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Juin 2010 

F I N I T E I N D E X S U B G R O U P S A N D V E R B A L S U B G R O U P S 
I N P R O F I N I T E G R O U P S 

by J o h n S. W I L S O N 

In the 1970s J-P. Serre proved that if if is a subgroup of finite index in a finitely 
generated pro-p-group G then H is necessarily an open subgroup of G, and he com
mented that he did not know whether the same conclusion holds for arbitrary finitely 
generated profinite groups G. This was finally shown to be the case by Nikolov and 
Segal in 2003. The result depends on important properties of values of group words 
in finite groups, which are likely to have other applications. We shall discuss the 
background to these results, aspects of the proof, related results, and some ways in 
which the results have already been used. 

1. I N T R O D U C T I O N T O P R O F I N I T E G R O U P S 

A profinite group is by definition an inverse limit of finite groups. The profinite 
groups can be characterized among topological groups as the compact Hausdorff to
tally disconnected groups. 

Among the profinite groups, pro-p-groups—inverse limits of finite p-groups, where 
p is a fixed prime—play a distinguished role, like the role of finite p-groups among 
finite groups. They are precisely the compact Hausdorff totally disconnected groups 
such that xpn —• 1 as n —• oo for all elements x. 

Profinite groups arise naturally in many parts of mathematics: in analysis and the 
general theory of topological groups as the quotients of compact groups modulo the 
connected component of the identity; in algebraic number theory as Galois groups, 
etc.; and in combinatorics and model theory as automorphism groups of structures 
(in connection for example with the small index property). They arise in finite group 
theory as objects encoding information about infinite families of groups and allowing 
concise statements of asymptotic results, and in infinite group theory as examples, 
and as completions, etc. 
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Since profinite groups are compact and Hausdorff, their subgroups of principal 

interest, those that are again profinite, are just the closed subgroups. Therefore, for 

example, we shall say that a subset S topologically generates a profinite group G if 

the closure of the abstract subgroup generated by S is G. A profinite group is called 

(topologically) finitely generated if it is topologically generated by some finite set. 

Consideration of coset decompositions shows that a subgroup of finite index in 

a profinite group is open if and only if it is closed, and, since profinite groups are 

compact, that open subgroups have finite index. It is natural to ask under what 

circumstances the converse holds, i.e. when all subgroups of finite index are open. 

Since profinite groups can also be described as the topological groups (topologically) 

isomorphic to closed subgroups of Cartesian products of finite groups with the product 

topology, useful insight can be gained by considering the special case of Cartesian 

products. 

2. CARTESIAN PRODUCTS AND THEIR IMAGES 

We write C = Y\iei Gi for the Cartesian product of a family of sets (Gi)ie/- Its 

elements are the vectors (gi)iei, with entries gi £ Gi for each i £ I. For each i write 

7Ti : C —» Gi for the projection map. 

If each Gi is a group, then so is C with componentwise multiplication. If each Gi 
is a topological space, then so is C, with subbase of open sets 

{ir-\u) \iel,U open in Gi} 

If each Gi is a topological group, then so is C. 

Tychonoff's theorem asserts that if each Gi is a compact topological space, then 

so is C. Hence if each Gi is a compact Hausdorff topological group, then so is each 

closed subgroup of C. 

In particular, we may take each Gi to be a finite group with the discrete topol

ogy. All profinite groups are (topologically) isomorphic to closed subgroups of such 

products; and the countably based (i.e. separable) profinite groups are precisely the 

(groups isomorphic to) closed subgroups of flneN Sym(n). 

In general, not all subgroups of finite index in a profinite group are open. Consider, 

for example, the product C = YlieN Gi with each GÌ a non-trivial finite group. The 

definition of the product topology shows that C has No open normal subgroups. 

However it can be proved that if for some non-trivial finite group F we have GÌ = F for 

all z, then C has 2 2 0 subgroups of index In the case when F = Z/pZ this is clear, 

for then diniFp C = 2**°, and the dual of a vector space of infinite dimension d has 
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dimension 2d. To see where non-open subgroups come from when F is non-abelian, 
we consider ultraproducts. 

Let J be an infinite index set. We recall that an ultrafilter on / is a family ^ of 
subsets of J such that 

(i) 0 ^ ; 

(ii) if Xu X2 G <M then X1f)X2e ^; 

(hi) for each I C I , either i G f o r / \ I e ^ . 

From this it follows that if X\ G tft and X1 C X2 then X2 G For i E I the 
family % = {X CI\ie X} is an ultrafilter. An ultrafilter that is not of the form % 
must evidently contain all subsets of / with finite complements, and the existence 
of such non-principal ultrafilters follows from Zorn's lemma. We fix a non-principal 
ultrafilter 9/. 

Let (Gi)iei be a family of groups. Write C = \\Gi and let K<% be the normal 
subgroup {(gi) G C | {i | gi = 1} G ^ } of C. The ultraproduct Y\Gi/% is defined to 
be the quotient group C/K<%. 

Now take all groups Gi to be equal to a non-trivial finite group F. If (gi) G C 
then {i e I \ gi = f} belongs to ^ for just one / G F , and it follows easily that 
C/Kfy =Y[Gi/W is isomorphic to F. Clearly is not open. 

This method for obtaining non-open subgroups of finite index in Cartesian powers 
is of course non-constructive. This is necessarily the case, since it is consistent with 
(ZF and) the principle of dependent choice that all subgroups of finite index in all 
countably based profinite groups are open, as observed by Lascar [8]. 

The above argument gives the implication (i) (ii) in the following result: 

THEOREM 2.1 (Saxl and Wilson [20]; Martinez and Zel'manov [11]) 

Let C = YlieN &i w^ each Si a non-abelian finite simple group. Then the following 

are equivalent: 

(i) all subgroups of finite index are open in C; 

(ii) there are only finitely many groups Si of each isomorphism type. 

It is reasonable to ask what restrictions there are on abstract images of profinite 
groups. They can be countably infinite: for example this holds trivially for C = ]J Gi 
with all groups Gi cyclic of order p, and it holds for Zp, as shown by considering the 
composite of the inclusion from Zp to its field of fractions Qp and a surjective Q-linear 
map from Qp to Q. 

If (Si)ieN is a family of Chevalley groups £Xr(Fi) of the same (twisted or untwisted) 
type £Xr, then for any ultrafilter f on N we have UiSi/^ = £Xr(Y[Fi/fy) by a 
result of Point [18]; in particular this group is simple. These Chevalley groups are the 
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only completely explicit examples of infinite simple images of profinite groups known 
to the author. 

Now let be an ultrafilter on N. The ultralimit lim^ ri of a bounded sequence 

{u)ieN of r e a l numbers is the unique a G R such that for any e > 0 the set 

{i G N | \ri — a\ < e} is in Again let C = ILEN ^ with each Si a non-abelian 

finite simple group. Define h = : C —• [0,1] by 

h(a) = lim 
log |af I 

log l^l 
for a = (ai) G C; 

here, af* denotes the conjugacy class of in Si. Clearly we have h(b~1ab) = h(a) 

and /i(a6) < h(a) + /1(6) for all a, 6 G C, and so = {# G C | /i(p) = 0} is a normal 

subgroup of C. 

Nikolov [12] has proved the following result. 

THEOREM 2.2. — With the above notation, the simple quotients of C are exactly 

the groups C'/L<% for some ultrafilter % on N; the infinite simple quotients all have 

cardinality 2 H ° . 

In [4], Holt constructed a sequence (-Ki)ieN of finite groups with no non-trivial 

abelian images and with (log |i£i|)/(log \{x2 \ x G Ki}\) unbounded. These two 

properties imply that ]J K% is a profinite group with no non-trivial abelian continuous 

homomorphic image but with an abstract subgroup of index 2. 

The implication (ii) (i) in Theorem 2.1 is a consequence of assertion (a) of the 

following result, and the proof of Theorem 2.2 depends on assertion (c). These results 

in turn depend on the classification of the finite simple groups (CFSG). 

THEOREM 2.3. — (a) (Saxl and Wilson [20]; Martinez and Zel'manov [11]) For each 

integer q > 0, there is a number n(q) such that in every non-abelian finite simple 

group S either each element of S is a product of n(q) q-th powers or all q-th powers 

equal the identity element. 

(b) (Wilson [24]) There is a constant c such that every element of every non-abelian 

finite simple group S is a product of c commutators. 

(c) (Liebeck and Shalev [10]) There is a constant d such that if S is a non-abelian 

finite simple group and 1 ^ h G S then every element of S is a product of at most n 

conjugates of h, where n = [dlog \ S\/ log \ hs\\. 

It is now known that the constant c above can be taken to be 1: thus every 

element of a non-abelian finite simple group is a commutator. This was established 

in [9], completing the work of many mathematicians over many years. 
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3 . S U B G R O U P S O F F I N I T E I N D E X 

We return to arbitrary profinite groups and ask which of them have the property 
that all subgroups of finite index are open. Because of the following elementary 
lemma, such groups are sometimes said to be strongly complete. 

LEMMA 3.1. — For a profinite group G the following are equivalent: 

(i) all subgroups of finite index in G are open] 

(ii) the map from G to its profinite completion is bijective; 

(hi) all abstract homomorphisms from G to profinite groups are continuous. 

Here is a characterization of the strongly complete profinite groups. 

THEOREM 3.2 (Smith and Wilson [22]). — Let G be profinite. Then G is strongly 
complete if and only if G has only countably many subgroups of finite index, or equiv
alent^ if and only ifG has only finitely many subgroups of index n for each integer n. 

A group satisfying the conditions of Theorem 3.2 is certainly countably based 
(with base consisting of all cosets of all subgroups of finite index). Among the count
ably based groups are the (topologically) finitely generated groups. In about 1975, 
J-P. Serre raised the tantalizing prospect that all finitely generated profinite groups 
might be strongly complete. This was confirmed by Nikolov and Segal in 2003: 

THEOREM 3.3 (Nikolov and Segal [14], [15]). — IfG is a finitely generated profinite 
group then all subgroups of finite index are open in G. 

We shall discuss some aspects of the proof of this important result later. 

Serre had shown in the 1970s that finitely generated pro-p-groups are strongly 
complete. One proof of this earlier result proceeds by showing that if G is a finitely 
generated pro-p-group then the subgroup [G,G]GP generated (algebraically) by all 
p-th. powers and all commutators is open in G. This subgroup is the verbal subgroup 
corresponding to the word [x, y]zp in the free group on x, ?/, z. To deal with arbitrary 
profinite groups we need to consider verbal subgroups corresponding to more general 
words. 
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4. S O M E N O T A T I O N 

For elements x, y and subsets S, T of a group G and an integer m > 1 we write 

xy = y xxy, [x,y]=x ly 1xy, 
[S,y] = {[siy]\seSh c(S,T) = {[s,t}\seS,teT}, 
ST = {st\ s e S9t G T}, 
S{m} = { s m | s € Sy 

for the Cartesian product of m copies of S, 
5*m for the set of all products sf . . . in G. 

For subgroups H, K, we write 

[H, K] for the subgroup generated by {[h, k] \ h G H,k G I f} , 
fT = [if, ff], the derived group of if, 
if" = [H',Hf], the second derived group of if, 

and we define [Hm K] recursively by 
[Ha K] = [H, K], [Hm+! K] = [[Hm K],K] for n > 1. 

5. BAIRE'S CATEGORY THEOREM AND VERBAL SUBGROUPS 

Baire's category theorem from general topology plays an important part in the 
reduction of problems about profinite groups to problems about finite groups. In a 
profinite group G the cosets Nt with N<G open, t G G, form a basis for the topology, 
and Baire's category theorem takes the following form: if G is a profinite group and 
(Gn)nGN is a countable family of closed sets whose union contains a non-empty open 
set, then some Cn contains an open coset Nt. (A proof is sketched in [25, (2.7.10)].) 
The next result is an easy application: 

PROPOSITION 5 .1. — Let S be a non-empty closed subset of a profinite group. Then 
the subgroup A generated algebraically by S and the subgroup generated topologically 
by S coincide if and only if for some integer n every element of A is a product of at 
most n elements o / S U S - 1 . 

Proof — For each integer m let Cm = (SuS_1)*m (in the notation of Section 4). 
Thus Cm is the image of T^ under the continuous map (ti,... ,tm) »-> t\... tm 
where T = S U S " 1 , and so, since T is compact, the set Cm is compact and hence 
closed. Therefore if A = Cn for some n then A equals the subgroup generated 
topologically by S. On the other hand, in general we have A = ( Jm^m^ and so if 
A is closed then some Cm contains a coset Nu with u G A and N open in A; thus 
N C (Nu)(Nu)~1 C C2m and it follows that A = Cn where n = 2m + \A : N\. • 
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In particular, the abstract derived group G = {[g, h\ \ g, a G G; is closed 11 and 
only if it consists of products of n commutators for some integer n. This is because 
the set S = {[#, h] \ g, h G G} is closed, being the image of the compact space G x G 
under the continuous map (g, h) »—• [g, h]. A similar conclusion holds if the word [x, y] 
is replaced by any other word w from a free (abstract) group. 

DEFINITIONS. — Let w be a group word (i.e. an element of an abstract free group on 
a set X) and G a group. 

1) A w-value in G is an element obtained by substituting elements of G in place of 
the elements of X in w or w~x. 

2) The verbal subgroup w(G) is (w(gi,..., gk) | G G), the subgroup 
generated algebraically (whether or not G is a topological group) by all w-values in G. 

3) A subset S of G has width at most m in G if the (abstract) subgroup generated 
by S is equal to (SuS'1)*171. 

4) w has width at most m in G if every element of w(G) is a product of at most m 
w-values. 

The convention of including inverses in 2) above follows [14], [15]. We note that 
the commutators [ / i i , / ^ ] = / i f 1 / i ^ " 1 ^ i ^ 2 are the values of the word [x,y], since 

= [y,x], and the values of the word xq for an integer q > 0 are just the 
q-th powers in G. 

The following result is essentially due to Hartley [3]. 

PROPOSITION 5.2. — Let G be a profinite group and w an abstract group word. 
(a) w has width at most k in G if and only if w has width at most k in G/N for 

all open normal subgroups N. 
(b) The following are equivalent: 

(i) w(G) is closed in G; 

(ii) w has finite width in G. 

Proof — We use the fact that if y is a closed set in G then L = p|(FAf), where the 
intersection is over all open normal subgroups N (see [25, (0.3.3)]). If w has width at 
most k in each G/N then w(G) Ç NT*k for each N, where T is the set of w-values, 
and since T*fe is closed we have w(G) = T*k. The other implication in (a) is clear, 
and (b) is provided by Proposition 5.1. • 

The following proposition is another simple application of Baire's category theorem. 

PROPOSITION 5.3. — A verbal subgroup of a profinite group cannot have countably 
infinite index. 
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Proof. — It suffices to note that if if is a subgroup of countable index in a profinite 
group G and H is a union of countably many closed sets Gm, then G is a union 
of countably many sets Gm#; hence some Gm contains an open coset Nu and H is 
open. • 

6. W I D T H O F W O R D S ; S E R R E ' S T H E O R E M 

The width of words in abstract groups was studied by Philip Hall and his student 
Peter Stroud in the 1960s. Stroud proved that if G is finitely generated and is an 
extension of an abelian group by a nilpotent group, then all words have finite width 
in G. Hall also gave the following example in lectures in Cambridge in 1967. 

PROPOSITION 6.1. — There is a 2-generator (abstract) group G with the following 
properties: 

(i) G has a normal subgroup G\ that is nilpotent of class 2 and with G/G\ = Z ; 

(ii) the word [[x,y],[z,i\] does not have finite width in G. 

Proof. — Let F be a free (abstract) group on s,t and let K be the kernel of the 
homomorphism from F to (t) mapping s to 1 and t to itself. Let L be the third term 
of the lower central series of K\ thus L = [[K, K],K] and L < F. Evidently any value 
of the word [z,i\] in F/L is a value of the word [x,y] in K/L, so if the width 
in F/L of the former word is finite then so is the width of the latter in K/L. But K 
is a free group with basis {stn \ n G Z } , and so the quotient K'/L is isomorphic to 
the exterior square E = (K/K1) A (K/K') under the map E —> K'/L induced by the 
commutator map. However clearly there is no bound on the lengths of elements of E 
as sums of elements of form ±u Av. • 

To focus attention more sharply on widths of words in groups, Hall asked about 
the special case of words w taking only finitely many values in a group G: then w has 
finite width if and only if the subgroup w(G) is finite. Ivanov [5] gave an example, 
consisting of an abstract group G and a word w such that there is only one non-trivial 
element of the form w(g) with g a sequence of elements of G; this element has infinite 
order and so w(G) is infinite. It is not known whether there is a similar example for 
profinite groups. 

An outer commutator word in a free group on a set X is a word obtained by 
finitely many operations of taking commutators of two words involving disjoint sets 
of elements of X, starting from elements of X U X~l. Strengthening earlier results, 
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Fernandez-Alcober and Morigi [2] have recently shown that if w is an outer commu
tator word on xi,...,x<i and G is a group such that |{w(g) | g G G^}\ = n then 
H G ) K ( n - l ) " - 1 . 

The following elementary result played a role in the early investigations of verbal 
width, and generalizations of it remain important today. For example, Theorem 8.1 
and the Key Theorem discussed below make assertions of a similar character but are 
valid in a vastly wider setting. The notation is as defined in Section 4. 

LEMMA 6.2. — Let G be a group and suppose that G = G'(gi,...,Let H be a 

normal subgroup of G. Then 

(a) [if, G] = [if, # i ] . . . [H,gd][H,n G] for all integers n > 1. 

(b) If in addition G is a pro-p-group and if is closed, then [if, G] = [if, g\]... [if, gd}; 

in particular, [if, G] is closed. 

Proof — (a) The crucial point is that the commutator map y) \-+ [x, y] behaves 
like a bilinear map when elements of its image lie in the centre. 

The result is clear for n = 1. When n = 2 we can pass to quotients modulo [if,2 G]; 
thus we can assume that [if, G] ^ Z(G). For each h G if the map x H-> [ft, x] from G 
to Z(G) is a homomorphism; so we have [if, G'] = 1 and [if, G] = [if, ( # 1 , . . . , 

For each i the map h [ft, is a homomorphism from if to Z(G), and so its image 
[H,gi] is a subgroup. Let L = [if, # 1 ] . . . [H,gd]. The image of if in G/L lies in the 
centre, and hence [if, G] = L. 

Now let n > 3 and assume the obvious induction hypothesis. We may assume that 
[if,n G] = 1; thus [if, G] < Z(G) where if = [ifm-2 G]. By induction, 

[H,Cl = [Hìgi]...[Hì9d] [if,G] and [H,Cl = [Hìgi]...[Hì9d] [if,G 

Since [kh,gi] = [k,gi][h,gi] for all k e K, h £ H it follows that 

\H,G] = ({K,g1][H,g1}) №9d][H,gd]) [H,gi] [H,gd]. 

(b) Since the set Y = [H,gi]... [H,gd] is closed and finite p-groups are nilpotent, 
(a) and the fact used to prove Lemma 5.2 give [if, G] C f\(YN) = Y, as required. • 

Serre's result on finitely generated pro-p-groups follows easily from this: 

THEOREM 6.3 (Serre). — Every subgroup of finite index in a finitely generated pro
p-group is open. 

Proof — First suppose that G is a finitely generated abelian profinite group and H 
a subgroup of finite index n. The map g H+ gn is a continuous homomorphism from 
G and so its kernel if is closed; since G/if is finite and if ^ if it follows that if is 
open. 
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To complete the proof, it suffices to show that normal subgroups of finite index 
in finitely generated pro-p-groups are open (since the intersection of all conjugates of 
a subgroup of finite index again has finite index). Suppose that n > 1 and that all 
normal subgroups of index less than n in finitely generated pro-p-groups are open. 
Let G be a finitely generated pro-p-group and H a normal subgroup of index n. If 
K is a normal subgroup with H < K < G then by induction K is open; hence K 
is a pro-p-group and is finitely generated, so that H must be open in K and hence 
open in G. Thus we may assume that G/H is simple. Let g e G \ H and let C 
be the closed subgroup generated by g. Then C fi H is open in C from the first 
paragraph, and so \CH/H\ = |C/(C fl H)\ is a power of p. Therefore G/H is a 
simple p-group and so is cyclic; thus [G, G] ^ H. By Lemma 6.2 the normal subgroup 
[G, G] is closed; therefore G/[G, G] is a finitely generated abelian pro-p-group, and 
its subgroup H/[G,G\ is open, from the first paragraph. Because the quotient map 
is continuous it follows that H is open in G. • 

Lemma 6.2 shows that the word [x,y] has finite width in all finitely generated 
pro-p-groups. Roman'kov [19] proved that each word w has finite width in every 
finitely generated virtually nilpotent profinite group. Jaikin-Zapirain [6] made a major 
advance by proving the following result. 

THEOREM 6.4. — Let G be a compact p-adic analytic group. Then all words have 
finite width in G. 

The lovely proof of this result uses in an essential way the structure of the groups as 
manifolds and is strongly Lie-theoretic. Segal [21] has generalized this result further 
to certain Cartesian products of p-adic analytic groups. 

7. SUBGROUPS OF FINITE INDEX AND d-FINITE WORDS 

For an integer O 1 we say that a word w is d-locally finite if every ^-generator 
abstract group H with w(H) = 1 is finite or, equivalently, if Fd/w(Fd) is finite, where 
Fd is the free (abstract) group of rank d. 

Nikolov and Segal prove the following: 

THEOREM 7.1. — Let w be a d-locally finite word and let G be a d-generator profinite 
group. Then there is a number f = f(d,w) such that w has width at most f in G. 
Consequently (by Lemma 5.2) the verbal subgroup w(G) is closed in G. 

Now suppose that if is a subgroup of finite index in a d-generator profinite group G. 
Then the intersection K of the conjugates of H in G is a normal subgroup of finite 
index. Suppose that there is a d-locally finite word w such that w(G/K) = 1. Then 
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w(G) ^ K < H. By Theorem 7.1, w(G) is closed in G and so equals the intersection 
of all open normal subgroups N containing w(G). For each such JV, G/iV is a d-
generator group with w(G/N) = 1, and so G/N is an image of the finite group 
Fd/w(Fd). Therefore all such subgroups N have index at most \Fd/w(Fd)\, and their 
intersection w(G) must have index at most \Fd/w(Fd)\. We conclude that both w(G) 
and H are open. 

Thus Theorem 3.3 is an easy consequence of Theorem 7.1 and the following fact: 

PROPOSITION 7.2. — Let d > 1 and let G be a finite group. Then there is a d-locally 
finite word w such that w(G) = 1. 

This proposition is a consequence of the Oates-Powell theorem, a deep theorem 
on varieties of groups, proved in 1964 in [17]. Nikolov and Segal give the following 
elementarv proof of Proposition 7.2. 

Proof. — Let F be a free group with basis xi,...,Xd, let © be the set of all homo-
morphisms from F to G, and let D = f]eee ker 6. Since 6 is finite, D has finite index 
in F, and so D is finitely generated; let D = (wi,... , w m ) . If g i , . . . ,gd G G then 
consideration of the homomorphism given by Xk •->• gk shows that Wi(gi,... gd) = 1; 
thus Wi(G) = 1. Similarly, since the composite of a homomorphism from F to itself 
and a member of © necessarily belongs to 0 , we have Wi(u) G D for each i and each 
d-tuple u of elements of F. Now define a word w in the free group of rank md as 
follows: 

w ( y i , . . . , y m ) w i ( y i ) . . . w m ( y m ) ; 

here y i , . . . , y m are disjoint d-tuples of variables. From above we have w(G) = 1 and 
w(F) = D, and the result is proved. • 

8. O T H E R C L O S E D V E R B A L S U B G R O U P S 

In [14], [15], the methods used to prove Theorem 7.1 were also used to prove the 
following result. 

THEOREM 8.1. — Let G be a finitely generated profinite group andH a closed normal 
subgroup. Then the (abstract) subgroup [H,G] generated by {[h,g] \ h G H,g G G} is 
closed. Consequently all terms 7 n ( G ) of the lower central series of G are closed. 

The subgroups 7 n ( G ) are defined by 71(G) = G and 7 n + i ( G ) = [yn(G),G] for 
n ^ 1; they are well known to be the verbal subgroups corresponding to the words 
7 n defined by 71 = xi and 7 n + i = [ 7 „ , x n + i ] for n ^ 1. 

In the later paper [16], Nikolov and Segal proved the following result. 
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THEOREM 8.2. — If d, q G .N and H is a finite d-generator group, then the word 

xq has (d,q)-bounded width in H. Consequently, if G is a finitely generated profinite 

group and g G N , then the subgroup Gq is closed. 

Zelmanov's solution of the restricted Burnside problem [28], [29] shows that for all 
d ^ 1 and all q ^ 1 there is a bound on the orders of all finite d-generator groups of 
exponent dividing q. Using this, Theorem 8.2 and the argument given in the deduction 
of Theorem 3.3 from Theorem 7.1, we obtain 

COROLLARY 8.3. — If G is a finitely generated profinite group and q G N, then Gq 

is open. 

The use of Zel'manov's result here is inevitable: Jaikin-Zapirain [6] has shown 
that the statement of Corollary 8.3 with q = p n + 1 implies a positive solution to the 
restricted Burnside problem for exponent p n . 

A commutator word is a word that lies in the derived group of the free group on a 
set X. Clearly w is a non-commutator word if and only if for some x G X the sum q 

of the exponents of x in w is non-zero, and, since the values obtained by mapping 
X \ {x} to 1 are q-th powers, the non-commutator words are precisely the 1-locally 
finite words. 

COROLLARY 8.4. — If G is a finitely generated profinite group and w is a non-

commutator word, then the verbal subgroup w(G) is open in G. 

This follows directly from Corollary 8.3, because w(G) ^ Gq where q = \Z/w(Z)\. 

On the other hand, not all words w have the property that w(G) is closed for 

every finitely generated profinite group G. Roman'kov [19] gave an example of a 

finitely generated pro-p-group G with w(G) not closed and with w(G) < ^(G), where 

w= [[x,y],][z,t]] 

In [6], Jaikin-Zapirain showed that if 1 ^ w G F"(F')P where F is a free group and 

p is any prime, then w(G) is not closed in the free pro-p-group of rank 2. He proved 

the following result. 

THEOREM 8.5. — For 1 ^ w G F and a prime p, the following are equivalent: 

(i) w(G) is closed in G for every finitely generated pro-p-group G; 

(ii) w £ F"(F')*] 

(iii) H/w(H) is virtually nilpotent for every finitely generated pro-p-group H. 
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Here, w(H) denotes the closure of to (if), and we call a profinite group virtually 
nilpotent if it has an open nilpotent subgroup. 

For example xp satisfies (hi) by the solution to the restricted Burnside problem, 
and so does the Engel word [xm y] for all n , by a result in [23]. 

The implication (hi) (ii) in the above theorem is elementary, and (ii) => (iii) 
is an easy consequence of results of Burns and Medvedev [1]. To prove (i) (ii), 
Jaikin-Zapirain generalizes Roman'kov's example mentioned above. If w G Fn(F')p 

has finite width in a non-abelian free pro-p-group if it quickly follows that [x, y]zp has 
finite width in the closure L of the derived group of if; since L is a free pro-p-group 
of infinite rank it follows that there is a uniform bound on the width of [x, y]zp in all 
free pro-p-groups of finite rank. A study of growth rates of dimensions of subspaces 
in associated graded Lie algebras now leads easily to a contradiction. Finally, to 
prove (ii) => (i), by Theorem 6.4 or the earlier result of Roman'kov [19] it suffices to 
prove that w(G) contains a closed normal subgroup K with G/K virtually nilpotent, 
since then w(G)/K = w(G/K), which is closed in G/K. This is established with 
K = ln+1(Gp), where t, n are sufficiently large integers depending on by solving 
congruences successively in quotients G/7 m (G p *) , rather in the fashion of Hensel's 
lemma. 

9. U N I F O R M B O U N D S 

Write G^™} for the set of values of a word w in a group G. Because of Proposition 
5.2, the results Theorem 7.1 and Theorem 8.1 are consequences of the following results 
about finite groups. 

THEOREM 9.1 . — Let d ^ 1 and let w be a d-locally finite word. Then there is a 
function f = f(w,d) such that w(G) = G^*f for every finite d-generator group G. 

THEOREM 9.2. — Let d ^ 1. Then for every finite d-generator group G and normal 
subgroup if we have [if, G] = {[h,g] \ heH,ge G } * / ( d ) , where 1(d) = 12d3 + 0(d2). 

These results depend on the Key Theorem stated below. 

DEFINITION. — A normal subgroup H of G is acceptable if [if, G] = if and if G has 
no normal subgroups Z, N with Z ^ N ^ if such that N/Z is either a non-abelian 
simple group or the direct square of a non-abelian simple group. 

THEOREM 9.3 (Key Theorem). — Let G = (gi,... ,gd) be a finite group and if an 
acceptable normal subgroup, and let q > 1. Then 

H = (\H,9l}...[H,gd}) *hi(d,q) . (fl{q}\*z(q) 
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and 
H = ([H,9l] ...[H,gd})*h^ • (c(H,H))*D, 

where hi(d,q), z(q), h2(d) depend only on the indicated variables and D is a constant. 

To see how the first assertion of the Key Theorem can be applied we require two 
lemmas; the first completely elementary and the second a mild extension of Theorem 
2.3(a). 

LEMMA 9.4. — Let K be a finite d-generator group and let C > 0. Then K has 
characteristic subgroups 

Kb^KA^K3^K2^ Kx 

such that 

(i) K§ is acceptable in K; 

(ii) K3/K5 is perfect and K4/K5 = Z(K3/K5); 

(hi) K3/K± is a direct product of non-abelian simple groups of order greater than C; 

(iv) K\jK3 is soluble, K2 = [Ki,nK] for some n and K2/K3 is acceptable in 
K/K3; 

(v) \K : K\\ is bounded in terms of C and d. 

Proof. — Let K\ = PlflEO ker 0, where © is the set of all homomorphisms 6 from K 
to groups Aut (5 x S) with S non-abelian simple and \S\ ^ C. 

Let K2 = OneN let K3 be the smallest normal subgroup with K\/K3 
soluble, let K± = f](K < K3 \ H3/K G ^ ) , where & is the family of non-abelian 
simple groups of order greater than C, and let K§ = [K±,K3\. 

Since there are at most d° homomorphisms from K to each of the finitely many 
groups S x S with | 5 | ^ C, assertion (v) is clear, and all other statements follow 
easily, except that K$ — [Ks,K3] in (i). To see this, we use the three-lemma, which 
asserts that if N\, N2, N3 are normal subgroups of a group then 

\[NUN2IN3} ^[[N2,N3],N1][[N3,N1],N2]. 

Since K3 = [K3, K3) we have 

K5 = [K51K3] [[K3,K3],Ks]^[K5,K3] 

and the result follows. 

LEMMA 9.5. — For each integer q > 1, there is an integer k = k(q) with the following 
property. Let H be a finite group such that H = H' and such that H/Z(H) is a direct 
product of simple groups of exponent not a divisor of q. Then H = H^*k. 

The two lemmas and the Key Theorem have the following easy but striking conse
quence. 
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COROLLARY 9.6. — Suppose that K is a finite group and X = X-1 is a subset 
containing and invariant under conjugation in K. Suppose also that a1' elements 
of X generate K. Then the width of X in K is bounded in terms of d' and q. 

Proof — Construct Ki,...,K$ as in Lemma 9.4 taking C to be the greatest order 
of a finite simple group S with Sq = 1. Since K$ is acceptable in K and since each 
[k, x] with k G K and x G X is a product of two elements of X, we conclude from the 
Key Theorem that ^ X*ns for some (df, ^-bounded n$. Then Lemma 9.5 implies 
that K3 ^ K^X*713 for some ^-bounded n3. Next, applying the Key Theorem for 
the acceptable normal subgroup K2/K3 of K/K3, we conclude that K2 ^ K3X*n2 
for some (d', <?)-bounded n2. Now Lemma 6.2(a) shows that K\ ^ K2X*2d . Since 
K = (X) we have K C X*m where m = n5 + n3 + n2 + 2d' + \K : Ki | and the result 
follows. • 

It is now simple to deduce Theorem 9.1: one takes q = \C/w(C)\ where C = Z, 
and applies Corollary 9.6 with if = w(G)1 with X = and with ef the number 
of K;-values required to generate w(Fd), where Fd is a free group of rank d. 

10. H E N S E L ' S L E M M A F O R G R O U P S 

Hensel's lemma in its simplest form states that if f(x) is a polynomial with coef
ficients in Zp and if u G Zp satisfies / ( u ) = 0 (mod pr) with r ^ 1, then provided 
that /'(w) ^ 0 (mod p) there is some a G prZp with / ( a -f г¿) = 0 (mod pr+1). Since 
Zp is complete with respect to the filtration by the powers of its maximal ideal pZp, 
the procedure can be iterated to give an element v of Zp satisfying f(v) = 0. Nicolas 
Bourbaki proved a more general version for systems of n equations / 1 , . . . , fn in n 

variables over complete commutative rings R with maximal ideal J: the requirement 
on the derivative is replaced by a non-degeneracy requirement on the Jacobian matrix, 
and the iterative step leads from an n-tuple u satisfying the congruences /¿(11) = 0 
(mod Jr) to an n-tuple a of elements of Jr such that /^(a + u) = 0 (mod Jr+1) for 
each i. 

In order to prove their Key Theorem, Nikolov and Segal use a rather similar pro

cedure to refine approximate solutions in groups. We follow the account given in 

[13]. 

Let G be a group. Given n-tuples a = ( a i , . . . , an), u = (ixi, . . . , un) of elements 

of G (i.e. elements of G ^ ) we write a-u for the n-tuple ( a i ^ i , . . . , anun). For a 

word 9, define 9fu(s) by 0(a-u) = ^ ( a ) ^ ( u ) . At this stage we allow words to contain 

constant elements from G, so they are formally elements of the free product of a free 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2011 



4 0 2 J. S. WILSON 

group with G. The function 6U can perhaps be thought of as a type of derivative of 
0 at the point u. 

Now suppose that the hypotheses of the Key Theorem hold. Let ( # 1 , . . . , #m) be 
the sequence ( # 1 , . . . , g o ) repeated many times. To prove the first assertion, fix h G H, 
and consider the equation 

(1) h = 
3 m 

i=l 7 = 1 

mlkglm 
z 

3 = 1 

V) = $(ui,U2,U3)tf(v). 

We need to find elements = (un,...,i^m) G v = . . . , vz) G -ff̂ ^ solving 
this equation. Choose small normal subgroups K ^ N of G, contained in i7, and 
assume inductively that (1) can be solved modulo K. Thus 

*(ui ,u2,u3)*(v) - k-xh 

for some k G K. We want to lift u i , 112 ,113 , v to obtain a solution of (1), by replacing 
Ui by a^.u^ and v by b .v , with G iV"(m), b G i V ^ . So we require 

$(ai-ui,a2-U2,a3-u3)*(b-v) = h, 

or equivalently 

(2) $ ( 1 ( a 1 , a 2 , a 3 ) (*'v(b))*(")_1 = fc, 

where u = ( 1 1 1 , 1 1 2 , 1 1 3 ) . The element $ ^ ( a i , a 2 , a 3 ) can be written as a product 
of commutators [a^-, gj]lij(^. The analogue of the non-degeneracy requirement in 
Hensel's lemma is the following condition: 

K(gTj(u) \j = l,...,m) G for i = 1,2,3. 

This is incorporated into the induction hypothesis: we want to solve (2) subject to 
the additional condition 

(3) ( ^ ( a - u ) I j = l , . . . , m ) = G for 2 = 1,2,3. 

In the cases requiring consideration, N is a normal subgroup minimal with respect 
to satisfying N = [N,G] ^ 1. Two cases arise: either (a) N is nilpotent of class at 
most 2, or (b) N/Z(N) is a direct power of a finite simple group S. Entirely different 
methods are required for the two cases. The proof of that the necessary solutions can 
be found is a tour de force. 

In case (a), it is proved that (2) has many solutions with b = 1 and separately that 
(3) holds for many triples a = (ai , a2, a3) G N^3rn\ The solution sets are shown to be 
so large that their intersection must be non-empty, and consequently the equations 
(2), (3) have a simultaneous solution. 
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In case (b), two solution sets are again shown to be large, but the procedure splits, 

depending on the size of S. The proofs depend on the theorems from [15], discussed 

in the next section. 

11 . T W I S T E D C O M M U T A T O R S I N S I M P L E G R O U P S 

In order to unravel the complexities of the multiplication of group elements in 

finite groups having normal subgroups N with N/Z(N) a direct power of a non-

abelian simple group, Nikolov and Segal [15] have to prove some substantial new 

results about finite simple groups. 

Let G be a group. For x,y G G and Q,/3 G Aut G, define the twisted commutator 

Ta^(x,y) = x~1y~1xayf3, and let T a ?^(G, G) be the set of such elements. Thus 

in particular the derived group G' is the group generated by T\^. A group G is 

quasisimple if G = G' and G/Z(G) is simple. 

THEOREM 11.1. — There is a constant D such that if G is a finite quasisimple group 

and ai,... ,aD,(3i,...,(3D £ AutG then G = J ] T ^ ^ . 

THEOREM 11.2. — Given q > 0 there exist numbers C(q), M(q) with the following 

property. 

Suppose that G is a finite quasisimple group such that |G/Z(G)| > C(q), let 

ftr • • ^ M ( q ) € AutG and suppose that tfi, • • • , # M ( g ) divide M(q). Then there are 

inner automorphisms ai,..., c*M{q) °f G such that G = J|[G, (oa/3i)qi]. 

Theorem 11.1 is a corollary of the case of Theorem 11.2 in which q = 1. The 

authors describe these two results as 'far-reaching generalizations' of Theorem 2.3 (b) 

about ordinary commutators. Let us explain why these results are harder to prove 

than Theorem 2.3(b). This theorem asserts that there is some constant c such that 

every element of every non-abelian finite simple group is a product of c commutators. 

The proof is simplified by an observation made in Section 2 above. Let (.S^ZGN be 

a family of finite Chevalley groups of the same type £Xr. Then any ultraproduct 

Y\Si/ty is isomorphic to a Chevalley group £Xr(F) over a possibly infinite field F ; in 

particular it is simple and each of its elements is a (finite) product of commutators. It 

follows that it is impossible to find elements gi G Si such that gi cannot be expressed 

as a product of fewer than i commutators for each i. This leads easily to a proof that 

there is a bound to the widths of the word [x,y] in the groups Si. 

The above argument essentially reduces the proof of Theorem 2.3 (b) to the consid

eration of finite simple classical groups. A reduction of this type seems unavailable in 

the context of Theorems 11.1 and 11.2, and instead Nikolov and Segal have to carry 

out a long and detailed examination of the structure of the simple groups of Lie type. 
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12. A P P L I C A T I O N S T O M O D E L T H E O R Y 

The results reported above have given fresh impetus to the area of group theory 
directly concerned with word values. However, in addition to this area and profinite 
group theory, there is at least one other important area where the results and methods 
may be expected to be applied, namely the model theory of groups. This is essentially 
because model theory, like profinite group theory, copes well with the formation oi 
finite products of good sets, but not generally with unions of ascending chains of such 
products. We end by describing two applications to the model theory of groups, one 
of them concerning profinite groups. 

We consider properties of groups that can be formulated within the first-order 
language of group theory. Thus we are concerned with finite formulae, involving 
variables representing group elements, the symbols =, • , ~1 and 1 representing 
equality, group multiplication, inverse and identity, the logical symbols —> ('implies'), 
A ('and'), V ('or'), i ('not'), and quantifiers ranging over all elements of the group. A 
first-order sentence is a formula in which each variable is preceded by a quantifier. We 
omit the symbol • representing multiplication, and for comprehensibility we introduce 
abbreviations such as ^ , x2, [x,y], and A i ^ i < j ^ m > with the obvious meanings, and 
abbreviations such as x for finite sequences of variables. 

For example, let w be a word in a free group of rank r, and for each integer n 

consider the formula 

1pw,n(%) • 3 y i . . . 3 y n 

e i , . . . , e n Ç { ± l } 

x = w(yi)£ w(yn)£n 

and the sentence 

kjdg V X i . . . V x n + i 

e i , . . . , e n + i G { ± l } 

^ , n ( ^ ( X l ) £ l w(xn+i)fiB+i: 

Here each and each y $ is understood to be a sequence of r variables. The formula 

ipw,n asserts that a: is a product of n it;-values; Qwn asserts that products of n + 1 
w-values can be expressed as products of n it;-values, and so it asserts that w has width 

at most n. In the language of first-order group theory, Theorem 7.1 states that if G 

is a d-generator profinite group and w is a d-finite word then w(G) is characterized 

as the set of elements satisfying ipwj, where the integer / depends on d, w alone. 

In [7], Jarden and Lubotzky established the following result. 

THEOREM 12.1 . — If G, H are profinite groups, at least one of which is finitely 

generated, and if G, H satisfy the same first-order sentences (regarded as abstract 

groups) then G, H are isomorphic. 
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Let us prove this result. A well-known elementary result (see for example [25, 
Corollary 4.2.5]) asserts that two profinite groups, at least one of which is finitely 
generated, are isomorphic if and only if they have the same classes of finite images. 
Therefore it suffices to prove that G, H have the same finite images. Suppose that G 
is a d-generator group. Since every finite group F satisfies w(F) = 1 for some d-locally 
finite word w by Lemma 7.2, it will suffice to prove that G/w(G) and H/w(H) are 
isomorphic for all such words w. Fix w, define i/)Win(x) and 0w^n as above, and take 
n large enough for G to satisfy 0w^n. Therefore H satisfies #™jn, and in both groups 
the verbal subgroup corresponding to w consists of the elements x for which ^w^n(x) 
holds. 

Now G/w(G) is finite; let its elements be # i , . . . , gm and define /i(i,j) for 

1 ^ hj ^ m by gigj = gu(i ?)• Thus G satisfies the sentence 

3xi... 3xmVg 

1pw,n (XiXjX 

1pw,n (XiXjX — i 

sdfi 

1pw,n (XiXjX 

sdgf 
'"'Ipw ,71 (%i%j ) 

suitable elements Xi are preimages in G of the elements g i . Therefore H also satisfies 
this sentence. The images in H/w(H) of elements Xi whose existence is asserted 
are distinct, comprise all elements of H/w(H) and multiply in exactly the same way 
as the elements gi in G/w(G). Therefore G/w(G) and H/w(H) are isomorphic, as 
required. 

A universal sentence is a first-order sentence of the form V#i . . . Vxm (f(xi,..., xm) 
where (p is quantifier-free, and a V3 sentence is a sentence of the form 

VXi . . . \/Xm 3 y i . . . 3yni ^X\, . . . , Xm, Xf\, . . . , Uri) 

where -0 is quantifier-free. The second paragraph of the above argument simply 
shows that a group satisfying the same first-order sentences as a finite group G is 
necessarily isomorphic to G. An easy modification establishes the proof of the well-
known stronger assertion that if G, H are two structures satisfying the same universal 
sentences and if one of them is finite then they are isomorphic. Using this we may 
strengthen Theorem 12.1 as follows: ifG, H are profinite groups, at least one of which 

is finitely generated, and if G, H satisfy the same V3 sentences (regarded as abstract 

groups) then G, H are isomorphic. 

Various properties of groups that do not immediately appear to be first-order 
properties can nevertheless be expressed by a first-order sentence. For example, a 
group G is nilpotent of class at most 2 if its derived group G' lies in the centre. 
The simplest sentence expressing this, (Vx E Gf)(Vy £ G) [x, y] = 1, is neither 
first-order nor an abbreviation of a first-order sentence, since G' consists of prod
ucts of commutators with arbitrarily large numbers of factors. However the sentence 
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(Vx)(Vy)(Vz) [[x,y],Z = 1 is first-order and characterizes nilpotent groups of class at 
most 2. 

More remarkable examples arise within the context of finite groups. For example, 
although there is no first-order sentence characterizing the cyclic groups, or the abelian 
simple groups, Feigner proved that there is a sentence that is satisfied by a finite 
group G if and only if G is a non-abelian simple group (see [24, Lemma 2.5 ff.]). In 
[26] it was proved that a finite group is soluble if and only if it satisfies the sentence 

p : (VtfVzi... VzseVt/i. . . Vj/se) {9 = ivg^[gx\9yi] \gX56,gy59])-

This sentence states that no non-trivial element g is a product of 56 commutators of 
pairs of conjugates of g. It is a triviality that a finite group is soluble if and only if no 
element g ^ 1 is a product of elements [gx,gy] with an arbitrary number of factors, 
since these products comprise the derived group of the smallest normal subgroup 
containing g. 

It is also of interest to determine which important subsets of groups are determined 
by first-order formulae. For example, the sentence ((x) : (Vy) [x,y] = 1 characterizes 
elements of the centre, and, as we saw above, certain sentences of the form ipw^n 

characterize the elements of verbal subgroups in some groups. 

The (soluble) radical R(G) of a finite group G is the largest soluble normal subgroup 
of G. There have been many results characterizing its elements in various ways. Their 
proofs are generally much harder than related results characterizing soluble groups. 
In [27] it was proved that there is a first-order formula a(x) such that an element g 
of a finite group G lies in R(G) if and only if a(g) holds in G. The proof depends in 
a crucial way on a version of the Key Theorem, Theorem 9.3. The point illustrated 
by all such results is that, although the subgroup of a group generated by a set S 
contains products of elements of S U S~1 of lengths that are in principle unbounded, 
results describing circumstances in which bounds exist are likely to have striking 
consequences. 
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