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POLAR PENCIL OF CURVES AND FOLIATIONS

by

Nuria Corral

Abstract. — The polar pencil Ar of a singular foliation F is the pencil of curves
formed by the polar curves of . We study the relationship between the behaviour
of Ar under blowing-up and the invariants associated to . The main result here
describes a resolution of singularities of Az in terms of the equireduction invariants
of F, for a Zariski-general foliation F.

Résumé (Pinceau polaire de courbes et feuilletages). — Le pinceau polaire A d’un feuille-
tage singulier F est le pinceau de courbes composé par les courbes polaires de F. Nous
allons étudier la relation entre le comportement de Ax par éclatement et les inva-
riants associés a F. Le résultat principal ici donne une description d’une résolution
de singularités de Ar en termes des invariants d’équiréduction de F lorsque F est un
feuilletage général de Zariski.

1. Introduction

Let A, B be two germs of holomorphic functions at (C?,0) with no common com-
ponent and consider the pencil of curves A = {aA+bB =0 : a,be C}. Classically,
these pencils of curves have been studied in relation to the reduction of singularities of
A =0 and B = 0 (see for instance [14, 4, 8]). Here we propose a different approach:
we consider A as the polar pencil Ar associated to a singular foliation F defined by
the 1-form w = A(z,y)dz + B(z,y)dy. Our objective is to describe properties of Ax
in terms of the invariants associated to F.

Let G, be the Gauss map associated to F which is given by

Go: (C%,00N{0} — Pg
(m’y) L— [—B(x,y):A(x,y)].
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162 NURIA CORRAL

A curve T[54 of Ar is the closure in (C?,0) of the fiber G5 ([a : b]) for [a : b] € P{.
There is a maximal non-empty Zariski open set of 2 C P{ such that all the curves
[(q:) With [a : b] € Q are equisingular: they are the generic curves of Ar.

Let o : X — (C2,0) be a finite sequence of punctual blow-ups. We say that ¢ is an
elimination of indeterminations of G, (or a resolution of singularities of Ax) iff the
map Qw =G,00: X — ]P’(}: is well-defined. Such o gives an embedded reduction of
singularities of the union I' UT” of two different generic fibers, then ¢ is a resolution
of singularities of Ax (see [14]).

An irreducible component D of ¢~1(0) is called dicritical if the restriction G, |p :
D — P is not constant. The degree of a dicritical component D is the degree of the
map g],| p:D— ]P’(%:; this number coincides with the number of intersection points
between D and the strict transform ¢*I" of " by o, for any generic fiber I'.

The curves of the polar pencil Ax can also be seen as the separatrices of a singular
foliation: the polar foliation Px defined by d(A/B) = 0. The minimal resolution
op : X — (C2%,0) of Ar gives a partial reduction [12] of P in the sense that the
minimal reduction of singularities mp : X — (C2,0) of Pr factorizes as mp = op 0 T,
where 7 : X — X is a finite sequence of punctual blow-ups which are non-dicritical
for P]:.

Let C C (C?,0) be a plane curve. We shall work in the space of foliations G¢
of non-dicritical generalized curves over C (see [2]). It is known that the minimal
reduction of singularities 7o : Mg — (C2,0) of C gives a reduction of singularities of
any F € G¢. But in general m¢ does not give a desingularization of a generic fiber T’
of Ax. This occurs essentially in the case that C has a kind equisingularity type and
F is Zariski-general (in the sense of the exponents of the logarithmic model) as we
have shown in [6, 7].

Take F € G¢ and let op,c : Mp,c — (C?,0) be the minimal reduction of singular-
ities of A = Ax that factorizes through 7. The main result of this paper provides
a precise description of o ¢ for kind singularities and Zariski-general foliations. Let
us state it.

Let G(C) be the dual graph of C oriented by the first divisor E;. For each divisor
E, let m(FE) be the multiplicity of any E-“curvette” and v(E) be the coincidence of
two E-curvettes. Denote by bg the number of edges and arrows which leave from FE.
Thus FE is a bifurcation divisor if bg > 2 and a terminal divisor if by = 0. A dead arc
joins a bifurcation divisor with a terminal divisor, with no other bifurcations. We say
that the equisingularity type €(C) of C is kind if m(Ey) = 2m(Ey), for each dead arc
of G(C) starting at Ep and ending at F;.

The main result here can be stated as

Theorem 1. — Let C C (C2%,0) be a plane curve with kind equisingularity type. Con-
sider a Zariski-general foliation F € G¢, and take any generic curve I' of Ar. Then
oa,c is obtained from o by blowing-up ag times in a free way ot each point nfI'NE
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POLAR PENCIL OF CURVES AND FOLIATIONS 163

with
1) _ { m(E)(v(E) — 1), if E is a bifurcation divisor;

m(E)(v(E) —1) — 1, if E is the terminal divisor of a dead arc,

for each irreducible component E of 7r51(0). Moreover, the first divisor Fy is dicritical
for Ax if and only if bg, > 1, and the degree of E1 as a dicritical component of Ar is
equal to bg, — 1. The degree of the other dicritical components of Ar is equal to one.

Observe that, under the hypothesis of theorem above, the points of the set 7&I' N
75 (0) belong either to a bifurcation divisor or to the terminal divisor of a dead
arc ([6]). Moreover, the points of 75 N 75" (0) are non-singular points of 7% F and
eI cuts transversally 71'51(0). Consequently op ¢ = m¢ o 01 where o7 is obtained
by blowing-up free infinitely near points of n.T', i.e., the centers of the blow-ups to
obtain o, are not corners of the corresponding exceptional divisor. Hence o, ¢ is
obtained from 7¢ by “blowing-up in a free way” as it is stated in the theorem above.

The paper is organized as follows. Section 2 is devoted to introduce notations
relative to the dual graph and the equisingularity data of a plane curve. In section 3
we remind some results concerning the generic fiber of the polar pencil and we also
prove some technical lemmas. Section 4 deals with the base points of the pencil Agz.
In section 5 we state some results describing the dicritical components of a resolution
of Ar. The proof of the main result is given in section 6. We finish the paper with a
list of examples showing different behaviours in the non Zariski-general cases.

2. Notations

In this section we introduce some notations concerning the dual graph and the
equisingularity data of a plane curve C = U7_,C; C (C?,0) that will be used from now
on. For each irreducible component C; of C, denote by n* = mg(C;) the multiplicity of
C; at the origin. Let y'(z) = Yo j>ni a?xj/"i be a Puiseux series of C;, fori =1,...,r.
The characteristic exponents {85, 81, .., B;,} of C; are given by

By = mo(C;) = n'
By=min{j : a}#0and j#0 mod (ged(6s,.--,B-1))}
for g =1,...,g;, where g; is the first integer such that ged(6, . . ., 8;,) = 1. An equiv-

alent data to the characteristic exponents of C; are the Puiseuz pairs {(mk,n%)}:
of C; defined by

B _ _mi

nz_n’i«—n';c fOI‘ k=1,...,gi.

ged(mi,ni) =1 and

In particular, we have that n’ =n}---n} and B, =mjn} ,---n} fork=1,...,g.
Let us denote by m¢ : Mg — (CZ%,0) the minimal reduction of singularities of
C. We recall briefly the construction of the dual graph G(C) = G(n¢) of C. Each
irreducible component E of 7' (0) is represented by a vertex in G(C). Two vertices

SOCIETE MATHEMATIQUE DE FRANCE 2009



164 NURIA CORRAL

are joined by an edge if their associated divisors intersect. An irreducible component
of C is represented by an arrow attached to the only divisor that it meets. The dual
graph weighted with the self-intersection of each divisor F C M determines the
equisingularity type €(C) of the curve C.

It is also possible to construct in a similar way the dual graph of a resolution of
singularities of a pencil or a dicritical foliation by marking the dicritical components.
If o is any finite sequence of blow-ups, we denote by G(o,A) the graph constructed
from the transform of a pencil A by o.

Denote by E; the irreducible component of 71'51(0) obtained after blowing-up the
origin. The dual graph G(C) is oriented by the first divisor E;. The geodesic of a
divisor E is the path which joins E; with E and the geodesic of a curve C; is the
geodesic of the divisor that meets the strict transform 7} C; of C;. Thus, there is
a partial order in the set of vertices of G(C) given by E < E’ if, and only if, the
geodesic of E’ goes through E. Given a divisor E of G(C), we denote by g the set
of indices ¢ € {1,...,r} such that E belongs to the geodesic of C;.

A curvette 4 of a divisor E is a non-singular curve transversal to E at a non-
singular point of 7r51 (0). The projection v = m¢(¥) is a germ of plane curve in (C2,0)
and v is called an E-curvette. We denote by m(FE) the multiplicity at the origin
of any E-curvette and by v(E) the coincidence C(vg,vg) of two E-curvettes vg, Vg
which cut F in different points; observe that v(F) < v(E’) if E < E’. Recall that the
coincidence C(v,d) between two irreducible curves v and J is defined as

Cr,8) = sup {ords(y](2) = ¥j(@)}

1<i<mo(y
1<j<mg(%)

where {y; (w)}g’l("), {y}s (x)}Tz"l(é) are the Puiseux series of v and § respectively.
Denote by bg the number of edges and arrows which leave from a divisor E in
G(C). We say that E is a bifurcation divisor if bg > 2 and a terminal divisor if
bg = 0. A dead arc is a path which joins a bifurcation divisor with a terminal one,
without passing through other bifurcation divisors. We denote by B(C) the set of
bifurcation vertices of G(C).
Let E be an irreducible component of the exceptional divisor 7751 (0). The reduction

7g : Mp — (C2,0) of mc to E is the morphism satisfying that
— there is a factorization 7¢ = 7z o mg where 7 and mg are composition of
punctual blow-ups;
— the divisor E is the strict transform by 7 of an irreducible component E,.q of
75 (0) and E,.q C Mg is the only component of 75" (0) with self-intersection
equal to —1.

The morphism 7g is obtained from ¢ by blowing-down successively the divisors
different from E with self-intersection is equal to —1. Given any curvette 4g of E,
the curve 75 (7g) is also a curvette of E,eq C Mg. Let {8F,BF,..., f(E)} be the
characteristic exponents of yg = mc(jg). It is clear that m(E) = mo(yg) = 8. If
E is a bifurcation divisor of G(C), there are two possibilities for the value v(E):
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POLAR PENCIL OF CURVES AND FOLIATIONS 165

1. either mg is the minimal reduction of singularities of yg and then v(E) =
,Bf( B/ BE. We say that E is a Puiseuz divisor for m¢.

2. or g is obtained by blowing-up ¢ > 1 times after the minimal reduction of
singularities of yg and in this situation v(E) = (ﬂgE( m 9/ BE. We say that E
is a contact divisor for mc.

Observe that m(E) = m(E,.q) and v(E) = v(Ereq). Moreover, a bifurcation divisor
E can belong to a dead arc only if it is a Puiseux divisor.

Consider a bifurcation divisor E of G(C) and let {(m¥ nF),(m& nd),...,
(ng( E)» nf( E))} be the Puiseux pairs of an E-curvette vg, we denote

ng(g), if E is a Puiseux divisor;
ng = .
1, otherwise,

and ny = m(EF)/ng. Observe that, if E is a bifurcation divisor which belongs to a
dead arc with terminal divisor F, then m(F) = ng. We define kg to be

ke = g(E) — 1, if E is a Puiseux divisor;
o g9(E), if E is a contact divisor.

Thus, we have that ng =nf ---nf .

To finish this section, we recall a lemma which gives the relationship between the
intersection multiplicity (v, d)o and the coincidence C(v, §) (see Zariski [15], prop. 6.1
or Merle [11], prop. 2.4):

Lemma 2. — Let v and § be two germs of irreducible plane curves of (C2,0). If
{Bo,B1,-..,B4} are the characteristic exponents of v and « is a rational number such
that By < o < Bg+1 (Bg+1 = 00), then the following statements are equivalent:

1. C(7,8) = mL(,y)
(7,60 _ Bq + a— B,

2. =
mo(é) nl...nq_l nl...nq

where {(m;,n;)}_, are the Puiseuz pairs of v (ng = 1) and {Bo,B1,-..,0,} is a
minimal system of generators of the semigroup S(v) of 7.

Recall that the semigroup S(v) of v is defined as
S(y) = {(7,9)0 : v is not an irreducible component of §}.

There is a minimal system of generators {fo, B1,...,B8,} of S(7) whose elements are
defined by

(2 Bo=Bo=mo(y), Br=p1, Bi=n1fi-1+Bi—Pi-1, for =2,...,g,
where {80, 81, . .., B4} are the characteristic exponents of -y (see [1] or [16]). It is clear

that S(v) is determined by the equisingularity type of v and reciprocally.
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166 NURIA CORRAL

3. Generic curves of the pencil

This section is devoted to describe some properties of a generic curve of the polar
pencil Ar of a singular foliation F. The reader may refer to [5, 7] for a more detailed
description.

Consider a plane curve C = Ul_,C; C (C?,0). Let f = f1---f, be a reduced
equation of C and mc : Mg — (C2,0) be the minimal reduction of singularities of
C. Denote by G¢ the space of generalized curve foliations [2] having C as curve of
separatrices. Let G, be the sub-space of G¢ defined as follows: a foliation F is in G§,
iff the logarithmic model £, of F avoids a finite set of resonances R.cy C (Zx0)".
More precisely, each foliation F € G¢ has a unique logarithmic model £y given by
fuo Fe o Nidfi/fi = 0 with X = MF) = (A1,...,\) € PL! (see [5]). The
logarithmic foliation £, has the same reduction of singularities as F and the same
Camacho-Sad indices [3] at the final points of the reduction. Thus, a foliation F
belongs to G¢ iff Y i_; kX # O for each k = (k1,...,k;) € Rec) where Rec) C
(Z>o)" is a finite set which depends only on the equisingularity type €(C) of C (see
[5, 7] for a detailed construction of it).

Remark 3. — Note that a foliation F avoids the resonances of the set R if and
only if there is no corner in the reduction of singularities of p*F with Camacho-Sad
equal to —1, where p : (C2,0) — (C2,0) is any ramification transversal to C such that
p~1C has only non-singular irreducible components (see [5]).

Consider a generic fiber I of the pencil Ax. A first result describing some properties
of the equisingularity type €(I') of I" in terms of the equisingularity type €(C) of C is
the following one:

Theorem 4 (of decomposition [10, 11,9, 5]). — Consider a foliation F € G and a
generic curve I' of Ax. There is a decomposition I' = UEeg(c)FE such that:

(i) mo(TF) = { ngng(bp — 1), if E do.es not belong to a dead arc;
ngng(bg —1) —ng, otherwise.
(i) For each irreducible component v of I'® we have that
e C(C;,v) = v(E) if E belongs to the geodesic of C;;
o C(Cj,7) =C(Cj,C;) if E belongs to the geodesic of C; but not to the one
Of C]

It is clear that the result above does not determine ¢(T"). However, there is a Zariski-
open set Uc C PZ! such that €(T') is completely determined by €(C) if A(F) €
Uc. The set Uc depends on the analytic type of C and it is a non-empty set if,
and only if, the curve C has a kind equisingularity type. We say that a curve C
has kind equisingularity type if m(E,) = 2m(E;) for each dead arc of G(C) with
bifurcation divisor E, and terminal divisor E;. Using the notations introduced in
section 2, the curve C has a kind equisingularity type if and only if ng, = 2 for each
bifurcation divisor Ej, of G(C) which belongs to a dead arc since m(Ep) = ng, m(E;).
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POLAR PENCIL OF CURVES AND FOLIATIONS 167

In particular, this implies that each dead arc in G(C) has only two vertices: the
bifurcation divisor and the terminal divisor.

A foliation F is called Zariski-general when A(F) € Uc and in this case €(T") is
described as follows:

Theorem 5. — [6, 7| Let C be a curve with kind equisingularity type and consider a
Zariski-general foliation F € G¢. IfT is a generic curve of the pencil Ar, then mc
gives a reduction of singularities of I' U C. Moreover, the branches of T intersect an
irreducible component E of the exceptional divisor wal(O) as follows:

— If E is a bifurcation divisor of G(C), the number of branches of I' cutting E
equals to by — 2 if E belongs to a dead arc and to bg — 1 otherwise.

— If E is a terminal divisor of a dead arc of G(C), there is ezxactly one branch of
T’ through E.

— Otherwise, no branches of I' intersect E.

In particular, the characteristic exponents of the branches of I' can be completely
determined in terms of the equisingularity data of C. Denote by {8, 5%, ..., ,B;i} the
characteristic exponents of an irreducible component C; of C. Given a bifurcation
divisor E of G(C), let I}, be the set of indices i € Ir such that v(E) = 8;_,,/6;
note that if ¢ € Iy \ I}, then there exists j € Ig such that v(E) = C(C;, C;). Hence,
if F is a contact divisor I, = &. Moreover, if C' has a kind equisingularity type and
E is a bifurcation divisor belonging to a dear arc of G(C), then the corresponding
Puiseux pair (mj, ,,,n}, ;) satisfies nj_,, =2 for each i € Iy = Ij,.

Lemma 6. — [7] Consider a curve C with kind equisingularity type and a Zariski
general foliation F € Gf. Let I' be a generic curve of Ax with decomposition I' =
Upenc)L'E. Then, for each E € B(C), we have that

(i) If E is a contact divisor, the curve I'? has bg — 1 irreducible components. Each

branch v of T'P with characteristic ezponents {vy,v7],... VR, } given by
V(’)Y = mO(’Y) =ng, V;Y = ﬂEﬁ;/ﬁ(z)’ l= 1,27' . 'akEv
for any i € Ig.

(i) If E is a Puiseuz divisor which belongs to a dead arc, the curve T'F has one
wrreducible component yo with characteristic exponents {vy°,v{°, ... ,I/Z;} given
by

Vgo=m0(70)=n_E) V;YO:EEIBIZ/IB(’:L)’ l:1727"'7kEa
and bg — 2 irreducible components such that each branch ( C TF < vy has
characteristic ezponents {vg,vy,..., v v} ..} given by

l/g = mo(’Y) =Ngng, Vl’y =EEnE5Z/ﬂ87 l= 1727"'7kE + 17

for any i € Iy,
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168 NURIA CORRAL

(iii) If E is a Puiseuz divisor which does not belong to a dead arc, then TF hasbp—1
irreducible components. Each irreducible component v of I'® with characteristic
exponents {vg,vy,..., vl v} .} given by

vy = mo(Y) = ngng, v) =ngnefi/Bs, 1=1,2,....kg+1,
for any i € Iy,.

The last part of the section is devoted to prove some technical lemmas which
will be useful in the sequel. The first one is a general result concerning intersection
multiplicities of polar curves:

Lemma 7. — Consider a foliation F € G¢ and let T, TV be any two generic curves of
Ax. For any irreducible component v of I', we have that
(3) T, 7)o +mo(7) = (C,7)o-

Proof. — Consider a 1-form w = A(z,y)dz + B(z,y)dy which defines F and assume
that T' = T[4}, I = g, Take an irreducible component v of I',.;) and let
é4(t) = (z4(t),y,(t)) be a parametrization of . Since F is a generalized curve
foliation, then

(C,7)o = orde(¢jw) + 1
(see [13], lemma 3.7). The intersection multiplicity (I'(a’.:,Y)o is given by
(Tap), 7)o = ordi{a’A(¢4 (1)) + b'B(8,(1))}-
Moreover, since v is an irreducible component of I'(4.;), then aA(¢,(t)) +bB(¢,(t)) =
0. Assume that a # 0, a similar argument holds if b # 0. In this case, we have that

either ord;(A(¢(t))) = ord¢(B(¢~(t))) when b # 0 or A(¢,(t)) = 0 otherwise. In
both situations, the following equalities to compute ord;(¢;w) hold:

ord;(¢w) = ordi{A(¢4(t)) &+ (t) + B(¢4(t)) 4y (t)}
ord, {2 B4, (1)) #(8) + B(6,(0) (1)}
ord (B(¢4(t))) + orde(—bi+ (t) + ayy(t))
= ordy(a' A(, (£)) + V'B($,(1))) + (3, bz + ay = 0)o — 1
= (F[a’:b’]77)0 + ('77 e[a:b])O -1,
where £[q) is the line given by —bz + ay = 0. In particular, this implies that the

formula (3) holds for all [a : b] such that £[,. is not tangent to I'\4.4) which is the case
when T'[4.3) is a generic curve of Ar. O

Let us introduce some notations in order to simplify the proofs of the following
lemmas. Given a bifurcation divisor E of G(C), we denote

bg if FE is a contact divisor;
db =14 1, if E is a Puiseux divisor which does not belong to a dead arc;

0, otherwise,
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and
2= 0, if E is a contact divisor;
bg — 1, otherwise.

Hence, if T' is a generic curve of Ay with decomposition I' = Ug¢ B(C)FE , then
mo(TF) = ng(dy + d4ne — 1).

Lemma 8. — Consider a foliation F € G¢, and a generic curve I' = Uge B(C)FE of
Ax. Then, for each bifurcation divisor E of G(C), we have that
(4) mo(|J Co) —=mo( |J TF) = np(d + nedp).

ielp E'>E

Proof. — Let £g be the size of the largest chain of divisors in B(C) starting at E.
We prove the lemma by induction on £g. If g = 1, then F is a maximal bifurcation
divisor of G(C). In this case, the equality (4) turns into

mo(UserzCi) = ng(dp + npdy)

and it can be directly deduced from the properties of G(C). Assume now that {g > 1
and let Eq,...,E, be the bifurcation vertices of G(C) which are consecutive to E,
that is, F < E; without any other bifurcation divisor between E and E;. Put Jg =
Ig N\ Ui_,Ip, and t = §Jg. Note that t + s = d};, + d%. Then we have the following
equalities

mo(|J C:) —mo( r¥) =

i€l E'>E
JEJE JElE; i=1 E'>E;
=Y mo(Ci) +Z I-mo (U ¢)-mo( |J TF) ] -imo(r&).
i€Jp |_ jels, E'>E; J i=1
For each i = 1,...,s, we have that mo(Ujer,,Cj) — mo(Ugrsg,TF') = ng, (dg, +

d%,ng,) by the induction hypothesis and mo(I'%:) = ny, (d;, + d, ng, — 1) by theo-
rem 4. Hence, we deduce that

o(lJ C)—mo(J TF) =) m0(Cj)+ZEEi-

i€lp E'>E jeJe
Now three situations may happen:
— If E is a contact divisor, then ng = 1, ng, = ng fori =1,...,s and mo(C;) =
ng, for j € Jg. Moreover, d%4 =0 and t + s = d},.
— If E is a Puiseux divisor which belongs to a dead arc, then np = ngng with
ng > 1 for each i = 1,...,s and mo(C;) = ngng for j € Jg. In this case,
di; =0and t+s=d%.
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170 NURIA CORRAL

— If E is a Puiseux divisor without dead arc, then dj, = 1 and t + s — 1 = d%.
Moreover ng > 1 and there is:
e either a divisor E;,, with ig € {1,..., s}, such that ng, =ngandng =
ngng for i # ig; in this situation my(C;) = ngng for all j € Jg.
e or a curve Cj, with jo € Jg such that mo(Cj,) = ng and mo(C;) = ngng
if j # jo; in this case ny, = ngng foralli € {1,...,s}.

It follows that 3¢ ;. mo(Cj)+ Y i—) ng, = ng(dp+ding) and the result is straight-
forward. 0

Take a bifurcation divisor E of G(C). Let F; < Fy < --- < Fp, < Fj,41 = FE be
the bifurcation vertices in the geodesic of £ in G(C) and denote B; = {E’ € B(C) :
E' > F;}. Then we have the following result

Lemma 9. — Consider a foliation F € G¢, and let I', T be two generic curves of Ar
with decompositions I' = UEGB(C)FE and T = UEGB(C)TE. Let vy be an irreducible
component of T C T'. Denote by {vd,vi,..., 1/;77} the characteristic exponents of v,
by {(m],n})}}2, the Puiseuz pairs of v and by {¥g,v],... s 7.} the minimal set of
generators of the semigroup of v. Then we have that

(5) fj[ Yo (Cumo— Y (TE’,v)o}zugE—ngEagE.

=1 iG]Fl \IFI+1 E'eBi\Bi;1

Proof. — By the properties of the decomposition of a generic curve of A given in
theorem 4, we have that:

° C(CZ,’)’) — ’U(F'l) ifi e Ipl AN IFt+1;

e C(CE',v) = v(F) if ¢E is an irreducible component of TZ* with E’ € By~ Bjy1.

For each I € {1,...,m}, let t(I) be the integer in {0,1,...,g,} such that

V;Y(l) < mO('Y)U(-Fl) < V;Y([)+1

(vg,41 = +00). Note that t(I) < kg < gy for I = 1,...,m and t(m) = kg. We use
now the relationship between the coincidence and the intersection multiplicity given
in lemma 2 to compute (C;,v)o and (¢F',7)o. We have that

(Ci, 7)o _ 17;’(,) -n;’(l) +mo(u(Fi) VZ”) for i € Ip, \ I,
mo(C;) n - 'nz(l) , l o

and

€® 7)o _ ’7:(1) '"Z(z) + mo(y)v(Fi) — V;Y(l)

mo(CE’) n - nyg
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for each irreducible component (:E' of TF' with E' € B, ~ Bi+1, Consequently, we
obtain that

Z (027’7)0 - Z (TEIa’Y)O =

ieIFl\IFH-l E’eBl\BH,l
=Y 0 — )
ey | D M + mo(MV(FY) — vy
Yo mo@)= Y me(XF) [ :
ieIFl\IFl+1 EIGBI\BH_l 1 t(l)

By lemma 8, we have that
3" mo(Ci) = > mo(TF) = ng(dy, + dhng) — mo(T™) = ng,
i€lp, E'eBy
and hence it follows that
El
Z mo(Cs) — Z mo(T7) = Bp —BRy, = QFz(l —ng).
i€lp~Ir E'eB;~\Bi41
By definition ng, is given by
1, if Fy is a contact divisor;
n =
F n;y(l), if F} is a Puiseux divisor.

Moreover, mo(y)v(F}) = l/z(l) and np = ny---nyqy—y if Fy is a Puiseux divisor.
Therefore, we deduce that

if F} is a contact divisor;

, 0,
(Ciafy)o_ Z (TE ,7)0 = { _ . . . -
ieIF,ZIle B ehaBin 1- nz(l))uz(l), if F} is a Puiseux divisor.

To finish the proof we use the relationship between the characteristic exponents of 7
and the minimal system of generators of the semigroup S(y) given in equation (2).
The following computations complete the proof:

m ke
Z Z (Cis 7)o — Z (TE',fy)O} = Z(l —n))5}

=1 iEIFl\IFl+1 E'eB\Bi;1 j=1
kg—1 kg—1
— 57 Y 5 Y oYY =5 — ) Y T
=V T Ny Vg T 2 : Tl — o)) =] —mg o+ § : V4 —vj)
j=1 j=1
=57 Y Y=Y Y 5
Sl 2l N VA o A S e R A O

4. Base points of the polar pencil

Consider a morphism o : N — (C2,0) composition of a finite number of punctual
blow-ups. A point p € 0=1(0) is a base point of the pencil Af if p is an infinitely near
point of each generic curve of Ax. More precisely, p is a base point of Az if and only
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if, there is an irreducible component « of I' such that o*y N o~1(0) = {p}, for each
generic fiber ' of Ax.

A first property concerning the resolution of singularities of the polar foliation,
and hence of the polar pencil, is the property of “separation of the separatrices”
(see [12]). Let II be a morphism which is a partial reduction of Pr and also a
reduction of singularities of 7. We say that F satisfies the property of separation of
the separatrices if the geodesic in G(II) of any separatrix of F does not go through
a dicritical component of Px, except maybe E;. We proved [5] that the foliations in
G satisfy the property of separation of the separatrices. From this property we can
deduce the following result:

Lemma 10. — Consider a foliation F € G¢, and take any generic curve I' of Ar. If
E is a bifurcation divisor of G(C), E # Ei, then the points 7, I' N E are base points
of the polar pencil Ax.

Proof. — The result is a direct consequence of the property of separation of the
separatrices since E cannot be a dicritical component and hence the points of the set
w5 N E are base points of Ar. a

Remark 11. — Note that, if E; is a bifurcation divisor, the points w;I' N E; are not
base points of the polar pencil. In fact, if I' = I'[5.4], then the set 75l(g.) N Ey has
exactly bg, — 1 points which depend on [a : b] (see [7]).

Let oa,c : Mpac — (C2,0) be the minimal reduction of singularities of A that
factorizes by mc. The next result describes how to construct o, ¢ from 7¢.

Proposition 12. — Assume that C is a curve with kind equisingularity type and let F €
G be a Zariski-general foliation. There is a morphism o1 : MA c — Mc composition
of a finite number of punctual blow-ups such that op c = Tcoo,. Moreover, the centers
of the blow-ups to obtain o1 are not singular points of w,F.

Proof. — Let T',I" be two generic curves of Ar. If the morphism 7¢ is also a reduction
of singularities of I' U I, we take o7 : M¢ — M to be the identity map idp, on
Mc and hence op ¢ = m¢. Otherwise, let {Ri,...,Rs} be the points of the set
mel' N 7r51(0); observe that these points are not singular points of w,F since 7¢ is
a reduction of singularities of C UT'. By theorem 5, there is a unique irreducible
component +y; of I' such that 7%7; cuts transversally n;'(0) at R; for i = 1,...,s.
Moreover, a point R; belongs either to a bifurcation divisor of G(C') or to the terminal
divisor of a dead arc in G(C). There are three possible situations:
— If R; belongs to E;, then R; is not a base point of Ax by remark 11.
— If R; belongs to a bifurcation divisor E, E # E;, then R; is a base point of Ar
by lemma 10. Hence, there is a unique irreducible component «; of I'' such that
n&yi N E = {R;} by theorem 5.
— If R; belongs to the terminal divisor E of a dead arc, then there is a unique
irreducible component 7, of IV such that 75y, N E # &. In this case, the point
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R; can be either a base point or not. If it is a base point, then 75y N E =
&y N E = {R;}. Otherwise, 7&y; N E # {R;} and E is a dicritical component
for Ar.
Put X; = Mc and consider the morphism 7; : (X;41,Riv1) — (Xi, R;), for ¢ =
1,...,s, defined by
e 7; =1idx, if R; is not a base point of Ar;
e 7, is the minimal reduction of singularities of the strict transform of m§&y; Umgy;
by rpomp0---07;_1 when R; is a base point of Ar.
The morphism o7 : X;41 — Mg with 01 = 71 0 -+ o 75 fulfils the requirements of
the statement because m¢ o 07 is a reduction of singularities of I' UI’. Moreover, it
is clear by construction that 7¢ o o is the minimal resolution of Ax which factorizes
by mc; hence o c = T 001 : My ¢ — (C?,0) with My c = Xsy1. O

5. Dicritical components

In this section we give some characteristics of the dicritical components which
appear in a resolution of singularities of A . Note that the degree and the valence v(D)
of a dicritical component D do not depend on the choice of the resolution. Hence to
determine these values it is enough to consider the morphism o5 ¢ : My ¢ — (C?,0).
Next lemma gives the degree of the dicritical components

Lemma 13. — Consider a foliation F € G& and let o : X — (C?,0) be any resolution
of singularities of Ax. Then
1. The divisor Ey of G(C) is dicritical for Ax if and only if bg, > 2. Moreover, in
that case, the degree of E1 as a dicritical component of Ar is equal to bg, — 1.
2. If F is a Zariski-general foliation, each dicritical component D of 0=(0), D #
E1, has degree equal to 1.

Proof. — The first assertion is a direct consequence of remark 11. The second one
follows straightforward from the construction of the morphism o ¢ given in propo-
sition 12. O

Next result determines the valence v(D) of a dicritical component D of Az in terms
of the data in G(C). It is a key result in the proof of theorem 1.

Fheorem 14. — Let F € G}, be a Zariski-general foliation and let o : X — (C2,0) be
any resolution of singularities of the polar pencil Ax. Given any dicritical component
D of 071(0) and any D-curvette vy, we have that
(6) v(D) =2 sup {C(Ci,7)} - L.
1<i<lr
If T, T are two generic curves of Az, then v(D) is equal to C(yp,(p) where vp,{p

are irreducible components of I' and T respectively such that c*yp N D # & and
0*¢p N D # @. Moreover, if we denote by Ep the bifurcation divisor of G(C) such

SOCIETE MATHEMATIQUE DE FRANCE 2009



174 NURIA CORRAL

that p is a branch of the curve I'F? of the decomposition of I' (and also (p C TEP),
then sup;<;<,{C(Ci,yp)} = v(Ep). Consequently, equation (6) can be written as
follows

(7) v(D) = 2v(Ep) — 1.

Proof of theorem 14. — Consider two generic curves I', T of A with decompositions
given by I' = Ugep(c)I'F and T = Ugep(c)YE. Let D be a dicritical component of
o~1(0). If D is equal to the first divisor E; of G(C), then Ep = E; and equation (6)
is held. Assume now that D # E;. Let 7,( be irreducible components of I' and
T respectively, with c*yN D # @ and ¢*( N D # &; note that they are unique by
lemma 13 and mq(vy) = mo({). Let us compute (v, ()o. By lemma 7, we have that

T

(8) (22,70 + Y (X%, 70 +mo(y) = Y (Cis7)o-
E€B(C) i=1

The intersection multiplicity (Y®?,~)o can be computed using the decomposition of
TEp into irreducible components:

(9) (TED77)0 = (’y,C)O + Z (CI7 7)0

¢'crED
¢'#¢

From equalities (8) and (9) we deduce that (v, () is given by

T

100=3_(Cmo— D, (" Mo— D (TF,7)0—mo(v)

i=1 ¢'crED E€B(C)

¢'#¢ B#Ep
= > Como— Y, Mo+ D, Cumo— D, (Y570 —mo(y).
iGIED (/g‘;’zD i€leL E;EG;éBE(g)

Denote by F} < Fy < --- < F,;, < Fp,41 = Ep the bifurcation vertices in the geodesic
of Ep in G(C) and put B, = {E' € B(C) : E' > F;} fori=1,...,m. Thus we have
that

M <o= D (Civo— >, o= Y. (X7

= oo 550
e | ]

+3 Yo Cumo— Y (X Me| —mo().
i=1 |j€IFL \IFl+1 EeB ~\Bi+1 J

We shall use lemmas 8 and 9 to compute the right side of the equality above. Note
that
e C(C;,v) = v(Ep) for each i € Ig,,, by theorem 4.
e C(¢',7) = v(Ep) for each branch ¢’ of YZ, with E > Ep.
e C(¢',7) = v(Ep) for each branch ¢’ of TP, with ¢’ # ¢, by theorem 5, since F
is a Zariski-general foliation.
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Let {vg,v],...,v; } be the characteristic exponents of v, {(m], n})}J2, the Puiseux
pairs of v and {7y, 7],...,7] } the minimal set of generators of the semigroup S ()
of . From lemma 6, we deduce that v] < mo(y)v(Ep). Consequently, applying
lemmas 2 and 8, we get that

S Como— D, € Mo— Y, (XF 0=

el rcyEp E€B(C)
Fp ¢ ?/# E>Ep

vy ny +mo(v)v(Ep) — v

3 €)= 30 (1) —mo(x7 ¢ |
B vy g +mo(v)v(ED) — vy

We use now the equality above and the result given in lemma 9 to compute (v, {)o.
We obtain that

71 n) + Ep) — )
(1:0)0 = (g, +mo(@) 2B OIED Y g, i, ~ mala)

To finish the computation of (v,{)o we consider the different possibilities for the
bifurcation divisor Ep and we use the expression of the characteristic exponents of
the irreducible components of the generic curves of Ax given in lemma 6.

— If E is a contact divisor, then mo(y) = mo(¢) = ng, = ny - ng with g, =
kg,. Then

(v, Qo = 2[7g n) +mo(y)v(ED) — vy | +vg — ) ng —mo(y)

= 2mo(7)v(Ep) + 75 ny — vy —mo(7).

Moreover, by lemma 2, the relationship between (v, {)o and C(v,()o is given by
(7,¢)o = 7§ ng +mo(7)C(7,() — vg, . Taking into account that C(v,() = v(D),
we conclude that

v(D) = 2v(Ep) — 1.

— Assume now that FEp is a Puiseux divisor which belongs to a dead arc. By
lemma 6, the multiplicity mo(7y) can be either ng  or np ng, with ng, > 1.
If mo(y) = ng, , the same computations as in the previous case give the result.
Consider now the case mo(y) = ng,ne,. Thus we have that mo(y)v(Ep) =
vy, 9y = kgp + 1 and ng, =nJ . Hence we get that

Y nY

vln
(1,Q)o = [ng, + QEDnED]ﬁ + V;—l - ’731—1"37—1 —mo(7)
—L&p
=(1+ 7197)17;’7 + 1/;*7 - 17_(77 —mgo(y) = 713717;7 + ng — mo(7).
By lemma 2, we have that (v, ()0 = 7). nj +mo(7)C(7,¢) —v]. . We obtain that
vy
C(7,¢) =2—2 —1=20(Ep) —1.
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— If Ep is a Puiseux divisor which does not belong to a dead arc, then
mo(v)v(Ep) = V], gy = kg, + 1 and ng, = nj . Hence the computa-
tions in the previous case give the result. O

6. Resolution of singularities

In this section we give the proof of the main result of the paper and some conse-
quences than can be deduced from it.

Proof of theorem 1. — In proposition 12 we have shown that o ¢ is obtained from
wc by a finite number of punctual blow-ups with centers at non-singular points of
m&F. Recall that oy ¢ = m¢ o 01, where o7 is obtained by blowing-up following
the infinitely near points of the irreducible components of a generic curve I' of Ar.
Moreover, since w5 I' is non-singular, then the centers of the blow-ups to get o, are
free infinitely near points of I'.
Let {Ri,...,Rs} be the points of the set 7' N 75'(0). By theorem 5, there
is a unique irreducible component ; of I' such that w5y, cuts transversally 7'('51(0)
at R; for i = 1,...,s. Let D; be the dicritical component of a;}c(O) such that
ox.cViND; # & and denote by Eg, the irreducible component of 751 (0) such that
&Y N ERr, = {R;}. Note that it is possible that Er, = ERg; for i # j. Moreover, ER,
is either a bifurcation divisor of G(C) or the terminal divisor of a dead arc in G(C).
Let a; = « Er, be the number of blow-ups needed to obtain D; from Eg,. Let
us show that the value of «; is given by equation (1). We consider separately the
different possibilities for Eg;:
— ERp, is the first divisor E; of 7r51(0), then it is a dicritical component for Ar.
Hence, o; = 0 and the equality a; = m(ERg,)(v(Eg,) — 1) holds since v(E;) = 1.
— Ep, is a bifurcation divisor different from FE;, then R; is a base point of Ar.
The valuation v(D;) is equal to

m(Eg,Jv(ER,) + o
m(ERi) '
By theorem 14, we have that v(D;) = 2v(ER,) — 1. Hence, we deduce that
a; =m(Eg,)(v(Eg,) — 1).
— Ep, is the terminal divisor of a dead arc with bifurcation divisor E. Using the
fact that C has a kind equisingularity type, we get that

v(D;) =

(10) m(Eg,) = m(E)/2; v(Eg,) = (m(E)v(E) +1)/m(E).
By theorem 14, we have that v(D;) = 2v(E) — 1. Thus we obtain the following
equality
m(ERg,)v(ER,) + a; _ 2m(Eg,)v(ER,) -1 1
m(ERi) B m(ERz) ’
and we conclude that o; = m(ER,)(v(Eg,) — 1) — 1. 0
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Note that, in general, the minimal resolution of singularities opo of Ax is not a
reduction of singularities of the foliation F. Consider, for instance, the foliation F
given by d(y? — %) = 0. The generic curves of Ar are the parabolas {2by —3az? = 0};
the minimal resolution of singularities op of Ax is a composition of two blow-ups
whereas the separatrix of F is a (3,2)-cusp. The dual graphs G(C) and G(oa,Ax)

are given by
Eq E3 Ey \_Q j'éé E3

G(C) G(oa,Ar)

Next result characterizes the curves C such that op ¢ coincides with the minimal
reduction of singularities of Ar.

Corollary 15. — Let C be a curve with kind equisingularity type and consider a
Zariski-general foliation F € G¢,. The following statements are equivalent:

1. The morphism oa ¢ is the minimal resolution of singularities of Ar.
2. There is no mazimal bifurcation divisor of G(C) which belongs to the geodesic
of only one irreducible component of C.

Proof. — Let I' = UEGB(C)FE be a generic curve of Ar. Assume that op ¢ is the
minimal resolution of singularities of Az. If there is a maximal bifurcation vertex E
of G(C) which belongs to a dead arc and with bg = 2, then I'Z is irreducible and I'?
cuts the terminal divisor F' of the dead arc starting at E (by theorem 5). Hence, m¢
is not the minimal reduction of singularities of I' and consequently o ¢ cannot be
the minimal resolution of Ar.

Assume now that G(C) satisfies the conditions in the second statement. This
implies that, for each maximal bifurcation divisor E of G(C), there is an irreducible
component v of I with 75 yNE # @. If E # E,, then 75y N E is a base point of Ax
and hence the minimal resolution of singularities of Ax factorizes by n¢. If E = Ej,
then ¢ is a resolution of Ax. We conclude that o ¢ is the minimal resolution of
Ar. O

Finally we characterize when a terminal divisor of a dead arc is a dicritical com-
ponent for the pencil Ar.

Corollary 16. — Let C be a curve with kind equisingularity type and consider a
Zariski-general foliation F € G}. Let F be terminal divisor of a dead arc in G(C)
starting at the bifurcation divisor E. The divisor F is dicritical for Ax if and only if
v(E)=3/2.

Proof. — If v(E) = 3/2, then v(F) = 2 and m(F') = 1 because C has kind equisin-
gularity type. Thus, by theorem 1, a(F') = 0 and hence F is a dicritical component
for Ax.
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Conversely, assume that F is a dicritical divisor for Ax and then v(F) = 14+1/m(F)
by theorem 1. Since C has a kind equisingularity type, the relationship between v(F’)
and v(E) is given by equation (10), thus v(E) =1+ 1/m(E).

Let {(m{,n})}:, be the Puiseux pairs of an irreducible component C; of C. We
have that m(E) = n}---ni_ni_ ., and v(E) = mi__,/m(E) for i € Iy because
E is a Puiseux divisor. Consequently, the dicriticalness of F' implies that m}'cE =
1+nj---ng ng ., But
My < Mipi1
niooonl o nioondonk

1<

by the properties of the Puiseux pairs. This implies that ny-oomgongo g <
M pMhpt1 < Migy1 = L+ ny---ng ng o, The previous inequalities hold only if
kg =0, ie, my_= 0. Consequently v(E) = (1 +nj)/n] and the result follows since
ng=ni =2 O

7. Examples

We illustrate here some different behaviours of a polar pencil Ax when F is not a
Zariski-general foliation.

Example 1. — There can be dicritical components of Ax with degree > 2, which are
different from E;. Consider the foliation F given by d(y3 — z°) = 0; note that C has
not a kind equisingularity type. The pencil A has a dicritical component of degree 2
which corresponds to the terminal divisor E3 of the unique dead arc in G(C). In this
case, T¢ gives a resolution of singularities of Ax but it is not the minimal resolution

of A]:.
7

E, E4
E, Es E, E3
E, Es

G(C) G(mc,Ar)

Example 2. — Consider the foliation F given by w = z%dz — y3dy = 0. The minimal
reduction of singularities mc of F is not a reduction of singularities of a generic fiber
Tio4) = {az® — by® = 0}. It is necessary to blow-up the corner E3 N E; of 75'(0)
to obtain an elimination of indeterminations o, of Ar; hence we need to blow-up a
singular point of 75 F.
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/

E. E
E: y Ei  Es /“
E;
E>

G(F) G(oa,Arx)

Notice that v(E,) = 5/3 and v(E3) = 3/2, thus equation (7) is not true for this
foliation. In this example, the curve of separatrices C' has a kind equisingularity type

but

(1]
2]
(3]
4]

(10]
(11]
(12]
(13]
(14]
[15]

[16]

the foliation F is not Zariski-general.
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