taking an 
appropriate ramifie d covering . I n Section 21.4.3, we review that the parabolic weights 
are essentially the logarithm of the limi t of the monodromy . Then , we show in Section 
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21.4.4 that the paraboli c weights are wel l defined fo r the irreducibl e component s o f 
the divisor s i n th e highe r dimensiona l case . (W e have use d th e propert y o f tame 
harmonic bundles for the control of the parabolic weights in [67].) 

To show an (9-module is locally free, i t i s always essential t o show that holomor-
phic sections on a hypersurface ca n be extended to those on the whol e space, in an 
appropriate sense . W e study suc h problems in Sections 21.5-21.6 by the metho d in 
[65] and [67]. We change the way of construction of a cocycle (Section 21.5.2). Then , 
we show Theorem 21.3.1 in Section 21.7 by using the argument i n [65] and [67]. 

In Section 21.8, we show that a small deformation of an acceptable bundle is also 
naturally extended to a filtered bundle, which is useful t o show Theorem 9.1.2. 

In Section 21.9 we give some complements. I n Section 21.9.1, we study estimate s 
of su p norm s for L2-solutions of the <9-equation . Lemm a 21.9.1 is used i n Sections 
21.9.2, 7.4.2 and 8.2.3 . W e also give a variant of such an estimate in Section 21.9.2, 
which is used in Sections 9.4.1 and 13.5.3 . We give in Section 21.9.3 an estimate of 
a unitary connection form with respect t o a holomorphic frame compatibl e with th e 
parabolic structure. W e show that it i s bounded up to log order. W e give in Section 
7.5.2 a refinement i f the acceptable bundle comes from a good wild harmonic bundle. 
(See also Section 10.3.2.) Such an estimate is used to obtain an estimate of harmonic 
forms on a punctured dis c (Section 8.4.2). 

21.1. Some general results on vector bundles on Kahler manifolds 

21.1.1. Vanishing of L2-cohomology and some estimates. —  W e recall some 
results of Andreotti-Vesentini i n [3]. Le t (F , g) be a complete Kahler manifold , not 
necessarily compact . Th e volume form of Y i s denoted b y dvol. Le t (E,  dE,h) b e 
a Hermitia n holomorphi c bundle ove r Y. Le t (• , -)h,g denot e the induce d fiber-wise 
Hermitian metri c of E (g) £}yq. The space of C°° (p , #)-forms with compact support i s 
denoted by A™(E). Fo r any rj{ 6  A™(E) (i  = 1,2), we define 

(vu m)h := (VuV2)h,g'àvól, \\rj\\l : = (v,v)h-

The completion of A^q(E) wit h respect to the norm | | • is denoted by Apl,q(E). 
Let dE  : A™(E) -+ A^q~1{E) denot e th e forma l adjoin t o f dE A™{E)  -> 

A^q+1{E). W e set A " = dEdE + dEdE. W e have the maxima l close d extension s 
dE : A%q(E) -> Aph^\E) an d dE  : Aph>q(E) Aph>q-\E).  We denote the domains 
of &E  and dE  by Dom(<9£;) and Don^c^ ) respectively . 

Proposition 21.1.1 (Proposition 5 of [3]). — A™(E) is  dense in := Dom(dE) D 
Dom(dE) with respect to the the graph norm  ||t7||2 + Hc r̂yH2 + H ê7/!!̂ - ($ee °̂ so 
[2i];. 
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Proposition 21.1.2 (Theorem 21 in [3]). — Assume that there exists a  positive number 
c > 0 satisfying the  following: 

For any 77 G W™, we  have \\dEv\\l + d Ev\\l^ c  • \\rjWl 

Then, for any  C°°-element 77 G A%q(E) such that BEÌJì) — 0> there exists a C°°-
solution p  G A%q~ (E) satisfying  the equation OEÌp) — V- ^ 

21.1.2. Kodaira inequality. — W e recall some inequality due to K. Kodaira [49] 
and M. Cornalba-R Griffiths [21]. (See also [65] and [67].) For a Kàhler manifold F, 
we have the operator A : QyQ ~  ̂1,9- 1 which is the adjoin t o f the multiplication 
by the Kàhler form (see Page 62 of [48]). Let E be a holomorphic vector bundle with 
a Hermitian metri c h  over Y. W e have the metri c connection of E induced by the 
holomorphic structure 8E and the Hermitian metri c h.  W e denote the curvature by 
R(h). Le t R(Qyq)  denote the curvatur e of the Levi-Civit a connection on fly9- We 
have the following inequality: 
(402) 

I M * +  H ^ f i >  >/^(MR(№q)) ' V, V)h  ~ V^i(A(R(h)rj) -  AR(h)  • 77, r,)h. 
(See Sectio n 2.8.2 of [67].) 

We give a more specific formul a fo r (0 , l)-forms. W e denote the Ricci curvature 
of th e Kàhler metric g  by Kic(g).  W e can naturally regard Ric(g)  as a  section o f 
End(E') <S> fly1. Le t /  b e a local section of End(E) <g> fiy1, an d 77 be a local element 
oiA%\E). W e put 

(403) ((/,77))^:=-V:il(A(/.77)-A(/).77, 77)̂ . 

Let (fii-.-iifd  b e a  loca l orthonorma l fram e o f fi1'0, and le t e±,...,  er  b e a  loca l 
orthonormal frame of E. Fo r local expressions f =  Y2 fn,v,i,j 'e^ ®  (Vi^Pj)i V  = 

V/*,i '  ev ® Vii we can rewrite (403 ) as 

(404) ^2U^iJ 'V^i-Vvj, 
where e^,..., eyr denot e the dual frame. 

For an y 77 G Dom(<9£;) FI Dom^^) C A(^1(E)i we have the following inequality : 

\\dE(v)\\l + \\dE(v)\\l > J((R{h)  +  Ric(ff),i,»fcdvol . 

(See [49] and [21]. See also Proposition 4.5 of [65].) 

21.2. Twist of the metric of an acceptable bundle 

Let X  b e a complex manifold, and D b ea normal crossing divisor of X. Le t gp be 
a Poincaré-like metric of X \  D,  i.e., for any point P  G D, we can take a neighbour-
hood U  of P i n X suc h that U  \ D  is bi-holomorphic to the produc t o f some discs 
and puncture d discs , and then gp  and th e Poincaré metric o f U \ D  ar e mutuall y 
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bounded around P.  Recal l that (E,8E,  ft)  i s called acceptable, if the curvature R(h) 
is bounded with respect t o ft and gp.  (Se e also Definition 2.44 of [67].) 

Let us consider the case X : = An and D := U*=i ^? where we put : = {zi = 0}. 
Let <9# , ft) be an acceptable bundle over X \  D.  Fo r a e R£ and N  e R, we  set 

(405) r(a , TV) : =- ^ a , •  log\Zi\2 + AT- ( £ > g ( - lo g №) +  ] T log( l -  |z,|2)). 
2=1 i=i i=e+i 

We conside r the following metric for any a and N: 

(406) Vjv:=fe-e-T(0lJV)=ft -ni^l2ai-(-logN2)_JV- f [ ( l " N T " 
2=1 ¿=¿+1 

We use the symbols | • |a,jv, | | • \\atN, (• , -)a,iv and ((• , -})a,N instead of | • \haN, | | • \\ha,N, 
(*> O^O.jv an d (* > ')ha,N- W e also use the symbols instea d of ^ ' ^ ( i ? ) . 

21.2.1. The case where A" is sufficiently negative. —  W e have the following 
equality fo r any section 77 G A®>Q(E)  (See the proo f of Lemma 2.45 of [67]): ^ 

(407) V^l(A(<9<9r (a, N)rj) -  A(ddr(a,  N))  • 77̂  = —N  • q • 77. 

We obtai n the following inequality fro m (402) and (407) : 

(408) \\dE4l,N  +  ¥E41,N >  v^T(A(fi°/xZ)) •  v, V)atN 

- y/=l(A(R(h)  •  rj) - AR(h)  .v,r,) A-N-q-  \\v\\l,N. 
\ /  a,iv 

There exists a positive constant C  > 0, depending only on the bound of the curvature 
R(h), suc h tha t th e followin g holds o n X  \  D  fo r an y q  =  l , . . . , n an d fo r an y 
r, e A°«(E): 

(A(ri&D) •  r, - A(R(h)  •  rj) +  A(R(h)) •  V, „ ) J s$ C • \V\2h. 
If w e take a negative integer N  suc h that N <  — C —  1  for the abov e constant C , we 
obtain th e followin g inequalities fo r any q  ^ 1  and fo r any 77 € A^,Q(E),  du e to th e 
ineaualitv (408) : 

(409) WÔEVW. „  + WdnvW-  „ > Mi м-

Lemma 21.2.1. —  Let C be  a positive constant  as  above. If N <  —C — 1, we have the 
vanishing of  any higher cohomology  group Hl(A^'N[É), 8E) (i  > 0). 

Proof. — It follow s from Proposition 21.1.1 and Proposition 21.1.2 and (409). • 

1. The signature in Lemma 2.45 of [67] is opposite. 

ASTÉRISQUE 340 



21.2. TWIST OF THE METRIC OF AN ACCEPTABLE BUNDLE 521 

21.2.1.1. Refinement.  —  Let Z%qN(E) denot e the kernel o f the natural morphism 
~&E :  ^aqN(E) -> ^a'iv"1^)- Le t Aa%QiE) be the SPaCe °f the Sections T of E (g) Q0'9 
such that r an d ar e L2 with respect to /ia,iv and #p. I t is also obtained as the 
completion of A°c,q{E) wit h respect to the norm ||T||0)J V + H^TH^A/ . Th e kerne l of 
the morphism d*E :  A^q(E) -+  A*^'1 (E)  i s denoted by Zffi(E). 

Let A^qN(E)  denote the space of the sections of E ® Q0,q suc h that r , dEr  and 
d*Er are L2. I t is also obtained as the completion of A^Q(E) with respect to the norm 
HTlll,a,IV ''= WTW«>N + Pi^||a ,IV + | | ^ IU , I V . W e Set 

Z°aqN(E) := K e r (̂  :  A°aqN(E) — A°aq+\E)), 

Z^(E) : = K e r (̂  :  (  ̂: A°aqN(E)-> A*a%q~\E)). 

If A/ " is as in Lemma 21.2.1 , fo r any (/ ^ 1 , 11^11^ aiV : = ll^rIU , iv +  Hdj^lUiv 
determines a  norm equivalen t t o llrll^aAr du e to (409) . Th e Hermitian pairin g 

(Tur2)xtatN :=  (dETi,dET2)a,N  + 0"ETi^ET2)a1N induces the norm | | • \\z^N-

Lemma 21.2.2. —  If N is  as in Lemma 21.2.1, the  following holds for any q  ̂1  and 
any a G R£. 

• We  have the  decomposition A^qN(E) = Z^qN{E) 0 Zffi(E). 
• &E  : (K$q(Ej, || • \\A^N) - ( ^ + 1 ( ^ ) , ¡1 • 11«,*) w an isomorphism. 
• For  any  p  G Z^%q(E), there exists \i G Z^'jy-1^) sz/c/ i £/ia£ p = dEp,. 

Proof. —  We use a descending induction o n q. Th e claim is trivial for any suffi-
ciently large q. Assum e that we have already obtained the decomposition A(^qI^1(E) = 
Z°S1(E)®Z:^+\E), an d Z^+l(E) c  d*E(Z°a$2(E)).  For any « e 2%$\E), 
let u s consider the linear map FK :  Z^q^~1(E) — > C give n by FK(r) := (r , K)a,N-
It i s continuous wit h respec t t o | | • ||^aAr B y tne Riesz representation theorem , 
there exists v  G Z^ ' j^1^) suc h that (r , «)a,iv =  {T^)A,a,N = {^ET^*Ev)a,N  f° r 
any r G Z ^ j ^ E ). Fo r any r G Z*;^9+1(£7), we obviously have (Z^T , d ^ z / )^ =  0, 
and w e also have {r,K)a^  =  0 because r =  c^r ' for some r'. Hence , (r, ft)a,iv — 
(9 r̂,d*Ev)a,N hold s for any r G ^'^"1(J&), whic h implies K  — dE(d\v). I n par-
ticular, K  is contained i n the image of dE :  Z^q(E)  — • Z°'^hl(E). Then , <9 # : 
Za%q(E) — > Z '̂̂ ,_1(E') is an isomorphism, by definition of || • || â  ̂and || • \\a,N-

Due t o (409), we have Z%qN(E) n Z * ' ^ ( £) =  0. Le t a; G ^ ^ ( £ 7 ) . Applyin g the 
above result to dEu, we can take u\ G Z^°^q(E) such that c^cji =  c^a;. Then , UJ-UI G 

Z ^ ' ^ ( ^ ) . Thus , we obtain the decomposition. A^qN(E)  = Z%qN(E) 0 Zffi(E). 
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Let p  G Zffi(E).  Applyin g th e abov e t o dEp  G Z°a;q^1(E),  w e ca n find 
v G Z^\E) suc h tha t dEdEv  =  dEp.  Then , dEu  G Zffi(E) an d w e have 
dE(d*Ev — p) —  0- Then, we obtain p = <9#z/ . Thus, the induction can proceed. • 

Lemma 21.2.3. —  Let  N be  as in Lemma 21.2.1. For  any u G Z^1N(E), we have a 
section f of  E such  that df =  cu and  ||/||a,iv ^  IM|a,N -

Proof. —  Let us consider the linear map :  Z^,1N(E) — • C as in the proof of Lemma 
21.2.2, which is continuous with respec t t o | | • ||^aAr B y the Ries z representation 
theorem, ther e exists p  G Z^,1N(E) wit h ||p||^ a ^  ^  IML,N > suc n that (T,oo)a,N  = 
(d*ET,d*Ep)a,N> A s in the proo f o f Lemma 21.2.2, we have u =  dE(d*Ep). Sinc e we 
have ||9^p ||a,jv =  H pIIÂ AT ^ IMk iv , w e are done. • 

21.2.2. The case where N  is sufficiently positive. — Le t 7 ^ :  X \  D  —+  Di 
denote th e natura l projectio n fo r i  =  1,... , n. W e put D°  :=  Di \  [jj^ij^e^j-
Let P  be a point of D°, then we obtain the curve TT^1(P) whic h is isomorphic to A* 
(i ^  t)  o r A (£  < i < n). Le t A" denote the Laplacian on 7r~1(P) with respect to the 
Euclidean metric . Th e restriction o f the metri c haN  t o E^-i^ i s also denoted by 
ha,N- Similarly, the restrictio n o f | • |a>jv to n^1(P)  i s denoted by the sam e symbol. 
We ca n easil y sho w the followin g lemma . (Se e Lemma 2.49 and Corollar y 2.50 of 
[67].) 

Lemma 21.2.4. —  There  exists  a  positive constant No, depending  only on the estimate 
of the  curvature  R(h),  such  that the following holds: 

• Let  P be  a point of D°, and  U be  an open subset of the curve 7r~1(P). Let  F 
be a  holomorphic  section  of E\u-  Then  the  inequalities  A"\F^N  ^  0  and 
A" lo g |-F|a,7V ^  0  hold  on U for  any  N ^  No.  In  particular,  \F\  ̂N and 
log |-F|a,iv are  subharmonic on  U. 

As a  result, for  any holomorphic section F of  E, the  functions log |-F|a,iv o/nd  \F\a^ 
are pluri-subharmonic, if  N ^  No-  • 

We explai n variou s consequence s of this pluri-subharmonicity . Sinc e we will be 
interested i n th e behaviou r o f holomorphic sections aroun d th e origi n O , w e pu t 
X(C) : = {(*i , ...,zn)eX\ \Zi\  <  C } , Di(C) := A n X{C) an d D{C)  = D n X{C) 
for an y 0  < C  <  1, and w e will consider the restriction s o f holomorphic sections to 
X(Cy :=X(C)\D{C). 

21.2.2.1. I?-estimates  on  curves and  on X \  D.  — Th e following corollary allows 
us to derive the L2-property on curves from the I? -property on I \  D , which easily 
follows from the pluri-subharmonicity i n Lemma 21.2A. (See Corollary 2.51 of [67].) 

Corollary 21.2.5. — Let  F be  a holomorphic section  of E on  X \ D  such  that F G 
A^°N(E). Let  No be  as in  Lemma  21.2.4, and  let M >  max{7V0, N}. For  any 
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1 ^ j  ^  £  and P G D0,, we have the  following finiteness: 

nj\P)nX*{C) 
F\it-\P)nX*{C) 2 

I la,M 
dvol^-^pj < oc. 

Here dvol^-i^p) denotes  the volume form of  -K- (P) with  respect  to the restrictior 

Ур\7Г-ЧР)' 
21.2.2.2. From L2-estimate to  growth estimate  on a curve.  — Le t u s consider the 
case X =  A and D  = {O}.  W e can show the followin g lemma by the argumen t in 
Lemma 7.12 of [66], although i t i s stated fo r acceptable bundles induced by tame 
harmonic bundles. 

Lemma 21.2.6. — Let  f be  a holomorphic section of E onX\D  such  that ||/||&,JV < 0 0 

for some  b,N G R. Let  N0 be  as in Lemma 21.2A, and M >  max{A 0̂, |JV|+2}. Then, 
the following holds on  X (1/4): 

\f(z)\l^B\\f\\lN\z\-2b(-log\z\)M 

Here, B >  0 is independent of  f. 

Proof. —  Let dvo l (resp . dvolPp) denote the volum e form associated t o Euclidean 
metric (resp . Poincaré metric). Fro m the subharmonicity , w e obtain th e followin g 
inequalities for any 0 < \z\   ̂1/4 : 

(410) log|/(s)|g|M 
4 

7r|z|2 \w-z\^\z\/2 
log \f(w)\lM dvol 

^log 4 
7T\Z\2 \w-zK\z\/2 

| /H|^Mdvol < logl 2C 

7T \w-z\^\z\/2 
l/Hlfe,7vdvol^p 

< logi <20 
TT 

Thus, we are done. 

21.2.2.3. Refinement of growth estimates on a curve. —  Le t u s conside r the cas e 
X = A and D = {O}. W e can show the following lemma by the argument in Lemma 
7.13 of [66], although i t i s stated for acceptable bundles induced by tame harmonic 
bundles. 

Lemma21.2.7. —  Let f be a holomorphic section such that \f\h = 0 (\z\~a~£) for 
any e > 0  on X(C). Let N0 be as in Lemma 21.2 A, and let M > N0. We 
set H(z) := \f(z)\2h • \z\2a • (- log |z|)~M. Then, H(z) is bounded. More strongly, 
max^i^c' |i/(z) l —  max|3|=c" H(z) for any 0 < C < C. 

Proof. —  We put H£ := H(z) • \z\2e for any e > 0 . W e have the subharmonicit y 
of logii e o n X*(C). B y the assumption , w e have lim^^o l°gHe(z) —  —°° - Hence, 
m&x\z\^c |^e(^) | =  max^i^^ / H£(z) fo r any 0  <  C < C. B y taking the limi t for 
e —> 0, we obtain the desired estimate. • 
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21.2.2.4- Growth  estimates  on curves and  on X \  D.  — Le t u s return to the case 
X =  An an d D  = Ui= i Di. W e would like to remark that the growt h estimates o n 
curves imply the growth estimate on X \  D.  Th e following lemma is a refinement of 
Corollary 2.53 of [67]. 

Proposition 21.2.8. — Let  F be  a holomorphic section  of E on  X \  D.  Assume  that 
we are given numbers ai  G R (i  = 1,..., £) such that the following holds: 

• l i ^ - i ^ l ^ =  0(\zi\~ai~£)  for any e > 0 and for any i = l,...,£ and  P G D°. 
Let NQ be as in Lemma 21.2A, and let M > NQ. Take  0 < C < 1. Then,  there exists 
a constant B, which  is  independent of  F, such  that the following holds on  X*(C): 

M-logW) 
£ 

3 = 1 
I s i l - ^ M - l o g W ) 

M 
max 
\Zj\=c 

\F\l 

Proof. —  We only have to use Lemma 21.2.7 inductively. 

Corollary 21.2.9. — Let  F  be  a holomorphic  section  of E over  X  \  D  such  that 
||^||O,JV <  oo . Let  No be  as in Lemma 21.2A, and  let M >  N Q. Then,  the following 
holds on  X*(C) for  some 0 < C < 1: 

M-logW) 
£ 

aoxi 
| , j | -2a^( - log |^ | )M max 

\ZJ\=C 

F iusx 

In particular, F G aE. (See  Section 21.3 for aE.) 

Proof. — We obtain the L2-estimate s fo r the restriction s o f F to curves transversal 
to the smooth part of D, due to Corollary 21.2.5. This implies the growth estimates of 
the restriction t o curves due to Lemma 21.2.6. Then, we obtain the growth estimate 
of \F\h  on X*(C) b y Proposition 21.2.8. • 

21.3. Prolongation to filtered bundle 

Let X :— An, and D  := Ui=i{^ = 0} - Let (E,ÔE,h) be an acceptable bundle on 
X \  D  of rank r. W e naturally identify E  with the sheaf of its holomorphic sections. 
Let a G R£. Th e z-t h component s of a ar e denote d b y â . Fo r an y ope n subse t 
U C X, we define 

aE(U) := feE(U^D) \f\h  = 0 
£ 

i=l 
\z\~ai-£ We>0 

By taking sheafification, w e obtain an Ox-module aE. I n the case a = (0 , . . . , 0), we 
prefer th e symbol °E. 
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21.4. ONE DIMENSIONAL CASE 525 

Theorem 21.3.1. —  Assume that  det(El, 8E, h) is  flat, for  simplicity.  Then,  aE is 
locally free for any  a G Re. Moreover,  the family {aE  | a G R£} forms  a  filtered 
bundle. 

This theore m implie s that (i ) the image s ^(aE^.)  o f a(i,b)E\Di ~*  aE\r>. ar e 
subbundles fo r any b  G ]a* ; — 1, a*], where the j-the components of a(z,6) and a  ar e 
equal for j ^  i,  and the z-t h componen t of a(i, b) is 6, (ii) the induced nitrations %F 
(i =  1,  ...,£) o f a îDi ar e compatibl e in the sens e of Definition 4.3 7 of [67]. (Se e 
Section 2.5.3.) 

The tuple o f nitrations (* F \ i —  1,... ,£ ) i s often denoted by F i n this situation . 
Let v = (vi,..., vr)  be a frame of aE compatible with JP. Namely , the numbers ai(vk) 
are attached to any Vk  an d i  = 1,.. . suc h that {vk\Di  \  Ui(vk) ^  & } gives a frame 
of lFb(aE\D.) fo r each pair of i = 1,...,£ and b  G }ai  — 1, a*]. The numbers aj(v{)  are 
often denoted by •7degF( )̂ in this situation, an d called the degree with respect to -iF. 
We set 

£ 

(411) ^ - V f c - n W 0 ' 0 , 0 -
¿=1 

Let H(h,v')  denot e th e Hermitian-matri x value d functio n whos e (p , g)-entries ar e 
given by h(v'p,v'q). 
Theorem 21.3.2. —  There  exist positive constants C  and  N such  that the following 
holds around  O: 

£ £ 

(412) C" 1 • ( - E l o g W)~N <  H(h, v') <  C • ( - lo g | * |) W. 
2=1 2=1 

In other  words, v'  is  adapted to h up to log order. 
The holomorphic bundle End(E)  with the induce d Hermitian metri c h  is also ac-

ceptable. W e can show the followin g propositio n by using the wea k norm estimate 
(Theorem 21.3.2). 

Proposition 21.3.3. —  °End(2£) is naturally isomorphic  to  the sheaf of the endomor-
phisms f of  aE for  any  a G Re, such  that f\D. preserves the filtration lF for each 
i = l,...,l. • 

We will prove Theorems 21.3.1 and 21.3.2 in Sections 21.4-21.7. 

21.4. One dimensional case 

21.4.1. Weak norm estimate. —  I n the on e dimensional case , Theorem 21.3.1 
was proved by Simpson in [81]. (See also [82]). For any a G R, we have the associated 
vector bundle aE with the parabolic filtration F. W e set 

Var(aE) := {be]a- 1 , a] |  Grf (aE)  ̂ 0} . 
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Moreover, h e showe d the functorialit y wit h respec t t o dual , tenso r produc t an d 
direct sum . I n particular , i f v i s a  fram e oi  aE  compatibl e with th e paraboli c 
filtration, th e dua l fram e vv  o f Ey naturall y gives a frame o f _0_i+e£'v for some 
sufficiently smal l e  >  0 . Le t u s prov e Theore m 21.3. 2 in th e on e dimensiona l 
case, b y using thi s fact . Le t v' = (i^ ) be a s i n (411) . B y using Lemm a 21.2.7 , 
we obtai n H(h, v') ^  C\  •  (— log 1  fo r som e C\,M\  >  0 . W e als o obtai n 
H(hy,vVf) < C2  • (-log|z|)M2, wher e hv denotes the induced metric of Ev. Then , 
we obtain that v' is adapted. 

21.4.2. Pull -back and descent. — Fo r any positive integer c, let ipc  :  X —>  X b e 
given by ij)c{z) — z°- W e put (E^d^,h)  :=  /ip~1(EJ/i), whic h is also acceptable. 
For an y a, b G R, le t i/(a , b) G Z be determined b y 6 — 1  < i/(a , 6) + a ^  6 . Fo r any 
6 G .R, it is easy to check 

bE = 
a 

z-v(ca,b) .ф-\аЕ). 

More concretely, let v b e a frame o f °E compatible with the paraboli c filtration F. 
Let di  :— degF(vi). W e set 

Î7. — „-и{саиЪ) . j r l / „ \ 

It i s easy t o chec k that v =  (vi)  i s a  fram e o f bE compatible with th e paraboli c 
filtration, b y using the weak norm estimate. Hence , we have 

Par(bE) = {ca + v(ca,b) \a G Var(°E)}. 

Let ji c : = {w  G C |  wc =  l } . Le t w be a generator . W e have th e natural fi c-
action o n X give n b y the multiplication , whic h i s lifted t o an actio n o n ^E. Not e 

(w-1)*(vi) = wv(cai,b)vi. 
Assume tha t 0  ^  b  < 1/2 . I f c is a sufficientl y larg e integer , w e have (i ) 0 ^ 

z/(ca, b) ^ c  — 1, (ii) Var(*E) —> Z given by z/(ca, b) is injective. W e have the decom-
position 

(413) bE\0 z 
v(caj,b) 

Vp, V̂ , = (vj\0 I v(caj,b) = p), 

where CJ acts on a s the multiplication by 
For eac h pG { O ^ p ^ c — l | T ^ ^ 0 } , ther e exists xip)  £  Var(°E)  suc h that 

P — ^(x(p)A5 Thus , we obtain the map 

Y : ÍO < » < л - 1 К. =¿ (И —• Varl*E). 

By setting (p(p) := z/(x(p)a, 6) + x(p)a G Var^E),  w e obtain the map 

y> : {0 ^ p  ^ c  - 1 1 Vp  ̂ 0} —-> Var{bE). 
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The decomposition (413) gives a splitting of the paraboli c filtration F  o f t,E in th e 
following sense: 

Fd(bE\0)= ©  Vp. 

Conversely, le t u  b e a  frame o f ^E. Assum e that i t i s ̂ c-equivariant i n th e sens e 
that CJ* UJ =  co~Pj - Uj for some 0 <  p j ^  c  — 1 . Not e that Uj\o G VPj, an d henc e 
the fram e u  i s compatible with th e filtratio n F.  W e set Uj := zpj  • u.  Sinc e Uj is 
/ic-invariant, i t induce s a  section of E, whic h is also denoted by Uj. B y using th e 
weak norm estimate, i t i s easy to check that u  =  (UJ)  is a frame o f °E compatibl e 
with the parabolic filtration . 

21.4.3. Parabolic structure and monodromy. —  Le t X  : = A and D  := {O} . 
Let (E,dE,h)  b e an acceptable bundle of rank R on X \  D. 

Lemma 21.4.1. —  There  exists a C1 -orthonormal frame e of  E with  the following 
properties. 

• There  exists  a diagonal matrix T whose  (i,i)-entries  ai satisfy  0 ^ a * < 1. 
• Let  A be  determined by 

fc.-..(-E +  4 . f . 

Then A = 0((-\og\z\)-1). 

Proof. —  See Lemma 7.10 of [66] with the simplified proo f due to the referee o f the 
paper. Althoug h the lemm a i s stated fo r tame harmonic bundles , i t hold s for any 
acceptable bundles. • 

We set S(T)  : = {—ai,... , — <^R}. ^ W e recall the followin g lemma. Althoug h it 
is also stated for tame harmonic bundles, i t holds for any acceptable bundles. 

Lemma 21.4.2 (Lemma 7.17, [66]). — Var^E) =  S(T) holds.  The  multiplicity of  an 
eigenvalue ai is  equal to  dimGr^a. (E). • 

For 0  < r  <  1 , let P(r)  denot e the characteristi c polynomia l of the monodromy 
along the loo p r • e^~^e (0^6^  2n)  of the unitary connection 8E + 0E-  W e have 
the limi t linv-^o P(r) whos e roots ar e ai,...,OR . B y Lemma 21.4.2 , limr_^0^(^) 
determines Var^E). 

2. S(T) in Page 75 of [66] should be corrected. 
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21.4.4. Control of the parabolic weights in the higher dimensional case 

Let X  : = An and D := {zx = 0} . Le t n :  X ^  D  be the projection. Le t (E,dE,  h) 
be a n acceptable bundle on I \  D . Fo r any point Q  G D, we have the acceptable 
bundle (EQ,~8Q,  HQ)  := (E,dE,h)\n-i(Q)^D. 

Lemma 21.4.3. — The  following  holds for any Qi G D (i  = 1,2); 

Var{*EQL) : = 7>arC£Q2), dimGrf(*£70l ) =  dimGrff£Q2) . 

Proof. —  Let V  :=  dE + dE denot e the unitary connection associated to (E,dE,  h). 
We us e the natura l identification X  —  AZl x D.  Fo r 0 <  r  <  1 , le t P(r,Qi)  de -
note the characteristic polynomial s of the monodromy along the loops ( r • e^~^d, Qi) 
( 0 ^ 0 ^ 2TT).  W e only have to show limr^o P{r, Qi)  —  limr^o P(r, Q2). 

Let *y(t)  : [0,1] D  be a C°°-map such that 7(0) = Qi  and 7(1) = Q2.  Fo r any 
0 < r < 1, we have the map 

$r : [0,1] x [0,2tt] —> X \  A  *r(t,fl ) = ( r - e ^ * ^ ) ) . 

Take any v G ^|(r,Q) sucn that \v\  —  1. W e hav e the section V(r) o f determine d 
by th e following conditions: 

^ (r)|(r,Q) = «, V(a»)V(r) = 0, (V($)V(r))|e=0 = 0. 

Let R  denote the curvature o f V. Then , we have 

V(de)V(dt)V(r) =  &rR{dude)V{r) = 0( ( - logr)"1). 

Hence, we obtain the following estimate with respect to h: 

V(ft)V(r)|fl=2w = 0((-logr)-1). 

Then, we obtain limr_>o P(r, Qi) =  limr_,0 P(r, Q2). • 

21.5. Extension of holomorphic sections I 

21.5.1. Statement. —  W e set X0  : = A™- 1 = {(21 , . . . , zn-i)  \  \zi\ <  l } , and 
A) : = [fi=iizi =  0 } for some t <  n-1. Le t A ^ : = {w  G C \  \w\ <  l } . W e put 
X : = X0 x A^ an d L> := £>0 x  Aw. W e als o set X^ : = X0 x {0} an d Z>(°) : = £>0 x {0}. 

Let (E,dE,ti)  b e an acceptabl e bundle on I \  D . Le t /  b e a holomorphic sec-
tion o f 0CE|X<OKD(°> ) o n \  Z)(°) . Tak e 0 <  i J <  1 , an d w e set X(R)  := 
{|zi| <  i? , <  i?} . Th e followin g lemm a i s the counterpar t o f Lemma 8.51 of 
[67]. 

Lemma 21.5.1. — There  exists a holomorphic section  F of^E  on  X(R) such  that 
F\X(R)n(X(°)^D(°)) =  /• 
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21.5.2. Construction of a cocycle. —  Th e argument is essentially th e sam e as 
that in [67]. We have to modify the construction o f an appropriate cocycle (Section 
8.4.2 of [67]). We can argue as follows. 

We us e th e pola r coordinat e w  =  r  •  e^~^e fo r A^ . Le t dr  denote th e vecto r 
field d/dr.  Le t /  b e a holomorphic section of °CE|X(0KD(°))- B y using Propositio n 
21.2.8, we obtain that / i s bounded up to log order, i.e., the following holds for some 
C,iV>0: 

\f\h^c-(-J2^\*i\)N' log |Zi|) N. 
i=i 

By using the unitary connection V := &E + 9E, we extend / t o a continuous section F 
of E on X\D b y the condition VdrF =  0 and F]Xo  = /. W e have \F(z, w)\h ^  \f{z)\h 
by the construction . 
Lemma 21.5.2. —  We  have the following estimate on  X\ (DU(X(°)) ) for  some C > 0 
with respect  to  h and  gp: 

\VF(z,w)\^C-\f(z)\-\w\. 

Proof. —  In the following, C{ > 0 denote positive constants. W e put vi :=  (— log\zi\)-
Zid/dzi (i = 1,..., £) and Vi := d/dzi (i  = ¿+1 , . . ., n—1) fo r simplicity of description. 
Because VsrF =  0 and [<9r,̂ ] = 0 , we have V ^ V ^ . F =  R(h)(dr,Vi)F.  Hence , we 
have 

^\VViF\2h(z,w) =  2Re/i(VarV^F , VViF) = 2Re h(R(h)(dr,Vi)F, V ^ F ) 

^ ^ I - l / W L - I V ^ I ^ t i ; ) . 

Note VViF(z, 0) = 0. Hence, we obtain |  V ^ F ^ z, w)  <  C 2 • |/0z)|^ -r. W e also have 

-^\Vd9F\2h(z,w) = 2RBh(R(h)(dr,de)F,VaeF) <  C3 • r • \f(z)\h •  \Vd9F\h(z,w). 

Note Va,F(z,0 ) =  0  on the rea l blow up of X \  F > along X<° ) \  D ^ . Hence , we 
obtain | V r - l ^ F ^ ^  C 4 • r •  \f(z)\h.  Thu s we are done. • 

We take a C°°-metric h0^_xw) o f the line bundle 0{— X^0)) o n X. We naturally 
regard dF(z,  w) a s a section of £ 0 £>(-X(0) ) ®  fi^D  o n X \  D.  Then , the norm 
of dF(z,w)  i s bounded with respect t o h!  = h 0 fro(-x(°))  an d #p up to polynomial 
orders in — log |^| ( i = 1,... , £). 

Let x be a non-negative C°°-function on A^ such that x(w) —  1 f°r IH ^1 /2 and 
x(w) —  0 f°r IH ^ 2/3 . We obtain the following C1 -section of E on X x D: 

p : = X - F ( 3 , w ) . 

Then, p satisfies th e followin g properties i n Proposition 8.40 in [67]. 
• pis  bounde d up to polynomial order in — log \zi\ (i  = 1,..., £) with respect to h. 
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• W e regard dp as a section of E 0 Ox{-X^) 0 ft0'1 on X \ D. Then , i t is 
bounded with respect to h®hO(_X(0)} and gp up to polynomial order in — log \zi\ 
(¿ =  1 , . . . , * ) . 

21.5.3. Proof of Lemma 21.5.1. — B y using p as above, Lemm a 21.4.3 , and 
the argumen t i n Sections 8.4.3-8.4.4 of [67] we can show the extension property of 
holomorphic sections as in Proposition 8.46 and Lemma 8.51 of [67]. T o explain how 
to use Lemma 21.4.3 and the above cocycle, we give an outline. 

Let gp be the Poincaré metric of X \ D. Let 7r$ denote the projection of X \ D to 
{z{ =  0} x Aw. Let D° be the image. For any point Q G D°, let (Ì2Q, <9Q, /IQ) denote 
the restriction o f (£, DE, ft) to 7ri"1((3) \ D.  B y Lemma 21.4.3, the set Var^E, i)  := 
Var^Eo) i s independent o f the choice of Q G D°. 

For a € R£ and N e R, we consider the following metrics: 

fta,iV = ft * 
j 

i=l 
Zi \ "*{ - log|^|2 ) 

ai n-1 

i = l + l 
( l - № ) - * • (l - M V * 

fta,iV •= fta,iV <8> fto(-X(°)) 

Let | | • ||^ n  denote the L2-norm with respect to fta,iv and gp. A s in Section 21.2.1, due 
to the argument i n Section 2.8.6 of [67], ther e exists a negative number No such that 
the following holds for any N < N0 and for any C°°-section 77 of E^O(-X^) OFT0'1 
with compact support: 

i i ^ i iL .w +  i M L . K > N i L i K . 
According to Andreotti-Vesentini (Propositions 21.1.1 and 21.1.2), i t implies the fol-
lowing: 

• Le t N < N0. Le t a be any element o f R£. Le t r b e a c^-closed sectio n o f 
E 0 O(-X^) 0 Q0' 1 whic h is L2 with respec t t o ha,N and gp. Then , there 
exists a section u of E1 0 0(—X(0) ) suc h that (i ) it is L2 with respect to ha^ 
and #p, (ii) d^o; =  r. 

We tak e N < N0. W e take a  small numbe r e  >  0 such that ]  — 1, — 1 + e]  fl 
Var^E, 2) =  0  fo r any z = 1,... , £ Le t 5 =  ( 1 , . . . , 1 ) e  JK* . W e regard <9#p as 
an L2-sectio n of E 0 0 ( - X ( ° ) ) 0 Q0, 1 wit h respec t t o ft£<5,jv. Then, w e can find 
a sectio n u of E 0 0(—X'0' ) suc h that (i ) it is L2 with respec t t o h£s,N an d #p , 
(ii) dEw  = dEp> 

We obtain a section F := p — u of E on X \ D, which is L2 with respect to ft£<5,jv 
and gp.  By our construction, 3EF = 0. By using the L2-property of u as a section 
of E  0 0(—Xo) , w e obtain that (J\X( O)^D(°) —  0- Therefore, F|X( O)XD(O) = / . 

By usin g Corollary 2.51 of [67], w e obtain that the restrictions F^r1(Q)^D  ARE  ^2 
with respect to h£s,N for any Q G D°. B y Lemma 21.2.6, we obtain 

F r -1 (Q) 6 '\ E\«THQ))-
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Because ] — 1, — 1 + e] fl Var^E, i)  — 0 for any i = 1, w e obtain 

F\*r1(Q)e<>(E\«r1(Q))' 

Hence, F is a section oî^E due to Proposition 21.2.8. 

21.6. Extension of holomorphic sections II 

21.6.1. Statement. — We put X  := An and D  := {J£i=1 D{. W e also set 

X™ : = { ( ^ i , . . . , zn)  G  X | Zl  = z2}, V™  ~ X^  H  D, 

X0 := { (z i , . . . , 2N) G  X | zi =  z2 = 0} . 

Condition 21.6.1. —  Let (£ , <9#, 0) be an acceptable bundle over X\D. Le t £i and £2 
be positiv e numbers suc h that e\ + £2 < 1- Assum e that Var{^E,i)  i s contained in 
]-£¿,0] fo r z = 1,2. • 

We remark Var(E, i) D ]0,1 —  £$] = 0 under the condition . Th e following propo-
sition is the counterpart of Proposition 8.46 of [67]. 

Proposition 21.6.2. —  Let  (E,  be  an acceptable bundle  satisfying Condition 
21.6.1. Let  f be  a holomorphic section  o/°(^|x(1)\D(1)) on  X^. Then  there exists 
a neighbourhood U of Xo in  X, and  there exists a holomorphic section  f G  T{U^E)9 
such that /|xd)nc/ = f\xMnu-

21.6.2. Preliminary from geometry on the blow up 

21.6.2.1. Metrics  and the curvatures of  0^i(i). —  W e recall the contents i n Section 
4.7.3 in [65] with mino r corrections . Le t P 1 denot e the one dimensional complex 
projective space . W e use the homogeneou s coordinate [to  : t\]. Th e point s [ 0 : 1 ] 
and [ 1 : 0] are denote d b y 0 and 0 0 respectively. W e use the coordinate s t = to/t\ 
and s  = ti/to- W e have the lin e bundle Ofi(i)  ove r P1. I t is the gluin g of C2 = 
{(t,Ci)} =  CVWlP^Ioo } an d C 2 =  { ( 5 , ( 2 ) } =  Opi(z)|pix{0} . Th e relation s are 
given by s = t~l an d t~l  •  —  £2 -

For £ = (t, £1) = (s, £2) G Opi (i) , we define 

MÉ,0:=IC I | 2 (1 + I«|2) ' IC2|2(i + H2) —I 

Then, hi  is a smooth Hermitian metric o f the lin e bundle Opi(i) . Fo r any a , b G -R , 
we have the possibly singular metric s /¿¿,(0,6) of 0^i(i) give n by 

HI,(AMZ>T) ••= HI(U)(I + I*R2)"°(i + I*IT6 = № 0 ( 1 + |S|2)-°(i + |S|-2)-fc, 

for £  = (*,Ci ) = («,C2 ) G  0Pi(i). Aroun d t = 0 (resp. s = 0), \t\-2ahiXaM  (resp . 
N-2b î,(a,fc)) i s a C°°-metric. The curvature i?(ftj)(a>fc)) i s as follows: 

(414) R{K,{a,b)) = (a + 6 + i) 
dt-dt 

(l + líl2) 
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21.6.2.2. An open  subset  of the line bundle 0Pi(—1) with  a  complete Kdhler metric 
We are mainl y interested in the cas e i — — 1. W e regard Opi(—1) as a  complex 

manifold. W e set 

(415) Y  := € C?pi(-1) | /»-1,(0,0)«,0 <  ! } • 
Let 7r denote the projection of F ont o P1. The image of the 0-section P1 —> y i s also 
denoted by P1. W e have the normal crossing divisor D' = P1 U7r_1(0) U7r-1(oo) of Y. 
The manifold Y \  D*  is isomorphic to (t t, x) G C*2 | |x|2(l + \t\2)  <  l } . 

We hav e a  complet e Poincare-like Kahle r metri c oi  Y  \  Df.  Fo r example , we 
can construc t i t a s follows . A s a contributio n o f the 0-sectio n P1 , we put T\  := 
- log[ ( l +  |t |2)-|x|2 l an d 

9i •= 
1 t-dt dx 

l +  |t|2 x 
t-dt dx 

1 + W  x 
1 dt>dt 
Tl(l +  \t\2) 2 

As a contribution of TT (OO) , we put T 2 := log(l + \t\2) an d 

92 •= 
1 

-1 + UP 
T2 

log(l + \t\2) 

l +  l*l2 2 

As th e contributio n o f the diviso r ir 1(0) , we put r 3 := log(l + |t|2) — log|t|2 = 
log(l + |s|2), where we use s = t~x an d 

9s •= 
1 
T3 

-1 + 
\s\2 

r3 

ds • ds 

l + \s\2 v2 

Then, we set g := #i + #2 + #3- I t i s easy to check that g is a complete Kahler metric. 
Note the following formulas : 

ôôlogri = 1 
r? 

t - dt dx 
l +  |t| 2 x 

t-dt dx 
l +  |t| 2 x 

1 dt A dt 
TL 1 + ltl2 2 aoixp 

<9<91ogr2 : 1 
T2 

-1 + 
Itl2 
T2 

dtAdt 
1 + ltl2 2 laoaox 

<9<91ogr3 = 1 
-1 + 

sl2 
7-3 

ds Ads 

1 + N2 E = : CJ3. 

We put a ; := w\ + CJ2 + ^3. Then , yf—lu) i s the Kahle r form corresponding to W e 
set 

Hn := 
1 1 
Tl r2 

-1 + 
t|2 
7-9 

1 
+ 

T3 
-1 + 

5|2 
T3 

>0 . 

Then, the followin g holds: 

u2 = det(g)dt Adt Adx Adx = 2 
r2|x|2(l + |t|2)2 

xH0 • dt Adt Adx Adx. 

We put Hi : = # 0 •  (1 + |t|2) 1 •  (1 + \s\2) \  Recal l Ric(#) = dd(det(g)). 
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Lemma 21.6.3 
• Let C be a number such that 0 < C < 1. We have Hi ~ (|log \t\ \ + l) 2 on the 

domain {£ G C?Pi(-l) | /i_i,(o,q)(f >0 ̂  C}-
• We have the equality Ric(g) — ddlog(Hi) = —ddlogr2. • 

21.6.2.3. Inequality and vanishing. — We put X := A n , Di ~ {zi  — 0} and D :— 
Ui=i A- J V e also pu t A2 := {(zi,*2) 1N < 1} and D[ := {Zi = 0} C A2Z (i = 1,2) . 
Let <p : A2 -» A2 denote the blow up of A2 at the or ig in O  = (0,0) . We have the 
exceptional divisor tp~l(0)  and the proper transforms D'i of D[ (i = 1,2). 

We put X := A2 x A™-2. Then we have the composite ip of the natura l morphisms: 

X <̂ Xid Ui=i A-JVe Az 

Here th e latter morphis m i s the natural isomorphis m give n by Wi = 2^+2 (i — 
1,..., n —  2). W e put D := I/J~1(D), whic h is the same as 

{<P~1(0) U -D'j U x A™-2 U A2 > 
£-2 

•i=l 
[Wi = ü) 

The restriction of ip to X —  D gives an isomorphism X —  D ~ X \ D . 
We can take a holomorphic embedding £ of V in (415) to A2 satisfying the following: 
• Th e image of the 0-section P1 is the exceptional divisor </?-1(0). 
• W e have ^(D'I) =  Tr^oo) an d r1^) = TT"1^). 
We put X :=Y  x  A™-2. The n we have the naturally induced morphism X — > X, 

which is also denoted by ¿. We have the point [ 1 : 1] G P1, and we put 

D := L-1(D), X{)  := TT"1^ : 11) x A " " 2 , DK)  : = X 1 j fl L>. 

The composite V7 ° £ is denoted by • The metric gx-T> is induced from the metric g 
oîY\Df and the Poincaré metric of A™-2 \ Ui= i =  0}-

Let (E,ÔE) be a holomorphic bundle with a Hermitian metric h over X \ D.  W e 
assume that (E,dE ,h) i s acceptable. W e denote the curvature of ï/j±1(E,dE,h) by 
^lR{h). 

Let si (i = 1,2) be as in Condition 21.6.1. We can pick positive numbers e, a and 6 
satisfying 

(416) a + 6 = 1, 0 < a + 2 e < l - £ i, 0 < 6 + 2e < 1 - e2. 

We set S := (1 , . . ., 1 ) G U .̂ Let /I£<5,AT be as in (406). Let hjsr,£,a,b denote the metric 
of th e bundle ^L(E){-X{1))  := ^~1{E) <g > OPI (-1) on X - Z5 given as follows: 

(417) hN,e,a,b := ̂ hew ' h~ha,b ' '  T2+£ (r2 • T3)£. 

For simplicity, we use the symbol h instead of JIN e ab-

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



534 CHAPTER 21 . ACCEPTABLE BUNDLES 

Lemma 21.6.4. —  If N is  sufficiently negative,  the  following inequality  holds for any 
VeA^(^E(-X-)): 

((R(h) + mc(g),r,))h>e\\v\\ih. 

(See (403) and (404) for the definition of  ((•, -))~h.) 

Proof. — Recall that X  \  D  is isomorphic to the product oiY \  D'  and A™-2 \ 
[J£i=i{wi — 0}, which is compatible with the metrics. W e can apply the inequality 
(409) to the ^A™-2 \  IJi^ii ^ = 0}^ -direction. Henc e we only have to consider 
(Y \ Z^-direction , i.e. , we may and will assume n  — 2. We have the followin g 
equality: 

(418) R(h) + Ric(g) = R^H^N) + #(/i-i,a,b) - ôôlogff i 

+ ( 2 + e) • <9<9log n + e • <9<9(log r2 + log r3) + Ric(p) 

= R(ìp1 h£Ô,N) +£ '  (wi +w 2 +^3). 

Here we have used R(h-i^a^) =  0 due to (414) and our choice of a and b. By taking 
sufficiently negativ e N, we can assume the following inequality for any rj G A^,1(E) 
on X \ D: 

(419) ((R(he6,N),Tl))e6,N  >  0 . 

Then, by a fiber-wise linear algebrai c argument usin g the expression (404), it is easy 
to see that the following inequality holds for any rj G A^1(tp^1(E)): 

((^Rihew)^)) n)) >>  0. 

We also obtain e((uj\ + ^2+^3,^7))fl ^  £• WvWh' ky using (404). Thus we are done. • 

Corollary 21.6.5. —  If N is sufficiently  negative,  the  first  cohomology  group 
Hl(A^'^-lE(-X{1)))) vanishes. 

Proof. — It immediately follows from Lemma 21.6.4, Proposition 21.1.1 and Propo-
sition 21.1.2. • 

The contribution of /i_i,a,& • ^ f 1 • T2+£ • (r2 • r3)£ to the metric h is equivalent to 
the following , on a curve transversal with {t = 0}: 

\tf° • (-log|*|)2 • ir(-log|*|)2£ = \t\^ • (-log|i|)2+2£. 

We have a similar estimate on a curve transversal with {s = 0} . The contribution is 
equivalent to (— log |x|)2+£ on a curve transversal with {x — 0}. 
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21.6.3. Proof of Proposition 21.6.2. —  W e impose th e additiona l conditio n 
ipi (X^) —  X^\ W e remark that ipi(X)  i s a neighbourhood o f X$. W e take num-
bers £, a and b  as in (416) . Not e 

Var(E, 1 ) fl ]0, a + 2e]  C Var{E, l ) n ]0,1 -  ex]  = 0. 

Similarly, w e have Var(E,2)  f l ]0 , b + 2e ] =  0. Moreover , w e may assum e that 
Var(E, i)  fl ]0, e] = 0 fo r i = 3,..., £, i f £ is sufficiently small . 

Let u s take a sufficiently negativ e numbe r T V such that (409 ) holds. W e take the 
metric h  =  h,N,e,a,b  o f the bundl e ip^1E(—X^)  a s i n (417) . W e also pu t ho  := 
^\lho,N '  h-i^a,b '  Hi1 '  T\+£{j2 •  Ts)£ - We remark that we can use Corollary 21.6.5 
in this setting. We take the metric s h  and ho  of ip^E: 

h := l/j^heS^N ' VA,B '  *  * Tl+^ (T2 ' T3)£> 

feo : = ̂ i" 1 VAT '  ̂ o,a,6 • ^i"1 •  ^E{j2 •  r3)£. 

Take an embeddin g «  :  Ac -> P1 \ {0 , oo} such that /c(0 ) = [ 1 : 1] G P1. W e take 
a holomorphic function 77 on 7r_1(/^(A^)) such that ?7-1(0 ) i s the intersectio n o f the 
exceptional divisor ip~l{0) an d 7T_1(K:(A^)) . 

The sectio n /  induce s a  holomorphi c sectio n o f [I/J^1  E) i/j^Ef over X^  \ 
which is denoted b y /. B y using th e argumen t in Subsection 21.5.2 , we can take a 
C1-section p of tpi1E ove r X —  D satisfying th e following : 

• Th e support o f p is contained i n 7r_1(^(A^)) X  A™-2. 
• p  i s bounde d a s a  sectio n o f ^iXE  u p t o polynomia l orde r o f —  log|^| (i  = 

3, . . . ,£) an d —  log|r/|, wit h respec t t o /IQ . I n particular , p  is an L2-sectio n of 
^iXE wit h respect t o /i. 

• dp  i s bounde d a s a  sectio n o f i/j^Ef^—X^)  0 i/j^Ef  U P to polynomia l or -
der o f —  log|zi| (i  = 3, . . . ,£) an d —  log 1771, wit h respec t t o th e metri c ho  o f 
ipi1E(—X^) 0 fi1'0 and th e metri c QX-D  °^ ^ X - D' ^n e restrictio n °f t o 
X -  (DUI(1) ) ar e C°° . I n particular, 5/9 is contained i n A^1  i/j^Ef (^E^-X^)). 

• W e have p—{1)__—{1)  =  f. 

Due to Corollary 21.6.5, we can pick G G A~,0(^ f ^ ( - X ^ )) suc h that dG = dp. 
We pu t /  : = p-G,  whic h satisfies ~dj  — 0 and J  G j4£°(^ f B y using th e L2-

property o f G as a  section o f ipiXE 0 (9(—-X"^) , w e obtain tha t ^^X{1)-D(1)  =  0 . 

Therefore, f-(1)_-(1) =  f. 

We have an open subset V of X suc h that IJJI[X—D) =V\D.  B y the identification , 
we ca n regard /  a s a  holomorphic section of E\V^D. W e would like to show that / 
gives a section of °E o n V. W e put D°  :=  Di \ i/j^Ef j /i ^ j -
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Lemma21.6.6. — Let  P be  any point ofVn D±.  We  have |/|7r-i(p)ny | — ^ ( k i l K) 
for any  K > 0. 

Proof. —  We put Cp  := 7rf 1(P)C\V. We may assume that the closure of Cp in Cn is 
contained in X, by shrinking V. Le t us take a small neighbourhood U of P in D%. W e 
may assume Cp xU CV.  Th e metrics /i|cPxc/ and ft -|zi|2(a+£) are mutually bounded 
up to polynomial order of — log\zi\. Therefore f\cPxu 1S  L2:, with respect to the metric 
h• \z\|2(a+£). (— log \z\|) M  for M >  0 and the metric gx^D\cPxU- Du e to Corollary 
21.2.5, the restriction /|c p i s L2 with respect t o h • |zi|2(a+£) • (— log \z\\) M  and th e 
metric gx^D \ cP- We also remark Lemma 21.2.6. Because Var(°E, l)n]0 , a+2e] = 0, 
we obtain the desired estimate for f\cP- O 

Similarly, we can show the following lemma. 

Lemma 21.6.7. —  We  have |/|7r-1(p)ny L = ^( l^ l -* ) for  any K > 0, any P G  D°PiV, 
and i = 1, 2, . .. ,£. • 

Lemma 21.6.8. —  f  is  a section of°E over  V. 

Proof. —  I t follow s from Lemma 21.6.7 and Proposition 21.2.8. • 

As a result, we obtain a  holomorphic section / o f °E ove r V such that f\x(±)  =  /• 
Thus the proo f of Proposition 21.6.2 is accomplished. • 

21.7. Proof of Theorems 21.3.1 and 21.3.2 

We use an inductio n o n the dimensio n of X. A s we have already remarked , th e 
one dimensional case of Theorem 21.3.1 was proved by Simpson in [81] and [82]. We 
remark that the claim for det(E', dE,h) i s easy because it i s assumed t o be flat. 

21.7.1. Preliminary prolongation. —  Le t (E,  <9#, h) be an acceptable bundle on 
X \  D.  W e impose the following assumptions i n this section. 

• Le t Si  (i = 1,2 ) b e small positive numbers suc h that rank(i£) •  (e\  + £2) <  1/2. 
Then, Var^E, i)  is contained i n ] — ei, 0[ for i = 1,2. 

• Pic k a point (%,... ,°zn) G (A*)71"2, and se t C 0 := {(* , z, °z3, . . ., °zn) G X}. 
Then, Var(E\cQ)  is containe d i n ]  — s\  —  £2>0[ . Not e that thi s conditio n i s 
independent o f the choice of (°Z3,..., °zn). 

We set bi  := Y,beVar(<>E,i) b * rank*Grf an d b  := (bi). 

Lemma 21.7.1. — ^det(E)^Co is  isomorphic to  det(°(E,|Co)). 

Proof. —  Tak e any Pi  G D? (i = 1,2) . W e have 

b • dimGrf CE]Co) -  £  E  b  ' dim'Gr^(° V 1 * * )) G  Z' 
beVar(<>ElCo) ¿=1, 2 beVar(<>E,i) 
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By the assumption, i t has to be 0. Then , the claim follows. • 

Lemma 21.7.2. —  Under  the assumption, the  Ox-sheaf °E is  locally free. 

Proof. —  We use the notation i n Subsection 21.6 . Not e that w e are also using the 
induction o n dimX t o show the theorems. Du e to the inductiv e assumptio n on 
dimX, we have the local freeness o f (det(E')|7r-i^p^) Pick a frame v = . . . , vr) of 

(det(E')|7r-i^p^) over X^\ Fo r each Vi,  we pick a section vi of °E over a neighbour-
hood U  of X0 such that vi  \ unxw —  v% \ unxw, b y using Proposition 21.6.2. We may 
assume that Vi  are defined on X b y shrinking X. 

Let u s show that v  i s a frame o f *E around Xo . W e set £l(v)  := v\ A • • • A vr. 
The restrictio n v ^-i^ give s a  tupl e o f holomorphic section s o f 0(E^-i^) fo r 
any P  G Do i. Hence ^(^)|7rri(p) i s a holomorphic section o f det(°(̂ |7r-î p )̂) = 
^ (det(E ')|7r-î p^). Thi s implies Q(v) is a holomorphic section of ^det(E'). 

We hav e the natural isomorphism (^det(E))^xw  —  det(°(.E|x(i))) du e to Lemma 
21.7.1. Sinc e fi(t>)|X(i) is a frame o f det(°(E\X(i))), w e obtain Q(v)\o  7̂  0 - B y 
shrinking X, we may assume that il(v) is a frame o f i,detE. 

Let /  b e any section ot^E. W e have an expression /  =  Ylh'Vu wher e fi  are 
holomorphic on X \ D.  I t is easy to observe that /  A v2 A • • • A vr = f\ •  ii(v) is 
a section of -^det(E). Since Q(v) is a frame, fi  i s holomorphic on X. Similarly , we 
obtain that fi  (i  = 2 , . .. , r) ar e also holomorphic on X. Hence , v is a frame o f °J5 
on X . • 

21.7.2. Proof of Theorem 21.3.1 

21.7.2.1. Step  1. — Fo r a real number a , let «i/2(a) G ]  - 1/2,1/2 ] and vi/2(a) G Z 
be determine d b y a = Ki/2(a) 4-^1/2(a). W e set 77 := (10rankE)~x. W e can take a 
positive integer c  such that the following conditions are satisfied: 

1. Th e maps Vari^E, i) —> Z given by a 1—• z/!/2(c • a) are injective for i = 1,..., I. 

2. {«i/2(c-ai ) I  a* G Var(E,i)}  C ] - 77,77 [ for i = 1 , 2 , . . ., I. 

3. {fti/2(C*A) \a £ ^ar(^|c0)} C ] —rj,rj[, where Co is a curve as in Section 21.7.1. 

We set 77 := (77,. . ., 77) G i^. For a positive integer c , let :  X \ J D —> X \ D  be 
given by 

Wc(Z\, - - • ,Zn) = {¿i, ... ,Z£iZ¿+i, ... ,zn). 

We put (EiidErihi) :=  I/J~1(E,8E,h) ®  L(—77). W e have the natural isomorphism 
r7('0~1£') ~ °£?i. W e also have the following, due to the result in the one dimensional 
case (Section 21.4.2): 

Par(°Eui) =  {-v +1*1/2(0-di) I ai G Var(E,i)}  C ] - (5rank£)-\0[ , 

Var^E^Co) =  {-2/ 7 +  « i /2 (c • a) \ a G 7>ar(£|Co)} C ] - 2  • (5rank£)-\0[. 
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By Lemma 21.7.2, °E\ i s locally free. Hence , the sheaf v(i>c XE)  i s a locally free Ox-
module. 

Let fic  := {z €  C \  zc = l}. W e fix a generator UJ.  W e have the natural /^-action 
on X xD given by 

(ui,...,uje) •  (zi,...,zn) =  (ui -zu...,u)£  •  zi, ze+1,...,zn). 

It i s lifted t o the actio n on 71(ip~1E). The z-th componen t of j/c i s denoted by fic\ 
which acts on T?(^~1S)|D-. W e have the decomposition: 

,(Vc_1^)|D4= ©  % • 
O^P^C-1 

Here the generato r u  o f /4^ act s a s the multiplicatio n o f d9 on %. W e have th e 
following morphism given as in Section 21.4.2: 

<Pi :  {p | 0 s£ p < c - 1 , %  ^  0 } — > Par(f|(^-1£7), i) . 

We consider the filtration lF' of rj(ip~1E) j D i n the category of vector bundles on L ,̂ 
given as follows for any 77 — 1 <  b < 77: 

(420) <F6': = yi (p) < b e %. 

By the splittings (420) , it is easy to see that the tuple of nitrations (*F' | i — 1,..., £) 
are compatible. 

i-l 
We set Si  : = ( O ^ T O , 1,0 , • • •»0) £  Fo r any - 1 <  b  < 0 , we consider th e 

subsheaf rj+bSi (I/J^E) o f 1  (E1) given as follows: 

• H * . ^ ) ' =  Kerf . :  V(^E) V(^E  " ^ ^ ' ^ ) • 

Here 7r denotes the naturally defined morphism of Ox-modules. 

Lemma 21.7.3. —  We  have the following, for  any — 1 < b < 0: 

t|+W< {falE)' = V+bSi &clE)' 

In other  words, the  parabolic filtration lF is equal to lF'. 

Proof. —  Let /  b e a holomorphic section of ^is^^E). I t ca n be also regarded 
as a  section of rj(ip~1E). Le t P  b e a  poin t o f D°. W e have the elemen t f(P)  o f 
r7('0~1£')|P =  r?('0~1E ,|7r-i^p^) .̂ B y using the resul t i n the curv e case, we obtain 

that f(P)  i s contained in li^+r?|p. (See Section 21.4.2.) Le t / denot e the image of / 
via the projection n. The n f(P) =  0 for any P G D°.  I t implies / —  0 on D\. Hence, 
we obtain /  G r,+bdi (V>c lE) • 
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Conversely, pick a section / G -q+bôi  (V>C . By using the result in the curve case 
(Section 21.4.2), we obtain the followin g inequality fo r any P G D°: 

|/hrri<P)|fc = o (N -6 - , , - e ) ( V £ > ° ) -

Then w e obtain / G n+bôi (^c du e t o Propositio n 21.2.8. In all , w e obtai n 

v+bôAVa'E) =r,+bôi{>iPclE) 

21.7.2.2. Step 2. — B y shrinking X, let u s take a /4-equivariant fram e v =  (vi)  o f 
rfi/j~1E in the sense 

(UU...,U£) Vi  = 
l 

f *l 
w 

p (wi) wi 

for some 0 ^ Pj{vi)  ^ c  — 1. Not e that v is compatible with the paraboli c nitrations 
*F (j = l,...,£). W e set 

w : = Z3 
,Pj(Vi) Vi 

Since they ar e //̂ -invariant , we obtain a  tuple v =  (v\,...,  vr)  of sections of E. B y 
using the result in the curve case, we obtain that they are sections of °EI. (Se e Section 
21.4.2). Moreover , the restriction s v^-i^  fo r P  G D° ar e frame s o f ^(E^-i^). 
Hence, we can conclude that v i s a frame o f °E on J. Therefore , we obtain that ^E 
is a locally free Ox-module . Then, Theorem 21.3.1 follows. 

21.7.2.3. Complement.  —  Le t us show directly that the induced nitrations are com-
patible. W e have the map x% :  {P | 0 ^ P   ̂c~  1? % 0 } ~> Var(°E, i) as in Section 
21.4.2. W e set ai(vj)  :=  Xi(Pi(vj))- We consider the filtration *Fj J oi^E^. b y vector 
subbundles ove r Di, given as follows: 

Fb •=  («i 11* \ai{Vj) < 6) . 
For any -1 <  6 ̂  0, we consider the subsheaf &.<5, (.E) o f *E given as follows: 

h.W£) :=Ke r h.W£) 
h.W£) 
h.W£) 

Here 7T denotes the naturally defined morphism. The n b-ôi (E) i s locally free. 

Lemma 21.7.4. —  bôiE = bôi (E)' and  % = 

Proof. — Let / be a holomorphic section of bSiE. W e can als o regard i t a s a  sec-
tion o f °E. B y applying the resul t in the curv e case (Sectio n 21.4.2) to f^-i^  G 

°(-B|7r7-i(P)), we obtain that f(P)  G lF^p fo r any P G D°. The n i t i s easy to derive 
that / is contained in b§i [É)'. 

Conversely, le t / be a  holomorphi c section o f bôi{Ë)'. Applying the resul t i n 
the curv e case (Section 21.4.2) to f^-i^py  w e obtain / ^ -^p ) G b{E^7i^p^) fo r any 
P G D°. The n w e obtain / G by Proposition 21.2.8. Therefore w e obtain 
bSiE = bôi (E)', and thus % = 
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By ou r construction , lFf  is the filtratio n i n th e categor y of the vecto r bundles 
over Di,  and the tuple ^F'  \i =  1,...,£) i s compatible. Hence , the filtration lF  is a 
filtration i n the category of vecto r bundles over Z^, and the tuple (lF  \i =  1,.. . ,£) 
is compatible. 

21.7.3. Proof of Theorem 21.3.2. — Le t v  b e a frame o f bE compatible with 
the parabolic nitrations (lF \ i = 1,..., £). We obtain the numbers ^(VJ) :=  ldegF(vj). 
We put 

Vj '= V3 
t 

1=1 
J57v^-I v' = it,'). 

Let u s sho w that v'  i s adapte d u p t o lo g order. B y our constructio n o f v'  an d 
Proposition 21.2.8, there exists C\ > 0 such that the following holds: 

H(h,v')^Ci- logici 
M 

Let vy denote the dual frame of v. Le t P be a point of D°. Accordin g to the functorial-
ity in the curve case (Section 21.4.1), J57v^-I is a frame of J57v^-I J57v^-I, which 
is compatible with the parabolic filtration. Hence , vw is a frame of _5+(i_e)$2£v for 
some e > 0. We have ldegF(vJ) = degF(v^^_1^) =  —lb(vj) fo r any point P €  D°. 
We put 

V/ / V /\ V / V 
i 

i=l 

\zi\-ib{vj). 

Due t o Proposition 21.2.8, we obtain 

H(hy,vy') ^C2. 
£ 

i=l 
log J ̂  I 

M 

Here, hv denote the induced metric of Ey. This implies 

C3-
i 

i=l 
log|z¿| 

-M 
^ tf(M')-

Thus, we obtain Theorem 21.3.2. 

21.8. Small deformation 

21.8.1. Statement. — Le t X  := A', A : = fa =  0} and D  := ULi A- Le t gp 
denote the Poincaré metric o f X \  D.  Le t (E,dE,h)  b e an acceptabl e bundle on 
X \  D  of rank r. Fo r any 0 < C < 1, we set X(C ) : = { ( 2 1 , . . . , zn)  e X \  \ZÌ\ < C }, 
D(C) :=DH  X(C)  an d X*(C) :=  X(C) \  D(C). 

Let Y be an open subset of C\ wit h a base point y0, and let p denote the projection 
Y x(X\D)  ->  X\D. Le t A be a section of p* (End(£) <g> ft^D)  wit h the following 
properties: 
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• (dE  + dx + A)2 = 0. Th e holomorphic bundle (p^E,  + <9A + .4) i s denoted 
by (£,ds). 

• \A\hg i s bounded, and \Ay - AVo\hg ^  B  • |t/ - y0\ for some 5 >  0 , where 
A/ : ~ Ai/x(X\D)-

• =  0 and tr^4 = 0. 
We have the associated filtered shea f £* a s in Subsection 21.3. 

Theorem 21.8.1. —  There  exist  a positive number C > 0 and a neighbourhood Uo ofy0 
such that the following holds: 

• The  restriction of  £* to UQ X  X(C) is  a filtered bundle. 
• Let  v be  a frame of a£ compatible  with the  parabolic filtrations (2 F | i = 1, . . . , £ ). 

We set  di(vj) := ldegF(vj) and 

v'j := Vj 
£ 

i=l 
\Zi\ai(<VjK 

Then, for any e > 0, there exists C£ > 0 such that the following holds: 

C71 
£ 

i=l 
\zAe ^H(h,v')^Ce 

£ 

i=l 
ai(<VjK 

In the following, Ui will denote a neighbourhood of y0, and Ci will denote a constant 
such that 0 <Ci <1. 

21.8.2. Extension of holomorphic sections. — Le t us argue the extension prob-
lem o f holomorphic sections on {y0} x X t o those on U x X. First , we remark that 
an L2-estimate implie s a growth estimate . 

Lemma 21.8.2. —  Let  F be  a holomorphic section  of S on  U x {X  \  D)  such  that 
\\F\\aN <  oo . Let  W be  relatively compact  in U. Then,  there exist M >  0  and 
0 < C < 1 such that the following holds on  W x  X*(C): 

\F\H =  0 
£ 

i=l 
N - aH - iogN) 

Proof —  Let M denote the upper hal f plane. W e use the coordinate £ — £ + \f-Ar). 
Let (pc  : x An~e (A*)e x  An~£ = X \  £ > be the map given by 

y>c(Ci, *m , • • •  =  ( e 2 ^ ^ 1 , . . . , e 2 ^ , C z m , . . . ,C z n ) . 

Let # be the Euclidea n metric of Me x  An~£. Fo r any K ; > 0 , there exists C(K)  >  0 
such that \Vc{K)R(h)\^  h  g ^ K  on ^  C(/c) , j =  1,... , 1} C  E* x An" .̂ 

For n = (ni,..., n̂ ), w e put 

Kn:= 
£ 

i=l 
(ti,Vi) I - 1  < 6 <  M i - l < % < m + 1 } x An"*. 
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Let K  be sufficiently small . I f rti > C(K) , du e to a  theorem o f Uhlenbeck, we can 
take an orthonorma l fram e en  o f ipQ^(E,dE,h) on Kn suc h that th e connection 
form An is sufficiently small with respect to h and g, where An is determined by 
BE en = en . An. 

The induced map U x B.£ x  An~e — • x  (X \ D) i s also denoted by <pc(«)- We 
have the orthonormal frame of (y>c(K-)£)\uxKn induced by en, which is denoted by en. 
Let An be given by dsen = en • An. By the assumption, A n are uniformly bounded 
with respect to g. We have the expression F\xn =Y1 *  £n,i o n each U x Kn. We 
put F n =  (Fnj) whic h satisfies dFn + AnFn = 0. We also have 

kn 
| F n | ^ d v o L < B - | | F | | : „ 

2=1 

ax 
Fn|^dvoL<B 

Here, 5  i s a positive constant dependin g on C(«) . I f we take a relatively compact 
subset K'n C ifn, w e can obtain the estimate of the sup norm of Fn on U' x  K'n b y 
a standard bootstrapping argument . Thus , the claim of Lemma 21.8.2 follows. • 

We set 5:= (1  DeR?. 

Lemma 21.8.3. —  There exist U\ and C\ > 0 satisfying the following: 
• Let f be any holomorphic section of aE on X \ D. For any e > 0,  there exists 

a section F^ of a+£$£ onU\ x  X(C\) such that E\y xx(C) ~ f\x(C)-

Proof. —  Let N  <  0  be as in Lemma 21.2.2 . Fo r any K  > 0, there exists a  small 
neighbourhood U2 suc h that ||^4y|| ^ ^  K  for any y G U2. Note that the nor m of the 
morphism 

A/ : A^N{E) Fn|^dvoL<B 

is dominated by \Ay\h for any b  G Rc.  W e can regard /  a s a section of A^+eS N{E). 
Then, by using a standard argument i n Section 2.9.1 of [67], we can find a holomorphic 
section of5onW2x(X\£> ) such that (i) F^x{x^D) = / , (ii ) \\F^\\a+£5N < oo. 
By using Lemma 21.8.2, we obtain F^ G a+ed£ on U\ x  X(C\) fo r some appropriate 
Ui C U2 an d 0 < Ci < 1 . • 

21.8.3. Construction of local frames. —  B y shrinking X, w e take a frame u  = 
(ui) of aE o n X \ D compatibl e with th e paraboli c structure . Le t aj(u{) denot e 
the paraboli c degre e o f Ui  with respec t t o th e filtratio n JF, an d w e put a(ui) = 
(aj(ui)\j = 1,...,£). 

By the assumption tr*4 = 0, we have det£ =  p* det(E'). W e put 

q = i a 
beVar(aE,j) 

6-rank'Grf (aE) = 
r 

i=l 
a3{Ui). 

The tuple (aj | 1 ^ j < £) is denoted by a. Not e det(ai£) ~ âdet E. 
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Take e > 0 such that 10r 2 • e < \b — b'\ for any distinct 6,&' € Var(E,Ï) and any 
i = 1,... We extend Ui to the section %kf* o f a(ui)+£<5̂  on î x  X(C\). Sinc e £ is 
sufficiently small , Q(u^) := A • • • A uf  ̂give s a holomorphic section of adet£. 
Let denot e the 0-set o f Q(u^). Sinc e ft(u^)\(yQ,o) ?^ 0 in gdet£|(A0,O)» there 
exist Us{e) and 0 < C3(e) < Cx such that n (W3(e) x X(C3(e))) = 0. 

Lemma 21.8.4. —  gives a frame of a+eô£ on (U\ x X(C)) \ Z ^ , m particular 
onU3{e)xX(C3(e)). 

Proof. — Let P be any point o f U\ x D(C) \ Z^e \ Le t V be a small neighbourhood 
of P . Th e restriction o f t o V \ (W i x £)) is a frame. Le t / be a section o f 
a+eô£ on V. W e have the expression f = J2fi ' uf\ wher e fi ar e holomorphic on 
V \ (W i x D). Since e is sufficiently small, it is easy to observe that / A A • • • A ufî 
is a holomorphic section of gdetf o n V. I t is equal to f\ • Q(u^), an d hence /i is 
holomorphic on V. W e obtain that the other fi are also holomorphic on V in the same 
way. Hence, give s a frame of a+eô£ on V. • 

We set uf^' U=i H(h,u^')^BP 

Lemma 21.8.5. —  Let P be  any point of (Ui x D(C\)) \  Z^£\  and  let Vp be  any 
neighbourhood of  P. Then,  there exists a constant Bp >  0 such that the following 
holds on  Vp: 

SP1 
e 

i=l 
\Zi\2r2£ ^H(h,u^')^BP 

ja 

i=l 
H(h,u^')^BP 

Proof. —  The right inequalit y i s clear . Le t u^v b e the dua l fram e o f o n 
{Ui x X(C\)) \  Z^£\  Ther e exist s a  constant Bpi  >  0  (i = 1,2 ) such that the 
following holds: 

H(h,u^')^BP иТ> Л • • • Л й?> • • • Л и?1 
H(h,u^')^BP 

K Bp 2 
ai 

i=l 

aiui)—re Zi . 

Hence, we obtain the following for some B3i > 0: 

H(h\uW)<BP3 
ja 

1=1 

\zi\-2re-

Thus we obtain Lemma 21.8.5. 

21.8.4. Proof of Theorem 21.8.1. — Le t us fix small £o > 0 as above, and we 
take a frame u^£o>)  o f a+e0s£ on U3(eo) X  X(C3(eo)) a s above. Let us show that uf0^ 
are actually sections of a£ on U3(eo) x X (C3(eo)), and then the first claim of Theorem 
21.8.1 follows. 
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Let 0  < e  ^  £Q.  Le t P  b e a point o f {U3(SQ)  X D) \ an d le t V  be a small 
neighbourhood of P such that give s a frame of a+£d£ on V. W e have the expres-
sion u[£°^ =  E bji; u (e)' uf^- B y using Lemma 21.8.5, we obtain that bj^ are holomorphic 
on V, and thus a+e0s£ = a+eS? on V. 

For each I C  £, we put Ic  :=£ — !, an d 

D°r:= 
i€l 

A * U D.i 
j = ia 

We have the stratification = ]J7 Jĵ . z\£j satisfyin g th e following : 
• Z*f]  cUxX D°j  and d\mZItj =  j . 
• Z J£J ar e smooth and locally closed in U\ x X. Moreover , the induced morphism 

—* Ui x X —> X i s an immersion. 
Let P  b e any point o f ZIJ. W e show that a+£d£ — a+e0s£ aroun d P , b y using th e 
ascending induction on |  J| an d the the descending induction on j. 

Recall dimF =  1 . We take a small neighbourhood TP o f P in Z/ j . W e take a small 
tubular neighbourhood T 1̂} of TP in Ux x D°j. We have identifications T{p] ~TPxNP 
and TP ~TP x { ( 0 , . . . , 0)} , where NP denotes a (1 + n — |/ | — j)-dimensional multi-
disc. W e take a small tubular neighbourhood Tp^ of Tp^ in U\ x X(C\). W e have 
identifications T 2̂ ) ~ T^ 0 x  A^1 and ~  T 1̂ } x { ( 0 , . . . , 0 ) } , wher e A^ 1 is an 
|J|-dimensional multi-disc . Moreover , T̂>2 ) n (Ui x D) = T*jp x \Ji€l{zi =  0} . B y the 
inductive assumption, w e have the followin g estimate on TP x dNP x (A*) 7 for any 
e' >  e: 

(421) zk\-ak-e'= O 
kei 

\zk\-ak-e'} 

Since 1*4*°^ is pluri-subharmonic i n the F-direction, (421 ) holds on TP x NP x (A*)7 
for any e' > e. I t mean s u\£°^ G a+ed£ around P . Sinc e e > 0 is arbitrary, we obtain 
that iif^ G a£.  Thus , the proof of the first clai m of Theorem 21.8.1 is completed. 

Let u s sho w the secon d claim o f the theorem . Becaus e we have als o obtaine d 
a(Ui)+e08£ = a(ui)£> tne following holds for any £ > 0: 

zk\-ak-e' = O 
£ 

¿=1 
zk\-ak-e' 

Hence, there exists CE > 0 such that the following holds: 

H(h,u{€°>') ^C£ 
£ 

7=1 

zk\-ak-e' 
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By th e argumen t in the proo f of Lemma 21.8.5, we also obtain that there exists C'£ 
such that 

ff(hv,u<eo>,v)<C£ 
l 

j = 1 
x = -1 

Thus, the second claim of Theorem 21.8.1 is proved. 

21.9. Complement 

21.9.1. Preliminary estimate for sup norms. —  Le t X :=  An, Di := {zi = 0} 
and D :=  (JT=i ^ ̂ o r some k ^ n.  W e us e the Poincaré metric gp  o f X \  D.  We put 
X(C) : = {{zlì...,zn) e X I \ZÌ\ < C }, Di(C)  : = A N  X(C) and £>(C) : = i? H  X(C ) 
for 0  < C < 1. We set 

(422) Z(C ) := { ( z i , . . . , zn)  e X(C) x  D(C) \  \Zi\ = C (i  = 1,..., k)}. 

Let (E,  &E, h) b e an acceptable bundle on X \ D . We use the notation i n Section 
21.2. W e assum e ( R (h) hsn g ^  Co  fo r some given constant Co . Le t a; be a C°°-section 
of E 0 fì0'1 on I  \  D . Assum e supXxD \cu\a,N < oo for simplicity . Le t /  b e a 
C°°-section of E 0 ft0'1 o n I \D suc h that Of  =  u an d ||/||a>jv < IMkiv- Not e 
IMIa,;v ^  V  ' sup |a;|a,N5 where n > 0 is independent o f a;. 

Lemma 21.9.1. —  There  exists a constant C\, depending  on  Co, C  and  N,  such  that 
the following  holds: 

SUP \f \a,N+k <  Ci • SUp \<jj\a,N-
X(C)\D(C) X\D 

Proof. —  We give only an outline of the proof . Le t EI denote the uppe r hal f plane 
{ C G C | Im(C)>0} . W e have th e universa l coverin g map ip : EI — > A * given by 
(fit) =  exp(VcrlC) , whic h induces ip  : Mk x An~f e - > X  \  £> . W e put U(C)  := 
(p-1 (X(C) \  £>(C)) . Le t p and dvol^ be the Euclidean metric of Uk x  An~k and the 
associated volume form. Not e that the fiber-wis e norm of (p*u wit h respect t o cp*h 
and g  is dominated b y <p*|o;|a?jv- Le t B£  be an 6-multi-ball containe d i n U(C). We 
have JB  \f\2a  N _̂k dvolg  < ||/||aj v ^  libila,N- W e take the natura l diffeomorphism 
V> : Bi ~  B£  C  Uk  x An-fc , wher e J5 i : = { ( w i , . . . , wn)  \  K| <  l } . Le t g1  an d 
dvol9l denot e the Euclidea n metri c an d th e associate d volum e form of B\. W e fix 
a sufficientl y smal l e depending onl y on C, Co  and TV , suc h that th e curvatur e of 
i/j*(p*(E, 8E, ̂ a ,iv+/c) is sufficiently small with respect to ip*ip*hajN-\-k and g\ to which 
a theorem of Uhlenbeck can be applied. Then , we can take an orthogonal frame e of 

(JE7, haiN+k) for which the (0 , l)-form A i s sufficiently smal l with respect t o #i, 
where A  i s given by c^e = e • A. W e have the expression s I/J*tp* f =  ^ Fi - ei and 
ip*(p*u =  ^2Gi -  ei. Th e L2-norm of F =  (Fi) with respect t o dvol^ i s dominated 
by C{(Co,C , N) •  ||u;||a>jv, where C[{Co,  C,N) denote s a constant dependin g only on 
Co, C  and N.  Th e norm of G = (GÌ) with respect to gi is dominated by |a;|aj#. We 
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have the relation dF  +  [A,  F]  =  G. B y using the standard bootstrapping argument , 
we obtai n the desired estimate fo r the sup-norm of F i n terms of supXx£> |u;|ajjv • 

21.9.2. A priori refinement of estimate for the sup norm. —  Le t p  be a 
C°°-section of E on X \  D  such that the following holds for some large M: 

k k 

IpU = 0 (111*1" ) ' I M M p = o ( I l N M ) -
i=l i=l 

Let Z(C)  b e as in (422) . W e define 

Hoo,z(C) := suPMh> H a l l o o := sup 0яр -Ц | 2 . | M 

Lemma 21.9.2. —  Let  M' <  M. There  exists  a constant C2,  depending  only  on Co, 
C and  M',  such  that the following holds: 

sup 
X(C)\D(C) 

[\p\h-
k 

i=l 
Zi\ -M < C2[\p\oo,Z(C)  + H a l l o o ) . 

Proof. —  In the following, Ci > 0 denote constants depending only on Co, C  and M'. 
Take M' <  Mi <  M2 <  M. Accordin g to Lemma 21.2.3, we ca n take a C°°-section g 
of E on X \  D  satisfying th e equality dsg  =  9EP  an d the following estimate : 

k k 

f X / D \g\l • i = 1 ft N~2MA ( - Elos N)CL1 dvo 1 <  cio •  P^PIIL-

According t o Lemm a 21.9.1 , w e obtai n ^  CI5||#JEP||O O •  IliLi \zi\Ml on 
X(C) \  £>(C) . Then , we apply Proposition 21.2.8 to p - g.  • 

21.9.3. Connection form of an acceptable bundle. —  Le t X, D  and (E,  <9#, h ) 
be a s in Section 21.3. A s remarke d in Theorem 21.3.1, w e obtai n the prolongment AE 

for eac h a £ R£ from (E, h).  Let v be a holomorphic frame o f AE  compatibl e with 
the parabolic structures. Then , the C°°-section F of End(E) 0 ft1'0 is determined by 
F (v) = 8 Ev. 

Lemma 21.9.3. —  F  is  bounded up to log  order,  with respect  to h and  the Poincaré 
metric gp of  X \  D. 

Proof. —  Let vr b e as in Section 21.3. Le t ho b e the Hermitian metric of E determined 
by ho(v'i,v'j)  =  5ij.  W e hav e R(ho) —  0 . Le t s be the endomorphism of E determined 
by h  = ho -  5 , whic h is self-adjoint with respect to both h and ho - W e hav e dh —  dh0 = 
s~ldh0s and R(h) = dE(s~1dh0s). 
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Let 7T I be th e natura l projection o f X \ D t o D\. W e only have t o sho w th e 
following inequalit y fo r some positive constants C  and N  whic h are independen t o f 
PeD1^\Ji<j^Dj: 

"0 \TT1 {F)  h0,gp ^ 
£ 

¿=1 
log \Zj 

N 

Let K\ be an J R̂ > o-valued C ^ - func t i on on R such tha t «i(£ ) = 1  for t ^  1/ 2 and 
(£) =  0  for £ > 2/3. Let ̂ 2 be an R^> o-valued C °°-function on R such tha t K,2(t) =  0 

for t ^  1/ 3 and K2{t) = 1  for t ^  1 . We put XL(* ) : = « i l o S\ z \ ) ' «2(—log|^|) 
for any posit ive number L . Let p be any C °°-function on 7rf 1 (P) . I n the fol lowing, 
we w i l l consider integrals over 7r f 1 (P) . We often use / instead of f^-i^ to save 
space. We have 

(423) 
dho(xLs) 

(s ldho(xLs),  dho(xLs))hQ-p 

(d(s 1dho(xLs)),  XLs)ho-p- [s dho(XLS),  XLS)ho'dp. 

We have the followin g equalities : 

(424) 
dho(xLs) 

[d(s 1dho(xL's)),  XLs)h  p 

R{h)xL,XLs)h p  + tr(dxL 'dhos-XL)p  + dhos-XL)p + 

R{h)XL, XLs)hQP tr(dxL -S'ÔXL)^ tr(xL • dxL • s)dp 

(425) 
d{tv(x2Ls) 

s dho(xLs), XLs)hndp = tr(dho(xLs) -XL -dp 

d{tv(x2Ls)-dp) tr(xLS'dxL)dp- d{tv(x2Ls) 

Let C2{P) := —J22^j^e^°&\zj(P)\' W e have the followin g estimates, fo r some suffi-
ciently large N: 

(426) 
d{tv(x2Ls) - log I*, I + Co(P) 

(d(s 1dho(xLs)), XLs)ho-p-d{tv(x2Ls) 

We put PM  '= (—logiciI) M  for some sufficiently larg e M . B y using (423) , (424) , 
(425) and (426) , we obtain the followin g for some constants C3 and MF: 

d{tv(x2Ls) 
s-'dUxLs), dhJxLs))  -PM^CS-  C2(P)M  . 
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By making L —* oo, we obtain 

s~ldhAs) 
Nil̂ e-1 

s~ldhAs), dhJs)) . pM < C3 • C2(P)M . 

By making M larger, we obtain the following estimate for some constants C4 and M"\ 

s~ldhAs) 
s~ldhAs) 

s dhQ(s) , s dh0(sy) - pM < C4 -C2(P)M . 

We can take Gp • dz\jz\ fo r each P wit h the following property for some N\\ 

s~ldhAs) GP 
dzi 
Zl 

^ ) u - ' , P ) - \GPI  < C5 • ( - logM + C2(P))NL. 

(We can use Lemma 5.2.3, for example.) W e put t/jp  := s 1̂ /io5|7r~1(p) ~~ ̂ *P ' dzi/zi-
Then, we obtain dZli\)p  =  0 and th e followin g inequalit y fo r some C, Mi an d AT3, 
which are independent of P: 

427 
s~ldhAs) IHAO,»P - log + C2(P) dvo L < C • C2(P)JV3. 

By the holomorphic property, we obtain |^P|^ 0 ^  ^  C10 * ( _ log \zi \ + C2(P)) fo r 
some sufficiently large N4 an d C10, which are independent of the choice of P, by the 
following standard argument. Le t u — (UJ)  be a frame of °End(E') compatible with 
the parabolic structure. W e have the expression ipp = ̂ ifrpj • uj\7r~1(p)- W e obtain 
the estimat e fo r the integral s o f \ippj\2 wit h appropriat e weigh t from (427) . Sinc e 
i/jpj ar e holomorphic, we obtain the estimate fo r the sup norms of I^PJI-

Thus, we obtain the desired estimate fo r s~1dh0s, an d the proof of Lemma 21.9.3 
is finished. 
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CHAPTER 22 

REVIEW ON ̂ -MODULES, ^-TRIPLES AND VARIANTS 

In Sectio n 22 .1 , we recall the basic fact s o n finiteness  of filtered rings and filtered 
modules from [43 ] for reader's convenience. 

In Section s 22.2-22.3 , w e recall som e basi c propert y o f T^x-modules an d their 
specializations. I n Section 22.4 , w e recall the notion o f 7£x(*£)-module. W e refer to 
[73] fo r more details and precision . (7£(*£)-module s are calle d 7^-modules there.) See 
[77] fo r the original wor k due to M. Saito o n filtered  D-modules . Se e also [ 6 7 ]. 

We woul d lik e to reduce the study o f wild object s to the study o f tame objects . 
One o f the important tool s i s formal completion , fo r which we give a preparation 
in Sectio n 22.5 . I n Subsection 22 .5 .1 , w e revie w forma l comple x spaces. W e refe r 
to [4] , [8 ] and [50 ] for more detail s and precision. Then , w e recal l basi c fact s on 
formal i}-module s and formal 7^-module s in Subsections 22.5 . 2 and 22.5.3. W e can 
obtain th e claim s in these subsections b y directly applyin g a general theor y explaine d 
in the appendix o f [ 4 3 ]. W e explain i n Subsection 22.5. 4 ho w to use completion s in 
showing the strict S'-decomposabilit y which is the main motivatio n fo r us to consider 
formal 1Z-  modules. 

In Sectio n 22.6 , w e give some miscellaneous preliminarie s o n D-modules fo r refer -
ences in our argument . W e just indicat e wher e they ar e use d in this monograph. The 
contents i n Subsections 22.6. 1 an d 22.6 .2 ar e implicitly use d fo r the proof o f theo-
rems in Chapter 19 . W e prepare the nearby cycl e functo r wit h ramifie d exponentia l 
twist i n Subsection 22.6. 3 t o state Theorem 19.4.2 . Subsection s 22.6. 4 an d 22.6. 5 ar e 

preliminary fo r Sectio n 18.4 . 
Section 22. 7 is also complements. W e give in Subsection 22.7. 1 a  remark on push -

forward o f 7^-modules vi a a ramifie d covering , whic h ha s been implicitl y use d in 
Part IV . Subsectio n 22.7 . 2 is a preparation fo r the argument in Sections 12.2-12.4 . 

We revie w in Section 22. 8 som e basic property o f the sheave s o f distributions wit h 
moderate growt h satisfyin g som e continuity, introduce d b y Sabbah i n [ 7 3 ] , which is 
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one of the basi c ingredients fo r the definitio n o f wild pure twistor D-modules . I t i s 
used in Chapter 12 and Part IV. 

In Section s 22.9-22.10, we recall the notio n of 7 -̂triples and thei r specialization . 
In Sectio n 22.11 , w e recall th e notio n o f 7£(*£)-triples. W e refer t o [73] fo r more 
details and precision on their properties. (7£(*£)-triple s are called 7 -̂triples there.) I n 
Section 22.12, we compare pure twistor structure s and 7 -̂triples in dimension 0. We 
also give, for a regular singular 7 -̂tripl e on a disc, a comparison of the specialization s 
as a 1Z-triple and a s a variation o f twistor structure. 

22.1. Filtered rings 

For the reader' s convenience, we recall some general result s on filtered ring s an d 
their modules taken from the Appendi x of the nice textbook [43] due to Kashiwara , 
which we refer t o for more details and precision. 

22.1.1. Coherence. —  Le t A  b e a sheaf o f rings o n a topological space X.  W e 
have the standar d notions of locally finitely generated A-modules and locally  finitely 
presented A-modules. 

Proposition 22.1.1 (Proposition A.4 of [43]). — Let  J7 be  a locally finitely generated A-
module. Let  x €  X,  and  suppose that  the stalk Tx vanishes.  Then,  there exists a 
neighbourhood U of x such  that T\u —  0. • 

An .A-module T i s called pseudo-coherent if the followin g holds: 
• Le t U  be an y ope n subse t o f X. Le t Q  be a  locall y finitely generate d A\u~ 

submodule of T\\j. Then , Q  is locally finitely presented . 
Any *4-submodule of a pseudo-coherent *A-modul e is also pseudo-coherent. 

An *4-module T i s called coherent,  i f it is pseudo-coherent an d locally finitely gen-
erated. Th e category of coherent A-modules is abelian. I t i s stable under extensions. 
(See Proposition A.6 of [43] for more details.) Th e sheaf of rings A i s called coherent 
if i t i s coherent a s an A-module . I f A  i s coherent, a n ^4-module is coherent i f and 
only if it i s locally finitely presented . 

An ̂ 4-module T i s called Noetherian, i f the followin g holds: 
• T  i s a coherent A-module. 
• Fo r any x E l , th e stalk Tx i s a Noetherian ^-module . 
• Le t U  b e an y ope n subse t o f X.  Le t {Qi}  be an y famil y o f coherent A\u~ 

submodules of T\\j. Then , J^Gi  is a coherent A\[/-module. 
A sheaf of rings A  i s called Noetherian, i f it i s Noetherian a s an ^4-module. 

22.1.2. Filtered rings and filtered modules. —  A  sheaf o f rings A  i s called 
filtered, i f i t i s equipped wit h a n increasin g sequenc e o f submodules {Fn(A)  \n = 
0,1,2,...} suc h tha t (i ) A  =  \JF n(A), (ii ) 1  G F0(A), (iii ) Fn(A)  •  Fm(A) C 
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Fn+m (Л). If an Д-module M i s equipped with an increasing sequence of submodules 
{Fn{M) I  n = 0,1,2,...} suc h that Fn(A)Fm(M)  С Fn+m(M), th e pair (A4,F ) is 
called a filtered Д-module. We say that (M,  F) is a coherent Д-module, if 0 Fn(M) 
is a coherent 0  Fn(^)-module . I n that case , F is called a coherent filtration. Simi -
larly, F is called a locally finitely generated, i f 0 Fn(M)  i s locally finitely generated 
over 0 F n ( ^ ) . 

The following proposition is useful to check the coherence of a filtration. 

Proposition 22.1.2 (Lemma A.27 of [43]). — Let M be  a coherent A-module,  and N 
be an A-submodule. A filtration F{M)  of  N is  coherent, if and only if it is locally 
finitely generated. • 

Recall the following general and fundamental theorem. 

Proposition 22.1.3 (Theorem A.20 of [43]). — Let (Д, F) be  a filtered ring. Assume the 
following: 

• Fq(A)  is Noetherian. 
• Gik{A)  are  coherent  Fq(A)-module. 
• Let  m G Z>o, and let U be an  open subset of X. Let  Af be an  A-submodule of 

Afj*1 such thatAfnFk(A)em are  coherent F0(A)\u-modules for all k. Then,  J\f 
is locally finitely generated over  A. 

Then, A is  Noetherian. • 

The following proposition is useful to check coherence of an Д-module. 

Proposition 22.1.4 (Lemma A.22 of [43]). — Let (Д, F) be  a filtered ring satisfying the 
conditions in Proposition 22.1.3 . Let  Л4 be an A-module such that (i) locally finitely 
generated over  A, (ii)  pseudo-coherent as  an Fo(A)-module. Then,  M is  a coherent 
A-module. • 

The followin g propositio n is useful t o show a Noetherian propert y o f a sheaf of 
rings Д. 

Proposition 22.1.5 (Theorem A.29, Theorem A.31 of [43]). — Let (Д, F) be  a filtered 
ring on X. Assume  that Fq(A) and  GrF )̂ are  Noetherian  rings,  and GT^(A) are 
locally finitely generated Fq(A)-modules for any k. Then,  A is a Noetherian ring, and 
it satisfies the  conditions in Proposition 22.1.3. Moreover,  the Rees ring 0^П(Л) is 
also Noetherian.  • 

22.2. ^-modules 

22.2.1. The sheaf of algebras 1Zx*  —  Le t us recall the notion of T^x-modules 
introduced in [73]. Let X b e a complex manifold. W e set X := C\ x  X, where C\ 
denotes the complex line with the coordinate A. Let p : X — • X  denot e the natural 
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projection. Le t &x  denot e the tangent sheaf of X. W e have the subshea f A  •  p*@x 
of p*©x- W e denote A  •  p*Qx b y 0^. Sinc e we do not conside r the tangen t sheaf 
of X,  ther e is no risk of confusion. Le t T>x  denot e the sheaf of differential operator s 
on X. W e have the sheaf p*Vx =  Ox ®P-^ox  P~1T>x,  whic h is the sheaf of relative 
differential operator s of X ove r C\. Le t IZx denote the sheaf of subalgebras o f p*Vx 
generated b y Ox an d ®x-  Th e notions of left 7 -̂module s and right 7 -̂modules are 
naturally defined a s in the cas e of Px-modules. In  this  paper,  we usually consider 
left IZx -modules. 

The sheaf IZx is equipped with the increasing filtration F by the order of differentia l 
operators, vi a which it i s a sheaf of filtered algebras. Th e associated graded sheaf is 
isomorphic to p*  Sym* Qx- Accordin g to Propositions 22.1  A an d 22.1.5 , w e obtain 
the following . 

Proposition 22.2.1 
• The  sheaf of algebras IZx is  Noetherian, and  it satisfies the conditions in Propo-

sition 22.1.3. The  Rees ring is also Noetherian. 
• Let  M be  an IZx-'module such that (i) pseudo-coherent as an Ox-module, (ii)  lo-

cally finitely generated as an IZx-module. Then, M is a coherent IZx-module. O 

Let A o be any point o f C. W e say that a n T^x-module M. is strict  at Ao , i f the 
multiplication o f A — Ao on M. is injective. I f Ai i s strict a t an y A o G C, then it i s 
called strict. 

22.2.2. Left and right IZ- module. —  Le t uox  denote the canonica l line bundle 
of X,  i.e. , i t i s th e shea f o f holomorphic (n , 0)-forms, wher e n  =  dimX.  Then , 
p*ux i s a  right IZx -module, on which the righ t IZx -action is given as the restric -
tion o f the natura l right p*Px-action.  Le t UJX  := A- n •  p*uox as th e subshea f of 
p*wx ® Ox(*({0} x  X)). I t i s naturally a right T^x-module. 

As in the cas e of T>x-modules, fo r any lef t IZx -module Ai, w e have the natural 
right T^x-niodul e structure on Mr :=  uox 0 M.  B y this functor, th e categorie s of 
left IZx -modules and right IZx-modules are naturally equivalent. 

22.2.3. Holonomic 7^-module. — Le t M  b e a coherent T^x-module on U C X. 
As in Section 22.1, we have the notion of coherent filtration for M.. If M ha s a coherent 
filtration F, we obtain the coherent p*  Sym6x-module GrF M. I t naturally induces 
a coherent sheaf on C\ xT*X.  It s support Ch(M)  i s called th e characteristic variety . 
We can show in a standard way that Ch(Ai) is independent o f the choice of a coherent 
filtration. 

Let M  b e an 7£x-modul e on ¡7 C X. W e say that M  i s good,  if the followin g 
condition is satisfied : 
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• Le t K  b e any compact subset o f X suc h that {Ao } x K C U. Then, there exist 
a neighbourhood U'  of {Ao} x  K i n f7 , a finite filtration F o f M\u> such that 
GrF(jM|f//) ha s a coherent filtration. 

If M  i s good , w e have th e globall y well-defined characteristi c variet y Ch(A^ ) C 
C\ xT*X.  I f there is a Lagrangian subvariety L  of T*X suc h that Ch(M) C C\ x  L, 
then At i s called holonomic. A s a similar bu t weake r condition , we say that M  i s 
locally good, if there exists a covering U = \J Uj such that M\Uj are good. Th e char-
acteristic variety makes sense for any locally good 1Zx-module. Goodnes s is required 
for good behaviour with respect to the push-forward vi a a proper morphism. 

22.2.4. Push-forward and pull-back. — Th e push-forward an d pull-back of 1Z-
modules are defined a s in the cas e of .D-modules. Thei r properties ar e also similar. 
Let /  :  X — > Y  b e a holomorphic map of complex manifolds. Th e induced morphism 
X - » y i s also denoted b y F.  Th e lef t an d righ t (Kx,  F _17e,y)-module 1Zx^Y i s 
given as follows: 

TIX^Y : = Ox ®F-i0y F~~17ZY-
The pull-back of a left IZy-module N i s given as follows: 

f]M : = KX-*Y ®LF-^nY  F~1^  €  D\llx). 

The push-forward o f a right 1Zx-module M  i s given as follows: 

fyM : = ^ ( .M ®£x KX->Y) e D\KY). 

Here ® L denotes th e derive d tenso r product , an d RF\  denotes th e ordinar y push -
forward with compact support. (Se e [73] for more precision.) The push-forward o f a 
left modul e is defined by using the equivalence of the categorie s of left an d right 1Z-
modules as mentioned above. Namely , we set IZY^X •=  ®ox  F~l (HY ®oy ^y1)^ 
and define 

ft(M) :=RF,(1Iy^X  ®kx  M) 
for a left 11  x-module Ai. Th e z-th cohomology sheaves of f^M. are denoted by f^M. 
We refer to Section 1.4 of [73] for more details and precision. We mention one result: 
if M. i s good (holonomic) , then f^M. are also good (holonomic) , which can be shown 
in a standard way as in [43]. 

We recall the constructio n o f the push-forwar d fo r a left T^x-modul e in the case 
where Y is a point for explanation in Subsection 17.3.8. Let Vir^ denote the C°°-vector 
bundle of (r, s)-forms on X. Le t X° : = {0} x X. W e obtain the C\-holomorphic bun-
dle :=  p*tixS ®Ox(rX°), an d the double complex (f^s , <9x, dx) •  The associated 
total complex is denoted by (ii^,d).  Th e left T^x-modul e structure on M an d th e 
exterior derivative d naturally induce the complex (M. <S> d).  Then, f\M. i s given 
as follows in this case: 

ftM =  F\(£Tx[dimX] ®ox M). 
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A closed g-form u on X induce s a morphism of complexes : A4®flx —> A4 <S>ft9^~q, 
which induces : f^M —• f^qM. Mor e generally, if X = Y  x w e naturally have 
MM) * F.fr^fi^dimZ] <g>p-,0ji A4) 

22.3. Specialization of 11-modules 

Sabbah introduced the notions of V-filtration, nearb y cycl e functor an d vanishin g 
cycle functo r fo r 7 -̂module s in [73], which are natura l generalizatio n o f those fo r 
filtered D-module s in the original work by M. Saito [77]. (See also [67].) 

22.3.1. Strict specializability. — Le t C* be a complex line with a coordinate t. 
Let X o b e a complex manifold. W e pu t X  :=  XQ X Ct. W e identif y XQ and X o x  {0}. 
Recall X :=  C\ x  X an d X0  := C\ x  X0 . Fo r any point A o G C\, le t X^  denot e 
a small neighbourhood of {Ao} x  X. We use the symbol XQX°^ in a similar meaning . 
Let px0 ' X — » Xo denot e the projection . Le t VolZx  denote the sheaf of subalgebras 
of IZx  generated b y Px0^x0 an d cV. 

Let Ai b e a coherent T^x-module on X^X°\ Le t I/(A° ) be an increasing filtratio n 
of coheren t VoT^x-submodule s indexed by R. W e recall some conditions for V^x°\ 

Condition 22.3.1 
• Fo r any a e R,  an d for any P G XQX°\ ther e exists e > 0 such that VaXo\M) = 

v£+e(M) aroun d P.  Moreover , UaGH^0^^) = M-
• t  • V^Xo){M) C V^X\\M) fo r any a  G R, an d t  • Va(Ao)(M) = V^(M)  fo r any 

a < 0. 
• 9 * • ^ ^ ( . M) C V^+i^-M ) fo r an y a  G R, an d th e induce d morphism s dt  • 

Gr^( °)(A't ) — > GrĴ ]0* ar e surjective fo r any a > —1 . • 

Condition 22.3.2. — Let ( X , ^(A°) ) be as in Condition 22.3.1. Recal l that M i s called 
strictly specializabl e along t at A o with respect to i f the following holds: 

• Gr̂ (Ao ) (M) i s stric t fo r eac h a  G iJ, i.e. , th e multiplicatio n o f A  —  Ai on 
Gr^( o ) (M) i s injective for any Ai G C. 

• Fo r any P  G AQA°\ ther e exists a  finite subset /C(a,Ao,P) C  Rx C  suc h that 
the action of rLeA:(a A0) ( —+ *(A , u)) on Gr^ °  (M) i s nilpotent aroun d P. 

The union \JaeRK>(a,\o,P)  i s denoted by K,MS(M,t,P). W e also put /C(a, Ao ) : = 
UPG*0£(a,A0,P) and/CMS(A'M) : = \JPeXo JCMS(M, £, P). • 

If (M,  V(x°^)  is strictly specializabl e along £, fo r u G /CM<S(.A/f, £) , w e put 

cV + e(A, w) 

qy 
Ker -cV + e(A, w)' 

A7" 
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Thus, we obtain an 1Zx0-mod\i\e xjxj.^  (M), an d the decomposition 

(428) GI ?*°\M) = 0  4 >$\M). 

nG/C(a,Ao) 
Remark 22.3.3. —  If we consider local issues, we may assume that the set /C(a, Ao) is 
finite. We will often assume it implicitly. • 

Lemma 22.3.4. —  Such  a  filtration T AA°) is  unique,  if it  exists.  The  index  set 
KMS(M,t) is  also uniquely  determined  if \I)\X^\M) ^  0  for any u G tCMS(M,t). 

Proof. —  Although it i s proved in [73] and [67], we give a sketch of the proof . We 
only have to argue the issue locally around any point of XQX°K Let y(A°) and V̂ A°^ be 
filtrations satisfying th e above conditions, with the index sets /C(a, Ao) and /C(a, Ao). 
Let a < 0. W e have v£Xo) C  Vb(Xo) fo r some b. Note C  .  Hence, we obtain 
the induce d map vHXo)/v£°J /v£$. Fo r any a  - 1  < e  <  a , th e actio n 
of Ua-i<c^e UueK(cM) H * * + e(A>")) i s locally ^ilpotent on Ve{Xo)/V™. For any 
b — 1 < e ^ 6 , the action of FU-Kc^e rin€/c(c A0) (~~°^ + e(̂ 'u)) 1 S l°ca^y nilpotent 
on VeXo^/v£X°K Fo r any a — 1 < c  ̂a  and b — 1 < e ^ 6 , we have the induced map 

, . у(ло)/тД*о) Т/(Ло) /тИАо) 

We obtain the vanishing of the restriction of $c>e to XQ  °^ — ({Ao } x XQ) i f c < e. By 
using the strictness o f Grvi o) and GTV  °\  w e obtain the vanishing of 3>C?E if c < e. 
Hence, we obtain that VaX°^ C  v£X°\ Moreover , we obtain that /C(a, Ao) = /C(a, AQ) 
if —  (5tt + e(Ao, г¿) has non-trivial kerne l for each u G /C(a, Ao) U /C(a, Ao). • 

Lemma 22.3.5. —  Assume that M on  X^X°^ is  strictly specializable along  t at  XQ with 
the index set JCAiS(Ai,t). For  simplicity, X^X°^  is  assumed to  be the product of  X 
and a neighbourhood of Xo, and K,MS(M) is  assumed to be finite. 

Assume that \X\ — Xo\ is sufficiently small. Then M. is strictly specializable along  t 
at X\ with  the  index set K,MS{M.,i). Moreover,  on a neighbourhood X^XL^  C  X^X°^ 
o/{Ai} x  X, we  have natural  isomorphisms 

VJXL)(M) -7T71VJXL)(M) 

Proof. —  We will construc t th e filtration V' ^  o f M o n X^Xl\  I n th e followin g 
argument, w e restrict M.  and the associated modules to X^Xl\ Fo r any real number 
d G i2, we consider S(d) := { c G R \ 3U  G /C(C, AO), p(\\,u)  =  d}. Sinc e |Ai — Ao | 
is small, we have \S(d)\  ^  1 . First , le t u s consider the cas e S(d) =  {c}.  Le t TTC  : 
VCX°\M) — > Gr^( O)(M)  b e the projection, and we define 

VJXL)(M) - 7 T 7 1 
uG/C(c,Ao) 
p(\i,u)^d 

VJXL)(M) 
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Let us consider the case S(d) —  0. In that case, we put do := max{d' ^ d  \ S(df) ^ 0 } , 
and w e define VJXl)(M)  :=  VJXl)(M). The n i t is easy to check that i s the 
desired filtration.  • 

Lemma 22.3.6. —  Assume that A4 is  strictly specializable along t at XQ with a filtration 

• The  multiplication t :  V<Q (A4 ) — > vQ0\A4) is  injective. 
• The  induced maps  9* :  Gr^( o) (Ai) —>  Gr^|1o)(.M ) are  isomorphisms for any 

a > - 1. 

Proof. —  Let us show the first claim. Le t / G  V<00' suc h that t  •  / =  0 . Assume 
/ ^  0 , and we will deduce a contradiction. Not e that 9 ^ / ^ 0  for any N, and that 
V^Q0^ H  IZx •  / i s VolZx-coherent. Hence , there exists an N such that 9 ^ / 0  V^Q0^ . 

It implies the existence of a G R<o such that /  G  V̂ A°̂  \ V<A° \ Hence , we obtain 
a non-zero element [/ ] G Gr (̂ o ) (Ai). Becaus e t •  /  =  0 , we have 9*£[/ ] =  0 . Hence , 
[/] ^  ^t^i-M)  fo r any u G /C(a, Ao), whic h is a contradiction. Therefore , w e can 
conclude that / =  0. 

As fo r the secon d claim , i t i s easy t o check that th e endomorphism s t  •  (5t o f 
Gr^( o)  (Ai) ar e injective for any a > — 1. Thus , we are done. • 

22.3.2. Compatibility of a morphism and V-  flit rat ions. — Le t A4 and Af 
be 7£x-module s on X^x°\ which are strictly specializabl e along t at Ao-

Proposition 22.3.7. —  Let (j) be  a morphism Ai —> Af. 

1. </>(Va(Ao){M)) is  contained in Va(Ao)(AT) for each a G R. 

2. Assume  that  Gry ( o)(</>) :  Gry(  o) (Ai) — » Gry( o) (Af) strict,  namely, 
Cok(Gr^( o)(</>) ) ¿ 5 s£nc£ /or eac/i a. Then  (j) is  strictly compatible with  the 
titrations V^(Ai)  and  V<<Xo\Af), i.e.,  V^o)(Ai) f l lm(0) =  0 (ya(Ao)(.AO) / o r 
eac/i a. 

3. Under  the above  assumption, Kei  ((/>), Cok(</> ) andlm(0) are strictly specializable 
along t at  XQ with  the induced filtrations, and  we have the natural isomorphisms 
for any  a: 

Ker(Grr<Ao)(fl) * Grro>(Ker(fl) , CokCCr]^(fl) * Gr^(Cok ( f l ) 

Im(Grro,(fl)^Grr(Ao)(Im(fl). 

Proof. —  The first claim can be shown by the argument in Lemma 22.3.4. To show 
the secon d claim , le t us consider th e induce d morphis m 6'  :  viX°^ /vi  ̂(Ai)  —> 
v^/v£°\ M).  (N). 
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Lemma22.3.8. —  ft is  strict with respect to the induced filtration V^Xo\  i.e., the 
following holds for any c  ̂d'   ̂d: 

Im(4>') n (V™/V£>\MJ) =  CJ>'(V^/V£°\M)). 

Proof. —  We only have to consider the case where A^A° ) i s the product of X and 
a neighbourhood U(XQ)  o f Ao in C\. Ther e exists a dense subset J7*(Ao ) C  U(\Q) 
such that e(A ) : K,MS(M,t) - > C is injective for each A G f/*(A0). W e set AT0(Ao)* := 
U*(\Q) x  XQ. W e have the decomposition: 

Im(4>') n (V™/V£>\MJ) 
uefCMS(M,t) 

uefCMS(M,t) 

uefCMS(M,t) 
It gives a splitting o f the induced filtration o n V%Xo)/v£o)(M)\X(\0)*. W e have 

similar decomposition for VJX°^/V<X°\Af),x(\0)*. Sinc e ft  (A()) # preserves the decom-
I o l̂ o 

positions, it is strict wit h respect to y(A°). B y using the strictness o f Gry( o)(M), 
Gry( o)  (Af) and CokGr^( O>(0), we obtain that ft  is strict wit h respect to the filtra-
tions V(Xo\ • 
Lemma 22.3.9. —  Let (Ao,P) G  X^x°\ For  any c, there  exists e <  0  such that 
Ve(Xo)(Af)nlm(f) c (l)(Vc{Xo)(M)) around  (A0,P) . 

Proof. —  Let QJ V denot e the VoT^x-submodule of V^Xo\Af) whic h consists of the 
sections a such that tNa  G lm(0) fl V^^^Af). Ther e exists a large N\  suc h that 
QN = QN+1 for any N ^  Ni  aroun d (A0,P) . W e set Q := Q ^. W e have tNQ = 
Im0H vl^^A/") fo r any N ^ iVi by our choice. Ther e exists a large number / suc h 
that tNlQ  C (j)(VJXo)(M)). Take AT2 suc h that /  -  N2  <  c and N2 > Nx. Then , we 
obtain V^°2Nl_N2(Af)  H Im0 c 0(K(Ao)(M)) . • 

Let A be an element of VJXo)(M) such that 0(A) G  VJXo)(Af)  fo r some c < d. Let e 
be as in Lemma 22.3.9 for the c. By using Lemma 22.3.8 inductively, there exists an 
element hi  G  Vc{Xo)(Ai) suc h that 0( A - hi)  G  Ve{Xo)(Af). B y the choice of e, there 
exists A 2 G V^Ao (̂.M) such that (j)(h2)  =  0( A — Ai) , i.e. , 0(A) = 0(A i + A2), which 
means the strictness o f 0 with respect to the nitrations V^x°\ Thus, we obtain the 
second claim of Proposition 22.3.7. 

The third claim easily follows from the second claim. Note we use Lemma 22.3.6 
to show K-i(Ker(0)) =  t • Va(Ker(0)) for a < 0. • 

Definition 22.3.10. —  A morphism 0 : Ai —> Af is called strictly specializable along £, 
if GrWAo> (</>) : Gry<Ao> (M) -  Gr^° > (A/-) is strict. • 

According to Proposition 22.3.7, if 0 is strictly specializable, it is strictly compatible 
with the ^-filtration . 
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22.3.3. The functor .̂ t,w —  Le t M  b e a  coheren t 7£x-modul e on X.  W e say 
that Ai i s strictly specializabl e along t if it i s strictly specializabl e along t at an y Ao-
If Ai i s strictly specializabl e along t, according to Lemma 22.3.5, {ip^^M  |  Ao G C} 
determines th e globally defined 7£x0-module ipt,u{A4) fo r each u G /CM«S(.M, £). 

Let an d A T be coheren t 1Zx -modules o n X,  whic h ar e strictl y specializabl e 
along t. Le t 4> :  A4 —> Af be a morphism of T^x-modules. Accordin g to Proposition 
22.3.7, the morphism </ > preserves the F-filtrations T/(A° ) at an y A o G CA. We obtain 
induced morphisms Giy( o)(</>)  :  Gryi °J(M)  —> • Gry( o)  (Af). Since the decomposition 
(428) is obtained as a generalized eigen-decomposition, we obtain induced morphisms 
^ 1 ^ ( 0 ) :  $t*u\-M) —> ipi*u\N). We can glue them t o obtain a  morphism ipt ,u(<l>) • 
ipt,u(>M) — > ipt ,u(Af) o f 7£x0-modules on <*b> which is clear from the constructio n of 
V(XL) fro m V<<XO)  give n in Lemma 22.3.5. 

Let 5o denote the element (1,0 ) G R x  C. I f an 7£x-module .M is strictly special -
izable along £, we have the naturally induced morphisms of 1Zx0-modules 

t : Vt.uM —> Щ.и-ônM, О* : Щ.иМ —• Ш.и+önM. 
In particular, we put 

can = -Ot : ip*-snM —> W*oM, va r = t : ip+oM —• ty*-6nM. 

Remark 22.3.11. —  If we consider right 7^-modules, can is given by 5V • 

Lemma 22.3.12. —  Assume  that Ai is  strictly specializable along  t. 
• If  we  have a decomposition  Ai  —  Ai\ 0 Ai2,  then  AAi (i =  1,2 ) are  strictly 

specializable along  t. 
• Assume  that Ai is  supported in XQ. Then  we have V^^Ai =  0  for any XQ G C\. 

We also have  ipt,uA4 = 0, if  u does  not contained in  Z^o x {0} . 

Proof. —  Let u s show the first claim. Sinc e id©0 preserve s th e filtration V̂ A° ^ on 
X^X°\ th e decompositio n and V^X°^  are compatible . Then , th e first claim is clear. 
See [73] or Proposition 14.4 2 of [67] for the second claim. • 

Let S2(X,  t) denot e th e ful l subcategor y o f strictl y specializabl e T^x-module s 
along t.  Le t (X , t) c  S2(X1t)  denot e th e ful l subcategor y o f objects whose 
supports ar e contained in XQ. 

Corollary 22.3.13. —  We  have the equivalence S\Q(X,t) ~  (stric t IZx0 -modules). • 

22.3.4. Strict 5 -decomposability. — Th e followin g conditio n essentiall y ap -
peared i n [77]. 

Condition 22.3.14. —  Let Ai o n X^XO^ be strictly specializabl e along t at A o with th e 
filtration V(Xo\ Recal l that Ai  i s called strictl y 5-decomposabl e along t  a t Ao , i f 
moreover I/J^XQ\M) ~  Im(can) © Ker(var) holds. 
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We say that M on X is strictly 5-decomposabl e along £, if it is strictly S'-decom-
posable along t at any AQ . 

Proof —  See [73]. (See also [77].) 

22.3.5. The functors ^iu anc ^ ^ttw — Le t M b e an 7£x-module, which is 
strictly specializabl e alon g t.  Fo r any u =  (a,  a) G K,M.S(M,i)  suc h tha t u  £ 
2^0 x  {0} , th e 7£x0-m°dule I/J^\M) i s defined i n [67] as the inductive limi t of 
t •• 4IUS0(M) - ^L(N+1).So(M). I t i s equal to v£o)(M(**))- (Se e [73] or 
Section 22.4.1.) I t is easy to observe that \M )][X{x1) ~  V4 ,u (-M ) m the situation 
of Lemm a 22.3.5 . Hence , we obtain the 7£x0_module V7T,«(̂ ) ON %o as the gluing 
of $t*u\-M). W e have a natural isomorphism ipt ,u{>M) ~  lim .N-^00 ^t,u-N-s0{A4). 
We have the canonical inclusions T̂,u°̂ (*M) ~^ ̂ t*u\'M) and ij)tiU(M) — • ipt ,u(Ai) 
(Lemma 14.52 of [67]). 

Remark 22.3.16. —  If u is contained in i^<o x {0} C  R x C, we have the canonical 
morphism i/jt,u(-M) —  i^t,u(Ai). W e will not distinguish them . • 

Remark 22.3.17. —  In the case u = (0,0) G R x C (it is also denoted by 0), we also 
use the notation (j)t$  instead of ^,0- I t is called the vanishing cycl e functor. • 

Remark 22.3.18. —  Let u be an element of K,MS(M, t).  Le t us consider the following 
set: 

S(u) := { A g C * | 3 6 g Z ^ 0 , s.t . t(\,u-b>60) = 0, p(A0, u - b • S0) ^ 0}. 

Then, S(u)  is discrete i n C\. Fo r any A 0 G C * — S(u), we have the canonical 
isomorphism iplj (M) ~ {M). 
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Proposition 22.3.15. —  Let A4 be strictly specializable along  t. 
1. The  following conditions  are  equivalent: 

• va r : ipt,oM —> it>t,-60M. is  infective. 
• Let  M! be  a submodule of  M, such that the support of  M1 is contained in 

X0. Then  M' =  0. 
• Let  M! be  a submodule of  M such  that the support of  M' is  contained in 

X0. Assume  that M' G S2(X,t).  Then  M' =  0. 

2. Assume  can : I/J^-SQ-M. — • t/̂ o-M is surjective. Let M!' G S2(X,t)  be  a quotient 
of M such  that the support of  M" is  contained in XQ. Then  M" =  0. 

3. M.  is strictly S-decomposable along  t if  and only if the following holds: 
• We  have the decomposition M =  Mf 0 M". Here  the support of  M" is 

contained in XQ, and  M! has neither submodules or quotients contained  in 
S2(X,t) whose  support  is contained in XQ. 
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Remark 22.3.19. —  Let u£ (RxC)\  (Z^0 x {0}) . W e have a natural isomorphism 
^a°\M) —  ^X°\M), dependin g o n A0 . I f p{\o,u)  ^  0 , th e natura l morphis m 
ip(XQ\Mi) —• t/)(Xo\Mi) is an isomorphism. I n the cas e p(\o,u) >  0, we take n0 G 
Z^o suc h that —  1 < p(Ao,w ) —  no ^  0 , an d the n we have a  natural isomorphism 
°T° •  Tpu-is(Mi) 1 >u°\Mi), fro m which we obtain ^o)(M)  ~  &X°\M).  • 

Remark 22.3.20. —  Let Mi  (i  =  1,2 ) b e stric t coheren t Tlx -modules, which ar e 
strictly specializabl e along t. Le t <j>:  Mi —>  M2  b e a morphism. Le t u  G (R  x  C)  \ 
(Z^o x {0})- I f the cokernel of ipu(</>) : V'uCMi) —* ^U(M2) is strict, then the cokernel 
of V^(0) i s also strict. Indeed , we can deduce it by using Remark 22.3.19 . • 

22.3.6. The general case. —  Le t Y  b e a  comple x manifold , an d le t M  b e a n 
7£y-module on C\ x  Y. Le t U  be an open subset o f Y, an d le t /  b e a holomorphic 
function on U. The n we obtain the 1ZuxCt-module L^M\CX  xu on CA X £/ xCt, where 
¿ : [/ — > C7 xCt denote s the graph embedding . 

Definition 22.3.21 
• Le t / an d U  be as above. A  coherent T^y-module M i s called strictly specializable 

(resp. 5-decomposable) along /, i f if ^M\uxCt i s strictly specializabl e (resp . 5-
decomposable) along t. 

• A  coherent T^y-module M i s called strictly specializable (resp. 5-decomposable) , 
if it is strictly specializabl e (resp. 5-decomposable) along any holomorphic func-
tion defined on any open subset o f Y. • 

If M i s strictly specializabl e along a holomorphic function /  o n 7, w e define 

*l>f,u{M) :=  i/>t,u{t>iM), /̂,MCM) := $t,u{t>iM). 
Note that i f M i s strictly specializable , M i s strict. Indeed , le t u s deduce a con-

tradiction, b y assumin g tha t M  i s no t strict . Le t s  b e a  loca l sectio n suc h that 
(A — Ao ) s =  0  for som e Ao . I f Supp(s ) =  Supp(AI) , b y shrinking X,  w e may as -
sume that ther e exists a  holomorphi c function /  suc h that (i ) SuppAl <$.  /-1(0) , 
(ii) Supp(s ) C /_1(0) . The n w e obtain tha t V^OCM) i s not strict . I f Supp(s ) = 
Supp(.M), b y shrinking X, w e may assum e tha t th e characteristi c variet y o f M i s 
smooth. Then , w e obtain that ipf^s(M)  i s not strict . Hence , we have arrived a t a 
contradiction. 

Recall the compatibilit y of push-forward an d specialization due to Sabbah (Theo -
rem 3.3.15 in [73]). Se e also Saito's work [77]. 

Proposition 22.3.22. — Let  F :Y  —>  Z be  a proper morphism. Let  g be a holomorphic 
function on  Z, and  we set g :=  F*g. Let  M be  a coherent  1Zy-module which  is 
strictly specializable along  g,  and  good with respect  to F. If  F^^g^M)  are  strict 
for any  u G Rx C  and  any i, then  F^(M) are  also  strictly  specializable along  g, and 
ipgtUFi(M)^F^iU(M). • 
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We also remark the following in [77] and [73]. 

Lemma 22.3.23. —  Let  Y, Z,  F  and  g be as in Proposition 22.3.22. Assume that F is 
a closed immersion. Let  M be  a coherent IZy -module. If  F^M is  strictly specializable 
along g, then M. is also strictly  specializable. 

Proof. —  We give a sketch of a proof. W e only have to consider the case Z = Y x At. 
We have the decompositio n F^M =  0^LO F*M 9™. We only have to show that th e 
^-nitrations 1/(A°) are compatible with the decomposition . Le t v  G v£X°K W e have 
the decompositio n v =  ^2^=0vn. I t i s easy to show that XN VN G v£X°\ W e have 
b ^ a  such that VN  G V£X°^ and VN  0 V^°\  B y using the strictness of Grjf( o ) for 
any 6, we obtain b  — a.  Namely , VN G VaX°\  Then, by an easy induction, we obtain 
that vm G VaX°^  fo r any m. • 

22.3.7. Strict support. —  Le t Z  b e an irreducibl e subvariet y o f X. Le t M  b e 
a strictly 5-decomposabl e T^x-module, whose support i s contained in Z.  I f there is 
non-zero T^x-submodule whose support i s strictly smalle r than Z, then Z  i s called 
the strict support o f M. 

We obtain th e followin g lemm a by using the decompositio n given in Proposition 
22.3.15 and an easy inductive argument. (Se e [77] and [73].) 

Lemma 22.3.24. —  Let  M be  a holonomic strictly S-decomposable IZx -module. Then 
we have a  unique decomposition  M =  ®zMz, where  Z runs  through the irreducible 
closed subsets of  X, satisfying  the  following: 

• Mz  are  strictly S-decomposable IZx -modules. 
• The  strict support of  Mz is  Z. 

It is  called the decomposition by  the strict supports. • 

22.4. Kx(*t)-modu\es 

22.4.1. Strict specializable IZx(*t)-modules.  —  Le t X =  X0 x Ct.  W e iden-
tify X0  with the {t  = 0} in X. W e put X  :=  C\  x  X an d X0  :=  CX  x X0. Le t X^ 
denote a small neighbourhood of {Ao} x X i n C\ x  X. W e use the symbol X&XO) with 
a similar meaning . Fo r simplicity, we assume that X^X°^  i s the produc t o f a neigh-
bourhood of Ao and X.  W e use the symbols X0 and XQXO^  wit h similar meanings . 

Let 1Zx(*t) denot e TZX ® Ox(*t), whic h is naturally a sheaf of algebras. W e refer 
to [73] and [75] fo r genera l an d foundationa l propertie s o f 1Zx(*t)-mod\iles. We 
have th e standar d correspondenc e between th e lef t TZx  (*t)-mod\i\es an d th e righ t 
TZx {*t)-modu\es give n by M  an d M  ®ox{*t)  wx(*t). I n thi s paper , w e consider 
left 1Zx(*t)-modu\es. Coherence , holonomicity and strictness for IZx (*£)-modules are 
defined as in the case of IZx-modules. 

We recall the notion of strict specializability in this situation . 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



562 CHAPTER 22. REVIEW O N ^-MODULES, ^-TRIPLES AN D VARIANTS 

Definition 22.4.1. — Let Ai b e a left coheren t 7£x(*£)-niodule . I t i s called strictl y 
specializable along t a t Ao , if we have an increasing filtratio n V^x°^  o f A4\X(\0) b y 
coherent VolZx -modules indexed by JR, such that the following holds: 

• Fo r any a G R and P G X0,  there exists e > 0 such that vJtXo)(M) = V^XoJ(Ai) 
around P.  Moreover , |Ja V^Xo)(M) =  Ai. 

• Gryi  o ) (Ai) i s a strict 7£x0-m°dule, i.e., the multiplication of A — Ai is injective 
for any Ai G C. 

• t  • V^Xo)(M) = V^(M) an d 9t • Va{Xo) c V^(M)  fo r any a G R. 
• Fo r each a £ R and P G Ao, there is a finite subse t /C(a , Ao, P) C R x C such 

that the action of ELeA:(a,Ao) (~^tt + e(A,u)) on Gr^(Ao)(Al) i s nilpotent o n a 
neighbourhood of P. 

We say that Ai is strictly specializable along £, if it is strictly specializable along t at 
any A0 . • 

The union \JaK,(a,  A0,P) is denoted by KAiS(Ai,£,P). W e also put /C(a, A0) := 
UPe*0(*o) /C(a, Ao,P) and /CA1<S(AM) := UPG^o) /CA4<S(AU, P). 

Remark 22.4.2. —  If we consider loca l issues , w e implicitly assum e tha t th e set 
/C(a, Ao) is finite. • 

Let Ai and /C(a, Ao) be as in Definition 22.4.1. For u G /C(a, Ao), we put on XQX°^ 

%%HM) := (JKer(HM + c(X,u)f :  Gv^o)(M)  WG/C(O,AQ) GT? X°\M)). 
N V ' 

By the strictness, we have the decomposition: 

GrruCM) = 
WG/C(O,AQ) 

WG/C(O,AQ) 

We implicitly assume v4A° (̂A4) ^ 0  for each W G /C(a, Ao). Becaus e the multiplication 
by t induces an isomorphism Gr^( o)(A 0 —  GrY^ (A4),  we hav e the biiection: 

/C(a, AQ) —/C(a — 1, AQ), u  <—>u — SQ. 

Here S0 = (1,0) G Rx C. 

Lemma 22.4.3 
• The  filtration T/(A° ) a s in Definition 22.4.1 is unique, if  it exists. 
• Assume  that Ai is  strictly specializable along  t at  Xo. For  simplicity, X^X°^  is 

assumed to be the product of  X and  a neighbourhood of  Xo, and JCAiS(A4,t) is 
assumed to  be finite. Then,  Ai is  also strictly specializable along  t  at  any Ai 
such that |Ai — Ao | is  sufficiently small.  The  filtration V^Xl^ of  A4\X(xi) can be 
constructed from ,  and we have ^ ^ ( A O =  $t*u  on  *0(Al) c X^XO). 

Proof. —  See [73] or the arguments in Lemma 22.3A and Lemma 22.3.5. 
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As a result, if M o n X i s strictly specializable along t, the set K,MS(M, t)  is inde-
pendent o f the choice of A0. By gluing ^{Xu\M), w e obtain the Tlx0-mod\i\e ipt,u(M) 
on X0 for each u G JCMS(M,t).  Formally , we put ipt,u(M)  : = 0 for u 0 JCMS(M, t). 
The multiplication b y t induce s the isomorphis m ipt,u(M) ~ ^t,u -8Q{M). W e put 
N :=  —+ e(A,w ) on tf>t,u(M), which is the nilpotent par t of —cV-

Let Mi  (i  —  1,2) b e strictly specializabl e along t. Th e following lemm a can be 
shown by the same argument as in the proof of Lemma 22.3.4. 

Lemma 22.4.4. —  Any morphism ip  : Mi —>  Mi  preserves  the filtrations V^x°^  for 
any Ao. In  particular, we  have the induced morphism tpt,u(<p) :  ^t,u(Mi) —•  ipt,u(M2) 
for each  u G Rx  C. • 

A morphis m <p  :  Mi —•  M2 i s calle d strictl y specializable , i f the cokerne l of 
Gr^( o ) (cp) i s strict for each a. The following lemma can be shown by using the same 
argument as of the proof of Proposition 22.3.7. 

Lemma 22.4.5. —  / / ip  : Mi —•  M2 is  strictly  specializable along  t, it  is  strictly 
compatible with  the  filtrations V^x°\  i.e.,  v£Xo)(M2) n  Im(<p) =  <p(V^Xo)  (Mi)) for 
each a. 

As a  result, Ker(tp),  Im(<^) and  Cok(</?) are  also strictly  specializable along  t, and 
we have the natural isomorphisms i/;tiU Ker(<p) ~  Ker ̂ t)U(<p), ipt,u Im(^) — ^ ^ ^ ( ^l 
and iptjU Cok(y>) ~ Co k iptiU (cp). • 

We refer to Section 3.4 of [73] for the following lemma. 

Lemma 22.4.6. —  Let  M be  a coherent  Tlx-module which is strictly  specializable 
along t at  Ao with the  filtration V^x°\ 

• M(*t)  :=  Tlx{*t) ®nx M is  a coherent Tlx{*t)-module which is strictly special-
izable along  t at  Ao. 

• The  filtration V^(M(*t))  is  given by vJtXo)(M(*t)) = V^Xo){M)  for  a <  0, 
and VaX°\M(*t)) =  t~nVaX°n(M) for  0,  where n is  chosen as a — n < 0. 

• We  have the natural isomorphism rft,u(M) ̂  iit,u(M(*t))  for  any u G R  x  C. 
# '  • 

22.4.2. Pull-back via a n-th ramified covering. — W e put :=  X0 x Ctri. 
Let <pn  :  X  ̂—>  X  b e the morphism induced by ifn(t) =  t™.  Le t M  b e an Tlx(*t)-
module. Sinc e TlX(n)(*tn) =  0X(n) ^ - i (0 j f ) y~lTlx{t)  i s flat over (p^Tlxfa),  w e 
have ip^M ^ W*nM.  I f M i s Tlx(*t)-coherent, ip\M i s TlX(n) (*£n)-coherent. I f M i s 
a holonomic Tlx{*t)-modu\e, (p^M is a holonomic 7£X(n)(*£n)-module. The following 
lemma can be checked directly. 
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Lemma 22.4.7. —  If  M  is  strictly  specializable along  t,  then  so is ip^Ai.  The  In-
filtration of<plM  is  given as follows: 

V}Xo>(wÌM) = 
nb—c^a 

<p-\V™M)-t°n. 

In particular, we  have the followina natural isomorphism of  1ZY„-modules: 

V}Xo>(wÌM) = 
(u',c)ES 

Vt,u'(M), 

S = {(uf  ,c) |  u' G KMS(M, £), cGZ, 0  ^ c   ̂n  — 1, n  • uf — c - SQ = u} 

Here, S0 := (1,0) G H x C. • 

22.4.3. Exponential twist. —  Le t a G C[t~1]. W e have the fcctn (*£n)-module 
£(a) given as follows: 

£(a) = (9Ctn (**n) • e, S£n e = <9*na- e. 

The pull-back via the projection —> Ctn is also denoted by /3(a). 
For an 7£x(*£)-module AI, we have the 1Z X(n) (*£n)-module y4A4 ®ox(n) £( —a). 

If i t i s strictly specializabl e along tn, w e say that Ai  i s strictly specializabl e along t 
with ramified exponentia l twist b y a, and we define for any u G Rx C 

£(a) = (9Ctn (**n) • e, S£ne = <9*na- e. 
For an T^x-module At, w e have the induced 1Zx(*i)-module A4(*t).  W e define 

V W ( A Í ) := V>t,a,u{M(*t)), 
if the right-hand side can be defined. 

22.4.4. Comparison of strictly 5 -decomposable 7 ^-modules. — Le t X  — 
Ct x  Xo  for some complex manifold Xo- W e identify X o with {t  — 0} . 

Lemma 22.4.8. —  Let  Ai be  a coherent 1Zx -module whose support is contained in X0. 
Then, M(*t) =  0. 

A similar claim holds for coherent  D-modules. 

Proof. —  We only hav e to sho w the clai m locally . Le t 7r : T*X — • X denot e th e 
projection o f the cotangen t bundle . W e take a  coheren t filtration  F  o f Ai. Th e 
associated graded module GrF(Ad) induces a coherent O^x-module, and the support 
is contained i n 7r_1(Xo). Hence , the actio n of t o n Ai i s locally nilpotent , an d we 
obtain M(*t)  =  0. • 

Let Aii (i  = 1,2) be coherent IZx-modules, and let / :  Ai\ —>  M.2 be a morphism. 

Lemma 22.4.9. — / / the  restriction f\x ^{t=o} ^s  an isomorphism, the  induced mor-
phism Aii(*t) —> Ai2{*t) is an isomorphism. A  similar  claim holds for D-modules. 

Proof. —  W e obtain Ker(/)(*£) =  Cok(/)(*£) = 0 due to Lemma 22.4.8. 
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Let X  b e a general complex manifold, and le t g  be a holomorphic function on X. 
Let Mi (i  = 1,2) be coherent T^x-mc-dules such that (i) they are strictly S'-decompo-
sable along g, (ii) they do not have any T^x-submodules whose supports are contained 
in {g — 0} . B y the condition (ii) , we have the inclusions Mi C Mi(*g). 

Lemma22.4.10. — / / we  have an isomorphism Mi{*g)  ~ M2{*g),  we  obtain an 
isomorphism Mi ~  M2 as  the restriction. A similar  claim holds for D-modules. 

Proof. —  Let M\Xo^  denote th e restrictio n o f Mi  t o a  smal l neighbourhoo d of 
{A0} x X. W e may assume that X =  X0 x Ct an d g = t. Th e F-filtrations o f M^ 
(i = 1,2 ) induc e th e V-filtration s o f M\X°\*t)  vi a whic h M[X°\*t)  ar e strictl y 
specializable along t  a t Ao - B y the uniquenes s o f such F-filtrations , the y ar e th e 
same unde r th e identificatio n V̂ A° ^ : = M[X°\*t)  =  M2X°\*t).  I n particular , we 
have A^ :=  V^Xo) {MiXo)) = K ^ M ^ ) i n V(Ao) . Sinc e both M{Xo)  (i =  1,2 ) 
are generate d b y A^Xo>)  i n V^x°\  w e obtain M^  =  M2X°^  for any Ao , and thus 
Mi=M2. • 

22.5. Formal 1Z-modules 

22.5.1. Formal complex spaces. — W e recall some basic facts on formal complex 
spaces. We refer to [4], [8] and [50] for more details and precision. Let X b e a complex 
space. Le t T  b e an analytic subvariet y o f X, which consists of the underlyin g topo -
logical space \T\ and the structure sheaf Or- Le t XT denote the sheaf of ideals of Ox, 
corresponding to T.  W e have the analyti c subspac e correspondin g to XJ;, i.e., 
T(n) = (\T\,O xm) •  As the limit, we obtain the ringed space f := (|T|, lim Ox/Ij) > 
which is called the completion of X alon g T. 

Proposition 22.5.1 

1. T  is  a formal complex space in  the sense of [8]. and  the morphism IT  : T —•  X 
is flat. 

2. The  sheaf of algebras  Of is  coherent and  Noetherian. 

3. Coherent  sheaves T  on  T are  equivalent to  systems of coherent  sheaves J7^ 
(n = 1,2,...,) on  T  ̂such  that TM <g > 0T{rn) =  .F(m) for n^m. 

Proof. —  The first claim is Lemma 1.6 of [8]. Th e second claim is Lemma 1.1 and 
Corollary 1.5 of [8]. (Se e Section 22.1 for Noetherian property in this situation.) Th e 
third claim is Lemma 1.2 of [8]. • 

Lemma 22.5.2. —  The  extension  i^Ox —*  Of is  faithfully  flat. We  have 
Supp(.F) n \T\ = 0 for  a coherent Ox-module T with  C^T — 0. 
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Proof. —  Let P  b e any point o f |T|. W e have the completio n P. Le t bp : P —>  X 
an ip^T :  P —>T  denote the canonica l morphisms. Sinc e Op is the completion of the 
local ring Ox,p a t P , the morphism bp is faithfully flat . I n the case C^T = 0, we have 
b*PJr = 0, and hence bp1 J7 = 0. Since P ca n be any point of |T|, we obtain C^T =  0. 
The second claim follows from the firs t clai m and Proposition 22.1.1. • 

22.5.2. Formal D -modules. —  Le t X b e a complex manifold. Le t Z  b e an ana-
lytic subvariety o f X. Le t Z  b e the completion of X alon g Z. Le t 6  : Z —>  X  denot e 
the canonical morphism. Le t Qx denot e the tangent sheaf of X. W e put ©^ := b*@x, 
which acts o n a s differential operators . Le t denot e the shea f o f differentia l 
operators of (9 ,̂ which is generated b y ©^ and wit h the standard relations. I f we 
are given a coordinate system (z\,...,  zn)  o f X, © ^ is the fre e C^-modul e with th e 
base di := d/dzi, an d i s the sheaf of algebras generated b y 0% and ©^ with th e 
relation =  Sij.  B y applying the argument i n Appendix A.l of [43], we obtain 
the followin g standard proposition. 

Proposition 22.5.3 
• The  sheaf of algebras is  Noetherian, and  it has  the property in Proposition 
22.1.3. The Rees ring is also Noetherian. 

• Let  M be  a -module  such that (i) pseudo-coherent as an -module,  (ii)  locally 
finitely generated as a V^-module. Then,  M is  a coherent T>^-module. 

Proof. —  W e give only an outline. W e have the standard filtration o f b y the order 
of the differentia l operators , i.e. , PmI>^ = {5Z|j |^maj ' dJ} on  a coordinate neigh-
bourhood, where dJ =  fl^f and \J\  = J2JI f° r J  — • • • > Jn)- Then, FQD^  = 
is Noetherian (Propositio n 22.5.1). Since GrF i s locally a polynomial algebra over 
FoD^, i t i s also Noetherian. Then , th e firs t clai m of the propositio n follow s fro m 
Proposition 22.1.5. The second claim follows from Proposition 22.1.4. • 

Let M.  b e a  2>v-module . B y the standar d formalism , b*A4 ha s a  Z^-module 
structure. Thu s we obtain th e functo r b* fro m the categor y of X>x-modules to th e 
category of D^-modules. 

Lemma 22.5.4. — The  functor b* is  exact.  If  b*M. = 0 for a  coherent  V^-module, 
then Supp(.M) fl \Z\ = 0. 

Proof. —  The firs t clai m follows fro m Propositio n 22.5.1. I f b*Ai = 0, we obtain 
i~xM, = 0 because of Lemma 22.5.2. Then, the second claim follows from Proposition 
22.1.1. • 
Lemma 22.5.5. —  If  M is  a coherent T>x -module, then  b*M is  a coherent -module. 

Proof. —  Because of the Noetherian property of T>x an d V^, th e coherence is equiv-
alent to the locally finitely presentedness. Then , the claim is clear. • 
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22.5.3. Formal 7 ^-modules. — Le t X  b e a  complex manifold, an d le t Z  b e an 
analytic subvariety o f X. Le t C\  denot e the complex line with the coordinate A . We 
put X  :=  C\ x  X an d Z \—  C\ x  Z. Th e morphisms induced by Z —> X ar e denoted 
by ¿ . Th e completion of X alon g Z i s denoted b y Z. Le t PA denote the projectio n 
of X o r Z ont o X or Z. Let 1Zg be the sheaf of subalgebras o f p\Vg generate d b y 0% 
and A  • P\@z> I f a holomorphic coordinate system (zi,...,zn)  o f X i s given, let 9* 
denote A  • a s usual. Th e following lemma can be shown using th e argumen t for 
Proposition 22.5.3. 

Proposition 22.5.6 
• The  sheaf of algebras IZg is Noetherian, and  it has the property in Proposition 

22.1.3. The  Rees algebra is  also Noetherian. 
• Let  M be  an 1Z%-module such that (i) pseudo-coherent as an Og-module, (ii) lo-

cally finitely generated as an 1Zg-module. Then,  M is  a coherent 1Zg-module. • 

Let M  b e an T^x-modul e on X.  B y the standar d formalism, L*M  has th e 1lg-
module structure on Z. Thu s we obtain the functor L*  o f the category of 1Zx-modules 
on X  t o the categor y of 7^^-modules on Z. Th e following claim s can be shown by 
the arguments in Section 22.5.2. 

Lemma 22.5.7 
• The  functor  ¿*  is  exact.  If  L*M  =  0  for  a  coherent  1Zx  -module, then 

Supp(M) n \Z\ = 0. 
• If  M is  a coherent 1Zx -module, then  L*M is  a coherent 1Zg-module. • 

22.5.4. A criterion for strict 5 -decomposability. — Le t XQ  be a  comple x 
manifold, an d le t Zo  be a closed submanifold o f XQ. Le t X  :=  XQ X  CT an d Z  := 
ZQ x CT. Le t t  :  ZQ XQ  denote the natural morphism. Th e induced morphisms ar e 
also denoted by 1. Let X^XQS)  denot e U(\o)  x  X, where U(XQ)  is some neighbourhood 
of A o in C\. W e use the symbols like Z^X°\ X^XO)  and i^Ao ) wit h similar meanings . 

Let Mi  (i  =  1,2 ) b e coherent T^x-module s equipped with nitrations V^x°\Mi) 
satisfying Conditio n 22.3.1. W e obtain the 7^^-modules t*Mi (i  = 1,2) on Z^X°^ with 
the induce d nitrations £*V^A°) indexed by R. Assum e that we are given an isomor-
phism tp  : L*Mi — > L*M2  o f 7?,£-modules strictly compatibl e with the nitrations. 

Proposition 22.5.8. —  If  Mi is  strictly specializable (S-decomposable)  along  t  at  XQ 
with respect  to V^XQ\MI),  then  M2 is  also  strictly specializable (S-decomposable) 
along t at  Ao with respect to V^X°\M2), after  shrinking XQ around ZQ. (See  Condition 
22.3.2 and Condition 22.3.14 for strict specializability and  strict S-decomposability.) 

Proof. —  We have a n induce d isomorphis m L*  Gryi o)(Mi)  ^  1*  Gr̂ (Ao) (M2) a s 
in Propositio n 22.3.7 . Le t N2  b e th e kerne l o f A  — A o o n Gry(  o)(M2). Sinc e 
Gr^( °}  (Mi) i s strict, L*  Gr^( o)  (M2) i s als o strict du e t o Lemm a 22.5.7 . Hence , 
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we obtain ^N2  =  0 . Then , w e obtain N 2 =  0  by shrinking XQ , du e t o Lemm a 
22.5.7. B y using coherence , we obtain tha t Gr ^ °  (M2) is strict , afte r shrinkin g 
U(Xo) and Xo  appropriately . W e can chec k the othe r condition s by using Lemm a 
22.5.7. • 

22.6. Preliminaries for P-modules 

We recall som e basic facts fo r X>-modules and 7^-modules . (Se e [11], [43], [38], 
[73], [67], for example.) 

22.6.1. Pull-back of V-modules. — Let / :  X —> Y  be a morphism of complex 
manifolds, and le t T  b e a Dy-module. W e put VX^Y  Ox  0/-ic?y /_1£V> which 
is equipped wit h th e lef t T>x -action an d th e righ t /_1Py-action . Recal l that th e 
pull-back f^T i s defined to be f^T := Dx->y f1^7-  denot e the i-t h 
derived functo r o f /t. Le t for  denote th e natura l functor fro m th e categor y o f V-
modules to the categor y of (9-modules. Le t L*/* denote the z-t h derive d functor of 
the pull-bac k /* for O-modules. Accordin g to the followin g lemma, we do not hav e 
to distinguish th e sheaves L%f^T  and Llf*Jr. 

Lemma22.6.1. —  for{L{pM) ~ Uf*{for{M)) 

Proof. — See Proposition 2.3.8 of [11], for example. • 

Recall the following well known results. 

Proposition 22.6.2 
• If J7 is  a holonomic Vy-module, then L%pT are  also holonomic. 
• Assume that f is  a  closed embedding of  complex manifolds,  and  T = f^o for 

some T>x-module T§. Let  k := dimX — dimF. Then,  we have L%f*T — 0 for 
i^k and  Lkf*T ~TQ. 

Proof. — See Theorem 3.2.13 of [11] for the first claim, for example. See Proposition 
4.32 of [43] for the second claim, for example. • 

Recall that we have the trace map whose construction i s explained in Chapter 4.9 
of [43], for example: 

tr/ : / t(^/f^)[dimX] —-> ^[dimF]. 

22.6.2. Holonomic P-modules and meromorphic connections. — We recall 
the followin g general lemma . Le t X  b e a complex manifold, an d le t D  be a divisor 
of X.  Le t 7T : T*X —» X denot e the natural projection of the cotangen t bundle . 

ASTÉRISQUE 340 



22.6. PRELIMINARIES FOR D-MODULES 569 

Lemma 22.6.3. — Let  J7 be  a holonomic Vx-module  such  that (i) the characteristic 
variety ofT is  contained in 7r~1(D) UT^X, (ii)  T is  also an  Ox(*D)-module. Then, 
locally on X, there  exists an Ox-coherent subsheaf To C T such  that J7 = 0x(*^) '^o-
In particular, T  gives  a meromorphic flat connection on  (X, D). 

Proof. —  Since the claim is local, we may assume that D is given as #-1(0). W e may 
also take a coherent filtration F o f T. Then , GrF(^r ) i s a coherent CV*x-niodule, 
and the support of GrF(.F) is contained in T^X\JTI~1{D). Hence , there exists a large 
number ¿ 0 such that the suppor t o f Grf (J7)  is contained i n n~1(D)  fo r any i  ^  io. 
For such an i, there exists a large number N  suc h that gN • F^J7)  C Fi0{!F). Hence , 
F^J7) generate s T  ove r Ox(*D)- • 

22.6.3. Nearby cycle functor with ramified exponential twist. — Recal l the 
notion of nearby cycl e functor wit h ramified exponentia l twist , b y following Deligne 
and Sabbah ([25], [75]). Let Xo be a complex manifold, and let X :—  Xo  X Ct. W e set 
X(n) :=  Xo x Ctn. Let <pn :  X  ̂—>  X b e a morphism induced by ^pn{tn) —  t™. Fo r a 
given a £ C^"1], we set L (a) := 0X(n)(*tn) •  e with the meromorphic flat connection 
Ve =  e  • da.  I t i s naturally a holonomic VX(n)-module. 

Let T b e a holonomic T>x-module. B y taking the pull-back and the tensor product 
with L(—a), we obtain a holonomic T>X(n)-module (̂ JL^R0L(—a). Applying the nearby 
cycle functor, w e obtain a holonomic Px0"m°dule i/)tn (̂ n^7® a))-

Let Y  b e a  comple x manifold , g  be a  holomorphi c function o n Y,  an d J 7 be a 
holonomic Py-module. Then, for any a G C\t~x], we define 

'я.о(Я := фи Й « , | Я ®  Ц -а) 

The functor t /̂ a i s called the nearb y cycl e functor wit h ramifie d exponentia l twis t 
by a. 

22.6.4. The functors and —  Le t X  b e a  complex manifold , an d le t 
iy :  Y C X b e a smooth hypersurface o f X. Le t @x  denote the tangent sheaf of X. 
Let Afy/x denot e the sheaf of the sections of the normal bundle of Y i n X. W e put 
UfOx : = Ox(*Y). 

We als o have the following Px-module j\j*Ox> A s an Ox-module, we set 

J\fOx : = Ox 0 iyjiyOx =  Ox® iy*  (Sy m A /V/x 0 A/*y/x) • 

The action of @x i s given by v • (5, t) = (v  • 5, v  • £ + 7r(v|y) • S|y), where "\Y" denotes 
the restrictio n t o F , ir  denotes the projectio n of QX\Y —>  A/y/x ? an d v  ' t i s given 
by th e natural £>x-module structure on iy^iYOx> It can be uniquely extended to an 
action of T>x • 

Let Q,x  denote th e canonica l line bundle o f X. Fo r a  £>x-module M, we have 
the derived dual module DX(M) : = R7iomVx(M,Vx) ®  ^^[dimX] i n the derived 
category of T>x-modules. 
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Lemma 22.6.4. —  We  have a natural isomorphism Dx(j*j*Ox) —  j\j*Ox 

Proof. —  Note that we have the canonical isomorphisms (j\j*Ox)\x^Y —  ®x \X\Y — 
Dx(j*j*Ox)\X^Y' W e have th e Ox-submodul e Ox  o f j\j*Ox, whic h generate s 
j\j*Ox ove r I>x- Hence , an automorphis m (f of j\j*Ox i s the identity , i f the re -
striction <p\x\D i s the identity . Therefore , we only have to show that the canonical 
isomorphism can be extended locally. 

Then, we only have to consider the case X =  An and Y  =  {z\ =  0}. Moreover , it 
can be reduced to the cas e n =  1 . W e consider the followin g exac t sequence of left 
Va-modules on a disc A: 

0 —• VA VA  (9A(*0 ) — 0 , y>(Px ) = P1-dt-t, i/>(P2) =  P2  -1~\ 

Hence, a s a  right £>A-module, RHomx>A (Oa(*0), ^a)[1] i s the cokerne l of the fol -
lowing morphism: 

VA—*VA, Q^-*dft.Q. 

We have the followin g exact sequence of righ t P-modules: 

0 •  dtVA/dttVA •  VA/dtWA >  VA/dtVA  >  0 

- I » I - I 

0 >  C[dt]  •  vA/dttvA >  OA  >  0 
Then, it i s easy to check VA/dttVA ~  j\j*0A. • 

Let M  b e a £>x-module. W e put j*j*M  :=  M ®L Ox(*Y) an d j\j*M  :=  M ®L 
j\j*Ox, wher e "(G)L" denotes the derived tensor product for X>-modules. 

Lemma 22.6.5. —  We  have a natural isomorphism M  ~ Dx  (j*j*Dx(M)). 

Proof. —  Becaus e j*j*DxM ~  DX{M)  (G)L Ox{*Y), w e have Dx(3*j*Dx{M)) ~ 
M <S>L  Dx (Ox(*Y))  •  We also have the natural isomorphism j\j*M ~  M  (G)L j\j*Ox-
Then, Lemma 22.6.5 follows from Lemma 22.6.4. • 

If Y  i s non-characteristic wit h respec t t o M, we have j\j*M —  M 0  j\j*Ox-  I n 
that case, we have the following exact sequences: 

0 —> M — • j*j*M —  j* j*M/ M —  0 , 

0 —• i^M —>  j\j*M —>  M — > 0. 

22.6.5. Some commutative diagrams. — Le t X b e a projective variety with an 
embedding X c¥N.  Le t X0 be the intersection XC\H\  n#2, where Hi denote general 
hyperplanes. Le t TT  :  X —>  X  b e the blo w up of X alon g X0. W e put F  : = Hi fl X. 
We have the natural embedding Y C  X whos e image is denoted by Y. 
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We have the exact sequences for P^-modules as in Section 22.6.4: 

0 j*j* 3*3*0* j*j*Ox/Ox 0, 

0 j*j*Ox/Ox j*j*Ox/Ox Oy •0. 

Because i^Ox =  0 and 7if (iyOp) =  0  for p ^ 0 , we obtain irj; (j*j*Ox) =  ^ an(^ 
7R^Q'-3*Ox) =  0 for p 7^ 0. We also recall the following lemma. 

Lemma 22.6.6. — We  have the  following commutative  diagram of"Dx  -modules: 

0 Ox j*j*Ox j*j*Ox/Ox 0 

(429) /1 axs 

0 MOX) •*i(j*3*Ox MJ*r°x /Ox .OX+ 
Here, fi is  the natural morphism. 

By taking the  dual, we  also have  the  following commutative diagram: 

0 ÌY\ÌyOX 3\3*Ox Ox 0 

(430) 92 91 

0 j*j*Ox/Ox j*j*Ox/Ox j*j*Ox/Ox 0 

Here, gi is  the natural morphism. 

Proof. —  We have the following commutative diagram: 

"̂t x j*j*Ox/Ox Ox 

M3*3*Ox. n^{j*rOx) j*j*Ox 
Let /2 be the composite of the lower horizontal arrows. Then , we only have to show 
that the induced map /3 :  7T| Q*3*OX/@X) ~*  3*3*®x/Ox i s the identity . W e only 
have to compare the restrictions o f /3 wit h the identity on X —  Xo- Then, the claim 
is clear. • 

22.7. Complement 

22.7.1. Push-forward of 7£-modules by ramified covering. — Le t X : = An, 
X : = An, D := \Jei=1{Zi = 0} , an d D : = [jLiid  =  <>} . Le t /  :  (X,D) -
be a ramified coverin g given by / ( & , . . . , Cn) = (C™1 > • • • > C > C m , •  r ,  Cn)- Le t X 
be an 7?^-module. W e obtain the 7?^-module M! :=  M ®o~  0^(^V): o n which 
(z = 1,.. . ,£)  are invertible. Le t us consider the push-forward vi a /. 

Lemma 22.7.1. —  The  push-forward of M' as  an IZ-module is isomorphic to the push-
forward as an O-module. A  similar  claim holds also  for V-modules. 
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Proof. —  W e only have to consider the case of right 7^-modules. Let C be an 7£^-free 
resolution of O^ ®f -i0x f~x!Zx-  Th e push-forward o f M1 a s an 7 -̂module is given 
by 
(431) F*  ( M M ' ® K - C ) . 

Here /. denote s the push-forward o f (9-modules. Le t TZ^(*D) := TZ^  ®o%-  0^(*V) 
and 7lx(*D) :=  Tlx ®ox  Ox{*V).  Becaus e M' :=  M  <g>o ~ 0$(*V), (431 ) is equal 
to 

(432) / . ( ^ ' ^ ( . 5 ) {n^D)®n^C)). 

Note 1Zx(*D) ®n~ C is quasi-isomorphic to TZ^(*D). Hence , (432) is naturally iso-
morphic to f*(Ai').  • 

22.7.2. Some sheaves of algebras. — Le t X  : = An. Fo r any subset J  C n, le t 
JVo^x denot e the sheaf of subalgebras o f IZx generated b y Ox, djZj (j G J) an d dj 
(J En - J ) . I t i s equipped with the filtration by the orde r of differential operators . 
The following lemma can be shown by the argument in the proof of Proposition 22.5.3. 

Proposition 22.7.2 
• The  sheaf of algebras 7Vo7̂ x is Noetherian, and  it  has the  property in Proposition 

22.1.3. The  Rees ring is also Noetherian. 
• Let  M.  be  an TVoTZx-module which  is (i)  pseudo-coherent  as  an  Ox-module, 

(ii) locally finitely generated as a JVo7£x -module. Then, it is a coherent tyollx-
module. • 

22.8. The sheaves 5)bxxT/T and ©b^xr/r 

We recal l some sheaves, followin g Sabba h i n [72] and [75], to which we refer fo r 
more details and precision . Fo r simplicity, we consider the cas e where X i s an open 
subset o f Cn. Le t (#i,... , #2n) b e a real coordinate system, and denote di = d/dxi. 
For J  —  (JI,... , JN) , w e put dJ  : = IJLL I AN D \A : = YJI=\3%-  Le t v  b e an °Pen 
subset o f X x  T. Le t ^XXT/T  denot e the space of C°°-sections of fî xT/T on ^ 
with compac t supports . Fo r an y compac t subset K  C V  an d m  G Z>o, we have 
the semi-nor m ||/||m K =  s u p j s w p K \djf\.  Fo r an y close d subse t Z  C X, le t 

^xx'r/Tc(^) denot e the subspac e of 4 T r / T c W' whic h consists of the section s / 
such that (dJf)\z  —  0 for any J.  W e have the induce d semi-norms | | • \\m,K on the 
space 4 x r/ T C ( ^ ) ' ^  ̂ h e semi-norms, the spaces ^XXT/TC(^) ANO- 4 x T / r\ ( V ) ARE 
locally convex topological spaces. Let C®(T)  denot e the space of continuous functions 
on T  with compact supports. I t i s a normed vector space with the sup norms. 

Let £)bxxT/r(^ 0 denot e th e spac e o f continuou s C°°  (T)-linear map s fro m 
£xxT/Ttc(v) t o Cc  (T)- I n the case X =  Xo x cu le t ®b™°*T/T(V)  denot e the space 
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of continuou s C°°(T)-linea r maps fro m f ^ T / r c ^ ) * ° ^cCO- An y elements o f 
^ X X T / T ^ ) ar e caned distributions wit h moderat e growth . Le t 2)bxxr/r,xo(^ 0 
be th e space of continuous C°° (T)-linear maps $  :  4TT/TC(^) ~~̂  ^C(T) whose 
supports are contained in XQ X T, i.e., $ ( /) = 0 if / =  0 on some neighbourhood of 
X0 x T. They give the sheaves £bxxT/T, ^X°XT/T  AN D ®&XXT/T,X 0 O N * X  T* W E 

have the following lemma as in [54]. 

Lemma 22.8.1. —a  The natural sequence 

o — ®bXxT/T,Xo(v) ^ mXxT/T(v) ^ vbYxdT/T(v) — o 

is exact. 

Proof. —  Let us show the surjectivity o f tp. W e may assume that V  is a product 
of T  wit h an open subset X\  o f X. Le t $ €  ^X^XT/T^V)'  ^  naturall y induces 
a continuou s linea r ma p F<p : £^0,^n'n^(Xi) —• C°(T).  Accordin g to the Hahn-
Banach theorem (see [70]), there exists a continuous linear map £^^\X\) — > C°(T), 
whose restriction t o £xXc0^n,n\X\) is equal to F$. Then , we obtain a  continuous 
C°°(T)-linear map £x  ̂(Xi ) <g> C£° (T) - > C°(T). B y using the continuity, we obtain 

a C°°(T)-linea r map £XXT/T,c(V) ~*  Cc(T), whos e restriction t o ^ ^ ' ( V) i s 
equal to the given <I>. Thus , we obtain the surjectivity o f ip. Th e injectivity of (p is 
clear. Le t H be the space of functions /  G ^XXT/T suc ^ tnat /  =  0 on some 
neighbourhood of XQ X  T. W e can show that H  is dense in ^ X T / T 'C ^ ) usin g the 
argument o f Lemma 4.3 in [54]. Then, Im((^) = Ker(^) follows . • 

Note that QbxxT/TiY) ar e naturally C[£]-modules. Let *>DbXxT/T(*t) denot e the 
sheafification o f presheaves V  i—> ^ ^ X X T / T ( ^) ®c[t ] C[£,£-1] . 

Lemma 22.8.2. —  ^ ^ x r / r ( ^) ^s  na^um^y isomorphic to  ̂ bxxT/T{^)(V). It  is 
also isomorphic  to  the image of  'DbxxTiriy) " ^ ^ ^ X X T / T ( ^ \ -^O) -

Proof. —  Due to Lemma 22.8.1, we have the natural injection i  : ̂ bx°^T^T(V) ~~* 
S ^ x x T / T ^ W ' I t i s easy to observe that an y element o f 2)bxxT/T(tO(*^)00 
naturally determine s a  continuous C°°(T)-linea r function ^ X ^ T / T ' C ^ ) ~~ * ^cCO -
Hence, t is surjective. Th e second claim immediately follows from Lemma 22.8.1. • 

The followin g lemma can be shown by using a standard argument . 

Lemma 22.8.3. —  Let <fr  be  an element of^bx°^T^T(V). Let  K be  any compact  region. 
We have  some  m £  Z> O and C >  0 such that supT|$(/)| ^  C  •  | | / | |M, K for  any 

f € ^ X W C ^ ) With  SUPP(/) C K ' 
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Proof. —  Assume that the clai m does not hold . W e have a sequence Cm —• oo and 
fm E SxxT/T?J(y) Wlth SuPP(/m) C K SUch that SUPr|$(/m)| > Cm • \\fm\\m,K. 
For gm :=  fm • \\fmW~1 •  C ~\ w e have supT|$(#m)| > 1 and ||̂ m||m,K 0. Thus , we 
have arrived a t th e contradiction . • 

Corollary22.8.4. —  Let  $  G B^°xdT/T(^). We  have  the  well  defined  pairing 

${\t\s ' /) e CC°(T) for f  G £{X^T/T, C(V) WITH SuPP(/) C K, ifRe(s)  is  sufficiently 
large. • 

22.8.1. Pull-back via a ramified covering. — Le t (pn  :  Ctn —>  Ct  b e given by 
<p*(t) = t". Le t X™ :=  X0 x Ctn, and le t <pn  :  X  ̂x  T X  x  T be the induce d 
map. Le t : = y^H^O- W e have the wel l defined continuous map 

. c<Xo (n,n) n/(n)\ . c?<X0 (N,N)/T/x 
V?N* • cx^)xT/T,c^V > CXxT/T,c yV )' 

Hence, we have the induced map 

<P*N ••  ®*X$T/T(V)  —  2>b£?nd)xT/T(V^) . 

We have the following general lemma. 

Lemma 22.8.5. — Let  p be a test function on X$, and  let r G S ^ x T / T f ^ )' Ifm^O 
modulo n,  we  have the vanishing (<£>*T, |£N|2S£^VN(x) '  p) — 0 /or anV  s  such  that 
Re(s) z s sufficiently large. 

Proof. —  We only have to consider tn \-> tn - a for a primitive n-th roo t a. • 

22.8.2. Exponential twist. —  Sabba h observed the following in [75]. 

Lemma 22.8.6. —  Let  $ G ®b$0*T/T(V) and  a G C^"1]. T/ien, 

exp(2v/i:l Im(Aa))$ G SbXXT/T(^ \ X0) 
is contained in ®b™°^T/T(V). 

Proof. -  Fo r any /  G ^ ^ ( F ) , w e have exp(2>/=lIm(Aa))/ GSbXXT/TSbXX 
Hence, the claim of the lemma follows. • 

22.9. ^-triples 

22.9.1. Hermitian sesqui-linear pairing. — W e recall th e notio n o f 7£-triples 
in [73] for the convenienc e of readers. W e refer t o it fo r more details and precision. 
Let X b e a complex manifold. W e put X  :=  Cx x X. W e set S  : = { A G C  |  |A| = l } . 
Let T)bsxx/s  b e as in Section 22.8. Le t a  :  C\ ->  C\ give n by cr(A) = - A ~ \ Th e 
induced map S x  X S  x  X is  also denoted by a. W e have the natural (R>x)\sxx-
action o n Qbsxx/s- W e also have the (cr*7£x)|s-actio n on %)bsxx/s locall y given 
by a*(9i) = - A " 1 ^ = : 5V Thus, ®bSxx/s  i s a left (TZX  0 <T*ftx),sxX-module . 
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Let M!  an d M"  b e left 7 -̂module s on X. Recal l that a  Hermitian sesqui-linea r 
pairing of M' an d M" i s defined to be a morphism of left (1Zx®o~*7lx)\SxX-mQdvL\es: 

^ : M\SxX 0 9 a MiSxX — > VVsxX/S-

It i s also called a  sesqui-linear pairing . W e often denot e the pairin g C{x,a  y)  by 
C(x,y) a s in [73]. See [73] for a sesqui-linear pairin g of right 7^-modules. 

Let C  be a sesqui-linear pairin g o f M! an d M".  The n a sesqui-linear pairin g C* 
of M" an d M'  i s given by the following formula: 
(433) C * (x, a*y) =  a*C(y,o-*x). 

Here x and y  denote local sections of M"SxX an d M^SxX  respectively . 
The following lemma is proved in [73]. 

Lemma 22.9.1. —  Let  Mi (i  =  1,2 ) be  strictly S-decomposable 1ZX-modules  whose 
strict supports are  irreducible closed  subsets Zi.  If  Z\ ^  Z2,  then there does not  exist 
any non-trivial sesqui-linear pairing of  Mi and  M2- • 

22.9.2. 7e x-triple. —  A  left 7^-triple is a tuple (M',  M", C)  of Kx-modu\es M', 
M" an d a  sesqui-linear pairin g C  of M' an d M".  Le t % = (M'^M^Ci) (i  = 1,2) 
be 1ZX-triples. A  morphism (p :  71 —» T2  is a tuple of morphisms (p'  :  M2 —*  M[ an d 
if" :  M'l — » M2 satisfyin g 

C1(cp'(x),a*(y))^C2(x,a*(lp"(y))). 

Here x and y denote local sections of M'2\SxX and M^SxX. Th e category 1Zx-Trip\es 
of 1ZX-triples is abelian. 

22.9.3. Tate twist and Hermitian adjoint. — Fo r an y hal f intege r A : G | Z, 
the A:-th Tate object Ts(k)  i s defined to be the tuple (Ox,  Ox, Ck), where Ck is given 
as follows: 

Ck(f,a*g) =  (V=l\y2k-f-^. 
The fc-th Tate twist T(k)  o f T =  (Af , Af' , C) i s the tupl e 

(A^,,M,, ,(^lA)-2fcC). 

In othe r words , it i s the tenso r produc t T  (g> T5(/c). W e will not distinguis h T(k) 
and T  0 T5(fc) . A  morphism (p = (ipf, <p") :  T — • T' naturally induces the morphism 
<p = (<p', <p") : T(fc) -> T'(fc) fo r any fc G \Z. 

For a left 7 -̂triple T = (.M' , Af", C) , the Hermitian adjoin t T * is defined to be the 
tuple (Af",Af',C*) , wher e C* is given as in (433) . Fo r any morphism ip = (</?',(/?") : 
71 —» 72, we obtain the morphism <£* =  ((p",  if') :  T2  —> 71. 

The Hermitian adjoin t o f the Tate object T5(-fc ) i s (Ox, Ox, (-l)~2kCk).  W e fix 
the isomorphism 

((-l)2*id,id) :Ts(k)~Ts(-k)*. 
It induce s the isomorphism T(k) ~  (T * (—&))*. 
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22.9.4. Hermitian sesqui-linear duality of 7 -̂triples. — Le t T  b e a n 1Zx~ 
triple, an d le t w  be an integer. Recal l that a  morphism S :  T — • T*(—w) i s called a 
Hermitian sesqui-linea r dualit y o f weight w,  if the equalit y S  =  (—1)WS*  holds . I n 
the case S =  (S", S"), the condition is equivalent t o S' =  (-1)WS". 

Let S  =  (S',S")  b e a morphism T — • T*(—w). Vi a the canonica l isomorphism 
Ts(k) ~  T5(-fc)*, w e obtain th e ma p T(k)  T(k)*(-w  +  2fe) , whic h is given by 
S(k) : = ((—l)2/cS" , 5"). Then , S  i s a Hermitian sesqui-linea r dualit y o f weight w, if 
and only if S(k) i s a Hermitian sesqui-linea r dualit y o f weight w + k. 

Let T  =  (Af , At", C) b e a n T^x-tripl e wit h a  Hermitia n sesqui-linea r dualit y 
S =  (Sf,Sff)  of weight w.  Later , we will be mainly intereste d i n the cas e where S 
is an isomorphism , i.e. , S'  an d S"  ar e isomorphisms . The n we have the T^x-tripl e 
T =  (M'\ M!',  C) and the canonical isomorphism (S", id) : T — » T, where C is given 
by C(x, a*y) = C(S'x, a*y) for local sections x and y  of .M". 

For an 7^x-triple T  o f the for m (M\M',C),  a n isomorphism (id , id) :  T — • T * 
is a Hermitian sesqui-linea r dualit y o f weight 0, if and only if the followin g equalit y 
holds for local sections x and y  on appropriate ope n subsets: 

C(x,a*y) =  C*(x,a*y) := a*C(y,a*x). 

22.9.5. Push-forward. —  Le t /  :  X —>  Y  b e a morphism of complex manifolds. 
For an ftx-triple  T  =  (M',M",C),  th e push-forwar d /t T G £>(fty-Triples) i s de-
fined. The 2-th cohomolog y i s denoted by / | T. W e refer t o [73] for details . Here , 
we just recal l the description of f^T i n the case X =  Y x  Z. W e use the notation in 
Subsection 22.2.4. We put n  =  dimZ, an d e(m)  = (-l)™^"1)/ 2 fo r m G Z. Then , 
the pairing / | (C ) of /p(A4') an d f%(M)  is denoted as follows: 

/ | ( C ) ( ^ ^ -  m > * ( r r^ -  m")) = ^J^)N  ĵ m")) = ^J^)N m")) = ^J^)N ^ •C(m' , c7*m/0 . 

Here, rf1'1 • ra' and r̂ n+i • ra" are sections of 0%"* 0 X' an d ft ®  respectively . 

22.10. Specialization of 7£-triples 

We recall the specialization of sesqui-linear pairings introduced by Sabbah [73] (se e 
also [5], [6]) which we refer to for more details and precision. 

22.10.1. Specialization along a coordinate function 

22.10.1.1. Preliminary  I. — Let Ct be a complex line with a coordinate t. Le t XQ be 
an (n — l)-dimensional complex manifold. W e put X  :=  XQ  X Ct. W e identify XQ  and 
Xo x {0} - Le t M1 and M!1  be coherent 7£x-modules which are strictly specializable 
along t. Le t C  be a sesqui-linear pairin g o f M' an d M".  Le t u  be any element of 
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RxC. W e recall the construction due to Sabbah to obtain the specialization along t: 

$t,uC : $t,uM' ®°*'iPt,uM")lSxXo  — > 5)bsxXo/s-
For A o G S, let U  be a small neighbourhoo d of Ao, and I :=  U Pi S. Le t Wo 

be a n open subset o f X0. W e put W :=  Wo x Ct. Le t m be a section of M! on 
[/ x W, and /x be a section of M" on cr(C7) x W. Let us take any C°° (n — 1 , n — In
form </ > on Wo whose support i s compact. We also take a C°°-function x °n Ct with 
the compac t support suc h that X  = 1  around th e origin O  G CV B y considerin g 
the push-forwar d fo r S x J - > S, we obtain the following continuou s function on 
J x {seC\ 2Re(s ) -f |fc| > Ro}, which is holomorphic with respect to s: 

( (C(ra,p) , \t\2stk  •  x(t) • </> A £±db Adt)  (fc^O ) 
(434) 4 ? m j z ) > ) : = < 

k(C(m,p), |*|2s t k.x(t).<l>AiE±dtAdt)  ( f c < 0 ) 
Here, î o denotes som e real number dependin g onl y on m and (Se e Corollar y 
22.8.4.) Th e following lemma can be shown by the argument in [73] or the proof of 
Lemma 14.72 and Lemma 14.73 of [67]. 

Lemma 22.10.1. —  Let k ^ 0 . We  have the  following formula: 

(435) A  • (s + k + x-h(\,«)) •  (s + k + x-h(\,«)) = J%ln:m,№ + K 
Here we put m' := (—9j£ + e(A,u)) •  m, and  F is  a continuous function on I x  C 
which is holomorphic with respect  to the variable s. 

We also  have  the  following equality: 

(436) -A" 1 • (« + *+ « ^ >) • I ^ u ( s) =  X ^ ,u +  F. 

Here we put // = ( —+ e(A, г¿)) •  /x, and F is as above. • 

22.10.1.2. Preliminary  II. — Let m be a section of VcX°^M' such that 0 =^ 7rc(m) G 
^(,u°o^/ vi a the projection TT c : Vc(Ao).M' Gr̂ (Ao ) M' fo r some M 0 G f i xC suc h 
that p(Ao,uo ) =  c . Le t frm be a polynomial such that (i ) frm(—dtt)m G V-{R • m, 
(ii) i t is of the following form: 

bm(x) = (*+ e(A,«o)r(uo) •  I I (s + eCA,!.))^. 

Here So denotes a finite subset o f R x  C such that p(Ao , u) <  c for any u € SQ. For 
any positive integer M, we put 

M-l 
B^\x):= J ] M * + ^ ) . 

i/=0 

By construction , there exists a finite subset S i (M) C R x  C such that the following 
holds: 

. B<£\x)  = n„eSl(M)(* + e(A,U)r'(u). 
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• Fo r any и G Si(M) , we have p(A0, и) ̂  c . If p(A0, г¿) = c, then и = щ. 
Moreover, v' is bounded on |JM S\[M). 

Lemma 22.10.2. —  We  have the following equality: 

(437) ( [J (s + k + x-h(\,«))+ * + А - У А , « ) ) ' < " ^ + * +А-УА,«))'<"^А-УА,«) 
uG5i(M) 

Here mf = B^\—^ti) •  m, and  F has  the property as in Lemma 22.10.1. The  first 
term in the right-hand side  is holomorphic with  respect  to the variable s on the half 
plane {seC I 2Re(s) + к > R0 - M}. 

Proof. —  We obtain the equality (437 ) by using Lemma 22.10.1 inductively. B y the 
construction of B^f \  w e have B^f\—(5tt)-m =  tMP-m fo r some P G VoTZx-  Hence , 
Хс(т\71),Ф in (437) is given on I x  {s eC\2 Re(s ) + k> R0  - M).  • 

Then, we obtain the following lemma. 

Lemma 22.10.3. —  There exist a discrete subset  S2  of R x  С and a number v such 
that the following holds: 

• Xc(m  /z) ф ' Y[ues2 (s + & + *  e(̂ ? U)Y is  continuous on  I x  C, and  it is holo-
morphic with  respect  to s. 

• For  any element и G S2,  we have р(Ао,гд) ^ c.  Ifp(\o,u)  =  c, then и — щ. • 

Note cr(Ao ) =  —  A0 for A0 G S. Le t p, be an element o f VJ~X°^Mn suc h that 
0 ф <Kd(p) g <ф$~£о)М" via the projection V^Xo)  M" - > Gr̂ (~Ao) M"', wher e d = 
p(—Ao,wi). We obtain the following lemma in a similar way. 

Lemma 22.10.4. — There exist a discrete subset S3 С R x С and a number v with 
the following properties: 

• -̂ c( m 71) Ф ' Пг*е£з (s + ^ + A_1e(A, ,u))I/ is  given on I x  С, and  it is holomorphic 
with respect  to s. 

• For  any и G S3 , we have p(—\o,u) ^  d.  Ifp(— Ao,tt) =  d, then и — щ. • 

22.10.1.3. Construction  of the specialization фг,иС — Le t [m]  be a  sectio n of 
'Ф^ио-М' on U x Wo, and m be a section of M1 on С/ x Wo x suc h that тгс(т) = [га], 
where we put с := p(Ao,^o), and 7rc denotes the projection V^^-M' — > Gr^ ( o ) 
Let [p]  be a section of А-УА,«) )M" on сг((7) x Wo, and p be a section of .M" o n 
сг(С7) x Wo x Ct such that 7г̂ (/х) = [/x] , where we put d = p(—Ao, щ), and 7r̂  denotes 
the projection V^Xo) M" ->  Gvf'  ̂M". 

We put Тс(т,-ц),ф(8) := xc{rn]i) ф(8")' ^eca^ that w e have a discrete subse t S  of 
RxC suc h that Tc(m,jL)^(s) ELES!5-*"^-1 E(^> U)Y ls  given on J x С For any wGS, 
we have p(Ao, ?/) ^ p(Ao, щ) and p(—AQ, г/) < p(—AQ, щ). If one of the equalities holds, 
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u = u0. Hence, we have t(\o,u) ^ e(Ao,wo) for any u e S \ {u0}.  (Se e Lemma 14.80 
in [67], for example.) 

We would like to define 

(438) {rl >%£c([m], M), *) А-УА,«)~ ̂ Ref, (Zb(roiJI)») . 

The right-hand side of (438) gives a continuous function on I. Th e well definedness 
of (438 ) can be checked as in [73] or Lemma 14.82 of [67]. Thus , we obtain the local 
section ip^C([m], [p])  of 2)bjxx0/i- B y varying Ao G S  and gluing them, we obtain 

i>t,U0C :  ^t,u0Mf <8> <r*%l)t,uoM" —• £>bsxXo/s-

We can easily check that ipt^UQC  give s a Hermitian sesqui-linea r pairin g o f ^t)UO-M ' 
and i/)t,u0M". 

We put N : = — cV + e(A, TZO), which induces the nilpotent ma p on ipt,u0M' an d 
il)t,u0M". A s in [73] or Lemma 14.84 of [67], we have the following equality: 

^,U0C(iV[m], [p]) = (V^A)2 •  i/>ttuoC([m], {N¡1}). 

22.10.1.4. The induced pairing ^UC. —  We construct the induced pairing: 

$t,uC : $t,uM'  ® a^uM" —• QbsxXo/S-

For loca l section s m and ¡1  of i/>i*u\'M') an d ^ ^ ( A f ' ' )? w e nave the following 
equality as in Lemma 14.85: 

(439) V F T - V O * • m ] , F D ) =  C 0 ) ^ ( H , R ) -

Here, we put 50 = (1,0) G .R x C. 

Let m  be a section of ^[^(-M1), an d /i be a section of ip[~^°\M"). W e pick 
a sufficientl y larg e intege r TV, mi G i/>t*u-N60('M') an d /¿1 G V^U-^O^^") corre-
sponding to m and fi respectively. Then , the pairing x/j[X^C(m,Ji)  i s defined to be 
^tv-N60c(mi>~Pi)' B v varying Ao and gluing ^ o ) C, w e obtain ^,UC. 
22.10.1.5. The nearby cycle  functor of a strictly specializable H-triple.  — Let T = 
(AfAf" , C ) be a coherent 7£x-triple. W e say that T is strictly specializable along £, 
if Af' and Af' are strictly specializabl e along t. 

Let T be an T^x-triple which is strictly specializabl e along t. For any u G R x C, 
we obtain the following induced sesqui-linear pairings : 

^ , « C :  (V 'M(.M') ® * * < M A O ) | S X J F0 ®bSxx0/s. 

Thus, w e obtain the 1Zx0-tnple t/^^T ) —  (V^Af\il>t,uMn\^t,uC). W e also have 
the following modified pairing: 

A,uC :  {i>tAM')®<J*^u{M"))^SxXQ —  2 >bs XXO/S-

Thus, we obtain the TZXo-triple ^>t,u(T) := $t,uM',$t,uM",i>t,uC). 
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We have the following relations : 

$t,uC(N[m], fez]) = ( v ^ A )2 •  ^uC([m},N[p}), 

^uC(N[m], [/7]) = ( ^ A )2 •  ̂ uC{[m},N[p}). 

Here N := — dtt + t(X,u). Hence, we have the following morphism 

N : = (-y/=lN, V^IN) :  ̂ UT —+ ^UT ® T5(- l ). 

It induce s the weight nitrations W on i\)t,vJ or ^jUT. Th e primitive par t of Gr is 
denoted by PGrJf ^,UT . 

22.10.1.6. Vanishing cycle functor. —  The specialization tyt^C = ipt,oC i s not ap -
propriate for our use. W e recall the construction o f the Hermitian sesqui-linear pair -
ing 4>t,oC o f tpt,oM' an d V^oAf' onl y in the simple cas e wher e M' an d M" are 
strictly S'-decomposabl e along £, by following the older version of [73]. See [73] for a 
more general case. 

Since we have assumed tha t M! is strictly 5-decomposabl e alon g t, we have the 
decomposition M' = M[ 0 M2 as in the claim (3 ) of Proposition 22.3.15 . Similarl y 
we have the decomposition M." = M![ 0 Ai2. W e also have the decomposition o f 
the Hermitia n sesqui-linear pairin g C — C\ 0 C2 , where d ar e pairings o f M.\ an d 
M.". (Se e Lemma 22.9.1. ) Sinc e the supports o f Af2 an d M2 are contained in Xo, 
we have t/^oA^ = At2 and ̂ t,oM2 = A^'. Therefore , we put 4>t,oC2 := C2. W e only 
have to define </>t,oCi- Hence, we may assume ^,0 = Imcan for A4 ' and AH" from the 
beginning. Recal l that can and var are induced by the left actio n of — dt and t. For 
x G ipt,oM and 2/ G i/^oA'f", we define 

</>t,oC(x,y) : = (v^A)~Vt,-<50^(varx>2/-i) =  (V^IA) •  _^0C(a;_i,var 2/), 

where x_i G ipt,s0M.f and y~i £ V;t,-<50A/1,/ are sections such that x = — \/—Tcanx_i 
and y — V -̂Tcan?/_i. 

Let T  =  (A4; , A4", C) be an T^x-triple. W e say that i t i s strictly 5-decompo -
sable along £, if M! and M," are strictly 5-decomposabl e along t. I f it is strictly S'-
decomposable, the vanishing cycle 4>t,oT is defined to be (ipt,oM'i i>t,o>Mf'\ <t>t$C). B y 
construction, we have the following morphisms of Hx0-triples: 

Can := (var, A/^Ican) : ipt-d0T —• </>tloT(-l/2), 

Var := ( - > / = ! can, var) :  <£t|0T(l/2) —* ^ s j . 

22.10.2. The general case. — Le t Y b e a complex manifold, an d let T b e a 
coherent T^y-triple . Le t W be an open subse t o f Y, an d let /  b e a holomorphic 
function o n W. Le t L : W ^ W x Ct denote the graph embedding . W e obtain an 
T^WxCt-triple L\(T\cxx.w) on CA X  {W X Ct). We say that T is strictly specializabl e 
(S-decomposable) alon g / , i f i\(T\cxxu) ls strictly specializabl e (S-decomposable) 
along t. If T is strictly specializable , ^fiUT (resp. tpfiUT) are defined to be ̂ 5W(¿•j•T) 

ASTÉRISQUE 340 



22.10. SPECIALIZATION O F ^-TRIPLE S 581 

(resp. i/jt,uL-\T) fo r any u G R x  C. I f T i s strictly 5-decomposabl e along /, (j)f^(T) 
is defined to be (f)tyo (^T) • 

We can sho w the followin g lemm a by using th e argumen t du e to Sabbah . (Se e 
Theorem 3.3.15 and Corollar y 3.6.35 in [73]. See also [77] for the original work due 
to Saito.) 

Lemma 22.10.5. — Let  F : X —>Y  be a proper morphism of complex manifolds. Let  g 
be any holomorphic function on Y. We  put g := g o F. Let  T be  a coherent IZx-
triple such that (i)  T  is  strictly  specializable along  g  and  good with respect to F, 
(ii) F^if)giU(T) are  strict. Then,  F^T are  also strictly specializable along g. Moreover, 
we have natural  isomorphisms 

ih- FïT ~ Fl ih* ..T. ih- FiT ~  j?Jqì~ т 
for any  u G R x C. • 

Lemma22.10.6. —  Let  X,Y,F,g, and  T be  as in Lemma 22.10.5. Assume  moreover 
that T and  F^T {j  G Z) are strictly S-decomposable along g andg, respectively. Then, 
we have a natural isomorphism F^cfe^T  ~  (j)g^F^T  for any j . • 

The lemma was proved by Sabbah without th e additiona l assumptio n o f strict S-
decomposability. (Theore m 3.3.15 and Corollary 3.6.35 of [73].) W e will later give a 
direct argument i n this restricted cas e (Section 22.10.5) just fo r our understanding . 

22.10.3. Uniqueness. — W e recall a  rathe r genera l remar k o n th e uniquenes s 
of th e prolongatio n o f Hermitian sesqui-linea r pairing s (Propositio n 14.9 7 of [67]). 
Let X  b e a complex manifold, and le t /  b e a holomorphic function o n X. W e put 
X' :=  X —  /-1(0) . Le t M.'  and M"  b e T^x-modules such that (i ) they ar e strictl y 
specializable along /, (ii ) the morphis m can :  ipf^$0(M') —>  ^f,o(Aif)  i s surjective. 
Let Ca (a = 1, 2) be sesqui-linear pairing s of M! an d M". 

Proposition 22.10.7. — // C\ = C2 on S x X', we  have C\ = C2 on S x  X. 

Proof. —  Let if  :  X —•  X x  C denot e the graph embedding . W e only have to show 
if]C\ =  if]C2- Thus , we may assume that X i s of the form XQ  X C , and that / =  t 
is the coordinate of C fro m the beginning. 

For Ao G 5, le t U  be a small neighbourhood of Ao in CA, and i" := S fl U. Le t Wo 
be an open subset o f Xo, and W  be the product of Wo and an open subset W\  of CT. 
Let m!  and m"  b e sections of M' an d M"  respectivel y onU xW  an d o~(U)  x  W 
respectively. We put A(m!\m")  :—  Ci(m',m") —  62(77?/,ra"). 

As a preparation, le t us consider the case where Ao is generic. 

Lemma 22.10.8. —  Assume  that Ao is generic with respect  to  the set KMS(M',t) U 
KMS(M",t) U {(0,0)}. Then  we have A{m! ',ra") = 0. 
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Proof. — We use an argument due to Sabbah (Propositio n 3.7.6 in [73]). Since the 
support o f A(m\m") i s contained i n I x  Wo , w e have the followin g expression : 

A(m', m") = У2 Vat • д? - д\ • SIxWo. 
SIxWo. 

Here 77a?b are sections of 2)b/X^0//5 and &ixw0 denote the delta d is t r ibu t ion for Ix Wo 
in I  x  W . We only have to show rja^  =  0 for any a  and b. 

Let us consider the case where m' €  V^X0O)(M').  Fo r any p  G Z>o, we have a finite 
subset S(p)  C KMS(M>\i) such tha t the fol lowing holds: 

• p (Ao, u)  < 0  for any element u  G S(p). 
• We put Bp(x)  := Y[ueS(P) (x + e(A>u))- Then there is a section Pp  of Vollx  such 

tha t Bp(-Qtt)  • ra' = Pp • • ra'. 
I f p is sufficiently large, we have the vanishing 

Bp(-dtt)A(rri,ra") = Pp^+1A(ra' ,m") =  0. 

Note the fol lowing equali ty: 

( -cV +  e (A, u ) ) •  c\a • <V 0 =  (a A +  e (A, u))  • 8£ • SWo  =  e(A, tx - a • 50) • 8? •  <W 0 • 

Note p (Ao, u—a-So) <  0. Since Ao is assumed to be generic, we have aAo + e (Ao, u) ^ 0 . 
Thus we obta in rja,b — 0  i n the case ra' G V^\M'). Since M!  is generated by 
V^^f* M! around Ao, the general case can be reduced to the case ra' G V^\M').V^\M'). 

Let us return to the proof of Proposi t ion 22.10.7 . Let 0  be any test funct ion 
on W . B y tak ing the push-forward v ia the pro ject ion p :  I x  W — • J, we obta in the 
d is t r ibu t ion F  :=  p*((f)  • A(m', ra")), which gives a continuous funct ion on I.  Due to 
Lemma 22.10.8 , F vanishes on neighbourhoods of any generic A G / . Therefore we 
obta in the vanishing of F  on i" . I t means C\ — C2 on I  x  W . • 

22.10.4. The evaluation of distributions and the value of holomorphic func
tions. — Let X  and X$  be as i n Subsection 22.10.1 . For any M  G R, we set 
U(M) : = {s  G C\ Re(s) > M).  Let X ' and A 4 " be st r ic t ly specializable 1ZX-
modules. Let C be a Hermi t ian sesqui-linear pai r ing of M! and M".  Let Ao G 5, 
and let U(Xo) be a small neighbourhood of Ao i n C. We put i"(A0) : = S f l C/(A0). 
Let ra G V^C -M') ® C°° and p  G Vr0(_Ao)(X//) (8 ) C°° be C°°-sections on U(X0) x X 
and <T([/(AO)) x X, respectively. There exists a large M, depending on ra and p  such 
tha t (i) the fol lowing pai r ing makes sense for any s  G U(M — fc), fc G Z^o and a C°° 
(n , n ) - fo rm ( p o n l w i t h compact support 

(ii) i t give s a continuous functio n o n /(Ao ) x  U(M —  fc), which is holomorphic with 
respect t o s.  W e put Jc(m,<r*M),v := JC(m,a*M)̂ -

T (k) C(ra,cr* /x),<¿? (s) := (C(m,ay), \t\2s • tk • <p), 
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Lemma 22.10.9. —  2c(m,<7*/z),y>(s) ^  naturally  extended  to  a continuous function on 
J(AQ) x  U(—S) for  some 5 > 0, and is holomorphic with  respect  to s. And  we have 

C(m,a*u),V\t\24k)C(m,a*u) 

Proof — We may and will assume that m and p are holomorphic sections. Fix R > 0. 
Using an argument in [73] (or the proof of Lemma 14.76 and Lemma 14.77 in [67]), 
we can show that there exist a large number N >  0 and a finite subset S  C R x C 
with the following properties: 

• nLes(s + \~lt(\,u)) •  Icim^n)^^) is naturally extended to a continuous 
function on /(Ao) x U(—JR), which is holomorphic with respect to s. 

• p (A0, u) < 0 and p(—Ao, u) < 0 for any u e S. 
Note the general formula p(X,u) + p(cr(A),w) = — 2Re(e(A,u)/\). Then, the first 
claim follows. 

Let us show the second claim. By the above argument, we know that ( Ao)x£Y (s) 
is a continuous function onI(Ao)x£Y(—<5), which is holomorphic with respect to s. 
We prepare the following lemma. 

Lemma 22.10.10. — There  exists a ko G Z>o such  that the following holds  for any 
m G V<Q° \ p  G VQ~ X°\ any  C°° (n,n)-form ip  with compact  support, and  any k ^ ko: 

x C(m,cr* fi),ip (0) = <C(m ,<7», <ptK) 

Proof. —  Let mi and pj be finite generators of V<Q M.1  and VQ °*M"  over Voli 
We can take some ko such that the following holds for any m^, /i?, <£ , and k ^ ko: 

{С{тт,а*т (0) = {С{тт,а*т), <ptk). 

For any m = Y2ai ' mi and 1^ = Yl^j ' »  we have 

(C(m,a*u),V\t\24k) ( C { m u ^ H ) , a ^ m ^ \ t r t K ) { С { т т , а * т 

Here, a* = EC"1)1 •  aj fo r a = £ >j •  3J. Note a*(j*(6*)(̂ |̂ |2s )̂ is of the form 
\t\2stkGij, where dj ar e C°° (n,n)-form s with compact supports. Then, the claim 
of Lemma 22.10.10 follows. • 

By a  descending induction on k ^  0 , let us show the following equality for any 
m G Vin°\ p G Vn~X°^ an d any C°° (n , n)-form (p with compact supports: 

(C(m',a», <p\t\2stk) = (C(m,a», (i8t + 

Assume that it holds for k + 1. Let m' := (—Qtt + e(A, u))m. Then , we have 

(440) (C(m',a», <p\t\2stk) = (C(m,a», (i8 t + e(A, u)){<p\t\2stk)) 

= (X(s + k) + e(A, «)) • <C(m, a*ft), <p\t\2stk) + (C(m, a » , 9t¥> • |i|2stfc+1) 
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By a similar calculation , we obtain 

(441) (C(m',(T*ij),(ptk)  =  (A/c + e ( A , ^ ) ) ( C ( m , a > ) , )̂ + (C(m,a>),S^.t/e+1). 

We take a polynomial bm suc h that 6m(—dtt)m —  t • P(—o^m G V-iTZ  • ra. It is 
of the following form: 

M 
bm{x) = JJ(x +  e(A,WI)). 

Here we have p(Ao , Ui) < 0 for each Ui.  W e pu t e$ := e(A , i^), fo r simplicity o f 
description. B y using (440) inductively, we obtain the following formula : 

(442) 
M 

( C ( P ( - 9 ^ ) m , a » , <p\t\2atk+1)  =  l[(\(s  +  k) + ei) • (C(m ,<7», y>|t|2s*fc) 
2=1 

M-l M  j 
+ E I I (A( s + fc)+eI)-(CR (n(-3ti +  ei)m,cr>)) 8t¥> • \t\2stk+l). 

jf =0 2=jf-f 1 2=1 
We also have the following formula from (441) : 

M 
(443) (C(P(-g ,T)m ,<7» , (C(m,(7»,^fc) = (C(m ,(7»,^fc) • JJ(AfcH-ei) 

2=1 
M-l M  j 

+ 5 ] I I (AA : + e , ) . ( C( n ( - 3 T T + e i )m,a>) ,g^ . t /c+1) . 
3=0 2=j + l 2=1 

Then, we obtain ̂ c(L,a*M),c/0) = (C(m,c r» , < f̂c ) fro m (442) and (443). Thus , the 
induction can proceed, and the proof of Lemma 22.10.9 is finished. • 

22.10.5. Proof of Lemma 22.10.6. — Unde r th e isomorphis m ipt,o^Mi  ~ 
Ffotjoi-Mi) for any j , w e would like to show the equality (f)t^(F^C) = 0t,o(C) . W e 
have the morphisms can : ^t,s0(Adf) —>  ipt,o(M') and var : i/jt,o(Mf) — > ^t-s ^Ai'). 
We als o hav e simila r morphism s fo r Ad", which ar e denote d b y the sam e sym -
bols. The y induc e th e morphism s ca n :  F^^s^M')  ~*  F^i^t^M')  an d 
var :  F^^t^Ad') — > F^ip^s^M').  W e have similar morphism s for Ad". Recall 
the following relations : 

(444) ^,0(^C,)(-v/ZTcan(a) , a*b)  =  {y/^iX)^tt.6o{F^C){a, a * var(6)), 

(445) <l>tv{F\C) (a, a*^Ican(6) ) =  (V^TA)^,-*0{F]C)(var(a) > 

The pairing F^</>tlo(C)  satisfie s a  similar relation with ipt,s0Fj:C = Ftyt,-60C 
By the assumption, we have a decomposition F^l(Aif) = M[  0M2 such that (i) M[ 

has no non-zero T^y-submodule whose support i s contained in YQ, (ii) the support of 
M'2 is contained in Y0. W e have a similar decompositio n F^Ad" =  M"  0 M%.  B y 
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using Proposition 22.11.5 and the relations between the pairings (/>tio(FfC), F^<j>tio(C) 
and ipt^-s0(Fj:C) like (444) and (445), we can show the following: 

• tp tio(M[) and ifitfliMrf)  are orthogonal with respect to both the pairings 
(j)t$(F^C) and Ffot,o{C). Similarly, ̂ t>0(M") and 7/̂ 0(^2) are orthogonal with 
respect to both pairings. 

• ^o(F^C) and FtVt,o(C) are equal on *l>tAMi)\sxY ® <r*il>t,o(Mi)\sxY' 
Hence, we only have to compare the induced sesqui-linear pairings of ^,0(^2) and 
<7>t,0(M£). 

We may assume that F0 is the projection, i.e., X0 = Y0 x Z. Let n = dim Z. Then, 
FtAl' can be expressed by F*(M'®SYg~*). (See Subsection 22.2.4 for STZ.) Similarly, 
we have F^M" = F*(M" 0 ^+#). Let Ao G S. Let ^ and i; be local sections of 
VQX^M2 and V^~X^M2 respectively. We can regard them as sections of F^lM! and 
F^(M") respectively, and we have (f)t^F^(C)(u, v) = F^C(u, v). We take lifts u and v 
of u and v to F+{Mf 0 fij"*) and F*(M" 0 ^+2), respectively. Let (f be a test 
function on Yy. Let p be a test function on Ct which is constantly 1 around t = 0, 
and let u := p • >/̂ Tdt • <£/2?r. We put Bn>< := (-l^M^-W^y/^-*1. Then, 
we have the following equalities: 

(446) (<j>t,0(FiC)(%a*v), tp)  =  {F\C{U, <T*V ), if • a;) =  SN>I ( c ( S, a*?) , F 0 V " ) . 

Let [5] and [53] denote the lift of w and v to F0* (X; 0 and F0* (AI" 0 
respectively, which are induced by u and v. We have the following equality: 

(447) (F ^4>tfi{C){u,o-*v), <p)  = Bn>i(ct>t,0(C)(№,o-*{Z\), F„V>. 

We take an appropriate locally finite open covering Z = Ujes ^? and the partition of 
unity {XJ \j G S} which is subordinate to the covering. We may assume to have G 
v[\o){M') 0£^-* and uf] G V^\M') <8>fi ]p on ̂  such that S|c/. = gt^1} +tij.2). 
Then, we have the following equality: 

(448) UAC)H°*W)> *OV) =  E(^o(C)([S],a*[S]), XjF0V) 
¿€5 

J€5 
Res ACfurU't!), y-KV • ltl2s*-u; 

rixis 
Res ACfurU't!), y-KV • ltl2s*-u; 

qoaix 
Res ACfurU't!), y-KV • ltl2s*-u; 

Res 
s=-l 5 + 1 

1 
c 

je5 
Xj'U) a  v FZip-dMtf^-u 
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This can be rewritten as follows : 

-Res 
s=-lS+ 1 

1 
C a 

jes 
Xj 'uj (i) agd axs t 2(5+1) • UJ 

(449) — Res 
s=-lS + 1 

1 
C 

jes 
s=-lS + (i) atvj as t 2(a+l) axs 

— Res 
s=-lS + 

1 C 
jes 

Xj'U) (i) axs s=-lS + 2(«+l) axs 

It i s equal to 

— Res 
s=-lS+ 1 

1 
0(u, o~*v F5<p t s=-lS + • UJ 

4-Res 
8=-lS+1 

1 
C 

jes 
Xj'U) 

(2) 
(7 as aosi 2s+2 aus 

(450) 
— Res 

s=-lS+ 1 
1 

C 
s=-lS + 

s=-lS + 
(i) O (OtV) s=-lS + 2(s+l) axs 

— Res 
s=-lS+ 1 

1 
C 

jes 
s=-lS + (i) s=-lS + s=-lS + 2(5+1) 9/u; 

By th e assumption , th e suppor t o f Fo*C(u, cr*v) i s contained i n t = 0 . Hence, th e 
first ter m of (450) is 0. Let u s loo k a t th e secon d term. W e have G V^Q0̂  an d 
v G yo(_Ao). Due to Lemma 22.10.9, 

G(s) := (7 v (2) (J (V) s=-lS + ass 2s+2 •u; 

is holomorphic o n the regio n {Re(s ) >  —1  —  5}  fo r som e 5  > 0 , and th e followin g 
holds: 

(451) G(-l) = C 

jes 
Xj ' 

(2) 
a v F0V • a; 

Hence, th e secon d term in (450 ) i s given b y (451) . Fo r th e sam e reason, the thir d 
term is as follows : 

(452) C 
jes 

Xj'U, 
asx 

G [OtV) F0V • UJ 

We have a similar equality for the fourt h term. Hence , the su m of the third and th e 
forth terms in (450 ) ca n be rewritten as follows : 

(453) C Xj'U) (i) s=-lS + Fïœ-uj as s=-lS + 
(i) a v s=-lS + 

C Xj ' otu) (l) 
a v s=-lS + 
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Hence (450) can be written as follows: 

(454) (C( JEXJ-U?\°*v), F^.u)  +  (cfeXj-dtu?\cr*v), F^'u) 

= (C(S,(7*5),F0V-a;). 

From (447) , (448) (450) and (454) , we obtain 

(FZi<lH,o(C)(u,v*v), tp)  = (C(S,c7*5), FoV-w). 

Together wit h (446) , w e obtai n (f)t,o(F\C)(u,(j*v)  =  F^0(C)(u,^v).  Thus , 
Lemma 22.10.6 is proved. • 

22.11. ft(*t)-triples 

We recall the notion of 1Zx(*t)-triple due to Sabbah in [73], where it is called IZx-
triples. W e use the notation i n Section 22.10.1. Le t At' and M" b e 7£x(*0~mo(mles. 
An Kx(*t)  <8 > cr*^x(*^)-homomorphism C :  M\SxX  0  <r*M"SxX  -> Db^dI/s i s 
called a  Hermitian sesqui-linear pairin g o f At' an d At" . I t i s also called a  sesqui -
linear pairing. Suc h T = (At' , At", C)  is called an 7Zx(*t)-triple. 

Let 7J = (M'i,  M", Ci)  (i  = 1,2 ) be ftx(**)-triples. A morphism of ftx(*t)-triples 
<p : 71 —• 7̂ > is defined to be a pair of ip' : At'2 —• M[ an d (p"  : At" —> Af2 ' satisfyin g 
Ci(<p'(x),a*(y)) = C2(x, a*(ip"(y))). Th e category of 7£x(*0"triples is abelian. 

For an 7^x(*^)-triple T =  (At' , At", C) , we have the induced sesqui-linear pairin g 

: M\'8xX 0 a*A^jSxx —  ®bs °A/s-

given b y C*(:r,a*y ) =  a*C (2/,a*x). Th e tupl e T * =  (A4",At',C* ) i s called th e 
Hermitian adjoin t o f T. A  morphism (p  = (</?' , (^") :  71 — • 7^ naturall y induce s 
y = (y", y") 0 ? - 7 ? . 

Let fc be any half integer. Fo r an 7£x(*£)-triple T =  (At' , At", C) , we put T(k)  := 
(At', Mh(\/~TA)_2fcC), whic h is called the fc-th Tate twist o f T. I t can be regarded 
as T <S>  Ts(k). W e have the isomorphis m T(k)  ~  (T*(—fc)) * a s in the cas e of 1Zx-
triples. 

For a n 1Zx(*t)-trip\e  T, a  morphis m S  :  T  — > T*(—w) i s calle d a  Hermitian 
sesqui-linear dualit y o f weight u>, if the equality S  =  (—1)WS* holds . 

22.11.1. Specialization. — Le t T  =  (Af , At",C) b e a  coheren t ftx(**)-triple. 
We say that T i s strictly specializable , if At' and At" are strictly specializabl e along 
t =  0. I n that case, we have the induce d pairing fo r any u  E R x  C ([73]) as in the 
case of 1Zx-triples: 

$t,uC : V>t,u(Af')|Sxx0 ®<r*$t,u(M")\sxx0 — > ®bsxx0/s-

Thus, we obtain the 1ZXo-triple $t,u(T) =  $t,u(M'),$t,u(M"),$t,u{C)). 
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Lemma 22.11.1. —  Let  % (i = 1,2) be  strictly specializable 7Zx(*t)-triples.  Let cp = 
ip") :  T\ —> T2 be a morphism such that ijjt,u{<p') o,nd  ij)t,uW) ar e strict for any u G 

Rx C.  Then,  Ker(<£?), Im(<p) and  Cok(y?) ar e a /50 strictly specializable along  t, and 
we have the natural isomorphisms ipt^u Ker(<^) ~ Ker^t .u ̂ t ,u Im(^) —  Im t̂jW(<p) 
and ipt,u Cok(y?) ~ Coki/^u(<£ ) /or any u € R x  C. 

Proof. —  Because Lemma 22.4.5, we only have to compare the induced sesqui-linea r 
pairings, which can be checked easily. • 

22.11.2. Pull-back via ramified covering. — Le t <pn  b e as in Sectio n 22.4.2. 
Let T =  M",  C)  be an lZx(*t)-tnple. W e have the induced pairing as explained 
in [75] (see also Section 22.8): 

AC :  AM\SxXin)®v*AM\'SxXin) —  ^Txdx ^/S' 

Thus, we obtain an ftx<„) (*£n)-triple <pt(T ) = (AM',  ^nM",  ^nC). 
Let /(Ao ) denot e a small neighbourhood of Ao in S, an d let J(—Ao) = cr(J(Ao)). 

Lemma 22.11.2. — Assume  that  T is  strictly  specializable  along  t. Let  [TI] G 

,̂(n+m1<5)/n(̂ /)|/(Ao)xx0 and [r2] G ^,(u+m2<5)/n(X//)|/(-A0)xx0• have  the 
following relation: 

(C)([ri],cr*[r2]) m1=m2=m(C)([ri],cr 

0 
,(u+môo)/n (C)([ri],cr*[r2]) m1=m2=m 

mi 7̂  

J4$ a result, we  have the  following decomposition  of  1Zx0-triples: 

*[r2]) m1=m2=m 
nu —cdo=u 

nu —cdo=u 

Proof. —  Let p be a C°°-top form on XQ with compact support. Le t xi — Xi(l^n|) be 
a test function on C*N which are constantly 1 around 0, and let \ := Xi'V~-ldt-dt/27r. 
We have 

(455) ^ n , u ( v i c ) ( [ c v ; r i ] , a * [C 2 ^ T 2 ] ) , P*[r2 

= Re s 
s+e(A,uJ 

*[r2]) m1=m2=m*[r2]) m1=m2=m 

= Re s 
s+e(A,u) 

^C(r1)(7*T2), nu —cdo=u tfCC'X'P 
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If mi ^  ?7i2, (455) is 0 by Lemma 22.8.5. In the cas e mi =  m2 = ra, (455) is equal 
to 

(456) 
Res (C(N,a*r2) , \t\2^^nX-p)'n=  Re s ( C ( N , <T*T2), |t|2*X • p) • n 

s+c(A,u) \ / ns—ra+e(A,u) \ / 

= - » ,ReS x w x  (C(T1'(7*T2)' l*|23 X • p) =  (̂ T,(u+m«O)/nC([T-L],ff*[7S]), p)-
s+e(A,(u+mdo)/n) \ / \ / 

Thus we are done. • 

22.11.3. Exponential twist. — Le t C(a)  be as i n Sectio n 22.4.3 . Fo r an y a G 
C^"1], we have the naturally defined sesqui-linear pairin g 

Ca : >C(a)|<SxX(n) <8) cr*£(a)|jS.xX(n) — • £>bsfXx(")/s> 

given by Ca(e,cr*e) = exp(-2V^:Tlm(Aa)). W e put £(a) := (£(a), £(a), Ca). 
Let T b e an TZx(*t)-tnp\e.  Sabbah observe d that </4(T ) 0 £(—a ) is well defined 

as the lZX(ri)  (*£n)-triple (se e Lemma 22.8.6): 

<p\SX) ® £ ( - «) = = (<4-M' ® A - a ), (<4-M' ® A-a) ® £(-a), y>t C • CL„). 

It i s naturally identified wit h (^p^M',  tp^M!', exp(2\/—Tlm(Aa))^C^. If the un -
derlying lZX{n)  (*£n)-modules of <^(T) 0 £(—a ) are strictl y specializable , we obtain 
the following 1Zx0-triples for any u G R x  C: 

V W ( T ) : = ^tnju(^CO ®  £(-a)). 

We have the wel l defined map: 

N =  (-V=1N, V^lN) :  ^t,n,a(T) — > ^,tt,a(r) (8) T5(- l ). 

We have the monodromy weight filtration W(M) of N i n the category of 71 x0-triples. 

Note that we have the natural isomorphism (id , id) :  2(a)* ~ 2(a).  A  Hermitian 
sesqui-linear dualit y S  :T  —•  T*(—w) o f weight w naturally induces ^ T ^ £ ( - a) —» 
(^T(8) £(—a)) (—w),  which is also a Hermitian sesqui-linear dualit y o f weight w. If 
(ptt(T) ®  2(—a) is strictly specializabl e along tn, we have the induced morphisms: 

$t,u,a(S) : ^t,u,a(T) >  ^t,ti,aCO*(-w), 

^a(S) :  Grf (A° V^,a(T) —  G r ^ ^ , u , a ( T ) * ( - ^ ) . 

Therefore, we have the induced Hermitian sesqui-linear duality : 

St,u,a,e := $t,u,a(S) (<4-M' ® A-a) : P G r fW ^,„,0(T) — P G r f (A° ^,„,0(T)*(-™ - £). 
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22.11.4. Push-forward. —  W e put Y  :=  Y0 x Ct.  Le t F0  :  X 0 - > Y o be a 
morphism, and let  F :  X —>  Y  denot e the induced morphism. Le t M b e an 1lx(*t)-
module. We assume that F is proper on the support o f M. W e have the well defined 
push-forward F^M  i n the derived category of IZy (*t)-modules. Th e i-th cohomology 
sheaves ar e denote d b y F^M.  Recal l the followin g compatibilit y i n [73] and [75]. 
(See also [77].) 

Proposition 22.11.3. — Assume that M, is strictly specializable along  t, and  good with 
respect to F. If  F^^t^u{M) are  strict for any u G Rx C  and  any i, then  F^(Ai) are 
also strictly  specializable along  t = 0, and ifjt,uF}(M) ~ Fo^t,u{>M).  • 

Let y ( n ) : = Yo x Ctn.  Th e induced morphism Y^  —>  Y  i s also denoted by cpn. 
Recall the followin g compatibility in [75], which can be shown directly. 

Proposition 22.11.4. — For  any a G C^"1] and for any holonomic 1Zx(*t)-module M., 
we have Fi((fi(M) ®  C(-a)) ~  (p^F^M)  0 C(-a).  • 

Let T  =  (<4-M' ® A-a) M!1, C) b e a n 7£x-tripl e (resp . 7£x(*£)-triple) . W e assum e 
that th e suppor t o f T  i s prope r wit h respec t t o F.  W e hav e th e wel l de -
fined push-forward Ft(T ) (<4-M' ® A-a)= (<4-M' ® A-a) c in th e derive d categor y 
of 7£y-triple s (resp . 7£y(*£)-triples) . Th e z-t h cohomolog y triple s ar e denote d by 
F\(T) =  (F^iM,,F^M",F^C). 

Recall the compatibility of the specialization and the push-forward fo r the sesqui-
linear pairing i n [73]. 

Proposition 22.11.5. —  Assume that  both  M! and  M" satisfy  the  assumption  in 
Proposition 22.11.3. Then,  we  have  the compatibility  tpt,u(F%C)  =  F^(tpt,uC). 
Namely, $t,uF\T  ~ i f y ^ T ) . 

We also have  F^(^nT  0 £(-a)) ~ ip^F^M)  0 fi(-a). • 

22.11.5. Specialization of T^x -triples along a function g  with ramified ex
ponential twist. — Le t g  be a non-trivial functio n o n X. Le t ig  : X —>  X  x  C 
denote the graph. Le t T =  (M,  M, C)  be a coherent T^x-triple. W e have the IZxxC-
triple ig\T,  an d th e induce d TZxxCt{^)-tviple  (ig}T)(*t).  Le t a G C^"1]. W e 
say that T  i s strictly specializabl e along g with ramifie d exponentia l twis t b y a, if 
(f^Ug^T^t)) 0 £(—a) is strictly specializabl e along tn. I n that case, we define 

(<4-M' ® A-a)(<4-M' ® A-a) 

for any u G RxC.  I f a Hermitian sesqui-linear dualit y S  :  T —•  T*(—w) i s given, we 
have the induced Hermitian sesqui-linear dualit y 

(<4-M' ® A-a)(<4-M' ® A-a) (<4-M' ® A-a)(<4-M' ® A-a) 
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22.12. Comparison 

22.12.1. Twistor structure and 1Z-module in dimension 0. — Recal l that an 
7 -̂triple in dimension 0 is a tuple T  =  (Af,Af",C ) o f coherent (9cA-module s M1 
and M"  wit h an Oc*x  -homomorphism 

C : M\CI ® <T*M'{C*X — • Oci  • 

If Af' and Af" are locally free, T i s called strict. I f the pairing is perfect, T  i s called 
perfect. 

Let V  be a twistor structure on P1. We have the associated 7 -̂triple 

Q(V) =  (V0v,<j*(Voo),Cv), 

where V o := ̂ |c A5 ̂oo := ̂ |c M and Gy  i s the naturall y defined Hermitia n sesqui -
linear pairing . I t i s easy t o observ e that ©  gives an equivalenc e of the categorie s 
of algebraic vector bundles on P1 and stric t perfec t 7 -̂triple s in dimension 0, which 
preserves tenso r product s an d direc t sums . W e also have Q(o~*(V)v)  =  0(F)* . A 
perfect stric t 7 -̂triple is called pure twistor structure of weight n, i f it i s isomorphic 
to Q(V) for some pure twistor structure V of weight n. 

Recall Ts(k) : = (0Cx  efk\0Cx e£h\  (v^TA)"2*) for a half-integer k.  Th e Tate 
twist i n the category of 7 -̂triples in dimension 0 is given by the tensor produc t with 
Ts(k). Th e canonical isomorphism Ts(k) Ts(-k)*  i s given by ((-l)2fc,l) . W e 
take a complex number a  such that a2 = W e fix the isomorphism 

$(n) = ($(n)/j$(n)//j . e(Opi(n)) —* T5(-n/2), 

given by $(n>'(4~n)) = an  f^~n) an d $(n)"(a*(/^}) ) =  a'n e(~n).  Note the commu-
tativity of the following induced diagram (Lemm a 3.149 of [67]): 

e(oPi(n))* • e(Opi(-n)) 

(457) |  | 

T5(-n/2)* >  Ts(n/2) 

The functor 0 preserves the Tate twists in the both categories, and it also preserves the 
compatibility between the Tate twist and the adjunction because of the commutativity 
of (457) . 

For an integer n , a  morphism S :  T  —>  T* ® Ts(—n) is called a Hermitian sesqui -
linear dualit y o f weight n , i f (— l)nS* =  S  i s satisfied. Not e that a  morphism S  : 
V(g)<7*(F) -+ T(-n) induces Vs •  V  -> cr*(F)v ®T(-n), an d hence 9(*5) : 6(F) -+ 
6(F)*0T5(-n) . 

Lemma 22.12.1. —  S  is  a pairing of  weight n, if  and only if&(&s) is  a Hermitian 
sesqui-linear duality of  weight n. 
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Proof. —  5 is a pairing of weight n, if and only if ( l ® i )o cr*^  =  (—l)71^ . B y the 
functor G , it i s transferred t o the condition that G(\£s ) i s a Hermitian sesqui-linea r 
duality of weight n. • 

Remark 22.12.2. —  Let (VA,BA ) b e a  variatio n o f twistor structur e o n P1 x I , 
obtained a s th e gluin g of (Vo,B>o ) an d ( V ^ B ^ ) . Then , w e obtain a n T^x-tripl e 
W^VootCv). • 

Let T b e a pure twistor structure of weight n. A  Hermitian-sesqui-linear dualit y 
S : T — > T* ® Ts(—n) of weight n  i s a  polarization , i f (T , S) i s isomorphi c to 
(G(V), G(\£s)) for some polarized pure twistor structure (V, S) of weight n (Corollary 
3.151 of [67]). 

22.12.2. Comparison of specializations. — Le t X = An and D = {O}. W e put 
X :— C\ x  X an d V := C\ x  D. Le t T =  (Aii,  M2, C) be a regular coherent strictly 
specializable 7^x(*^)-triple on X suc h that S  =  (id , id) i s a Hermitian sesqui-linea r 
duality of weight 0. Note that Aii ha s the KMS-structure at each Ao G C\. Assum e 
that the restriction (T,«S )|X\D —  G(Fv,BA,5i ) fo r a variation of twistor structure 
(V,BA,<S) with a  pairing of weight 0 on P1 x (X  \  D).  W e use the identification s 
V0 = Mi a n d a * V ^ = M 2 . 

As explained in Section 11.8.3, for any u G R x  C , we obtain the vecto r bundle 
S*. (V) wit h the nilnotent ma n and the svmmetric Dairiner 

J^u ' Su{V) —• SU(V) ® T ( - l ), Su  : SU(V) <g> a*Su(V) —• T(0) 

We have the specialization ^ ^ ( T) =  (ipz,wM, V^u-M, iiz^uC) fo r any u G T with the 
induced nilpotent map 

Mt = (-V-ÏN, V^N) : ^,n(T) — t/>zJT) ® T&(-1), 

where TV = —ott + e(A, i s the nilpoten t par t 01 —ott. W e also have the induced 
Hermitian sesqui-linea r duality of weight 0 

V>zAS)'.V>zAT)^VzAT) 

Proposition 22.12.3. —  We have a natural isomorphism 

V>zAS)'.V>zAT)^VzAT)V>zAS)'.V>zAT 

We giv e some consequences. B y taking th e primitiv e par t wit h respec t t o th e 
weight filtration of Afu, we obtain the 7 -̂triple s PGr^^>w(T ) fo r any u  G T an d 
£ G Z with the Hermitian sesqui-linear duality 

(<4-M' ® A-a)(<4-M' ® A-a)(<4-M' ® A-a) •PGiV xb,u(TV (-£ . 

The followin g fact implicitly appeared in [67]. 
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Proposition 22.12.4. —  (Su(V),Af£,Su)  is  a  polarized  mixed  twistor  structure  of 
weight 0, if  and  only  if  (PGrJ ^ ^jU(T),5u>^ ) are  polarized pure twistor  structure  of 
weight £ for any  £  £ Ẑ > o-

Proof —  Recal l tha t (Su(V),J\f^,Su)  i s a  polarize d mixe d twisto r structure , i f 
(i) Grf  SU(V)  ar e pur e twistor structur e of weight £  for an y £  £ Z , (ii ) the induce d 
pairings Su(Af£  (g>id) on PQ?Y SU(V)  (£   ̂ 0 ) giv e polarizations. Here , W  denot e th e 
weight filtration associate d to ftf.  Then , Proposition 22.12. 4 follow s from Proposition 
22.12 .3 . • 

Corollary 22.12.5. — (V , DA,«S) is  a  variation  of  polarized pure twistor  structure,  if 
( P G r ^ i^ZiU(T),SUii)  are  pure twistor  structures  for  any  u  £  R  x  C  and  £ £ Z^o-
It comes  from a  tame harmonic  bundle. 

Proof. —  Th e first  clai m follow s fro m Propositio n 22 .12. 4 an d Lemm a 11.8.6 . W e 
obtain th e tamenes s from the regularit y of the meromorphi c Higgs field. • 

22.12.2.1. Proof  of  Proposition  22.12.3.  —  Le t u  =  u  +  ( 1 , 0 ) £  R  x  C.  W e have 
the natura l identificatio n Gu{Vo)  — ^z,u{>Mi)  b y construction . W e als o hav e th e 
natural identificatio n Gu{Vo)  — Gu(Vo)  given b y th e multiplicatio n o f z.  W e will 
not distinguis h the m i n th e followin g argument . W e also have natura l identificatio n 
$zAM2) ^ Gu{<r*V£) ~  <r *G-u(V£) ~  <J*Gu(Voo)-  Note Lemm a 6.1. 5 fo r th e 
signature of the KMS-spectrum . 

By construction , Q(SU(V))  i s a  tuple o f (9cA-modules Gu(Vo)  and cr *£/U(VOO)V ^ 

Gu(^*(V^)), an d a n induce d pairing CQ,U.  W e shall show that Co, u = ipUC  under th e 
above identification, whic h implies Q(SU(V)) ~  i/>ZiU(T). 

We onl y have t o compar e them aroun d generi c A o £ C\.  I n th e following , U{XQ) 
denotes a neighbourhood of A0, and X ^ :=  U(X0) x X an d £><A° ) := U(X0) x D. W e 
put xWo))  :=  a(U(X0)) x  X an d £>MAo)) := a(U(X0)) x  D. W e have the generalize d 
eigen-decomposition o f th e monodrom y alon g th e loo p wit h th e counter-clockwis e 
direction: 

VpHVo) = © ^Ao)(VoW,„) . 
A-Kp(Ao,U)^A 

Here, eigenvalue s o f th e monodrom y o n PAA°^(VB)c/(A,U) are e^(A,w). Not e tha t 
^>KA,U)(̂ r°)e/(A,U)is naturally isomorphic to GuVo\x(xo) i n Section 11.8.1.4 . W e will use 
the identificatio n i n the following . W e also have the generalize d eigen-decomposition 
of Vaa(<Xo^Vo with respect to the monodromy along the loop . I t i s easy to observe that 
the sesqui-linea r pairin g i s compatible with the decompositions . Hence , we obtain th e 
sesqui-linear pairin g Cu  of GuV0\X(x0)^T,(\0) an d o-*GuVo\x(°(xo))\V(<j(xo))  t o the shea f 
of A-holomorphi c C°°-functions on X^ \  T>(x°\ 

Let /  £  Gu(V0)  on [/(A0 ) an d g  £ cr*fe(Vroc) v o n a(U(X0)).  Le t F0  be the sectio n 
of GuVo  on AF(A°) such that P0|p (AO) =  /  an d (—(5zz+ e(A, u))LF0 =  0  for some large L. 
Such P0 is called the lif t o f / t o ^ V Q . Similarly , we take the lif t G 0 of g to a*GuV^ 
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on X(a(x°)\  Le t cjo = y/^l (27r)~1 dzdz. Le t x be a test functio n o n X whic h is 
constantly 1  around 0 . Hence , we obtain 

(458) &,uCu(f1**g)= Re s (cU(F0,cr*G0), k |2sX^OV 
s+A_1e(A,n) \ / 

By the elementary argumen t i n the proof of Lemma 18.11 of [67], we can show that 
the function Cu(Fo , <7*Go) is of the following form: 

M 
(459) |2|2A -1e(A,n)-2 ^ flfc^  QQg ^ 2^ 

k=0 
Here, ak are holomorphic functions o f A, and M denotes some positive integer. And 
we can show the following equalit y by a direct calculatio n (se e Lemma 2.34 of [67] 
for more general case): 

Res (Cn(F 0,<7*G0), \z\2sXu>0)  =  ao(A). 

Let F be the section of G^H(V0) on U(X0) suc h that $can(F) = /. I f we regard F 
as a multi-valued fla t sectio n of GuVo, we have an expression 

N 
F =  exp(-A"1e(A,S) log 2) (F0  +  ^ ^ ( l o g * ) ' ' ) 

3=1 
such that (—dzz + e(A, u))LFj =  0 for some large L. Similarly , let G be the section of 
cr*Gu^(Voo)v on a(U(X0)) such that $can(G) = /. W e have similar expression for G, 
i.e., 

N 
G = exp(-A"1e(A, u) logz) (G0 + £ G , (log 

i=i 
such that (— dzz + t(X,u))LGj = 0 for some large L. Becaus e Cu(Fi,a*Gj) has an 
expression as in (459) , CU(F, cr*G) is described as a polynomial in (log |z|2) whose 
coefficients are holomorphic functions in A. Because CU(F, cr*G) is constant in the X-
direction, we obtain that 

CoAf>°*9) =  Cu(F,a*G) =  a0(A). 

Hence, we obtain ipZiUC = Go,n-
It is easy to compare the Hermitian sesqui-linea r dualitie s under the identification. 

Let us compare the nilpotent maps. Le t Resml denote the nilpotent part of the residue. 
We have 

6(A/;A) = (Resnil(D^) v 01<-1}, a* Resnil(B^) 0 

We have Resnil(D^)v <8>4_1) - -  Resnil(D0 ) <8>4_1). Under the identification of 0s(n) 
and 6(n ) in Subsection 22.12.1, it is identified wit h —y/^lN  0 eg2\ where N is the 
nilpotent part of-3*t. We have <r* Resnil(DVCV )(g)a*t '̂1) = - R e s ™ 1 ^ * ^ ) ® ^ * ^ , 
which is identified wit h y/^lN  0 e0~2\ Hence , we have =  Nu- Thus , the proof 
of Proposition 22.12.3 is finished.  • 
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acceptable bundle, 5, 520 
adapted up to log order, 525 
admissible coordinate, 27 
auxiliary sequence, 28 
bi-graded wild Lefschetz twistor D-module, 

435 
bundle 7Gr̂ (CJE;)5 53 
bundle /Gr£J(Ao)(c£), 71 
bundle 7Gr£*a)(c£?),52 
canonical decomposition, 357 
canonical lattice, 62 
canonical prolongment, 285 
category Uo\z,s(X), 493 
category Ho\z(X), 493 
category M P T ^ ( X, D, w, A), 437 
category MPT™ldt(Z, U, w, A), 474 
category MPT^t(Z, U, w, A)', 475 
category MT(X, w), 430 
category MTwild(I,w,4), 430 
category MTwild(X,w,A.)(p\ 433 
category MTpld(X,w,A), 430 
category MTÇild(X, w, A)&\ 433 
category MTG(X,№^)(p)) 433 
category MTf™(X,w, y/=ÏR)(p\ 493 
category MT|°sd(X, w, yf^lR)^, 493 
category MT^d(X,w), 429 
category MT™]d(X, w, A), 430 
category MTNwild(X, w, A), 431 
category MTW™Jd(X, .4), 431 
category TZx-Triples, 575 
category S2{X,t), 558 
category VPTwild(X, £>, w, A), 437 

category VPTwild(Z, U, w, A), 474 
category VPTwild(Z, U,w,A)', 475 
characteristic variety Ch(M), 552 
closure 5, 91 
coherent, 550 
coherent filtration, 551 
compact region, 83 
compatibility of filt rat ions, 76 
compatible frame, 54 
completion, 565 
completion D, 107 
completion V(I), 44 
completion Vj, 44 
connection D-f, 30 
A-connection DA, 71 
conormal bundle NZ> X, 327 
deformation caused by variation of irregular 

values, 7 
degree J'degF(vp), 54 
degree idegF(vi), 525 
Deligne lattice3 10 
Deligne-Malgrange, 60 
Deligne-Malgrange filtered bundle, 61 
Deligne-Malgrange filtered flat bundle M, 

60 
Deligne-Malgrange lattice, 11, 12, 62 
dual filtration Fv, 76 
dual space Vv, 76 
endomorphism /j"1, 193 
endomorphism /JEG, 192 
endomorphism g(X), 248 
endomorphism giTT(X), 248 
endomorphism #REG(A), 248 
exponential twist, 564, 589 
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family of A-flat bundles, 3 
filtered £-flat bundle, 49 
filtered £-flat sheaf, 49 
filtered bundle, 53, 525 
filtered bundle V*£x, 205 
filtered bundle viXo)€, 248 
filtered bundle QiAo)£, 283 
filtered flat bundle, 356 
filtered flat sheaf, 356 
filtered sheaf, 53 
filtered sheaf V{J"o)284 
filtered sheaf V*£x, 5 
filtered sheaf viXo)£x, 248 
filtration JV^(^), 315 
filtration 7y(Ao)(n£:), 315 
filtration *F, 525 
filtration indexed by an ordered set, 75 
A-flat bundle, 3 
formal 71-module, 567 
formal complex space, 565 
formal D-modules, 566 
frame compatible with filtrations, 525 
full Stokes filtration, 6 
full Stokes filtration ̂ ,112 
function Qe(<*,/3), 194 
function r(a, AT), 520 
functor 569 
functor ipf^ui-M), 560 
functor i/jt,u, 579 
functor ipt,uM-, 558 
functor ̂ /̂ (-/W)) 560 
functor *l>g,a,u, 590 
functor i/>t,a,u, 564, 589 
functor ip^, 579 
functor i/f^M, 555 
functor ipt,u(M-), 559 
functor $^o)(.M), 559, 562 
functor S£>#, 493 
functor 569 
generic, 71 
good, 40 
good Deligne-Malgrange lattice, 12, 60, 61 
good family of filtered A-flat bundles, 71 
good filtered A-flat bundle, 5 
good filtered £-flat bundle, 49 
good Higgs field, 191 
4̂-good Higgs field, 191 

good lattice, 40 
good lattice at the level m, 57 
good lattice associated to Stokes data at the 

level (m,t(0)), 128 

good meromorphic p-flat bundle, 40 
good set of irregular values, 26 
good set of irregular values at the level (m, г), 

56 
good set of irregular values at the level m, 56 
good system of irregular values, 44 
good wild harmonic bundle, 191 
v4-good wild harmonic bundle, 191 
y/— l.R-good wild harmonic bundle, 13 
Gr Grf (V), 75 
Gr Gr£ull(£), 111 
Gr Gr™(p)(£), 110 
Gr Gr™(£), 102 
Gr Gr™(_1)(JB7), 111 
graded Л-wild Lefschetz twistor D-module, 

434 
harmonic bundle, 3 
harmonic bundle (Ejia,djja,6jia,hjya), 345 
harmonic bundle L(a), 320 
Hermitian adjoint, 575 
Hermitian sesqui-linear duality, 576 
Hermitian sesqui-linear pairing, 575, 587 
holomorphic lift, 105 
P1-holomorphic vector bundle, 176 
holonomic 7£x-m°dule, 553 
hypersurface D(^k), 218 
N-th infinitesimal neighbourhood D(N), 107 
inner product (•, -)о,лг» 520 
L2-inner product 518 

-inner product (•, *)a iv? 520 
irregular decomposition at the level (rn,, г(0)), 

57 
irregular decomposition at the level т(г), 46 
irregular value, 26 
KMS-spectrum, 52 
KMS-structure, 7, 71 
Lefschetz morphism, 448 
C°°-lift, 105, 331 
map c(A), 71 
map rjm, 28 
таР?7т(г)> 29 
map 77M , 192 
map t(A), 71 
map p(A), 71 
map a, 333, 574 
тар Ст(г)> 28 
map ^rn) 28 
meromorphic prolongment, 183 
metric V^h, 248 
metric v[Xo)h, 248 
metric /ia,iv, 520 
mixed twistor structure, 18 
morphism can, 558 
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morphism var, 558 
morphism iyrGys, 448 
morphism iy^i 448 
multi-sector, 91 
nearby cycle functor, 554 
nearby cycle functor with ramified exponen

tial twist, 16 
nilpotent map jVA, 307 
Noetherian, 550 
norm | • |0,jv> 520 
L2-norm |f. ||fc, 518 
L2-norm ¡1 • \\aiN, 520 
order, 55 
order ^A, 88 
order 88 
order ̂ zn, 25 
order ord(/), 26 
ordered set (/v,̂ )? 76 
pairing, 178 
pairing <£, 333 
pairing j\j*C, 442 
pairing ipt,uC, 579 
pairing ff^C, 579 
pairing tl>t,v.C, 579 
pairing tffipC, 579 
pairing CUJPJ, 345 
pairing Cu,pj(Ej,a), 345 
pairing j.j*C, 442 
parabolic nitration %F, 53 
parabolic flat sheaf, c-parabolic flat sheaf, 356 
partial Stokes filtration j^rn(p)Q1 112 
polarizable wild pure twistor D-module, 20, 

432 
polarizable wild variation of pure twistor 

structure, 474 
polarization, 179, 432, 434 
polarized \/—IK-wild pure twistor D-module, 

19 
polarized wild pure twistor D-module, 18, 432 
polynomial order, 85 
ML-polystable, 356 
pre-Stokes data at the level (m, ¿(0)), 127 
projection 7R™, 192 
projection 7R™', 192 
projection 7RJ!CN 193 
projection TTJ a, 193 
projection qe, 315 
pseudo-coherent, 550 
pull-back, 553 
pull-back via ramified covering, 563, 588 
pure twistor D-module, 429 
push-forward, 553 

rank r(o), 57 
real blow up X(D), 78 
regular meromorphic extension, 307 
relation 82 
residue, 31, 49 
restriction F^p, 107 
restriction ^^(IV), 107 
sector, 91 
sector Sec[£,fl(0),fl(1)], 91 
sector Sec[<5,0(o),0(1)], 91 
£̂,-semistable, 356 

sesqui-linear pairing, 575, 587 
set Diff(c»,/3), 194 
set ii(X(W)), 83 
set ii(Q,X(W)), 83 
set Irr(B,m(-l)) := {0}, 111 
set lrr(0,m), 192 
set Irr(DD,P), 40 
set Irr(£,B,P), 40 
set Irr(£,P), 40 
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set MS(Q,X \ W, J), 93 
set MS(Q,X \ D), 92 
set MS{X \ £>), 92 
set \ 97 
set MS*(P, X \ 97 
set 56 
set Xv, 56 
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set T(0), 192 
set ATA, 71 
set X(xo\ 71 
set yx, 71 
set y^o), 7i 
set Var(aE), 525 
set ParfcE,/), 71 
set Var (JE?*,/), 71 
set Secf̂ 0),̂ 1)], 91 
set Sp(0), 194 
set Splej), 192 
set /(A0), 334 
set #P0, 3, 26 
set M(X,D), 3, 26 
set Var(E*,I), 54 
set Var(cE,I), 54 
set Sp(J5*,D,Z), 52 
set Sp(cE,BJ), 52 
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set JCMS(CE,BJ), 52 
set S, 333, 574 
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sheaf ̂ o0)(D£)> 315 
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