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MIRZAKHARNI’S RECURSION FORMULA IS EQUIVALENT
TO THE WITTEN-KONTSEVICH THEOREM

by

Kefeng Liu & Hao Xu

Dedicated to Jean-Michel Bismut on the occasion of his 60" birthday

Abstract. — In this paper, we give a proof of Mirzakhani’s recursion formula of Weil-
Petersson volumes of moduli spaces of curves using the Witten-Kontsevich theorem.
We also describe properties of intersections numbers involving higher degree « classes.

Résumé (La formule de récurrence de Mirzakhani est équivalente au théoréme de Witten-
Kontsevich)

Dans cet article, nous démontrons la formule de récurrence de Mirzakhani sur les
volumes de Weil-Petersson des espaces de module de courbes en utilisant le théoréme
de Witten-Kontsevich. Nous donnons aussi des propriétés des nombres d’intersection
associées aux classes k de degré supérieur.

1. Introduction

Following the notation of Mulase and Safnuk [21], let ¥, (L) denote the moduli
space of bordered Riemann surfaces with n geodesic boundary components of spec-
ified lengths L = (L4,...,Ly) and let Voly (L) denote its Weil-Petersson volume
Vol(Mg n(L)). Using her remarkable generalization of the McShane identity, Mirza-
khani [19] proved a beautiful recursion formula for these Weil-Petersson volumes

VOlg,n(L)_—— > /L/ / zyH(t,z +y)

91 +92—g

x VOlgl n1 ('7"7 LI)VOI!IZ,TLZ (ya LJ)d'Tdydt

L,
+ E / / zyH(t,z + y)Volg_1 n41(2,y, Lo, . . ., Ln)dzdydt
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zi:/ 1/00 (H(z,Ly + L;) + H(z, L, — Lj))

x Volg n—1(2, Ly, ..., Lj,..., Ly)dzdt,

where the kernel function

1 1
H(z,y) =

11 etz T T3 ez

Using symplectic reduction, Mirzakhani [20] showed the following relation

Volg »(27L) 1 / N 3g+n—3
2\3g+n—3 — (”1+2Li¢")
(@n2)307n=3 = Bgan—3) J,, T

= % Tl g TTraden IT 224
v i=1

do-+--+dy, i=0
=3g+n-3

Combining with her recursion formula of Weil-Petersson volumes, Mirzakhani [20]
found a new proof of the celebrated Witten-Kontsevich theorem.

By taking derivatives with respect to L = (L, ..., L,) in Mirzakhani’s recursion,
Mulase and Safnuk [21] obtained the following enlightening recursion formula of in-
tersection numbers which is equivalent to Mirzakhani’s recursion.

n

(2d; + 1)!!(1'[ Ta;k%)g

n a

al  (2(b+di +dj)— 1!

= Z B @d; — 1)1 Bo(KS  Torasva;—1 || 7a)e
j=2 b= J - 1#1,j
1 !
+ 5 Z @ a_ ) (2r + DN(2s + DBk b1 H Td,)
b=0 r+s=b+d; —2 i#1
1 a
+ = (21" + 1)IN(2s + 1)N1By
9 ICII
b=0 c4c'=a-b r+s=b+d1—2
I1T]7={2,-..,m}
x (k57 [T ra)or 55 o [T ) oo
iel ied
where
2b) _ Bay
22b+1 -4 C( 1 b 12b 22b 2
= ( ) fporys = (P2~ 2)

Safnuk [23] gave a proof of the above differential form of Mirzakhani’s recurson
formula using localization techniques, but he also used the Mirzakhani-McShane for-
mula. The relationship between Mirzakhani’s recurson and matrix integrals has been
studied by Eynard-Orantin [7] and Eynard [6].
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MIRZAKHARNI’S RECURSION FORMULA 225

Indeed, when a = 0, Mulase-Safnuk differential form of Mirzakhani’s recursion is
just the Witten-Kontsevich theorem [14, 24] in the form of DVV recursion relation
[4]. There are several other new proofs of Witten-Kontsevich theorem [3, 12, 13, 22]
besides Mirzakhani’s proof [20].

More discussions about Weil-Petersson volumes from the point of view of intersec-
tion numbers can be found in the papers [5, 10, 18, 26].

In Section 2, we show that Mirzakhani’s recursion formula is essentially equivalent
to the Witten-Kontsevich theorem via a formula from [11] expressing x classes in
terms of ¢ classes. In Section 3, we present certain results of intersection numbers
involving higher degree « classes.

Acknowledgements. — We would like to thank Chiu-Chu Melissa Liu for helpful
discussions. We also thank the referees for helpful suggestions.

2. Proof of Mirzakhani’s recursion formula

We first give three lemmas. The following lemma can be found in [21].

Lemma 2.1. — The constants By in Mirzakhani’s recursion satisfy the following:
Nors
Zﬁk =
sin /2

And its inverse:

Z,B o)1 = sin Z( 1)k2k ok
kT \/_:1: (2k+1)

Proof. — Since
i Dan =7 ik Lol =2 cot —
—(2n)!” 2et/2—ew/2 2 20
we have
(e 9) /
Z Bra* = v2z(cot \/j —cotv2r) = a
k=0 sinv2z

The following elementary result is crucial to our proof.

Lemma 2.2. — Let F(m,n) and G(m,n) be two functions defined on N x N, where
N = {0,1,2,...} is the set of nonnegative integers. Let oy and By be real numbers

that satisfy
oo oo
> ezt = (3 Bra®)™!
k=0 k=0

Then the following two identities are equivalent:

G(m,n) = ZakF(m— k,n+k), V(mmn)eNxN,
k=0
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226 K. LIU & H. XU

F(m,n) = ZﬂkG(m —k,n+k), V(m,n)eNxN.
k=0

Proof. — Assume the first identity holds, then we have

ZﬂiG(m—i,n+i)=Zﬂiz_:ajF(m—i—j,n+i+j)
i=0 i=0  j=0
Z Z (Biaj)F(m — k,n + k)
k=0 i=k

Z SxoF(m — k,n + k)
k=

=F (m, n).
So we proved the second identity. The proof of the other direction is the same. [

The fact that intersection numbers involving both « classes and 1 classes can be
reduced to intersection numbers involving only 1 classes was already known to Witten
[9], and has been developed by Arbarello-Cornalba [2], Faber [8] and Kaufmann-
Manin-Zagier [11] into a nice combinatorial formalism.

Lemma 2.3 ((11]). — For m > 0,

(T 74,0 z< 1

)mk

> (" ) I Hfm,ﬂ

mi+-+mEp=m

m; >0
Proof. — (sketch) Let myipn : Mgntp —> Mgn be the morphism which forgets the
last p marked points and denote 7y p n« (1/)5}:;1 e 1/)55’:]1) by R(a1,...,ap), then we
have the formula from (2]

R(ai,...,ap) = Z H Y o

o €Sy each cycle ¢
of o

where we write any permutation ¢ in the symmetric group S, as a product of disjoint
cycles.
A formal combinatorial argument [11] leads to the following inversion equation

p —k
(-1?
K‘al"'ﬁap=2 k! Z R(Zaj,...,Zaj),
k=1 {1,.p}=S1 [[--- 1] S+ JES JESk
Sk #£D

from which the result follows easily. O
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MIRZAKHARNI’'S RECURSION FORMULA 227

Proposition 2.4. — We have

b=0 =2
(2dy + 2d; — 1)
Z —'@—d—_Tn—<""1'le+df—1 IT )
i#1,j
1
+3 Z 2r + 1)IY(2s + DIk TrTs H Td;)g—1
r+s=d;—2 i#l1
1 a ’
+ B Z (c) Z (2r+1)1(2s+ 1)!!(n§T,HTdi)g/(nf TSHTdi>g_gl.
c+c'=a r+s=d;—2 el i€J

IT]7={2,-...,n}

Proof. — Let LHS and RHS denote the left and right hand side of the equation
respectively. By Lemma 2.3 and the Witten-Kontsevich theorem, we have

(2d1 + D] ] 7a,58)

Jj=1

e (—1)e—k a n k
= (2d, + 1)”% glz—'~ Z (ml’ L 7mk) (H Td; H ij+l>g

m1+1:';"‘;7(7)1k=a j=1 j=1
_ a (__l)a—k Z ( a )
|
o k! e Te=a My, ...,Mk
m;>0
n k
(2(dy +d;) — )N
Z (2d~ _] 1)” (Td1+dj“1 H Td; HTm,-+1>g
i=2 J o i£l,j  i=1
k n
(2(dy + my) + 1)
- Z (2m; ; nH! (Tay+m, H Td; H Tmit+1)g
j=1 J v =2 i#j
1 n k
+5 > @+ n@s+ )rr [ ra [ rmet1)e—1
r+s=d;—2 i=2  i=1

1
+5 > > @r+1)n(2s+ 1)
IHJ={2,...,n} r+s=d;—2

J'={1,...,k}
X1 [ L7as ] rmetndor (o [T 7ac [T 7mesnde )
iel el i€J i€’
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n
(2d; +2d; — 1)1, ,
=Z E2d'—]1)" (K1 7d1+d;-1 H Td:)g
L — 1!

i#1,j
1
+5 > @r+1)N2s + 1)KenT [] rader
r+s=d;—2 i#1
1 ,
+3 ( ) (2r + 1)1(2s + DT [ [ ra) o (65 70 [ [ 7a)o-g
c+c =a 1‘+s—d1 2 i€l i€J

11]7={2,...,n}

2 (1o a
+’§—:=0 k! Z Mi,..., Mk

mi+--+mir=a
m;>0

k
(2(di +m;) + 1)”
3 B N, [ T o
i=1 =2 i#j
(1)1 & a a—b
=RHS+3 “popr X 2
> (k+1)' e b) \mi,...,mg
mi>

n k
x (k + 1)%1)—)1;!—1)!!'<le+171_[735 H‘Fmi+1)g

= RHS - ;(—l)b (Z) W(ﬂhﬂ) l;Iszin‘f_b)g

= RHS — LHS + (2dy + 1)!'([ ] 7a,5%)s-
Jj=1

So we have proved RHS = LHS. O

Proposition 2.4 is also implicitly contained in the arguments of Mulase and Safnuk
[21].

Theorem 2.5. — We have

n

'(—ZEI(:'-—I)”<H Td; K’(ll)g

o= (2(b+dy +dj) — 1)
E (o= b)1'(2d )_1),,) Bo(s Torarra;—1 || Ta)e
i#1,j

2 D@+ 1) ) o
+§Z > & (a)—(b; s [ L rando-

b=0 r+s=b+d;—2 1#1
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1 — 2r + DN(2s + !
Yooy B,

b=0 c4c’=a—b T+s=b+d1—-2

1] J=1{2,--m}
!
X (K{Tr H7d¢>y’ (KT T H Tdi)g—g'>

i€l i€J

where the constants By are given by
ky— Sm (=1) z*
(Z Bra®) ™! 2z Z kl(zk + 1)!! )
Proof. — Denote the LHS by F(a,d;). Let

Glady) = i (2(dy + d;) — )N (rissa, TT e

= al(2d; — 1! iy
1 2r + 1)M(2s + 1)1
vy B e T raden
r+s=d;—2 : i#1
1 2r + 1)11(2s + 1! /
oy y GO, el [T rado-o
c+c'=a r+s=d; -2 O i€l i€J
IT]7={2,--,n}
Note that Proposition 2.4 is just
(=1) _
Zb,(%ﬂ)” a—b,d; +b) = G(a,dy).

By Lemmas 2.1 and 2.2, we have

F(a,d1) =) _ ByG(a—b,dy +b) = RHS.
b=0

So we conclude the proof. O

3. Higher Weil-Petersson volumes

Mirzakhani’s formula provides a recursive way of computing the following Weil-
Petersson volumes of moduli spaces of curves

WP(g) := /_ K393,
Mg,
Mirzakhani’s formula resorts to intersection numbers of mixed i and k classes.
A natural question is whether there exist an explicit formula expressing W P(g) in
terms of those WP(g') with ¢’ < g. Recall the following beautiful formula due to
Itzykson-Zuber [9].
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230 K. LIU & H. XU

Proposition 3.1 (Itzykson-Zuber). — Let g > 0. Then

2592 — 1 1<
bgr1= "5 bt Z Bg+1-mPm,
m=1

where ¢g = —1,¢1 = £ and

24
(59 —5)(59 —3) , _34-3
bg = W(Tg" )or 922
By projection formula, we have
(137 %) = (K1 )g + -1,

where - - - denote terms involving higher degree kappa classes. Also note that (n?g —3)9
is conjecturally [16] the largest term in the right hand side.
To our disappointment, so far, all recursion formulae for W P(g) stemming from the
Witten-Kontsevich theorem involve either 1 class or higher degree & classes inevitably.
Mirzakhani, Mulase and Safnuk’s arguments use Wolpert’s formula [25]

K1 = #WWP )
where wy p is the Weil-Petersson Kihler form. We have no similar formulae for
higher degree x classes. So a priori k; may be rather special in the intersection
theory. However, as we will see, this is not the case.

First we fix notations as in [11]. Consider the semigroup N*° of sequences m =
(m(1),m(2),...) where m(¢) are nonnegative integers and m(:) = 0 for sufficiently
large 3.

Let m,t,ay,...,ap € N°, m =57 ,a;, m >t and s := (s1,82,...) be a family
of independent formal variables.

|m]| := Zim(i), ||m]| := Zm(i), s™ = Hs:n(i), m! = Hm(i)!,

i>1 i>1 i>1 i>1

m)\ m(7) m . m(i)
<t> o g (t(z) )’ (al,...,an> o };[1 (al(i),...,an(i))'

Let b € N°°, we denote a formal monomial of «x classes by
k(b) := H Ng(i).
i>1
We are interested in the following intersection numbers
(slb)ra - 7a,)g = [ Rl
Mg ,n
When d; = --- = d, = 0, these intersection numbers are called higher Weil-
Petersson volumes of moduli spaces of curves. The details of the following discussions

are contained in [17].
The following lemma is a direct generalization of Lemma 2.2.
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MIRZAKHARNI’'S RECURSION FORMULA 231

Lemma 3.2. — Let F(L,n) and G(L,n) be two functions defined on N> x N, where
N = {0,1,2,...} is the set of nonnegative integers. Let a1, and Br be real numbers
depending only on L € N°° that satisfy aoffo =1 and

> awfu =0, b#0.
L+L'=b
Then the following two identities are equivalent:
Gb,n)= Y oLFL,n+[L|), V(bn)eN®xN,
L+L'=b

F(b,n)= > PBuG(L/,n+]L|), V(b,n)e N®xN.
L+L’=b

We may generalize Mirzakhani’s recursion formula to include higher degree
classes.

Theorem 3.3. — There exist (uniquely determined) rational numbers oy, depending
only on L € N*°, such that for any b € N*° and d; > 0, the following recursion
relation of mized ¢ and K intersection numbers holds.

(2d; + 1){x(b) f[

(L] + dy + d;) — )N
o (L) oa,—nn )M i;l;[j Ta.)g

I
l\9|b—‘ ||M3
(V]

+L/
; Y o (:) (2r + 1)1(2s + D)LY rrs [ ] 7a,) g1

b r4s=|L|+d; -2 i#1

% > > aL(L,Z,f)(%—F1)!!(23+1)!!

L+e+f=b r4s=|L|+d;—2
IT]7=1{2,.-,n}

K(e)7r H Td;) g (K (E)Ts H Td;)g—g
i€l i€J

These tautological constants ay, can be determined recursively from the following for-
mula

(_1)IILIIaL B
Z LILN(2IL/| + )Y 0 b#0,

L+L'=b
namely
b —1)IIE1-14 b
o = L; I
L'#0

with the initial value ag = 1.
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232 K. LIU & H. XU

Theorem 3.4. — We have

> (—pmi (2) (QdEQJIrLTT'l;!l)” (w(@)ray ) [T 74,0

L+L’'=b j=2

= i " i#1,j

+

N | =

Z (2r + DN(2s + 1) k(b)TrTs H Tdi)g—1

r+s=|d;|-2 i#l

+% > > (:)(2r+1)!!(25+1)!!

e+f=b r+s=d;—2
I 7={2,-..m}

X (k(e)Tr H 74,) g (K(£)Ts H Td;)g—g'-
iel i€J

Theorem 3.3 and Theorem 3.4 implies each other through Lemma 3.2.
Both Theorems 3.3 and 3.4 are effective recursion formulae for computing higher
Weil-Petersson volumes with the three initial values

1
EYE (o =1, ()1 = -
From the following Proposition 3.4, we have

(K(b)>g='2'§’1_—2 Z (_I)HL”<E)<T|L|+1K,(L')>g.

L+L’=b

(T0H1>1 =

We have computed a table of ¢y, for all |L| < 15 and have written a Maple program
[1] implementing Theorems 3.3 and 3.4.

In fact, we find that 1 and k classes are compatible in the sense that recursions of
pure v classes can be neatly generalized to recursions including both ¥ and k classes
by the same proof as Proposition 2.4. In view of Theorem 3.8 below, this can be
rephrased as differential equations governing generating functions of ¢ classes also
govern generating functions of mixed ¢ and « classes.

We present some examples below.

Proposition 3.5. — Letb € N* and d; > 0. Then
b n n
> -y (L) (i [T 7, w0 = (29 = 2+ m)([] 74, 5(b)s-
L+L’=b j=1 j=1

The above proposition is a generalization of the dilaton equation. In the special
case b = (m,0,0,...), it has been proved by Norman Do and Norbury [5].

Proposition 3.6. — Letb € N*°. Then
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MIRZAKHARNI’'S RECURSION FORMULA 233

(rors [ [ 7a;5(b))g = 12 ( 78 [ 74,5(0))q
j=1

3 2 () 3 TL ran@)g (73 T L 7am(L)-

L+L'=b iel i€J

n=IT]J

The above proposition, together with the projection formula, can be used to de-
rive an effective recursion formula for higher Weil-Petersson volumes [17] (without 1
classes).

Let s := (s1,82,...) and t := (to,%1,%2,...), we introduce the following generating

function
s™ e i
mi ’I’nz no M1 3
G(s,t) : E E (KT K2 - 10Ty ---)g—'” T
m! 11 n;!
g m,n =0

where s™ = [];5; 8]
Following Mulase and Safnuk [21], we introduce the following family of differential
operators for k > —1,

el
Vi = _% Z(z(|L| +k) + 3)!’L!((2|11J)| n 1)!!SL ”

Ot |L|+k+1

o0

2(7 + k) + 1N b 1
2 " 2d N
Z @ -DU 79t 4 > ( 1+ 1)(2de + 1)
dy+da=k—

82
"0ty ,Otq,

+1
2]=0

Sp_1t2 6
k=10 Oko
4 48

+
Theorem 3.7 ([17, 21]). — The recursion of Theorem 3.4 implies
Vi exp(G) = 0.

Moreover, we can check directly that the operators Vi, k > —1 satisfy the Virasoro
relations

[V"’ Vm] = (n —m)Voim.

The Witten-Kontsevich theorem states that the generating function for i class
intersections

Fl(to, ty,...

is a 7-function for the KdV hlerarchy.

Theorem 3.8 ([17,21)). — We have

G(s,to,t1,...) = F(to, t1,t2 + p2,t3 +p3,...),
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where py, are polynomials in s given by

—1)IIEl-1
Pr = Z %“‘—SL‘

|L|=k—1

In particular, for any fized values of s, G(s,t) is a T-function for the KdV hierarchy.

At a final remark, it would be interesting to prove that aj, in Theorem 3.3 are
positive for all L € N*°. This problem is kindly pointed out to us by a referee.

More generally the question can be formulated as following: two sequences og, and
BL with ag = Bp = 1 are said to be inverse to each other if they satisfy

(o) () -

Find sufficient conditions on B, such that ay, > 0 for all L.
We conjecture that oy, are positive when )y, BLs equals any of the following.

1)l L (—1)lIEl
ZL' 2|L|+1) %, ;L!(2|L|—1)” Z LIL]! 5.

The latter two arise when we consider Hodge integrals involving A classes [17].

For works on the positivity criteria of coefficients of reciprocal power series of a
single variable, see for example [15]. However it seems there is no literature dealing
with the coefficients of reciprocal series of several variables.
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