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EXTENSIONS FOR SUPERSINGULAR 
REPRESENTATIONS OF GL2(QP) 

by 

Vytautas Paskunas 

Abstract. — Let p > 2 be a prime number. Let G := GL2(Qp) and 7r, r smooth 
irreducible representations of G on Fp-vector spaces with a central character. We show 
if 7T is supersingular then Ext^(r, n) ^ 0 implies r = TV and compute the dimension 
of Ext̂ (7r, 7r). This answers affirmatively for p > 2 a question of Colmez. We also 
determine Ext^(r, 7r), when 7r is the Steinberg representation. As a consequence of 
our results combined with those already in the literature one knows the extensions 
between all the irreducible representations of G. 

Résumé (Extensions aux représentations supersingulières de GL2(QP)). — Soit p > 2 un 
nombre premier. Soient G := GL2(Qp) et 7r, r des représentations lisses irréductibles 
de G sur des Fp-espaces vectoriels avec caractère central. Nous montrons que si n est 
supersingulière alors Ext^(r, n) ^ 0 implique r = 7r et nous calculons la dimension 
de Ext̂ (7T, 7r). Cela répond par l'affirmative pour p > 2 à une question de Colmez. 
Nous déterminons aussi Ext^(r, n), quand 7r est la représentation de Steinberg. En 
conséquence de nos résultats, combinés avec ceux de la literature, nous connaissons 
maintenant les extensions entre toutes les représentations irréductibles de G. 

1. Introduction 

In this paper we study the category RepG of smooth representations of G := 

GL,2(QP) on Fp-vector spaces. Smooth irreducible Fp-representations of G with a 

central character have been classified by Barthel-Livne [1] and Breuil [4]. A smooth 

irreducible representation 7r of G is supersingular, if it is not a subquotient of any 

principal series representation. Roughly speaking a supersingular representation is an 

Fp-analog of a supercuspidal representation. 

Theorem LI. — Assume that p > 2 and let r and n be irreducible smooth represen

tations of G admitting a central character. If TT is supersingular and Ex t^ ( r , ir) ^ 0 

then r = TT. Moreover, if p > 5 then dimExtQ(7r, 7r) = 5. 

2000 Mathematics Subject Classification. — 22E50, 11F70. 
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318 V. PASKUNAS 

This answers affirmatively for p > 2 a question of Colmez, see the introduction 

of [7]. When p = 3 there are two cases and we can show that in one of them 

dim Ext¿(71-, 7r) = 5, in the other dim E x t ^ ^ , 7r) < 6, which is the expected dimension. 

We note that if r is a twist of Steinberg representation by a character or irreducible 

principal series then Colmez [7, VII.5.3] and Emerton [8, Prop. 4.3.14] prove by 

different methods that Ext^r , 7r) = 0. Our result is new when r is supersingular or 

a character. 

We now explain the strategy of the proof. We first get rid of the extensions coming 

from the centre Z of G. Let £ : Z —> ¥p be the central character of 7r, and let 

RepG>£ be the full subcategory of RepG consisting of representations with the central 

character £. We show in Theorem 8.1 that if Ext^(r, 7r) 7̂  0 then r also admits 

a central character £. Let Ext^^(r, TT) parameterise all the isomorphism classes of 

extensions between 7r and r admitting a central character (. We show that if r ^ 7r 

then Ext^^(r, 7r) = Ext^(r, 7r) and there exists an exact sequence: 

(1) 0 -> Ext^c(7r,7r) Ext^(7r,7r) -> Hom(Z,Fp) 0, 

where Horn denotes continuous group homomorphisms. Let / be the 'standard' Iwa-

hori subgroup of G, (see §2), and I\ the maximal pro-p subgroup of I. Since C is 

smooth, it is trivial on the pro-p subgroup /1 fl Z , hence we may consider ( as a 

character of ZI\. Let := Endc(c-Indf7l Q be the Hecke algebra, and Mod^ the 

category of right ^-modules. Let : RepG ̂  —• M o d ^ be the functor 

0 -> Ext^c(7r,7r) Ext^(7r,7r) -> Hom(Z,Fp) 0, 

Vigneras shows in [18] that induces a bijection between irreducible representations 

of G with the central character £ and irreducible ^-modules. Using results of Ollivier 

[13] we show that there exists an i£o-spectral sequence: 

(2) Ext^(^(r) ,MJ'0 -> Ext^c(7r,7r) => Ext^c(r,7r). 

The 5-term sequence associated to (2) gives an exact sequence: 

(3) 0 - E x t ^ ( ^ ( r ) , ^ ( 7 r ) ) -> Ext^c(r,7r) -+ H o m ^ ( ^ ( r ) , R 1 S(<*)). 

Now E x t ^ (J^(r) , ^(71-)) has been determined in [6] and in fact is zero if r ^ 7r. The 

problem is to understand IR1 J^(7r) as an ^-module . 

We have two approaches to this. Results of Kisin [10] imply that the dimension 

of Ext^(7r,7r) is bounded below by the dimension of Ext^Q (p, p), where p is the 

2-dimensional irreducible ^-representation of &QP, the absolute Galois group of Qp, 

corresponding to TT under the mod p Langlands, see [5], [7]. (Excluding one case when 

p = 3.) Let 3 be the image of Ex t^Tr , TT) Hom^(j^(7r), R1 J^(TT)). Using (1) 

and (3) we obtain a lower bound on the dimension of 3. By forgetting the J^-module 

structure we obtain an isomorphism of vector spaces: 

0 -> Ext^c(7r,7r) Ext^(7r,7r) -> 
0 -> Ext^c(7r,7r) Hom(Z,Fp) 
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EXTENSIONS FOR SUPERSINGULAR REPRESENTATIONS OF GL2(QP) 319 

where Z\ is the maximal pro-p subgroup of Z. The key idea is to bound the dimension 
of(J^(r ® 77x) 7R) from above and use this to show if x<<^m was a submodule of R1 y(n) 
for some r ^ IT then this would force the dimension of 3 to be smaller than calculated 
before. 

At the time of writing (an n-th draft of) this, [10] was not written up and there 
were some technical issues with the outline of the argument in the introductions of [7] 
and [9], caused by the fact that all the representations in [7] are assumed to have a 
central character. Since we only need a lower bound on the dimension of Ext£(7r,7r) 
and only in the supersingular case, we have written up the proof of a weaker statement 
in the appendix. The proof given there is a variation on Colmez-Kisin argument. 

In order to bound the dimension of(J^(r ® 77)(J^c(r ® 77) 7r) we prove a new result about the 
structure of supersingular representations of G. Let M be the subspace of 7r generated 
by 7rJl and the semi-group vwwZP ) . One may show that M is a representation of / . 

Theorem 1.2. — The map (v, w) H-> V — w induces an exact sequence of I-representa

tions: 
0 ^ 7 R / l - > M © n . M _ > 7 r _ > 0 , 

where II = 
w< 

\p 

1> 

o 

We show that the restrictions of M and M/ir11 to JnU, where U is the unipotent 
upper triangular matrices, are injective objects in Rep/nt/. If if) : I —> ¥p is a smooth 
character and p > 2, using this, we work out Ext}/Zl(V>, M) and Ext}/Zl (ip, M/TT11). 
Theorem 1.2 enables us to determine H(J^(r ® 77)(J^(r ® 77) 7r) as a representation of / , see The

orem 7.9 and Corollary 7.10. Once one has this it is quite easy to work out R1 J^(7r) 
as an ^-module in the regular case, see Proposition 10.5, without using Colmez's 
work. It is also possible to work out directly the Jif'-module structure of R1 J^(7R) 

in the Iwahori case. However, the proof relies on heavy calculations of Ext^(l,7r) 
and Ext^(5t,7r), where K := GL2(ZP) and St is the Steinberg representation of 
K/Ki = GLf2(FP). So we decided to exclude it and use "strategic de Kisin" instead. 

The primes p = 2, p = 3 require some special attention. Theorem 1.2 holds when 
p = 2, but our calculation of Hx(Ii/Zi,n) breaks down for the technical reason 
that the trivial character is the only smooth character of / , when p = 2. However, 
if p — 2 and we fix a central character ( then there exists only one supersingular 
representation (up to isomorphism) with central character £. Hence, it is enough to 
show that Ext^(r, TT) = 0 when r is a character, since all the other cases are handled 
in [7, VII.5.3], [8, §4]. It might be easier to do this directly. 

Let Sp be the Steinberg representation of G. After the first draft of this paper, 
it was pointed out to me by Emerton that it was not known (although expected) 
that ExtG(?7, Sp) = 0, when 77 : G —> ¥P is a smooth character of order 2 (all the 
other cases have been worked out in [8, §4], see also [7, §VIL4,§VII.5]). A slight 
modification of our proof for supersingular representations also works for the Steinberg 
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320 V. PASKUNAS 

representation. In the last section we work out Ex t^ ( r , Sp) for all irreducible r , when 

p > 2. As a result of this and the results already in the literature ([6], [7], [8]), one 

knows Ex t^ ( r , 7r) for all irreducible r and 7r, when p > 2. We record this in the last 

section. 

Acknowledgements. — The key ideas of this paper stem from a joint work with 

Christophe Breuil [6]. I would like to thank Pierre Colmez for pointing out this 

problem to me and Florian Herzig for a number of stimulating discussions. I would 

like to thank Gaétan Chenevier, Pierre Colmez and Mark Kisin for some very help

ful discussion on the "stratégie de Kisin" outlined in [7] and [9]. This paper was 

written when I was visiting Université Paris-Sud and IHES, supported by Deutsche 

Forschungsgemeinschaft. I would like to thank these institutions. 

2. Notation 

Let G := GL2(QP) , let P be the subgroup of upper-triangular matrices, T the 

subgroup of diagonal matrices, U be the unipotent upper triangular matrices and 

K := GL2(ZP). Let p : = pZp and 

I:= I p 

P 

x<< 

**4 
h := 

1 + P 

E 

z p 

i + P 
Ki := 

1 + P 

P 

P 

1 + p 

For À G Fp we denote the Teichmiiller lift of À to Zp by [A]. Set 

H := 

<cv; 

0 

0 
;c<< : A , / / € F P X 

Let a : H -> 
cw 
;;;; be the character 

a( 
[A] 

0 

0 

;c : = A/ i -1 . 

Further, define 

<<m^$ 0 

wp 

1 

ww 
s := 

ww 

1 

xx 

0 
t := 

P 

0 

^bc 

1 

For A G F* we define an unramified character n\ : Q * —> F*, by x »-> Ava1^). 

Let Z be the centre of G, and set Zx := ZC\I\. Let G° := {g G G : de tg G Z * } 

and set G + : = ZG°. 

Let ^ be a topological group. We denote by H o m ( ^ , F p ) the continuous group 

homomorphism, where the additive group Fp is given the discrete topology. If "V is a 

representation of £f and 5 is a subset of "V we denote by (Sf . £ ) the smallest subspace of 

y stable under the action of <$ and containing S. Let R e p ^ be the category of smooth 

representations of £f on Fp-vector spaces. If 2f is the centre of and £ : 3? —> F* is 
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a smooth character then we denote by R e p ^ ^ the full subcategory of R e p ^ consisting 

of representations with central character £. 

All the representations in this paper are on Fp-vector spaces. 

3. Irreducible representations of K 

We recall some facts about the irreducible representations of K and introduce some 

notation. Let a be an irreducible smooth representation of K. Since K\ is an open 

pro-p subgroup of i f , the space of K\-invariants aKl is non-zero, and since K\ is 

normal in i f , aKl is a non-zero if-subrepresentation of <r, and since a is irreducible 

we obtain o~Kl = a. Hence the smooth irreducible representations of i f coincide with 

the irreducible representations of K/K\ = GL2(FP), and so there exists a uniquely 

determined pair of integers (r, a) with 0 < r < p — 1, 0 < a < p — 1, such that 

c r^SymrFp(g>de ta . 

Note that r = dim a — 1 and throughout the paper given cr, r will always mean 

dimcr — 1. The space of I\-invariants cr11 is 1-dimensional and so H acts on a11 by a 

character \a = X- Explicitly, 

x<< [A] 

0 

0 

<< 
= Xr(\fj,)a. 

We define an involution a i—> a on the set of isomorphism classes of smooth irreducible 

representations of K by setting 

c r := S y m p - r - V ® d e t r + a . 

Note that \o — X%- For the computational purposes it is convenient to identify 
2 

SymrFp with the space of homogeneous polynomials in Fp[x,y] of degree r. The 

action of GL2(FP) is given by 

a 

<< 

<< 

dj 
. P(x, y) \= P(ax -f cy, bx + dy). 

With this identification a11 is spanned by xr. 

Lemma 3.1. — Let 0 < j < r be an integer and define fj G Symr 
<< 

ieta by 

fr-= 
<<<pm 

XP-I-J 
f 
1 

,0 

A 

1 

T 

sx . 

Ifr = p-1 andj = 0 thenfo = ( - l ) a + 1 ( x r + yr), otherwise fj = (-l)a+w<<<<1 (Tj)xjyxxr-j. 
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Proof. — It is enough to prove the statement when a = 0, since twisting the action 

by deta multiplies fj by (dets)a = ( - l ) a . We have 

(4) 
x< 

AeFp 

Xp-1-i(Xx + y)r = 

r 

i=0 

(r 

mc<< <^$$ 

\p-1+i-j)xiyr-i. 

If a > 0 is an integer then Aa : = ^ A e F p Aa *s zero> unless a > 0 and p — 1 divides a, 

in which case Aa = — 1. Note that 0° = 1. li a=p — 1 + i — j then Aa ^ 0 if and only 

if i — j or i — j = p — 1, which is equivalent to r = z = p — 1 and j = 0. This implies 

the assertion. • 

Let ¥P[[I fl £/]] denote the completed group algebra of T fl J7. Since I DU = Zp 

mapping X to (J | ) - 1 induces an isomorphism between the ring of formal power 

series in one variable FP[[X]] and Fp[[Tn U]]. Every smooth representation r of In U 

is naturally a module over Fp[[Tnl7]], and we will also view r as a module over FP[[X]] 

via the above isomorphism. 

Lemma 3.2. — Let xr G Symr Fp ® deta then Xrsxr = (-l)ar\xr. 

Proof. — We have sxr = ( - l ) V I f 0 < i < r then X . xr~iyi = xr-l(y + 1)* -

xr~lyl — ixr~l+1yl~1 + Q, where Q is a homogeneous polynomial of degree r, such 

that the degree of Q in y is less than 2 — 1. Applying this observation r times we 

obtain that Xr . yr = r\xr. • 

4. Irreducible representations of G 

We recall some facts about the irreducible representations of G. We fix an integer 
2 

r with 0 < r < p — 1. We consider Symr ¥p as a representation of KZ by making p 

act trivially. It is shown in [1, Prop. 8] that there exists an isomorphism of algebras: 

EndG(c- Indgz SynT F?) ¥P[T] 

for a certain T G End<3(c-Ind^z Symr F^) defined in [1, §3]. One may describe T as 

follows. Let <p G c - Ind^z SynT F^ be such that Supp<^ = ZK and (p(l) = xr. Since 

ip generates c - Ind^z Symr F^ as a G-representation T is determined by Tip. 

Lemma 4.1. — (i) Ifr = 0 then 

^$b<<ùù 
0 -> Ext^c(7 

AGFp 

' l 

0 

[A] 

1 
x<< 

(ii) Otherwise, 

T<p = 

AeFp 

1 

<< 

[A] 

1 
<<$$ 
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Proof. — In the notation of [1] this is a calculation of T([l,e$]). The claim follows 
from the formula (19) in the proof of [1] Theorem 19. • 

It follows from [1, Thm. 19] that the map T - A is injective, for all A G Fp. 

Definition 4.2. — Let 7r(r, A) be a representation of G defined by the exact sequence: 

0 c - I n d f ^ S y m V 
T — A 

c - I n d g ^ S y n / F ^ ?r(r, A) - 0. 

If V : Qp —> is a smooth character then set 7r(r, A, rj) := 7r(r, A) ® rj o det. 

It follows from [1, Thm. 30] and [4, Thm. 1.1] that 7r(r, A) is irreducible unless 
(r, A) = (0, ± 1 ) or (r, A) = (p — 1, ± 1 ) . Moreover, one has non-split exact sequences: 

(5) 0 —> M ± i ° det —• 7r(p — 1, ± 1 ) —> Sp (8) M ± I o det —> 0, 

(6) 0 —> Sp (g) M ± I o det —> 7r(0, ± 1 ) —• M ± I o det —> 0, 

where Sp is the Steinberg representation of G, (we take (5) as definition) and if 
A e F* then : Q * —• F*, x >-> Ava1^. Further, if A ^ 0 and (r, A) ^ ( 0 , ± 1 ) then 
[1, Thm. 30] asserts that 

(7) 7r(r, A) = Indp M A - 1 ® M A ^ R 

It follows from [1, Thm. 33] and [4, Thm. 1.1] that the irreducible smooth represen
tations of G with the central character fall into 4 disjoint classes: 

(i) characters, n o det; 
(ii) special series, Sp <g> rj o det; 

(iii) (irreducible) principal series 7r(r, A, 77), 0 < r < p - 1, A ^ 0, (r, A) ^ (p — 1, ± 1 ) ; 
(iv) supersingular 7r(r, 0, 77), 0 < r < p — 1. 

4.1 . Supersingular representations. — We discuss the supersingular represen
tations. Breuil has shown [4, Thm. 1.1] that the representations 7r(r, 0, 77) are irre
ducible and using the results [1] classified smooth irreducible representations of G 
with a central character. 

Definition 4.3. — An irreducible representation TT with a central character is supersin
gular if 7r = 7r(r, 0,77) for some 0 < r < p — 1 and a smooth character 77. 

All the isomorphism between supersingular representations corresponding to dif
ferent r and 77 are given by 

(8) 7r(r, 0,77) = 7r(r, 0,77M-1) = TT(p - 1 — r, 0,r)ur) = 7r(p — 1 — r, 0, T)U)rM-i) 

see [4, Thm. 1.3]. It follows from [1, Cor.36] that an irreducible smooth representation 
of G with a central character is supersingular if and only if it is not a subquotient of 
any principal series representation. 
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324 V. PASKUNAS 

We fix a supersingular representation n of G and we are interested in Ext^(r, 7r), 

where r is an irreducible smooth representation of G. If 77 : G —> F* is a smooth 

character, then twisting by 77 induces an isomorphism 

Ext^(r, 7r) = Ext^(r (g> 77,7T <g> 77). 

Hence, we may assume that p E Z acts trivially on 7r, so that 7r = 7r(r, 0,a;a), for 
some 0 < r < p - 1, and 0 < a < p - 1. It follows from [4, Thm. 3.2.4, Cor. 4.1.4] 
that 7rTl is 2-dimensional. Moreover, [4, Cor. 4.1.5] implies that there exists a basis 
{v<r,Va} of 7rJl, such that Uvcr = v&, Il̂ cr = va and there exists an isomorphism of 
i^-representations: 

(K.va)*È<T, {K .Vâ) = <r, 

2 
where cr := SynT ¥p <S> det°. The group H acts on by a character \ and on v„ by 
a character %s- Explicitly, 

(9) X( 
[A] 

, 0 

0 

<xp 
= \r(\[x)a, VA, fi e Fpx. 

Lemma 4.4. — T/ie following relations hold: 

(10) w<<^$mmm \a+l 

mx<< 

p̂—1—r 1 

<< 

[Al 

1< 
tva; 

(H) va = ( - 1 ) 
\r+a+l 

AeFp 

$x< 1 

Vo 

<<^$ 

1 
tva; 

(12) Xrtvö = (-l)er!tv, X*-X~rtva = (-l)r+a(p - 1 - r)\va. 

2 
Proof. — Since tv^ = sYlvfr = sva this is a calculation in SymrFp 0 deta, which is 
done in Lemmas 3.1 and 3.2. • 

Definition 4.5. — M := p 
K 0 1 

^w<n,; p^ùmm p2N 
0 

Zp 
1 

Va and M# '.— 
c<<;, 

0 1 
^w<<ù^$ 

Lemma 4.6. — The subspaces M, Ma, are stable under the action of I. 

Proof. — We prove the statement for M, the rest is identical. By definition M is 
stable under 7 D U. Since I = (I H PS)(I C\U) it is enough to show that M is stable 
under 7 H Ps. Suppose that gx G 7 fl Ps, g2 G 7 H [/. Since 7 = (J fl 17)(7 n Ps) there 
exists /¿2 G 7 n J7 and hi G 7 D Ps such that <7i#2 = h2h\. Moreover, for n > 0 we 
have £-n(7 D Ps)tn C 7. Hence, if v G TT'1 then (*-nMn)v G 7rJl and so 

gi(g2tnv) = /i2Mn^ = h2tn(t-nh1tn)v G M, Vi? G TT'1. 

This implies that M is stable under 7 fl Ps. 
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The isomorphism 7r(r, 0, ua) = ir(p - r - 1,0, ujr+a) allows to exploit the symmetry 
between Ma and Ma. In particular, if we prove a statement about Ma which holds 
for all cr, then it also holds for Ma (with a replaced by a). 

Proposition 4.7. — The triples \ ^ Ma and xs ^ Ma are injective envelopes of x 
and xs in RePHihnu)- ^n particular, M„inU = ¥pv(7 and M~lC)U = ¥pva. 

Proof. — We will show the claim for MG. The relations (12) imply that 

V(7 = (-l)rr!(p - 1 - r)\Xr+p^-1-rH2v<r. 

For n > 0 define An := ((-l)rr!(p-l-r)!)n, e0 := 0 and en := r+p(p-l-r)+p2en-1. 
Further define M^n := {(h n U)t2nvG). Since t2nva = AiXP2ncit2<n+1W, Ma,n is 
contained in M„ n+i and hence 

Ma = lim MG„ 

n 
Since va = AnXen£2nt>a and Xva = 0 we obtain an isomorphism Ma,n = 
Fp[X]/(Xe-+1). In particular, for all n > 0 we have M*£u = ¥pva, and so 
M^inu = Fpva. Given m > 0, set ^m := (J p™ ) , choose n such that en > pm and 
define M'a7n := ((A n U). XE"+L~PMt2nva). Then M'arn ^ ¥P{X)/{X^) * Mj™ is 
an injective envelope of x m R'ePiy(/1nt/)/̂ m* Since Ma = lim Mam we obtain that 
Ma is an injective envelope of x m RePi^/int/)- ^ 

Lemma 4M. — Let n > 0 be an odd integer then tnva € Ma and tnva € Ma. Hence, 
tMa C Ma and tMa C Ma. 

Proof. — It follows from the definition that t2Ma C MG. Hence, it is enough to 
consider n = 1. Applying t to (12) we obtain tva = {-l)a{r^-lX^rt2va e M~a. 
If k, m > 0 are integers and m even then we have t(Xktmva) = Xpfe£m(£va) 
and since tva G Ma and m is even we obtain t(Xktrnva) € Ma. The set 
{Xktmva : k,m > 0,2 | m} spans Ma as an ¥p-vector space. Hence, tM0 c M^. 
The rest follows by symmetry. • 

Lemma 4.9. — We have sva G Ma and sva G Ma. 

Proof. — Since sva = slivâ — tva this follows from Lemma 4.8. 

Lemma 4.10. — M is the direct sum of its I-submodules Ma and Ma. 

Proof. — Proposition 4.7 implies that {Ma nMa)h = Af£ PlM-1 = ¥pva n¥pva = 0. 
Hence Ma 0 M# = 0 and so it is enough to show that M = Ma + Ma. Clearly, 
M(j C M and Ma- c M. Lemma 4.8 implies M C Ma + M^. • 

Definition 4.11. — We set -KG := + n . MG and -K0 \— Ma + n . Ma. 

Proposition 4.12. — The subspaces 7ra and na are stable under the action of G+. 
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Proof. — We claim that S7ra C na. Now s(IIM^) = tM^ C Ma by Lemma 4.8. It 
is enough to show that sMa C 7ra. By definition of Ma it is enough to show that 
s(utnva) G ira for all u G I\ fl U and all even non-negative integers n. Lemma 4.9 
gives sva G Mo- and if n > 2 is an even integer then stnva = Utn~1va G HM& by 
Lemma 4.8. Since s(Ki fl U)s — I\ fl Us for all u G K\ fl £/, and n > 0 even, we get 
that sutnva G 71*0-. If u G (Ji fl {/) \ (i^i fl [/) and n > 0 even, then the matrix identity: 

(13) 
0 

,1 

1 

0 

fl 

0 

0 

1 
xw 

wl^ù 

0 

1 

0, 

1 

/T1 

0 

1 

implies that sutnva G Ma. This settles the claim. By symmetry TT^ is also stable 
under s, and since 7ra = 1 1 ^ , we obtain that 7ra is stable under IIsII-1. Lemma 4.6 
implies that 7ra is stable under I. Since s, IIsII-1 and 7 generate G°, we get that 7ra 
is stable under G°. Since Z acts by a central character,^xw is stable under G+ = ZG°. 
The result for <wp^^follows by symmetry. • 

5. Extensions 

In this section we compute extensions of characters for different subgroups of I. 

Definition 5.1. — Define functions Ku , e, K1 : I\ —• ¥p as follows, for A — w<< eh 

we set 
Ku(A) = w(6), e(A) = u(p-\a - d)), K\A) = ufr^c), 

where UJ : Zp —> ¥p is the reduction map composed with the canonical embedding. 

Proposition 5.2 .— If p ^ 2 then Hom(/i/Zi,Fp) = (KU,K1). If p = 2 t/ien 
dimHom(/i/Zi,Fp) = 4. 

Proof. — Let ip : I\/Zi —» ¥p be a continuous group homomorphism. Since /1 fl U = 
Ix n Us = Zp there exist A,// G Fp such that ^l/int/ = XKU and V'l/int/3 = A^Z- Then 
-0 — AKW — fin1 is trivial on /1 (1 [/ and /1 fl Us. The matrix identity 

(14) 
ùù 

,0 

0 

1 

1 

ù 

0 

1 
ù$ 

1 

a(l + a0)~1 

0 

1 

(1 + a/?) 

0 

/3 

(1 + a/?)-1 

implies that /1 fl U and /1 fl J7S generate I\ fl SL2(QP). So — XKu — fiK1 must factor 
through det. The image of Z1 in 1+p under det is (1+p)2. If p > 2 then (1+p)2 = 1+p 
and hence tp = \KU + fin1. If p = 2 then dimHom((l + p) / ( l + p)2,Fp) = 2. • 

Lemma 5.3. — Assume p>2 then Hom((ii f lP) /Zi ,Fp) = (Ku,e) and 

Hom((/1nPs)/Z1,Fp) = ( ^ , e ) . 

Proof — Let ip : (Ii fl P)/Z\ —> ¥p be a continuous group homomorphism. Since 
Ix n U = Zp there exist A G Fp such that ^l/inc/ = w < T h e n ^ — AKm is trivial on 
/1 H [/, and hence defines a homomorphism (/1 n P)/Z1(I1 n U) = (T n Ji)/Zi -> Fp. 
Since p > 2 we have an isomorphism (T C\Ii)/Z\ = 1 + pZp = Zp. Hence, there exists 
fi G Fp such that ip = fie + Attu. Conjugation by n gives the second assertion. • 
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—X 1 

Proposition 5.4. — Letx-,^ • H —» ¥p be characters. Ext7/Zi (?/>, x) is non-zero if and 

only if ^ — xa or ip = xa~l - Moreover, 

(i) ifp > 3 then dimExt}/Zl(xc*,x) = dimExt}/Zi(xaT1,x) = 1/ 

(ii) ifp = 3 then x « = Xa~l and dimExt}/Zi ( x « , x) = 2; 

(iii) z/p = 2 t/&en x = X01 = Xa~l = 1 anflT dim.Ext}yz (1,1) = 4. 
Proof. — Since the order of H is prime to p and J = HI\ we have 

Ext}/Zl(^,X) = Horn* ( ^ f f ^ J i / Z i , * ) ) . 

Now ^(h/Zux) = Hom(/i/Zi,Fp), where if £ G Hom(Ji/Zi,Fp) and h G H then 
[h . = x(h)£(h~1uh). The assertion follows from Proposition 5.2. • 

Similarly one obtains: 

Lemma 5.5. — Let x, ip • -H" —• F* 6e characters and let % — l 
o l for some inteqer 

k then Ext^^(-0,x) ^ 0 z/and onZy ifip = x^ • Moreover, dim ExtH^ (x<* , x ) = 
1 

Lemma 5.6. — Let x^ : Hmij/ i/^ G {x5Xa-1 be characters and let & = (p\ J) /or some integer 

k then Ex t^ (V>,x ) ^ 0mij/ i/^ G {x5Xa-1 if ^ — Xa- Moreover, dimExt#^(xc*, x) = 1-

Lemma 5.7. — Assume p > 2 and let x^ : ^ ~~*0 -> Ext^c(7r,7r) be characters then 

Ext(/inP)/Zi(^>x) mij/ i/^ G {x5Xa-1^ 0 cmij/ i / ^ G {x5Xa-1}- Moreover, 

dimExt[/nP)/Zi(xo; 1,x) = dimExt[/nP)/Zi (x, x) = 1-

Lemma 5.8. — Assume p > 2 and let Xi^ : ^ "~* ^p &e characters then 

EXT(/INP) /ZI (^x) # 0 */ ar*dmij/ i/^ G {x5Xa-1mij/ i € {x?Xa}- Moreover, 

dimExt(/nps)/Zi(xa,x) = àimExt\Inps)/Zl(x,x) = 1-

Proposition 5.9. — Let x H ^ Fp be a character and let x ^ J\ be an injective 

envelope of x in RePH(hnu)' ^en (Jx/x)Il(lU is ^--dimensional and H acts on it by 

Xa~l- Moreover, xa~X c—> ^xlx is an injective envelope o / x « _ 1 in RePHfanu)-

Proof — Consider an exact sequence of H(I fl [^-representations: 

0 - x - Jx - Jx/X - 0. 

Since Jx is an injective envelope of x in ^ePmu taking Ii f)U invariants induces 
iJ-equivariant isomorphism (Jx/x)Il(lU — HX{h H U,x)- ^ follows from Lemma 5.5 
that dim(Jx/x)IinU = 1 and H acts on (Jx/xYinU vm the character x^ -1 - Let 
Jxa-i be an injective envelope of xa~l m ^ePif(/1nc/)» then there exists an exact 
sequence of H(Ii fl [/^-representations: 

mij/ i/^ G {x5Xa-1mij/ i/^ G {x5Xadd-1 
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Since Jxa-i is an essential extension of xa x> we have J^-i — Xa 1- Hence taking 

(/iDLO-invariants induces an isomorphism QhnU ^ ^(hCiU, Jx/x) - H2(hC\U, x)-

Since IiC\U = Zp is a free pro-p group we have H2(Ii C\U,x) = 0> see [17, §3.4]. 

Hence QIlf]U = 0, which implies Q = 0. • 

Lemma 5.10. — Let i : J c—• A be a monomorphism in an abelian category srf. If J 
is an infective object in srf then there exists a : A —• J such that a o i = id. 

Proof. — Since J is injective the map Hom^(A, J) —• Hom^( J, J) is surjective. • 

6. Exact sequence 

Let 7r := 7r(r, 0,77) with 0 < r < p — 1. We use the notation of §4.1, so that 
2 X 

a := Symr Fp 0 deta, with deta = 77 o det |k , and % : U —• Fp a character as in (9). 
We construct an exact sequence of /-representations which will be used to calculate 
H^h/Zun). 

Lemma 6.1. — Ifr^O then set 

x<<^$^$ 

AeFp 

Xp-r 1 

0 

$v<< 

1 
tVè + 

k^mw<< 

p^mùù 

T/ien it^ ¿5 /ïxed 6y h fl Ps and 

r i 

0 

1 

1 
= WA - (-l)arva. 

Ifr = 0 then set 

^mùn<ù 

A,/xGFp 

A 
1 

l o 

<opm^^^^ 

1 
x<<< 

Then 

1 

0 

1 

1 
mij/ i/^ G {x5Xa-1 

r i 

$^^g 

w< 

<x^^$ 
Wa = WA - ( 

mij/ 

/i )va. 

If a G [x] + p, /3 G [y] + p Êften 

1 -I-pa 

0 

0 

l+pp 
wa = wa + (x - y) 

M€Fp 

fi)Vcr. 

Proof. — We set w := wa. Suppose that r ^ 0. Now tv& = sHv& = sva. Hence, if 
2 

we identify va with xr G Symr ¥p 0 deta then Lemma 3.1 applied to j = r — 1 gives 

w = —(—l)arxr~1y. This implies the assertion. 
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Suppose that r = 0 and let P(X) := XP + 1-(X+1)P 

p 
e Z[X], then [16] implies that 

( 1 5 ) 

1 

0 

1 

x<< w = 
xw<<$ 

A ! 
i 

0 

mij/ i/^ G^^ {x5Xa-
mij/ i/^ ^^G {x5Xa-1 

1 
t2va 

A,,i€Fp 

A 
1 

0 

[M + l ]+p[A + P(/i)r 

1 
x<< 

Hence, 

^x< 

KO 

<o^m 

c<< 
W = 

;,o^m 

A 
1 

x< 
M + P [ A + P ( M - 1 ) ] 

1 
t2va 

<m^ù 
A,/X6FP 

( A - P ( M - I ) ) 
' 1 

0 

mij/ i/^ G {x5Xa-1 

l 

x<< 

( 1 6 ) = it; — 

A,/iGFp 

P ( M - 1 ) 
l 

lo 

mij/ i/^ G {x5Xa-1 

1 
x<<m^ù 

= w + ( - l ) ° 

b,;::^$$ 

mij/ i/^ G<< 
{x5Xa-1x<<<<< 

1 

,0 

<<v 

l 
tva 

= w + 
mij/w<< 

P ( / x - l ) K , 

where the last two equalities follow from ( 1 0 ) , ( 1 1 ) . If p = 2 then P(X — 1 ) = 

1 - X, otherwise P(X - 1 ) = p-i 
<^mm 

p-1 
w< 

i 
X^-iy-1. Hence ^€FP P(/x - 1 ) = 

nx<^mù fiP-1 = 1. 

Now t2va is fixed by 
1 

, 0 

P2 

1 
and Ii fl Ps, so the matrix identity 

( 1 7 ) 
<< 

/3 

E S 
1 

ri 
<;^ù 

a 

1 

1 

0 

« ( l + o:/?)-1 

1 

(1 + a/?)-1 

w<<c 

0 

1 + a/? 

implies that 

( 1 8 ) 

fl 
o^ml 

0' 

1 
w = 

x<<vb 
A 

1 

0 

M + p [ A - M 2 ] 

1 
t2va 

mij/ i/^ G 
(A + M2) 

1 

cww 

mij/ i/<<^ G 

1 
! t 2 ^ = w - mi {x5Xa-1 

/iGFp 
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If a G [x] + p and (3 G [y] + p then the same argument gives 

1 + pa 

0 

0 
x<<^m 

w = 
m<< 

A 
1 

0 

[M] + P[A + n(x - y)} 

1 
t2va 

= w + (x — y) 
w = 

w = 

Proposition 6.2. — We have (Ma/¥pva)hnU = (Ma/¥pva)h. Moreover, let Aa be 

the image of (Mp/FpVa)11 in i /1( / i , 1) = Hom(ii,Fp). Then the following hold: 

(i) if either r ^ 0 or p > 3 then Aa = FPKU; 

(ii) i /p = 3 and r = 0 then Aa = FP(KU + 
(hi) z/p = 2 and r = 0 £/ien Aa = FP(KU + «z + e). 

Proof. — It follows from Proposition 5.9 that (Ma/Fp^a)/inC/ is 1-dimensional. Since 
(Mr/FpVtr)11 ± 0 the inclusion (M^/FpVaY1 Q (Ma/FpvaYinU is an equality. The 
image of wa of Lemma 6.1 spans (Ma/WpV^Y1 and the last assertion follows from 
Lemma 6.1. • 

Theorem 6.3. — The map (v,w) \-^> v — w induces an exact sequence of I-representa

tions: 

o - * 7 T / i - > M e n . M - > 7 r - * o . 

Proof. — We claim that M Pi II . M = TT11 . Consider an exact sequence: 

0 - > 7 r 7 l ^ M n I I . M - + Q ^ 0 . 

Since M n n . M i s a n Ji-invariant subspace of 7r, we have (MfiII .MY1 Q TTTI. Since 
M n l l . M contains 7r71 the inclusion is an equality. Hence, by taking I\-invariants 
we obtain an injection d : Qh ^ f/"1 (/i,7rJl) = Hom(/i,Fp) © Hom(Ji,Fp). The 
element n acts on üí1(7i, 7rZl) by n - (^1,^2) = (V^ V7?)- Let Aa (resp. Aa) denote 
the image of (Ma/FpVaY1 (resp. {M^/FpVâY1) in Hom(Ji,Fp). Let A be the image 
of (M/7T71)71 in ff1^!,^11) so that A = Aa 0 ACT. By taking /1-invariants of the 

diagram 

0- w = -M n n . M •0 -0 

0- y 
-7rJi-

M - w =w = •^0 

we obtain a commutative diagram: 

w ^^= d w =w^^ =w = 

(M/TT^Y1 
d 

id 

w =w<< =w = 
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and hence an injection d(QTl) <-» A. Acting by II we obtain an injection d(QTl) t-> 
II . A. We claim that A fl II . A = 0. We have 

A fl II . A = (ACT n II . Aa) 0 (Aa- fl II . Aa). 

By symmetry we may assume that r < p — 1. Proposition 6.2 applied to Ma 
and Ma implies that that if r ^ 0 then A = FpKU 0 FpKU, hence II - A = 
Fp(KU)U 0 Fp(K,u)u = FPKL 0 FPKL, so that A H n . A = 0. If r = 0 then Propo
sition 6.2 implies that A = Fp(KU - (X^eFp A*2)^ + (]£MeFp A0£) ©w =w =w A0£) ©= hence 
n . A = Fp/ç* 0 Fp(/c' - (E/xgfp M2)^ - (E/X€Fp A0O> again A H n . A = 0. Note that 
if r = 0 then we have to apply Proposition 6.2 to Ma with r = p — 1, and p — 1 ̂  0. 
This implies that QTl = 0 and hence Q = 0. 

Since G + and II generate G , Proposition 4 . 1 2 implies that TTA + 7I> is stable under 
the action of G. Since 7r is irreducible we get TT = 7 ^ + 7 ^ . This implies surjectivity. • 

Corollary 6.4. — We have Ma nl l .Mg. = TT^1 = Fpva and MG nII.Ma = 7r-1 = FpV*. 

Proof. — It is enough to show that TT^1 = Fpva, since by Theorem 6.3 Ma fl I I . Ma 
is contained in TTIX . Suppose not. Clearly va G 7ra, so since TTTI is 2-dimensional, 
we obtain that va G TTA. Then there exists u\ G Ma and U2 G II<<^$ùsuch that 
va = ui+u2. So u2 G n.M^n(MCT + M^) C 7rh by Theorem 6.3. Hence u2 = Xva for 
some A G Fp, and so u2 G Ma, and so ̂  G MG. This contradicts Ma fl Ma = 0. • 

Corollary 6.5. — As G + -representation TT is the direct sum of its subrepresentations 

TTA and 7TA 

Proof — It follows from Theorem 6.3 that TT = TTA + TT&. Now 

(TT* H TTÂ)11 = iri1 H TTÍ1 = Fpva H FpVá = 0. 

Hence, 7ra fl 7TCR = 0. 

Corollary 6.6. — We have TT = Ind§+ = Ind§+ 7TA. 

7. Computing ^w<<{h/Z^Tx) 

We keep the notation of §6 and compute H.X(I\¡Z\,TT) as a representation of H 
under the assumption p > 2. 

X 

Lemma 7.1. — Assume that p > 2. Let ip,x : H —• Fp 6e characters. Let N be 

a smooth representation of (I fl P)jZ\, such that iV|#(iini/) is an injective envelope 

of x in RePHihnu)- Suppose that Ext^InPyZi(ip, N) ^ 0 then ip = %. Moreover, 

Ext ( /nF) / z1 (x^) - Ext\inP)/z1(x,x) is 1-dimensional. 

Proof. — Suppose that we have a non-split extension 0 — > i V — > 0 . Since 
N\H(hnu) 1S injective Lemma 5 .10 implies that the extension splits when restricted to 
H(I\C\U). Hence, there exists v G EIlilU such that H acts on v by i¡) and the image of 
v spans the underlying vector space of ip. Ifvis fixed by I\ flT, then since I\ flT and 
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H(IiCiU) generate J f lPwe would obtain a splitting of E as an ID P-representation. 
Hence, there exists some h G I\ fl T, such that (h — l)v € N is non-zero. Since h 
normalizes I\ fl U and v is fixed by I\ fl U, we obtain that (h — l)v € NIinU. Since i7 
acts on v by ̂  and T is abelian, we get that H acts on (h — l)v by ip. Since iV|#(jint/) 
is an injective envelope of x we obtain that x — V*-

By Proposition 5.9, N/x is an injective envelope of xa_1- Since p > 2, x Xa~X 
and so Hom/np(x,iV/x) = Ext(/nP)/Zl (x, N/x) = 0. So applying Hom/np(x,.) to 
the short exact sequence of (IC\P)/Zi representations 0—» X —> N —> N/x~> 0 gives 
us an isomorphism Ext(/nP)/Zi (x, N) = Ext(/nP)/Zl (x, x)- Lemma 5.7 implies that 
these spaces are 1-dimensional. • 

Proposition 7.2. — Assume that p > 2. Let ip,x : H —> ¥p be characters. Let N 

be a smooth representation of I/Z\, such that N\H(IinU) is an injective envelope of 

X in RePHihnu)- Suppose that Ext}/Zi(ip,N) ^ 0 and let Jff be the kernel of the 

restriction map Ext}/Zl (ip, N) —» Ext*/nP)/Zi (ip, N) then one of the following holds: 

(i) if ^ 0 then ip = x « ; 
(ii) if Jfi = 0 then ip = X-

Moreover, dimExt}/Zi (xa, N) = 1, and let R be the submodule of N, fitting in the 

exact sequence 0 —> N11 —> R —> (N/N11)11 —» 0, then there exists an exact sequence: 

0 -> Hom/(x, X « " 2 ) - Ext}/Zl (x, R) - Ext}/Zl (x, JV) - 0. 

Proof. — Suppose that J(f ^ 0 then there exists a non-split extension 0 —» TV —* E —» 
-0 —> 0 of -representations, which splits when restricted to I n P. Hence, there 
exists v G EIinP such that i7 acts on by -0 and the image of v spans the underlying 
vector space of ip. Let k be the smallest integer k > 1 such that v is fixed by (p\ ^ ) . 
If k = 1 then v is fixed by I C\US. Since I C\US and 7 fl P generate 7, we would 
obtain that I acts on v by ip and hence the extension splits. Hence, k is at least 2. 
Set ^ := (pfc-i i ) - Our assumption on k implies that v' :=A0£) ©A0£A0£) © \ )v ~ v £ N is 
non-zero. The matrix identity (14) implies that v' is fixed by IiDU. Since NIinU is 1-
dimensional and i f acts on NIl<lU by x, we obtain a non-zero element in Ext^^ (ip, x)-
Lemma 5.6 implies that ip = xa- Let v be the image of v in E/N*1. Again by 
Proposition 5.9 (N/Nh)hnU is 1-dimensional and H acts on (N/NIx)IinU by xa"1 . If 
the extension 0 —> N/N11 —• E/NIx —> ip —• 0 is non-split, then by the same argument 
we would obtain a non-zero element in E x t # ^ / ( x a , X A _ 1 ) ? where := (p™ ? ) , for 
some m > 1. This contradicts Lemma 5.6, as p > 2 and so a is non-trivial. Hence we 
obtain an exact sequence: 

(19) 0 Hom/ fxa^a"1 ) -> Ext}/Zl (*a, x) Ext}/Zi (Xa, TV) - , 0. 

If p > 3 then dim Horn/(xo;,x^_1) = 0 and dimExt]yZl (xa, x) = 1- K p = 3 then 

dimHomj(xa,xa-1) = 1 and dim Ext}/Zi (XOJ, x) = 2. Hence, dimExt}/Zi (xot,N) = 1. 

Assume that = 0. Since we have assumed that Ext}/Zl(^,iV) ^ 0 

we obtain that Ext^InPyZl(ip, N) ^ 0 and Lemma 7.1 implies that ip = x 
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and dimExtj/Zi(x,7V) < 1. Suppose that there exists a non-split extension 

0—> N —> E —> x —» 0 of I/Zi-representations, which remains non-split when 

restricted to I fl P. Let w\ be a basis vector of NIlClU. Lemmas 7.1, 5.7 and 5.3 

imply that there exists v € E such that H acts on v by x and for all g 6 i i fl P we 

have = v + e(g)w\. In particular, v is fixed by 7 fl U and (1HQP 1_j°p2 )• As before, 

let A: be the smallest integer k > 1 such that v is fixed by (p\ J). We claim that 

k = 2. Indeed, if k > 2 then let v' := (pfc-i J)v — v. Then v' £ N is non-zero, and the 

matrix identity (14) implies that vf is fixed by I\ fl U. Since NIlC)U is 1-dimensional 

and H acts on NIl(lU by x? we obtain a non-zero element in Ext#<^(x,x)> w^h 
w<< (p*-1 l ) Lemma 5.6 implies that x — Xa- Since p > 2 this cannot happen. 

Consider u := (* i)v — v. Using (14) and the fact that k > 2 we obtain 

(20) 

<x 

0 

1 

1 
u — 

1 
N/FpN/Fp 
x<<,;:^^ùùù 

0 \ 

xx 

' l + i 

0 

1 

w<<<op^^ 
v — V 

-
1 

p ( l + p ) - ] 

wx 

1; 
(v + 2wi) — v = it + 2wi. 

Since 2w! ^ 0 we get u ^ 0 and so A; = 2. By Proposition 5.9 (N/¥pwi)hnU is 

1-dimensional. This implies that (N/¥pwi)Iinu = (N/FpWiY1 and the image of u in 

N/FpWi spans (N/¥pwi)IinU. If we set i? := (wi,t¿) then by construction we obtain 

that the map E x t } / Z i ( x , ^ ) Ext}/Zi (x, N / ñ ) is zero. Proposition 5.9 implies that 

(N/R)*1 is 1-dimensional and H acts on it by a character xa~2- This implies the 
claim. 

Corollary 7.3. — Assume p > 2 then the restriction maps 

Extj/Zl(x,x) Ext(/nps)/Zi(x,x), 

Ext//Z! (x, x) - » Ext(/nP)/Z! (x, X) 

are infective. 

Proof. — Consider the exact sequence of /-representations 0 —» x ~~* Indjnps X ~~* 
<3 —* 0. Iwahori decomposition implies that 

(Indjnps x)\H(hnu) = Ind2(/inC/) X, 

and hence it is an injective envelope of x in ^ePH(hnu)' Proposition 5.9 implies that 

Q\H(hnu) is an injective envelope of xa~l m ^ePH(hnu)' Since p > 2 Lemma 5.4 

implies that Ext}/z (x, x) = 0, so using Shapiro's lemma we obtain an exact sequence: 

Ext(/nP-№ (*' X) <-+ Ext}/Zl (x, Q) -> Ext?/Zl (x, x) 

-> Ext^/nps)/Zi (x ,x)-

Now dimExt(/npa)/Zi(x,x) = 1 and dimExt7/Zl(x,Q) = 1 by Proposition 7.2. This 
implies the result for If\Ps. By conjugating by II we obtain the result for In P. • 
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Corollary 7.4. — Assume p > 2 and let N be as in Proposition 7.2 then 
dimExt}/Zl (x, N) = 1, the natural maps 

(21) Ext2/Zi (x ,x)^Ext2/Zl (x , iV) , 

(22) Ext}/Zi (x, N) - Ext\InP)/Zl (X, N) 

are injective and (22) is an isomorphism. 

Proof. — We have an exact sequence: 

Ext}/Zi (x, N) Ext)/Zi (x, Nix) - Ext2/Zi (x, x) 

Proposition 5.9 and Lemma 7.1 imply that Ext^InPyZi(x,N/x) = 0. The commuta
tive diagram: 

Ext}/Zi(x,iV/x) Ext2/Z (X,x) 

o 

Ext|/nP)/Zl(x,iV/x; 
sq 

Ext2/nP)/Zl (x ,x ) 

7.3 

and Corollary 7.3 implies that Ext7/Zi (x, AT/x) —* Ext7/Zi(x,x) is the zero map. 
Hence, (21) is injective and 

dimExt}/Zi(x, AO = dimExt}/Zi(x,iV/x) = 1, 

where the last equality is given by Propositions 5.9 and 7.2. We know that 
Ext}/Zl(x,N) ^ 0. So if (22) is not injective, then Proposition 7.2 gives x = X°o 
but this cannot hold, since p > 2. Since both sides have dimension 1, (22) is an 
isomorphism. • 

7.1. p = 3. — The case p = 3 requires some extra arguments. If you are only 
interested in p > 5 then please skip this subsection. 

Lemma 7.5. — Assume p = 3 and let N be as in Proposition 7.2 then the composition: 

Ext}/Zi (Xa, N/x)-^ssExt2I/zzZi s(Xa, x ) - ^ Ext2/nP)/Zl (xa, x) 

is injective, where d is induced by a short exact sequence 0 —• x —* N —> N/x —> 0. 

Proof. — Since p = 3 we have a = a 1 and hence it follows from the Corol
lary 7.4 that dimExt}/Zi(xa, N/x) = 1- Corollary 7.2 implies that the restric
tion map Ext)JZi{xol,NIx) —> Ext(/nP)/Zi(x«,N/x) is injective. Moreover, Lemma 
7.1 gives Ext(/nP)/Zl(xa, iV) = 0, and so the map d : Ext(/nP)/Zl (xa, N/x) 
Ext27N/FpN/Fp ^ -IS injective. The assertion follows from the commutative diagram: 

Ext}/Zl(xa,A/7x; d Ext?/Zl(xa,x) 

(22) Res 

Ext[JnP)/Zl(xa,AT/x) d Ext^nP)/Zl(xa:,x)-

Res 
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Lemma 7.6. — Assume p = 3 and let N be as in Proposition 7.2. Assume that 
NKl = IndIHKi x as a representation of I, then the composition: 

Ext//Zl (xot, N/x)—^<<<Extj/Zx<i (Xa, x ) ^ - Ext^/nps)/Zl (xa, x) 

is zero, where d is induced by a short exact sequence 0 —> x ~~* N —> N/x —> 0. 

Proof. — Since p = 3 we have a = a 1 and hence it follows from the Corollary 7.4 
that dimExt}/Zi (xot, N/x) = 1- Let A be the image of the restriction map 

A := Im(Ext}/Zl(xa, JV/x) Ext[/nps)/Zl(Xa, JV/x)). 

We claim that A is contained in the image of the natural map 

(23) Ext}Inps)/Zi(xa,N)cwwbnExt[/nps)/Zi(xa,N/x). 

Since p = 3 we have dimiVKl = 3 and so the image of NKl in N/N11 is a 
2-dimensional /-stable subspace. Since it follows from Proposition 5.9 that 
(N/NTl)hw<<and ((N/Nh)/(N/NIl)wwIl)wh are 1-dimensional we obtain an exact 
sequence 0 —• NJl —» NKl —> P —• 0, where where P is the subspace of N/x defined 
in Proposition 7.2 (with N/x instead of N). Since NKl = lndIHKi x we get: 

NKl\Inps ^ x e X a 0 x = X ® R\mp* • 

Let (j) be the composition: 

Ext[/nps)/Zl(x ,̂P)cwwwExt\Inps)/wZlw(x^NKwwl) -> 

ExtJ/nps)/Zl(x«, AT) -+ Ext[/nps)/Zi(xa:,A'/x). 

Then we have a commutative diagram: 

Ext}/Zi(Xa,P) 7.2 
~Ext}/Zi(xa,iV/x) 

RES 

N/FpN/Ext}/Zi(Xa,P)Fp ExtJ/np8)/Zi(xa,AT/x; 

RES 

The top horizontal arrow is surjective by Proposition 7.2. Hence, A equals to the 
image of <j> o Res. Since the image of <j> is contained in the image of (23) we get the 
claim. The assertion follows from the commutative diagram: 

Ext)/Zi(Xa,N/x) 

RES 

Ext[/nps)/Zl(xa,iV/x; 

d 
fcEx*//Zi(xa,XÎ 

d 
RES 

•Ext^/nps)/Zi(xc*,x), 

since the claim implies that the composition d o Res is the zero map. 
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Lemma 7.7. — Assume p — 3 let Nx and Nxs be as in Proposition 7.2 with respect to 
X and xs • Further assume that N^s1 = lndIHKi xs as a representation of I, then the 
natural map 

(24) Ext^/Zl (xa, x)cwwExt2/Zi (Xa, Wx) © Ext?/Zl (x«,cww<<)p 

zs injective, where N^s denotes the twist of action of I on Nxs by II. 

Proo/. — Applying Hom//Zl(xa,.) to the short exact sequence 0 —• x —> Nx —• 
Nx/x —> 0 gives a long exact sequence. Equation (19) shows that the map 
Ext}/Zl(xa, x) ~* Ext}/Zl(xa, Nx) is surjective, which implies that 

Ker(Ext2/Zi(xa,x) -> Ext2/Zi (Xa, A y ) * Ext}/Zi (Xa, iVx/X). 

If we replace Nx with Nxs and x with xs the same isomorphism holds. Twisting by 
II gives: 

Ker(Ext?/Zl(xa,x) - Ext2/Zi (Xa, i \£ )) ^ Ext}/Zi (Xa, JV£/x). 

Lemma 7.5 implies that the composition 

Resod : Ext}/Zl(xa,iVx/x) -» Ext2/nP)/Zi (xa, x) 

is an injection. And Lemma 7.6 implies that the composition 

Res od : Ext}/Zl(x«, JV"./x) Ext2/nP)/Zl (Xa, x) 

is zero. Hence, d(Extj/Zl (xa, Nx/x)) H <9(Extj/Zi (xa, N^/x)) = 0 and so the map 
in (24) is injective. • 

Lemma 7.8. — Assume p = 3 and r x<<0<<then satisfies the assumptions of 
Lemma 7.6. 

Proof. — Now ( ( / fl U)tva) = (Isv&) = St\j = I n d j ^ xs as a representation of 

/ , where St = Sym2F3 is the Steinberg representation of GL2(F3). Hence we have 

an injection Ind^Klxs ̂ Ext}/Zi(Xa,P)Ext}/ Since Ma\u{ir\u) is an injective envelope of xs m 

RePH(inu) we obtain that M?inU = I n d j ^ j ^ ^ xs as a representation of H(IC\U). 

Hence dimM^inC/ = 3 and so we obtain M?inU M f 1 ̂  Ind#Xl xs. • 

7.2. — Using the lemmas above we prove the main result of this section. 

Theorem 7.9. — Assume p > 2 and let I/J : H —> ¥p be a character, such that 

Extj/Zl(V>, 7ra) 7̂  0. ITien -0 € { x ^ x } - Moreover, 

(i) dimExt}/Zl(x,7rff) = 2; 

(ii) ifp>s3s or p = 3 and r e { 0 , 2 } £/ien Ext}/Zl (xa, 71̂ ) = 0; 

(iii) if p = 3 and r = 1 £/&en dimExt}/Zl (xa, 7ra) < 1. 
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Proof. — Corollary 7.4, (21) gives injections: 

Ext*/Zl (x, X) ^ Ext*/Zl (x, Ma), 

Ext?/Zl (x, X) ^ Ext?/Zi (x, n . Mcr). 

Moreover, Ext}/Zl(x, x) — 0- Corollary 6.4 gives a short exact sequence 0 —• x ~"> 
Ma 0 n .Ext}/Zi(Xa,P) 7ra —• 0, which induces an isomorphism: 

ExtJ/Zl (x, Ma) 0 Ext}/Zi (X, II - M^) = Ext}/Zl (x, 

Corollary 7.4 implies that dimExt}/Zi (x, 7r<r) = 2. 
Assume that ip ̂  x- From 0 —• Ma —• 7ra —• (II . M&)/x - » 0 we obtain a long 

exact sequence: 

Hom/(^,xa) ^ Ext}/Zl(V>,Ma) -^Ext}/Z ( ,̂7r<r) -» 

Ext}/Zl (^ , (n .Mff) /x) . 

If Ext}/Zl(^,Ma) ^ 0 then Proposition 7.2 implies ip = xa- Similarly, if 

Extj/Zl(-0, (II . M^)/x) 0 then ip = (xsa-1)n = xa- Hence, ip = xa and 

dimExt}/Zl(xa,7ra) < 1. 

If p > 3 then Proposition 7.2 implies that Ext]yZl(xa, Ma/x) = 0. Hence the. 
exact sequence 0 - » n . —• 7ra —• Ma/x —• 0 gives an exact sequence: 

Hom7(xa, X« *) ̂  Extj/Z (xa, n . M~a) - » Ext}/Z (xa, 7ra). 

Since p > 3 Proposition 7.2 implies that Ext}/Zl(xa,n . M^) — 0 and hence 

Ext}/Zl(xa,7ra) = 0. 
Assume that p = 3 and r = 0 Lemmas 7.7 and 7.8 give an exact sequence: 

Extj/zx (X«, X) <-> Ext}/Zl (xa, MCT 0 n . Mà) - » Ext}/Zl (xa, 7ra). 

Since p = 3 we have dimExt}/Zi (xa, x) = 2 and Proposition 7.2 gives 

dimExt}/Zl(xa,Ma 0 n . M^) = 2. Hence Ext}/Zl(xa,7ra) = 0. Since p = 3 

and r = 0 we have (xa)n = xa, X = Xs and since 7^ = n . 7ra, we also obtain 

Ext}/Zl (xa, 7i>) = 0, which deals with the case p = 3 and r = 2. • 

— x 
Corollary 7.10. — Assume p > 2 and let ip : H -+ Fp be a character. Suppose that 

Homi(ipy Hl(Ii/Zi,7r)) =̂  0 £/ien ^ G {x>X5}- Moreover, the following hold: 
(i) ifp = 3 and r = 1 £Aen dimiJ1(/1/Zi, 7r) < 6; 

(ii) otherwise, dim Hl(L IZ\, 7r) = 4. 

Proof. — By Corollary 6.5 7r = 7ra 0 71-5- as /-representations. The assertion follows 
from Theorem 7.9. We note that if p = 3 and r = 1 then xa = x5 and Xsa — X- n 
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8. Extensions and central characters 

We fix a smooth character ( : Z —» F* and let RepG ^ be the full category of RepG 

consisting of representations with central character £. Let V be an Fp-vector space 

with an action of Z, given by zv = C(z)vi f°r all 2 E Z and v £ V. Then Indz V is 

an object of RepG ^, moreover given TX in RepG by Probenius reciprocity we get 

(25) HomG(7T,Indf V) ^ Komz(ic,V) ^ HomF (TT, V). 

Hence, the functor HomG(., Indf V) is exact and so Indf V is an injective object 

in RepG Further, if V is the underlying vector space of TX then we may embed 

7T <—> Indz V, v i—• [# i—• (jv]. Hence, RepG ^ has enough injectives. 

For 7Ti, 7T2 in RepG c we denote ExtG ATTI, 7r2) ^ Hom(7Ti, 7r2) computed in the 

category repgs tonya 

Proposition 8.1. — Letixi and 7x2 be irreducible representations of G admitting a cen
tral character. Let £ be the central character of 7x2. If ExtG(7Ti, 7x2) ^ 0 then £ is 
also the central character of TX\. If TX\ ̂  7x2 then ExtG¿(1*1, 7x2) = ExtG(7Ti, 7r2). If 
TXI = 7X2 then there exists an exact sequence: 

0 -> ExtG?c(7ri,7r2) ExtG(7Ti,7r2) -+ Hom(Z,Fp). 

Moreover, if p > 2 then the last arrow is surjective 

Proof. — Suppose that we have a non-split extension 0 —> 7x2 —• E —> TX\ —• 0 in 
RepG. For all z £ Z we define 0Z : E —> E, v zv — C(z)v- Since z is central in 
G, 0^ is G-equivariant. If 0Z = 0 for all z £ Z then 2£ admits a central character £, 
and hence £ is the central character of TXI and the extension lies in ExtG^(7ri, 7r2). If 
0Z 7^ 0 for some z £ Z then it induces an isomorphism TX\ = 7r2. 

We assume that 7Ti = 7r2 and drop the subscript. Then (25) gives 

HomG(7r,Indz C) — n*. Fix a non-zero <p £ Homz(7r,£). Since TX is irreducible 
we obtain an exact sequence: 

(26) 0 —> TX —> Indf C -> <2 - » 0. 

Since Indf C is an injective object in RepG(-, and (26) is in RepG ^ by applying 
HomG(7r,.) to (26) we obtain an exact sequence: 

(27) TT* -> HomG(7T, Q) ExtG c(TT, TT) - + 0. 

If we consider (26) as an exact sequence in RepG then by applying HomG(7r,.) we get 
an exact sequence: 

(28) TX* - » HomG(7T,Q) Ext^(7T,7T) -+ Ext^(7r,Indf 0 -

Putting (27) and (28) together we obtain an exact sequence: 

0 -> ExtGC(7T,7r) - » ExtG(7T,7r) -> ExtG(7r,Indf C)-

Let 0 —> Indf Ç —• # —> 7r —• 0 be an extension in RepG. For all z £ Z , 6Z : E —> E 

induces 0Z(E) £ HomG(?r, Indf Ç). Now 0Z(E) = 0 for all z £ Z if and only if E has 
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a central character £, but since Indz £ is an injective object in Rep^ ^ Lemma 5.10 
implies that the sequence is split if and only if E has a central character £. Now 

(29) 
ÔzlZ2(v) = zxz2v - Ç(ziz2)v = zx(z2V - ((z2)v) + z1((z2)v - Ç(Z!Z2)V 

= azi)0z2{v) + C(z2)0Zl(v). 

Hence, if we set ipE(z) := Ç(z) 16Z(E), then (29) gives ipE(ziz2) = ipE(zi) + ^E{Z2). 
Hence, the map E »—• xpE induces an injection Ext^(7r, Indf Q ^ Hom(Z, 7r*). The 
image of 

Ext^(7T,7r) - » Ext^(7T,Indf C) ^ Hom(Z,7T*) 

is contained in Hom(Z, Fp<^), which is isomorphic to Hom(Z, Fp). To a continuous 
group homomorphism i\) : G —> ¥p we may associate an extension ( J f ) <8> fl". The 
image of this extension in Hom(Z, ¥p) is equal to the restriction of -0 to Z. If p > 2 
then the restriction map induces a surjection Hom(G, ¥p) - » Hom(Z, Fp), which yields 
the last assertion. • 

Proposition 8.2. — Let TT : = 7r(r, 0, rf) and £ the central character of IT. Assume that 
p > 2 and (p,r) 7^ (3,1) then dimExt^?c(7r, TT) > 3. 

Proof. — This follows from [10, 2.3.4]. 

Remark 8.3. — At the time of writing this note, [10] was not written up and there 
were some technical issues with the outline of the argument given in the introductions 
to [7] and [9]. Since we only need a lower bound on the dimension and only in 
the supersingular case, we have written up another proof of Proposition 8.2 in the 
appendix. The proof given there is a variation of Colmez-Kisin argument. 

9. Hecke Algebra 

Let C be the central character of TT. Let := Endo(c-Indf Ii ( ) . Let J ' : RepG ^ —> 
M o d b e the functor: 

J(TT) := 7TH 9È HomG(cJndg7l C,TT). 

Let 5F : Mod —• RepG ̂  be the functor: 

ST{M) := M ®jr c-Indf h C. 

One has H o m ^ ( M , S(TT)) = HomG(^(M) , TT). Moreover, Vigneras in [18, Thm. 5.4] 

shows that J induces a bijection between irreducible objects in RepG ^ and M o d ^ . 

Let Rep^ ^ be the full subcategory of RepG ^ consisting of representations generated 

by their I\-invariants. Ollivier has shown [13] that 

(30) J : Rep£ c Modj^, ST : M o d ^ -> Rep£ c 
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are quasi-inverse to each other and so M o d ^ is equivalent to Rep^ ^. In particulai 

suppose that r = (G. T71), TX in Rep^ ^ and let TX\ := (G. TXTI) Ç TX then one has: 

(31) 
HomG(r,7r) = HomG(r,7Ti) = Hom^(J^(r ) ,^(7Ti) ) 

^ H o m ^ ( ^ ( r ) , ^ ( 7 r ) ) 

and the natural map 3" J'ij) —» r is an isomorphism. 

Let J be an injective object in RepG ̂ , then the first isomorphism of (31) implies 

that J\ := {G . JJl) is an injective object in R e p ^ . Since Sf and J? induce an 

equivalence of categories between M o d ^ and R e p ^ we obtain that *#{J\) — ^(J) 

is an injective object in M o d ^ . Hence, (31) gives an ^-spectral sequence: 

(32) HomG(r,7r) = HomG(r,7Ti) = Hom^(J^(r),^(7Ti) 
HomG(r,7r) = HomG(r,7Ti) = Hom^(J^(r),(7Ti) 

The 5-term sequence associated to (32) gives us: 

Proposition 9.1. — Let r and TX be in RepG ^ suppose that r is generated as a 

G-representation by rJl then there exists an exact sequence: 

(33) 
0 ^ E x t ^ ( ^ ( r ) , ^ ( 7 r ) ) Ext^c(r,7r) -> H o m ^ ( ^ ( r ) , M 1 J{ix)) 

-> Ext2r(^(r) ,^(7r)) -> Ext^c(r,7r) 

It is easy to write down the first two non-trivial arrows of (33) explicitly. An 
extension class of 0 —> <$(yx) —» E —» ^(j) —> 0 maps to the extension class of 
0 &J(TT) -+ 3?(E) &J{T) -+ 0. Let e be an extension class of 0 - > TT -* K 
r —> 0. We may apply to get 

(34) 0 - • ^ ( T T ) -
w<<< 
xwn;:: J(j 

<cx 
M}j?{TX). 

The second non-trivial arrow in (33) is given by e i-» d€. 
We are interested in (32) when both TX and r are irreducible. We recall some facts 

about the structure of Jif and its irreducible modules, for proofs see [18] or [14, §1]. 
As an Fp-vector space Jf? has a basis indexed by double cosets Ii\G/ZIi, we write 
Tg for the element corresponding to a double coset I\gZI\. Given TX in RepG ̂ , and 
v £ TX11 , the action of Tg is given by: 

(35 vTg = 
ueh/ihng-^hg) 

UQ XV. 

Let x • H —> F* be a character then we define ex £ Jif by 

<wwz< 
1 

Iff 1 ft€ff 

w<<^mù 

Then exe^ — ex if x = ^ and 0 otherwise and it follows from (35) that 7xTlex is 
the x-isotypical subspace of TXIX as a representation of H. The elements Tns, Tn and 
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ex, for all x generate Jf? as an algebra, and are subject to the following relations: 

3S = C(p)-1, 

(36) ex^ns — TUsexs, exTu — Tnexs, ex^ns — ~exexsTns-

Note that exexs = ex if x = Xs and exex3 ~ ^' otherwise. We letw<<belm^ùthe 

subalgebra of 3tf generated by Tns, T^\TnT^x and ex for all characters x- One may 

naturally identify ^ + ^ EndG+(c-Indf ^ Q. 

Definition 9.2. — Let 0 <r <p — 1 be an integer, A G Fp and rj : Q* —> F* a smooth 
character, and let £ 6e £/ie central character of 7r(r, A, 77) £/&en we define Jif -modules 
M(r, A) := ?r(r, A)Zl, M(r, A, rj) := 7r(r, A, rj)h. 

Assume for simplicity that £(p) = 1 then it is shown in [6, Cor. 6.4] that M(r, A, rj) 
has an Fp-basis {^1,^2} such that 

(i) v\ex = vi, viTu = v2, v2ex* = v2l v2Tu = v\ and such that v{Tns = —v\ 
if r = p — 1 and v\Tns = 0 otherwise. 

(ii) v2(l + Tns) — rj(—p~1)Xvi if r = 0 and v2TUs = n(—p~1)Xvi otherwise, 

where x : H —> F* is the character x ( ( '0' [°] ) ) = ^ r ^ ( [ ^ ] ) - If A = 0 so that 7r(r, A, 77) 
is supersingular, then v\ — va and v2 = v&. 

Lemma 9.3. — Let TT be a supersingular representation of G then 

(i) ifrE {0,p — 1} then 
(a) dimExt^(7r/l,7T/l) = 1; 
(b) Ext^(7r71, *) = 0 for i > 1; 

(ii) otherwise, dim Ext1^(7T/l, 7rJl ) = 2. 

Proof. — [6, Cor. 6.7, 6.6]. 

We look more closely at the regular case. Let TT be supersingular with 0 < r < p— 1 
2 

and assume for simplicity that p e Z acts trivially on TT. For (Ai, A2) G Fp we define 
an <ffi'-module E\±^\2 to be a 4-dimensional vector space with basis {vx, vxs,wx,wxs} 
with the action of J4? given on the generators 
(37) wxTUs = AI?JXS, wxsTns = X2vx, vxTUs = vxsTUs = 0 

and w^Tu = w^s, V^TJJ = v^s, w^e^ = w^, v^e$ = v^, for ip G {x ,Xs} - Then 
(vx, vxs) is stable under the action of 3tf and we have an exact sequence: 

(38) HomG(r,7r) = HomG(r,7Ti)^(r),^(7Ti)) 

The extension (38) is split if and only if (Ai,A2) = (0,0). It is immediate that the 

map Fp —> Ext^(^(7r) , <#(TT)) sending (Ai, A2) to the equivalence class of (38) is an 

isomorphism of Fp-vector spaces. 
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Lemma 9.4. — Let A G then 

(39) wxp^^ùùùù c-Ind£z a 

cw< 
HwwomG 

SI 

c-Ind KZ° 
m) 

where Ta G EndG(c-Ind^z cr) is given by Lemma J^.l. 

Proof. — Let (p G c-Ind£z cr such that Suppo? = KZ and <z?(l) spans olx. Let 

r := 
c-Ind£z a 

<<<w 
and v the image of u> in r. Then r = (G . v) = (G . rZl). And so it 

is enough to show that J^(r) = E0 A. Since Ta c-Ind^z<j —> c-Ind^zcr is injective 

and 7T = c-Ind̂ ^ cr 
sfs 

we have a an exact sequence 

(40) 0 ^ 7 T — > T ^ 7 T — ^ 0 

and we may identify the subobject with Ta{r). Now, v, ILv, Ta(v) and TCT(Ili>) are 
linearly independent and I\-invariant. Thus dimrJl > 4 and since dim7rJl = 2 we 
obtain an exact sequence of J^-modules 

(41) HomG(r,7r)(r,7Ti) = Hom^(J^(r),^(7Ti)) 

Hence, J{T) = EXl,\2 for some Ai,A2 G Fp. Since a = (K . (p) = (K . v) and 
• îo-(v)) = Ta((K \v)) = cr, [14, 3.1.31 gives 

(42) ^ex = t;, (Ta(v))ex = Ta(v), vTUs = (Ta(v))Tns = 0. 

Hence, Ai = 0. If A2 = 0 then (41) would split and so would (40). Hence, A2 / 0. We 

leave it to the reader to check that for any A G F* , EQ^\ = £0,1 •HomG(r,7r) = HomG(r,7Ticw D 

Lemma 9.5. — If E = EXU\2, AXA2 ^ 0 then dimExt^(J5, J^(TT)) = 1. 

Proof. — Applying Hom^(*, ^(TT)) to (38) gives an exact sequence 

(43) 
Homjr(^(7r),^(7r)) ^ E x t V ( ^ ( 7 r ) , ^ ( 7 r ) ) 

- E x t ^ ( £ , ./(tt)) - Ext^(^(7r) , ^(tt)) 

Hence, dimExtjg>(E, ^{n)) = 1 + dimT, where T is the image of the last arrow in 
(43). Yoneda's interpretation of Ext says that T ^ 0 is equivalent to the following 
pnmmiitat.ivp Hiaeram of .^-modules: 

0 <ww -A ,,;:^m 
•0 

0-
m^ww<< 

B E — 0 

with A non-split. Then A = £Ml)M2 for some Mi>M2 € Fp. The condition vT%3 = 0 
for all v G B is equivalent to<$^ùmm0 and /¿2^1 = 0. Since À1À2 ^ 0 we obtain 
A*i = M2 = 0 and hence a contradiction to a non-split A. • 
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10. Main result 

Let TT an irreducible representation with a central character £. A construction of 
[14, §6], [6, §9] gives an injection TT <^-> where ft is in RepG ̂  and £1\K is an injective 
envelope of soc^ TT in RepK /• . 

Lemma 10.1. — Ifn^ 7r(r, 0, rj) with 0 < r < p- 1 then ft'1 ^ £AI,A2 AIA2S ^SS 0. 
Otherwise. Qh ^ 7rJl. 

Proof. — Let a be an irreducible smooth representation of K and Injcr injective 
envelope of a in R e p ^ . If a = x ° det or cr = St 0 x o det then dim(Injcr)71 = 
dim<7Zl = 1 and dim(Inj a)11 = 2 otherwise, [14, 6.4.1, §4.1]. If TT is either a character, 
special series, a twist of unramified series or TT = 7r(0,0,77) then SOC^TT is a direct 
summand of (1 0 St) 0 x 0 det. Hence, 

ft11 = (socKn)h = (SOCKTT)11 C TT11 C Qh 

and so 7rJl = SV1. If TT is a tamely ramified principal series, which is not a twist of 
unramified principal series, then dim TT11 — 2 and soc^ TT is irreducible, so dim Q,11 = 2. 
Finally, if TT = 7r(r,0,77) with 0 < r < p - 1 then it follows from [14, 6.4.5] that 
ftJl =£A15A2 with AiA2 ¿0. • 

Proposition 10.2. — Let TT, T be irreducible representations of G with a central char
acter, and let £ be the central character of TT. Suppose that ExtG(r, TT) ^ 0. / / 

(44) Ext^c(r,7r) -+ H o m ^ ( ^ ( r ) , R 1 J(TT)) 

is not surjective then r = TT = 7r(r, 0,77) with 0 < r < p — 1. 

Proof. — We note that Proposition 8.1 implies that Ç is the central character of r. 
Since Q\K is an injective object in R e p ^ , is an injective object in Rep7i ^. 
Hence, R1 ^(Cl) = 0 and we have an exact sequence: 

(45) 0 - > (TT) ->HomG(r,7r) = H S(Sl/ir) - > R1 S(ir) -+ 0. 

Assume TT = 7r(r,0,77), 0 < r < p - 1. Let d G HomT^(J^(r) ,R1 J^(7r)) be non
zero. Suppose that r ^ TT then Ext^>(<y(r), <^(7r)) = 0, [6, 6.5], Lemma 10.1 implies 
J>{ÇÙ Iy(ir) = ^(TT). SO we have a suriection 

(46) HOM^(^(R) ,^ (ss f i /7 r ) ) - » H<<<OM^^TR) , !1 ^ ( T T ) ) . 

Further, we have an isomorphism 

(47) HomGw<<(r,ft/7r) ^ Hom^(e/(r),c/(îî/7r)). 

Choose -0 G Homcfr, ÎÎ/71-) mapping to d under the composition of (47) and (46). 
Since r is irreducible, by pulling back the image of i\) we obtain an extension 0 —» 
TT —> E^ —• T —> 0 inside of Ct. By construction, (44) maps the class of this extension 
to d. 

If TT ¥ n(r, 0,77) with 0 < r < p- 1 then Lemma 10.1 says that ^(Q/TT) ^ R1 J(TT) 
and arguing as above we get that (44) is surjective. • 
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Corollary 10.3. — Let-it, r be irreducible representations ofG with a central character, 
and suppose that n is supersingular with a central characterw<<bnf ExtQ(T, n) ^ 0 and 

T ¥ TT then 

Extk(r,7r) = H o m ^ ( ^ ( r ) , R 1 ^ ( 7 r ) ) . 

Proof. — Proposition 8.1 implies that the central character of r is £ and Ext^(r, n) = 
Ext^c(r,7r). By [6, Cor.6.5], Ext^(J^(r) , S(n)) = 0. The assertion follows from 
Propositions 9.1, 10.2. • 

Lemma 10.4. — Let n and r be supersingular representations of G with the same 
central character. Suppose that 7rJl = rTl as H-representations then TT = r. 

Proof. — It follows from the explicit description of supersingular modules M(r, 0,77 
of M3 in §9 or [14, Def.2.1.2] that J{r) ="HomG(r,7r) = HomG(r,7Ti) =<<wui as JT-modules. Hence, r =" STJij) 9 

(J^(r ® w<<<7^^7) 

Proposition 10.5. — Let TT = 7r(r, 0,77) with 0 < r < p — 1, and let £ be the central 
character of TX . Assume that p > 5 then R J^1(7r) = J^(7r) 0 J^(7r). 

Proof. — Corollary 6.6 implies that we have an isomorphism ofx<<-modules 
R1 j^(TT) =" R1 S(na) 0 R1 J^(TT^). Let v G R1 ^(TT^) it follows from Theorem 7.9 
that vex = v. Since 0 < r < p - l we have X Xs and so vexs = 0. Since Tns GW<<^$ 
vTns G R1 Ĵ (7rCT) and hence vTUs = vTUsex = vexsTUs = 0. So Tns kills R1 J^TT^) 

and by symmetry it also kills R1 J^(itz). Theorem 7.9 gives dimR1 J^(7ra) = 2. If we 
chose a basis {v,w} of R1 J^(7ra) then {vTu, wTu} is a basis of R1 J^(7r^). And it 
follows from the explicit description of M(r, 0,77) in §9 that (v,vTu) is stable under 
the action of Ji? and is isomorphic to M(r, 0,77). • 

Proposition 10.6. — Let TX and £ be as in Proposition 10.5 and let r be an irreducible 
representation of G with a central character £. Assume p > 2 and r ^ TT then 
Hom^( j^( r ) ,R1 J^(TT)) = 0. 

Proof — Assume that H o m ^ ( / ( r ) , R1 J{TT)) ^ 0 if p > 5 then Proposition 10.5 
implies that(J^(r ® 77) = J^(TT), and hence r = TT. Assume that p = 3 then the assump

tion 0 < r < p — 1 forces r = 1. Corollary 7.10 implies that r71 = x ® Xs as an 
^-representation, where x is as in (9). It follows from Lemma 10.4 that r cannot 
be supersingular. Since X Xs we get that r is a principal series representation. 
Corollary 10.3 implies that Ext^(r, TT) ̂  0. Let 77 be one of the characters u o det, 

o det,(J^(r ® 77) o det. Since p = 3 and r = 1, (8) gives TT = TT <8> rj. Twisting by rj 
gives Ext^(r 0 77,7r) ^ 0, and hence H o m ^ , R1 */(7r)) 7̂  0. Since p > 2 [1, 
Thm. 34, Cor. 36] imply that r 7* T®77 and so J^(r) ^ ^(r^rf) as ̂ -modules. This 
implies that dimR1 <y(ir) is at least 4 x 2 = 8, which contradicts Corollary 7.10. • 

Theorem 10.7. — Assume that p > 2 and let r and TT be irreducible smooth repre
sentations of G admitting a central character. Suppose that TT is supersingular and 
Ext^(r,7r) ^ 0 then T^TT. 
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Proof. — IfO < r < p — 1 the assertion follows from Corollary 10.3 and Propo
sition 10.6. Suppose that r G {0,p — 1}. Let 3 be the image of Ext^^(7r,TT) — 

Hom^(t/'(7r),R1 J(TT)). Then it follows from Propositions 8.2, 9.1 and Lemma 9.c 

that dim3 > 3 -1 = 2. Hence, J{TT)^J{TT)W<^^is a submodule of R1 J(TT). By forgetting 
the action of <ffl we obtain an isomorphism of vector spaces R1 <#(TT) =(J^(r ® 77)<w TT) 

Corollary 7.10 implies that dimR1 ^(TT) = 4. Since dim J{TT) = 2 we obtain 

(48) R1j^(7r) ^ J^X<<{TT)®J(TT). 

Corollary 10.3 implies the result. 

Remark 10.8. — We note that the proof in the regular case 0 < r < p — 1 is purely 
representation theoretic and makes no use of Colmez's functor. The Iwahori case 
r G {0,p — 1} could also be done representation theoretically. One needs to work out 
the action of J$? on Hl(I\/Z\,TT). This can be done, but it is not so pleasant, in 
particular p = 3 requires extra arguments. 

Lemma 10.9. — Let TT = 7r(r, 0, rj) with 0 < r < p — 1, then 

dim ^(ÇL/TT) . exTns > 1, dim ^(ÇI/TT) . exsTUs > 1. 

Proof. — We have an exact sequence of ̂ -representations: 

(49) 0 TTKi ftKl (ÏI/TT)^ 

Since £1\K = Inj a 0 Inj cr, we have Q,Kl = inj cr 0 inj cr, where inj denotes an injective 

envelope in the category R e p ^ / ^ , [14, 6.2.4]. In [6, 20.1, §16] we have determined 

the if-representation TTKI = TT^1 0 IT?1 . It follows from the description and [6, 3.4, 

3.5] that TT^1 is isomorphic to the kernel of inj cr - » Indf" %. Hence, (Q/TT)KI contains 

Indf x 0 Indf xs as a subobject and so (^/TT)11 contains V := (Indf x 0 Indf xs)h • 

Moreover, V is stable under the action of Tns, and dimVexTns = dim Vex«Tns = 1, 

[14, 3.1.11]. This yields the claim. • 

Proposition 10.10. — Let TT = ir(r, 0,77) with 0 < r < p — 1. Ifp>5 then 

(50) dim Ext^jZi (cr, TT) < 2, dim Ext^/Zi (cr, TT) < 2. 

Ifp = 3 then 

(51) dim Ext 1K/Z(J^(r ® 77)1 < 3, dim ExtK/Z1 (&I 7r) < 3. 

Proof. — We have HomK/Zl (c, TT) — Hom^/Zi(J^(r ® 77) since by construction soc^ = 

SOCK 7r. Moreover, since f2|#- is injective in Rep^ c we have Ext1K,z (cr, (7) = 0. Hence, 

(52) HomK/Zl (cr, ft/IT) = Ext^/Zi (a, TT). 

It follows from [14, 4.1.5] that if K is any smooth if-representation then one has 

(53) HomK/Zl(a,K) = Ker(y(K)ex ^ J{n)exs). 

Now Lemma 10.9, (52) and (53) imply that 

(54) dimExt^/z (CT,TT) < dim S(Q/ir)ex - 1 = dimR1 Jf(Tr)ex. 
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It follows from Theorem 7.9 that if p > 5 then dimM1 J?{rr)ex = 2 and if p = 3 then 
dimM1 J^(7r)ev < 3. The same proof also works for a. • 

Proposition 10.11. — Let TT = 7r(r, 0,77) with 0 < r < p — 1. Ifp> 5 then 

(55) dimExt^ (̂7T, 7r) < 3. 

Ifp = S then 

(56) dimExt^^(7T,7r) < 4. 

Proof. — Recall that we have an exact sequence: 

(57) 0 —> c-lndKZ a —> c-IndKZ cr —» TT —> 0. 

Applying HomG(*,7r) to (57) gives an exact sequence 

(58) HoniG(c-Ind^z cr, 7r) Ext^^(7r,7r) —> Ext̂ î ^(c-Ind^z cr, TT). 

We may think of this exact sequence first as Yoneda Exts in RepG ^, but since RepG ^ 
has enough injectives Yoneda's Extn is isomorphic to RnHom = ExtJ^. For any A 
in RepG ^ we have 

HomG(c-Ind£z a, A) ^ HomK/Zl (cr, Fj4), 

where F : RepG ^ —• RepK^ is the restriction. The functor F is exact and maps 
injectives to injectives, hence 

(59) Ext^c(c-Ind£z a, A) £ Ext^/Zi(cr,FA). 

Now (58), (59) and Proposition 10.10 give the assertion. 

The same proof gives: 

Corollary 10.12. — Let n > 1 and r = c-Ind̂ z cr 
(Tn) 

or T c-Ind̂ z cr 
(TN) 

if P > 5 ¿/¿en 

dimExtG^(T, 7r) < 3; z/p = 3 then dim Ext G^(T, 7r) < 4. 

Theorem 10.13. — Assume p > 2 and 7r = 7r(r, 0,77) supersingular. If (p,r) ^ (3,1) 
£/ien dimExt^ (̂7T, 7r) = 3. 

Proof. — Proposition 8.2 or §A gives dimExtG ^(7r, TT) > 3. I f 0 < r < p — 1 
then equality follows from Proposition 10.11. I f r = O o r r = p — 1 then 
Ext^(J^(7r), ^ { J T ) ) = 0 and Ext^(J^(7r), <#(TT)) is 1-dimensional by Lemma 
9.3. Hence, (48) and (33) give dimExtG c(TT, TT) = 3. 

For future use we record the following: 

Proposition 10.14. — Assume p > 2 and TT = 7r(r, 0,77) supersingular. Let 0 —» 
<y(7r) —»£'—>> J(TT) 0 be a non-split extension of J%?-modules. If (p,r) ^ (3,1) 
then dimExtGcr(^(£),7r) < 3. 
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Proof. — If (p,r) ^ (3,1) then we have R1(J^(r ® 77)(J^(r ® 77) ̂  J{TT) 0 J(TT) and so 
< < d i m H o m j ^ ^ R 1 J^TT)) = 2. So if d i m E x t ^ ( £ , S(ir)) < 1 then (33) allows 
us to conclude. Ifr = 0 o r r = p — 1 the latter may be deduced from Lemma 9.3. If 
0 < r < p — 1 and E = E\± \2 with A1A2 7̂  0 then this is given by Lemma 9.5. If 

A1A2 = 0 then &(E) = 
c-Ind̂ z a 

w<< or c-Ind K y a 
[T2] 

and the assertion is given by Corollary 

10.12. 

11. Non-supersingular representations 

We compute Ext^^(r, 7r), when IT is the Steinberg representation of G or a char
acter and r is an irreducible representation of G under the assumption p > 2. The 
results of this paper combined with [6] give all the extensions between irreducible 
representations of G, when p > 2. We record this below. A lot of cases have been 
worked out by different methods by Colmez [7] and Emerton [8]. The new results of 
this section are determination of R1 J^(Sp), where Sp is the Steinberg representation, 
and showing that if rj : G —• F * is a smooth character of order 2 then Ext^(r?, Sp) = 0. 

Proposition 11.1. — Assume p > 2 and let ip : H —• F * be a character. Suppose that 

Ext}/Zl(V>, Sp) 7̂  0 thenip = 1 the trivial character. Moreover, dimExt}/Zi (1, Sp) = 2. 

Proof. — It follows from (7) that rr(p - 1,1) ^ Indp 1. By restricting (5) to J we 
obtain an exact sequence of /-representations: 

(60) 0 1 Indjnps 1 0 IndjnP 1 -> Sp -> 0. 

If we set M := Ind,nps 1 then Ind,nP 1 9* Mn, and M\H{InU) ^ lnd^(InU) 1 is 
an injective envelope of 1 in RePH(inu)- So (60) is an analog of Theorem 6.3. The 
proof of Theorem 7.9 goes through without any changes. For p = 3 we note that 
MKl = I n d ^ ^ 1 and hence M satisfies the assumptions of Lemma 7.7. • 

Let uo : Q* —> F * be a character, such that u(p) = 1 and o;|zx is the reduction 

map composed with the canonical embedding. 

Proposition 11.2. — Assume p > 2 then R1 J(\) = M(p - 3, l3u) and R1 J^(Sp) ^ 
M(v-1A)<ww.<< 

Proof. — Recall (5) gives an exact sequence 

(61) 0->l->7r(<<<p- l , l ) ->Sp->0. 

Applying y to (61) we get an exact sequence: 

0 - > R(J^(r ® 77)1 R1 y(n(p - 1,1)) R1 . / (Sp) . 

Now [6, Thm. 7.16] asserts that R1 «^(7r(p-l, 1)) = M ( p - 3 , l , o ; ) © M ( p - l , 1). Now 
H acts on R1XWVBNPand R1 J(TT(p - 1,1)) via h Th-i. It follows from Definition 
9.2 that 

M(p - 1,1) ^ 1 0 1, M(p - 3,1, lj) ^ a 0 a'1 
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as ^-representations. Propositions 5.2, 5.4 imply that 

R1 J(\\ £ H^h/Zu 1) = Romih/ZuFv) = Uu, K ^ a 0 oT1 

as ^-representations. Since p > 2 we get R1 J ( \ ) = M ( p - 3 , l,u;). Then M ( p - 1,1) 
is a 2-dimensional submodule of R1 J^(Sp). However, Proposition 11.1 implies that 
R1 ̂ ( S p ) is 2-dimensional, so the injection is an isomorphism. • 

Lemma 113. — Let M be an irreduciblecww<-module. If E x t ^ ( M , J^(l)) or 
Ext\^(M, J^(Sp)) is non-zero then M G {J^(l), ^ ( S p ) } . Moreover, 

dimExt^(j^(l) , ^ ( S p ) ) = dimExt^(j^(Sp),J^(l)) = 1. 

Ifp>2 then E x t ^ J ^ l ) , ^(1)) and Ext^>(^(Sp), .^(Sp)) are zero, and if p = 2 
then both spaces are 1-dimensional. 

Proof. — Recall that (6) gives an exact sequence: 

(62) 0 Sp -> TT(0, 1 ) ^ 1 ^ 0 . 

Applying we obtain an exact sequence: 

(63) 0 -+ J^(Sp) -> M(0,1) -> J{\) -> 0. 

If E x t ^ ( M , J^(Sp)) ^ 0 and M ^ J^(l) then from (63) we obtain that 
Ext^(AT, M(0,1)) 0, and [6, Cor.6.5] implies that M is either a subquotient 
of M(0,1) or a subquotient of M(p - 1,1). Hence M =* J^(Sp). Using (61) one 
can deal in the same way with Ext^(AT, J^(l)). Since J^(l) and J^(Sp) are one 
dimensional, one can verify the rest by hand using the description of Jf? in terms of 
generators and relations given in (36). • 

Let TT and r be irreducible representations of G admitting the same central char
acter £. Assume that TT is not supersingular. When p > 2 for given TT we are going 
to list all T such that ExtG^(r, TT) ^ 0. If one is interested in ExtG(r, TT) then this 

can be deduced from Proposition 8.1. If rj : G —» F* is a smooth character then 
ExtG^(r ® rj,TT <g> rj) = Ex t^^r , TT). Hence, we may assume that TT is 1, Sp or 
7r(r, A) with A + 0 and (r, A) (0 ,±1) , (r,A) ^ (p - 1,±1). Recall if A ^ 0 and 
(r, A) ^ (0,±1) then [1, Thm. 30] asserts that 

(64) 7r(r, A) = Indp /iA-i <g> /XA^r-

It follows from (64) that if A ̂  ±1 then 7r(0, A) = ir{p — 1, A). Hence, we may assume 
that 1 < r < p — 1. Propositions 9.1 and 10.2 gives us an exact sequence: 

(65) E x t ^ ( ^ ( r ) , ^ ( 7 r ) ) Ext^c(r,7r) - » H o m ^ J ^ R 1 ^ ( T T ) ) . 

Theorem 11.4. — Letn, r and£ be as above. Assume thatp > 2 and ExtG ^(r, TT) ^ 0. 

£e£ d be the dimension of Ext Q C(T, TT). 

(i) if TT = 1 i/ien one o/ £/ie following holds: 
(a) r = Sp, and d = 1; 

(b) p> 5, r ^ TT(V- 3,l,a;) =" Indp a; <8> a;-1 and d = 1; 

ASTÉRISQUE 331 



EXTENSIONS FOR SUPERSINGULAR REPRESENTATIONS OF GL2(QP) 349 

(c) p = 3, T = Sp 0 ou o det and d = 1; 
(ii) z/ 7T = Sp £/ien r = 1 andd = 2; 

Proof. — This follows from (65), Lemma 11.3 and Proposition 11.2. We note that if 
p = 3 then 7r(p—3,1, CJ) is reducible, but has a unique irreducible subobject isomorphic 
to Sp 0 ou o det. • 

For the sake of completeness we also deal with Ext^^(r, TT) when TT is irreducible 
principal series. We deduce the results from [6, §8], but they are also contained in [7] 
and [8]. 

Theorem 11.5. — Let TT, T and ( be as above. Assume that p > 2, TT = 7r(r, A) with 

1 < r < v- 1, A e I!" and (r,A) ̂  (v - 1,±1). Then 

Ext^c(7r ( r , A), 7r(r, A)) Hom(Qpx, Fp). 

In particular, dimExt^ ^(7r(r, A), 7r(r, A)) = 2. Moreover, suppose that r ^ TT and 

Ext^^(r ,7r) 7^ 0. Let d be the dimension of Ext^ ^(r, TT) then one of the following 

holds: 

(i) if (r, A) = (p — 2, ±1) then such r does not exist; 
(ii) if (r, A) = (p — 3, ±1) (hence p>h) then r = Sp 0 C J - 1 / / ± I o det and d = 1; 

(hi) otherwise, r = 7r(s, A - 1 , t < ; r + 1 ) , w/iere 0 < s < p—2 and s = p—3—r (mod p— 1), 
and d = 1. 

Remark 11.6. — Note that if TT = 7r(r, A) si as m fm,l and we write TT = 

Indp^i 0 ip2<^~1, then it follows from (64) that 7r(s, A-1, our+1) = Indp ^ 2 0 ^)\ou~Y. 

Proof. — The first assertion follows from [6, Cor.8.2]. Assume that r ^ TT then it 
follows from [6, Cor.6.5, 6.6, 6.7] that Ex t^ ( j ^ ( r ) , J^(TT)) = 0. Hence, (65) implies 
that Ext^c(r ,7r ) £ Hom^(j^(r) ,M1 J(TT)). The assertions (i),(ii) and (iii) follow 
from [6, Thm. 7.16], where R1 J?(TT) is determined. The difference between (ii) and 
(iii) is accounted for by the fact that if r = p — 3 then s = 0 and if A = ±1 then 
7r(s, A-1, our+l) = 7r(0, ± 1 , oup~2), which is reducible, but has a unique irreducible 

submodule isomorphic to Sp0w_1/i±i 0 det. • 

Appendix A 

Lower bound on dimExtç(7r, TT) 

Let F be a finite field of characteristic p > 2 and W(¥) the ring of Witt vectors. 
Let 0 < r < p — l b e a n integer and set 

7r(r) := 
c-Ind£z Symr F2 

(T) 

We note that the endomorphism T is defined over F, see [1, Prop 1]. In this section, 
we bound the dimension of Ext^(7r(r), Tr(r)) from below, using the ideas of Colmez 
and Kisin. Let L be a finite extension of W(F)[l/p] and O the ring of integers in L. 
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Let &qp be the absolute Galois group of Qp. Let Rep^G be the category of ff[G\-
modules of finite length, with the central character, and such that the action of G is 
continuous for the discrete topology. Let Rep^ &qp be the category of <^[^Qp]-modules 
of finite length, such that the action of &qp is continuous for the discrete topology. 
Colmez in [7] has defined an exact functor 

V : R e p ^ G ^ R e p ^ % 

Set p(r) := V(7r(r)), then p(r) is an absolutely irreducible 2-dimensional F-represen

tation of S?q , uniquely determined by the following: det p = o;r+1; the restriction of 

p to inertia is isomorphic to UJ^1 0 LJ^^, where LO^ is the fundamental character 

of Serre of niveau 2. In the notation of [5], p(r) = indo^"1"1. We note that since, 7r(r) 

and p(r) are absolutely irreducible, the functor V induces an isomorphism: 

(66) HomG(7r(r),7r(r)) 9É H o m ^ (p(r),p(r)) * F. 

Let rj : ^QP —> ffx be a crystalline character lifting £ := uor the central character of 
7r(r). We consider 77 as a character of the centre of G, Z(G) = Q* via the class field 
theory. To simplify the notation we set TT := 7r(r) and p := p(r). Let Rep̂ .'77 G be the 
full subcategory of Rep^> G, such that r is an object in Rep '̂77 G if and only if the 
central character of r is equal to (the image of) 77, and the irreducible subquotients 
of r are isomorphic to TT. We note that Rep '̂77 G is abelian. 

For r and « in Rep '̂77 G we let Ext^(ft, r) be the Yoneda Ext1 in RepJ,'77 G, so an 
element of Ext^(/^,r) can be viewed as an equivalence class of an exact sequence 

(67) (J^(r ®( 77)(J^(r ® 77) 

where E lies in RepJ.'77 G. Applying V to (67) we get an exact sequence 0 —» V ( r ) —• 
V(E') —> V(tt) —• 0. Hence, a map 

(68) Ext^(K,r )^Ex4Qp(V(K),V (r)) . 

A theorem of Colmez [7, VII.5.3] asserts that (68) is injective, when r = K = 7r. 

Lemma A.1. — Let r and K be in Rep̂ ,'77 G then V induces an isomorphism, and an 
injection respectively: 

HomG(K,r) S H o m % ( V ( « ) , V ( r ) ) 

E x t ^ ( K , r ) - E x t ^ p ( V ( « ) , V ( r ) ) . 

Proof. — We may assume that r ^ 0 and K ^ 0. We argue by induction on £(r)+^(tt), 
where £ is the length as an <^[G]-module. If £(r) + £(K) = 2 then r = n = 7r and the 
assertion about Ext1 is a Theorem of Colmez cited above, the assertion about Horn 
follows from (66). Assume that £(T) > 1 then we have an exact sequence: 

(69) 0 ^ T ' - > T - > 7 T - > 0 . 

Since V is exact we get an exact sequence: 

(70) 0 -> V(r') - » V ( t ) - » V(tt) - • 0. 
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Applying HOIIIG(K, .) to (69) and H o m ^ (V(K) , .) to (70) we obtain two long exact 
sequences, and a map between them induced by V . With the obvious notation we 
get a commutative diagram: 

0 A0 <vn •c°- Al B1 - C1 

0 - xw 0>- ,,<< s*1 <,n^ù c<<w 

The first and third vertical arrows are isomorphisms, fourth and sixth injections by 
induction hypothesis. This implies that the second arrow is an isomorphism, and the 
fifth is an injection. Hence, 

H o m G ( K , r ) S H o m % ( V ( « ) , V ( r ) ) , 

Ext^(« , r ) ^Ex4Qp(V(« ) ,V ( r ) ) . 

If ^(r) = 1 and £(K) > 1 then one may argue similarly with HOIIIG(.,T) and 
Homc,Qp(.,V(r)). • 

From now on we assume that (p, r) ^ (3,1). Let Rep̂ .'77 Wqp be the full subcategory 
of Rep^>^Qp, with objects p', such that there exists TX' in Rep J.'77 G with p' = V(TX'). 
Lemma A.l implies that V induces an equivalence of categories between Rep J,'77 G 
and Rep^'^^Qp. In particular, Rep7^71 &qp is abelian. We define three deformation 
problems for p, closely following Mazur [12]. Let Du be the universal deformation 
problem; Duri the deformation problem with the determinant condition, so that we 
consider the deformations with determinant equal to LJT], [12, §24]; Dn,ri a deformation 
problem with the categorical condition, so that we consider those deformations, which 
as representations of &^qv\ lie in Rep^V(£qp, [12, §25], [15]. Since p is absolutely 
irreducible, the functors Du, Dur], D^^ are (pro-)representable by complete local 
noetherian ^-algebras Ru, R"71, K*'71 respectively. By the universality of Ru we have 
surjections Ru -» R"71 and Ru -» Rnr}. 

For p' in RepF^Qp we set hl(p') := dimp Hl(<£qp, p'). Let V be the underlying vec
tor space of p, the c$qp acts by conjugation on EndF V. We denote this representation 
by Ad(p), in particular Ad(p) = p <g) p*. Local Tate duality gives 

h2(p 0 p*) = h°(p 0 p* 0 u) = dimHom^Qp (p, p 0 u). 

Now [4, Lem. 4.2.2] implies that p = p0u; if and only if p = 2 or (p, r) = (3,1). Since 
both cases are excluded here, we have /i2(Ad(p)) = 0. Since p is absolutely irreducible 
h°(p® p*) = 1. The local Euler characteristic gives: 

4 = dim p 0 p * = -h®(p® p*) + hl(p® p*)-h2(p® p*) 

and so /ii(Ad(p)) = 5. Since p > 2 the exact sequence of (Sqp-representations: 

0 - Ad°(p) - Ad(p) TRACEF^0 

splits. Hence /ix(Ad0(p)) = 3 and /i2(Ad°(p)) = 0. It follows from [11] that Ru S 

0[[h,..ss.,st6]s] md Br> ^ ff[[t!,t2,t3]]-
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Inverting p we get surjections Ru[l/p] -» RT^l/p] and Ru[l/p] -» i T ' ^ l / p ] , and 
hence closed embeddings 

Specie77 [1/p] ^ S p e c i e [1/p], Spec iT'77 [1/p] Spec i T [1/p]. 

Let x G Spec Ru)'n\\/p\ be a closed point with residue field E. Specializing at x 
we obtain a continuous 2-dimensional ^-representation Vx of Ŝ Q . Suppose that Vx 
is crystalline, and if Ai,A2 are eigenvalues of (f on Dcrys(V*) then Ai ^ A2 and 
Ai 7̂  A2P±1 then Berger-Breuil in [3] associate to Vx a unitary i£-Banach space 
representation Bx of G. Choose a G-invariant norm | | . || on Bx defining the topology 
and such that \\BX\\ C \E\ and let B® be the unit ball with respect to || . ||. Berger 
has shown in [2] that B® F = TT as G-representations. The constructions in [3] 
and [7] are mutually inverse to one another. This means 

Vx^E®ÛElimV(B0J™nEB0x). 

Hence, every such x also lies in Spec i?71"'77 [1/p]. A Theorem of Kisin [10, 1.3.4] as
serts that the set of crystalline points, satisfying the conditions above, is Zariski 
dense in Specie77 [1/p]. Since Spec i^77! 1/p] and Spec iT'77 [1/p] are closed subsets of 
Spec Ru [1 /p], we get that Spec R^ [1/p] is contained in Spec R** [1 /p]. Since RUT1 [1 /p] 
is reduced we get a surjective homomorphism i?71"'77 [1/p] - » RUTI[l/p]. Let / be the 
kernel of Ru - » i?71"'77 and let a G / . The image of a in Rn>77 [1/p] is zero, hence a maps 
to 0 in if*7[1/p]. Since Rur> is p-torsion free, the map R^ -> if1"7 [1/p] is injective, 
and hence the image of a in i^77 is zero. So the surjection Ru -» R^1 factors through 
K*'71 -» R"11. Let and be the maximal ideals in K*^ and it!̂ 77 respectively. 
Then we obtain a surjection: 

(71) (J^(r ® ^^w<<<77) ™7T,77 

s 7 L i ^ + ml ^ 

wwxn,; 

(J^(r ® )(J^(r ® 77) 
- ^£>wr7(F[e])*, 

where ¥[e] is the dual numbers, e2 = 0, and star denotes F-linear dual. It follows from 

(71) that dimFD7r'77(F[s]) > dimF Dur»(¥[e\) = 3. NowDw(F[5]) ^ ExtJ№p](p,p), [12, 
§22] and so D71"'77^^]) is isomorphic to the image of Ext^ ^(tt, 7r) in ExtJ^Q j(p, p) via 
(68), where Ext^}^(7r,7r) is Yoneda Ext in the category of smooth F-representations 
of G with central character £. Now, [7, VII.5.3] implies that the map Ext^ ^(7r,7r) —• 

Extprc^ 1 (p, p) is an injection. We obtain: 

Theorem A.2. — Let n be as above and assume that (p, r) ^ (3,1) then 

dimp ExtQ (̂7T, 7r) > 3. 

References 

[1] L. Barthel & R. LivnÉ - "Irreducible modular représentations of GL2 of a local field", 
Duke Math. J. 75 (1994), p. 261-292. 

[2] L. Berger - "Représentations modulaires de GL2(QP) et représentations galoisiennes 
de dimension 2", Astérisque 330 (2010), p. 263-279. 

ASTÉRISQUE 331 



EXTENSIONS FOR SUPERSINGULAR REPRESENTATIONS OF GL2(QP) 353 

[3] L. BERGER &, C. BREUIL - "Sur quelques représentations potentiellement cristallines 
de GL2(QP)", Astérisque 330 (2010), p. 155-211. 

[4] C. BREUIL - "Sur quelques représentations modulaires et p-adiques de GL2(QP). I", 
Compositio Math. 138 (2003), p. 165-188. 

[5] , "Sur quelques représentations modulaires et p-adiques de GL2(QP). II", J. Inst. 
Math. Jussieu 2 (2003), p. 23-58. 

[6] C. BREUIL & V. PASKÙNAS - "Towards mod p Langlands correspondence for GL2", to 
appear in Memoirs of Amer. Math. Soc. 

[7] P. COLMEZ - "Représentations de GL2(QP) et ($, $)-modules", Astérisque 330 (2010), 
p. 281-509. 

[8] M. EMERTON - "Ordinary parts of admissible representations of p-adic reductive groups 
II: derived functors", this volume. 

[9] M. KISIN - "The Fontaine-Mazur conjecture for GL2", J. Amer. Math. Soc. 22 (2009), 
p. 641-690. 

[10] , "Deformations of Gqp and GL2(QP) representations", appendix to [7]. 
[11] B . MAZUR - "Deforming Galois representations", in Galois groups over Q (Berkeley, 

CA, 1987), Math. Sci. Res. Inst. Publ., vol. 16, Springer, 1989, p. 385-437. 
[12] , "An introduction to the deformation theory of Galois representations", in Mod

ular forms and FermaVs last theorem (Boston, MA, 1995), Springer, 1997, p. 243-311. 
[13] R. OLLIVIER - "Le foncteur des invariants sous l'action du pro-p-Iwahori de GL2(F)", 

J. reine angew. Math. 635 (2009), p. 149-185. 
[14] V. PASKÙNAS - "Coefficient systems and supersingular representations of GL2(F)", 

Mémoires de la SMF 99 (2004). 
[15] R. RAMAKRISHNA - "On a variation of Mazur's deformation functor", Compositio Math. 

87 (1993), p. 269-286. 
[16] J-P. SERRE - Corps locaux, Publications de l'Institut de Mathématique de l'Université 

de Nancago, VIII, Actualités Sci. Indust., N0. 1296. Hermann, Paris, 1962. 
[17] , Cohomologie galoisienne, Lecture Notes in Math., vol. 5, Springer, 1994. 
[18] M.-F. VIGNÉRAS - "Representations modulo p of the p-adic group GL(2, F)", Compos. 

Math. 140 (2004). D. 333-358. 

V. PASKUNAS, Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, D-33501 Bielefeld, 
Germany • E-mail : paskunas@mathematik.uni-bielefeld.de 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2010 

mailto:paskunas@mathematik.nni-bielefeld.de

