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PURE SPINORS ON LIE GROUPS 

by 

A. Alekseev, H. Bursztyn & E. Meinrenken 

Dedicated to Jean-Michel Bismut on the occasion of his 60th birthday. 

Abstract. — For any manifold M, the direct sum TM = TM ®T* M carries a natural 
inner product given by the pairing of vectors and covectors. Differential forms on M 
may be viewed as spinors for the corresponding Clifford bundle, and in particular there 
is a notion of pure spinor. In this paper, we study pure spinors and Dirac structures 
in the case when M = G is a Lie group with a bi-invariant pseudo-Riemannian 
metric, e.g. G semi-simple. The applications of our theory include the construction 
of distinguished volume forms on conjugacy classes in G, and a new approach to the 
theory of quasi-Hamiltonian G-spaces. 
Résumé (Spineurs purs sur les groupes de Lie). — Pour toute variété lisse M, le fibre 
TM = TM 0 T*M est muni d'un produit scalaire naturel défini par la dualité entre 
vecteurs et co-vecteurs. Les formes différentielles sur M sont des spineurs pour le 
fibre de Clifford correspondant. On définit alors les spineurs purs. Dans cet article, 
nous étudions les spineurs purs et les structures de Dirac dans le cas où M est un 
groupe de Lie G muni d'une métrique pseudo-riemannienne bi-invariante, par exemple 
un groupe semi-simple. Comme applications de notre théorie, nous définissons une 
forme volume distinguée sur les classes de conjugaison de G, et nous proposons une 
nouvelle approche de la théorie des G-espaces quasi-hamiltoniens. 

0. Introduction 

For any manifold M, the direct sum TM = TM 0 T*M carries a non-degenerate 
symmetric bilinear form, extending the pairing between vectors and covectors. There 
is a natural Clifford action g of the sections T(TM) on the space Q,(M) = T(AT*M) 
of differential forms, where vector fields act by contraction and 1-forms by exterior 
multiplication. That is, AT*M is viewed as a spinor module over the Clifford bundle 
Cl(TM). A form (j) e Cl(M) is called a pure spinor if the solutions w G T(TM) of 
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132 A. ALEKSEEV, H. BURSZTYN & E. MEINRENKEN 

Q{W)(¡) = 0 span a Lagrangian subbundle E C TM. Given a closed 3-form 77 G fi3(M), 
a pure spinor § is called integrable (relative to r\) [9, 28] if there exists a section 
w G r(TM) with 

(d + 77)0 = g(w)0. 

In this case, there is a generalized foliation of M with tangent distribution the pro
jection of E to TM. The subbundle defines a Dzrac structure [20, 50] on M, and 
the triple (M, Ü7, 77) is called a Dzrac manifold. 

The present paper is devoted to the study of Dirac structures and pure spinors on 
Lie groups G. We assume that the Lie algebra g carries a non-degenerate invariant 
symmetric bilinear form B, and take 77 G f i 3 (G) as the corresponding Cartan 3-form. 
Let Q denote the Lie algebra g with the opposite bilinear form —B. We will describe 
a trivialization 

TG = G x (geg) , 

under which any Lagrangian Lie subalgebra 5 C 0 0 5 defines a Dirac structure on G. 
There is also a similar identification of spinor bundles 

$ : G x C l ( 0 ) - ^ A T * G , 

taking the standard Clifford action of g 0 g on Cl(g), where the first summand acts 
by left (Clifford) multiplication and the second summand by right multiplication, to 
the Clifford action g. This isomorphism takes the Clifford differential dci on Cl(fl), 
given as Clifford commutator by a cubic element [4, 38], to the the differential d + 77 
on 0 (G) . As a result, pure spinors x G Cl(fl) for the Clifford action of Cl(g 0 g) on 
Cl(g) define pure spinors <j) = 9l(x) G 0 (G) , and the integrability condition for </> 
is equivalent to a similar condition for x. The simplest example x = 1 defines the 
Cartan-Dirac structure EG [14, 50], introduced by Alekseev, Severa and Strobl in 
the 1990's. In this case, the resulting foliation of G is just the foliation by conjugacy 
classes. We will study this Dirac structure in detail, and examine in particular its 
behavior under group multiplication and under the exponential map. When G is a 
complex semi-simple Lie group, it carries another interesting Dirac structure, which 
we call the Gauss-Dirac structure. The corresponding foliation of G has a dense open 
leaf which is the 'big cell' from the Gauss decomposition of G. 

The main application of our study of pure spinors is to the theory of q-Hamiltonian 
actions [2, 3]. The original definition of a q-Hamiltonian G-space in [3] involves a G-
manifold M together with an invariant 2-form UJ and a G-equivariant map $ : M —• G 
satisfying appropriate axioms. As observed in [14, 15], this definition is equivalent to 
saying that the 'G-valued moment map' $ is a suitable morphism of Dirac manifolds 
(in analogy with classical moment maps, which are morphisms M —> g* of Poisson 
manifolds). In this paper, we will carry this observation further, and develop all 
the basic results of q-Hamiltonian geometry from this perspective. A conceptual 
advantage of this alternate viewpoint is that, while the arguments in [3] required G 
to be compact, the Dirac geometry approach needs no such assumption, and in fact 
works in the complex (holomorphic) category as well. This is relevant for applications: 
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PURE SPINORS ON LIE GROUPS 133 

For instance, the symplectic form on a representation variety Hom(7Ti (E) , G ) / G (for 
E a closed surface) can be obtained by q-Hamiltonian reduction, and there are many 
interesting examples for noncompact G. (For instance, the case G = PSL(2 ,E) gives 
the symplectic form on Teichmuller space.) Complex q-Hamiltonian spaces appear 
e.g. in the work of Boalch [13] and Van den Bergh [11]. 

The organization of the paper is as follows. Sections 1 and 2 contain a review 
of Dirac geometry, first on vector spaces and then on manifolds. The main new 
results in these sections concern the geometry of Lagrangian splittings T M = E 0 F 
of the bundle T M . If 0 , ij) G fi(M) are pure spinors defining E, F, then, as shown 
in [17, 19], the top degree part of </>T A i\) (where T denotes the standard anti-
involution of the exterior algebra) is nonvanishing, and hence defines a volume form 
\x on M . Furthermore, there is a bivector field IT G 3 £ 2 ( M ) naturally associated with 
the splitting, which satisfies 

</>T A \j) = e " t ( 7 V 

We will discuss the properties of // and 7r in detail, including their behavior under 
Dirac morphisms. 

In Section 3 we specialize to the case M = G, where G carries a bi-invariant pseudo-
Riemannian metric, and our main results concern the isomorphism TG = G x (g 0 g) 

and its properties. Under this identification, the Cartan-Dirac structure EQ C T G 
corresponds to the diagonal QA C 0 0 0, and hence it has a natural Lagrangian 
complement FG C T G defined by the anti-diagonal. We will show that the exponential 
map gives rise to a Dirac morphism (g,EG,Q) —> (G,EG,TI) (where EQ is the graph 
of the linear Poisson structure on g = $*), but this morphism does not relate the 
obvious complements FQ = Tg and FQ> The discrepancy is given by a 'twist', which 
is a solution of the classical dynamical Yang-Baxter equation. For G complex semi-
simple, we will construct another Lagrangian complement of EG, denoted by FG, 
which (unlike FQ) is itself a Dirac structure. The bivector field corresponding to the 
splitting EQ 0 FG is then a Poisson structure on G, which appeared earlier in the 
work of Semenov-Tian-Shansky [49]. 

In Section 4, we construct an isomorphism A T * G = G x Cl(g) of spinor modules, 
valid under a mild topological assumption on G (which is automatic if G is simply 
connected). This allows us to represent the Lagrangian subbundles EG, FG and FG 
by explicit pure spinors </>G, ipG, and ipG, a n d to derive the differential equations 
controlling their integrability. We show in particular that the Cartan-Dirac spinor 
satisfies 

(d + rfifa = 0. 

Section 5 investigates the foundational properties of q-Hamiltonian G-spaces from 
the Dirac geometry perspective. Our results on the Cartan-Dirac structure give a 
direct construction of the fusion product of q-Hamiltonian spaces. On the other 
hand, we use the bilinear pairing of spinors to show that, for a q-Hamiltonian space 
(M,u;,$) , the top degree part of ew$*^G € fi(M) defines a volume form /iM- This 
volume form was discussed in [8] when G is compact, but the discussion here applies 
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equally well to non-compact or complex Lie groups. Since conjugacy classes in G 
are examples of q-Hamiltonian G-spaces, we conclude that for any simply connected 
Lie group G with bi-invariant pseudo-Riemannian metric (e.g. G semi-simple), any 
conjugacy class in G carries a distinguished invariant volume form. If G is complex 
semi-simple, one obtains the same volume form /XM if one replaces ipo with the Gauss-
Dirac spinor i/jc However, the form ew$*^<3 satisfies a nicer differential equation, 
which allows us to compute the volume of M, and more generally the measure |/XM|> 
by Berline-Vergne localization [12]. We also explain in this Section how to view the 
more general q-Hamiltonian q-Poisson spaces [2] in our framework. 

Lastly, in Section 6, we revisit the theory of K*-valued moment maps in the sense 
of Lu [42] and its connections with P-valued moment maps [3, Sec. 10] from the Dirac 
geometric standpoint. 

Acknowledgments. — We would like to thank Marco Gualtieri and Shlomo Stern
berg for helpful comments on an earlier version of this paper. The research of A.A. 
was supported in part by the Swiss National Science Foundation, while E.M. was sup
ported by an NSERC Discovery Grant and a Steacie Fellowship. H.B. acknowledges 
financial support from CNPq, and thanks University of Toronto, the Fields Institute 
and Utrecht University for hospitality at various stages of this project. We also thank 
the Erwin Schrodinger Institut and the Forschungsinstitut Oberwolfach where part of 
this work was carried out. 

Notation. — Our conventions for Lie group actions are as follows: Let G be a Lie 
group (not necessarily connected), and g its Lie algebra. A G-action on a man
ifold M is a group homomorphism U\ G —> Diff(M) for which the action map 
G x M - > M , (g, m) K-> U(g){m) is smooth. Similarly, a g-action on M is a Lie algebra 
homomorphism U\ g —> X(M) for which the map § x M - > TM, (£,ra) »-» $ ( f ) m 

is smooth. Given a G-action S, one obtains a g-action by the formula £?(£)(/) = 
J^| t = 0$(exp(—t£))*f, for / G G°°(M) (here vector fields are viewed as derivations of 
the algebra of smooth functions). 

1. Linear Dirac geometry 

The theory of Dirac manifolds was initiated by Courant and Weinstein in [20, 21]. 
We briefly review this theory, developing and expanding the approach via pure spinors 
advocated by Gualtieri [28] (see also Hitchin [32] and Alekseev-Xu [9]). All vector 
spaces in this section are over the ground field K = R or C. We begin with some 
background material on Clifford algebras and spinors (see e.g. [19] or [47].) 

1.1. Clifford algebras. — Suppose V is a vector space with a non-degenerate 
symmetric bilinear form B. We will sometimes refer to such a bilinear form B as 
an inner product on V. The Clifford algebra over V is the associative unital algebra 
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PURE SPINORS ON LIE GROUPS 135 

generated by the elements of V, with relations 

vvf + v'v = B(v, vf) 1. 

It carries a compatible Z2-grading and Z-filtration, such that the generators v G V 
are odd and have filtration degree 1. We will denote by x \-> xT the canonical 
anti-automorphism of exterior and Clifford algebras, equal to the identity on V. For 
any x G Cl(V), we denote by l c l (x), r c l (x) the operators of graded left and right 
multiplication on C\(V): 

lc\x)x' = xx\ r°\x)x' = (-l)MWx'x. 

Thus lcl(x) — rcl(x) is the operator of graded commutator [x, -]ci-
The quantization map q : A V —> Cl( V) is the isomorphism of vector spaces defined 

by q(v\ A • • • A vr) = v\ • • • vr for pairwise orthogonal elements Vi G V. Let 

str: C1(V) -> det(V) : = A t o p ( V ) 

be the super-trace, given by g - 1 , followed by taking the top degree part. It has the 
property str([x,x /]ci) = 0. 

A Clifford module is a vector space S together with an algebra homomorphism 
g: C1(V) —» End(S). If S is a Clifford module, one has a dual Clifford module given 
by the dual space S* with Clifford action g*(x) = g(xT)*. 

Recall that Pin(V) is the subgroup of Cl(V)x generated by all v G V whose square 
in the Clifford algebra is vv = ± 1 . It is a double cover of the orthogonal group 0 ( F ) , 
where g G Pin(V) takes v G V to (—l^gvg"1, using Clifford multiplication. The 
norm homomorphism for the Pin group is the group homomorphism 

(i) N : Pin(V) - » { - 1 , + 1 } , fi(g) = gTg = ± 1 . 

Let {•, •} be the graded Poisson bracket on AV, given on generators by {^1 ,^2} = 
B(vi,V2)- Then A2V is a Lie algebra under the Poisson bracket, isomorphic to o(V) 
in such a way that e G A2V corresponds to the linear map v 1—> {e, v}. The Lie algebra 
pin(V) ^ o(V) is realized as the Lie subalgebra g ( A 2 ( V ) ) C C1(V). 

A subspace E C V is called isotropic if E C E1- and Lagrangian if E = E^. The 
set of Lagrangian subspaces is non-empty if and only if the bilinear form is split If 
K = C, this just means that dim V is even, while for K = M this requires that the 
bilinear form has signature (n, n). From now on, we will reserve the letter W for 
a vector space with split bilinear form (•,•). We denote by Lag(W) the Grassmann 
manifold of Lagrangian subspaces of W. It carries a transitive action of the orthogonal 
group 0(W). 

Remark 1.1. — Suppose K = R, and identify W = R 2 n with the standard bilinear 
form of signature (n, n). The group O(VI^) = 0(n ,n) has maximal compact subgroup 
0(n) x 0(n) . Already the subgroup 0(n) x {1} acts transitively on Lag(W /r), and 
in fact the action is free. It follows that Lag(W^) is diffeomorphic to 0(n) . Further 
details may be found in [46]. 
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1.2. Pure spinors. — An irreducible module S over the Clifford algebra 
Cl(iy) is called a spinor module. Any E G Lag(W) defines a spinor module 
S = C1(W)/C1(W)25. The choice of a Lagrangian complement F to E identifies 
S = A£"*, where the generators in E C W act by contraction and the generators 
in F C W act by exterior multiplication. (Here F is identified with E*, using the 
pairing defined by (•, •).) The dual spinor module is S* = AJ5, with generators in E 
acting by exterior multiplication and those in F by contraction. 

For any non-zero element </> G S of a spinor module, its null space 

N(f) = {w e W\ g(w)</> = 0} 

is easily seen to be isotropic. The element 0 G S is a pure spinor [17] provided 
is Lagrangian. One can show that any Lagrangian subspace E G L&g(W) arises in 
this way: in fact, SE = {4> £ S| g(E)cj) = 0} is a one-dimensional subspace, with non
zero elements given by the pure spinors defining E. Any spinor module S admits a 
^-grading (unique up to parity inversion) compatible with the Clifford action. Pure 
spinors always have a definite parity, either even or odd. 

Example 1.2. — Let V be a vector space with inner product B. We denote by V the 
same vector space with the opposite bilinear form —B. Then W = V 0 V is a vector 
space with split bilinear form. The space S = C1(V) is a spinor module over C1(W) = 
C1(V)®C1(V), with Clifford action given on generators by Q(V@V') = lcl(v)-rcl(v'). 
The element 1 G C1(V) is a pure spinor, with corresponding Lagrangian subspace the 
diagonal Va C V 0 V. 

1.3. The bilinear pairing of spinors. — For any two spinor modules Si ,S2 
over C1(W), the space Homci(w)(Si, S2) of intertwining operators is one-dimensional. 
Given a spinor module S, let 

Ks = H o m c l ( w ) ( S * , S ) 

be the canonical line. There is a bilinear pairing [17] 

S (g) S —> Ks, ¿ 0 ^ ( 4 ^ ) s , 

defined by the isomorphism S(g>S = S(g>S*<g)Homcl(jy)(S*,S) followed by the duality 
pairing S (8) S* —> K. The pairing satisfies 

(2) (g(xT)(j),ip)s = (<f), g(x)ip)5, x G C1(W0, 

and is characterized by this property up to a scalar. (2) implies the following invari

ance property under the action of the group Pin(V), involving the norm homomor

phism (1), 

( ^ , ^ ) s = N(^)(0,^)s, gePin(V). 

Theorem 1.3 (E. Cartan [17]). — Let S be a spinor modules over C1(W), and let </>, i\) G 
S be pure spinors. Then the corresponding Lagrangian subspaces N^^N^ are trans

verse if and only if (0, /0)s 7̂  0. 
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A simple proof of this result is given in Chevalley's book [19, III.2.4], see also [47, 
Section 3.5]. 

Example 1.4. — Suppose V is a space with inner product B, and take S = C1(F) as 
a spinor module over C1(V 0 V) (cf. Example 1.2). Then K$ = det(V), with bilinear 
pairing on spinors given as 

(3) (x,x')Ci(v) = str(x x') G det(V). 

Using the isomorphism q : A(V) —> C1(V) to identify S = A ( V ) , the bilinear pairing 

becomes 

(4) (2/,J/')A(K) = (2 / T A2/ ' ) [ t o p l €det (y) . 

1.4. Contravariant spinors. — For any vector space V, the direct sum V : = 
V 0 V* carries a split bilinear form given by the pairing between V and V*: 

(5) 
<w1, w2> = <a1,v2> + <a2,v1>, WÌ = VÌ ® ai e V . 

Every vector space W with split bilinear form is of this form, by choosing a pair 
of transverse Lagrangian subspaces V , V , and using the bilinear form to identify 
V' = V*. Then S = AV*, with Clifford action given on generators w = v®aeV by 

g(w) = e(a) + i(v) 

(where e(a) = a A •), is a natural choice of spinor module for C1(V). The restriction 
of g to AV* C C1(V) is given by exterior multiplication, while the restriction to 
A V C C1(V) is given by contraction The line Ks = HomCi(v)(S*, S) is canonically 
isomorphic to det(V*) = A T O P F * , and the bilinear pairing on spinors is simply 

totf)A(v) = {4>T A V ) [ t o p ] e det (^) , 

similar to Example 1.4. Theorem 1.3 shows that if 0, ijj are pure spinors for transverse 
Lagrangian subspaces, the pairing ((f), I/J)A(V*) defines a volume form on V. 

Remarks 1.5. — We mention the following two facts for later reference, 

a. We have the identity 

( -1 )W(- (2 ( t i ; )0 ) T A V + 0 T A (Q(w)t/>)) = i(v){4>T A ^), w = v 0 a e V , 

which refines property (2) of the bilinear pairing, 
b. One can also consider the covariant spinor module A ( V ) , obtained by reversing 

the roles of V and V*. Suppose fi G det(V) is non-zero, and let • : A (V*) —> 
A (V ) be the corresponding star operator, defined by *0 = i(4))lJl" Let /x* be the 
dual generator defined by ^ ( ( ^ * ) T ) = 1 . Then • is an isomorphism of C1(V)-
modules. Furthermore, using to trivialize det(V),det(V*), the isomorphism 
intertwines the bilinear pairings: 

(&V0a(V) = W>,*V>)a(V), <t>,il> € A(V*). 

^ We are using the convention that T: A(V) —> End(AV*) is the extension of the map V I(V) as an 
algebra homomorphism. Note that some authors use the extension as an algebra anti-homomorphism. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2009 



138 A. ALEKSEEV, H. BURSZTYN & E. MEINRENKEN 

Any 2-form uj G A2V* defines a pure spinor <\> — e w , with NA, the graph of UJ: 

Glu = {v 0 a\ v G V, A = ^(T;)A;}. 

Note that, in accordance with Theorem 1.3, Gr^ nV = { 0 } if and only if UJ is no: 
degenerate, if and only if (e w ) t t o p l is non-zero. The most general pure spinor </> G A\ 
can be written in the form 

(6) 6 = e~"Q A 0, 

where UJQ G A2Q* is a 2-form on a subspace Q C V and 0 G det(Ann(Q))\{0} is a 
volume form on V/Q. To write (6), we have chosen an extension of UJQ to a 2-form 
on V. (Clearly, <fj does not depend on this choice.) The corresponding Lagrangian 
subspace is 

NA> = {v 0 a\ v G Q, a\n = i(v)ù;Q}. 

The triple (Q,UJQ,6) is uniquely determined by 0, see e.g. [19, 111.1.9]. A simple 
consequence is that any pure spinor has definite parity, that is, <j> is either even or 
odd depending on the parity of dim(V/Q). For any E G Lag(V) we define subspaces 
ker(£) C mn(E) C V bv 

ker(£) = E H V, ran(E') = pry(-E), 

where p r y : V —• V is the projection along V*. For any pure spinor 0, written in 
the form (6), we have r a n ( ^ ) = Q and kev(E(p) = ker(o;Q). In particular, 0t t o p ] is 
non-zero if and only if ker(E^) = 0. Similarly, ran(£,

<^)) = V if and only if is 
non-zero, if and only if <fj = e_u) for a global 2-form UJ. 

1.5. Action of the orthogonal group. — Recall the identification A2(W) = 
o(W) (see Section 1.1). For any Lagrangian subspace E C W, the space A2(E) is 
embedded as an Abelian subalgebra of o(W). The inclusion map exponentiates to an 
injective group homomorphism, 

(7) A 2 (E) —• 0(W), e^A£

: Ae(v 0 a) = v 0 (a - i(v)e), 

with image the orthogonal transformations fixing E pointwise. The subgroup A2(E) 

acts freely and transitively on the subset of Lag(W) of Lagrangian subspaces trans
verse to E, which therefore becomes an affine space. Observe that A£ has a distin
guished lift A6 = exp(e) G Pin(W) (exponential in the subalgebra A(E) C C1(W)). 

For any spinor module S over C1(W), the induced representation of the group 
Pin(jy) C C1(W) X preserves the set of pure spinors, and the map (j> I-> is equiv-
ariant. That is, if A G Pm(W) lifts A G 0(W), then 

»«Zu = A№). 

Consider again the case W = V . Then 2-forms UJ G A2V* and bivectors n G A2(V) 
define orthogonal transformations 

A u{y 0 a) = v 0 (a + ¿„0;), A n(v 0 a) = (y + £a7r) © a. 
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PURE SPINORS ON LIE GROUPS 139 

Their lifts act in the spin representation as follows: 

(8) д(А~ш)ф = е~ш ф, д(А~*)ф = е'^'ф. 

1.6. Morphisms. — It is easy to see that the group of orthogonal transformations 
of V preserving the 'polarization' 

(9) 0 — • V* — • V — • V — • 0 

(i.e., taking the subspace V* to itself) is the semi-direct product A 2 F* x GL(V) C 
O(V), where OJ G A2V* acts as A~" and GL(V) acts in the natural way on V and by 
the conjugate transpose on V*. 

More generally, for vector spaces V and V, we define the set of morphisms from 
V to V [331 to be 

HomO^V') x A 2 F*, 

with the following composition law: 

(10) (*i,u;i) o ($2,W 2 ) = (*l o $ 2 , ^2 + * 2 w l ) -

Given w — v 0 a G V and w' = vf 0 a! G V 7 , we write 

W ~(ф,ы) W' & У* = Ф(у), Ф*OL = OL + LyUJ. 

In particular, taking V — V and $ = id we have w ~(id,u;) w ' if a n d only it/ = 
A _ u ; ( t f ; ) . The graph of a morphism ($,u;) is the subspace 

a i ) r ( *, w ) = {(w',w) e V x V | w (Q,w) tu'}. 

We have r(*1,o>i)o(*2,a'2) = = R(Q,w)° r($2,«>2) under composition of relations. The 
morphisms ($ , w) are 'isometric', in the sense that 

(12) w1-(Q,w) w'1, w2-(Q,w) w'2 => <w1,w2> = <w'1,w'2> 

Equivalently, I\$ w \ is Lagrangian in V 7 0 V. We write 

ker($, cu) = {w eY\w(Q,w)0}. 

ran($,o;) = { V G V ; | 3w G V: w ~($,a,) w'}. 

Thus ker($,u;) = {(v, -ivv)\ v G ker($)} while ran($,u;) = ran($) 0 (V 7)*. 

Definition 1.6. — Let ($,a;): V —• V 7 be a morphism, and E G Lag(V). We define 
the forward image E' G Lag(V 7) to be the Lagrangian subspace 

Ef := r ( * | W ) o E = {wf G V71 3 w G E : w-(Q,w)w'}. 

Similarly, for F' G Lag(V 7) the backward image is defined as the Lagrangian subspace 

F := F' o r ( *, w ) = {w G VI 3 w' G F 7 : w ~(^>a;) w'}. 
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The proof that forward and backward images of Lagrangian subspaces are La
grangian is parallel to the similar statement in the symplectic category of Guillemin-
Sternberg [30] (see also Weinstein [54]). It is simple to check that the composition 
E' = T^^UJ) o E is transverse if and only if ker($,u;) HE = {0}. Similarly, the com
position F = F' o T($^) is transverse if and only if ran($, UJ) + Ff = V (equivalently, 
if and only if ran($) + ran(F') = V). 

Remark 1.7. — As in the symplectic category [30, 54], one could consider morphisms 
given by arbitrary Lagrangian relations, i.e. Lagrangian subspaces r C V 0 V (see 
e.g. [16]). The graphs (11) of morphisms ($,<*;) are exactly those Lagrangian rela
tions preserving the 'polarization' (9), in the sense that T oV* = (V)* (where the 
composition is transverse), see [33]. 

The (<3>,u;)-relation may also be interpreted in terms of the spinor representations 
of C1(V) and Cl(V'): 

Lemma 1.8. — Suppose ($,<*;) : V —• V is a morphism, and w G V, wf G V . Then 

(13) w-(Q,w)w' & д(и))(ешФ*ф') = ешФ*(д(го')ф'), ф' G Л ( У ' ) * -

Proof. — This follows from (е(а) + 1,у)(ешФ*ф') = еи}(е(а + суси)-\-1у)Ф*фг, for v®a G 
V. • 

Lemma 1.9. — Suppose (Ф, UJ) : V —> V is a morphism, and ф' is a pure spinor defin
ing a Lagrangian subspace F'. Then ф — ешФ*ф' is non-zero if and only if the 
composition F = F'оГ(ф^) is transverse, and in that case it is a pure spinor defining 
F. 

Proof. — Suppose w G F, i.e. w ~(Ф,Ш) W' wrtn w' G F' = N^>. Then w G by 
Equation (13). Thus F С N^. For ф ф 0, this is an equality since F is Lagrangian. • 

Example 1.10. — Suppose E,F С V are Lagrangian, with defining pure spinors ф, ф. 
Let ET be the image of E under the map v 0 a H-» V 0 (—a). Then фт is a pure 
spinor defining ET. Consider the diagonal inclusion diag: V —> V x V, so that 
diag*(0 T (8) ф) = фт А ф is just the wedge product. The wedge product is non-zero 
if and only if the composition ET A F := (ET x F) о Tdiag is transverse. This is the 
case, for instance, if E and F are transverse (since the top degree part of фт А ф is 
non-zero in this case). Explicitly, 

ET A F = {v 0 a I 3v 0 ai G E, v®a2€F:a = a 2 - ai}. 

Note that ran(E'T AF) = ran(E)flran(F), with 2-form the difference of the restrictions 
of the 2-forms on ran(£) and ran(F). Note also that (A-UJ(E))T A ( A - W ( F ) ) = ET AF 

for all w € A2V*. 

This "wedge product" operation of Lagrangian subspaces was noticed independently 
by Gualtieri, see [29]. 
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1.7. Dirac spaces. — A Dirac space is a pair (V,E), where V is a vector space 
and E C V is a Lagrangian subspace. As remarked in Section 1.4, E determines a 
subspace Q = ran(E) = pr y ( i£) C V together with a 2-form UJQ G A 2 Q * , 

(14) WQ(V,Î> ) = ) = -(a ,v) 

for arbitrary lifts v 0 a, Î / 0 a! G E oî v,v' G Q. The kernel of U;Q is the subspace 
ker(-E) = E CiV. Conversely, any subspace Q equipped with a 2-form UJQ determines 
a Lagrangian subspace E = {v 0 a G V| v G Q, C*|Q = UJQ(V, • )}• The gauge 
transformation by a 2-form a; G A 2 F * preserves Q, while UJQ changes by the 
pull-back of UJ to Q. 

Definition 1.11. — Let (V,E) and (Y',Ef) be Dirac spaces. A Dirac morphism 

(Q,u): (V,E) (V'j-E') is a morphism (Q,w) with Ef = r ( $ ? a ; ) o £7. It is called a 

strong Dirac morphism W if this composition is transverse, i.e., 

ker($,w) D E = { 0 } . 

Clearly, the composition of strong Dirac morphisms is again a strong Dirac mor
phism. Note that the definition of a Dirac morphism (3>,u;): (V,E) —> (V',E') 
amounts to the existence of a linear map a: Ef —> E, assigning to each w' G E' 
an element of E to which it is ($ , UJ)-related: 

(15) a (w') - (Q,w) w' W G E'. 

The map a is completely determined by its F-component 

a = prv o a: E' —• V, 

since a{v' 0 a') = v 0 ($*o/ + tva;) where v = a(vf 0 a ') . Hence ($,a;) is a Dirac 
morphism if and only if there exists a map a: E' —• V, such that the corresponding 
map a takes values in E. 

Lemma 1.12. — For a strong Dirac morphism (<&,UJ): (V,E) —> (V',Ef), the map a 
satisfying (15) is unique. Its range is given by 

(16) ran(a) = E n ker($,c t;)-L. 

Proof. — The map a associated to a Dirac morphism is unique up to addition of 
elements in i£nker(<l>, UJ). Hence, it is unique precisely if the Dirac morphism is strong. 
Its range consists of all w G E which are ($ , w)-related to some element of w' G E'. 

By (12), the subspace {w G Y\3w' G V : w ~($,u;) w'} is orthogonal to ker($,u;). 
Hence, by a dimension count it coincides with ker($,o;)-L. On the other hand, if 
w G E lies in this subspace, it is automatic that w' G E' since E' = R (Q,w) o E. • 

(2) In the particular case when u = 0, Dirac morphisms are also called forward Dirac maps [15, 16] , 
and strong Dirac morphisms are called Dirac realizations [14]. 
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Example 1.13. — Let E C V be a Lagrangian subspace, and let UJQ be the correspond
ing 2-form on Q = ran(E'). Let LQ : Q —• V be the inclusion. Then (IQ,WQ) : (Q, Q) —• 
(V,E) is a strong Dirac morphism. Equivalently (IQ,0): (Q, G r ^ ) —> (V,JE) is a 
strong Dirac morphism. Here a(v 0 a) = IQ(V). 

Example 1.14. — Suppose TT G A2V and TT' G A 2 F ' . Then ( $ , 0 ) : (V,GTV) -> 
(V'jGr^/) is a Dirac morphism if and only if $(7r) = TT'. It is automatically strong 
(since ker(Gr7 r) = 0), with a(v' 0 af) = TT^VQJ'). 

Proposition 1.15. — Suppose ($,u;): —> (V,E') is a Dirac morphism, and that 
F' is a Lagrangian subspace transverse to E'. Let (j) be a pure spinor defining E, and 
ij)' a pure spinor defining F'. Then ip := e ^ * ^ ' is non-zero, and is a pure spinor 
defining the backward image F = Ff o T($jUJy Moreover, the following are equivalent: 

a. is a strong Dirac morphism, 
b. the backward image F is transverse to E, 

c. The pairing (0, V0A(V*) € det(V*) is non-zero, that is, it is a volume form on V. 

Proof. — By (6), we may write = e~OJQ/0/, where UJQ> is a 2-form on Q' = 
ran(F'), and 0' G A t o p (V r / / r an(F 7 ) )* . Identifying (y ' / ran(F ' ) )* with the annihilator 
of ran(jF'), this gives 

^ ^ 0 ^ > $*<9' 4 0 

ker($*) fi ann(ran(F')) = 0 

& {wf G F'\ 0 ~ ( $ s U ; ) w'} = { 0 } . 

(Indeed, 0 ~($ j U ,) wf if and only if w' = 0 0 a' with $*a' = { 0 } . Moreover w' e F' = 
(F')1- if and only if a' G ann(ran(F /)).) But the condition 0 ~($ ) U;) implies that 
w' G Since E' fl F ' = 0 it follows that {w ' G F' | 0 w '} = { 0 } , hence ip ̂  0. 
Lemma 1.9 shows that it is a pure spinor defining the backward image F. 

(a) <=> (b). By definition, E fl F consists of all w G E such that w ~(&jU,)
 w ' f ° r 

some wf G F'. Since E' = T^^oE, this element w' also lies in and hence w' = 0. 
Thus, 

£ H F = £ fl ker($,u>), 

which is zero precisely if the Dirac morphism ($,u;) is strong, (b) (c) is immediate 

from Theorem 1.3. • 

1.8. Lagrangian splittings. — Suppose W is a vector space with split bilinear 
form. By a Lagrangian splitting of W we mean a direct sum decomposition W = E®F 

into transverse Lagrangian subspaces. 

Lemma 1.16. — Let W be a vector space with split bilinear form (•, •). There is a 1-1 

correspondence between projection operators p G End(W) with the property p + p* = 1, 

and Lagrangian splittings W = E 0 F. (Here p* is the transpose with respect to the 

inner product on W.) 
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Proof. — A Lagrangian splitting of W into transverse Lagrangian subspaces is equiv
alent to a projection operator whose kernel and range are isotropic. For any projec
tion operator p = p 2 , the range ran(p) is isotropic if and only if p*p = 0, while 
ker(p) = ran(l - p) is isotropic if and only if (1 - p)*(l - p) = 0. If both the kernel 
and the range of p are isotropic, then 

1 - ( P + P t) = ( l - P ) t ( l - P ) - P t p = 0. 

Conversely, if p is a projection operator with p + p* = 1, then p*p = (1 — p)p = 0, and 
similarly (1 - p)*(l - p) = 0. • 

Again, we specialize to the case W = Y. Suppose V = E 0 F is a Lagrangian 
splitting, with associated projection operator p. The property p + p* = 1 implies that 
there is a bivector TT G A2V defined by 

(17) 7rll(a) = - p r v ( p ( a ) ) , a € V * , 

that is, 7r(a,/3) = - (p (a ) , /3) = <a,p(/?)), a,/3e V*. If {e*} is a basis of E and {f} 
is the dual basis of F, then 

(18) = | p r v ( e i ) A p r v ( / * ) . 

The graph of the bivector TT was encountered in Example 1.10 above: 

Proposition 1.17. — The graph of the bivector TT is given by 

(19) Gr^ = ET A F. 

In particular, ran(7r**) = ran(J^) D ran(F), and the symplectic 2-form on ran(7r )̂ is 
the difference of the restrictions of the 2-forms on ran(^), ran(F). If </>,i/) are pure 
spinors defining E, F, then 

(j)T A^ = e~L^((t)T A V ) [ T O P L . 

Proof. — Since both sides of (19) are Lagrangian subspaces, it suffices to prove the 
inclusion D. Let v 0 a G ET A F. Hence, there exist OL\,CY.2 with a = a2 — ot\ 
and v 0 ai G E, v 0 a2 G F. Thus v 0 ct\ = — p(a), which implies that 7r^(a) = 
— p r y p(a) — v. The description of ran71^ = ra^Gr^) is immediate from (19), see the 
discussion in Example 1.10. The formula for 4>T A ip follows since both sides are pure 
spinors defining the Lagrangian subspace Gr^, with the same top degree part. • 

Proposition 1.18. — Suppose Y = E(BF is a Lagrangian splitting, defining a bivector 
7T. IfeG A2E, so that F£ = A~£F is a new Lagrangian complement to E, the bivector 
TT£ for the splitting E 0 Fe is given by 

n£ = TT+ pry(£), 

where p r y : A E —> AV is the algebra homomorphism extending the projection to V. 
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Proof. — Let 0, ip be pure spinors defining E, F. Then F£ is defined by the pure 
spinor tp£ = g(e~£)ip. Using Remark 1.5(a), we obtain 

0 T A tp£ = </>T A g(e~£)^ = e-L{prv(£))(f)T A t/>. 

The claim now follows from (1.17). 

Proposition 1.19. — Let ($,u;): (V,J5) —> (V,25') be a strong Dirac morphism. Sup
pose F' G Lag(V') is transverse to E', and F is its backward image under ($,u;). 
Then the bivectors for the Lagrangian splittings V = E 0 F and V = E' 0 F' are 
$-related: 

3>(TT) = 7T7. 

Proo/. — To prove $(7r) = TT', we have to show that ($ , 0) : (V, Gr^) —• ( V , G i v ) is 
a Dirac morphism: 

r (^ ? 0) ° (ET A F) = (E')T A F'. 

Since both sides are Lagrangian, it suffices to prove the inclusion D. If v' 0 af G 
( F ' ) T A F', then a' = a'2 - a[, where v' 0 a[ G F ' and v' 0 o/2 G F'. Since ($,u>) is 
a strong Dirac morphism for F, F', there is a unique element v 0 Q i G F such that 

= $(v), $*(ai) = ai + ^a;. Let a 2 = $*(a:2) - LVUJ. Then v 0 a2 G F since 
v 0 a2 ~(<j>,u;) ^' 0 a2. Hence i; 0 $*(a') = v 0 ( a 2 - « i ) £ F T A F, proving that 

We next explain how a splitting V' = E' 0 F ' may be 'pulled back' under a linear 
map 3>: V —* V', given a bivector n E A2V and a linear map a: E' —> V satisfying 
suitable compatibility relations. 

Theorem 1.20. — Suppose that $: V —> V is a linear map and UJ G A2V* a 2-form. 
Given a Lagrangian splitting V = E' 0 F', with associated projection p' G End(V), 
there is a 1-1 correspondence between 

(i) Lagrangian subspaces E C V such that (<£, a;): (V, E) —• (V', E') is a strong Dirac 
morphism, and 

(ii) Bivectors 7r G A2V together with linear maps a: E' —> V, satisfying 3> o a = 
pr y , I and 

v' e a' e Г ( ф ? 0 ) о (E 1 Л F). 

(20) ?r , ,O** = - A O P , | 

Under this correspondence, n is the bivector defined by the splitting V = F 0 F ; where 
F is the backward image of F', and a is the linear map defined by the strong Dirac 
morphism ($,UJ) (see (15),). 

Proof. — "(i) (ii)n- By Proposition 1.15, we know that the backward image F 
of F' is transverse to E. Let p and p' be the projections defined by the Lagrangian 
splittings V = E 0 F and V = E' 0 F', and 7R,TR' the corresponding bivectors. As 
in (15), the strong Dirac morphism ($,u;) defines a linear map a: E' —> F, taking 
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w' G E' to the unique element w G E such that w ~($,u;) w'. We claim that for all 
w eV, w' e V, 

(21) w ~(ф,ш) w =Ф p(w) = a(p (w )). 

Indeed, let w\ — p(w) G E, so that w2 = w — w\ G F. There is a (unique) element 
wf

2 G F ' with w2 ~($,UJ) w 2 , s o w[ = w' — w'2. Since w 2 - (Q,w ) w 2 , ^ follows 
that ~($,o;) w[. Hence G £" by definition of £". It follows that p(w) = wi = 
a(w[) = a(p'(w')), as claimed. In particular, since $*a' ~(<j>,u,) for a' G V , (21) 
implies that 

тг«(Ф*сО = -рг„(р(Ф*а ' ) ) = - p r v ( a ( p ' ( a ' ) ) ) = -a(p'(a'))> a' G (V)* 

where a = p r v oa. 
"(г) (гг)". Our aim is to construct the projection p with kernel F := F' о Г( Ф ) Ц ; ) 

and range E1. We define p by the following equations, for v,v\,v2 G V and a, ai , 0:2 £ V* 

( P M , V 2 ) = ( р ' ( ф Ы ) , ф Ы ) , 
(p(ai),a 2) = -7г(а1,а 2), 

(p(v),a> = (a*a, Ф(г;)> + -K(LVLO, a) , 

(p(a),v) = (a,v) - <a*a, Ф(и)) - тт^о;, a) , 

where a*: —• (E1)* = Ff is the dual map to a. The linear map p defined in this 
way has the property p + p* = 1. We claim that this linear map satisfies (21), where 
a: E' —> V is defined as follows, 

a(wf) = a(w') 0 (Ф* pi(Vf),(wf) - tA(WF)LJ) 

For w = V(&LVUJ, w' = <&(v) 0 0 , (21) is easily checked using the definition of p. Hence 
it suffices to consider the case w = <3>*o/, w' = a' with a' G ( V ) * . For all v G V, 
using the definition of p and 3> o a = pr v , i.e., a* o <£* = (p ')*|(v)*' w e n a v e : 

<p(#V),v> = (а',Ф(«)> - ( ( p ' ) V ^ ( t ; ) ) - т г ( ^ , Ф * а ' ) 

= (р'а', Ф(и)) + тг(Ф V , ivu>) 

(â(p'(a')),v) = (Ф*рг ( У 0 , р ' ( а ' Ы - Ц а ( р ' ( а ' ) М 

= (р'а', Ф(«)> + ш(п*(Ф*а'), v) 

which shows (р(Ф*а'),и) = (o(p'(a')),u). Similarly, for /3 6 У* we have, by (20), 

(р(Ф*а'),/?> = -<7г»(Ф*а'),/3> = (а(р'(а')),/?>. 

This proves (21). Equation (21) applies in particular to all elements w G F, since these 
are by definition ($ , o;)-related to elements i</ G i7". We hence see that p(w) = 0 for all 
w e F. This proves that F C ker(p). Taking orthogonals, ran(p*) C F. In particular, 
the range of p* is isotropic, i.e. pp* = 0, and hence p — p2 = p(l — p) = pp* = 0. Thus 
p is a projection. As before, we see that kerp = ran(l — p) is isotropic as well, hence 
F = ker(p) since F is maximal isotropic. It remains to show that the Lagrangian 
subspace E := ran(p) satisfies T ^ ^ ) oE C E'. Suppose w ~($>a;) w' for some w G E. 
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By (21), we also have w = p(w) p '(w 7). T n u s 0 ~(<e>,u;) (w' — p'(w')) = (p7)*(i(/). 
Observe that ran($) D *(a(£77)) = ran(£"). Hence ker($*) c ann(ran(£ 7)). Since 
E'nF' = 0, it follows that 

(22) ker($*) n ann(ran(F7)) = 0. 

Using Equation (22), the relation 0 - (Q,w) (p 7) £(w 7) G i7" implies that (p7)*(w7) = 0, 
i.e. w 7 G 2£7. • 

The proof shows that p|y = flop'o$, whereas h := p\y*: V* ^ E is given by 

(23) h(a) = (-7r»(a)) 0 (a - $* pr ( y , }* a*(a) - i(ir*(a))u>). 

It follows that E = ran(a) + ran(/i). Projecting to V, it follows in particular that 

(24) ran(F) = ran(a) + ran(?rIJ). 

2. Pure spinors on manifolds 

A pure spinor on a manifold is simply a differential form whose restriction to any 
point is a pure spinor on the tangent space. The following discussion is carried out 
in the category of real manifolds and C°° vector bundles, but works equally well for 
complex manifolds with holomorphic vector bundles. 

2.1. Dirac structures. — For any manifold M, we denote by T M = TM 0 T*M 
the direct sum of the tangent and cotangent bundles, with fiberwise inner product 
(•,•). The fiberwise Clifford action defines a bundle map 

(25) Q: Cl(TAf) End(AT*M). 

The same symbol will denote the action of sections of Cl(TM) on sections of AT*M, 
i.e. differential forms. The bilinear pairing will be denoted by 

(26) (., -)AT*M : A T*M 0 AT*M -* det(T*Af), 

and the same notation will be used for sections. Thus (0, 0 7)AT*M = (</>T A </>7)[topl 
for differential forms 0,0 7 G T(AT*M) = fî(M). An almost Dirac structure on M is 
a smooth Lagrangian subbundle E C TM. The pair (M, E) is called an almost Dirac 
manifold. A pure spinor defining E is a nonvanishing differential form (f> G fî(M) such 
that (f)\m is a pure spinor defining Em, for all m. Equivalently, 0 is a nonvanishing 
section of the line bundle (AT*M)EThus E is globally represented by a pure spinor 
if and only if the line bundle (AT*M)E is orientable. (Otherwise, one may still use 
pure spinors to describe E locally.) 

Let 77 G f î 3 (M) be a closed 3-form. A direct computation shows that the spinor 
representation defines a bilinear bracket Irh- T(TM) x T(TM) -> T(TM) by the 
condition: 

(27) Qdxi,x2jri)ii> = [[d +»7, eOsi)], 0(^2)]^, i/> e fi(M), xi e r ( T M ) , 
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where the brackets on the right-hand side are graded commutators of operators on 
S1(M). The bracket [•, -Ĵ  is the rj-twisted Courant bracket [35, 50]. ( 3) (For more on 
the definition of [•, -Ĵ  as a 'derived bracket', see e.g. [9, 36, 48].) The operator on 
O(M) denned by 

\Q{XI), [Q(X2), [Q(X3), d + 77]]] 

is multiplication by a function 

(28) T(a?i,X2,x 3)
 = - ( N , ^ 2 L , xi) e C°°(M). 

Given an almost Dirac structure E C TM, let TE denote the restriction of the trilinear 
form (xi,x2yx3) 1-» T(xi,x2,xs) to the sections of E. In contrast to T, the trilinear 
form is tensorial and skew-symmetric. The resulting element 

TE G T ( A 3 £ * ) 

is called the 77-twisted Courant tensor of E. 

Definition 2.1. — A Dirac structure on a manifold M is an almost Dirac structure 
E together with a closed 3-form 77 such that its 77-twisted Courant tensor vanishes: 

= 0. The triple (M, E, 77) is called a Dirac manifold. 

For E an almost Dirac structure one can always choose a complementary almost 
Dirac structure F such that E 0 F = TM. (This is parallel to a well-known fact from 
symplectic geometry [51, Proposition 8.2], with a similar proof.) As a vector bundle, 
F = E* with pairing induced by the inner product on TM. We have: 

Proposition 2.2. — Let E be an almost Dirac structure on M, and F be a complemen
tary almost Dirac structure. Suppose E is represented by a pure spinor (j> G Œ(M). 
Then there is a unique section aE G T(E*) (depending on <f>) such that 

(D+Tì)<f> = Q(-?B + <TE)<J>. 

Here we view TE and aE as sections of AF C Cl(TM). 

Proof. — Choose a Lagrangian subbundle F complementary to E. Since 

r(AF) -+ fi(M), x 1—• g(x)(j> 

is an isomorphism, there is a unique odd element x G Y(AF) C T ( T M ) such that 
(d + 77)</> = Q(X)4>. To see that x has filtration degree 3, let x\,x2,x% be three sections 
of E. Since g(xi)<t> = 0, it follows that 

[x2i [x3,x]]])<j) = [[[Q(XI), \g(x2), [g(x3),g(x)]]](i) = g(xix2x3)g(x)(j) 

= £0RIX 2 x 3 ) (d + tit = lMxi)' [00*2), [0O&3),d + vW = ^E(xiìx2ìx3)(f)ì 

(3) This definition agrees with the non-skew symmetric version of the Courant bracket [40, 50], 
called the Dorfman bracket in [28]; the 77-term in the bracket, however, differs from the one in [50] 
by a sign. 
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proving that the Clifford commutator [xi, [x2, [#3>#]]] = t(xi)i(x2)t(xs)x (contraction 
oí x £ r(A(£?*)) with sections of E) is a scalar. This implies that x has filtration 
degree 3, and that the degree 3 part of x is — T^ . • 

We hence see that an almost Dirac structure E c T M is integrable if and only if 

(d + <n)<j) G Q(TM)4>, 

for any pure spinor <f> G ÍÍ(M) (locally) representing E. The characterization of the 
integrability condition = 0 in terms of pure spinors was observed by Gualtieri 
[28], see also [9]. 

Examples of Dirac structures (for a given rj) include graphs of 2-forms uo G ÍÍ(M) 
with duj = 77, as well as graphs of bivector fields TT G 3£ 2(M) defining rj-twisted Poisson 
structures [35, 50] in the sense that |[7r,7r]sch + 71̂ (77) = 0. One may also consider 
complex Dirac structures on M, given by complex Lagrangian subbundles E C T M € 

satisfying = 0. The defining pure spinors are complex-valued differential forms <j> 
on M, given as nonvanishing sections of (AT*MC)E. If E is a Dirac structure, then 
its image Ec under the complex conjugation mapping is a Dirac structure defined by 
the complex conjugate spinor </>c. E is called a generalized complex structure [28, 32] 
if E H Ec = 0. 

Suppose E C T M is a Dirac structure. The vanishing of the Courant tensor implies 
that E is a Lie algebroid, with anchor given by the natural projection on T M , and Lie 
bracket [•,•]# on T(E) given by the restriction of the Courant bracket I*,-]]^. Prom 
the theory of Lie algebroids, it follows that the generalized distribution ran(E') is 
integrable (in the sense of Sussmann) [24]. The generalized foliation having ran(i?) 
as its tangent distribution is called the Dirac foliation. For any leaf Q C M of the 
Dirac foliation, the collection of 2-forms on T m Q (defined as in (14)) defines a smooth 
2-form U)Q G Í2 2(Q) with 

ÁUJQ = ¿hv, 

where ÍQ : Q —> M is the inclusion (for a proof, see e.g. [47, Proposition 6.10]). If 7̂ is 
the graph of a Poisson bivector TT (with 77 = 0), this is the usual symplectic foliation. 

2.2. Dirac morphisms. — Suppose $ : M - » M' is a smooth map, and UJ G Q2(M) 
is a 2-form. As in the linear case, we view the pair (3>,u;) as a 'morphism', with 
composition rule (10). Given sections x G T(TM) and x' G r (TM' ) , we will write 

x ~(3>,u,) x' O Vra G M : xm - ( (d$) m , W m ) ^ ( m ) -

In terms of the spinor representation, this is equivalent to the condition 

e ^ t e O r V ) = Q(x)(eu9*(il>% </>' € ÍÍ(M'). 

Using the definition (27) of the Courant bracket as a derived bracket, one obtains: 

Lemma 2.3 (Stienon-Xu). — [53, Lemma 2.2] Let M, M' be manifolds with closed 3-
forms rj,r)', $ : M —• M' a smooth map, and UJ G f2 2(M) a 2-form such that $*rj' = 
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77 + duj. Then 

%i ~($,u/) x'i, * = 1,2 => [zi,Z 2]f7 - (Q,w) 1^1 »^2! 17'• 

That is, the morphism (3>, a;): M —» M ' intertwines both the inner product and 
the (77- resp. 77'-twisted) Courant brackets on T M and TM' . 

Definition 2.4. — a. Suppose (M,E) and (M',E') are almost Dirac manifolds. 
A morphism ($,u;): M —> M ' is called a (strong) almost Dirac morphism 
(*,u;): ( M , £ ) - (M, £") if ( ( d * ) m , w m ) : ( T m M , £ m ) -> ( T * ( r o ) M ^ ( m ) ) is a 
linear (strong) Dirac morphism for all ra G M. 

b. Suppose (M, E, 77) and (M',E',r)f) are Dirac manifolds. A (strong) almost 
Dirac morphism (3>,u;): M —> M ' is called a (strong) Dirac morphism 
($ , w): (M, £ , 77) -> (AT, 77') if 77 + do; = $ y . 

For UJ = 0, strong Dirac morphisms coincide with the Dzrac realizations of [14]. 

Example 2.5. — If (M, F, 77) is a Dirac manifold, then so is (M, A~UJ(E), 77 + da;), 
for any 2-form a;, and (id^f is a Dirac morphism between the two. The Dirac 
structures E and A~UJ(E) are isomorphic as Lie algebroids; in particular, they define 
the same Dirac foliation. However, the 2-forms on the leaves of this foliation change 
by the pull-back of UJ. 

Example 2.6. — Any manifold M can be trivially viewed as a Dirac manifold M = 
(M, TM, 0). A strong Dirac morphism from M to pt is then the same thing as 
a symplectic 2-form on M. More generally, strong Dirac morphisms M —» N are 
(special types of) symplectic fibrations. 

Example 2.7. — If (M, £,77) is a Dirac manifold, and Q C M is a leaf of the as
sociated foliation of M, then the inclusion map defines a strong Dirac morphism 
(*Q,"Q): (O ,TQ , 0 )^ (M,E , 77 ) . 

From the linear case, it follows that a strong almost Dirac morphism gives rise to 
a bundle map 

a: Q* E' -> E.. 

This is indeed a smooth bundle map: the projection T M 0 $ * T M ' —• $*TM' restricts 
to a bundle isomorphism r&n(E(B$*TM') —• $*£", and a is the inverse of this bundle 
isomorphism followed by the projection to TM. We let 

(29) a = p r T M oa: $*E' —• ran(E') C TM 

Proposition 2.8. — Suppose ($,u;): (M,E,rj) -> (Mf,E/,rjf) is a strong Dirac mor
phism. Then the induced bundle map a: —> E is a comorphism of Lie algebroids 
[43]. That is, it is compatible with the anchor maps in the sense that 

аФ о а = рг ф * Т М / \Ф*Е', 
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and the induced map on sections 

a: r(E') - T(E), (à(x'))m = o « ( m ) ) 

preserves brackets. 

Proof. — Compatibility with the anchor is obvious. If x,

1,x2 are section of then 
(using Lemma 2.3) both a($*[x /

1,X'2]E') and [a^*^),a($*x 2 )]E are sections of E 
which are ($,cj)-related to [x[,X2]E'- Hence their difference is (3>,a;)-related to 0. 
Since (3>, u) is a strong Dirac morphism, it follows that the difference is in fact 0. • 

The second part of Proposition 2.8 shows that (29) defines a Lie algebra homomor
phism a: r(^') —> £ ( M ) . That is, the strong Dirac morphism defines an ''action' of 
the Lie algebroid E' on the manifold M . 

2.3. Bivector fields. — Prom the linear theory, we see that any Lagrangian split
ting T M = E 0 F defines a bivector field n on M . Furthermore, 

e - ' ( 7 r ) (<¿ T A</>) [ t o p l =ФТ Aé 

for any pure spinors (/>, ip defining E, F. Recall that (cjy A tpytop* is a volume form on 
M . 

For an arbitrary volume form ¡1 on M, and any bivector field n G X 2 ( M ) , one has 
the formula [26] 

(30) d ( e - ^ V ) = t( - |[7r,7r]sch U , ) ( e - l W / i ) . 

Here [•, -]sch is the Schouten bracket on multivector fields, and XN is the vector field 
on M defined by di(ir)/JL = —L(X^)II. If TT is a Poisson bivector field, then XN G X(M) 
is called the modular vector field of n with respect to the volume form ¡1 [56]. (See 
[37] for modular vector fields for twisted Poisson structures.) 

Theorem 2.9. — Let n be the bivector field defined by the Lagrangian splitting T M = 
E 0 F. Let TE G T(A 3 F) and TF G T(A3E) be the Courant tensor fields of E, F. 

a) The Schouten bracket of IT with itself is given by the formula 

§[7T,7r]sch = p r T M ( T ) + p r T M ( T ), 

where p r T M : AE —• ATM is the algebra homomorphism extending the projection 
E —• T M , and similarly for p r T M : A F —• ATM. 

b) Given pure spinors (j>, G Q(M) defining E, F, let aE G T(F) and aF G T(E) be 
the unique sections such that 

(d+r])(l> = Q(-rE + aE)<j>) (d+ri)i> = Q(-rF + aF)*lj. 

Then the vector field XN defined using the volume form ft = (<f)T Atp)^top^ is given 

by 

X* = PTTM(°F) ~ P r T M ( 0 -
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Proof. — We may assume that E, F are globally defined by pure spinors <p, ip. Using 
Remark 1.5(a), we have 

A{4>T A i>) = ( -1) '* ' UT Adip + (d<t>)T A xp) 

= (-1)1*1 ( 0 T A (d + ÍJ)V + ((d + vW A I/>) 

= (-1)1*1 {d>T A (g(-TF + aF)i¡>) + (Q(-T
E + cE)4>)T A rl>) 

= i(pvTM(-r
F + aF) + p r T M ( - T Ê - aE))(J>T A tf). 

On the other hand, 4>T A i¡) = e gives, by (30), 

d ( 0 T Aip) = ¿(- |[tt , 7r ] S c h + X W ) ( 0 T A ^) . 

Applying the star operator * for /x, and using that * ( 0 T A ^ ) is invertible, it follows 
that 

p r T M ( - T F + O + p r T M ( - T F - aE) = - | [ t t , 7r]sch + X«. 

As a special case, if both E, F are Dirac structures (i.e. integrable), then the 
corresponding bivector field n satisfies [7r,7r]sch = 0, i.e., it is a Poisson structure. 
The symplectic leaves of n are the intersections of the leaves of the Dirac structures 
E with those of F. The fact that transverse Dirac structures (or equivalently Lie 
bialgebroids) define Poisson structures goes back to Mackenzie-Xu [44]. 

Proposition 2JO. — Suppose ($ ,o ; ) : (M,E) —> (M' ,£" ) is an almost Dirac mor
phism, and let F' C T M ' be a Lagrangian subbundle complementary to E'. Then 
there is a smooth Lagrangian subbundle F C T M complementary to E, with the 
property that for all m £ M, Fm is the backward image o/^4(m) u n ^ e r (dm^j^m)-
Furthermore: 

a. The bivector fields 7r, TT' defined by the splittings TM = E<&F and T M ' = E'®F' 
satisfy 

7T ~ $ 71"', 

i.e. ( d $ ) m 7 r m = 7r^ ( m ) for all me M . 

b. The Courant tensors TF e T(A3E) and TF' e T(A3Ef) are related by 

T F = a ( $ * T F ' ) , 

using the extension of a: r(3>*£") —> T(E) to the exterior algebras. 
c. The bivector field n satisfies 

f br»fl"]sch = a(4>*TF') + p r r M ( ï B ) , 

using the extension of a: T($*E') —• T(TM) to the exterior algebras. 
d. 

TT* o $* = - a o p; : T*M ; TM, 

where p': T M ' - » E1 is the projection along F'. 
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e. If'?// is a pure spinor defining F', and ip = e ^ * ? / / the corresponding pure spinor 

defining F, the sections aF, o~F are related by ap = a(^*ap), that is, 

F F 
0~ O- . 

Proof — Let ij)' G f î(M') be a pure spinor (locally) representing F'. Prom the linear 
case (Proposition 1.15), it follows that ip = e w $ * ^ ' is non-zero everywhere, and is a 
pure spinor representing a Lagrangian subbundle F C T M transverse to E. Now (a) 
follows from the linear case, see Proposition 1.19. We next verify (b), at any given 
point m G M . Let m' = $(ra). Given (xi)m G Fm for i = 1,2,3, let (a^)m' £ Fm> 
with 

(xi)m - ((dQ)m, wm) (x'i)m' 

Choose sections #i G T(F), G r(jF') extending the given values at m, ra'. We have 

to show T F ( x i , X 2 , ^ 3 ) | m = Y F (xiiX^x'^LM'. We calculate: 

TF(a?i,a;2,«3) </> = ^ 1 ^ 3 ) (d + 77)(e"$V) = Q(XIX2X3) e"$*(d + r/)<// 

On the other hand, 

(Ф*Тр'(х'х'2,х')) ф = е">Ф*Гр'(х'х'х') ф' = ешФ*0{х'лХоХ,.)(а + г1')ф' 

These two expressions coincide at ra, proving (b). Theorem 2.9 together with (b) 
implies the statement (c). Part (d) follows from Proposition 1.20. Part (e) follows 
from (b) together with the definition of cr F, aF . • 

Part (b) shows in particular that if F' is a Dirac structure, transverse to Er, then 
its backward image is again a Dirac structure. 

2.4. Dirac cohomology. — In this Section, we will discuss certain cohomology 
groups associated with any pair of transverse Dirac structures E,F c T M and a 
given volume form / / o n M. We assume that E,F are given by pure spinors 0,-0, 
normalized by the condition (0, /0)AT*M = Let aE G T(F) ,cr F G F(E) be sections 
defined as in Theorem 2.9, and denote 

a = aF - a E GT(TM). 

Replacing </>,?/> with </> = /</>, i> = f for / a nonvanishing function on M, this 
section changes by a closed 1-form: 

(31) à = a - / " M / . 

Indeed, letting let p be the projection from T M to E along F we have aF = aF — 
p C T M / ) , a s = <7£ + ( / - p ) ( / - 1 d / ) . 

We define the Dirac cohomology groups associated to a triple (E, F, /x) as the co
homology of the operators 

^+ = d + r] + g(a), P- = d + rj - g(a) 

on ÎÎ(M), restricted to the subspace on which they square to zero: 

(32) H±(E,F,n) := ker(£t)/ker(0±) nim(0±) = H(kerf±,p±). 
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The pure spinors (p,ip define classes in H+(E,F,¡1) and H-(E,F,/x), respectively, 
since fi+cp = 0 and fi-ip = 0. The Dirac cohomology groups are independent of 
the choice of defining spinors <j>, tp: Changing the pure spinors by a function / as 
above, (31) shows that the operators ft± change by conjugation, fi+ = fQ + f-1 and 

Example 2.11. — Let M be a manifold with volume form /x. Consider transverse 
Dirac structures E = Gr^ for some closed 2-form a;, and F = T*M. In this case, 
one can choose (p = e~u ,ip = /x. We obtain rj = 0, a = 0, fl± = d, and the Dirac 
cohomology groups H±(TM,T*M,/x) coincide with the de Rham cohomology of M. 

Example 2.12. — Let M be a manifold with volume form /x and with a Poisson bivec
tor TT. Let E = TM,F = Gr^. The choice 0 = 1,^ = e-l(TT)u gives ft-=d- i(Xv), 
where Xw is the modular vector field. The operator ft2_ — —£(Xn) vanishes on 
differential forms invariant under the flow generated by X*. The Dirac cohomology 
H- (TM, Grn, /x) = H(Q,(M)Xn ,d — L(Xn)) resembles the Cartan model of equivariant 
cohomology for circle actions. 

Let 7r be the Poisson structure defined by the splitting T M = E 0 F, and Xn = 
p r T M cr the modular vector field. Let 

(33) HV(M) = H((i(M)x«,d - i(XJ). 

By Remark 1.5(a) there is a pairing 

H+ (E, F, /x) ®H_(E, F, /x) - Hw (M) 

given on representatives by the formula u ® v H-> Ut A v. The pure spinors (p, ip define 
cohomology classes [cp] G H+(E,F, /x), ft/>] G H-(E,F,n), and [<pT A ip] G Hn(M). If 
M is compact, the integration map fM : £l(M)X7r —» R descends to Hn(M). Hence 

'M 
(pT Aip = 

'M 
/X > 0 

shows that the cohomology classes [<j>] G H+(E, F, /i), [1/;] G H-(E,F,fi) are both 
nonzero. 

There is the following version of functoriality with respect to strong Dirac mor
phisms for Dirac cohomology. 

Proposition 2.13. — Let ($ , a;): (M, E, rj) —> (M' , E', 77') be a strong Dirac morphism, 
and let F' C T M ' be a Dirac structure transverse to E', with backward image F. As
sume that E, E' are defined by pure spinors 0, <p>' such that the corresponding sections 
Ge and aE vanish. Let ipf and ip = e^^ip' be pure spinors defining F' and F, and 
let /x' and fi be the resulting volume forms. Then ew o $* intertwines ft- and </)'_, 
and hence induces a map in Dirac cohomology ew$*: H-(E',F',/x') —> H-(E,F1fi) 
taking [ipf] to [ip]. 
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Proof. — Since GE,GE vanish we have a = GF and G1 = oF . By Proposition 2.10 
(e), the map e w $ * intertwines the Clifford actions of GF and GF , while on the other 
hand this map also intertwines d + 77 with d + r/. Hence it intertwines ^_ with • 

2.5. Classical dynamical Yang-Baxter equation. — The following result de
scribes the Courant tensor of Lagrangian subbundles defined by elements in T(A2E). 

Proposition 2.14 (Liu-Weinstein-Xu [40]). — Let TM = E 0 F be a splitting into La
grangian subbundles, where both E,F are integrable relative to the closed 3-form 
rj, and let us identify F* = E. Given a section e G V(A2E), defining a section 
A~€ G r ( 0 ( T M ) ) , let F£ = A~£(F) be the Lagrangian subbundle spanned by the sec
tions x + ixe for x G T(F) = T(E*). Then the Courant tensor T£ G T(A3E) of Fe is 
given by the formula: 

T£ = dFe+ \ [e,e]E. 

Here [-,•]# is the Lie algebroid bracket of E, and dp'. T(A9F*) —> r ( A * + 1 F * ) is the 
Lie algebroid differential of F. 

Remark 2.15. — The result in [40] is stated only for 77 = 0. However, since the 
statement is local, one may use a gauge transformation by a local primitive of 77 to 
reduce to this case. 

We are interested in the following special case: Let M = g*, with its standard 
linear Poisson structure irQ* G T(A2Tq*) = C°°(q*) <g) A 2g*, and put F = Tg* and 
E = Gr^*. The bundle E is spanned by sections So (0 © (0OjO f ° r $ € 0> where 
S3o(£) is the generating vector fields for the co-adjoint action, and (0o>£) € ^ ( f l * ) is 
the 'constant' 1-form defined by £. The trivialization E = q* x g defined by these 
sections identifies E with the action algebroid for the co-adjoint action: The bracket 
on T(E) = is defined by the Lie bracket on q via the Leibniz rule, and the 
anchor map is given by the action map So: fl —• Tq*. For e G T(A2E), the bracket 
[e,e]E is given by the Schouten bracket on Afl. On the other hand we may view 
e G C°°(fl*, A2fl) as a 2-form on fl*, and then de = dps is just its exterior differential. 
The resulting equation reads 

de+ §[e,e]sch = T e . 

If T e is a multiple of the structure constants tensor, this is a special case of the 
classical dynamical Yang-Baxter equation (CDYBE) [5, 25]. We will see below how 
a solution arises from the Cartan-Dirac structure on G. 

For more information on the relation between Dirac structures and the CDYBE, 
see the work of Liu-Xu [41] and Bangoura-Kosmann-Schwarzbach [10]. 
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3. Dirac structures on Lie groups 

In this Section, we will study Dirac structures over Lie groups G with bi-invariant 
pseudo-Riemannian metrics. This will be based on the existence of a canonical iso
morphism 

TG = G x ( f l e g ) 

preserving scalar products and Courant brackets. In the subsequent section, we will 
describe a corresponding isomorphism of spinor modules. 

3.1. The isomorphism TG = G x (g©g). — Let G be a Lie group (not necessarily 
connected), and let g be its Lie algebra. We denote by £L,£R G £(G) the left-, right-
invariant vector fields on G which are equal to £ Gg = TeG at the group unit. Let 
0 L , 6R G n x(G) (8)0 be the left-, right-Maurer-Cartan forms, i.e. ¿ (£ L )0 L = i(£R)0R = 
£. They are related by 0R = Adg(0g), for all g G G. The adjoint action of G on itself 
will be denoted £2ad (or simply S, if there is no risk of confusion). The corresponding 
infinitesimal action is given by the vector fields 

М 0 = ^ - € л -

Suppose that the Lie algebra Q of G carries an invariant inner product. By this we 
mean an Ad-invariant, non-degenerate symmetric bilinear form B, not necessarily 
positive definite. Equivalently, B defines a bi-invariant pseudo-Riemannian metric on 
G. Given B, we can define the bi-invariant 3-form rj G fi3(G), 

V:= ±B(eL,[oL,eL}) 

Since rj is bi-invariant, it is closed, and so it defines an 77-twisted Courant bracket 
[•, -Jrç on G. The conjugation action iSad extends to an action of D = G x G on G, by 

(34) S: D - » Diff(G), S(o,a') = l0/ or a - i , 

where la(g) = o,g and r a (p) = ga. The corresponding infinitesimal action 

8: 0 - • £(G), М0 = ^-€л-(£') 

lifts to a map 

(35) s : 3 ^ r ( T G ) , s ( £ , £ ' ) = s L ( £ ) + s * ( a 

where 
8я(Г) = -(Олеев(*я,£') 8 я ( Г ) = - ( О л е е в ( * я , £ ' ) 

Let us equip $ with the bilinear form BQ given by +B on the first g-summand and 
— o n the second ^-summand. Thus D = g 0 jg is an example of a Lie algebra with 
invariant split bilinear form. 

Proposition 3.1. — The map s: D —• T(TG) ¿5 D-equivariant, and satisfies 

(36) <s(Ci),s(C2)> = B»(Ci,Ca), [s(Ci),s(Ca)], = s([Ci,C2]) 
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for ail Ci, C2 £ A- Furthermore, 

(37) T(s(Cl),s(C2),s(C3)) = BD(Cl,[<2,G»]) 
for all Ci e D, where T: T(TG)® 3 -> C°°(G) was defined in (28). 

Proo/. — The D-equivariance of the map s is clear. Let Q be the Clifford action of 
TG on AT*G. We have te(sL(£)),d + rj] = £(£L) and [<?(sf l(£)),d + r]} = -£(£R), 
thus 

[d+i,, Q(s(o)] = m(Q) 
for all £ G fl. This proves the second Equation in (36), while the first Equation is 
obvious. Finally, (37) follows from (36) and the definition of T. Hence, 

0([s(Ci),s« 2)],) = [[d + »?,0(s(Ci)], <?(s(C2))] = < ? № , & ] ) ) . 

Put differently, the map s defines a D-equivariant isometric isomorphism 

(38) TG = G xd, 

identifying the 77-twisted Courant bracket on TG with the unique Courant bracket on 
G x Î) which agrees with the Lie bracket on D on constant sections. 

3.2. 77-twisted Dirac structures on G. — Using (38), we see that any Lagrangian 
subspace s C fl defines a Lagrangian subbundle 

E* = G x s, 

spanned by the sections s(£) with £ G s. The Lagrangian subbundle Es is invariant 
under the action of the subgroup of D preserving 5. Let X s G A 3 s* be defined as 

(39) T B(Cl,C2,C3) = Bo(Cl,[C2,C3]), Ù € 5 . 

By (37), the Courant tensor YE* is just T 5 , using the sections s to identify (E*)* = 
G x 0*. In particular, we see that s defines a Dirac structure if and only if s is a Lie 
subalgebra. To summarize: 

Any Lagrangian subalgebra s C fl defines an rj-twisted Dirac structure Es. 

The Dirac structure Es is invariant under the action of any Lie subgroup normal

izing 5, and in particular under the action of the subgroup S C D integrating $. As a 

Lie algebroid, Es is just the action algebroid for this 5-action. In particular, its leaves 

are just the components of the S'-orbits on G. The 2-form on the orbit 9 — &(S)g of 

an element g G G is the S-invariant form ujg given as follows: for Q = G 5, 

(40) 

" e ( 8 ( C i ) , 8 ( C 2 ) ) | f l = \{B{eLM) + B{eR,(,[), $-{&)*) 

= i f l ( & - A d , - i & 6 + A d f l - i & 

= i ( B ( A d f l & , £ ) - B ( & A d , 6 ) ) , 

using J3(£i,£2) = B(€ii€F2) since $ is Lagrangian. By the general theory from Section 
2.1, these 2-forms satisfy duj@ = ¿̂ 77, where ig: 0 —> G is the inclusion. The kernel 
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of UJQ equals kei(E$), i.e. it is spanned by all such that the T*G-component of 
s (0 is zero: 

(41) k e r ( ^ ) = { 8 ( 0 U I C = tt,Oe«> 
Ad„É + É, = 0}. 

Remark 3.2. — For 0 a complex semi-simple Lie algebra, a complete classification of 
Lagrangian subalgebras of d was obtained by Karolinsky [34]. The Poisson geometry 
of the variety of Lagrangian subalgebras of d was studied in detail by Evens-Lu [27]. 

Remark 3.3. — If T) = $i 0 $2 is & splitting into two Lagrangian subalgebras (i.e., 
(fl,51,52) is a Manin triple), one obtains two transverse Dirac structures ESl,E*2. 
As discussed after Theorem 2.9, such a pair of transverse Dirac structures gives rise 
to a Poisson structure on G, with symplectic leaves the intersections of the orbits of 
Si,S2- For 0 a complex semi-simple Lie algebra, the Manin triples were classified 
by Delorme [22]. See Evens-Lu [27] for a wealth of information regarding Poisson 
structures obtained from Lagrangian subalgebras. An example will be worked out in 
Section 3.6 below. 

Remark 3.4. — We may also use this construction to obtain generalized complex (and 
Kahler) structures [28] on even-dimensional real Lie groups K, with complexification 
G = Kc. Indeed, let 5 C D = 0 0 5 be a Lagrangian subalgebra such that 

(42) 
s n s c = { 0 } , 

where sc denotes the complex conjugate of 5. Then the associated Dirac structure 
Es C TG satisfies Es fl (Es)c = { 0 } along K. Hence it defines a generalized complex 
structure on K. For a concrete example, suppose K is compact, and let g = n_ 0 t 0 n + 

be a triangular decomposition. (That is, t = is the complexification of a maximal 
Abelian subalgebra, and n+,n_ are the sums of the positive, negative root spaces). 
Then 

s = (n + 0 0) 0 [ 0 (0 0 n~) C D = g 0 g 

has the desired property, for any Lagrangian subspace [ C t 0 t with [ fl IE = { 0 } 
(i.e., I is a linear generalized complex structure on the vector space t^)- The general
ized complex structures on Lie groups considered in Gualtieri [28, Example 6.39] are 
examples of this construction. 

3.3, The Cartan-Dirac structure. — The simplest example of a Lagrangian sub
algebra is the diagonal 5 = 0A ^ with corresponding S the diagonal subgroup 
G A C D. The associated Dirac structure EQ is spanned by the sections e(£) := s(£, £): 

(43) £ G = s p a n { e ( £ ) | £ € f l } c T G , 

e(0 = (CL-tR,B FDL+QR 

2 0 ) 

We call EQ the Cartan-Dirac structure, see [15, 39, 50]. This Dirac structure was 
introduced independently by Alekseev, Severa, and Strobl in the mid-1990's. The 
GA = G-action is just the action by conjugation on G, hence the Dirac foliation is 
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given by the conjugacy classes J?C G. The formula (40) specializes to the 2-form on 
conjugacy classes introduced in [31]: 

W g ( g a d ( 6 ) , fâad(6)) = -\B{{kdg-Kàg-,)^2) 

The kernel at g G is the span of vector fields $ad(£)ls wrtn A d 5 £ + £ = 0. The 
anti-diagonal in g 0 g is a G-invariant Lagrangian complement to the diagonal, and 
hence defines a G-invariant Lagrangian subbundle FQ complementary to EG, spanned 
byf(£) = s (£ /2 , -£ /2) : 

(44) FG = span{f(OI £ E 0} C T G , 

f (0 = 
£L + £R 

2 
B eL-9R 

4 О) 

The 1/2 factors in the definition of f(£) are introduced so that (e(£)>f(£')) = 

Let H G A 3 (g) be the structure constants tensor of g, normalized as follows: 

(45 « W 6 ) s = jBKi, [6 ,es] , ) . 

Let e: Ag —> T(AEG) be the extension of e: g —• R(.E<3) as an algebra homomorphism. 
Thus e(H) is a section of A3 (EG)-

Lemma 3.5. — The Courant tensor of FQ is given by : 

T F G = e(S). 

Proof. — This follows from (37) since B„(Ci, [<2, Cs]») = 1/4 B(£1,[6,&] B ) for & = 
(6/2, - 6 / 2 ) . • 

The element S also defines a trivector field, $ a d(S) G 3£3(G). Theorem 2.9 implies 
that the bivector field TTQ G X 2 (G) defined by the Lagrangian splitting TG = E 0 F 
satisfies 

\ KG ,7TG]sch = Sad(H). 

To give an explicit formula for 7TG, let Vt,v* be £?-dual bases of g, i.e. B(vi,vj) = 6?. 

Proposition 3.6. — The bivector field TTQ is given by 

(46) ^ _ 1 
NG - 2 i 

î / ' L Л vf-. 

Proo/. — By (18), we have 

KG = \ 

i 
((vi)L - (vi)R) A 

(у*)ь + («*)я 

2 

Since ]TV v 2 , L A v\ = Y^i1)1,11 ^ v ^ this simplifies to the expression in (46). 

The bivector field TCG was first considered in [1, 2]. 
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3.4. Group multiplication. — In this Section, we will examine the behavior of 
the Cartan-Dirac structure under group multiplication, 

Mult: GxG-^G (a, b) i-> ab. 

For any differential form /3 G 0 (G) , we will denote by /?* G £l(G x G) its pull-back to 
the z'th factor, for i = 1,2. We will use similar notation for vector fields on G x G, 
and for sections of the bundle T(G x G). Let c G Sl2(G x G) denote the 2-form 

(47) ç = -^B(eL'\eR'2). 

A direct computation shows that 

(48) Mult* 77 = rj1 +rj2 + dç, 

hence we have a multiplication morphism 

(Mult,ç): {G,rj) x (G,77) = (G x G,rjl + rj1) - ( G ^ ) . 

Remark 3.7. — This is expressed more conceptually in terms of the simplicial model 
BPG = Gp of the classifying space BG. Let d{: Gp -> G p ~ \ 0 < i < p be the 'face 
maps' given as di(gi,..., gp) = ( # i , . . . , gigi+i, . . . , # P ) , while <90 omits the first entry 
0i, and <9P omits the last entry Let S = £Lo<9* : ^ ( G ^ " 1 ) Clm(Gp). Then £ 
commutes with the de-Rham differential, turning 0 p ? g №(GP) into a double complex. 
The total differential on W(GP) is d + (-l)q5. Then 77 G ft3(G) and ^ G Q 2 ( G 2 ) define 
a cocycle of degree 4 (see [55]): 

(49) dry = 0, drj = —dç, <9ç = 0. 

(If G is compact, simple, and simply connected, and B the basic inner product, this 
pair is the Bott-Shulman representative of the generator of H4(BG) = HS(G).) The 
second condition is just the property (48) used above. Using the third property, one 
may verify that the multiplication morphism is associative, in the sense that 

(Mult,ç) o ((Mult,ç) x ( id G ,0 ) ) = (Mult,ç) o ( ( id G ,0 ) x (Mult,ç)). 

We will compare the morphism (Mult,^) with the groupoid multiplication of D, 
viewed as the pair groupoid over g: writing £ = (£,£')> C* = (&>£f)> * = 1,2, the 
groupoid multiplication is 

C = C 2 ° C i = r = £i , £2 = 6 . 

Proposition 3.8. — The isomorphism GxU —• TG defined by s intertwines the groupoid 

multiplication ofd with the morphism (Mult,ç), in the sense that 

(50) C2 O Cl = C <=> SX(Cl) + S 2(C 2) ~(Mult,ç) s(C), 

forC,<i,<2 ed. 
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Proof. — Spelling out the relations (50), we have to show that, for all £ G 9, 

(51) 
sR'\0 ~(Muit,ç) sH(0, SL'2(0 ~(Mult,Ç) SL(0, 

S L , 1 ( 0 + S Ü , 2 ( 0 ~(Mult,Ç) О 

The equivariance properties 

M\ût(ga,b) = 0 Mult (a, ft), Mult (a, bg'1) = Mult(a, &)# _ 1 , 

Mult(a# _ 1,#&) = Mult (a, 6) 

of the multiplication map imply the following relations of generating vector fields: 

—Ç ~Mult —Ç 5 S ~Mult ç , Ç - Ç ~Mult U. 

This proves the 'vector field part' of the relations (51). The 1-form part is equivalent 
to the following three identities, which are verified by a direct computation: 

i £ ( 0 * > \ O + t(-^)ç = \ Mult* B(0R,C), 

\B{9L'\ 0 + 4 ( ^ 2 ) ç = i Mult* B ( 0 L , 0 

Шв1"1 + вк'2,С) + Lit'1 - £ д - 2 ) с = 0. 

Theorem 3.9. — The multiplication map Mult: G x G —> G extends to a strong Dirac 
morphism 

(Mult.ç): (G,EG,V) x (G,EG,V) - (G,EG,V), 

with s G Q2(G x G) as defined above. In terms of the trivialization EQ = G X Q, the 
map a: Mult* EG —> EG x EG associated with the strong Dirac morphism is given by 
the diagonal embedding g —• QXQ. Similarly, the inversion map Inv: G —> G, g g - 1 

extends to a Dirac morphism 

(lnv,0): (G,Ea,r,)^(G,EZ,-v)-

Proof — By Proposition 3.8, the sections e(£) = s(£, £) satisfy 

e^O + e 2^) ~(M«it,ç) e(0-

This shows that (Mult, q) is a Dirac morphism. For any given point (a, b) G G x G, 
no non-trivial linear combination of e 1(£)| a, e2(£')|& is (Mult, s)-related to 0. Hence, 
the Dirac morphism (Mult, <;) is strong. 

We have Inv* B{6L + 6R, £) = -B{6L + 0* 0 and £ L - ~ I n v ( £ L - £ R ) . Hence 

e(0 ~(inv,O) e ( 0 T 

where e(£) T is the image of e(£) under the map (v, a) —• (v, —a). Since Inv* 77 = —ry, 
this shows that (Inv, 0): (G, ^ ) —> (G, EQ, —77) is a Dirac morphism. • 

Remark 3.10. — More generally, suppose that s C fl is a Lagrangian subalgebra, 
defining a Dirac structure ES. Since 9A 0 5 = s, the same argument as in the proof 
above shows that (Mult,^) is a strong Dirac morphism from (G,EG,vi) x (G,Es,rj) 
to (G,E*,V). 
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Let FQXG C T(G x G) be the backward image of the Lagrangian subbundle FQ 
under (Mult,?). Since FG is spanned by the sections f(£) = |(s L(£) - s f l ( f ) ) , (51) 
shows that FQXG is spanned by the sections 

(52) ! ( S L , 2 ( 0 _ S * , 1 ( 0 ) > i ( s L , l ( 0 + s K , 2 ( 0 ) . 

Since FG is a complement to EG, its backward image FGXG is a complement to 
EQ^EQ (see Proposition 1.15). Let us describe the element of A2(EQ®EQ) relating 
FGXG to the standard complement FQ 0 FQ. Let VI G g and G £ be £-dual bases, 
and put 

(53) 7 = i ( O 1 A ( t / ) 2 € A 2 ( f l e 0 ) . 

Let 

(54) e(7) = \ 
I 

e1 (vi) A e2(v*) € Г ( Л 2 ( £ £ Ф Я а ) ) 

be the corresponding section. 

Proposition 3.11. — The Lagrangian complement FGXG = FG O r(Muit,ç) is obtained 
from FQ 0 FQ by the bivector e(j): 

FGXG — A~E^'(FQ © FQ). 

Proof. — We compute (f 1(0)e(7) = e(.1(C)7) = 1e2(£) 
2 

= HsL'40+sR'40) Thus 

f 1 ( 0 + *(f 1 (0M7) = HsL'40+sR'40)HsL'40+sR'40)(0M7) 

is the sum of the sections in (52). Similarly, we find that f 2(£) + ^(f2 (£)) e(7) *s tne 
difference of the sections in (52). • 

The bivector field on G x G corresponding to the splitting (EQ x EQ) 0 A~E^ (FQ x 
F%) of T(G x G) is given by (see Proposition 1.18(i)), 

(55) ìr = 7rè + T r a + 8 2 ( 7 ) , 

where 7TG is the bivector field for the splitting TG = EG 0 FQ, and Ŝ d = ^ad ® 

: 5 © 0 3t(G x G). By Proposition 2.10(c) we have n ~Muit TT- Furthermore, 

Proposition 2.10(c) and Lemma 3.5, imply that the Schouten bracket |[5r, 7r]sch equals 

the trivector field 8 ^ a g ( H ) , where S ^ a g is the diagonal action on G x G. 

3.5. Exponential map. — We will now discuss the behavior of the Cartan-Dirac 

structure under the exponential map, 

exp: g - » G. 

Let g% C g denote the set of regular points of the exponential map, that is, all points 
where dexp is an isomorphism. We begin with some preliminaries concerning Tg*, not 
using the inner product on g for the time being. Let So be the action of DQ := g* x G 
on g* by 

8 0 ( / 3 , ^ = ( A d , - 1 ) V - / 3 . 
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This action lifts to an action by automorphisms of Tg*, preserving the inner product 
as well as the (untwisted) Courant bracket. Let Do = fl* * 9 be the Lie algebra 
of Do, equipped with the canonical inner product defined by the pairing, and let 
$ o : Do —• be the infinitesimal action. To simplify notation, we denote the 

constant vector field defined by (3 G g* by /30 = $oC8,0), a n d write $o(£) = So(0,£). 
Let 0O £ ^(g*) <8>g* be the tautological 1-form, defined by t(/3o)6o = /3. Consider the 
Do-equivariant map 

(56) s 0 :D 0 ->r(Tg*), S0(B,£) = G0(B,£) O <Q0,£> 

Then (so(C)jSo(C')) = -BOOCCJCO» showing that s0 defines a Z}0-equivariant isometric 
isomorphism 

Tg* ^g* x Do-

A direct computation shows that this isomorphism is compatible with the Courant 
bracket [•, -]o on Tg* and the Lie bracket on Do-

Since g C Do is a Lagrangian Lie subalgebra, the sections eo(£) := So(0,£) span a 
Dirac structure E Q * C Tg*. Since E G * fl Tg* = 0, this Dirac structure is of the form 
E Q * = G r t g . for a Poisson bivector field 7r0* satisfying 

(57) l(<Q0,£>)TTg* = Q0(£), £ E g. 

The Poisson structure 7rfl* is just the standard linear Poisson structure on g*. Simi
larly, the sections fo(/?) := SQ(/3,0) span the Lagrangian subspace = Tg*, which 
is complementary to E Q * . 

Let us now use the invariant inner product B on g to identify g* = g. Let 

(58) w e ft2(g), DIÂ7 = exp* 77 

be the primitive of exp* 77 G (g) defined by the de Rham homotopy operator for 
the radial homotopy. 

Proposition 3.12. — The sections eo(£) and e(£) are (exp, zu)-related: 

(59) ®o(0 ~(exP,^) e(£). 

Similarly, over the subset g^ C g, one has 

(60) f 0 (0 + eo(CO ~(exp,ro) f (0. 

where C: g^ —• End(g) ¿5 #wen 6y ^ e formula: 

(6i) C|„ = ( l / 2 c o t h ( z / 2 ) - l / z ) z = adv 
v E g 

Proo/. — Recall that /? 0 denotes the 'constant vector field' So(/3,0). We extend the 
notation (-)o to g* = g-valued functions on g* = g: For instance, the vector field 
corresponding to the function v \-> — ad^ v = a,d„ £ is (ad^ £)o = %)(£)• 

The vector field part of the relation (59) says that $o(£) ~exp £ L — €R = S a cj(0? 
which follows by the G-equivariance of exp. The 1-form part of (59) is equivalent to 
the following property [3] of w\ 

i(8o(0)*7 = \ exp* B(0L + 0 * 0 - B(0 O ,O 
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Since exp is a local diffeomorphism over g^, the section f (£) of TG is (exp, ^-related to 

a unique section f(£) of Tg| f l h . Since inner products are preserved under the (exp, w)-

relation (see (12)) we have 

Mt')Mt)) = <e(0,fo(0> = B « ' . 0 = <eo(0,fo(0> 

for all £' G 5, showing that the F0-component of fo(£) is equal to fo(£)- ^ follows 

that ? 0 ( 0 = f 0 (0 + eo(C(0), where C is denned by B(?,C(0) = <f 0 (O Jo(0>- To 

compute G, we re-write (60) in the equivalent form (using (59)): 

fo(0 ~(exp,ro) f ( 0 - e ( C ( 0 ) 

Again, we write out the vector field and 1-form parts of this relation: 

(62) 
£o = | exp" K L + £* ) -Ho(C(0) , 

¿(£0)^ = \ exp* 5(<9L - 0* 0 - \ exp* £ ( 0 L + 0* G ( 0 ) . 

We now verify that G given by (61) satisfies these two equations. Let T, C/L, E/^: g —• 
End(g) be the functions defined by 

t(ío)w = m , r a exp* 9L = UL60, exp* 6R = UR60. 

It is known that (for the first identity, see e.g. [45]) 

T|„ = 
' sinh(z) — 2 > 

z2 

z=a.du 

UL|v = 1-e-z 

z \z=a.d1/ 

UR|v = ez - 1> 

z l2=adi/ 

Note that UL and £7^ are transposes relative to the inner product on g, and that 
they are invertible over g*. Their definitions imply that 

exp^ L = ( ( ^ L ) - 1 O o , exp*£f l = ((UR)-1 Oo-

The first equation in (62) becomes 

£0 = 
(UL)-1 + (UR)-1 

2 
— ad„ C £ 

0 
which follows from the identity 

1 = 
1 

2 

z 

[ - e~z 

z 

ez - 1 — z 
'I 

,2 
coth 

z 

2 2?/ 

In a similar fashion, the second equation in (62) follows from the identity 

sinh(z) — z 

z2 

1 

4 

ez - 1 

z 

l-e~z" 

z 

1 

2 

e * - l 

2; 

1 - e~z 

z 

1 

2 
coth 

'2J 

1 
z 

As an immediate consequence of (59), we obtain 

Theorem 3.13. — The exponential map and the 2-form w define a Dirac morphism 

(exp,tu): (g,Eg,0)^>(G,EG,ri). 

It is a strong Dirac morphism over the open subset g^ c g. 
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Let FG be the backward image (defined over g*) of FQ under (exp, tu), and let 

e 6 C ° ° ( ^ , A 2 f l ) 

be the unique map such that the associated orthogonal transformation A e°( £) G 
r(0(T£|t,)) takes FG to FG. By (60), this section is given by L^S = G(£), with C given 
by (61). 

Let [£,£]sdi £ CCX)(g^,A3g) be defined using the Schouten bracket on Ag, and 
de G C°°(£Jtj, A3 g) the exterior differential of e, viewed as a 2-form on g^. 

Proposition 3.14. — The map e satisfies the classical dynamical Yang-Baxter equa
tion: 

(63) <fe+ he,e]sch = S. 

Proof. — Proposition 2.14 and the discussion following it show that de -h §[£,£]sch 

equals the Courant tensor of FQ (relative to the complementary subbundle EQ). By 

Lemma 3.5, together with Proposition 2.10, TF* = E. • 

This solution of the classical dynamical Yang-Baxter equation was obtained in [5], 
using a different argument. As a special case of Proposition 1.18, the map e relates 
the linear Poisson bivector 7r9 on g = g* with the pull-back exp* -KQ £ £2(flt|) °f the 
bivector field (46) on G: 

exp*7TG = TTfl + $o(e). 

3.6. The Gauss-Dirac structure. — In this Section we assume that G = KC is 
a complex Lie group, given as the complexification of a compact, connected Lie group 
K of rank /. Thus the Cartan-Dirac structure EQ will be regarded as a holomorphic 
Dirac structure on the complex Lie group G. We will show that G carries another 
interesting Dirac structure besides the Cartan-Dirac structure. An important feature 
of this Dirac structure is that the corresponding Dirac foliation has an open dense 
leaf. 

Take the bilinear form B on g to be the complexification of a positive definite 
invariant inner product on É. Let TK be a maximal torus in K, with complexification 
T = r £ . Let 

(64) g = n_ e t e n + 

be the triangular decomposition relative to some choice of positive Weyl chamber, 
where n+ (resp. n_) is the nilpotent subalgebra given as the sum of positive (resp. 
negative) root spaces. For every root a, let ea be a corresponding root vector, with the 
normalization B(ea,ea) = 1 and e _ a = e a . The unipotent subgroups corresponding 
to n± are denoted N±. Recall that the multiplication map 

(65) j : N- x T x 7V+ —• G, (#_,£o,£+) ^ 9-909+ 
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is a diffeomorphism onto its image 9 C G, called the big Gauss cell. The big Gauss 
cell is open and dense in G, and the inverse map j - 1 : 9 —> iV_ x T x iV + is known 
as the Gauss decomposition. Consider D = g 0 g as Section 3.1. Then 

(66) s = {(£+ + &) 0 (£- - &) e a I £- e n _ , & G t, £+ e n + } 

is a Lagrangian subalgebra of Z>, corresponding to the subgroup 

S = {(<M, ( / J - ^ G G X G I Í - GiV_, Í 6 T , < ? + G i V + } 

oî D = GxG. Since s is transverse to the diagonal g A, the corresponding Lagrangian 

subbundle FQ := ES is transverse to the Cartan-Dirac structure EG-

TG = EG®FG. 

We shall refer to it as to Gauss-Cartan splitting. 
Unlike the complement FG defined by the anti-diagonal, FG is integrable (since $ 

is a subalgebra), and it defines a Dirac manifold (G,FQ,TJ). We refer to FG as the 
Gauss-Dirac structure. Its leaves are the orbits of S as a subgroup of J9, 

(67) tt(g+t,g-t)(g) = g-t^gt^gl1. 

The 5-orbit of the group unit is exactly the big Gauss cell. Let UJQ be the 2-form on 
9, and j*LJ@ its pull-back to N- x T x iV+. 

Proposition 3.15. — T/ie pull-back of the 2-form UJQ on the big Gauss cell iV_ x T x JV+ 
¿5 #w>en 

(68) j*u , 0 = - ì B ( 0 Ì , A d 9 o 0 £ ) . 

Here 0±, 0± are the Maurer-Cartan-forms on N±, and go is the T-component (i.e. 
projection of N- x T x iV + to the middle factor). 

Proof. — Let UJ G Q2(N_ xTxN+) denote the 2-form on the right hand side of (68). 
Since both u and UJQ are S-invariant, it suffices to check that j*uj@ = UJ at the group 
unit g — e. At the group unit, the formula (40) for ug simplifies to 

(69) 
W 0 ( S ( C i ) , 8(C 2))| e = 1/2 B(&,ti))- B(&,ti)) 

for Ci = (£i,£í) , C2 = (62, f2) e s C O . Its kernel is 

ker(o; 0 | e) = { 8 ( C ) | e I C = ( É o . - f c U o e t } = T e (T) 

which coincides with the kernel of —| i? (0^ ,0+) | e . Moreover, it is clear that Te(N+) 
and T e(iV_) are isotropic subspaces for both 2-forms. Hence it is enough to compare 
on tangent vectors S(Ci), ^(£2) for Q of the form £1 = (0,£_) with £_ G n_, and 
C2 = (f+,0) with ( + G n + . (69) gives, 

a ; 0 ( í 2 (O > í - ) , í 2 ( í + ,O ) ) |e = e B ( f + , f - ) . 

Since j * g ( £ + , 0 ) | e = (0, (),£+) en+Cg = TeG and j * S ( 0 , £ _ ) | e = ( - £ - , 0 , 0 ) , the 
right hand side of (68) gives exactly the same answer. • 
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Since FQ and FQ are both complements to the Cartan-Dirac structure EQ , they are 
related by an element in T{A2EG)> TO compute this element, let p be the anti-diagonal 
in D = g 0 g, and let (JA — 9 be the diagonal. Let 

(70) t = V e _ a A ea e A2 g 

be the classical r-matrix. 

Lemma 3.16. — The bivector taking p to $ is the image x& € ^29A of the classical 
x-matrix under the diagonal embedding g —> g& CD. 

Proof. — Let g 0 g* carry the bilinear form defined by the pairing, and consider the 
isometric isomorphism 

0 0 0 * -»D = 0 0 0, £ 0 / / ^ ( £ + BHU.) 
2 e ( i -

B(u) 

2 

This isomorphism takes g = g 0 0 to the diagonal 9A, and g* to the anti-diagonal, p. 
The graph Gr r C g 0 g* of the bivector r is spanned by vectors of the form 

0 ® B b ( í o ) , e Q e B b ( e a ) , e_ Q 0 ( - J5 b (e_ a ) ) , 

for £o € t a n d positive roots a. The isomorphism g © 0* = 0 takes these vectors to 

6 > / 2 © ( - f o / 2 ) , 0 © e _ Q , e a © 0 . 

Hence, it defines an isomorphism Gr t = s. 

Corollary 3.17. — The orthogonal transformation A € T(0(TG)) takes FQ to 

FG-

Proof. — This follows from Lemma 3.16 and the isomorphism TG = G x D. 

The Gauss-Cartan splitting TG = EQ 0 FQ also defines a bivector field 7r<3, and 
Proposition!. 18 implies that it is related to the bivector field TTQ (46) by 

7?G = 7TG + Sad 00. 

Since FG is integrable, this bivector field is in fact a Poisson structure on G - see 
the remarks before Proposition 2.10. (On the other hand, unlike 7TG, the Poisson 
structure is not invariant under the full adjoint action, but is only T-invariant.) 

Proposition 3.18. — The Poisson structure TTG associated with the Gauss-Cartan split

ting TG = EG 0 FG is given by the formula: 

^ _ i 
7TG - 2 i 

ef A (eY -

i-0 
e-a Л e* + \xL + | t ñ . 

Here ei is a basis of t, with B-dual basis e1, and r L , t* are the left-, right-invariant 
bivector fields defined by x. The symplectic leaves of this Poisson structure are the 
connected components of the intersections of conjugacy classes in G with the orbits of 
the action (67). 

This Poisson structure was first defined by Semenov-Tian-Shansky, see [49]. 
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Proof. — The vectors 

| ( e i©( -e . ) ) , 0 ® ( - e - a ) , ea 0 0 

form basis of s that is dual (relative to the bilinear form on d = g 0 g) to the basis 

€• C 7 CQ , C — (X ^0 C— Q; 

of the diagonal. Using the formula (18) for the bivector field, we obtain 

^ — i E 
i 

(eìa-e
R

a)A 
ei+eRi 

2 4 
a>0 

{eL

a-e
R)h{-eL_a) + \ 

a>0 

(eìa-e
R

a)A(-ea)
R 

_ 1 
~ 2 

E 
i 

ef A (e')Ä -
a>0 

eL_a A e f + \xL + h R . 

Here we have used that the left- and right-invariant bivector fields generated by 

V ] D A É = V ] e» A e2 -h e_ a A e Q -f V e a A e_ a 

i i a>0 a>0 

coincide. 

Remark 3.19. — The Lagrangian subalgebra s defines a Manin triple (d = £0g, 0a, s), 
which induces a Poisson-Lie group structure on the double D = G x G. The Poisson 
structure TTQ is the push-forward image of this Poisson-Lie structure under the natural 
projection D -> D/G = G, see e.g. [1, Sec. 3.6]. 

4. Pure spinors on Lie groups 

In the previous section we identified TG = G x D as Courant algebroids. In particu
lar, we have an identification Cl(TG) = G x C1(D) of Clifford algebra bundles. In this 
section, we will complement this isomorphism of Clifford bundles by an isomorphism 
of spinor modules, 

AT*G ^ G x Cl(fl), 

where C\(g) is given the structure of a spinor module over C1(D). The differential 
d + rj on Q,(G) intertwines with a certain differential dci on Cl(g). Hence, given a 
pure spinor x G C\(g) defining a Lagrangian subspace s C D , one directly obtains a 
pure spinor (j)s G Vt(G) defining E*. We will also obtain expressions for (d + rj)^3 from 
the properties of x. 

4.1. C\(g) as a spinor module over Cl(g 0 5). — Recall from Examples 1.2 and 
1.4 that for any vector space V with inner product B, the Clifford algebra C1(F) may 
be viewed as a spinor module over C1(V 0 V) . In the special case that V = g is a 
Lie algebra, with B an invariant inner product, there is more structure that we now 
discuss. 
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Let À: g —> A2g be the map defined by the condition —¿(^2)^(^1) = [fij&ta ( s e e 

Section 1.1), and let 5 G A3 g be the structure constants tensor (45). Then 

{A(6) ,A(6)} = A([fc,6]a), { А ( 6 ) , Ы = К ь 6 ] в 

{E,£} = 1 
4 A(£) {E,H} = 0 

for all £i,£2?£ € g. The quantizations of these elements have similar properties: Let 

(71) r : f l ^ C l ( f l ) , r ( 0 = «(A(0). 
Then 

№ ) , t ( 6 ) ] c i = t([6,&]«), [r(íl),Í2]ci = K l , 6 ] e , 

[?(S),^]ci = -
1 

" 4 T (0 , [g(S),g(S)]ci€K. 

(One can show (cf. [4]) that the constant [#(S), g(S)]ci is ^ times the trace of the 
Casimir operator in the adjoint representation.) This last identity implies that the 
derivation 

(72) d c l = -4[a(H) , - lc . :Cl( f l )^Cl(f l ) 

squares to 0. We call d c i the Clifford differential [4, 38]. 
For the Lie algebra t> = fl © fl, with bilinear form B © (—JB), the corresponding 

elements S 8 and A0 in Ad = Ag ® Afl are given by 

H 9 = E ® 1 + 1 ® S , A»«, f , ) = A ( 0 ® l - l ® A ( O , for (£,£') E 0 

Note also that #(5d) 2 = 0. Consider the Clifford algebra Cl(g) as a spinor module 
over C1(D), with Clifford action given on generators £ = (£, £ ' ) G t) by 

Zcl(r(0) - rcl(r(0) = ôC1(r(0) 

Then the Clifford differential d c l is implemented as a Clifford action: 

d C I = - 4 , C 1 ( 9 ( H 0 ) ) 

The elements r 0 (C) = q(\i>(Ç)) generate a D-action on Cl(fl), with generators 

£°\0 = Z c l (r(0) - r c l ( r ( 0 ) = ô C 1 (r(0) . 

Note that 

(73) £ C 1 ( C ) = [<? C 1(C),d C 1], 

which implies that 

[e C I (Ci ) , [e c l (C a ) ,d C I ] ] = e c l ([Ci ,C 2 ]) . 

Let $ C d be a Lagrangian subspace, and recall the definition of Ts given in (39). 
Given a Lagrangian complement p to s, let pr s : D —» 5 be the projection along p, and 
define a linear functional a5 G 5* by 

(74) {as, 0 = \ trace(prs o ad c \ s ) , £ E s. 

If 5 is a Lagrangian subalgebra (i.e. T s = 0), we may omit pr s in this formula; in this 
case o~s equals — | times the modular character of the Lie algebra s. 
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Proposition 4.1. — Let $ C d be a Lagrangian subspace, with defining pure spinor 
x G C\(g). Choose a Lagrangian complement p = s* to s to view T* as an element of 
the Clifford algebra C1(D). Then 

JF1X = QC\-T* + O*)X. 

In particular, $ is a Lie subalgebra if and only if the defining pure spinor x is 'inte-

grable\ in the sense that 

<Flxe gCi(d)x. 

Proof. — The choice of a Lagrangian complement identifies D = s ® 5 * , with bilinear 
form given by the pairing;. Using; a basis e,- of $ and a dual basis /* of s* we have 

4 S » = s Y,ijk Mleu ej], ek)f A P A fk + \ £ i j f c B^[ej,ek], f) e< A FI A fk 

+ \ E A e i A efc A + § £ i j f e B*({P, f% f) eó A ek A e4. 

ijk 

The quantization map takes the last two terms into the left ideal Cl(D)s, and it takes 

the second term to 

l 
2 

e*],/') fk + ^T,Bt([es,ek]if
i) fjfkei = -a* 

ik ijk 

mod Cl(3)s. 

This gives 

_4< ?(£D) = - T 5 + a s 

mod Cl(3)5, 

from which the result is immediate. 

Let us now assume that the adjoint action Ad: G —• 0(g) lifts to a group homo
morphism 

(75) r : G ^ P i n ( 0 ) c C l ( 0 ) 

to the double cover Pin(g) —• 0(g). If G is connected, this is automatic if TT\(G) is 
torsion free. Note that (75) is consistent with our previous notation r(£) = tf(A(£)), 
since [4] 

r ( 0 = 
dt t=o 

r(expt£). 

We will write N(g) = N{r{g)) = ±1 for the image under the norm homomorphism, 
and \g\ = \r(g)\ for the parity of r(g). Since r(g) lifts Ad p , one has (—1)^' = det(Ad p). 
The definition of the Pin group implies that conjugation by r(g) is the twisted adjoint 
action, 

(76) tGO s tOT 1 ) = Ad 5 (x ) := ( - l )MW Ad s (x ) 

(using the extension of Ad^ G 0(g) to an automorphism of the Clifford algebra). This 
twisted adjoint action extends to an action of the group D on Cl(g), 

(77) n°\a,a')(x) = T{a)xr{(a')-1). 
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4.2. The isomorphism AT*G = G x C\(g). — Let us now fix a generator // £ 
det(g), and consider the corresponding star operator *: A g* —• Ag, see Remark 
1.5(b). The star operator satisfies 

(78) Ad^o • = (-l)l*l*oAd* i . 

We use the trivialization by left-invariant forms to identify AT*G = Gx Ag*. Applying 
• pointwise, we obtain an isomorphism g o * : A T*G —> C\(g) for each g £ G. Let 
us define the linear map 

(79) &: Cl(fl) — Q(G), &(x)\a = (q<>*)-1(xT(g)). 

We denote by /x* £ det(#*) the dual generator, defined by ^((/x*)T)/x = 1, and let fie 
be the left-invariant volume form on G defined by //*. 

Proposition 4.2. — The map (79) has the following properties: 
a. 91 intertwines the Clifford actions, in the sense that 

£(QC\QX) = <?(s (C)№), V* G C I ( B ) , C e d. 

Up to a scalar function, 91 is uniquely characterized by this property. 
b. 91 intertwines differentials: 

&((fl(x)) = (d+r})&(x), Vx £ C\(g). 

c. 91 satisfies has the following D-equivariance property: For any h = (a, a') £ D, 
and at any given point g £ G, 

О ( Л _ 1 ) * А ( Х ) = ( - 1 ) | а | ( Ы + | х | ) ^ ( й с ч а д . 

d. 91 relates the bilinear pairings on the Clifford modules Cl(g) and Q(G) as follows: 
At any given point g £ G, and for all x, xf £ C\(g), 

(80) (<%(x),<%(x'))AT.G = (-l)^d™G+V N(p) ( x , X ' ) C 1 ( B ) »G. 

Here the pairing (•, -)C\{Q) is viewed as scalar-valued, using the trivialization of 
det(g) defined by //. (Cf. Remark 1.5.) 

Notice that the signs in part (c), (d) disappear if G is connected. 

Proof — (a) Given £ £ g, let e(f) : Ag -> Ag be denned by e(f )f' = £ A Then 

/ C 1 ( 0 o ^ = g o ( € ( 0 + | t (B b (0 ) ) , /C1(0o^ = go(€(0 + |t(Bb(0)),)) 

Since the star operator exchanges exterior multiplication and contraction, we have 

*-1oq-1oßC\U') = 
([t(£-£') + E B' £+£' 

2 
o • ' on 1 . 

On the other hand, 

(QCl(t,Z')x)T(9) = (£r - ( - 1 ) N * O t ( 5 ) = <?C1(£, Ad 9 - i e)(xr(g)). 

This implies that, at g £ G, 

^ a ? c l ( £ , o * ) = ^ - A d ^ O + e 
B' Ч+Ad - 1 £' 

2 
#(AR), 
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which is precisely the Clifford action of s(£, £') since 

s ( £ , 0 = ( £ - A d , - ! £ ' ) e £ b 
£+Adg-1 £' 

2 

under left-trivialization TG = G x (g00*). This shows that 91 intertwines the Clifford 
actions of C1(D) = Cl(T^G). By the uniqueness properties of spinor modules, 91 is 
uniquely characterized by this property up to a scalar. 

(b) Prom the global equivariance property in (c), verified below, we obtain the 

infinitesimal equivariance: t(U(0i)9l{x) = 9l(£C\C)x). Since [^(s(C)),d + rj] = 

£ ( 8 ( 0 ) and [0C 1(C),d c l] = £ C 1(C), this gives 

É>(s(C))((d + rj)9l(x) - tt(dCix)) = £(S(C))#(aO - tt(QC\0dCix) 

£(S(C))#(aO - tt(QC\0dCix) 

That is, the map ( d + ^ o ^ i - ^ o d 0 1 : Cl(jj) T(TG) intertwines the Clifford actions, 
and hence agrees with 91 up to a scalar function. Since its parity is opposite to that 
of 91, that function is zero. 

(c) We have to show that for all a G G, 

(81) {l*Mx))\g = &(x)\ag, r*a£{x) = ( - l ) | a | ( l 9 l + | x | ) < % ( a ) z ) . 

In terms of the left-trivialization AT* G = G x Ag*, 

{l*Mx))\g = &(x)\ag, ( r : % ) ) l ( = A d ; - ' № ) U -

(Here Ad*-i stands for the contragredient action on Ag*, not for a pull-back on Q(G).) 
We compute, using (76) and (78): 

Adj;-! ( # ( * ) ! J = (-I)""" g" 1 A d a ( x r M ) 

= (_ i )H (_i)W(W+M+H) * - i q-l{T{a)xT{g)) 

= (-1)I°I(N+M)^(r(a)x)|^ 

The equivariance property with respect to left translations is immediate from the 
definition. 

(d) Use the generator \x G det(g) and \IQ to trivialize both det(g) and det(AT*G). 
By Remark 1.5(b) and Example 1.4 we have, at g G G, 

(9l(x)i9t(xf))AT*G = (xT(g),x'T(g))ci(9). 

This is computed as follows: 

stv(r(g)TxTx/T(g)) = (-1)W(W+M+I*'D stT(r(g)r(g)T xT xf) 

= N b ) ( - l ) W ( 1 + W + l a ! , » s t r ( x V ) 

Finally, replace \x\ + \x'\ with dim G, using that #')ci(0) vanishes unless |x| + = 
dim G mod 2. • 

As an immediate consequence of Propositions 4.1 and 4.2, we have 
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Corollary 4.3. — Ifx£ Cl(g) is a pure spinor defining a Lagrangian subspace s C D , 
then the differential form <\>B := 9l(x) G f£(G) is a pure spinor defining the Lagrangian 
subbundle ES. It satisfies the differential equation 

(82) (а+г1)ф° = е(5(-?*+а*))ф*, 

where as G s* is defined as in (74) (using a complementary Lagrangian subspace 
p = 5* C D). Let H C D be a subgroup preserving s, and define the character 
u*:H-+Kx by nC\h)x = us(h)x. Then 

(83) NIH-1)*^ = ( - l ) l a l ^ l + l * > V ( / O 0 s 

for all h = (a, a') G H, and at any given point g G G. 

We are mainly interested in pure spinors defining the Cartan-Dirac structure EQ 
and its Lagrangian complement FQ- These are obtained by taking x = 1 and x = q(fi) 
in the above: 

Proposition 4.4. — Let (frc^G € fi(G) be the differential forms 

(84) ta = ¿2(1), фа = &(q{ß)) 

Then (J>G^G a r e pure spinors defining the Lagrangian subbundles EG, Fa- They sat
isfy the differential equations, 

(85) (d + r})4>G = 0, (d+r))i>G = -e(e(S))V>o-

The equivariance properties under the adjoint action of G read 

NIH-1)*^ = (-l)lal+l*>V(/O0s NIH-1)*^ = (-l)lal^l+l*>V(/O0s 

We will refer to 4>G as the Cartan-Dirac spinor. 

Proof. — It is clear that the diagonal £JA C fl is defined by the pure spinor x = 1. 
Similarly, the anti-diagonal pcf l = 0 0 g i s defined by the pure spinor q(fi) G Cl(g): 

QC\T,£)Q(U)= TOIL*) + (-L)DIMGQ(N)T = 0. 

Hence 4>G^G a r e pure spinors defining EG, Fa- The equivariance properties are 
special cases of (83), since both JJA a Q d p are preserved under G A - Here we are using 
|1| = 0, \Q(P)\ = dimG mod 2, while v?{a) = (-1)|a-(1+dimG) by the caicuiation: 

r ( a )g ( M ) r ( a - 1 ) = ( - l ) l ° l d i m G g ( A d a ( M ) ) = ( - l ) l ° K 1 + d i m G ) g ( / x ) . 

The differential equation for (J>G follows since d }(1) = 0. It remains to check the 
differential equation for I/JG- Since the anti-diagonal satisfies [p,p]?> C ^ A , the element 
ap G p* is just zero. On the other hand, the element T p is given by 3 A , the image of 
3 under the the map Ag —> A^A- Hence s(3A) = e(3), confirming that tyc satisfies 
(85). • 

Remarks 4.5. — a. The map 91 depends on the choice of generator fi G det(g), via 

the star operator: Replacing \i with t\x changes 91 to t~x9l. Hence, the definition 

of ipG = ^(#(/-0) is independent of the choice of JJL. 
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b. Since (1, q(fji))c\(g) — A4? ^ n e bilinear pairing between </>G,II>G equals the volume 
form, up to a sign: 

(4>G,1>G)AT.G = N ( 5 ) ( - l ) l « l ( d i m G + 1 V G . 

Proposition 4.6. — Over the open subset îlofG where 1 + Ad^ is invertible, the pure 

spinor ipG is given by the formula: 

</>G = det 1 / 2 i 
1+Ad0 

2 
exp 4 B F ADA 

B ADA 
<9L,0L 

at any given point g G cll. ( The square root depends on the choice of lift r: G —• 

Pin(0).J 

Note that the exponent in this formula becomes singular where 1 + Adg fails to 
be invertible, but these singularities are compensated by the zeroes of the factor 
d e t 1 / / 2 ( 1 + ^ d ? ) . One proof of this formula is given in [47]; here is an outline of an 
alternative approach. 

Sketch of proof. — One easily checks that over 2/, FG coincides with the graph of 

the 2-form UP '>= -1 B 
4 

1-Adg 

l+AdQ 

eL,oL Hence ißclii — / e x P ( — ^ F ) for some nonva

nishing function / G C°°(%), with / ( e ) = 1. Equation (85) reads, after dividing by 
/ e x p ( - u ; F ) , 

d log( / ) + rj + exp(u; F )£(e(£))(exp(-u; F )) = 0. 

Taking the form degree 1 parts of both sides of this equation, one obtains the following 
condition on / : 

d log( / ) + (exp(a; F )^(e(H))(exp(-ü; F ))) = 0 

/ is uniquely determined by this Equation with the initial condition / ( e ) = 1. It is 
straightforward (though slightly cumbersome) to verify that f(g) = det 1 / 2 

solves this equation. 

1+Ad9 \ 
2 

If G is connected, one has det(l + Adg) ^ 0 on a dense open subset of G. However, 
for a disconnected group G it vanishes on the components with det(Ad^) = — 1. 

Example 4.7. — Let G = 0 (2) . Here 0(g) = Z 2 and Pin(fl) = Z 4 . There are two 
possible lifts 0(g) —> Pm(g). Let 6 G Q}(G) be the left-invariant Maurer-Cartan-
form (using the isomorphism g = R defined by a generator \x G det(g) = g). One 
finds that on SO(2) c 0 (2) , <\>G = 0, while ^G — 1- On the non-identity component 
0(2) \SO(2) , the roles are reversed: ipG = ± ^ and <\>G = ± 1 . (The signs depend 
on the choice of lift.) Observe that </>G^G given by these formulas have the correct 
equivariance properties. 
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4.3. Group multiplication. — In this section, we will examine the composition 
of the map 91: Cl(g) —» Q,(G) with the pull-back under group multiplication. It will 
be convenient to work with the element A G C\(g) ® fi(G), defined by the property 

9l(x) = str(xA) 

where we have extended str: Cl(fl) —» A^top^(g) = K to the tensor product with Q(G). 
The properties of 91 under the Clifford action translate into 

(IC\Ç) + Q(SR(O))A = 0, ( - r c l ( 0 + <?(*L(0))A = o. 

Thus A is itself a pure spinor for the action of Cl(fl) x Cl(TG), defining a Lagrangian 
subbundle of D x TG. The equivariance properties (81) of 91 translate into 

CA = r ( a - 1 )A , r a - i A = A r ( a ) 

The first identity is immediate, while for the second identity is obtained by the cal
culation: 

str(xr;_iA) = r*a-,9l{x) = ( - 1 )W(M+M)$( r ( a ) z ) 

= (-l)l 0 l(l^+^l)str(r(a)^A) 

= str(xAr(a)). 

(Note that |A| = \g\ at g G G.) We finally observe that the pull-back of A to the 
group unit is simply 

(86) a = i e ci(s). 

Let A 1 , A 2 G Cl(g) (g) Q(G x G) be the pull-back to the first, second G-factor, and 
recall the 2-form <; G fJ2(G x G) from (47). 

Proposition 4.8. — The pull-back of A under group multiplication satisfies 

(87) eç Mult* A = A 1 A 2 , 

using the product in the algebra Cl(g) (g) f£(G x G). 

Proof. — Using (51), we find that both sides of (87) are annihilated by the following 
operators: 

* С 1 ( о + 0 ( * я , 1 ( О ) > -rc\o+Q(sL>2m. *С1(о+0(*я,1(О)> 

Hence the two sides of (87) are pure spinors, defining the same Lagrangian subbundle 
of D x T(G x G). So the two sides agree up to a scalar function. 

The 2-form <; is invariant under Z0ji (left multiplication by a on the first factor) 
and r a - i ? 2 (right multiplication by a - 1 on the second factor). Prom the equivariance 
of A, and since Mult olal =lao Mult and Mult o r a - i 2 = ra-i o Mult, we obtain the 
following equivariance property of eq Mult* A: 

{la,i)*(eç Mult* A) = r ( a " 1 ) (e ç Mult* A), 

(ra-i 2 )* (e ç Mult* A) = (eç Mult* A)r(a). 
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The product A 1 A 2 has a similar equivariance property. Hence, to verify (87) it suffices 
to compare the two sides at (e, e) G G x G. But by (86), both sides of (87) pull back 
to 1 at (e,e). • 

We will use Proposition 4.8 to obtain a formula for the pull-back of ipc = ^(q(fi)), 
the pure spinor defining the Lagrangian subbundle FQ C TG. Recall the element 
7 G A 2 ( g ® g) from (53). 

Theorem 4.9. — The pull-back of tpc under group multiplication is given by the for
mula 

eç Mult* tpG = #(exp(-e(7))) (W1GO W2G) 

Note that up to a scalar function, this identity follows from Proposition 3.11. 

Proof. — The element 7 enters the following formula (cf. [4, Lemma 3.1]) , relating 
the product Mult 0 1 in Cl(g) with the wedge product MultA in A(g): 

q-1 o Mult C 1 = MultA o e x p ( - ^ A ( 7 ) ) o q~l : Cl(fl 0 g) -+ A(g). 

Since str o lCi(q(fi)) o q : A g —» K is simply the augmentation map, we have 

V>G = &(q(n)) = str(<7(/i)A) = (THA^O], 

where the subscript indicates the degree 0 part with respect to Ag. Using (87), we 
calculate: 

c ç Mult*^G = g - 1 ( A 1 A 2 ) [ 0 ] 

= ç - 1 o ( M u l t c l ( A 1 ® A 2 ) ) [ 0 ] 

= (Mult A o e x p ( - t A ( 7 ) ) o g - ^ A 1 ® A 2 ) ) [ 0 ] 

= e x p ( - e ( 7 ) ) o (Mult A OQ-^A1 ® A 2 ) ) [ Q ] 

= exp(-e(7)) o ( ^ (g) 

Here we used that (t c l(£)+£(e(£)))A = 0, hence (6 A (7)-^(e(7)))g- 1 (A 1 (g)A 2 ) = 0. • 

4.4. Exponential map. — Let us return to our description (Section 3.5) Tg* = 
g* x Do of the Courant algebroid over g*, where do = g* x g. 

Let Ag* be the contravariant spinor module over Cl(Do) (cf. Section 1.4), with 
Clifford action denoted gA. Let d A be the exterior algebra differential. For all w = 
(/3, £) G Do one has 

L A H :=[d A , <?*(«;)] = d A / ? - ( a d € ) \ 

One easily checks that LA(w) defines an action of the Lie algebra do. This action 
exponentiates to an action of the group Do, given as 

nA(0,g)y = exp(dA/3)A(Adg-1yy, 

The function 

r 0 : fl* - Afl*, T0((3) = exp(dA/3) e Afl* 
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is the counterpart to the function r: G —> Cl(g). The Do-action commutes with 
the differential, and it is straightforward to check that the Clifford action is DQ-
equi variant: 

nA(f3i9){Q

A(w)y) = QA(Ad((3i9)w)(%A(frg)y), 

for w e D 0 , (P,g) G D 0 , ye Ag*. 
Choose a generator /x G det(g*), and let • : A g —> Ag* be the associated star 

operator ( 4 ) . Let Xn denote the modular vector field of the Kirillov-Poisson structure 
7rfl*, relative to the translation-invariant volume form G T(det (T*g*)) defined by 
the dual generator /x* G det(g). (Recall that X* = 0 if g is unimodular.) Define a 
linear map 

&o: Ag*->ft(g*) , 

given at any point i /Gg* by 

Mv) = *~\v A ro(v)) G Ag = AT*g*. 

Parallel to Proposition 4.2, we have, 

Proposition 4.10. — a. The map fflo intertwines the Clifford actions of Do-' 

&o o gA(w) = g(s0(w)) o &o, w G Do-

It is uniquely determined by this property, up to a scalar function. 
b. The map tfco intertwines the differentials, up to contraction by the modular vector 

field: 

%odA = (d-iiX^o&o. 

c. &o has the equivariance property, for all h = (/?, a) e DQ = g* y\ G, 

( % ( / i - 1 ) ) * ^ o ( y ) = d e t ( A d û ) M%A(h)y). 

d. <$o preserves the bilinear pairings on the spinor modules Ag*, ^2(g*); in the sense 
that 

($o(î/),$o(2/'))AT*g* = (y, 2 / ' W / V 

for all y,y' G Ag*. 

Proof. — Each of the statements (a),(c),(d) is proved by a direct computation, par
allel to those in Proposition 4.2. To prove (b), we first note that (c) implies the 
infinitesimal equivariance, for (/?,£) G Do, 

(88) (£{Йо(/3,0) - t r ( a d € ) ) З Д = ЯоООТ,£)!/)• 

Since UX^lOcÇ) = tr(adf), we have 

(£{Йо(/3,0) tr(adi) = [ (d-t(X,)) ,ß(s 0 ( )8 l 0)] . 

(4) Note that in the previous Section, /x denoted a generator of det(g), and hence the star operator 
went from Ag* —• Ag. This change in notation is intended, since our aim is to compare the Poisson 
manifold g* with the Dirac manifold G. 
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Hence we can re-write (88) as 

[ (d- t (x w ) ) ,e (so ( )9 ,0)] My) = &o([dA,QA((3,0}). 

Together with (a), this implies that the linear map 

(89) (d - L(XV)) o $o - &o o d A : A g* fifof) 

intertwines the Clifford actions of Z>o- Since the parity of this map is opposite to that 
of > the uniqueness assertion in (a) implies that (89) is zero. • 

As before, we may use this map to construct pure spinors &o(y) G A(g*) from pure 
spinors y G Ag*. 

The element y = 1 is the pure spinor defining the Lagrangian subspace g C Do? and 
its image 0 0* = $o(l) defines the Lagrangian subbundle (spanned by the sections 
eo(£))- The pure spinor y = fi e Ag* defines a Lagrangian complement g* C0Q, and 
its image ip9* = 9lo(fi) = 1 defines the Lagrangian subbundle Fg* = Tg* (spanned by 
the sections fo (/?))• For the bilinear pairing between these pure spinors, we obtain 

(Qg*,Wg*)AT*g* = ug*. 

since (1,a0AB* = A*-

Lemma 4.11. — The pure spinor (j)Q* is given by the formula 

Qg* = -we(^~*o(e))(#o(v)),ug* 

w/iere n = dimG. 

Proo/. — The Kirillov-Poisson bivector on g* is given by 7rfl*|„ = —dAi/ G A2#* = 
A2Ti,g*. That is, To = exp(—7r0*). The Lemma follows since • intertwines exterior 
product with contractions, and since * - 1 ( l ) = (m*)T = (-l) n^ n _ 1^ 2/x*. • 

Let us now return to our original setting where g carries an invariant inner product 
B, used to identify g = g*. We take the generators fi G det(g) (from the last section) 
and fi G det(#*) (from the present section) to be equal under this identification. 

Let fig be the translation invariant volume form on g = g*, and fiQ the corre
sponding left-invariant volume form on G. Let J G C°°(g) be the Jacobian of the 
exponential map, defined by exp* fiQ = J fig. Recall that g^ C g is the dense open 
subset where exp is a local diffeomorphism, i.e where J ^ 0. With w G £l2(g) as in 
Section 3.5, we have: 

Proposition4.12. — Over the subset g^, the maps &o'- A g —> Vt(g) and 0l\ Cl(fl) —> 
ft(G) are related as follows: 

(90) exp*(<5e(x)) = J 1 / 2 e - w e (^~* o ( e ) ) (#o(v)) , 

for x = q(y). Here e G C°°(g^ A2g) is the solution of the classical dynamical Yang-
Baxter equation, cf. Proposition 3.14, and J 1 / 2 G C°°(g) is a smooth square root of 
J, equal to 1 at the origin. 
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Proof. — The map ¿#0 • A g —» £î(0tj) given as 

tfo(tf) = e " " 
:qá*o(v),¿W)W.eR(q(y) 

intertwines the Cl($o)-actions, hence it coincides with &o = f &o for a scalar function. 
To find / , we consider bilinear pairings. Note that 

: á * o ( v ) , ¿ W ) W . e = (exp* <%(q(y)),exp* Шу')))лт-е 

= exp* (St(Q(Y)), !%(q(y')))AT,G. 

Taking yf = 1, v = a we obtain 

/ 2 /x f l = f2 (<#o(a0, ^O(1))AT* 0 = (^O(M) , ^O(1))AT* 0 = exp* / i G = J/x f l. 

This shows that / 2 = J. 

Remark 4.13. — Of course, exp*(#(#)) is defined globally on all of g, not only on 
g%. It follows from the Proposition that J 1 / 2 exp(eo(e)) extends smoothly to all of g. 
Hence, the expression 

J 1 / 2 e x p ( e ) 

extends smoothly to a global function g —> Ag. For a direct proof, see [5]. 

Applying the proposition to y = 1 and y = /x, we find in particular that 

(91) 
exp* <t>G = J1/2e-™(j>g, 

exp* ipG = J 1 / 2 e - ^ ( A - e o ^ ) ( l ) . 

4.5. The Gauss-Dirac spinor. — We return to the set-up of Section 3.6, with 
G = Kc denoting the complexification of a compact Lie group, with Cart an subgroup 
T = Tjj. Recall that the Gauss-Dirac structure FG is defined by the Lagrangian 
subspace $ CO, with basis the collection of all ea 0 0, 0 0 e_ a , 0 (—ei) where a >- 0 
are positive roots and i = 1,..., I = rank(G). The element 

(92) X = 

a-0 
eae-a n 

i 

ei G Cl(fl) 

is non-zero and is annihilated by the Clifford action of s; hence it is a pure spinor 
defining s. Note that x satisfies 

r(h+)x = x, x r ( / i _ 1 ) = x, r(ho)xr(ho) = hlP x 

for all h+ G xV+, h- G iV_, ft0 G T. Here p = | £ a y o a > and t ^ t2p e C x is the 
character of T defined by the weight 2p. Hence, 

^G = &(x) G fi(G) 

is a pure spinor defining FG- We refer to ^G as the Gauss-Dirac spinor. Its equivari
ance properties are: 

lh+ WG = WG, f*h-1WG = WG, lhorh0$G = h2

0

P$G. 
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That is, if>G is invariant up to the character, given by the group homomorphism S —* T 
followed by the 2p-character. 

Since the big Gauss cell 0 = JV_7W+ C G is dense in G, the equivariance property, 
together with the fact that the pull-back of tpo to the group unit is equal to str(x) = 1, 
completely characterizes the pure spinor and allows us to give an explicit formula. 
Recall the 2-form on the big Gauss cell, given by (68): 

Proposition 4.14. — The restriction of the pure spinor I^G to the big Gauss cell 0 = 
j(N- x T x JV+) is given by the formula, 

$G\0 = g^exp(-ujg). 

Here go: 0 —> T is the composition of the Gauss decomposition j 1 : 0 —» 7V_ x T x iV + 

with projection to the middle factor. 

Proof. — Both sides are pure spinors defining the Gauss-Dirac structure over 0, with 
the same equivariance property under 5, and both sides pull back to 1 at the group 
unit e. • 

We now compare the Gauss-Dirac spinor tyc with the pure spinor ^>Q from Propo
sition 4.4. 

Proposition 4.15. — The pure spinors tpc, i>G ̂ re related by a twist by the r-matrix x: 

$ G = £(exp(-e(t))V>G-

Proof. — Let tA £ A2D be the image of r under the diagonal inclusion Q ^ d. We 
will show that 

x = QCl(exp(-vA))q(/j,). (93) 

The proposition follows from this identity by applying the map 91. Up to a scalar, 
(93) holds since both sides are pure spinors defining the same Lagrangian subspace. 
To determine the scalar, we apply the super-trace to both sides. Recall that the 
spinor action of elements £A £ 9A C 0 is given by Clifford commutator with the 
corresponding element £ € g. Since the super-trace vanishes on Clifford commutators, 
it follows that 

str(^ c l (exp(-r))g(/i)) = strfo(jx)) = 1 = str(x). 

Let us next compute the Clifford differential d c l = — 4[g(S), •] of the element (92). 
Let p = \ Ylayo et et* be the half-sum of positive (real) roots. 

Lemma 4.16. — The quantization of the structure constant tensor satisfies, 

-Aq(E) = 27r\/-îp mod n_Cl(g)n+. 

Here B is used to identify g* = g. 
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Proof. — By definition, 

-4*(S) = 
1 

6 
B([ea,e%ec)eaebec, 

using a basis ea of g, with f?-dual basis ea. Take this basis to be the Cartan-Weil 
basis, and use the Clifford relations to write factors e _ a to the left and factors ea to 
the right. Then 

-4q(E) G Cl(g)T C n_Cl(g)n+ 0 Cl(t). 

(For a T-equivariant element in Cl(g), the T-weight of the n_-factors must be com
pensated by the T weights of the n+-factors.) Since —4q(E) is an odd element of 
filtration degree 3, and since E has no component in A 3t, it follows that 

—4q(E) G 10 n_Cl(g)n+. 

To compute the t-component, we calculate the constant component of 

K,-4«(3)]ci = d c lÉ = g(A(0) 

for any £ G t. We have 

A(£) = -
a-0 

| [£,e_ a ] A ea = 2-K\[-i 

a-0 

(a ,£ )e_ a A e a , 

hence (see Sternberg [52, Equation (9.25)]) 

g(A(0) =V-12TT 
a-0 

(a, Ç)e-aea + 2 ? r \ / z ï (p, £). 

As a consequence, we obtain, 

Proposition4.17. — The element x = Y\ayoe^e-ot Y\iei satisfies. 

((F1 - 2TT>/^L C 1 (P ) )X = 0. 

Proof. — d c l is given as the Clifford commutator with —Aq(E). Since x is annihilated 
under both left and right multiplication by elements of n_Cl(g)n+, it follows that 

d c l ( x ) = 27r^ î [p ,x ]c i . 

As a consequence, the Gauss-Dirac spinor satisfies the differential equation: 

(94) (d + V ~ 27rV^ïg(e(p)))iiG = 0. 

In fact, there is a more general version of this Equation, stated in the following 
Proposition. For any (real) dominant weight À of G (not to be confused with the map 
A above), let A A G G°°(G) be the function 

AA(g) = (v\,g-vx) 
<UA,vA> 
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where v\ is a highest weight vector in the irreducible unitary representation (VA, (•, •)) 
of highest weight A. The function A A is invariant under the left-action of iV_, under 
the right-action of A/+, and under the T-action it satisfies 

(95) Ax(tg) = Ax(gt) = tXAx(g). 

Since Ax(e) = 1, it follows that A\ ^ 0 on the big Gauss cell. We are interested in 

the product AAV>G- Away from the zeroes of AA , this is a pure spinor defining the 

Gauss-Dirac structure. Similar to ipc, it is invariant under the left-action of N- and 

the right-action of A/+, and satisfies 

(96) i;(Ax$G) = r*T{Axi>G) = * A + ' ( A A ^ G ) 

for all t G T. 

Proposition 4.18. — For any dominant weight A, the product AX^Q satisfies the dif
ferential equation: 

(97) (d + ri- 2irV^ÏQ(e(X + P)))&\Î>G = 0, 

where B is used to identify g* = g. 

Proof. — Let s C 0 be the Lagrangian subalgebra (66) denning the Gauss-Dirac 
structure. We have, for all £ = (£, £') € s, 

<?(s(C))(d + v ~ 27r%/=Ï0(e(A + p))) AX$G 

= É?(S«)), d + 7? - 2 т г у ^ ( е ( А + рЩ Ахфа 

= {£{dL - (£')*)) ~ 2nV^B^ - A + p))Ax$G = 0, 

where the last equality follows from the equivariance properties (96) of AAV>G- (Note 
that for the elements of the form £ = (£, 0) with £ G n+ or £ = (0, f) with £ G n_, the 
inner product with \ +p G t vanishes.) Hence, the left hand side of (97) is annihilated 
by all s(£), for ( E 5 . Hence it is a function times tyc, and thus vanishes since it has 
parity opposite to that of ipc ^ 

Remark 4.19. — The holomorphic Dirac structure FQ on G = KC restricts to a com

plex Dirac structure FQ\K — FK on the real Lie group K, with defining pure spinor 

the pull-back (restriction) ipx of t/jQ- On the other hand, EQ\K = (EK)C> In the 

notation of Section 2.4, applied to the Gauss-Cartan-splitting (TK)C = 0 FK, 

we have a = 2?r\/ zTe(p) G T((TK)C), thus Q± = d + rj ± 2nyf:l g(e(p)). As 

usual, fi+(j)K = 0, fi-^K = 0 (the second equation is the pull-back of (94) to 

K). Let ¡1 be the bi-invariant (real) volume form on K defined by <J>K^K- Since 

$± — ±27T\/—l£($ad(p))> the Dirac cohomology groups H±(E^,FK, p) are the co

homology groups of fi± on the space of S ad (p)-invariant complex-valued differential 

forms on K. These may be computed by the standard localization argument ([12], 
see also [33]): The set of zeroes of the vector field $ a d(p) on K is just the maximal 

torus TK, and the pull-back to TK intertwines $± with d±2ny/^lB(0T, p)), with 0T 
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the Maurer-Cartan form on TK- Hence, by localization the pull-back to TK induces 
an isomorphism, 

H±(E%,FK,N) Si H(Çî(TKf,d±2irV=ÎB(6T,p)) 

Since p is a weight, it defines a T^-character £ p, and the operators d±2ny/^1B(0T, p) 

are obtained from d by conjugation by t ± p . Hence H±(E^,FK,p) — H(TK)C. 

5. q-Hamiltonian G-manifolds 

In this section, we use the techniques developed in this paper to extend the theory 
of group-valued moment maps, as developed in [3, 8] for the case of compact Lie 
groups, to more general settings. 

5.1. Dirac morphisms and group-valued moment maps. — We briefly recall 
the definitions. 

Definition 5.1. — A quasi-Hamiltonian g-manifold (or simply q-Hamiltonian g-
manifold) is a manifold M with a Lie algebra action $ M - 0 —• 3t(M), a 2-form UJ, 
and a g-equivariant moment map $: M —> G such that 

(98) 

duj = $*7? 

i(8m(0)" = **£(É, 
Qn + QR 

2 
(moment map condition) 

ker(u;m) = { 8 M ( 0 m | A d $ ( m ) £ = - £ } (minimal degeneracy condition). 

If the action of g extends to an action of the Lie group G, and if UJ and $ are equivariant 
for the action of G, we speak of a q-Hamiltonian G-manifold. 

The first two conditions in (98) imply that UJ is g-invariant (see [3]). As shown 
by Bursztyn-Crainic [14], the definition of a q-Hamiltonian space may be restated in 
Dirac geometric terms (see also Xu [57] for another interpretation). 

Theorem 5.2. — There is a 1-1 correspondence between q-Hamiltonian g-manifolds, 

and manifolds M together with a stronq Dirac morphism 

(99) (*,a;): ( M , T M , 0) -> (G, EG, n). 

More precisely, (M, S M , ^ , ^ ) satisfies the first two conditions if and only if ($,u;) 
is a Dirac morphism, and in this case the third condition is equivalent to this Dirac 

morphism being strong. 

Proof. — Let (M, UM,U,$) be a q-Hamiltonian g-space. Given m 6 M, let E^M^ 

be the forward image of TmM under ( (d$) m ,c<; m ) : 

E'Hm) = {(<№(»),a)| v e TmM, ( d $ ) > = c(v)um}. 
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Taking v of the form $M(£)m for £ G g, and using the moment map condition, we see 
^i(m) ^ C^<z)$(m)- I n fact, one has equality since both are Lagrangian subspaces. 
This shows that UJ) is a Dirac morphism. In particular, 

(d$) m (ker(o; m ) ) = ker((EG)*(m)) = {S a d (0*(m) l A d * ( m ) £ = - £ } • 

Hence, the minimal degeneracy condition holds if and only ( d $ ) m restricts to an 
isomorphism on ker(u;m), i.e. if and only if (3>,o;) is a strong Dirac morphism. Con
versely, given a strong Dirac morphism (99), the associated map a defines a g-action 
$ M ( £ ) = a($*e(£)) on M, for which the map $ is g-equivariant. The above argument 
then shows that (M, $ M 5 ^ 5 is a q-Hamiltonian g-space. • 

Remark 5.3. — As a consequence of this result (or rather its proof), we see that 
if (M, ÏÏM,W,$) satisfies the first two conditions in (98), then the third condition 
(minimal degeneracy) is equivalent to the transversality property [15, 57] 

ker(o;) fl ker(d$) = { 0 } . 

Remark 5.4. — There is a similar result for q-Hamiltonian G-manifolds. Here, it is 
necessary to assume the existence of a G-action on M for which the Dirac morphism 
($, UJ) is equivariant, and such that the infinitesimal action coincides with that defined 
by a. 

Example 5.5. — By Example 2.7, the inclusion of the conjugacy classes *6 in G, 
with 2-forms defined by the Cartan-Dirac structure, defines a strong Dirac morphism 
(I<$,UJ<$). Thus, conjugacy classes are q-Hamiltonian G-manifolds. 

Using our results on the Cartan-Dirac structure, it is now straightforward to deduce 
the basic properties of q-Hamiltonian spaces (M, $M}^,3>)- In contrast with the 
original treatment in [3], the discussion works equally well for non-compact Lie groups, 
and also in the holomorphic category. 

Theorem 5.6(Fusion). — Let (M, $ M , $ , ^ ) be a q-Hamiltonian G x G-manifold. Let 
Sf u s be the diagonal G-action, $f u s = Mult 0$, and ujfus = UJ + with s G Q2(G2) 
the 2-form defined in (47). Then (M, $fu s, 3>fUS5̂ fus) is a q-Hamiltonian G-manifold. 
(An analogous statement holds for q-Hamiltonian g x g-manifolds.) 

Proof. — Since 

($fus,̂ fus) = (Mult,ç) o ($,u;) 

is a composition of two strong Dirac morphism, it is itself a strong Dirac morphism 
from (M,TM,0) to (G,EG,r]). The induced map M x g = $*US£G -> TM is a 
composition of the map Mult* EQ —• EQXG defined by the strong Dirac morphism 
(Mult,ç), with the map $*EG X EQ —> TM given by the strong Dirac morphism 
($,UJ). If we use the sections e(£) to identify EQ = G x g, the latter map is the 
g x g-action on M, while the former is the diagonal inclusion g —• g x g. This confirms 
that the resulting action is just the diagonal action. • 
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If M = Mi x M 2 is a direct product of two q-Hamiltonian manifolds, the quadruple 
(M, Sfusj^fusj^fus) is called the fusion product of M i , M 2 . In particular we obtain 
products of conjugacy classes as new examples of q-Hamiltonian G-spaces. 

Suppose (M, 8M>^O>$O) is a Hamiltonian g-manifold: That is, UJQ is symplectic, 
and $ 0 : Af —> 0* is the moment map for a Hamiltonian g-action on M. As is well-
known, this is equivalent to $0 being a Poisson map from the symplectic manifold 
(M,UJQ) to the Poisson manifold (g*,7rfl*). But this is also equivalent to 

( * o , " o ) : ( M , T M , 0 ) ^ ( g * , G r „ 0 ) 

being a strong Dirac morphism. A Hamiltonian G-manifold comes with a G-action on 
M integrating the g-action, and such that the Dirac morphism ($0, ̂ 0) is equivariant. 
Given an invariant inner product B on g, used to identify g* = g, we may compose 
the Dirac morphism ($o 5 ^o) with the Dirac morphism (exp, w) from Theorem 3.13, 
and obtain: 

Theorem 5.7 (Exponentials). — Suppose (M, HMJ^O^O) *S a Hamiltonian G-
manifold, and let UJ = UJQ + Q*0w, $ = expo$ 0 - 77&en (M,ffiM,w,$) satisfies 
the first two conditions in (98). On = ^^" 1(gt )) ; £/ie £/izrd condition (minimal 
degeneracy) holds as well, thus (M[|, QM,w,Q) fcs q-Hamiltonian G-manifold. 
(Similar statements hold for q-Hamiltonian g-manifolds.) 

5.2. Volume forms. — Any symplectic manifold (M,UJ) carries a distinguished 
volume form, given as the top degree component exp(a;)[ d i m M ^ = ^r^/1. For a q-
Hamiltonian G-manifold (M, QM,w,Q)the 2-form UJ is usually degenerate, hence 
exp(u;)[ t o p] will have zeroes. Nevertheless, any q-Hamiltonian G-manifold carries a 
distinguished volume form, provided the adjoint action Ad: G —> 0(g) lifts to Pin(g): 

Theorem5.8(Volumeforms). — Suppose the adjoint action Ad: G —> O(g) lifts to 
Pin(g), and let tpc € fi(G) 6e £/ie p^re spinor defined by this lift. For any q-
Hamiltonian G-manifold (M, fŜ f QM,w,Q) ̂ e differential form 

(100) MM = (exp(u;)A**VG)[ d i m Ml 

¿5 a volume form. It has the equivariance property 8M(#)*MM = det(Ad p) \XM- More 
generally, if (M, 8 M > ^ 5 $ ) satisfies the first two conditions in (98), the form fiM is 
non-zero exactly at those points where UJ satisfies the minimal degeneracy condition. 

Of course, the factor det(Ad^) = ±1 is trivial if G is connected. 

Proof. — Since ipc is a pure spinor defining the complementary Lagrangian subbun
dle FQ , and since ($,UJ) is a strong Dirac morphism, the pull-back 3>*̂ >G is non-zero 
everywhere. Furthermore, exp(u;)$*?/>£ is a pure spinor defining the backward image 
F of FQ under the Dirac morphism ($,UJ). Since F is transverse to TM (see Propo
sition 1.15), the top degree part of exp(a;)$*^G is nonvanishing. More generally, if 
(M, 8 M , W , $ ) only satisfies the first two conditions in (98), then the above argument 
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applies at all points of M where (Q,w) is a strong Dirac morphism. But these are 
exactly the points where $*ipG is non-zero. 

The equivariance property of /XM is a direct consequence of the equivariance prop
erties of (j)Q and I/JQ described in Proposition 4.4. • 

The volume form \IM is called the Liouville volume form of the q-Hamiltonian 
G-manifold (M, S M , W , $ ) . Let \/JLM\ D e the associated measure. If the moment 
$ is proper, the push-forward 3>*|/XM| is a well-defined measure on G, called the 
Duistermaat-Heckman measure. 

Remark 5.9. — For the case of compact Lie groups, the q-Hamiltonian Liouville forms 
and Duistermaat-Heckman measures were introduced in [8]. The fact that \IM is a 
volume form was verified by 'direct computation'. However, the argument in [8] does 
not extend to non-compact Lie groups. 

Remark 5.10. — The expression exp(o;)$*^G entering the definition of the volume 
form HM satisfies the differential equation 

(101) (d + . ( S M ( H ) ) ) ( e x p H $ > G ) = 0 . 

This follows from the differential equation (85) for -0G together with Remark 1.5(a). 

Proposition 5.11. — Suppose (M, S M , ^ , $ ) is a q-Hamiltonian G-manifold, and that 
Ad lifts to the Pin group. Then M is even-dimensional if det(Ad^) = +1, and 
odd-dimensional 2/det(Ad$) = — 1. In particular, it is even-dimensional when G is 
connected, and in this case M carries a canonical orientation. 

Proof. — The construction of ipc in terms of the map 91 (see Proposition 4.4) shows 
that the form tpo has even degree at points g G G with det(Ad^) = 1, and odd 
degree at points with det(Ad^) = — 1. Hence, the parity of the volume form [IM is 
determined by the parity of det(Ad$). If G is connected, the lift of Ad (which exists 
by assumption) is unique, and det(Ad p) = 1. • 

Without the existence of a lift to Pin(g), the form tpo is only defined locally, 
up to sign. That is, we still obtain a G-invariant measure on M, given locally as 
( e ^ * ^ ) ^ 0 ^ - It is interesting to specialize these results to conjugacy classes: 

Theorem 5.12. — Suppose G is a connected Lie group, whose Lie algebra carries an 
invariant inner product B. Then: 

a. Every conjugacy class *6 C G carries a distinguished invariant measure (depend
ing only on B). 

b. The conjugacy class *6 of g G G is even-dimensional if and only if det(Adg) = +1 . 
c. If the adjoint action G —> 0(g) lifts to Pin(g), then every conjugacy class carries 

a distinguished orientation. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2009 



186 A. ALEKSEEV, H. BURSZTYN & E. MEINRENKEN 

Example 5.13. — Consider the conjugacy classes of G = 0(2) : If g G S0(2), the 
conjugacy class of g is zero-dimensional, consisting of either one or two points. On 
the other hand, the circle 0 ( 2 ) \ S0(2) = S1 forms a single conjugacy class. Similarly, 
for G = 0 (3) , the elements g G G with det(g) = - 1 have det(Ad^) = 1. Each of 
these form a single 2-dimensional conjugacy class. The group S0(3) is the simplest 
example where the adjoint action G —> SO(g) (which in this case is just the identity 
map) does not lift to the spin group. Indeed the conjugacy class of rotations by 180° 
is isomorphic to MP(2), hence non-orientable. 

Example 5.14. — Suppose G carries an involution cr, such that the corresponding 
involution of g preserves B. Form the semi-direct product G x Z 2 , where the action of 
Z 2 is generated by the involution a. The G x Z2-conjugacy class of the element (e, a) 
is isomorphic to the homogeneous space M = G/Ga, which therefore is an example 
of a q-Hamiltonian G x Z2-space. The 2-form on M is just zero. Let us compute the 
Liouville measure on M , for the case that the restriction of B to ga = ker(cr — 1) is 
still non-degenerate. Let e\,..., en be a basis of g, with B(ei,ej) = ±<J»j, such that 
e i . . . , ek are a basis of ga. Then 

~ = 2 ( n - F C ) / 2 e f e + i . . . e n e p i n ( f l ) 

is a lift of a. Note that a2 = ± 1 , with sign depending on n — k. Taking ¡1 = e\ A - • • Ae n 

as the Riemannian volume form on fl, we have 

aq{p) = ±2^-k^2el...ek 

so *q 1(aq{ii)) = ± 2 ^ n k>'2ek+i A • • • A en. We conclude that the Liouville measure 

on M = G/Ga coincides with the G-invariant measure defined by the metric on 

(0C T)X C £(. 

Proposition 5.15 (Volume form for 'fusions'). — The volume form of a q-Hamiltonian 
G x G-manifold ( M , S M , W , $ ) (as in Theorem 5.6) coincides with the volume form 
of its fusion ( M , îSfus, U>fus, $ f u s ) . ; 

(eM")**^GxG)[dimM] = ( e x p ( o ; f u s ) ^ u s ^ ) f d i m M l 

Proof. — Using Theorem 4.9, we have 

exp(o; f u s) $ïusipG = exp(w + $*ç) $* Mult* ipG 

= exp(o;) * * ( g ( e x p ( - e ( 7 ) ) ) ^ 0 </>G) 

= exp(-^(S M (7)))(exp(u;)$>GxG), 

where we used Remark 1.5(a) for the last equality. Since the operator exp(—¿( 8M(7))) 
does not affect the top degree part, the proof is complete. • 

Example 5.16. — An important example of a q-Hamiltonian G-space is the double 
D(G) = G x G, with moment map the commutator $(a, b) = aba~1b~1. As explained 
in [8] the double is obtained by fusion, as follows: Start by viewing the Lie group G 
as a homogeneous space G = G x G / G A , where GA is the diagonal subgroup. Since 
GA is the fixed point set for the involution cr of G x G switching the two factors, we 
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see as in Example 5.14 that G is a q-Hamiltonian (G x G) xi Z2-space, with moment 
map a n (a, a - 1 , a). The Liouville measure is simply the Haar measure on G. Fusing 
two copies, the direct product G x G becomes a q-Hamiltonian G x G-space. Finally, 
passing to the diagonal action one arrives at the double D(G). By Proposition 5.15, 
the resulting Liouville measure on D(G) is just the Haar measure. 

Proposition 5.17 (Volume form for 'exponentials') — Let (M, &M,^O^O) be a Hamil-
tonian G-space, and (M, 8 M , $ , W ) its 'exponential', as in Theorem 5.7. Then 

( e x p ( u ; ) $ V G ) [ d i m M 3 = $*0J
1/2 e x p ( u 0 ) [ d i m M ] . 

Proof. — Using the relation (91) between exp* ipc and tpg = 1, we find 

exp(u;) $*ipG — exp(o;0 + QQW)^ exp* Ì/JQ 

= е х Р Ы Ф 2 J 1 / 2 e ( 2 - e o ( £ ) ) ( i ) 

= ^^ 1 / 2 exp(-^(g M (e)))exp(a;o) . 

Since e x p ( — T I & M ^ ) ) ) does not affect the top degree part, the proof is complete. • 

5.3. The volume form in terms of the Gauss-Dirac spinor. — Suppose now 
that K is a compact Lie group, with complexification G = Kc, and let B: g x g —» C 
be the complexification of a positive definite inner product on t. In this case, as 
discussed in Section 3.6, EG has a second Lagrangian complement FG, defined by the 
Gauss-Dirac spinor tpo- Its pull-back to K C G, denoted by tpKi is thus a complex-
valued pure spinor defining a (complex) Lagrangian complement FK C (TK)C. 

Given a q-Hamiltonian If-space (M, S M , $ , W ) , the complex differential form 
exp(u)$*il>K is related to exp(a;)$*^x by the r-matrix, 

exp(a;)$*^K = exp(-£,(S M (t))) exp(^)$*V>*rJ 

Since exp(—t(S^M W) ) does not affect the top degree part, it follows that we can write 
our volume form also in terms of ipK: 

uM = ехр(а;)Ф*/0х 
[dim M] 

Remark 5.18. — Let FM be the backward image of FK under the strong Dirac mor
phism ($,UJ): (M,TM,0) —• (K,EK,rj)' Since FM is transverse to T M C , it is given 
by a graph of a (complex-valued) bivector 7r, and H-(TMC,FM,PM) — HN{M) = 
H(fi(M)x?r, d — ^Xn)). A simple calculation shows that = 27T\/^TSM(p) (where 
B is used to identify 6* = t). 

The pure spinors <\>M — 1 and <J>K satisfy d<t>M = 0 and (d + rj)(/)K = 0. Hence, by 
Proposition 2.13 the map e w $ * descends to Dirac cohomology, H-.(E^,FK,PK) —* 
H7R(M). In particular, fi-^K = 0 implies that exp(uj)$*il;K is closed under d — 
27r\/—1^($M(p))- For M is compact, the class [ e ^ * ^ ] in HN(M) is nonvanishing 
because its integral is JM JJLM > 0. 
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Let A\ : G —> C be the holomorphic functions introduced in Section 4.5. 

Proposition 5.19. — For any dominant weight X, the complex differential form 

exp(u;)3>*(A\Ï/JK) satisfies the differential equation 

(102) (d- 2TT^L(ÏÏM(\ + p))) (exp(u;)$*(AX$K)) = 0. 

Her BK is used to identify t* = Ï. 

Proof. — This follows from the differential equation for the Gauss-Dirac spinor, 
Proposition 4.18, together with Remark 1.5(a). • 

As remarked in [6], the orthogonal projection of dimVAA^Ix to the If-invariant 
functions on K coincides with the irreducible character xa of highest weight A. Thus, 

J M 
exp(a;)$*(AA'0K) = 

M 

uM|Q*AA 

JK 
3 U / i M | A A = (dim V a ) - 1 

IK 
XA Q*|uM| 

On the other hand, by (102) the integral may be computed by localization [12] to 
the zeroes of the vector field $M(A + p). As shown in [6], the 2-form UJ pulls back to 
symplectic forms UJZ = T*ZUJ on the components Z of the zero set, and the restriction 
$Z — I*zQ takes values in T. Since ^(AX^K)^) — t x + p for t G T, one obtains 
the following formula for the Fourier coefficients of the q-Hamiltonian Duistermaat-
Heckman measure: 

JK 
Xa$*|mm| = dimV^ 

^CSMIA+p)- 1^) z 

e x p ( u ; z ) ( $ z )
A + o 

Eul(i/z,27rx/=4(A + p ) ) ' 

Here Eul(i/Z, •) is the T-equivariant Euler form of the normal bundle. This formula 
was proved in [6], using a more elaborate argument. Taking A = 0, one obtains a 
formula for the volume JM \PM\ of M. 

5.4. q-Hamiltonian q-Poisson g-manifolds. — Just as any symplectic 2-form 
determines a Poisson bivector 7r, any q-Hamiltonian G-manifold carries a distinguished 
bivector field n. However, since UJ is not non-degenerate 7r is not simply obtained as 
an inverse, and also n is not generally a Poisson structure. 

Suppose (M, 8 M , W , ^ ) is a q-Hamiltonian g-manifold, or equivalently that ($,u;) 

is a strong Dirac morphism (M, TM, 0) - » (G, EG,TJ). Let F C T M be the backward 

image of FG under this Dirac morphism. It is a complement to T M , hence it is of the 

form F = Gr^ for some g-invariant bivector field n G X2(M). By Proposition 2.10(c), 

the Schouten bracket of this bivector field with itself satisfies 

(103) |[7Tj7r]sch = $ M ( S ) . 

Let p': TG —> EQ be the projection along FQ> Let {VA} and {VA} be bases of g 
with B(VA,V

B) = Sb

a. Then p'fc') = Ea(X^M)e(VA) for all x' G T(TG). For 
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a' G fi1 (G) C r(TG), we have (o/, f(va)) = \(af,v% + v*) e (v a ) . Hence, (20) shows 

that 

(104) 
TT#Q*a' = -

a 

Q*<a' 
vL+vR 
a a 

2 

QM(va), a' E A1(G) 

and, by (24), we have: 

(105) r a n ( 8 M ) + ran(7r*) = TM. 

This last condition can be viewed as a counterpart to the invertibility of a Poisson 
bivector defined by a symplectic form. Dropping this condition, one arrives at the 
following definition: 

Definition 5.20. — [1, 2] A q-Hamiltonian q-Poisson g-manifold is a manifold M, 
together with a Lie algebra action 8 M : 9 —• 3£(M), a g-invariant bivector field 7r, 
and a g-equivariant moment map $ : M —> G, such that conditions (103) and (104) 
are satisfied. If the g-action on M integrates to a G-action, such that 7r, $ are G-
equivariant, we speak of a q-Hamiltonian q-Poisson G-manifold. 

Example 5.21. — The basic example of a Hamiltonian Poisson G-manifold is provided 
by the coadjoint action on M = g*, with 7r = irQ* the Kirillov bivector and moment 
map the identity map. Similarly, the quadruple (G, 8 a d, 7TG, id), with -KQ the bivector 
field (46), is a q-Hamiltonian q-Poisson G-manifold. 

The techniques in this paper allow us to give a much simpler proof to the following 

theorem from [14]: 

Theorem 5.22. — There is a 1-1 correspondence between q-Hamiltonian q-Poisson g-
manifolds (M, 8M57T53>)> and Dirac manifolds (M,EM,VM) equipped with a strong 
Dirac morvhism 

(106) ( $ , 0 ) : {M,EM,TIM) (G, EG, rj). 

Under this correspondence, ran(i?M) = ran(8M) + ran(7r )̂. 

Proof. — Suppose ( $ , 0 ) : (M,EM,VM) - » (G,EG,rj) is a strong Dirac morphism. 
Consider the bundle map a: $*EQ —• TM defined by $ (see Section 2.2). By Propo
sition 2.10(c), the vector fields 8 M ( 0 = <*(E(£)) € 3E(M) define a Lie algebra action 
of g on M for which $ is equivariant. Note also that since ran(a) C ran(E'M), this 
action preserves the leaves Q c M o f EM- Id. feet, the bundle EM is g-invariant: If 
EM — Gr ,̂ this follows from the g-invariance of UJ (see comment after Def. 5.1), and 
in the general case it follows since EM\Q is invariant, for any leaf Q. Let FM be the 
backward image of FQ under ($ ,0) , and TT G £ 2 ( M ) be the bivector field defined by 
the splitting T M = EM ® FM- Then 7r is g-invariant (since EM,FM are). Equa
tion (103) follows from Proposition 2.10(d), while Equation (104) is a consequence of 
Theorem 1.20, Equation (20). 

Conversely, given a quasi-Poisson g-manifold (M, 8M57T>3>), let a: $*EG —> TM 
be the bundle map given on sections by 3>*e(£) i-> 8 M ( 0 - The g-equivariance of $ 
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implies that $ o a = pr^*TG \<S>*EG- Theorem 1.20 provides a Lagrangian splitting 
T M = EM © FM such that FM is the backward image of FG and EG is the forward 
image of EM • It remains to check the integrability condition of EM relative to the 3-
form TJM = $*V- L e t ^ E € T ( A 3 F M ) be the Courant tensor of EM- We have to show 
that TE = 0, or equivalently that T(EM) is closed under the r/M-twisted Courant 
bracket. Recall that EM is spanned by the sections of two types: 

S M ( 0 := a(**e(0) = 8 M ( 0 0 $*B 
0L+9R 

2 0 

for £ G g, and sections ft(a), for a G fi1(M), where the map h is defined as in (23), 
with V replaced with TM, and with UJ = 0. Since a is a comorphism of Lie algebroids 
(cf. Proposition 2.8), we have 

(107) I B M ( 6 ) J M ( 6 ) 1 V M = * M K I , & ] ) . 

Furthermore, since 7r is g-invariant, it follows from (23) that the map h is g-
equivariant, and therefore 

[g(h(a)), [g(nM(0),d + ^rj}] = [ô(h(a)), -E?(MWM(£ = - E ? ( M W M ( £ ) « ) ) . 

Thus 

(108) [g(nM(0),d + ^rj}] = [ô(h(a)), 

by definition of the Courant bracket. Equations (107) and (108) show that 
» *1^M preserves F(J5IM)- Thus T^(x i , ^2, #3) vanishes if one of the 

three sections Xi G T(E 'M) lies in the range of $ M - It remains to show that 
YE(h(cti), /1(0:2), h(as)) = 0 for all 1-forms a ,̂ or equivalently that h*YE = 0, where 
h*: -* ^ M is the dual map to h: T*M —> 2?M = F^. Since /i = P | T * M , where 
p : T M —• EM is the projection along FM (see (23)), we have /i* = p r T M | ^ M . Thus, 
we must show that p r T M TE = 0. By Proposition 2.10(b), and the defining property 
of q-Hamiltonian q-Poisson spaces, we have 

p W T f ) = o ( $ * T ^ ) = S M ( H ) = !br57r]sch-

On the other hand, Theorem 2.9(a) gives P*TM(?E) + PTTMC^F) ~ i K ^ l s c h = 0. 
Taking the two results together, we obtain pTTM(Y

E) = 0 as desired. • 

As an immediate consequence, the data (M, &M^,^) defining a q-Hamiltonian 
q-Poisson G-manifold are equivalent to the data of a G-equivariant Dirac manifold 
(M, EM,VM), equipped with a G-equivariant Dirac morphism ($ ,0) , for which the 
G-action on M integrates the g-action defined by the Dirac morphism. 

Proposition 5.23 (Fusion). — Suppose (M, UM,K, is a q-Hamiltonian q-Poisson g x 
g-manifold. Let S3fus be the diagonal g-action, $f u s = Multo<I>, and-K^ — 7 T + $ M ( 7 ) -
Then (M, iSfUs,7Tfus, $fus) is a q-Hamiltonian q-Poisson g-manifold. 

Proof. — By Theorem 5.22, the given q-Poisson g x g-manifold corresponds to a 
Dirac manifold (M, EM,VM) such that (3>,0) is a Dirac morphism into (G,EGlrj) x 
(G, EG, rj). Thus, TJM = $*{vG+VG)- The bivector field IT is defined by the Lagrangian 
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splitting T M = EM © F M , where FM is the backward image of FQ © FQ under ($ , 0). 
Composing with (Mult,^) (cf. Thm. 3.9), we obtain a strong Dirac morphism, 

( $ f u s , $ * ç ) : ( M , F M , T ? M ) - > (G,EG,ri), 

which in turn defines a q-Hamiltonian q-Poisson g-manifold. Let FM be the backward 

image of FQ under this Dirac morphism. By Proposition 3.11, F is related to F by 

the section 8 M (7) £ T(A2EM), where 8 M : 0 x g - > E M is the map defined by the 

Dirac morphism ($ , 0). Hence, by Proposition 1.18, the bivector for the new splitting 

T M = EM © FM is 7r f u s = TT + 8 M ( 7 ) - • 

Proposition5.24(Exponentials). — Suppose ( M , 8M,TTO, $ 0 ) is a* Hamiltonian Pois
son g-manifold. That is, 8 M is a g-action on M, TTQ is a g-invariant Poisson struc
ture, and $ 0 : M —> g is a g-equivariant moment map generating the given action on 
M. Assume that $ o ( M ) C g§, and let 

$ = expo^o, 7T = 7T0 + 8 M ( $ 5 £ ) 

where e G C°°(g^ A2g) is the solution of the CDYBE defined in Section 3.5. Then 

( M , 8MJ7T>3>) is a q-Hamiltonian q-Poisson g-manifold. 

Proof. — It is well-known that ( M , 8M ,7TO,$O) is a Hamiltonian g-manifold if and 
only if $ 0 • M —• g* is a Poisson map, i.e., if and only if 

($o ,0) : ( M , B M , 0 ) ^ ( « * , B v , 0 ) 

is a strong Dirac morphism, with EM = Gr^ and E9* — Gr^*. Using B to identify 
g* = g, and composing with the strong Dirac morphism (exp,tu), one obtains the 
strong Dirac morphism 

(*,*5*7): ( M , £ M , 0 ) ^ ( G , £ G , 7 7 ) , 

which in turn gives rise to a q-Hamiltonian q-Poisson g-manifold ( M , 8 M , TT, $)• The 

backward image FM C T M of F G under the Dirac morphism (<£, $ $ 1 3 7 ) is a Lagrangian 

complement to F M = Gr^. Let a: $ Q F 0 —• F M be defined by the Dirac morphism 

( $ O , 0 ) , and put 8 M ( £ ) = S o $QEO(£)- As explained in Section 3.5, F M is related 

the Lagrangian complement F M = TM by the section 8 M (^O£)- Hence, 7r = 7TQ + 

8 M ( $ u e ) . • 

5.5. 8*-valued moment maps. — Let X be any Lie group. An ordinary Hamilto
nian Poisson if-manifold is a triple ( M , 7r, $ ) where M is a if-manifold, 7r G 3 £ 2 ( M ) 
is an invariant Poisson structure, and $ : M —• 6* is a if-equivariant map satisfying 
the moment map condition, 

7Г»(с1<Ф10)=Йм(0-
The moment map condition is equivalent to $ being a Poisson map. The following 
result implies that V -valued moment maps can be viewed as special cases of G = 
V xi if-valued moment maps. Let g = V x t carry the invariant inner product given 
by the pairing. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2009 



192 A. ALEKSEEV, H. BURSZTYN & E. MEINRENKEN 

Proposition 5.25. — The inclusion map j : V t* x K = G is a strong Dirac mor
phism ( j , 0), as well as a backward Dirac morphism, relative to the Kirillov-Poisson 
structure on t* and the Cartan-Dirac structure on G. The backward image of FQ 
under this Dirac morphism is F$* = Tt*. The pure spinor IJJQ on G = t* xK satisfies 

f^G = 1. 

Proof. — The Cartan-Dirac structure EG is spanned by the sections e(w) for w = 

£ 0> while Et* is spanned by the sections e0(£) for £ E £. The first part of the 
Proposition will follow once we show that s0(/3, f) ~(J,o) S(P,€), i-e. 

(109) eo(0 ~o,o) e(/3,0> fo(/3) ~W fo) 

The vector field part of the first relation follows since the inclusion j : I* t* x K is 
equivariant for the conjugation action of G = t* x K. (Here, the l*-component of G 
acts trivially on £*, while the iiT-component acts by the co-adjoint action.) For the 1-
form part, we note that the pull-back of the Maurer-Cartan forms 8L,9R G fi1(G) <8>g 
to the subgroup 6* C G is the Maurer-Cartan form for additive group 6*, i.e. 

j*0L = f9R = e0 

where the 'tautological 1-form' 0O € f î 1 ^ * ) 0 t* is defined as in Section 3.5. Thus 

3*B 
Oa+OR 
G G 2 ( A O ) =5(^0, (/3,0) = {0o,0-

This verifies the first relation in (109); the second one is checked similarly. 
Since the adjoint action Ad: G —• 0(g) is trivial over F , the lift r : G —> Pin(g) C 

Cl(g) satisfies r|t* = 1. It follows that the pure spinor ^ = $,(q(jj,)) satisfies = 
1. • 

Corollary 5.26. — Let (M, n) be a Poisson manifold. Then $: M —> C* ¿5 a Poisson 
map if and only if the composition j o$: M -+ G is a strong Dirac morphism 

(joS.O): ( M , G r w > 0 ) - f (G,£; G , t , ) . 

Put differently, Hamiltonian Poisson X-manifolds are q-Hamiltonian q-Poisson t* x 
If-manifolds for which the moment map happens to take values in t*. 

As a special case, a Hamiltonian if-manifold (M, u;,3>) (with UJ a symplectic 2-
form, and $ satisfying the moment map condition ^ (SMCO)^ = is equivalent 
to a q-Hamiltonian G = t* x If-space for which the moment map takes values in 6*. 
Since j*ipG = 1? its q-Hamiltonian volume form coincides with the usual Liouville 
form (expw)[ t o p ] . 

6. i f *-valued moment maps 

For a Poisson Lie group if, J.-H. Lu [42] introduced another type of group-valued 
moment map, taking values in the dual Poisson Lie group if*. For a compact Lie 
group if, with its standard Poisson structure, this moment map theory turns out 
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to be equivalent to the usual £*-valued one. In this Section, we will re-examine this 
equivalence using the techniques developed in this paper. 

6.1. Review of if*-valued moment maps. — The theory of Poisson-Lie groups 
were introduced by Drinfeld in [23], see e.g. [18] for an overview and bibliography. 
Suppose i f is a connected Poisson Lie group, with Poisson structure defined by a 
Manin triple (g, t, £'). (That is, g is a Lie algebra with an invariant split inner product, 
and $,tf are complementary Lagrangian subalgebras.) Use the paring to identify 
V = £*, and let if* be the associated dual Poisson Lie group. We assume that g 
integrates to a Lie group G (the double) such that if, if* are subgroups and the 
product map i f x if* —> G is a diffeomorphism. The left action of i f on G descends 
to a dressing action $K* on if* (viewed as a homogeneous space G/K). The Poisson 
structure on if*, or equivalently its graph EK* = Gr^* C Tif*, may be expressed 
in terms of the infinitesimal dressing action, as the span of sections 

Ek*($) = Qk*(£) O <OR,£> 

for £ G I. Here 0j£. G Slx(K*) (g> I* is the right-invariant Maurer-Cartan form for if*. 
Note that as a Lie algebroid, EK* is just the action algebroid. 

For the remainder of this Section 6, we will assume that i f is a compact real Lie 
group. The standard Poisson structure on i f is described as follows. Let G = i f c be 
the complexification, with Lie algebra g, and let 

g = * © a © n , G = KAN 

be the Iwasawa decompositions. Here a = >/—ït/r, A = exp a and N = iV+ (using 
the notation from Section 3.6). We denote by BK an invariant inner product on Ï, 
and let (•, •) be the imaginary part of 2B^. Then (g, É, a 0 n) (where g is viewed as a 
real Lie algebra) is a Manin triple. Thus i f becomes a Poisson Lie group, with dual 
Poisson Lie group if* = AN. 

A if*-valued Hamiltonian t-manifold, as defined by Lu [42], is a symplec
tic manifold (M,UJ) together with a Poisson map M —> if*. Equivalently, 
($ ,o ; ) : (M,TM,0) —> (K*,EK*,0) is a strong Dirac morphism. The Poisson map 
$ induces a Î-action on M, and if this action integrates to an action of i f we speak 
of a if*-valued Hamiltonian if-manifold. An interesting feature is that UJ is not 
if-invariant, in general: Instead, the action map i f x M —> M is a Poisson map. Ac
cordingly, the volume form (expu;)[ t o pl is not if-invariant. However, let $A: M —y A 
be the composition of $ with projection if* = AN —• A, and ($A)2P: M —• R > 0 its 
image under the homomorphism T —• C x , t i—> t2p defined by the sum of positive 
roots. By [7, Theorem 5.1], the product 

(110) {ФАУР expu;)[ t o p] 

is a if-invariant volume form. The proof in [7] uses a tricky argument; one of the 
goals of this Section is to give a more conceptual explanation. 
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6.2. P-valued moment maps.— To explain the origin of the volume form (110), 
we will use the notion of a P-valued moment map introduced in [3, Section 10]. Let 
g »-» gc denote the complex conjugation map on G, and let 

J ( 0 ) = f l t = ( f l - l )c . 

On the Lie algebra level, let £ H-> £ c denote conjugation, and = - £ c . We have 
K = {g € G\ g* = g'1}. Let 

P = {919\ geG} 

denote the subset of 'positive definite' elements in G. Then P is a submanifold fixed 
under J, and the product map defines the Cartan decomposition G = KP. Let EG 
be the (holomorphic) Dirac structure on G defined by the inner product 

B := 1 
V-1 

DC 

Since (0 L ) t = I*0R, (0Ry = I*0L, the Cartan 3-form on G satisfies satisfies vf = /*//, 
thus rjp := tpT] is real-valued. Similarly, the pull-backs of the 1-forms B(e +e ,£) for 

f G ! are real-valued. It follows that the sections 

ep(0 := e(0|p 

are real-valued. Letting Ep C TP be the subbundle spanned by these sections, 
it follows that (P,Ep,7]p) is a real Dirac manifold, with (Ep)c = EG\P- AS a Lie 
algebroid, i£p is just the action algebroid for the if-action on P. Similarly, the sections 
fp(0 : = f (0 | p a r e real-valued, defining a complement Fp to Ep. The bundle Fp is 
defined by the (real-valued) pure spinor, ipp := tpi^G € fi(P). 

Remark 6.1. — Since det(Ad p +1) > 0 for g e P (all eigenvalues of Adg are strictly 
positive), one finds that ker(i£p) = { 0 } . Hence Ep is the graph of a bivector np with 

|[7Tp,7rp] = ^(np). 

A P-valued Hamiltonian t-manifold [3, Section 10] is a manifold M together with 
a strong Dirac morphism (3>i, uj\): (M, TM, 0) —» (P, E'p, rjp). For any such space we 
obtain, as for the q-Hamiltonian setting, an invariant volume form 

(111) (exp(u;i) A $ * ^ P ) [ t o p ] . 

Here i\)p may be replaced by i/jp, the pull-back of the Gauss-Dirac spinor. ( 5) By 

Proposition 5.19, the expression expu;i A $£(A;\ -0p) is closed under the differential 

d — 2TTL((&M(^ + p)))> for any dominant weight A. 

(5) In Section 5.3, B was taken as the complexification of BK, while here we have an extra factor 
\/—1. This amounts to a simple rescaling of the bilinear form B^, not affecting any of the results. 
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6.3. Equivalence between if*-valued and P-valued moment maps. — To 
relate the K"-valued theory with the P-valued theory, we use the if-equivariant dif-
feomorphism 

K: K* -> P, g I • gig. 

Note that this map takes values in the big Gauss cell, 9 = N-.KN c G. Let WQ 
denote the (complex) 2-form on the big Gauss cell, and WK* = K*OJQ> It is easy to 
check that WK* is real-valued. One can check that 

eK*(£) - (k,wk*) ep(£) 

for all £ G I: The vector field part of this relation is equivalent to the Ç-equivariance, 
while the 1-form part is verified in [3, Section 10]. It follows that (K,ZDK*) is a Dirac 
isomorphism from (K*, EK*, 0) onto (P,Ep,rjp). 

Thus, if (M,OJ,$) is a if*-valued Hamiltonian ^-manifold, then (M,c j i ,$ i ) with 

UJ1 = UJ + $*VDK* and $ i = K,O$ is a P-valued Hamiltonian ^-manifold. In particular, 
we obtain an invariant volume form on M, 

(exp(u; + $*wK*) A $*K,*xjjP) 
[top] 

Using the explicit formula (Proposition 4.14) for the Gauss-Dirac spinor, we obtain 

K*TYP — a 2 p exp(—WK*)I 

where a: K* —» A is projection to the A-factor. Hence, 

exp(u; + $*wK*) A $*/s*i/>p = ($A)2p exp(w), 

identifying the volume form for the associated P-valued space with the volume form 
(110). 

Proposition 6.2. — For any K*-valued Hamiltonian t-space (M, OJ,$), the volume 
form ($ A ) 2 p ( expa ; ) f t o p ] is ï-invariant. Moreover, for all dominant weights X the dif
ferential form 

(QA)2(A+p) exp(w) 

closed under the differential d— 27T(SM(E^K(X + p)). 

Proof. — Invariance follows from the identification with the volume form for the 
associated P-valued space. The second claim follows from Proposition 5.19, since the 
function A\ from Section 4.5 satisfies K*A\ = a2X. • 

The differential equation permits a computation of the integrals 

J M ( ^ A ) 2 ( A + ^ ( e x p ( o ; ) ) t t o p ] by localization [12] to the zeroes of the vector field 

£?M (BK(X + p)), similar to the formula in 5.3. 
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6.4. Equivalence between P-valued and F-valued moment maps. — Finally, 
let us express the correspondence [3, Section 10] between P-valued moment maps 
and t*-valued moment maps in terms of Dirac morphisms. The exponential map for 
G = Kc restricts to a diffeomorphism 

expp : p := \T—VT —> P := E X P ( \ F ^ L T ) . 

Let W G be the primitive of exp* RJ defined in (58), and WP its pull-back to p. 
Since RJP is real-valued, so is MP, and DWP = (EXP\P)*RFP. Similarly, JP := J\P > 0. 
The formulas for WP and JP are similar to those for the Lie algebra £, but with 
sinh functions replaced by sin functions. Use B$ = Y/^LB^K to identify t* = p. By 
Proposition 3.12, 

eo(í) ~(ехР11>ш„) ер (О, £ E t 

Hence (expp,^7p) is a Dirac (iso)morphism from (£*,£**,0) to (P,EP,RJP). This 
sets up a 1-1 correspondence between P-valued and t*-valued Hamiltonian ^-spaces. 
Thinking of the latter as given by strong Dirac morphisms ($o>k>o) to (£*,£**, 0), the 
correspondence reads 

(*i ,o; i) = (expp,cc7p) o ( $ 0 , ^ o ) -

The volume forms are related by (exp(wi) A $ ^ p ) [ t o p ] = JP/2 exp(u; 0 )
[ t o p ] . 
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