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DEFORMATION RINGS FOR SOME MOD 3 

GALOIS REPRESENTATIONS OF THE 
ABSOLUTE GALOIS GROUP OF Q3 

by 

Gebhard Böckle 

Abstract. — In this note we compute the (uni)versal deformation of two types of 
mod 3 Galois representations p : GL((Q>3/(Q)3) —*• GL2(Fa). In the cases considered 
the (uni)versal ring is obstructed. Our main result is that the ring is still an integral 
domain. The result has consequences for the p-adic local Langlands correspondence: 
By work of Colmez and Kisin it allows one to deduce that benign crystalline points 
are Zariski dense in the universal space for p = 3. Thus the p-adic local Langlands 
correspondence [4] as well as the result [6] have no longer any exceptional cases 
for p = 3. 

Résumé (Anneaux de déformation pour certaines représentations galoisiennes mod 3 du groupe 
de Galois absolu de Q3) 

Dans cette note, nous calculons la déformation (uni)verselle de deux types de 
représentations galoisiennes p : GL(Q3/(Q>3) —> GL2(Fa). Dans les cas que nous consi
dérons, l'anneau (uni)versel est obstrué. Notre résultat principal énonce que l'anneau 
reste intègre. Ce résultat a des conséquences pour la correspondance de Langlands 
p-adique locale : en utilisant les travaux de Colmez et de Kisin, il nous permet de 
déduire que les points crystallins bénins sont denses pour la topologie de Zariski, dans 
l'espace universel pour p = 3. Ainsi la correspondance de Langlands p-adique locale 
[4] ainsi que le résultat de [6] n'ont plus de cas exceptionnels pour p = 3. 

1 . I n t r o d u c t i o n 

Let p be a prime, let Qp denote the completion of the field of rational numbers Q 

under the p-adic norm and let K D Qp be a finite extension field. For q a power of 

p denote by ¥q the field of q elements and by Zq the ring of Wi t t vectors of Fq, so 

tha t Zq is the complete discrete valuation ring of characteristic zero with uniformizer 

p and residue field Fq. Consider a continuous representation 

p: GK - GL2(Fg) 

of the absolute Galois group GK := Gal(Kseip/K) of K. 

2000 Mathematics Subject Classification. — 11F80, 11F85, 20F05, 11S37. 
Key words and phrases. — Galois representation, local field, Demuskin group, universal deformation, 
p-adic local Langlands program. 
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530 G. BÔCKLE 

To p we apply the deformation theory developed by Mazur [9]: Let CNLq denote 

the category of complete noetherian local Z^-algebras R with residue field Fq. The 

algebra s tructure yields a canonical surjective homomorphism 7TR : R —> ¥q of Zq-

algebras. Its kernel is the maximal ideal of R which we denote by m#. For R £ 

CNLq, a lift of p to R is a continuous representation p : G K —• GL2(i2) such tha t 

p = GL2(7r#) o p. A deformation is a strict equivalence class of lifts where two lifts 

are strictly equivalent if they are in the same conjugacy class under conjugation by 

matrices in T(R) := Ker(GL2(7ri?): GL2(R) -> GL2(Fg)) C GL2(i?). Following Mazur 

one considers the functor which to any R in CNL^ associates the set of all deformations 

of p to R. 

By [9] this functor always has a versal hull. The versal hull is a strict equivalence 

class of a lift pv : G K —* GL2(i?v) of p which is characterized (up to isomorphism) 

by the following two properties: (a) any deformation to a ring R is obtained as 

the composite of pv with a Zg-algebra homomorphism Rv —• R in CNLg; (b) the 

composition of pv with the canonical surjection Rv —» Rv/(m2R ,p) is universal for 

deformations to ¥q[e]/(e2). The versal hull is universal if diniF9 H°(GK, ad) = 1; here 

ad denotes the adjoint representation of G K on the set of 2 x 2 matrices M2(Fg) over 

Fg, i.e., the composite of p with the conjugation action of GL2(Fg) on M2(Fg). 

In this note we shall explicitly compute the versal deformation rings for two (types 

of) p in the case where K = Q3, and so from now on we specialize p to 3. For every 

n e N we fix a primitive n- th root of unity (n £ Q3". We define \3 • Gq3 —• Z/ (3)* = FJ 

as the mod 3 cyclotomic character, so tha t # £ 3 = C%3^ f°r 9 £ GQ3. We also define 

characters uji: Gq3i —• F ^ , i = 1, 2, by 

a i - > Luder) 
T Í 3 УЗ) 

УЗ) 
(mod 3Z3i); 

the fraction on the right is a primitive (3* — l ) - th root of unity in Z3*. The characters 
u)i are totally and tamely ramified. 

We shall s tudy the following two (types of) residual mod 3 Galois representations 
Pi \ G a l ( Q 3 / Q 3 ) —• GL2(F3): By p i we denote a representation which is an extension 
of the trivial character by %3, so tha t 

P i : G Q 3 - G L 2 ( F g ) : o ^ XsM (3(a) ^ 

for some power q of 3; here a 1—> (3{a) is a continuous 1-cocycle and the set of pi up 
to isomorphism is in bijection with H^ont(Gq3,F*3). If 0 = [f3] G H^ont(Gq3, F*3) we 
choose /? = 0. From local Tate duality and the local Euler-Poincare formula, cf. [10, 
§3], one deduces 

dimFqH1cont(GQ3,¥f) = 

d i m F f + dimtfc°ont(GQ3,Ff ) + dimiJc°ont(GQ3, ( F f )*(X3)) = 1 + 0 + 1 = 2. 
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DEFORMATION RINGS F O R SOME MOD 3 GALOIS REPRESENTATIONS 531 

By p2 we denote the induced representation 

P2 := Ind£Q3 v*: Go, G L 2 ( F 3 ) ; 

we remark tha t the image of p2 is a dihedral group of order 8 of which it is known tha t 

its irreducible degree 2 representation on F3 is defined over F3. To have a uniform 

notation for the coefficient fields for both pi, we take q = 3 for the representation 

Let pi: GQ3 —•> GL2( i^) denote the versal hull of pi. One easily verifies tha t it is 

universal if either i = 2 or if i = 1 and [/?] ^ 0—note tha t dimH°(GQ3,a,d) = 2 if 

i = 1 and [/?] = 0. The main result of this article is an explicit computation of Ri 

which leads to the following result: 

Theorem 1.1. — The ring Ri is an integral domain. Moreover Ri is a local complete 

intersection, flat over Zq and of relative dimension 4 + dim H°(Gq3i ad) . 

The proof follows closely tha t of the main result [1, Theorem 2.6]. The new asser

tion made, in comparison with [1], is tha t the rings Ri for the two cases at hand are 

integral domains. This implies tha t the Spec(i?*[l/3]) are reduced and irreducible. 

By [6, Cor. 1.3.6], the pi considered here are precisely those 2-dimensional repre

sentations of GQ3 over a finite extension of F3 for which Mazur 's deformation functor 

is obstructed, i.e., for which H2(Gq3,a,d) ^ 0. Thus Theorem 1.1 holds for the 

(uni)versal deformation rings of all such residual representations. Moreover one can 

easily adapt the (methods of the) present article to study deformation functors for 

deformations having a fixed determinant if) as in [6]. The corresponding (uni)versal 

deformation ring satisfies all assertions of Theorem 1.1 except tha t its relative dimen

sion is 3 + dim H°(GQ3 , ad°) . 

Since SpecRi[l /3] is irreducible, [3, § 6] or [6, Cor. 1.3.4] imply tha t trianguline or 

benign crystalline points are Zarisiki dense in it—as well as the analogous result for 

deformations with a fixed determinant (note tha t [6, Cor. 2.3.7] only needs cases of 

the present note in which d i m H ° ( G q 3 , ad°) = 0, i.e., those in which Ri is universal). 

By this, the p-adic local Langlands correspondence [4, in part . Thme. II.3.3] and the 

result [6, Thms. 0.1 and 0.3] have no longer any exceptional cases for p = 3. 

We now survey the present article. In Section 2 Mazur 's deformation functor 

for the pi considered here is identified as a functor describing sets of equivariant 

homomorphisms from the pro-3 completion P of the absolute Galois group of an 

extension of Q 3 determined by pi to a pro-3 Sylow subgroup of GL2 (R)—the idea to 

consider functors of equivariant homomorphisms goes back to Boston, e.g. [2]. The 

group P is a Demuskin group which carries an action of Im(p) modulo its normal 

3-Sylow subgroup U. In Section 3, we recall the main results on such groups. 

Compared to the results in [1] there are two improvements. In Section 2 the 

Demuskin group P arises from an extension of Q 3 tha t is possibly of a smaller degree 

than in [1] or [2]. This facilitates the computations related to p2. In Section 3 we are 

able to give an explicit presentation of P in terms of topological generators and one 

relation r where on the generators and thus also on r the action of lm(p)/U is also 
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532 G. BÔCKLE 

given explicitly! For pi this was indicated in [1, Example 3.7]. For p2 this is new and 
rather simple—but it was not noticed in [1]. The explicit form of r will in Sections 4 
and 5 allow the explicit computat ion of the versal deformations p^. The Rings R{ 

are given as the quotient of a power series ring over Zq by ideals whose generators 
can in principle be given explicitly. However the actual generators we find are too 
complicated to write down. Instead, using a computer algebra package, we can give 
t runcated power series to sufficient high precision to prove Theorem 1.1. 

A c k n o w l e d g e m e n t s . — I would like to thank very much P. Colmez for bringing 
the problem tha t led to this note to my attention and moreover to allow me to publish 
it in present the volume dedicated to J.-M. Fontaine. The author was supported by 
a grant of the Deutsche Forschungsgemeinschaft within the S F B / T R 45. 

2 . A functor of equivariant h o m o m o r p h i s m s 

For a field k let A;sep denote a fixed separable closure. We define Pk as the pro-3 

completion of Gk := Gal(fcsep/k). This is a quotient of Gk by a closed normal sub

group. The fixed field of this subgroup inside ksep we denote by k(3). 

We introduce various extension fields of Q 3 inside Q 3 and Galois groups—they 

depend on pi but we omit this dependency in the notation. The splitting field of 

p is L := GQ^^K The group H := Ga l (L /Qs) has a unique 3-Sylow subgroup 

denoted U—it is trivial for p2- For p i , the fixed field Lu is E := Qs(Cs) and we 

write G := Ga l (E /Q3) . Since U is a 3-group one has E(3) = L(3). For p2, we 

define Lo := GQ**^^ as the splitting field of ad and we set C := Gal(L/L0) and 

G := Gal (Lo/Qs) . For the convenience of the reader, we display the situations for 

bo th pi in the following diagrams: 

L(3) 

PL 

L \ PE 

u 

H E 

G 

Q3 

for pi 

L-L0(3)% 

PL0 

D PL0XC 

c 

H Lo 

G 

®3 

for p2 

In the diagram for pi the group G is isomorphic to a cyclic group of order 2, say 

G = {1,0}. The group U is of order 1, 3 or 9 as can be deduced from 

dimFa H1(GQ3,¥^3) = 2. If U is non-trivial, we denote by u G U a non-trivial 
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element. By conjugating p\ suitable, we may then assume tha t pi(ti) = (I I ) . In 

[2, §2] a profinite version of the Lemma of Schur-Zassenhaus is stated. It implies 

tha t G a l ( L ( 3 ) / Q 3 ) is isomorphic to a semi-direct product P E X G. We thus fix a 

lift of the generator a of G a l ( £ / Q 3 ) to Gal(L(3)/Q3) of order 2. By the quoted 

Schur-Zassenhaus lemma any two such lifts are conjugate by an inner automorphism. 

In the diagram for p2 the group H is a dihedral group of order 8 and its quotient 

G is a Klein 4-group. Because PL0 is a pro-3 group and the index [L : LQ] is 2, one 

has L D L0(S) = L0 and thus Gal(LL0(3)/Lu) is isomorphic to the product PL0 X C. 

Again by the profinite Schur-Zassenhaus lemma, we have Gal(LLo (3 ) /Qs) = PL0 X H 

where the subgroup C C H acts trivially on PLQ. A S above we fix a splitting of 

Gal(Z/Lo(3)/Qs) —» H and note tha t any two such differ by an inner automorphism. 

Define E/2(Fg) C GL2(Fg) as the subgroup of upper triangular matrices with l ' s on 

the diagonal and define for any R G CNLq the group T(R) as GL2(7rJR)-1(E/2(Fq)), so 

that : 

T(R) = G L 2 ( T T ä ) - 1 ( { 1 } ) C f (Ä) C G L 2 ( Ä ) . 

The groups T(R) and f (R) are pro-3 groups. It follows from [2, §6.9] tha t any lift 

p: Gq3 —• GL2(i?) of pi contains Gal (Q3 /L (3) ) in its kernel. But for p2 slightly more 

is true. 

Lemma 2.1. — Any lift p : GQ3 —• GL2(R) of p2 contains Gal(Q3/LL0(3)) in its 

kernel. 

Proof. — The image of C under p2 is the set { ± 1 2 } where I2 is the identity matr ix 

in GL2(Fq). If we denote by I2 the same matr ix in GL2(R) it follows tha t 

G L 2 ( 7 r Ä ) - 1 ( { ± l 2 } ) = T(R) x { ± 1 2 } C G L 2 ( Ä ) . 

By the profinite Schur-Zassenhaus lemma any element of order 2 in G L 2 ( 7 r # ) - 1 ( { ± l 2 } ) 
is conjugate to —12 and hence equal to —12 since this element is central. By the 

same lemma p(Gal(Q3/L0)) C GL2(7rJR ) -1({±l2}) is a semidirect product of a group 

of order 2 and a pro-p group. Up to strict equivalence we may assume tha t the group 

of order 2 is generated by the central element —12 G GL2( i2) . Hence p(Gal(Qs/LQ)) 

is a product of a pro-3 group with { ± 1 2 } . In particular, the pro-3 group is the Galois 

group of a Galois extension of LQ, and thus of a subextension of LQ(3). • 

We now define functors EHj : CNLq —> Sets of equivariant homomorphisms corre

sponding to the pi as follows: To R G CNLg we associate 

EHi(Ä):= aGHomG,cont (PE,t{R)) A mod xtiR = P i \ g b and a (u) ( J 1 ) ì S U ^ O 

if i = 1, and we associate EH2(i2) := Hom^cont (PL0 , T( i?) ) if i = 2. Aga in by Schur-

Zassenhaus, if i = 1 we fix a h o m o m o r p h i s m A i : G a l ( £ ^ / Q 3 ) —> GL2(Zq) whose m o d 

3 reduct ion is the compos i t e of pi w i t h a spl i t t ing of G a l ( L / Q 3 ) —> G a l ( E / Q 3 ) , and if 

i = 2 a homomorph i sm A2: G a l ( I / / Q 3 ) —> GL2(Z3) which is a lift of p2. T h e following 

is a variant of [1, Prop . 2.3]; i ts proof is left t o the reader w h o m a y consult [2, §6,9]. 
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534 G. BÔCKLE 

Proposition 2.2. — The functors EH^ are representable. Let ( P ^ a ^ ) denote a univer

sal pair and define the continuous representation p{ \ GQ3 —• GL2(P3) by 

Pi((h,g)) := <XI(h)\I(g) 

for (h,g) inPExG^ Gal(L(3)/Q3) or in PLo x H ^ Gal(LL0(3)/Q3), respectively. 

Then the strict equivalence class of (Ri,pi) is a versal hull of pi. 

3 . D e m u s k i n groups w i t h g r o u p ac t ions 

The fields E and Lo both contain £3- By [8] it follows tha t the pro-3 groups PE 

and PL0, respectively, are Demuskin groups. We briefly recall some relevant notions 

form [8] on Demuskin groups, where the prime p is specialized to 3: 

A pro-3 Demuskin group is a pro-3 group D such tha t the following properties are 

satisfied: 

(a) n := dimF3 ^(D.Fs) < 00. 
(b) d i m F 3 t f 2 ( A F 3 ) = l . 
(c) The cup product pairing ^(D^Fs) x ^(D^Fs) -> H2(D,F3) is an alternating 

non-degenerate bilinear form. 

By (a) the group D is topologically generated by n but no fewer elements. By (b) 

the group D has a presentation as a pro-3 group with n generators and one relation. 

By (c) the number n is even. It follows tha t the abelianization D&h = D/[D,D] is a 

quotient of Z3 by a pro-cyclic subgroup. Hence Dah = Z 3 - 1 x Z3/ (Q) for a unique 

Q G 3N U {0}. Using tha t (in characteristic different from 2) all non-degenerate 

alternating bilinear forms on a vector space are isomorphic, one can show tha t the 

invariants Q and n completely classify Demuskin groups up to isomorphism, cf. [8]. 
To give the construction of a Demuskin group for a given pairing and a given 

Q, we first recall the definition of the lower Q-central series of a pro-p group P: 

One sets P<°) := P and defines recursively P^+1> := ( P ^ J ^ P ^ P ] , for i > 0, as 

the topological closure of the subgroup of P ^ generated by all Q-Powers and all 

commutators with one of the arguments in P^. Let now n G N be even, V a vector 

space over F3 of dimension n and b : V x V —> F3 a non-degenerate alternating 

bilinear form. Let Fn be a free pro-p group on n generators x i , xn. Define 

Xi: Fn —• F3 to be the homomorphism with Xi{xj) = Then {x i } i=i , . . . ,n is a basis 

of Hom(Fn,F3) = H 1 ^ ^ ) over F3. We choose an isomorphism V = Hom(Pn,F3) , 

so tha t b induces a pairing on Jff1(Pn, F3). Let r G Fn be an element in F^ such tha t 

Q 
r = x± 

l<i<j<n 

\T. T.]Hxi,Xj) (mod F^) 

and let N be the closed normal hull of the subgroup of Fn generated by r . By verifying 

conditions (a)-(c) above, one can show tha t Fn/N is a Demuskin group with invariants 

n and Q and whose alternating pairing on iJ1(Pn,F3) is the one induced from the 

blinear form 6, cf. [8, § 3]. 
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DEFORMATION RINGS F O R SOME MOD 3 GALOIS REPRESENTATIONS 535 

We now add the structure of an action of a finite group G of order prime to 3 to a 
pro 3-Demuskin group. Observe tha t all Fs[G]-modules are self-dual, as follows from 
character theory since 3 / # G . The following is the specialization of [1, Theorem 3.4] 
to p = 3. 

Theorem 3.1. — Let G be a finite group of order prime to 3. If G acts on a pro-3 
Demuskin group D, then D x G is determined up to isomorphism by the invariants n 
and Q of D and the action of G on HX{D,¥^). The cup product pairing 

(1) U : i / 1 ( D 5 F 3 ) x F 1 ( A F 3 ) > # 2 ( L > , F 3 ) ^ F 3 

is G-equivariant. 

Conversely suppose that V and T are finite modules over F 3 [G] with dimf3 T = 1 
and H°(G,V) ^ 0 and that b : V x V —> T is a non-degenerate alternating 

G-equivariant pairing. Then for any Q G 3N U {0} there exists a Demuskin group D 

with invariants n = dim V and Q such that the ¥s[G]-module H1{D, F 3 ) is isomorphic 

to V. In this case there is a G-equivariant isomorphism between b and the pairing (1). 

As recalled above, for K G {E, LQ} the group PK is a pro-3 Demuskin group. The 

invariant Q is 3 since £9 ^ K. By [5], the isomorphism type of V* = PK/P^ as a 

G = Gal( i f /Q3)-module is F3[G] 0 F3 0 F£3, where F3 without a superscript denotes 

the trivial G-module of dimension 1. The G-module structure of T = H2(GK,^S) is 

easily identified with F x 3 5 so tha t in a topological presentation of PK the action of 

G on a suitable generator of the normal subgroup of relations is via xs-

A constraint on the pairing in Theorem 3.1 (and the only one) for Demuskin groups 

D of the form P^, k a local field, is given by [7, Satze 6, 9, 10]: The F3[G]-module 

PK IPJP is isomorphic to a direct sum (F3 0 U) 0 (F£3 0 V) such tha t the duals of the 

two summands are maximal isotropic subspaces under the cup product pairing. This 

means tha t one can decompose the G-module i71(GK, F 3 ) into irreducible summands, 

such tha t each summand is paired with exactly one other summand, but no summand 

is paired with itself. Any two alternating pairings satisfying this constraint and having 

the same underlying F3[G]-module and the same target T are isomorphic. Based on 

this, we now construct explicit models for the groups PK'. 

Suppose first tha t p — p\. Recall tha t G = G a l ( i £ / Q 3 ) = {1, a}. On the free pro-3 

group F4 on 4 topological generators x\,..., £ 4 consider the following action by G: 

<r(xi) = xx \ a{x2) = x2, a(x3) = x31, CF{X^) = X4. 

Define 7*0 : = x\[x\,a?2][#3,This corresponds to the s tandard relation for the 

s tandard alternating form on F|—according to the definition of our action, this form 

is G-equivariant. We have 

a(r0)=x13 [xx 1, x2] [x3 1, x4], and r0 1 = [x4ìx3][x2ìx1]x1 3 = cr(r0) (mod F4(2)); 

here we use tha t FJ /F4 is abelian and tha t [g 1,h] = g xhgh 1 = hgh lg 1 = 

[h,g] (mod F^). If N0 c F4 denotes the closed normal subgroup generated by ro, 
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536 G. BÒCKLE 

then F4/N0 is a Demuskin group; however by [1, Prop. 3.6] the subgroup N0 is not 
preserved under G. To remedy this, following [1, Example 3.7] we define 

r := r0a(r0) x\[x1,x2] [x3,xA] [xA,x3 1][x2,x1 x]x\ 

and denote by N4 C F4 the closed normal subgroup generated by r . Since r = 7q 

(mod F ^ ) , the quotient F4/N4 is a Demuskin group. But furthermore we have 

cr(r) = (T(ro)r^1 =r0-1 Therefore N4 is preserved under the action of G. By 

Theorem 3.1 and the above observations on Q and on the G-module structure of 

PE/PE 1 we nave shown: 

Lemma 3.2. — The pro-3 group F4/N4 is as a group with G-action isomorphic to PE-

Suppose now that p = p2. Then H := Gal(L/Q3) is a dihedral group of order 8. 
It has a presentation H = (p, a \ g4 = a2 — gaga = 1) where g, a act as follows on 
L = Q3(C4, № ) : 

g(Q) = C4, V3, â(V3) = V т(С4) = ~<4, â(V3) V3, 

The quotient G := Gal(Lo /Q3) of H is a Klein 4-group. By g and a we denote the 

restrictions of g and a to L0 = <Q>3(C4, \ /3 ) , so tha t G = {g, d \ g2 = a2 = gâgô — 1). 

Choosing Cs = l / 2 ( - l + C4V3), we have 

^((4) = C4, ö(y/S) = - V 3 ?(C3) = C3"1. (j(C4) = -C4, â(V3) = V3, ^(C3) = C3"1-

The irreducible F3[G]-modules are F3, F*3, F^1, F*3"1. Thus 

PLJPK F*3 0 F3 0 F*3 0 F3 0 F̂ 1 0 F£lX3 

as an F3[G]-module. On the duals of F3 0 F*3 and F^1 0 F^1*3 we have the obvious 

alternating pairing. We note tha t X3(o) = Xz{&) — ^lio) — XZVAG) = — 1 and 

a(r) = rx 1ga(r1 x) 
Let now FQ be the free pro-3 group on topological generators XI,...,XQ. The 

following table describes an action of G on F 6 such tha t FQ/F^ = PL0/P^ as an 

FafGl-module: 

(2) 

X\ X2 Xs X4 £5 XQ 

g x^1 x2 x3l X4 x^1 XQ 

a x^1 x2 x3l X4 x$ XQ1 

A first a t t empt for a relation describing PL0 might be 

r0:=X1[XI ,X2][X3,X4\[X5,XQ}. 

As before, by [1, Prop. 3.6] this cannot work. We define r\ := ro<j(r0 x) and 

r \— r\ag(r\) го(т(гп )ад(г0)д(га ) . 

Then cr(ri) = r11 and from a g = ga one deduces 

a(r) = rx 1ga(r1 x) r11ag(r11)r11r1=r11(r 1)r1 
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DEFORMATION RINGS FOR SOME MOD 3 GALOIS REPRESENTATIONS 537 

and 
g(r) = ^ ( r i ) a ( r i ) =ag(r, К(r1-1) g(r) = ^(ri)a(ri) -1 

= r 
Hence the closed normal subgroup N6 of F$ generated by r is preserved under the 
action of G. The following computations modulo F6 show tha t the quotient FQ/NQ 
is a Demuskin group: 

a3[b,c] = [b,c]a3 (mod F6(2)), [6.C]"1 = [c,b] = [b-\c] (mod F6(2)), 

°(r0) = r0 1 (mod F6(2)), ri = rl (mod i f >) Q(r0) = r0 (mod F6(2)) 

and thus r = TQ (mod FQ). Again by Theorem 3.1 and the above remarks on Q and 
on the G-module structure of P L 0 / P ^ L O , we have shown: 

Lemma 3.3. — The pro-3 group FQ/NQ is as a group with G-action isomorphic to PL0 . 

4. P r o o f of t h e m a i n t h e o r e m in t h e res idual ly reduc ib le case 

To prove Theorem 1.1, we determine EHi(i?) C Hom^cont(PE, f (# ) ) f°r anv rmg 
R G CNLg. By Lemma 3.2 we may use the pro-3 group F4/N4 with its G-action from 
Lemma 3.2 as a model for PR. 

Let a be in E H i ( i l ) and denote by Ai G T(R) C GL2(R) the image of XI G F4, 
i = 1 . . . . . 4 , under a. We assume (without loss of generality) tha t 71 (a) = s := 

-1 0 
0 1 G GL2(ZA Then the G-equivariance of a yields sAxs'1 : Ax \ sA2S 1 

A2i sA3s 1 A'1 ^3 and s A i s 1 A4. One deduces 

A1 x/ï+oc 
c 

fe 
Vl+fec 

¿2 x/l+a x/ï+oc 
О 

О 
л/ï+d -1 

¿3 x/ï+oc 
С /l+ò'c' ¿4 л/î+ô7 x/ï+oc 

О 
о 

x/ï+oc 
here a, a', c, c', d, cf G m# and b, b' G R—whether b or b' lie in depends on p\. The 

image of the explicit relation r under the homomorphism F4 —> T(R) induced by a is 

B:= A31[A1,A2}[A3,A4}[A4,A^}[A2,A^}A31. 

One verifies that this expression is invariant under a( ) so that B Y/L+UV 
V 

и 
VT+uv 

for suitable 17, V G m# which are formal expressions in b,b' ,c,c',d,d!. Conversely, 
given any 4-tuple of matrices A\,..., A4 of the above shape with a, a', c, c',d' d' G VCIR 
and b,bf e R such tha t b,bf mod mR agree with pi (xi ) ,p i (x3) , respectively. Then 
this 4-tuple determines a G-equivariant homomorphism a G EHi ( i î ) if and only if 

the (1,2)- and (2, l)-entries of B, as denned above, are zero. (By the invariance of B 

under â( )_1 it then follows tha t B = 1.) 

To simplify the computation we define Bi := [A2, A^A^IA^1, A2) and B2 := 

[As,A4][A41A31]. Then B = 1 is equivalent to B\ = B2. Since the matrices Bi 

and B2 are again invariant under a( ) _ 1 , the equality B\ = B2 is equivalent to 

the equality £ i ( l , 2 ) = £2(1 ,2) of the (1,2)-entries of these matrices and the equal

ity ^ i ( 2 , l ) = £2(2 ,1) of their (2, l)-entries. By explicit computation, e.g. by a 
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computer-algebra package, one can show tha t S i ( l , 2 ) — S 2 ( l , 2 ) and S i ( 2 , 1 ) - S 2 ( 2 , 1 ) 

lie in mfl (even though b and b' may be units of R). We note tha t S i is a formal 

expression in 6, c, d and S2 in c', d'. 

Depending on the 1-cocycle in the definition of p i , we shall divide the analysis 

of the functor EHi into three cases. By the inflation-restriction sequence and the 

isomorphism PE = F4/N4 one has 

H\GQ3,F?) -- HomGai(£;/Q3)(GjE;,F^3) H o m e (F4 J N4, F*3 ). 

By (5 we also denote the G-equivariant homomorphism induced by /3. We distinguish 

the following cases 

(a) (3(xi) ^ 0: Here we choose u = xi, so tha t b = 1 for the functor E H i . We 

write b' = r(bf mod m^) + 8'h where r is the Teichmiiller lift composed with the 

tautological algebra homomorphism Zg —• R and 5'b is an element of t tvr. 

(b) f3(xz) 7^ 0 = (3(xi): We choose u = £3 , so tha t b' — 1 and b G m^. 
(c) (5 = 0: Then U = {1} and so 6, b' G mR. 

Theorem 4.1. — The functor EHi is represented by the pair (R,a) which is given as 

follows (according to the above three cases): 

(a) R = Z g [ [ a , o / , ^ , c , c , , d , d , ] ] / ( B i ( l , 2 ) - J 3 2 ( l , 2 ) , S i ( 2 , 1 ) - S 2 ( 2 , l ) ) tiAere we 

regard S i ( l , 2 ) — S 2 ( l , 2 ) and S i ( 2 , 1 ) — S 2 ( 2 , l ) as formal expressions in 

the indeterminates a,af\b,b'\c,c', d, d' in which we replace b by 1 and b' by 

r{b' mod VXR) + Sfb. 

(b) R = Z g [ [ a , ^ & , c , ^ d , d ' ] ] / ( # i ( l , 2 ) - £ 2 ( 1 , 2 ) , £ i ( 2 , l ) - S 2 ( 2 , l ) ) wfcene we 
regard S i ( l , 2 ) — S 2 ( l , 2 ) . and S i ( 2 , 1 ) — - 6 2 ( 2 , 1 ) as formal expressions in the 

indeterminates a,a',6,6',c,c'\d,df in which we replace b' by 1 . 

(c) R = Zq[[a, a', 6, b'', c, c', d, d ' ] ] / ( S i ( l , 2 ) - S 2 ( l , 2 ) , S i ( 2 , 1 ) - S 2 ( 2 , 1 ) ) w/iere we 

regard S i ( l , 2 ) — -62(1, 2 ) and S i ( 2 , 1 ) — B2(2,1) as formal expressions in the 

indeterminates a, a', 6, c, c', d, d'. 

In a// cases a is the homomorphism F4/N4 —* T(i?) defined by mapping XI to A{ with 

Ai as above. 

To prove Theorem 1.1 for px, we need to s tudy the differences S i ( l , 2 ) — # 2 ( 1 , 2 ) and 

S i ( 2 , 1 ) — S 2 ( 2 , 1 ) generating the relation ideal of R in greater detail. Unfortunately 

the explicit expressions for these differences are rather lengthy. To analyze them, we 

used a computer-algebra package—all assertions we make in the following regarding 

these expressions were obtained in this way. We analyze the three cases separately. 

Case (a). — Substi tuting b = 1 in S i ( l , 2 ) - S 2 ( l , 2 ) , we find 

S i ( l , 2 ) - S 2 ( l , 2 ) = c - d - /?(x3)d' (mod ( 3 , (c, c', d, d')2))), 

and thus we can solve for d. Since S i ( l , 2 ) - S 2 ( l , 2 ) is a quadratic polynomial in d, 

this can be done explicitly. Precisely one of the two solutions obtained by replacing 

y/1 + x by its s tandard Taylor series expansion is the correct one. This solution for d 
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can be substi tuted in £ i ( 2 , 1 ) - £ 2 ( 2 , 1 ) yielding a single relation r(c, c', d'). One 

verifies 

r(c,S'b,c',d')- E c2 + 2c'd' + ß(x3)'cd' (mod (3, (c,S'b,c',d')2)). 

Independently of /3(xs), the polynomial c2 + 2c'd! + fi{x-$)'cd! is irreducible in 

Fs[c, c', d']. Therefore also r G Zq[[a, a', <5£, c, c'? d']] is irreducible which proves tha t 

R = Zq[[a, a', c, c', d ']]/(r) is an integral domain. 

Throughout the formal computations for case (a) one has to be aware tha t b' is not 

a variable in the maximal ideal. This makes the computations more difficult than in 

the remaining cases. 

Case (b). — Substituting b' = 1 in £ i ( l , 2 ) — £ 2 ( 1 , 2 ) and noting tha t b now is a 

formal variable, we find 

£ i ( l , 2 ) - B 2 ( l , 2 ) = - d ' (mod (3 , (6 ,c ,c ' ,d ,d ' )2) ) 

so tha t we can solve for 61'. Again £ i ( l , 2) — £ 2 ( 1 , 2) is a quadratic polynomial in d , 

and so one can solve for d! explicitly. Substituting the Taylor series expansion for 6! 

into £ i ( 2 , 1 ) — £ 2 ( 2 , 1 ) yields a single relation rf(b, c, c', d) and one verifies 

- r ' ( c , ò' , c ' , d') = 3c - 2cd + 3bcf + c2b + cd2 - bc'd (mod ( 3 , 6 , c , c ' , d ) 4 ) . 

The factorization - r ' ( c , c', d') = 3c - 2cd = c(3 - 2d) (mod (3,6, c, c', d)3) of r ' 

is the unique one modulo m3 where m is the maximal ideal of Zg[[6,c,c',d]]. One 

can now verify tha t this factorization is not liftable to a factorization modulo m4 

and hence r ' is irreducible. Again we deduce tha t R = Z9[[a, a',fr, c, c', d ']]/(r ') is an 

integral domain. 

Case fc,). — Now ò, 6' lie in the maximal ideal S := Zg[[a, a', ò, 6', c, c', d, d']] and one 

verifies 

n : = £ ! ( 1 , 2 ) - £ 2 ( 1 , 2 ) = bd + b'd' (mod ( 3 , ( ò , ò ' , c , c ' , d , d ' ) 2 ) ) , 

r2 := £ i ( 2 , 1 ) - £2(2 ,1) = ed + c'd' (mod ( 3 , ( ò , ò ' , c , c ' , d , d ' ) 2 ) ) . 

We claim tha t R := S/(3,r1,r2) is an integral domain of Krull dimension 6. As

suming the claim for the moment, the following argument shows tha t R = S/(r1,r2) 

is an integral domain: Consider the graded ring g r3^(£) := ©n>03n£/3n+1£. As 

dim 5 — d i m £ = 3, the sequence 3, r1, r2 is regular, and so the element 3 G R = 

R/{Li,L.2) 1S a non-zero-divisor. Hence g r3^(£) is the polynomial ring R[X], By the 

claim this is an integral domain. But if the associated graded ring (of the ideal 3£) 

is an integral domain, then so is R. It also follows tha t £ is a complete intersection 

of relative dimension 6 over Zg. 

To prove the claim, we define n as the maximal ideal of S := Fg[[a, a', 6,6', c, c', d, df]] 

and m as the maximal ideal of R. There is an obvious surjection between graded 

rings 

¥,a',b,b',c,c',d,d')^gvñ(S) grÄ(Ä) 
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and one verifies tha t its kernel is generated by the "initial terms" of the reductions 

of rx, r_2 modulo 3, i.e. by bd + b'6! and cd + c'd'. It will suffice to show tha t 

¥q[a, a', 6,6', c, c', d, d'}/(bd + b'd', cd + c'd') is an integral domain of dimension 6: If 

this is proved g r ^ ( ^ ) and thus also R will have dimension 6 and will be an integral 

domain. Finally, to see tha t ¥q[a, a', 6,6', c, c', d, d']/(bd + ò'd', cd + c'd') is an integral 

domain of the asserted dimension observe tha t ¥q[b, b', c, c', d, d']/(bd + 6'd', cd + c'd') 

is an integral domain of Krull dimension 4 since it is a subring of 

Fq^1, c^1, d±x ,b , c , d ] ( B_ _\ D/_ _c I D̂. >| 
V 6' ^ d ' c' ^ D> FG[6±1,c±1,d±1,6/±1] 

under the obvious monomorphism and since both rings have the same fraction fields. 

We have thus shown the following theorem, which due to Proposition 2.2 and 

Theorem 4.1 immediately implies Theorem 1.1 for p\. 

Theorem 4.2. — Under the hypotheses of Theorem J^.l, in all three cases (a)-(c) the 

ring R is an integral domain, which is fìat over *Lq, a complete intersection and of 

relative dimension 5 in the first two cases and 6 in the last case. 

5. Proof of the main theorem for the residually dihedral case 

Final ly we invest igate the functor EH2. Us ing the mode l FQ/NQ for PL0 from 

L e m m a 3.3, for any R G CNLq we have ER2(R) = HomG?cont(F6/iV6, T(R)). To 

further c o m p u t e th is , we make the following choice for the lift A2 of H t o G L 2 ( Z s ) : 

We take A2(p) 0 1 
-1 0 and A2(cr) 0 1 

1 0 Let a be in EH2(R) and denote by Ai G T(R) C GL2(R) the image of xi G F6, 
i — 1 , . . . , 6, under a. Using Table (2), the G-equivariance of a yields 

\2(g)A1\2(Q)-1 Aï\\2(<T)A1\2(A)-1 AT1 

\2{g)A2\2{g) 1 A2,A2(cr)A2A2(cr) 1 - A2 etc. 

One deduces 

A1 
V1+d 

О 
О 

V1+d 
A2 (1+a) (1 0) ¿3 

\ZTTd/ 
О 

О 
ч/ï+d7 

A4 (1+a') 1 о > 
о 1 A, 

V1+b2 
6 

6 
VÎ+P A6 V1-c2 

с 
C 

V1-c2 
for a, a', ò, c, d, d' G m#. Us ing that the images of xi,..., £ 4 c o m m u t e , the image of 

7*0 under a is A f [ A 5 , AQ\. It follows that the image of the relat ion r = 1 under the 

h o m o m o r p h i s m F6 —> T(R) induced by a is B = B\B2 = 1 where 

B, := Al[A5,A6][A^,A5}Al B2:= A\[Al\A^)[A6,A^]A\. 

Since B\ = a(ri) and B2 = a(ag(ri)) the matrices Bi are invariant under a( ) 1 

and the matr ix B2 is obtained from B\ by conjugation by t := ( J ^ ) . The invari-

ance under a( ) 1 implies tha t in any case B\ is of the form V 
-V 

(1-V2)/{1+U) 

for £/, V G which are express ions in terms of 6, c, d. T h e condi t ion r = 1 

turns under a into the condi t ion J3f1 = tB\t~l in GL2(,R). T h i s is equivalent t o 
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a single condition on Bi, namely tha t 1 + U = (1 — V2)/(l + U), i.e. tha t the 
( l , l ) - e n t r y # i ( l , l ) and the (2,2)-entry i?i(2,2) of Bi must agree. Conversely, 
any homomorphism FQ —> T(R) for which the image of r\ is a matr ix B\ with 

B1(,1) = Bi (2 ,2 ) factors via F6/N6. 

Theorem 5.1. — The functor EH2 is represented by the pair (R, a) defined as follows: 

R := Z3[[a, a ' , 6 , c, d, d ' ] ] / ( £ i ( l , 1) - # i ( 2 , 2 ) ) 

where we regard 1) — i?i(2,2) as formal expressions in the indeterminates 6, c, d. 

T/ie homomorphism a : FQ/NQ —• T(i?) ¿5 defined by mapping Xi to Ai with Ai as 

above. 

To prove Theorem 1.1 for p2, it remains to make i ? i ( l , 1) — S i ( 2 , 2 ) explicit. Since 
it fits this page, we simply display the formally calculated matrix B\: 

(l+d)3 (l+862c2(l-c2)+46c '(l+&2)(l-c2)(l+462c2) -462c(l+2c2+462c2)v/(l-c2) 

462 c( 1+2c2 +462 c2 ) ^ ( l - c 2 ) ( l+d)3(l+862c2(l-c2)-46c '(l+62)(l-c2)(l+462C2)) 

The vanishing of B\ (1,1) — Bi (2,2) is thus equivalent to tha t of 

r := ( l+d)6(l+862c2(l-c2)+4fec- ' ( l+62)( l -c2)( l+462c2) ( l+862c2( l -c2) -4bc ( l+62)( l -c2)( l+462c2) 

Modulo (3,m4) for m the maximal ideal of Zs[[a, a', 6, c, d, d']] we find r = —bc — d3. 

Therefore the image of r in ¥s[[a, a', &, c, d, d7]] is irreducible and so is r . It follows tha t 
Z3[[a, a7,6, c, d, d']]//(r) is an integral domain. All other assertions of the following 
theorem are simple to verify. Due to Proposition 2.2 and Theorem 5.1 the theorem 
immediately implies Theorem 1.1 for p2. 

Theorem 5.2. — The ring R in Theorem 5.1 is an integral domain, which is flat over 

Zq, a complete intersection and of relative dimension 5. 
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