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THE Q-CURVATURE EQUATION 
IN CONFORMAL GEOMETRY 

by 

Sun-Yung Alice Chang & Paul C. Yang 

Dedicated to J. P. Bourguignon on his 60th birthday 

Abstract. — In this paper we survey some analytic results concerned with the top 
order Q-curvature equation in conformal geometry. Q-curvature is the natural gen­
eralization of the Gauss curvature to even dimensional manifolds. Its close relation 
to the Pfaffian, the integrand in the Gauss-Bonnet formula, provides a direct relation 
between curvature and topology. 

Résumé (L'équation de Q-courbure en géométrie conforme). — Dans cet article nous exa­
minons certains résultats analytiques autour de l'équation de Q-courbure d'ordre 
maximal en géométrie conforme. La Q-courbure est la généralisation naturelle de la 
courbure de Gauss aux variétés de dimension paire. Sa proximité avec le pfaffien 
(l'intégrande de la formule de Gauss-Bonnet) nous fournit une relation directe entre 
géométrie et topologie. 

1. Introduction 

Recently, there is a lot of interest in the study of higher order Q-curvature invariant. 

This notion arises naturally in conformal geometry in the context of conformally co-

variant operators. Paneitz ([23], see also [6]) gave the first construction of the fourth 

order conformally covariant Paneitz operator in the context of Lorentzian geometry 

in dimension four. Based on the ambient metric construction introduced by Feffer-

man and Graham ([14],[15]), Graham-Jenne-Mason and Sparling [18] systematically 

constructed conformally covariant operators of higher orders. Each such operator 

gives rise to a semi-linear elliptic equation analogous to the Yamabe equations which 
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we shall call the Q-curvature equation. These equations share a number of common 

features. Among these we mention the following: 

(i) the lack of compactness: the nonlinearity always occur at the critical exponent, 

for which the Sobolev embedding is not compact; 

(ii) the lack of maximum principle: for example, it is not known whether the solution 

of the fourth order Q-curvature equation on manifolds of dimensions greater 

than four may touch zero. 

In spite of these difficulty, there has been significant progress on questions of exis­

tence, regularity and classification of entire solutions for these equations in the recent 

work of Djadli-Malchiodi [13], Adimurthi-Robert-Struwe [1] and X . X u [25]. On the 

other hand, in the case when the dimension is even n = 2k, the Branson-Paneitz 

operator and its associated Q-curvature equation is more accessible. In this article, 

we will give a brief survey of two results for the Q-curvature equation, each of which 

makes use of its close relation to the Pfaffian; both of these results are joint works 

with Jie Qing. The first [10] is a generalization of the Cohn-Vossen-Huber inequality 

([22]) to complete conformai metrics on domains in R 4 . The second gives a Gauss-

Bonnet type formula for Poincaré-Einstein metrics in which the renormalized volume 

plays a role. As the original article [12] of the second result appeared in Russian, 

we provide an exposition with some details. In section two, we review the notion 

of conformally covariant equations, their associated Q-curvatures and the associated 

boundary operators for manifold with boundary. We then provide an outline for these 

two results in sections three to five. 

2. Conformally covariant operators and the Q-curvature equation 

In general, we call a metrically defined operator A defind on a Riemannian manifold 

( M n , # ) conformally covariant of bidegree (a, 6), if under the conformai change of 

metric gw = e2wg, the pair of corresponding operators Aw and A are related by 

Aw(Y)=e -bw A(ea Y) for all ipeC°°{Mn). 

A basic example is the conformai Laplacian L = - A + n - 2 
4 ( n - l ) R where R is the 

scalar curvature of the metric. The conformai Laplacian is conformally covariant 

of bidegree r n - 2 
2 ' 

n + 2 \ 
2 , and the associated curvature equation is the equation for 

prescribing scalar curvature: writing ew = 
2 

Un~2 we have 

a) Lu = 
n - 2 

4(n - 1) 
Ruu 

n + 2 
n - 2 

where Ru is the scalar curvature of the metric 9 W = 9 2 w 9 = 
4 

u"-*g. In case of surfaces, 

the corresponding Q-curvature equation becomes the equation for prescribing Gauss 
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curvature: 

(2) - Aw + K = Kwe2w, 

where Kw is the Gaussian curvature for the metric gw, and we have the Gauss-Bonnet 

formula: 

(3) 2nX(M) = 
M 

KdA. 

In dimension four, S. Paneitz found the fourth order conformally covariant operator: 

(4) PA(p = P<p = A2(p + S 
2 

,3 
Rg - 2Ric dip 

where S denotes the divergence, d the deRham differential and Ric the Ricci tensor. 

For example: 

- On ( # 4 , \dx\2), P = A 2 , 

- On ( S 4 , < ? C ) , P = A 2 - 2 A , 

- On ( M 4 , Ö ) , g Einstein, P = ( - A ) o ( L ) . 

The Paneitz operator P has bidegree (0 ,4) on 4-manifolds, i.e. 

(5) Pqw (Q) = e4wPq(Q) VQEC00(M4). 
The fourth order Q-curvature is given by 

(6) Q = 
1 

G 
( - A ß + # 2 - 3 | R i c | 2 ) . 

Under the conformal change of metric 9w=2weg the Q-curvature equation (see 

[6], also [8]) takes the form 

(7) Pw + Q = Qwe4w, 
where Qw is the Q curvature for the metric gw. 

The Gauss-Bonnet formula in dimension four may be written as 

(8) 8 T T 2 X ( M ) = 
M 

(\W\2 + Q)dV, 

where W is the Weyl tensor. Since \Wg\g = e~2w\W9w\gw, on manifold of dimension 

four, | W | 2 d F is a pointwise conformal invariant, thus it follows from the Gauss-

Bonnet formula that the Q-curvature integral is a global conformal invariant. 

For 4-manifold X4 with boundary M 3 and a Riemannian metric g defined on 

closure of X 4 , Chang-Qing [9] derived the matching boundary operator 

(9) P 3 = -
l d 

2dn 
A - Ä 

d 

dn 

2 

3 
H A + LagVaV0 + 

1 

.3 
R — RaNaN 

d 

dn + 2 
3 

VJH" • V . 

with the associated third order curvature invariant 

(10) T = 
1 

12 

d 

dn 
R + 

1 

6 
RH — RaNßNLaß + D 

9 
H 3 -

1 

3 
TrL3-

1 

3 
AH, 

SOCIÉTÉ M A T H É M A T I Q U E DE F R A N C E 2008 



2 6 S.-Y. A. C H A N G & P. C. Y A N G 

where where ^ is the outer normal derivative, A is the trace of the Hessian of 

the metric on the boundary, V is the derivative in the boundary, L is the second 

fundamental form of boundary, H = TrL, N denotes the inner normal direction. We 

have used an orthonormal frame and let the latin indices run through the ambient 

indices and the Greek indices only run through the boundary directions, and all 

curvature are taken with respect to the metric g. 

In particular, via the conformai change of metrics gw = e2wg, P3 and T satisfy the 

equation: 

( h ) P3W + T = Twe
3w on M, 

and 

(12) (P 3)«, = e~3wP3 
on M. 

The Chern-Gauss-Bonnet formula for 4-manifolds with boundary is then modified 

with a boundary term: 

(13) 8tt2

x(X) = 
X 

(\W\2 + Q)dv + 2 
M 

(T - £ 4 - C5)da. 

In the boundary integral above the invariants £ 4 and £ 5 involve the ambient curvature 

tensor and the second fundamental form L a&, and their expressions are 

£ 4 = -
RH 

3 
4- RaNaNH — RaNßNLaß + Rya-fßLaß, 

and 

£ 5 = -
2 
9 

LaoLßßLy + Laa Lßy Lßy — LotßLß1Lloc. 

Analogous to the Weyl term, £ 4 and £ 5 are boundary invariant of order three which 

are pointwise invariant under conformal change of metrics. Hence 

(14) 
X 

Qdv + 2 
M 

Tdo 

is a global conformal invariant. 

In dimension four, an important result is the following criteria for positivity of the 

Paneitz operator due to Gursky-Viaclovsky: 

Theorem 1 ([21]). Let (M4,g) be a metric with positive Yamabe constant Y (M, g) = 

infuno 
Luu 

ÌM1T 
and satisfying 

M 

Qdv-i 
1 

6 
( y ( M , < ? ) ) 2 > 0 , 

then the Paneitz operator is positive except for constants. 

It is an open question whether there is an analogous result in higher dimensions. 
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3. A Gauss-Bonnet formula for noncompact 4-manifolds 

On a four dimensional manifold, the conformal Laplacian and the Paneitz operator 

together give strong control of the geometry and topology. A particular example in 

the study of non-compact manifolds is the following: 

Theorem 2 ([10]). Let (Ç}cS4

ig = e2wg0) be a complete conformal metric satisfy­

ing 

(a) The scalar curvature is bounded between two positive constants, and \VgR\ is 

bounded, 

(b) The Ricci curvature of the metric g has a lower bound, 
(c) the Paneitz/Branson curvature is absolutely integrable, i.e. 

(15) 
M 

\Qg\dVg < oo; 

then n = s4\{Pu...iPk} and 

(16) 8 7 T 2 v ( 0 ) = QgdVg + 

k 

1 

Ik, 

where Ik is the local isoperimetric constant 

lb = lim 
r—• () 

Area({r = \x - xk\}) 
V o l ( { r < \ x - x k \ < r0}) 

An essential idea in the above finiteness result is to view the Q-curvature integral 

as measuring the growth of volume. The finiteness of the Q integral implies a control 

on the growth of volume, which can only accommodate the growth of a finite number 

of puncture ends. We outline the main arguments to show how to use the fourth order 

curvature equation in such a situation. 

Let us denote A = S4 \ il. 

Step I. — e w ^ « distix, A ) " 1 . 
This is the main analytic work. 

The lower bound follows from a Harnack estimate for the gradient of a conformal 

harmonic function. 

The upper bound is based on a delicate blowup argument. Assuming on the con­

trary that on a sequence of points {xk} we have ak = ew(Xk^d(xk, A) —> oo. Take a 

subsequence so that the balls B(xk, (l/2)d(xk, A)) are disjoint. A careful rescaling 

of the domain for the conformal metrics over suitably dilated balls will converge to 

a conformal metric on M4 with vanishing Q-curvature but having scalar curvature 

bounded from below by a positive constant. Such a metric cannot exist. This ar­

gument differs from the usual blowup argument in that the conformal factor only 

satisfies a differential inequality. 

SOCIÉTÉ M A T H É M A T I Q U E DE F R A N C E 2008 

file:///Qg/dVg


2 8 S.-Y. A. C H A N G & P. C. Y A N G 

This assertion gives control of the level set of the function ew in terms of the 

distance to the complement. 

Step II. — An integration by parts computation yields an inequality using assumption 

(a): 

{ew>\} 
Qdv > CX 

d 

dX {ew>X} 
dv + positive terms. 

Step III. — To estimate the first term on the right hand side of the previous inequal­

ity, we use the coarea formula to find 

{ew>\} 
e4wdx > 

d 

c 2 / \ {d(XiA)=s} 

e4wdads 

Ci 

C 2 / A 

\{d(x,A) = s}\s-/lds. 

An elementary computation using a covering argument yields that 

\{d(XiA) = s}\> 
Ns3 if dim(A) = 0 and |A| > N 

Cs3~*ß if dim(A) = ß > 0. 

In either case, we reach a contradiction if the complement A is more than a finite 

number of points. 

A closely related result to Theorem 2 above is the recent work of Bonk-Heinorien-

Saksman [4]: To state their result, we first observe that for a metric gw = e2wdx2 

conformal to the flat metric dx2 on domains in M 4 , the equation (7) takes the form 

(17) A2w = Qwe
4w. 

Thus the integrability condition (15) of Qw is equivalent to the condition that A2w 

being integrable. 

Theorem 3 ([4]). — Suppose g = e2w\dx\2 is a complete conformal metric on R 4 where 

w is given as a potential 

w(x) = 
'r4 

log( 
\x-y\ 

Ivi 
)A2w(y)dyì 

and 

(18) 
R 4 

\A2w(y)\dy < C, 

then there is a bilipshitz equivalence $ : (R\\dx\2)-+(R\g). 
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Remarks 

1. The theorem does not assert the boundedness of the conformal factor. 

2. This result holds in all even dimensions. 

3. In the case of dimension two, the best constant in the inequality in (18) for the 

theorem to hold is 27r, which is given by the example of the half infinite cylinder 

as shown in the work of Bonk-Lang [5]. It is a natural open question whether 

the same example gives the sharp constant in all higher dimensions. 

4. Poincaré-Einstein structure and renormalized volume 

Given a smooth manifold X n + 1 of dimension n + 1 with smooth boundary dX = 

Mn. Let x be a defining function for Mn in X n + 1 as follows: 

x>0 inXn+1; 
x = 0 on Mn: 

dx^O o n M n . 

A Riemannian metric g on X n + 1 is conformally compact if {Xn+l ,x2g) is said to 

be a compact Riemannian manifold with boundary. A conformally compact man­

ifold ( X n + 1 , < 7 ) carries a well-defined conformal structure [g] on the boundary M n , 

where each g is the restriction of x2g for a defining function x. We call ( M n , [g]) the 

conformal infinity of the conformally compact manifold ( X n + 1 , g ) . If, in addition, g 

satisfies RiCp = —ng, where R i c p denotes the Ricci tensor of the metric g, then we 

call (Xn+1,g) a conformally compact Einstein manifold. 

A conformally compact metric is said to be asymptotically hyperbolic if its sectional 
curvature approach —1 at dX = M. If g is an asymptotically hyperbolic metric on X, 
then a choice of metric g in [g] on M uniquely determines a defining function x near 
the boundary M and an identification of a neighborhood of M in X with M x (0, e) 
such that g has the normal form 

(19) g = x 2(dx2 +gx) 

where gx is a 1-parameter family of metrics on M . In addition (see for example [17]) 

(20) 9x=9 + 9 { 2 ) x 2 + (even powers of x) + g (n-1)xn-1 +g(n)xn+... , 

when n is odd, and 

(21) 9x = g + g^x2 + (even powers of x) + g { n ) x n + hxnlogx + ' - , 

when n is even. Here g = x2g\x=o, g(2^ are determined by g for 2i < n. The trace 

part of g^ is zero when n is odd; the trace part of g^ is determined by g and h is 

traceless and determined by g too when n is even. 

SOCIÉTÉ M A T H É M A T I Q U E DE FRANCE 2008 
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To introduce the renormalized volume, we follow Graham [17] to consider the 

asymptotics of the volume of a conformally compact Einstein manifold ( X n + 1 , g ) . 

Namely, denoting by x the defining function associated with a choice of a metric 

g G [#], we have 

Volg({x > e } ) = c0e-n + c 2 e " n + 2 + - - - + c n _ i e - 1 + F + o ( l ) 

for n odd, and 

Vo\g{{x > e}) = Coe"n + c2e~n^ \ Y c n _ 2 e 2 + L l o g 
1 
e 

+ F + o ( l ) 

for n even. We call the constant term V in all dimensions the renormalized volume 

for ( X n + 1 , # ) . We recall that V in odd dimension and L in even dimension are 

independent of the choice g in the class [g]. 

In this section, we will give an alternative proof of the following result of M. An­

derson [3]. The main point of our proof is to explore the relationship between the 

renormalized volume and the Q curvature. 

Theorem 4 ([3], [12]). — Suppose that (X4,g) is a conformally compact Einstein man­

ifold. Then 

(22) 8 T T 2 V ( X 4 ) = 

K4 
\W\2

gdvg + W{X\g) 

First we recall that motivated by the recent work of Graham-Zworski [20], Feffer-
man and Graham [15] introduced the following procedure to calculate the renormal­
ized volume V for a conformally compact Einstein manifold. Here we will quote a 
special case of their result. For odd n, upon a choice of a special defining function x, 
we solve for 

(23) -Av = n inXn+1, 

with the asymptotics 

(24) v = log x + A + Bxn 

in a neighborhood of M n , where A, B are functions even in x, and ^ 4 ^ = 0 = 0. 

Lemma 1 ([15]). — When n is odd, 

(25) V(Xn+\g) = Bdvg. 

In addition, we have 

Lemma 2. — When n is odd, {Qn+l)e2vg — 0-

ASTÉRISQUE 322 
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Proof of Lemma 2. — The proof is a computation based on an observation made by-

Graham ([17], see also [6]) that the Paneitz operator Pn+i on an Einstein manifold is 

a polynomial of the Laplacian V(A) and the polynomial V on the Einstein manifold 

is the same as the one on the constant curvature space with the same constant as the 

constant of the scalar curvature of the Einstein manifold. In addition, the Q-curvature 

Qn+i of an Einstein manifold is the same as the one on the constant curvature space. 

Therefore {Pn+i)g = V{Ag) if (Pn+i)gH = V{AQH), and (Qn+i)g = {Qn+i)9H, where 

(jffn+1, is the hyperbolic space. 

(26) (Pn+l)gHn+1 

n + l 
2 

¿ = 1 

(—AHn+l — Cl) 

where C7, = ( n ± i + J - 1 ) (n+1/2 -1) Therefore 

(27) (Pn+l)g = 

n + l  
2 

1 = 2 
( - 1 ) 

n + l 
2 -lB,(Ag)

1-{-1) 
n - 1  

2 ( n - l ) ! A f f , 

for some coefficient Bi depending on Cjs. Meanwhile (Qn+i)tf»+i = (-l)m+"2 nl. Thus 

(28) (Qn+l)g = ( " I ) 

n + l , 

2 Til. 

Thus if v satisfies the equation (23), we have 

(29) (Pn+l)gV + (Qn+l)<? = 0. 

It thus follows from the prescribing Q curvature equation (7) that (Qn+i)e2vg — 0-

We will now combine the results in the above lemmas to give an alternative proof 

of the result of Anderson [3] in Theorem 4 for conformal compact Einstein manifold 

(X4,g). We first relate our curvature T to the boundary term B in Lemma 1. 

Lemma 3. — We have 

(30) T e 2 v g = 3B\X=Q. 

Proof — According to the scalar curvature equation we have 

1 

12 
R e 2 v Q — 

D 
2 

( " A , e * + 
1 

6 
R9e

v)e-3v. 

Therefore for v satisfies equation (23), we have 

1 

12 
Re2vg — 

1 

2 
((e-vY - | V e ~ T ) . 

We now apply the asymptotic expansion of v in (24) and write 

e - 2 v = 
1 

x2 
- 2A2 - 2B0x + 0{x2) 

I V e - ^ l 2 = 
1 

x2 
+ 2A2 + 4B0x + O(x2), 
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where A2 is the coefficient of x2 of A and Bo = B\x=o We get 

Te2v = ~ 
1 d 

12 dx 
Re2vg\x=0 — 3i?(). 

This finishes the proof of the lemma. 

Proof of Theorem 4- — Applying Lemma 2 to the Gauss-Bonnet formula (13), we 

have 

8 T T 2 X ( X 4 ) = 

x 4 

\W\2

e2Vgdve2Vg + 2 
M 

(£ + T)(e2vgìg-) dv§. 

We now observe that as the boundary of M of X4 is umbilical, the second fun­

damental form La^p vanishes along M ; hence C = — £ 4 — £ 5 = 0. We then apply 

Lemma 1 and Lemma 3 to identify the area element in the integral JM T with the 

renormalized volume to establish the formula (22) for the metric e2vg. The last ob­

servation is that once the formula (22) holds for the metric e2vg, it holds for any 

metric g G [g] with {Xn+1,g) a conformally compact manifold as the term of the 

renormalized volume V is conformally invariant. 

5. Renormalized volume in higher dimensions 

In this section, we will continue to explore the relation between the Q curvature 

and the renormalized volume, and to extend the result of Theorem 4 above to all 

conformally compact Einstein manifolds ( X n + 1 , # ) when n is odd. The main result 

is: 

Theorem 5. — When n is odd. we have 

(31) 

Xn + 1 
(Wn+i)gdvg + ( - 1 ) 

n + 1  
2 

r ( n ± 2 ) 
n + 2 

7T 2 
V(Xn+1,g) = X(X

n+1) 

for some curvature invariant W n + i , which is a sum of contractions of Weyl curvatures 

and/or its covariant derivatives in an Einstein metric. 

In the case of conformally compact manifolds of dimension 3 + 1, one advantage 

we have taken is a precise formula of the Q on X4, which enables us to do the explicit 

computations in Lemma 2 and Lemma 3 above. In the case when the dimension m of 

the manifold Xm is even but greater than four, it has been established in ([18], [6]) 

the existence of some Q curvature satisfying the following properties: 

(i) It is a curvature invariant of weight — m. That is under the re-scale of metric 

9 t2g, Qg = t~mQt2g. 
(ii) J Q is a global conformal invariant. 
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T H E Q - C U R V A T U R E E Q U A T I O N IN C O N F O R M A L G E O M E T R Y 3 3 

(iii) There exists a m order linear differential operator Pm defined on Xm which 
prescribes the changing of Q under conformal change of metric 9w = e 2 w 9 -

(32) PmW + Q = Qwe™>w 

One should remark that although the existence of Q is known, the explicit formula 

of the curvature is in general quite complicated and only known in dimensions six 

([17]) and eight. Only in the recent work of Graham-Juhl [19], there is an inductive 

formula to compute Q curvature in high dimensions. Thus it is remarkable that 

one knows (Theorem 6 below) the "leading" order term (in terms of the order of the 

differentiation on the metric) of the Q curvature for all dimensions and it is even 

more remarkable that under the assumptions (i) and (ii) above, S. Alexakis [2] has 

recently established a structure theorem of the Q curvature (Theorem 7 below) which 

is known in the field as the answer to the Deser-Schwimmer Conjecture. 

Theorem 6 (Branson [7]). — On any compact m-dimensional manifold for m even, 

(33) Qm = bmA 
m —2 

2 R + lower order terms, 

where 

bm = ( - 1 ) 
m —2 

2 
2 m " 1 ( f ) ! T ( ^ ) 

\fïï(m — lira! 

Theorem 7 (S. Alexakis [2]). — On any compact closed m-dimensional manifold with 

m even, we have 

(34) Qm = ame + J + Div(Tm). 

where e is the Euler class density, J is a pointwise conformal invariant, and Div(Tm) 

is a divergence term and am is some dimensional constant. 

Proof of Theorem 5. — Let {Xn+1,g) be a conformally compact Einstein manifold, 

where n = 2k + 1 > 3, we wish to determine the analogous formula for the renor­

malized volume. We continue to consider the metric ( X n + 1 , e2vg) where v satisfies 

the equations (23) and (24). We will find that the parity conditions imposed in (24) 

makes it possible to determine the local boundary invariants of order n for the com­

pact manifold (Xn+1,e2vg). According to (19) and (20) we have the expansion of the 

metric e2vg. 

(35) 
e2vg = H2dx2 + g + c™x2 + even powers in x 

+ à n - l ) x n - 1 + (2BQg + g^)xn + • • • 

where 

H = e A + B x n = 1 + e2x
2 + even powers in x + en-rxn-1 + Boxn + • • • 

and C(2i) for 1 < i < (n- 1)12 are local invariants of g. We remark that it is easy to 

see that the boundary of ( X n + 1 , e 2 » f f ) is totally geodesic. 
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Lemma 4. — We have 

(36) ( < 9 x A n 2 R ) e 2 v g \ x = 0 = -2nn\B0. 

Proof of Lemma 4- — We have 

(37) 
Ae2Vg = 

1 

H y/det gx 

da(Hy/aetg*gfdß) 

= Q a 
2 G2x+ Q 

(i) 
2 dx + Q (o) 

2 

where the coefficients Q(i) have the following properties: : Q(2)2 is a zeroth order dif­

ferential operator, having an asymptotic expansion in powers of x in which the first 

nonzero odd power term is x n . Q(2)2 is a zeroth order differential operator, having 

an expansion in which the first nonzero even degree term is xn~x. Q(2)2 is differential 

operator of order 2 of purely tangential differentiations with coefficients which have 

expansion in powers of x in which the first nonzero odd term is x n . Inductively, we 

see that, for k < n—3 
2 

(38) Ak = dé---déd2

x

k+1g^,dé---déd2

x

k+1g^, dé---déd2

x

k+1g^,dé---déd2

x 

where Q(2)2 (i * 0) is a differential operator of order 2k — i of purely tangential 

differentiations with coefficients having expansions in powers of x in which the first 

nonzero even terms are xn~(2k~^ if i is odd, and the first nonzero odd terms are 

xn-{2k-i) ^ ^ -1S eveil) an(j q(V) is a differential operator of order 2k of purely tangential 

differentiations with coefficients whose expansions in x have the first nonzero odd 

terms xn_2fc+2. Thus 

(39) dxAk = jr(2fc+l)02fc+l + F ( 2 f c ) ö 2 f c + . . . + F ( l ) ^ + F ( 0 ) 

where F{2k+1) = Q(2fc)> p{t) (0 < i < 2k + 1) is a differential operator of order 

2k - i + 1 of purely tangential differentiations with coefficients whose expansions in 

x have the first nonzero even terms are xn~^2k~^~1 if i is even, and the first nonzero 

odd terms are x 7 1 " ^ - ^ " 1 if i is odd, and F(0) is a differential operator of order 2k 

of purely tangential differentiations with coefficients whose expansions in x have the 

first nonzero even terms xn-2k+\ 

On the other hand, we have 

(40) Re2vq = -2n2(n - l)B0xn~2 + even powers of x terms + o ( x n - 2 ) . 

Keeping track of the parity, we obtain (36) in Lemma 4. 

Next we deal with all other boundary terms which may appear in integrating the 

Q curvature over X. These are contractions of one or more factors consisting of 

curvatures, covariant derivatives of curvatures, except d™~2R which is accounted in 

the above term dxA1^ R. Since n is odd, and dx is the normal direction, each 

such term must contain at least one x index. In fact, the total number of x indices 
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appearing in each of such terms must be odd. Thus one finds that each of such terms 

always contains a factor which is a covariant derivatives of curvature and in which 

x index appears odd number of times. Such factors, if we insist on taking Vx first, 

must appear as one of the following three different types 

VM...VM%V2k+1x RAAA 

where 4 stands for indices other than x, in other words, tangential. 

VM...VM%V2k+1x RAAA 

and 

VM...VM%V2k+1x RAAA 
Note that in all three types 1 < 2h + l < n — 2. Since the boundary is totally geodesic, 

we only need to verify 

Lemma 5. — All three types of boundary terms 

(41) VM...VM%V2k+1x RAAA VM...VM%V2k+1x RAAA Vx Rx*x* 

vanish at the boundary for l < 2 f c + l < n - 2 . 

Proof of Lemma 5. — We consider a point at the boundary and choose a normal 

coordinate on the boundary Mn in the special coordinates for X n + 1 . Recall that 

Raß^ö — 
1 
2 (-dßd6gai - dadygßs + dßd1gOLs + dadsgß7) 

qny (|ay, n||ß8, i|+|ßy, n||a8,y|) 
and 

VxTaß...s = dxTaß...s - T a xT\ß...s — • • • — Ts x T a ß . . . \ 

where 

Taßy = qa8 [ßy, 8] 
and 

[a ,y] = 
1 
2 

(dolgß1 + dßg^ - d1gQiß). 

For simplicity of notation we will use g to stand for e2vg if no confusion can arise. 

Each of the three types is a sum of products of factors that are of the form: 

dadß • • • d1g\a 

or 
QaQß ... Ayqtyµ. 

We claim that each summand must has a factor that is one of the following 

dé---déd2

x

k+1g^, 
dé---déd2

x

k+1g^, 
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dé---déd2

x

k+1g^, 
and 

dé---déd2

x

k+1g^, 
where l < 2 A ; + l < n - 2 . To verify the claim, one needs to observe that, in writing 

the three types in local coordinates, the number of times the index x appears in each 

summand increases only when one sees 

r X rp 
* x-Laß- x»>ôi 

where the number of x increases by 2. Thus, in the end, the total number of index x 
in each summand is still odd. Therefore one of the factors must have an odd number 

of x. Finally one observes that for any individual factor arising here the number of x 
can not exceed n — 1. So the proof of Lemma 5 is complete. 

We now finish the proof of Theorem 5 for all n odd based on the results in Theorem 
6 and Theorem 7. 

Proof of Theorem 5. — We first establish that equation (34) remains valid on a con­

formally Einstein manifold ( X n + 1 , # ) . Let gw = e2wg be such a metric, then it follows 

from the Paneitz equation that for m = n + 1, 

(42) 

(Qm)Bwemv = (Pm)gv + (Qm)g 

— 0"т&д ~Ь Jg + Dw(T') 

= amegm + Jgw + D i v ( T " ) 

where the second equation follows from the fact that the Paneitz operator Pm is a 
divergence and Theorem 7. The third equation follows from the fact that the Pfaffians 
of any two Riemannian metrics on the same manifold differs by a divergence term and 
J is a conformal invariant. 

In order to apply this formula, we need to observe that the leading order term 

A 
m - 2  

2 R in formula (33) cannot appear in the conformally invariant term J. In 

order to see this, we first recall that J is a linear combination of terms of the 

form Tr(VhTl ® V / 2 f t . . . <g) V / f c f t) of weight m where Tr denotes a suitably cho­

sen pairwise contraction over all the indices. Observe that the conformal variation 

Qw / A M ~ 2 \ 

A — R, where 5W denotes the variation of the metric g to gw is of the form 
A 221 

A 2 w + lower order terms. Thus if 
. m — 2 

A ~ R does appear as a term in J, its conformal 

variation must be cancelled by the conformal variations of the other terms in the lin­

ear combination, but it is clear that the conformal variations of the other possibilities 

of the curvature 1Z other than the scalar curvature R cannot have order m in the 

number of derivatives of w and of the form A 21
 ? L » 
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We can now apply the formula (42) to the metric gv = e2vg where v is as in (23). 

Thus by Lemma 2 the left hand side of (42) is identically zero, and we find 

a m X ( X n + 1 ) = 

Xn + 1 
(Jgv-Div(T"))dv9v. 

Among the divergence terms in D i v ( T " ) , only the leading order term b m A ^ R 

has a non-zero contribution according to Lemma 5. The computation in Lemma 5 

determines the precise contribution of this term as a multiple of the renormalized 

volume. We also note that as g is an Einstein metric, we may assume that the terms 

which appear in the conformal invariant J are contractions of the Weyl curvature 

together with its covariant derivatives. We have thus finished the proof of Theorem 5. 

Corollary 1. — When (Xn+1,g) is conformally compact hyperbolic, we have 

(43) V ( X n + \ g ) = 
( —1) i IF i 

r ( = ± 2 ) 
x(x). 

One may compare (43) to a formula for renormalized volume given by Epstein in 

[24], where he has 

(44) V(Xn+1,g) = 
( - l ) m 2 2 m m ! 

(2m)! 
X(X) 

for n = 2m — 1 and our answers agree!. 
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