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ON THE DIVERGENCE OF GEODESIC RAYS IN 
MANIFOLDS WITHOUT CONJUGATE POINTS, DYNAMICS 

OF THE GEODESIC FLOW A N D GLOBAL GEOMETRY 

by 

Rafael Oswaldo Ruggiero 

Dedicated to J. Palis, on his 60th. birthday 
Abstract. — Let (M, g) be a compact Riemannian manifold without conjugate points. 
Suppose that the horospheres in (A4, g) dépend continuously on their normal direc­
tions. Then we show that géodésie rays diverge uniformly in the universal covering 
(M, g). We give some applications of this resuit to the study of the dynamics of the 
géodésie flow and the global geometry of manifolds without conjugate points. 

Introduction 

The problem of the divergence of géodésie rays in manifolds without conjugate 
points is one of the most natural, yet unsolved, questions of the theory. Recall 
that a C°° Riemannian, n-dimensional manifold (M, g) has no conjugate points if 
the exponential map is nonsingular at every point. The universal covering M of a 
manifold (M, g) is diffeomorphic to Rn, and the metric sphères in (M, g) — the uni­
versal covering endowed with the pullback of g — are diffeomorphic to the standard 
sphère in Rn. Given a point p G M, and two geodesics 7, (3 in (M, g) parametrized 
by arclength such that p — 7(0) = /3(0), we say that thèse geodesics diverge if 
lim^+oo d(7(£),/?(£)) = 00. Although two différent géodésie rays starting from a 
point in M diverge in ail well-known examples of manifolds without conjugate points 
(e.g., nonpositive curvature, no focal points, bounded asymptote), there is no gên­
erai proof of this fact so far. The problem has been already considered by L. Green 
[11] in the late 50's, where Green deals with the divergence of radial Jacobi fields. 
Later, P. Eberlein [6] proves that radial Jacobi fields diverge along any géodésie in 
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232 R.O. RUGGIERO 

(M,g), but observes that the divergence might not be imiform, it could dépend on 
the géodésie (in the same work [6], Eberlein points out a gap in Green's paper). The 
divergence of rays and Jacobi fields is related with many important géométrie prop-
erties of manifolds without conjugate points, like the continuity of the horospherical 
foliations and Green bundles, and the existence of good compactifications of M. This 
motivated somehow the introduction of some catégories of manifolds without conju­
gate points in the literature (see for instance [5], [6], [8], for the so-called bounded 
asymptote condition, [16] for the Axiom of asymptoticity, [14] for the proof of the 
superlinear divergence of radial Jacobi fields in manifolds with bounded asymptote). 
The usual approach to the proofs of the continuity of horospheres, Green bundles, 
and divergence of rays, relies on strong assumptions on the asymptotic behaviour of 
geodesics and Jacobi fields (e.g., convexity in the case of nonpositive curvature; uni-
formly bounded asymptotic behaviour of Green Jacobi fields in the case of manifolds 
without focal points and manifolds with bounded asymptote). We shall présent in 
this paper a more topological approach to the problem of the divergence of rays, based 
on simple variational properties of horospheres. Given 0 — (p, v) in the unit tangent 
bundle T\M of M, we shall dénote by je(t) the géodésie parametrized by arclength 
whose initial conditions are 70(0) = p, 7#(0) = v. We shall dénote by Ho(t) the horo-
sphere of the géodésie 70 containing the point 70 (t). We say that the map 6 *-» HQ(0) 
is continuous (in the compact open topology) if given a compact bail Br(q) C M of 
radius r, and s > 0, there exists ô — (5(r, g, s) such that if || 6 — a ||^ ô then the 
Hausdorff distance du between the sets 

dH(H0(O) n BT(q), HJO) fi Br(q)) e. 

The introduction of this notion is motivated by the works of Pesin [16], Eschenburg 
[8], and Ballmann, Brin, and Burns [1]. Observe that, if M is compact, the number 
ô above does not dépend on the point q, since every horosphere has an isometric 
image that meets a compact fundamental domain of M (horospheres are preserved by 
isometries of (M, g)). In ail known examples of manifolds without conjugate points 
the map 9 HQ(0) is continuous. Moreover, the assumption of the continuity of 
horospheres does not carry (a priori) any restrictions on either the convexity of the 
metric or the behaviour of Jacobi fields. The main resuit of the paper is the following: 

Theorem 1. — Let (M, g) be a compact, C°° Riemannian manifold without conjugate 
points. Assume that the map 0 1—• HQ(0) is continuous in T\M. Then, every two 
différent geodesics ~f(t), (3(t) with 7(0) = (3(0) in M diverge. 

The proof of Theorem 1 is done in Sections 1 and 2, where we also study some gên­
erai problems concerning asymptoticity properties of geodesics which were introduced 
by Croke and Schroeder in [4]. Namely, consider the relation R between geodesics in 
M defined by: 7 R (5 if and only if 7 is a Busemann asymptote of (3. We show in 
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ON THE DIVERGENCE OF GEODESIC1 RAYS 233 

Section 1 that, under our continuity hypothesis, this relation is an équivalence rela­
tion. In the remaining sections we give some applications of Theorem 1. The results 
in Section 3 are inspired in the following classical resuit of Eberlein: Let (M, g) be a 
compact, CYOC Riemannian manifold without conjugate points. Assume that the Green 
subbundles Es(0), Eli(0) are linearly independent at every point 6 G T\AL Then the 
géodésie flow of (AL g) is Anosov. Recall that the géodésie flow èf : T\AI —> T\AI is 
defined by (j)t(O) — (7#(£), 7#(£)). We obtain in Section 3 a sort of topological version 
of Eberlehrs resuit. Recall that (AI. g) is a Gromov hyperbolic space if there exists 
S > 0 such that every géodésie triangle formed by the union of three géodésie seg­
ments [xo,[xi .x '2} , [x>2,XQ] satisfies the following property: the distance from any 
p G [XJ. /+ 1 j to Xj+2] U [./•; f •_>• x,\ is bounded above by à (the indices are taken 
mod. 3). The main Theorem of Section 3 is the following. 

Theorem 2. — Let (AL g) be a eompact Riemannian manifold without conjugate 
points. Suppose that the map 9 1—> HQ(Q) IS continuons in the compact open topology 
in AI. Then, if H{p^r)(0) n H{lK_v)(0) = {p} for every (p.v) G T\M, the universal 
covering (AL g) is a Gromov hyperbolic space. 

Using some results in [18] we shall show that Theorem 2 is équivalent to the 
following resuit: 

Theorem 3. -— Let (AL g) be a compact Riemannian manifold without conjugate 
points. Suppose that the canonical liftings in T\M of the submanifolds H^)V^(0). 
if(^_.„)(0) give rise to continuons foliations Hs, Hu having a local product structure. 
Then (AL g) is a Gromov hyperbolic space. 

For the définition of the canonical liftings of the horospheres we refer to Section 3. 
A pair of (/^-invariant foliations F\, F2 in T\AI lias a local product structure if there 
exists an atlas : UL C TVAI -> R2n~1} of Xi M such that 

(1) Every <£; is continuons. 
(2) Each local chart is of the form = (./''.,//'. /). t G (—£,£), where the level 

sets x' = constant, y' — constant are cormected components of the foliations Fi, F2 
respectively. 

In virtue of Theorems 2 and 3, we can say that the topological transversality (meaning 
local product structure) of the horospherical foliations in T\AI implies that M is a 
Gromov hyperbolic space. Notice that Theorem 1 is true for manifolds of nonpositive 
curvature, because the hypothèses in the Theorem imply that there are no fiât planes 
in AI ([5]). It also holds for manifolds without focal points, but if we allow focal 
points many key tacts of the theory (convexity, bounded asymptotic behaviour of 
Jacobi fields and geodesics, etc.) might not hold. 

In Section 4 we get some results concerning the boundary of a Gromov hyperbolic 
group that covers a compact manifold without conjugate points. Suppose that the 
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234 R.O. RUGGIERO 

map 0 >—» HQ(0) is continuous. Then we show that, if the fundamental group of M is 
Gromov hyperbolic, its idéal boundary is a sphère. This fact is well known for compact 
manifolds of nonpositive curvature whose fundamental group is Gromov hyperbolic. 
However, if we drop the assumption on the curvature it is not clear whether the idéal 
boundary of the fundamental group is a sphère. 

Finally, in Section 5, we apply the results of Sections 1, 2 to manifolds satisfying the 
so-called Axiom of Asymptoticity, introduced by Pesin [16]. This notion is perhaps 
the first one in the literature of the research about continuity of horospheres which 
does not consider any assumptions on the C2 features of the metric (convexity, Jacobi 
fields). 

1. Horospheres and Busemann flows in M 

Throughout the paper, (M, g) will be a C°°, compact Riemannian manifold without 
conjugate points. Ail the geodesics will be parametrized by arc length. We shall often 
call by [p, q] the géodésie segment joining two points in M. A very spécial property 
of manifolds with no conjugate points is the existence of the so-called Busemann 
functions: given 6 = (p,v) G Xi M the Busemann function be : M —> R associated to 
6 is defined by 

b°(x) - lim (d(x^e(t)) -t) 

The level sets of b° are the horospheres Ho(t) where the parameter t means that 
76»(t) G He(t). Notice that 70(t) intersects each level set of b° perpendicularly at only 
one point in He(t), and that b°(He(t)) = — t for every t G R. Next, we list some 
basic properties of horospheres and Busemann functions that will be needed in the 
fortheoming sections (see [16], [4] for instance, for détails). 

Lemma 1.1 

(1) be is a C1 function for every 6. 
(2) The gradient Vbe has norm equal to one at every point. 
(3) Every horosphere is a Cl+K, embedded submanifold of dimension n — 1 (Cl+K 

means K-Lipschitz normal vector field), where K is a constant depending on curvature 
bounds. 

(4) The orbits of the intégral flow of —Vb6, : M —> M, are geodesics which are 
everywhere perpendicular to the horospheres HQ. In particular, the géodésie 7̂  is an 
orbit of this flow and we have that 

^(He(s))=He(s + t) 

for every t, s G R. 

A géodésie (3 is asymptotic to a géodésie 7 in M if there exists a constant C > 0 such 
that d((3(t)^(t)) ^ C for every t ^ 0. We shall dénote by Busemann asymptotes of 7,9 
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ON THE DIVERGENCE OF GEODESIC RAYS 235 

the orbits of the flow ip^. Busemann asymptotes of 7$ might not be asymptotic to 70, 
so the relation between geodesics 7 R (3 if and only if "7 is a Busemann asymptote 
of f3v might not be an équivalence relation. Observe that in ail known examples of 
manifolds without conjugate points (nonpositive curvature, no focal points, metrics 
on surfaces without conjugate points [1]), the relation R is an équivalence relation. 
Lemma 1.1, item 4, implies that the horospheres Ho(t) are equidistant, Le., given any 
point p G Ho (s), then the distance d(p, Ho(t)) is equal to \t — s\. The canonical lifting 
in T\M of He(t) is the set He(t) = {(p, -Vpb°),p G H0(t)}. Another way of defining 
the horosphere Ho(0) is 

He(0) = lim Sr(-ye(r)), 
r—> + oc 

where Sr(p) is the sphère of radius r centered at p, and the limit is uniform on compact 
subsets of M. In other words, given D > 0, q G M, and e > 0, there exists X > 0 such 
that the Haussdorf distance between the restrictions of Ho(0) and Sr(jo(r)) to the 
bail Bjj(q) of radius D centered at q is less than e for every r ^ X. We shall dénote 
by dn the Haussdorf distance between subsets in M. Actually, given 0 G Xi À/, the 
sphères Sr(^o(r)) converge to HQ(0) in the C1 topology uniformly of compact subsets 
(see [16]) as a conséquence of the bounded geometry of M. The notion of continuity 
of 0 1—> Ho(0) given in the introduction is équivalent to the following: let 9n converge 
to 0, then Hen(0) converges to HQ(0) uniformly on compact subsets of M. Although 
it is clear that Ho(t) dépends continuously on t G i?,, it is not known whether HQ(0) 
dépends continuously on 0. The continuity of 0 1—» HQ is équivalent to the continuity 
in the C1 topology of the map 0 H-> b° uniformly on compact subsets of M. For the 
purposes of this section, it will be more convenient to state our results in ternis of 
Busemann functions instead of using horospheres, in gênerai the notation becomes 
simpler. Let be,t(p) — d(p,je(t)) — t, so b°(p) = limi_^+oc be,t(p), for every p G M. We 
shall dénote by d^M^-, •) the Sasaki metric in T\M. The following resuit tells us that 
the continuity of 0 K-> HO(0) implies that horospheres can be uniformly approached 
by large sphères. 

Lemma 1.2. — Let (M, g) be a compact manifold without conjugate points, such that 
the map 0 1—> b° is continuons. Then, given D > 0, s > 0, there exists X > 0 such 
that for every 0 = (po.vo) G T\M, and every bail of radius D containing po, we 
have 

\b°(p)-b0't(p)\^e, 

for every p G Brj and t ^ X. 

Proof — Let us first recall that the family of functions bed converges monotonically 
to be, i.e., the différence b°(p) — b°'f(p) decreases with respect to t for every p. This is 
due to the fact that the sphères St(je(t)) converge monotonically to Ho(0), i.e., the 
Hausdorff distance betwreen the restrictions of St(~fe(t)) and H$(0) to compact sets 
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decreases to 0 as t goes to +00. Since be(p) — limt_++DO there exists Te,v,e > 0 
such that 

\be(P)-be-Hp)\^e 

for every t ^ TQ/PJ£. 

Claiml. — The number TQJK£ cari be made independent of p in BJJ. Moreover. it 
dépends on 6, D, s. 

Indeed, this is a straighforward application of Dini's Lemma about imiform con­
vergence of monotone séquences of fonctions: the family of fonctions 

ff.BD^R, ft(p) = \be(p)-b<u{p)\ 

converges monotonically to zéro at each point p G Bo] so by Dini's Lemma the family 
converges uniformly to zéro in the compact set BQ. 

Next, we would like to relate TQ^D.E and TA^,£ for & close to 6. At this point we 
need the continuity of horospheres, we have not used this hypothesis so far. Recall 
that 

\be.t() _ b«.t, )i = |d(p,7em) - d(p,-yn(t))\ <C d(le(t).la(t)). 

By hypothesis, 0 1—• b dépends continuously on 6 uniformly on compact subsets, so 
there exists S > 0 such that if dT ^(9, a) < ô then \b°(p) — bn(p)\ ^ e for every p G Bo-
On the other hand, by continuity of geodesics with respect to initial conditions, given 
e > 0 there exists 8' = 5'{0,e) > 0 such that if dT j^(0,a) ^ S' then 

|6^(p)-f t^(p) |<d (7^),7aW )^e , 

for every 0 < t $J TQ,D^, and every p G Bo- This implies that 

\ba(p) - b^T(p)\ < \ba(p) - b°(p)\ + \b°(p) - b°^T{p)\ + \b°-T(p) - bn>T(p)\ 

^ £ + £ + £ = 3e, 

for every dT ̂ (0, a) ^ min{£, <5'}, for T = TQ^O,£, and every p G B^. Therefore, by the 
monotonicity of the limit bn(p) = linif_>+oc bamt(p) we have that \ba(p) — bn,t(p)\ ̂  3e 
for every t ^ T = TQ^.S and dT ̂ (0, a) < £Q = minje^'}. This means that 

T(^D,3e ^ TQ.D,£, 

for every dT slslslks sls< Now, take a compact fondamental domain Mo of the 

manifold M, let K — {Q — (x,w)<x G Mo,w G T\M}, and let us cover A by open 
neighborhoods V£e{6) where 6 G A. Take a finite covering U^V^ . (0.;) of A" by 
thèse neighborhoods. Let T = niax/=i.2....m{-^,,D.à}, and assume without loss of 
generality that the bail Bo contains the fondamental domain A/0. Then we get that 
\b(y(p) - baA(p)\ < 36 for every p G SD, « G AT, and every t > T. Since balls, 
horospheres, and Busemann fonctions are preserved by isometries in À/, we deduce 
that \b(*(p) — baJ(p)\ ^ 3e for every a = (q,w) G TiAf, £ ^ T, and p in every bail of 
radius D containing q, as we wished to show. • 
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Corollary 1.1. — Let M be a compact Riemannian manifold without conjugate points, 
and assume that the map 6 t—> HQ(0) IS continuons. Then, if q G He(0), and a = 
(q, —Vqb°), we have that ba = b°. In particular, Ha(0) = HQ(0) and the relation R 
is an équivalence relation between geodesics in T \ M . 

Proof. — Let ja be the Busemann asymptote of 6 through a. Let us dénote by [x,y] 
the géodésie segment joining the points x, y in M. By définition, the géodésie jCY is 
the limit of the géodésie segments [q,~/o{t)], where t —> -foc. Let r)CYt be the géodésie 
containing the segment [q, 7#(t)], with rynt (0) = q and ^ynt (rt) = 7o{t) for some positive 
rt. Then, lim^+DC at = a, and by the continuity hypothesis, lim^+00 bat = ba, this 
limit being uniform on compact subsets of M. Let 0 = (po, VQ), and consider a compact 
bail B containing the foot points po and q of the vectors 0 and a respectively. By 
Lemma 1.2, the functions b°, b(y, bat, t > 0, can be uniformly approached by radial 
functions 6(9,T, 6fV,T, ba''T in the compact bail B. Namely, given s > 0 there exists 
T£ > 0 such that for every T > Te, every p e B, we have that 

\bo(p) _ 6«,r(p)| ^ £i r ( p ) _ r,T(p)| ^ £) |6«t(p) _ 6»„T(p)| ^ £) 

for every t > 0. Since the functions converge uniformly in B to the function 6a, 
there exists 5e > 0 such that 

\bn(v)-baAh)\ <e< 

for every p e B and t^S£. Recall that the number rt is defined by jat(rt) — le{t)-

Claim 1. — lim£_+oc. \rt — t\ = 0. 

This follows easily by définition: rt = d(jat(0),76>(0) = d(q,jo(t)); which implies 

that 
r, -t = dn.j0 (t -t = b"> g . 

And, since g G if^(0) = (^)-1(0), we get 

0 = h°(n) = lim /)*'*fV> = lim Irv -
f—> + oo £—• + 00 

Claim 2. bat>rt(p) = bG^(p) + t - rt for every p G M. 

Just check the définitions: 

ba<-r*(p)=d(p,lat(rt))-n 

= d(p,-ye(t)) -rt 

= be-t(p)+t-rt. 

Hence, iît,rt ^ supjT^,^} we obtain, 

\b"(p) - be(p)\ ̂  \ba(p) - ba'(p)\ + \ba'(p) - bn"rt(p)\ 

+ \ba>>r>(p) - be-\p)\ + \b9<\p) - b0{p)\ 

< 3e+\rt-t\, 
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for every p G B. Since e and B are arbitrary, and by Claim 2, lim^+oc \rt — t\ = 0, 
we deduce that ba(p) = b9(p) for every p G M. Since the level sets of Busemann 
functions are horospheres, then the horospheres of 70 are the same horospheres of 7a. 
It is clear that the relation 7 R (3 if and only if 7 is a Busemann asymptote of (3 is 
an équivalence relation: their horospherical foliations will be the same, and therefore, 
their Busemann flows will coincide. • 

We would like to point out that Croke and Schroeder in [4] posed the question 
of whether the relation R is an équivalence relation in the universal covering of a 
compact manifold without conjugate points. They show in fact that, if M is analytic, 
then ba(p) — b°(p) is constant if 70, 7a are axes of the same deck transformation in 
TÏI(M). Corollary 1.1 asserts that, under the assumption of continuity of horospheres, 
ba(p) — be(p) is constant whenever 7̂  is a Busemann asymptote of 70. 

2. The divergence of géodésie rays 

The main resuit of the section is the following: 

Theorem 2.1. — Let (M, g) be a compact manifold without conjugate points such that 
the map 0 1—>• if0(0) is continuous. Then the géodésie rays diverge uniformly in M, 
namely, given e > 0, L > 0, there exists S£,L > 0 such that any two géodésie rays 
7(p,v)> l{p.w)i where p G M and v,w form an angle Z(v,w) ^ e, satisfy 

dh(P,v)(t)n(p,w)(t)) ^ l 

for every t ^ 

We begin by recalling the first variation formula. 

Lemma 2.1. — Let j(t) be a géodésie of (M, g) parametrized by arclength. Let f : 
[a, b] x (—£,£) —>• M be a differentiable variation ofj[a,b], i.e., /(t,0) = 7(£)- Then, 
the length L(x) of the curve fx(t) = f(t,x) satisfies 

L'(o) = ( g ( , o , , y « ) ) [ . 

Now, let 70, 7« be two geodesics in M with 70(0) = 7a(0) = p. Assume that 0 7̂  a. 
Take s < 0, and let / : [5, 0] x (—a, a) —> M be the variation of 70 [s, 0] defined by 

- f(t,0) = 70(t) for every t G [s,0]. 
- fx(t) — f(t,x) is the géodésie segment joining 70(5) and 7«(x) for each \x\ < a 

(observe that t might not be the arclength parameter of the géodésie fx{t)). 

If \s\ and a are small enough, the géodésie segments fx(t) are unique and minimizing. 
Hence, the variation / is differentiable because of the smooth dependence of small 
géodésie segments with respect to initial conditions. Notice that |^(,s,x) = 0 for 
every x G (—a, a). Also, we have that f^(0,x) = ^'a(x), and §£(£,0) = 70(0-
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ON THE DIVERGENCE OF GEODESIC RAYS 239 

Corollary 2.1. — Let e = Z(j'e(0), 7^(0)) =|| 0 - a || ~. Tften, t/iere ezzs£ s0 > 0, 
Ko = KQ(\\ K \\OO), such that for every variation f : [s, 0] x (—a, a) —> M as above, 
with |s| ^ So, H ^ s; there exists 8 = S(e, s, || iv ||oc), swc/i i/iai /or even/ x G (—(5) 

|L(x)-(L(0) + L'(0)z)| < AT0z2, 

where \\ K Wœ is the supremum of the sectional curvatures of(M.g). 

The proof of Corollary 2.1 is straightforwarcl from the flrst and second variation 
formulas and the compactness of M. Corollary 2.1 can be viewed as a shortcut 
lemma, and we shah use it to give a sort of lower estimate of the distance between 
the horospheres He(t), Ha(t) when 751, ja are two différent géodésie rays starting at 
the same point. 

Lemma 2.2. — Let 7^, 7A be two géodésie rays with 75» (0) = 7«(0) = p. Let 0 = (p, v), 
p =|| 6 — a \\. Then, for every p > 0 there exists S\ — ôi(p, \\ K H )̂ > 0, such that 
for every t, t', satisfying jCy(tf) = 7» H H^p _v^(~t) we have that 

\tf -t\^81{l-cos(p)). 

Proof. — Let so, 8Q = ô(e,so, \\ K ||oo), Ko be the numbers defined in Corollary 2.1. 
We know that t' ^ t, because 

t' = dh^^Jt')) = dhom.-vJt')) 

>dh(v,.v)(0),H(v^v)(-t)) 

= dhe(0)ne(t))=t, 

where we used that je(t) = 7(Pi_v)( —t) is the géodésie that realizes the distance 
between p = 7(p_t;)(0) and H(p^_v)(—t). Thus, SQ + t' ^ So + t. By Corollary 2.1, 

d(j9(-s0)^a(S)) + d(7«(*),7a(0) = d(70(-5O),7e(O)) + (5cos(p) + 0(<52) + -
= s0 + (5cos(p) + t/-(5 + O^2), 

for every |5| ^ ÔQ; which implies that 

s(} + t = d(70(-«o),70 W) < so + <*cos(p) + + 0((52). 

for every |o| < £Q (see figure 1). 
So we get, by Corollary 2.1, 

t' - t > 8 - Jcos(p) + 0(£2) = (5(1 - cos(p)) + 0(82), 

for every \a\ < 80. On the other hand, there exists 0 < ô\ = Si(p,Ko) ^ 8Q such that 
5i(l - cos(p)) + 0(81) > ^ (1 - cos(p)), therefore t' - t > ^(1 - cos(p)) as we wished 
to show. • 
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H{p,-v)(-t) 
\ \ 

JO(SQ) — 
p 

drd 

7a 
ïa(t') 

vrdd 
le 

t' + sQ > t + s0 = d -ye(-so),7o(t) 

FIGURE 1 

Proof of Theorem 2.1. — Let (M, g) be a compact manifold without conjugate points 
such that the map 0 i—• He(0) is continuous. Let C > 0, and consider two géodésie 
rays 70, 7^ with 70(0) = 7«(0) = p. Let us define 

T«.0,c = sup{t > O,d(70(t),7a(t)) ^ C}. 

We are going to show that there exists T(|| 6 — a ||,C) > 0 such that Ta,6>,c ^ 
T(|| 0 — a ||,C) for every a,0 in T\M with the same foot point p. In particular, 
T(|| 0 — a ||, C) dépends on C and on the angle between 6 and a. So let £ > 0 be such 
that d{le(t)^a{t)) ^ C. 

Claim 1. — There exists a number t' such that 

7 « ( 0 = 7a H 0,c = sup{t > O,d(7+ C). 

In fact, recalling that b^1 ^ is the Busemann function of 7(p the hypothèses 
on 7« (t) implies that 

0,c = sup{t > O,d(70(t),7a(t)) ^ C} 

which is easy to check by the définition of the Busemann function (recall that 70 (t) = 
7(p5_v)(—t)). On the other hand, observe that H(p_v^(—t) = dk b^~v\la(tand since 
7«(0) = 70(0) £ ff(p,-v)(0) we have that 6^ ) (7a (0) ) = 0, b^~v\la(t)) ^t-C. 
Since the function g(t) — b^p'~v\^a{t)) is continuous, it assumes ail the values in the 
interval [0,t — C]. Hence, there exists t' such that g(t') = t — C. Or equivalently, 
7«(O G ( ^ P ' - ^ ) - 1 ^ - C) = H{p_v)(-t + C). It is clear that t' > t-C, because 
t — C is the distance between p = 7(p _v)(0) and H^p_v^(—t + C). 

We can assume without loss of gênerality, by changing t by t — C, that 7a intersects 
Hle(t). In this case we have > t, and we can assume that 

t' = mi {s > *,7a(s) G #(p _„)(-*)}. 
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Claim 2. — Given e > 0, there exists T = T(e, C) > 0 such that \t — t'\ ^ e for every 
t ^ T. 

This follows from Lemma 1.2. Indeed, since 70(0) = 7«(0) = p, the points 
le(^),lcx(t) belong to the sphère St(p) for every t. Let (j)t : T\M —> T\M be the 
géodésie flow of M. Let /3 = (p-t(p, —v). The géodésie 7̂  is a reparametrization of 70 
satisfying 7^(0) = 70(t), and 7/j(£) = 70(0) = p. By the choice of t', we have that the 
bail B^c(l(i(0)) contains 7«(t) and 7a (O- Moreover, the points 70(t) = 7^(0) and 
7a(0 belong to the sphère St(p) = St(jfj(t)). Thus, by Lemma 1.2, for L> = 3(7 and 
£ > 0, there exists T > 0 such that 

dH(Hfi(0) H £D(7* W ) , n BD(7*(0)) < ^ 
for every t ^ T. In particular, the point 7a(£). that belongs to St(p) H JBD(70(t)), is 
within a distance £ from H(j(Q) (see figure 2). 

P = ~e(0) ledvrd 

la 
0 < t' - t 

P = ~e(0) 

lait') 
ia(ty 

leit) 

dv 

FIGURE 2 

Hence, choosing s small enough, the first time s = t' > t where occurs a transversal 
intersection between 7Q(s) and Hp(0) = H/p_v^(—t) satisfies 

d(la(t'),ln(t)) = \t' ~t\^e, 

for every t ^ T. This finishes the proof of the Claim. 
Applying Lemma 2.2 and Claim 2 to the geodesics 70, 7rv, we have that for every 
d<<l<+<j 

O \t' -t\ ^5i( l-cos(p)) , 

where p is the angle between 0 and a. Therefore, if p > 0, the number ep — 
à\{\ — cos(p)) is strictly greater than 0. Hence, the above inequality holds only if 
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s ^ ep, and therefore, t has to be smaller than T(ep/2,C) for instance. This implies 
that Te^y^c ^ T(ep/2,C), as we wished to prove. 

3. Topological transversality of horospheres and expansiveness 
are équivalent 

The goal of this section is to combine the divergence of géodésie rays with some 
ideas Connecting topological dynamics and global geometry. We shall obtain a sort 
of topological version of Eberlein's theorem about the characterization of Anosov 
géodésie flows by the transversality of the Green bundles. We begin by showing one 
of the main conséquences of the divergence of géodésie rays. 

Lemma 3.1. — Let M be a compact manifold without conjugate points, such that the 
map 0 I—• He(0) is continuons. If a géodésie (3 is asymptotic to a géodésie 7# in M, 
then (3 is a Busemann asymptote ofje-

Proof. — Let us assume that d(^e(t), (3(t)) ^ C for every t ^ 0. Consider the géodésie 
segments [(3(0), le(t)} (using the notation of Corollary 1.1), where t ^ 0. Let (3t be 
the géodésie defined by (3t(0) = (3(0), (3t(Tt) = lo(t) for some positive Tt. Since 
d((3t(Tt), (3(t)) ̂  C for every t ^ 0, letting t —> +00 we have, by the uniform diver­
gence of géodésie rays, that 

lim (3t = (3, 

uniformly on compact sets. This implies that (3 is a Busemann asymptote of 7$ by 
définition. • 

Lemma 3.2. — Let M be a compact manifold without conjugate points, such that the 
map 0 HQ(0) is continuons. Then, if^f(p,v) and^/n are bi-asymptotic, we have that, 
up to a reparametrization of~fa, 7rv(0) G H^IKV^(0) P\ H(p_v^(0). 

Proof — Let a = (q,w). Since 7̂  is bi-asymptotic to 7(p.(;), then, according to 
Lemma 3.1 and Corollary 1.1, ja is Busemann asymptotic to 7(p,v). and \̂Ch_ŵ  is 
Busemann asymptotic to 7(p _vy Let us assume that q = 7«(0) = 7a D H(p^(0). In 
this case, we have ba(>ya(0)) = 0, 6(îM;)(7„(0)) = 0, and by Corollary 1.1, ba = b^v). 
If we also had that b{(1^1^ = b^'~v\ then Lemma 3.2 would hold. 

Claim. — 7a(0) = q G H^p_v)(0). 

In fact, let t{) be such that 7a(t0) = 7,, n H{jK_v)(0). Since -t0 = &(p'v)(7«(*o))> 
and H(p^v)(0) is in the région )-1 [0, +00), we have that to ^ 0. Let cj)t be the 
géodésie flow of M. Notice that 

c/)-t0{q,-w) = (7r>(£o),-7a(*o)), 

so we have, by Corollary 1.1, that 0<l>-hM*-w) = b^~v) as long as ~fa(t0) G H{p,_v)(0). 

Hence, ip[p,v^ = 'i(j\q'w\ vb[v' ^ = vb^ w^ for every t <E R — where ip° is the Busemann 
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flow of 6 — and the foliations {H^(h_w)(t),t G R], {H(p_v)(t),t G R}, coincide. We 
get, by the choice of to, that 

H(q_w)(-t0) = #0_f()(q,_U;)(O) = H(P._V)(0). 

But 

^ - w ) ( - « o ) = ^ V ) ( ^ - - ) ( ° ) ) > 

(see figure 3) which implies that 

il>{Xw) (Hiq,-W) (0)) = ^XV)(H(TI,-W)(0)) = ff(p,-„)(0). 

#<„.-,,) Ho) = ff(„._„)(0) tf((i._„,)(0) = /f())._,,)(to) 

7(,.»-)(M P 
7(<,,,r) 

vrd l(p.v) 

\ HM(0) = H^w)(i)) 

FIGURE 3 

Therefore, we get 

v)(~*o) = 7(P ,-<i;)(*o) ^ H{p^v)(t0)x+x 

Since H{Q^W)(0) is in the région ( 6 ^ ) ) - i [ o , + 0 0 ) - {b^)'1 [0, +00), and 
7(P,v)(~*o) = 7(P ,-<i;)(*o) ^ H{p^v)(t0), we have that 

6(p'v)(7fD^(-*o))=*o^0. 

Since £0 was already nonpositive, we conclude that to — 0, thirs proving the Claim 
and the Lemma. • 

Lemmas 3.1, 3.2 are concerned with one basic question of the theory of manifolds 
without conjugate points: Are the geodesics asymptotic to 7 Busemann asymptotic 
to 7? In ail known examples of manifolds without conjugate points the answer to 
this question is affirmative. However, there is no proof of this fact, as far as I know, 
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without strong assumptions on either the curvature, the convexity of the metric, or 
on the asymptotic behaviour of Jacobi fields. 

Next, let us recall a notion that appears very often in topological dynamics. Given a 
Cx Riemannian manifold (N,g), a différent iable flow ft : N —> N without singulari­
ses is said to be expansive if there exists e > 0 such that the following holds: let p G N, 
and suppose that there exist q e N, and a continuous, surjective reparametrization 
p : R —+ R, with p(0) = 0, of the orbit of q such that d(ft(p), f()(t){q)) ^ s for every 
t G R: then q belongs to the orbit of p. The following results are proved in [17], [18]. 

Theorem 3.1. — Let M be a compact manifold without conjugate points. If the 
géodésie flow is expansive, the universal covering of M endowed with the pullback of 
the metric of M is a Gromov hyperbolic space. 

Lemma 3.3. — Let (M, g) be a compact Riemannian manifold without conjugate 
points. Then the géodésie flow is expansive if and only if for every pair of geodesics 
7, (3 in (M, g) with d(j,(3) ^ D we have that 7 = /3. 

So expansiveness of the géodésie flow is équivalent to the nonexistence of bi-
asymptotic geodesics. Hence, to show Theorem 2 it is enough to show the following: 

Lemma 3.4. — Let (M, g) be a compact manifold without conjugate points such that 
0 1 ^ Ho(0) is continuous. If H(pv)(Q)n#(^_i;)(0) = {p} for every (p,v) G T\M, then 
there are no bi-asymptotic geodesics in M. 

The proof of Lemma 3.4 is immédiate from Lemma 3.2: bi-asymptotic geodesics 
are Busemann bi-asymptotic, and there is an injection between geodesics which are 
bi-asymptotic to 7(p.„) and the set H^pv^(0) D if(/?i_.,,)(0). 

For the proof of Theorem 3, we shall need some other définitions. The stable 
horosphere Hs(p,v) of (p,v) in T\M is defined by the following canonical lift: 

H*fav) = U{(q,w),qe //(/,r)(0).//' = - V , ^ } , 

where Lt : T\M —• T\M is the canonical projection, and II(p, v) — (p, v). The unstable 
horosphere of (p, v) is defined by 

H"(p.v) = U{(q.w),qe ff(f,_ri)(0),W = V(/&<*-?>}. 

When the géodésie flow is Anosov, thèse sets coincide with the dynamical stable and 
unstable sets of (p, v). The collection of the stable horospheres is denoted by H\ and 
the collection of unstable horospheres is denoted by Hu. 

Lemma 3.5. — Let M be a compact manifold without conjugate points such that the 
collections Hs, Hu are continuous foliations of T\M having a local product structure 
(as defined in the introduction). Then the géodésie flow is expansive. 
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Proof. — The définition of local product structure includes the continuity of the map 
9 H-> HQ(0), so our hypothesis implies that géodésie rays diverge in AI. Observe also 
that the local product structure provides a number r > 0, such that for each (p, v) in 
T\M there exists an open bail V(p,v) of radius r where 

V(p, v) n H°(p, v) n HU(P, -v) = {(p, v)}. 

The number r > 0 is uniform in T\M by the compaetness of AI and the continuity of 
the invariant foliations. Thus, the natural projection of the neighborhood V(p, v) in 
AI, lifted to AL gives us an open neighborhood W(p) of a lift p of p in AI where 

H'(p)n%„,(0)n%..„)(0) = {p}. 

Moreover, W(p) contains an open bail Bs(p) centered at p, and S does not dépend 
on p. Let us prove that this local transversality implies expansiveness. Arguing 
by contradiction, suppose that the géodésie flow is not expansive. Then, given any 
e > 0 there would exist a pair of différent geodesics 7^, 7^ in T\M such that 
d{^'o^{t),jfi£{p(t))) ^ £, for every t G i?, where p : R —> R is a reparametrization of 
7^ satisfying the conditions in the définition of expansiveness. It is clear that for e 
small enough, we can lift the above geodesics to AI and get a pair of geodesics 7^, 7^ 
such that (Ini^o • ) ^ s. Dénote (p,. r.:) = 9e. By Lemma 3.2 and Corollary 1.1, 
7̂  and 7-j would be Busemann bi-asymptotic to each other and hence, the set 

H{l)iau)(0)nH{l>i^Vr)(0) 

would contain a point within a very small distance from (p£,v£) = 9£. This clearly 
contradicts the existence of the neighborhood B$(p£). • 

4. Visibility and the idéal boundary of T\\(M) 

Recall that M is a visibility manifold if given p G M, e > 0, there exists L = 
L(p,s) > 0 such that if the distance from every point of a géodésie segment [x,y] 
in M to p is greater than L, then the angle formed by the géodésie segments [p, x] 
and [p, y] at the point p is less than e. When L does not dépend on p, M is said 
to be a uniform visibility manifold. Visibility manifolds were introduced by Eberlein 
[6], and their géométrie properties were extensively studied by Eberlein and O'Neill 
in the 70's (see [7] for instance). Visibility manifolds of nonpositive curvature enjoy 
many properties of negatively curved manifolds. In fact, if M is compact and lias 
nonpositive curvature, then M is a visibility manifold if and only if M is a Gromov 
hyperbolic space. In [17] is stated that if M is compact and has no conjugate points, 
then M is a visibility manifold if and only if AI is a Gromov hyperbolic space. It is 
first shown that the visibility property implies Gromov hyperbolicity, however, the 
proof of the converse statement lias a gap based precisely in the (implicit) assumption 
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^ 1 

of the divergence of géodésie rays. In the light of the results in Section 2, what we 
have is the following: 

Lemma 4.1. — Let M be a compact manifold without conjugate points. Assume that 
the map 6 \-+ He(0) is continuous. If M is Gromov hyperbolic then M is a visibility 
manifold. 

Proof — We just make a sketch of the proof pointing out the rôle of the divergence 
of géodésie rays in the argument. We want to show that the Gromov hyperbolicity 
of M implies visibility. Let 6 > 0 be such that every géodésie triangle in M is 5-
thin. It is easy to see that there exists D = D(ô) such that in every géodésie triangle 
[xo, xi]u[.xi, #2]u[x2, £o] there- exists three points yt G [xr, (indices taken mod. 3) 
with d(yi,yi+i) ^ D (see figure 4). 

D ! 
dd 

2/2 
2/i// 

x0 

x2 

FIGURE 4 

Let us suppose that the distance between Xn and every point in [xi,^] is greater 
than L > 0. By the triangle inequality, we have that 

mï{d(x0,y()):d(x0,y2)} ^ L - D. 

So we have two géodésie rays 70, 72 starting at (xo = 70 (0) = 72(0), namely, the 
géodésie rays containing the géodésie segments [iro,x'2] respectively, having 
points y0 G 70, 2/2 £ 72, such that 

(1) ^.,(0).//,) ^L-D, for i = 0,2. 
(2) d(y0,y2)<:D. 
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The continuity of 6 I—• He(0) implies the uniform divergence of rays in M. So given 
e > 0, there exists X > such that if L — D > X, the angle formed by 70 and 72 at XQ 
is less than e. This clearly implies Lemma 4.1. • 

Once we have that M is a visibility manifold, the theory of Eberlein and O'Neil 
[7] grants the existence of a well defined compact incation of M, similar to the com-
pactification of the uni versai covering of negatively curved manifolds. The boundary 
of the compactification, called the idéal boundary, is homeomorphic to a sphère of 
dimension n — 1, if n is the dimension of M. The action of TTI(M) extends to the 
boundary and the complexity of the dynamics of the action is comparable with the 
complexity of the actions of Kleinian groups in the sphère. A similar theory is made 
for Gromov hyperbolic groups. For the définitions and proofs of statements we refer 
to [12], [10]. Indeed, the group TTI(M) has a compactification as a metric space, via 
its Cayley graph endowed with the word metric on a finite set of gênerators. There 
is an idéal boundary for this compactification, and action of TTI(M) induces an ac­
tion in this idéal boundary. The point is that thèse two boundaries, the first one of 
géométrie nature and the second one of algebraic nature, are homeomorphic. This is 
a straightforward conséquence of the following fact: the Cayley graph endowed with 
the word metric and M are quasi-isometric spaces. Therefore, we have proven the 
following: 

Lemma 4.2. — Let M be a compact manifold without conjugate points such that the 
map 0 I—» H0(0) is continuous. IFTTI(M) is Gromov hyperbolic, then its idéal boundary 
is homeomorphic to a sphère. 

We would expect that Lemma 4.2 holds for every compact manifold without con­
jugate points, with no extra assumptions on the manifold. It is not known if the 
n — 1 sphère is the idéal boundary of a Gromov hyperbolic group covering a compact, 
n-dimensional manifold, for n ^ 3 (a good survey of results and conjectures can be 
found in [13]). 

5. Is the divergence of géodésie rays équivalent to the continuity 
of horospheres? 

We would like to finish with some remarks about a class of manifolds without 
conjugate points introduced by Pesin in [16]. We say that a manifold M without 
conjugate points satisfies the so-called Axiom of Asymptoticity, if given any 0 = (p, v) 
in Xi M, a point q G M, séquences 6n —• 0, qn —> g, and tn —> +00, then the séquence 
of geodesics [qn^Jen(tn)] converges to a géodésie j3 that is asymptotic to 70. Pesin in 
[16] claimed that if M is a compact manifold without conjugate points satisfying the 
Axiom of Asymptoticity, then the map 6 1—» He(0) is continuous in the sensé defined in 
Section 1. However, the argument is based in Green's resuit [11] about the divergence 
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of géodésie rays in manifolds without conjugate points which has a gap in its proof, 
as we already mentioned in the introduction. Therefore, what is actually proved in 
[16] is the following: 

Lemma 5.1. — Let M be a compact manifold without conjugate points such that 
géodésie rays diverge in M. If M satisfies the Axiom of Asymptoticity, then the map 
6 i—> HQ(0) is continuous. 

According to the results in Section 2 we have, 

Corollary 5.1. — Let M be a compact manifold without conjugate points such that M 
satisfies the Axiom of Asymptoticity. Then, géodésie rays diverge in M if and only if 
the map 0 f—> HQ(0) is continuous. 

It is natural to expect that the divergence of géodésie rays implies the continuity 
of the horospheres. Straighforward generalizations of the proofs of Lemmas 3.1 and 
3.2 apply to manifolds satisfying the Axiom of Asymptoticity. 

Corollary 5.2. — Let M be a compact manifold without conjugate points such that the 
map 6 i—HQ(0) IS continuous. If M satisfies the Axiom of Asymptoticity then 

(1) The relation between geodesics defined by j R (3 if and only if (3 is a Busemann 
asymptote ofj, is an équivalence relation. 

(2) If *ya is asymptotic to 7^ ; then b9 — ba is constant. 
(3) A géodésie f3 is bi-asymptotic to 75/ if and only if, up to a reparametrization of 

(3, (3(0)eH{PIV)(0)nH{P,_V)(0). 
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