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LOCAL MONOMIALIZATION AND FACTORIZATION
OF MORPHISMS

Steven Dale Cutkosky

Abstract. — Suppose that R C S are regular local rings of a common dimension,
which are essentially of finite type over a field k& of characteristic zero, such that
the quotient field K of S is finite over the quotient field of R. If V is a valuation
ring of K which dominates S, then we show that there are sequences of monoidal
transforms (blowups of regular primes) R — R; and S — S; along V such that
R, — S: is a monomial mapping. It follows that a generically finite morphism of
nonsingular varieties can be made to be a monomial mapping along a valuation, after
blowups of nonsingular subvarieties. We give applications to factorization of birational
morphisms and simultaneous resolution of singularities.

Résumé (Monomialisation et factorisation locales des morphismes)

Soient R C S deux anneaux locaux réguliers de méme dimension, essentiellement
de type fini sur un corps k de caractéristique zéro, et tels que le corps des fractions
K de S est fini sur celui de R. Si V' est un anneau de valuation de K dominant S,
nous montrons qu’il existe des suites de transformés monoidaux (éclatements d’idéaux
premiers réguliers) R — R; et S — Si le long de V tels que R; — S; est une
application monomiale. Il s’ensuit qu’un morphisme génériquement fini de variétés
non singuliéres peut étre rendu monomial le long d’une valuation aprés éclatement
de sous-variétés non singuliéres. Nous donnons des applications & la factorisation des
morphismes birationnels et & la résolution simultanée des singularités.

© Astérisque 260, SMF 1999
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CHAPTER 1

INTRODUCTION

1.1. Statement of the main results

Suppose that we are given a system of equations

T =f1(yl’y27'~-7yn)
(1) :
Tp = fn(y17y27"'7yn)

which is nondegenerate, in the sense that the Jacobian determinate of the system is not
(identically) zero. This system is well understood in the special case that fi,..., fn
are monomials in the variables yi, ..., y,. For instance, by inverting the matrix A of
coefficients of the monomials, we can express vy, ..., ¥y, as rational functions of d-th
roots of the variables z1,...,z,, where d is the determinant of A.

Our main result shows that all solutions of a system (1) can be expressed in the
following simple form. There are finitely many charts obtained from a composition of
monoidal tranforms in the variables z and y

l‘iz‘l’i(fl,...,fn), 1<i<n
yi=lIli(y17"'7yn)7 ]-stn

such that the transform of the system (1) becomes a system of monomial equations

7, — 77911 77q1n
Ty = yl H.yn
= — 730n1 =0
xn = yl" ...yn""

with det(a;;) # 0. A monoidal transform is a composition of

(1) a change of variable



2 CHAPTER 1. INTRODUCTION

(2) a transform

r1 = 1?1(1).’13'2(1)
z;(1)  ifi> 1.

T

Our solution is constructive, as it consists of a series of algorithms.

This result can be interpreted geometrically as follows. Suppose that ¢ : X - Y
is a generically finite morphism of varieties. Then it is possible to construct a finite
number of charts X; and Y; such that X; — Y; are monomial mappings, the mappings
X; —» X and Y; = Y are sequences of blowups of nonsingular subvarieties, and X; and
Y; form complete systems, in the sense that they can be patched to obtain schemes
which satisfy the existence part of the valuative criteria of properness.

Our main result is stated precisely in Theorem 1.1.

Theorem 1.1 (Monomialization). — Suppose that R C S are regular local rings, es-
sentially of finite type over a field k of characteristic zero, such that the quotient field
K of S is a finite extension of the quotient field J of R.

Let V' be a valuation ring of K which dominates S. Then there exist sequences
of monoidal transforms R — R' and S — S' such that V dominates S', S’ domi-
nates R' and there are reqular parameters (z1,...,2n) in R, (y1,...,Yn) in S’, units
01,...,0n € S" and a matriz (a;;) of nonnegative integers such that det(a;;) # 0 and

) =yt ---yandy
(2)

Ty = y‘lzﬂl . ‘yznnén'

With the assumptions of Theorem 1.1, An example of Abhyankar (Theorem 12 [6])
shows that it is in general not possible to perform monoidal transforms along V in R
and S to obtain R’ — S’ such that R’ — S’ is (a localization of) a finite map. As
such, Theorem 1.1 is the strongest possible local result for generically finite maps.

A more geometric statement of Theorem 1.1 is given in Theorem 1.2. A complete
variety over a field k is an integral finite type k-scheme which satisfies the existence
part of the valuative criterion for properness (cf. Chapter 8). Complete and sepa-
rated is equivalent to proper. A toroidal morphism is locally a monomial mapping in
uniformizing parameters on an appropriate etale extension.

Theorem 1.2. — Let k be a field of characteristic zero, ® : X — Y a generically finite
morphism of nonsingular proper k-varieties. Then there are birational morphisms of
nonsingular complete k-varieties a : X3 — X and 8 : Y1 — Y, and a toroidal
morphism ¥ : X1 — Y7 such that the diagram

X, L v
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1.1. STATEMENT OF THE MAIN RESULTS 3

commutes and o and 3 are locally products of blowups of nonsingular subvarieties.
That is, for every z € X, there exist affine neighborhoods Vi of z, V of z = a(z),
such that o : Vi — V is a finite product of monoidal transforms, and there exist affine
neighborhoods W1 of ¥(z), W of y = a(¥(z)), such that B : W1 — W is a finite
product of monoidal transforms.

Here a monoidal transform of a nonsingular k-scheme S is the map 77 — S in-
duced by an open subset T' of Proj(@®Z™), where T is the ideal sheaf of a nonsingular
subvariety of S. We give a proof of Theorem 1.2 in chapter 8.

In the special case of dimension two, we can strengthen the conclusions of Theorem
1.2.

Theorem 1.3. — Let k be a field of characteristic zero, ® : S — T a generically
finite morphism of nonsingular proper k-surfaces. Then there are products of blowups
of points (quadratic transforms) o : S1 — S and § : Ty — T, and a morphism
¥ : S; = 11 such that the diagram

Ss5mn
{ 4
s 5T

commutes, and ¥ is a toroidal morphism.

In the case of complex surfaces, a proof of 1.3 follows from results of Akbulut and
King (Chapter 7 of [8]).

We also prove, as a corollary of Theorem 1.1, a local theorem on simultaneous
resolution of singularities, which is valid in all dimensions. This theorem is proven
in dimension 2 (and in all characteristics) by Abhyankar in Theorem 4.8 of his book
“Ramification theoretic methods in algebraic geometry” [3].

Theorem 1.4 (Theorem 1.1[14]). — Let k be a field of characteristic zero, L/k an
algebraic function field, K a finite algebraic extension of L, v a valuation of K/k,
and (R, M) a regular local ring with quotient field K, essentially of finite type over k,
such that v dominates R. Then for some sequence of monodial transforms R — R*
along v, there exists a normal local ring S* with quotient field L, essentially of finite
type over k, such that R* is the localization of the integral closure T of S* in K at a
mazimal ideal of T.

Stronger results hold for birational morphisms, morphisms which are an isomor-
phism on an open set. A birational morphism of nonsingular projective surfaces can
be factored by a product of quadratic transforms. This was proved by Zariski, over an
algebraically closed field of arbitrary characteristic, as a corollary to a local theorem
on factorization (on page 589 of [37] and in section IL.1 of [38]). The most general
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4 CHAPTER 1. INTRODUCTION

form of this Theorem is due to Abhyankar, in Theorem 3 of his 1956 paper [2]. Ab-
hyankar proves that an inclusion R C S of regular local rings of dimension 2 with a
common quotient field can be factored by a finite sequence of quadratic transforms
(blowups of points).

In higher dimensions, the simplest birational morphisms are the monoidal trans-
forms. A monoidal transform is a blowup of a nonsingular subvariety. Sally [30] and
Shannon [33] have found examples of inclusions R C S of regular local rings of di-
mension 3 with a common quotient field which cannot be factored by a finite sequence
of monoidal transforms (blowups of points and nonsingular curves).

In [13], we prove the following Theorem, which gives a positive answer to a con-
jecture of Abhyankar (page 237 [5], [10]), over fields of characteristic 0. In view of
the counterexamples to a direct factorization, Theorem 1.5 is the best possible local
factorization result in dimension three.

Theorem 1.5 (Theorem A [13]). — Suppose that R C S are excellent regular local
rings such that dim(R) = dim(S) = 3, containing a field k of characteristic zero and
with a common quotient field K. Let V be a valuation ring of K which dominates S.
Then there exists a regular local ring T, with quotient field K, such that T dominates
S, V dominates T, and the inclusions R — T and S — T can be factored by sequences
of monoidal transforms.

\%
T
R—S
It is natural to ask if the generalization of this three dimensional factorization
theorem is possible in all dimensions by constructing a factorization by a sequence of
blowups and blowdowns with nonsingular centers along a valuation. In this paper,

we prove the following theorem which gives a positive answer to this question in all
dimensions.

Theorem 1.6 (Factorization 1). — Suppose that R C S are regular local rings, essen-
tially of finite type over a field k of characteristic zero, with a common quotient field
K with trdeg, K =n > 3. Let V be a valuation ring of K which dominates S. Then
there exist sequences of regular local rings contained in K

R1 Rn—2
SN SN a N
R S Sn_3 Sna =S

such that each local ring is dominated by V and each arrow is a sequence of monoidal
transforms. Furthermore, we have inclusions R C S; for all i.

ASTERISQUE 260



1.1. STATEMENT OF THE MAIN RESULTS 5

In the special case n = 3 of Theorem 1.6, we get the triangle of Theorem 1.5.

The proofs of the above theorems are essentially self contained in this paper. We
only assume some basic results on valuation theory (as can be found in [3] and [39])
and the basic resolution theorems of Hironaka [20]. The Hironaka results are essen-
tially only used in the case of a composite valuation, to establish the existence of a
nonsingular center of a composite valuation.

A long standing conjecture in algebraic geometry is that one can factor a birational
morphism X — Y between nonsingular projective varieties by a series of alternating
blowups and blowdowns with nonsingular centers (cf. [29]). We will refer to this as
the global factorization conjecture. In [29] an example is given of Hironaka, showing
that it is not possible in dimension > 3 to always factor birational morphisms of
nonsingular varieties by blowups with nonsingular centers.

Our Theorem 1.6 shows that there is no local obstruction to the global factorization
conjecture in any dimension. We prove a local form of this conjecture.

Theorem 1.7. — Suppose that X — Y is a birational morphism of nonsingular pro-
jective n-dimensional varieties, over a field of characteristic zero, and v is a valuation
of the function field of X. Then there is a sequence of projective birational morphisms
of nonsingular varieties

X1 Xn—l
vd N N vd N
X Yl Yn—l Yn_2 = Y
such that each morphism is a product of blowups of nonsingular subvarities in a Zariski
neighbourhood of the center of v.

Theorem 1.8. — Let k be a field of characteristic zero, ¢ : X — Y a birational
morphism of nonsingular proper k-varieties of dimension n. Then there is a sequence
of birational morphisms of nonsingular complete k-varieties o; : X401 — Y; and
Bi: Xit1 = Yiqa

X1 Xn—l

N W N e he
X Yl Yn—l Yn__2=Y

such that each morphism is locally a product of blowups of nonsingular subvarieties.
That is, for every z € X;y1, there exist affine neighborhoods W of z, U of © = a;(z),
V of y = Bi(2) such that o; : W — U and 3; : W — V are finite products of monoidal
transforms.

Theorem 1.8 is proved in dimension 3 by the author in [13]. The proof of Theorem
1.8 is exactly the same, with the use of Theorem 1.6 from this paper, which is valid
in all dimensions. By Theorem 1.6, for each valuation of the function field K of X,
there exist local rings for which the conclusions of Theorem 1.6 hold. These local
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(] CHAPTER 1. INTRODUCTION

rings can be extended to affine varieties which are related by products of monoidal
transforms. By the quasi-compactness of the Zariski manifold (Theorem VI.17.40
[39]) all valuations of K are centered at finitely many of these affine constructions.
We can then patch these affine varieties along the open sets where they are isomorphic
to get complete k-varieties as desired. The proof is similar to that of Theorem 1.2
given in Chapter 8.

The Monomialization Theorem is a “resolution of singularities” type problem. Some
of the difficulties which arise in it are related to those which appear in the problems
of resolution of (char. 0) vector fields (cf. [9], [32]), and in resolution of singularities
in characteristic p > 0 (cf. [4], [11], [18], [25]). Resolution of vector fields is an
open problem (locally) in dimension > 4 and is open (globally) in dimension > 3.
Resolution of singularities in characteristic p > 0 is an open problem in dimension
> 4.

Some important papers which are directly concerned with the global factorization
problem are Hironaka [21], Danilov [15], Crauder [12] and Pinkham [29]. An im-
portant special case where the global factorization problem has been solved is toric
geometry (Danilov [16], Ewald [17], Wlodarczyk [34], Morelli [26], Abramovich, Mat-
suki, Rashid [7]).

A birational morphism of nonsingular toric varieties can be thought of as a union
of monomial mappings on affine spaces. In toric geometry, the global factorization
problem becomes more tractable than in the general case of arbitrary polynomial
mappings, since the problem can be translated into combinatorics.

Morelli’s main result [26] is that a birational morphism of proper nonsingular
toric varieties can be factored by one sequence of blowups (with nonsingular centers)
followed by one sequence of blowdowns (with nonsingular centers).

Our main result, Theorem 1.1 — Monomialization, allows us to reduce the factor-
ization problem (locally) to monomial mappings. If we then make use of Morelli’s
result, which says (locally) that a birational monomial mapping can be factored by
one sequence of blowups, followed by one sequence of blowdowns, we obtain an even
stronger local factorization theorem than Theorem 1.6.

Abhyankar has conjectured (page 237 [5], [10]) that in all dimensions it is possible
to factor a birational mapping along a valuation by a sequence of blowups followed
by a sequence of blowdowns with nonsingular centers. This is the most optimistic
possible local statement.

We prove the following Theorem, which proves Abhyankar’s conjecture in all di-
mensions (over fields of characteristic 0).

Theorem 1.9 (Factorization 2). — Suppose that R C S are regular local rings, essen-
tially of finite type over a field k of characteristic zero, with a common quotient field
K. Let V be a valuation ring of K which dominates S. Then there exists a regular
local ring T, with quotient field K, such that T dominates S, V dominates T, and the
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1.1. STATEMENT OF THE MAIN RESULTS 7

inclusions R — T and S — T can be factored by sequences of monoidal transforms.

|4

!
/ \
R—S

The solution to Abhyankar’s conjecture (as stated in [10]) is given in Theorem
1.10.

Theorem 1.10. — Suppose that K is a field of algebraic functions over a field k of
characteristic zero, with trdeg, K = n, R and S are regular local rings, essentially
of finite type over k, with quotient field K. Let V be a valuation ring of K which
dominates R and S. Then there exists a reqular local ring T, essentially of finite type
over k, with quotient field K, dominated by V, containing R and S, such that R - T
and S = T can be factored by products of monoidal transforms.

In dimension 3, Theorems 1.9 and 1.10 have been proven by the author in [13].
Theorem 1.1, which shows that it is possible to monomialize a generically finite mor-
phism along a valuation, is essential in this proof.

Hironaka and Abhyankar (section 6 of chapter 0 [20] and page 254 [5]) have conjec-
tured that a birational morphism of nonsingular projective varieties can be factored
by a series of blowups followed by a series of blowdowns with nonsingular centers.

Our Theorem 1.9 shows that there is no local obstruction to this global factorization
conjecture in any dimension.

We prove the following global analogue of Theorem 1.9.

Theorem 1.11. — Let k be a field of characteristic zero, ¢ : X — Y a birational
morphism of nonsingular proper k-varieties. Then there exists a nonsingular complete
k-variety Z and birational complete morphisms o : Z — X and 8 : Z — Y making
the diagram
Z
X—Y
commute, such that a and (8 are locally products of monoidal transforms. That is, for

every z € Z, there exist affine neighborhoods W of z, U of ¢ = a(2), V of y = B(z2)
such that o : W — U and f: W — V are finite products of monoidal transforms.

Here a monoidal transform of a nonsingular k-scheme S is the map T — S in-
duced by an open subset T' of Proj(®Z™), where Z is the ideal sheaf of a nonsingular
subvariety of S.

SOCIETE MATHEMATIQUE DE FRANCE 1999



8 CHAPTER 1. INTRODUCTION

Theorem 1.11 is proved in dimension 3 by the author in [13]. The proof is exactly
the same, with the use of Theorem 1.9 from this paper, which is valid in all dimensions.
The method of proof is similar to Theorem 1.2, which is proved in Chapter 8.

The author would like to thank the referee for a careful reading of the manuscript
and for helpful comments.

1.2. Geometry and valuations

A valuation ring of a field of algebraic functions K will dominate some local ring
of a projective model V' of K. This leads to the “valuative criterion for properness”
(cf. Theorem I11.4.7 [19]).

The Zariski manifold M of K is a locally ringed space whose local rings are the
valuations rings of K, containing the ground field k (cf. chapter VI, section 17 [39],
[24], section 6 of chaper 0 [20]). M satisfies the universal property that for any
morphism of proper k-schemes ¥ : X — Y such that X and Y have function fields
(isomorphic to) K, there are projections 7y : M — X and m : M — Y making a
commutative diagram

SN
X—Y
When K is a 1-dimensional function field, the only nontrivial valuation rings are
the local rings of the points on the nonsingular model of K. As such, a projective
nonsingular curve can be identified with its Zariski manifold (cf. 1.6 [19]). If K has
dimension > 1, K has many non-noetherian valuations, and M is far from being a
k-scheme.

The main result of Zariski in [36] is his Theorem U;, which states that for a
valuation B of a field of algebraic functions K over a ground field of characteristic 0,
there is a projective model V' of K on which the center of B is at a nonsingular point
of V.

Our Theorems 1.1, 1.6, 1.9 and 1.10 are direct analogues of Theorem U; for gener-
ically finite and birational morphisms of varieties.

Zariski obtained a solution to “the classical problem of local uniformization” from
his Theorem U;. In the language of schemes (cf. section 6 of chapter 0 [20]) Zariski’s
result shows that for any integral proper k-scheme X (where k is a field of charac-
teristic 0) there exists a complete nonsingular integral k-scheme Y and a birational
morphism Y — X. A complete variety over a field & is an integral finite type k-scheme
which satisfies the existence part of the valuative criterion for properness.

Our Theorems 1.2, 1.3, 1.8 and 1.11 are analogous to Zariski’s solution of “the
classical problem of local uniformization”.
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1.3. OVERVIEW OF THE PROOF 9

1.3. Overview of the proof

The main thrust of the paper is to acheive monomialization. Theorem 1.1 proves
monomialization for generically finite extensions. The corollaries, Theorems 1.2 through
1.11 are then easily obtained.

Theorem 1.1 is an immediate corollary of Theorem 5.3. Theorem 5.5 is a stronger
version, valid for birational extensions.

In fact, Theorems 5.3 and 5.5 prove more than monomialization. They produce
a matrix of exponents A = (a;;) which has a very special form, depending on the
rational rank of the rank 1 valuations composite with V.

Theorem 5.5 reduces the proof of Theorem 1.6 (Local factorization) to the special
case where dim R = dim .S = n and V has rank 1 and rational rank n. Factorization
in the special case n = 3 and V has rational rank n = 3 was solved by Christensen
in [10]. We generalize Christensen’s algorithm in Theorem 6.4 to prove factorization
when V has rational rank n. The proof of Theorem 6.4 uses only elementary methods
of linear algebra. Theorem 1.6 then follows from Theorem 5.5.

Now we will discuss the proof of Theorem 5.3. The most difficult part of Theorem
5.3 is the case where v has rank 1, which is proved in Theorem 5.1. Almost the
entirety of the paper (chapter 4) is devoted to the proof of Theorem 5.1.

Suppose that v has rank 1 and rational rank s. Then it is not difficult to construct
sequences of monoidal transforms R — R(1) and S — S(1) such that » dominates
S(1), S(1) dominates R(1), R(1) has regular parameters (z1(1),...,2,(1)), S(1) has
regular parameters (y;(1),...,yn(1)) such that

z1(1) = yl(l)vu(l) ... ys(l)“‘(l)él

1‘3(1) = yl(l)cal(l) - ys(l)c,,(l)(ss

where det(c;;(1)) # 0 and §; are units in S(1). This step is accomplished in the proof
of Theorem 5.1.

The inductive step in the proof is Theorem 4.11, which starts with monoidal trans-
form sequences (MTSs) R — R(0) and S — S(0) such that v dominates S(0), S(0)
dominates R(0), R(0) has regular parameters (x1(0),...,z,(0)), S(0) has regular
parameters (y1(0),...,y,(0)) such that

1 (0) =y (0)011(0) e ys(o)c1,(0)51

z5(0) = 1 (0)051(0) . ys(o)cu(o)(ss

3) 2641(0) = ss1(0)

21(0) = y(0)

SOCIETE MATHEMATIQUE DE FRANCE 1999



10 CHAPTER 1. INTRODUCTION

where det(c;;(0)) # 0 and ¢; are units in S(0), and construct MTSs R(0) — R(t),
S(0) — S(t) such that v dominates S(t), S(t) dominates R(t), R(t) has regular
parameters (z1(t),...,zn(t)), S(¢) has regular parameters (y1(t), ..., yn(t)) such that

x (t) =W (t)c“(t) . ys(t)cu(t)(gl

(L's(t) =y (t)csl(t) - ys(t)c""(t)ds
Ts+1(t) = Ys1(t)

(4)

zi41(t) = Yi+1(t)

where det(c;;(t)) # 0 and §; are units in S(2).

To prove Theorem 4.11, we make use of special sequences of monoidal transforms
which are derived from the Cremona tranformations constructed by Zariski in chapter
B of [36], using an algorithm of Perron. We will call such transformations Perron
transforms. Our proof makes use of these transforms in local rings of etale extensions,
giving the transforms the special form

21(i) = @1 (i + )P0 gy (i 4 1)@ (D fLen ()

(5) .’L‘s(i) =2 (Z + 1)a,;(i+1.) . IL’s(i + l)ass(i+1)cgi,is+1(i+1)
zr(3) = 21(i + 1)2+120H) g (5 4 1)80+1,6(0F1)

. ($r(l + 1) + l)c‘l}iﬁl—l,a+1(i+1)

m (’l) — yl(z + 1)b11(i+1) .. ’ys(i + l)bl,(i+l)d$_1‘_,i+1(i+1)

Yo(@) = ya(i+ 1)P(FD ooy (i 4 1) (D g (F1)
yr(3) = ya(i+ 1P+ 0D gy (i 1)Pere 0D
(v i+ 1) + DD

where det(a;;(¢ + 1)) = £1 and det(b;; (¢ + 1)) = £1, ¢j41, di1 are algebraic over k.

Zariski observes on page 343 of [35] that his Cremona transformations have “the
same effect as the classical Puiseux substitution = z7,y = x‘l‘ (e1 + y1) used in the
determination of the branches of the curve ¢(z,y) = 0. The only difference—and
advantage—is that our transformation does not lead to elements x;,y; outside the
field k(z,y)”

Our transforms (5) do induce a field extension. They are the direct generalization
of the classical Puiseux substitution to higher dimensions. We must pay for the
advantage of the simple form of the equations by introducing many difficulties arising
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1.3. OVERVIEW OF THE PROOF 11

from the need to make finite etale extensions after each transform. We call a sequence
of such transforms a uniformizing transform sequence (UTS).

4.11 is proved by first constructing UTSs such that (4) holds, and then using this
partial solution to construct sequences of monoidal transforms such that (4) holds.
The UTSs are constructed in Theorems 4.7 and 4.11, and this is used to construct
MTSs such that (4) holds in Theorems 4.8, 4.9, 4.10 and 4.11.

Underlying the whole proof is Zariski’s algorithm for the reduction of the multiplic-
ity of a polynomial along a rank 1 valuation, via Perron transforms. This algorithm
is itself a a generalization of Newton’s algorithm to determine the branches of a curve
singularity.

We will now give an outline of the proof of Theorem 4.11 (the inductive step).
We will give a formal construction, so that we need only consider UTSs, where the
basic ideas are transparent. We will construct UTSs along v (here the U(3), T'(¢) are
complete local rings)

U@) - UQ1) - --- = U@R)
(6) 1 t
TO) - TA) = --- = T(t)

such that T'(7) has regular parameters (z1(¢), ..., 2n(2)), U(¢) has regular parameters
(y1(3), ..., yn(4)) such that

z1(1) = 0 (i)cu(i) ... ys(i)"“(i)

) 2o(i) = 11O -y (i)
Ts11(1) = Ys41(d)

2 (i) = y(9)
where det(c;;(¢)) #0for 0 <¢ < t.

We will presume that k is algebraically closed, and isomorphic to the residue fields
of R, S and V. We will also assume that various technical difficulties, such as the
rank of v increasing when v is extended to the complete local ring U (%), do not occur.
In Theorem 4.7 it is shown that
(8) Given f € U(0), there exists (6) such that f = y; ()% - --y4(t)%~y where v is a

unit in U ().
(9) Given f € U(0) — k[[y1,---,y]], there exists (6) such that

F=Pyi(),.,m®) +m1 ()" - ys (O %y (t)
where P is a power series.

Theorem 4.11 then shows that it is possible to construct a UTS (6) such that
Zi4+1(t) = yi4+1(t), which allows us to conclude the truth of the inductive step.
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We will now give a more detailed analysis of these important steps. For simplicity,
we will assume that s = rat rank(v) = 1. This is the essential case.

Suppose that R has regular parameters (zi,...,Z,), and 2 < i < n. Zariski
constructed (in [35], and in a generalized form in [36]) a MTS R — R(1) where R(1)
has regular parameters (z1(1), z2(1),...,2zn(1)) by the following method. Since v has
rational rank 1, we can identify the value group of v with a subgroup of R.

(5) =it
Iy all(l)
where a;1(1), a11(1) are relatively prime positive integers. We can then choose positive
integers a1 (1), a;;(1) such that a11(1)as;(1) — a14(1)as1 (1) = 1. Then
z/(xf“(l)xi_““(l)) >0
vy D) = 0
There exits then a uniquely determined, nonzero ¢; € k such that
vy W@ _ ey 5o,
We can define z;(1) for 1 < j < n by

T = :L'l(l)a“(l)(l'i(].) + Cl)a“(l)
(10) T; = wl(l)a“(l)(l‘i(l) + Cl)a“(l)
z; = x;(1)if j # 1 ors.
Set R(1) = R[z1(1), zi(D](2:1(1),...,n (1))-
Using such transformations, Zariski proves

Theorem 1.12 (Zariski [35], [36]). — Given f € R, there exists a MTS along v
R — R(1) — --- = R(t)
such that f = x1(t)%y where gamma is a unit in R(t).

In our analysis, we will consider the transformation (10) in formal coordinates.
R(1) has regular parameters (Z;(1),Z2(1),...,Zn(1)) defined by

71 (1) = 21 (1) (zi(1) + ¢) 2 WD/en®

Ti(1) = (2:(1) + ¢1) /o @ — ¢}/on®)

T;(1) =a;(1)if j #1 or i.

In these coordinates, (10) becomes
@y = F (1))
2 =T () D@ 1) + /D)
z; =7T;(1)if j #1ori.
We have inclusions

T'(1) = R(1) — T"(1) » T(1) = R(1)
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1.3. OVERVIEW OF THE PROOF 13

where

T"(1) = R(1) |(z:(1 1/an)
M = RQ) @) + )/
is a localization of a finite etale extension of R(1). We can extend v to a valuation of

the quotient field of }/Z(T) which dominates ﬁ(l\) For simplicity, we will assume that
this extension still has rank 1.
We will construct sequences of UTSs

T/(1) - T"(1) — T(1) = T'(1)

!
Q) - T"2) — T(2) =T
4
1'(3)

where each downward arrow is of the form (10).
To prove the inductive step, we must construct UTSs (6) starting with R — S.

By induction, we may assume that R has regular parameters (zi,...,%,) and S has
regular parameters (yi,...,y,) such that

T = y°6

T2 = Y2

T = Y

where d; is a unit in S. (Recall that we are assuming that s = 1.) By Hensel’s
lemma, 61/ ' is a unit in S. We then can start our sequence of UTSs by setting
U"0) = S[éi/t"]@l,m,gﬂ) and T"(0) = R, with regular parameters (Z1,...,Z,) and

(T1s---5Tp), such that

—to

T =7,
Ty = Yy
T =7

We will construct 2 types of UTSs

Uu"0) - ")

T T
T"(0) - T"(1)
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14 CHAPTER 1. INTRODUCTION

A transformation of Type I is defined when 2 < ¢ < I. The equations defining the
horizontal maps are then

T =7 (1) ®
7 =71 O @) + e1)
T; =7;(1)if j # 1 or 4,

=7, (1)
=7, ()M (F,(1) + dy)
_yj(l) if j #1 or 1.
an(l) _ v(@) _ v@) _ ba(l)
ann(l)  v(Z1) tov(g;) tobia(1)
(all(l),aﬂ (1)) =1 implies (111(1) I tobn(l).
We thus have

71 (1) = gy (n)letn®W/en®) =g (1)h
52(1) = 52(1)

Zi1(1) = g,(1).

A transformation of Type II is defined when ! < i. The equations defining the
horizontal maps are then

T;j=%;(1)for1<j<n
(1)t

=7
7, (1) D (F,(1) + dy)
Y,

U
y; =
U (1)if j #1 or .

In this case T"(0) = T"(1).
In this way, we can construct sequences of UTSs

S—=>U0)-UQ1Q)—--- = U®)
(11) toor 1 t

R—->T0) - TQA) = - =T
such that T'(k) has regular parameters (Z1(k),...,Tn(k)) and U(k) has regular pa-
rameters (g, (k), ...,7,(k)) related by

z1(k) = g1 (k)™
T2 (k) = Y2 (k)

(12) .

(k) = (k)
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1.3. OVERVIEW OF THE PROOF 15

for 0 < k < t. The transformations T'(k) — T'(k + 1) and U(k) = U(k + 1) are
of type I or II, and we also allow changes of variables, replacing Z;(k) with Z;(k) —
P(z(k),...,Ti—1(k)) and replacing 7, (k) with 7,(k) — P(Z1(k), ..., Ti—1(k)) if2 <i <
1, for some power series P, and we may replace 7;(k) with 7,(k)—P (g, (k),...,¥;_1(k))
ifl <.

To prove the induction step, we must prove Theorems 1.13 and 1.14 below.

Theorem 1.13 (Theorem 4.7 with s = rat rankv = 1)

(13) Given f € U(0), there exists a sequence (11) such that f = vy, (t)% with v a
unit in U(t). (If f € k[[7y,...,Y.]], the transformations of type I and II in
the sequence involve only the first T variables.)

(14) Suppose that f € k[[Fy,.-- Tl —k[[F1,.--.7]]. Then there exists a sequence
(11) such that f = P(g,(t), .., 3;(t)) + 1 ()T (2)-

Theorem 1.14 (Theorem 4.11). — there exists a sequence (11) such that Zj+1(t) =
Uiy (2)-

Outline of proof of (13) of Theorem 1.13. — The proof is by induction on 7.
Suppose that (13) is true for 7 — 1. We will assume that 7 < [, which is the essential
case. Recall that

8
=
Il
<]
HO

8|
)
I

f[ = yl'
Let w be a primitive t§* root of unity. Set

to—1

9@, %) = [[ F@'01:02, -, 70)-
=0

f | gin U(0). We will perform a UTS (11) to get g = 71 (t)A where A is a unit in
T(t). Then f =7, (t)% A’ where A’ is a unit in U(t).

To transform g into the form g = ; (t)¢A, where A is a unit, we will make use of an
algorithm of Zariski ([35], [36]) to reduce the multiplicity of g. Initially set g = T4 go
where T; does not divide go. Set

r = mult(go(0,...,0,Z;)).

0<r<oo. Ifr =0, go is a unit, and we are done. Suppose that 0 < r. We can write

o] d
_ = = \mi ; =B; | =N
go = E ai(T1,...,Tro1)Te = E ;T3 + E agjwff +Z,Q
=0 =1 J
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16 CHAPTER 1. INTRODUCTION

where the terms aq,T7' have minimum value p, Nv(Z;) > p, and the ag,Z- % terms
are the finitely many remaining terms. We must have o; < r for all a;, and o; = 7
implies «; is a unit.

By induction, we can perform UTSs in the first 7 — 1 variables to reduce to the
case

Qo; =T U (T1y-- -y Tre1)
- — —
ag; =Ty ug; (T1,...,Tr-1)

where uq; and ug, are units in 7'(0). Now we make a UTS
T =7 (1)au

z, =71 (1) (F, (1) + c1).

d

go = Z—W““‘ g (T (1) + €1)% + - = Ty (1)° (Z Ua, (T (1) + 1) + Elﬂ).
=1

Set
d

9= Ua, (@ (1) + 1) + T,

=1

r1 =mult g1 (0,...,0,7-(1)).

r1 < oo and r; < r since all a; < r. Set

d
¢(t) =g1(0,...,0,t —c1) = ZUO,,.(O,...,O)tO"'.

i=1
If we do not have a reduction in r, so that r; = r,
C@-(1) + 1) = ez (1)"
for some nonzero e € k. Thus ((t) = e(t —c;)” has a nonzero t"~! term. We conclude
that ag = r, aq, is a unit, ag_; =r — 1 and
p—V(aOt.iw ) = v(aay Ty 1)
Thus
V(ET) = V(aad_l (Tl, e ,.717_,-_1)).
Since T is a minimum value term of f,
u(&,) < V(@) < v(f).

Now make a change of variables in T'(0), replacing Z, with T. = T, — Aag,_, where
X € k is chosen to make v(Z,) < v(Z.). Repeat the above procedure with these new
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1.3. OVERVIEW OF THE PROOF 17

variables. We eventually get a reduction in r. In fact if we didn’t, we would have an
infinite bounded sequence in T'(0)

V(@) < v(E,) < <v(f)

which is impossible (by Lemma 2.3).

Outline of proof of (14) of Theorem 1.13

00
f = Zai(gl"' 'a_gm—l)g:n'
=0

Set
Q=Y 0iT+Tm-1)Tm-
i>0
After possibly permuting the variables 7,,,,...,%,,, we can assume that @ # 0.

Q =77 Qo. whereF; does not divide Qp. Set r = mult(Qo(0,...,0,7,,)). 1 <r < oo.
Suppose that r > 1. Write

d
Qo= 0ai(@1r T T+
=1

where the 0,,7% are the minimum value terms. By construction, all a; > 0. By (13)
of 1.13, we can perform UTSs in the first m — 1 variables to get o; = uq,¥;" where

Uq; are units. Then we can perform a UTSs in ¥; and 7, to get

d
Qo = ﬂl(l)a(z Oa; (T (1) + €1)* + 7, (1)Q).

=1
Set
d d
Q1= 0ai(@n(1) + )™ + T (12 =D ua,cf.
i=1 i=1
Set r1 = mult @,(0,...,0,7,,(1)). 0 < 7 < oo and r; < r. Suppose that we do not
have a reduction in r, so that r; = r. Then as in the proof of (13) of Theorem 1.13,
V(Um) = V(0ay_1(W1s- -, Um—1)). Now make a change of variables in U(0), replacing
Y With
y;n =Tm = A0y (T1s- -1 Tm-1)>

where A € k is chosen to make v(3,,) < v(7,,). We have
- e Qo of
<v@ghH<v|=)<v(=—).
) <o) <v (Go2) <v (5
Repeat the above algorithm with ¥, replaced with ¥, in U(0). Since 8f/0%,, =

8f/dy,,, we get a reduction in r after finitely many iterations, by an argument similar
to that at the end of the proof of (13) of Theorem 1.13.
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18 CHAPTER 1. INTRODUCTION

We can then repeat this procedure to eventually get an expression

F=LG, - Fmor) +77°Q
where mult Q(0, ...,0,7,,) = 1.
By induction, we can perform UTSs in the first m — 1 variables only to get

L= Ll(yla e ayl) + y?IGI
where mult @, (0, ...,0,7,,_;) = 1. Then f is in the desired form.

Outline of proof of Theorem 1.14. — By (14) of Theorem 1.13 we may assume
that

T = g

Ty =Yy

T =7

_ _ _ —dy—
Tivr = Py, 7)) + 97 Y14
Let w be a primitive t§* root of unity. Set

to—1

g(-a_’:l?"'vjl-f-l) = H(fl-i-l —P(Ldiyl,ﬂz,...,y[))-
=0

Y41 divides g in U(0). Set r = mult(g(0,...,0,Ti41)). 1 <71 < o0.
Suppose that r = 1. Then in T(0),

g = unit(Zy41 + ®(Z1,...,71))
= unit(P + 7G4, + ®).
since ¥, , divides g, we must have P = —®. We can then replace T;,1 with
Tit1+® = Flilylﬂa

which can be factored to achieve the conclusions of Theorem 1.14.
Now suppose that » > 1. By (13) of Theorem 1.13, there exists a UTS in the first
[ variables so that P = 5™ P(7,,...,7;), where P is a unit, and

d
_ — () ~a;
9= Zaae% Typr o0
=1

where the @, ,.Tf’_;'l are the minimum value terms and the @,, (Z1,...,Z;) are units.

Case 1. — Assume that v(P) > v(7%'). Then Z;;, = 79'G where G = g 4P +
Ui41- Since mult G(0,...,0,7,,,) = 1, we can factor this to get in the form of the
conclusions of Theorem 1.14.
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Case 2. — Suppose that v(P) < v(7%). Then Zj41 = 7P, where P, = P +

y‘f“hlmﬂ is a unit. Perform a UTS T'(0) — T'(1) defined by
7 =3 (1))
Tipr = T (1)1 D (F 1 (1) + e1).
We will show that this map factors through U (0).
V(@i1) _ a1 (1) _ hav(@) _

v(T1) ain(1)  tov(y) to
Thus h; = t1a;41,1(1) and ¢ = t1a11(1) for some positive integer ¢;.
71 (1) =77
7

T4 (1 =——>1 P =P

Zra(l) + Z1(1)a+11(1) ! !
so that

Ty = P, 00) + 910141

Set g = Z1(1)%g1. r1 = multg;(0,...,0,Z;+1(1)) < r. If r; = r, we can replace T
with Z;41 — 0(Z1, ..., ;) and repeat to eventually get r; < r.

We have (1) = Gjy1 and G4y | g, so that Gy, (1) | g- Z1(1) = 7,(1)"* implies
r; > 0. Now we can repeat the above argument to eventually either reach »r = 1 or

case 1.
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CHAPTER 2

PRELIMINARIES

2.1. Valuations

Lemma 2.1. — Suppose that R is a regular local ring, with quotient field K. Then
R = KN R in the quotient field of R.

Proof. — Suppose that f € KN R. Then there exist g,h € R such that f = g/h,
with (g,h) = 1in R. If f ¢ R, there exists an irreducible s € R such that s | h but
s does not divide g. Let s' € R be an irreducible such that (s') N R = (s). hf = g in
R. s'| h implies s' | g in R. Hence s | g in R, a contradiction. O

Lemma 2.2. — Let R be a regular local ring with quotient field K, mazimal ideal m.
Let v be a rank 1 valuation of K dominating R, with value group T, valuation ring O,,.
Let K be the completion of K with respect to a metric || associated to v. There erists
a valuation T of K extending v, with valuation ring Oy such that Ogz/myz = O, /m,
and the value group of U is T (c¢f. Theorems 1 and 2, Chapter 2 [31]).

Then there exists a prime p C R and an inclusion I/%/ p — K which extends R — K.

Proof. — Let {a,} be a cauchy sequence in the m-adic topology of R. Let v(m) =
p > 0. Then v(m”~) = Np implies {a,} is a fundamental sequence with respect to
| - |. Hence there is a natural map ¢ : R — K making

2K
A

o= X

commute. Let P = kernel ¢. O
Lemma 2.3 extracts an argument from page 345 of [35].

Lemma 2.3. — Let R be a regular local ring containing a field of characteristic zero
and v a rank 1 valuation of the quotient field of R which has nonnegative value on R.
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Suppose that z1,...,2n,... is an infinite sequence of elements of R such that
v(z1) <v(ze) < - <wvlizp) <---
is strictly increasing. Then v(z,) has infinity for a limit.

Proof. — Let m be the maximal ideal of R, K the quotient field of R. Let {%;} be a
transcendence basis of R/m over k. Lift t; to t; € R. Let L be the field obtained by
adjoining the ¢; to k. Then L C R. Let L' be the algebraic closure of L in K. Then
L' C R since R is normal. Let L be an algebraic closure of L'. K = K @/ L is a
field (cf. Corollary 2, Section 15, Chapter III [89]). Let 7 be an extension of v to K.
7 has rank 1 since K is algebraic over K. Let R be the localization of R ®: L at
the center of 7. Then R is a regular local ring dominating R. We can extend 7 to a
valuation ¥ dominating R = L|[z,...,Zx]|, a powerseries ring.

Let p be a positive real number. Let o = min(7(z;)). Let n, be the smallest integer
such that n,o > p. Let g(z1,...,%,) € L[[z1,...,25]] be such that v(g) < p. Write
g = g + ¢" where ¢’ is a polynomial of degree < n,, and g" is a powerseries with
terms of degree > n,. Every form in z4,...,z, of degree m has value > mo. Hence
v(g") > nyo > p. Since v(g9) < p, v(¢9') = v(g). Thus if a powerseries has a value
< p, its value is the value of a polynomial of degree < n,. Hence, among the values

assumed by elements of R, there is only a finite number of values which are less than
or equal to a given fixed real number p. O

2.2. Birational Transforms

Suppose that R is a regular local ring, with maximal ideal m, and that x;,...,2, €
R can be extended to a system of regular parameters (z1,...,zq) in R. Let I be the
ideal I = (z1,...,Zn)-

The blow up

7 : Proj(®n>0lI™) — spec(R)
is called a monoidal transform of spec(R). Proj(®,>0l") is a regular scheme. let
p € 771 (m) C Proj(®n>ol™).
p € spec(R[z1/zi,. .., Tn/x;]) for some i. Then
R — (R[z1/ziy. .., Zn/2i])p
is called a monoidal transform of R. If n = d, so that I = m,
R — (R[z1/xiy. .., xa/%:))p

is called a quadratic transform.
In this section we state results of Abhyankar and Hironaka in a form which we will
use. The conclusions of Theorems 2.5 through 2.7 and Theorem 2.9 have been proved
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2.2. BIRATIONAL TRANSFORMS 23

by Hironaka [20] in equicharacteristic zero, and have been proved by Abhyankar [1],
[4] in positive characteristic, for varieties of dimension < 3.

Definition 2.4. — Let R be a regular local ring. f € R is said to have simple normal
crossings (SNCs), and be a SNC divisor, if there exist regular parameters (z1,...,%5)
in R such that f = unit - * - - - 2%~ for some non-negative integers ai, ..., an.

Theorem 2.5. — Let R be an excellent regular local ring, containing a field of char-
acteristic zero. Let X be a nmonsingular R-scheme, f : X — spec(R) a projective
morphism, h € R. Then there exists a sequence of monoidal transforms g: Y — X,
such that h has SNCs at every point of Y.

Proof. — Immediate from Main Theorem II(N) [20]. O

Theorem 2.6. — Suppose that R, S are excellent regular local rings containing a field
k of characteristic zero such that S dominates R. Let v be a valuation of the quotient
field K of S that dominates S, R — Ry a monoidal transform such that v dominates
Ry. Ry is a local ring on X = Proj(®,>op™) for some prime p C R. Let

U = {Q € spec(S) : pSq is invertible}

an open subset of spec(S). Then there exists a projective morphism f :Y — spec(S)
which is a product of monoidal transforms such that if Sy is the local ring of Y
dominated by v, then Si dominates Ry, and (f)~2(U) — U is an isomorphism.

Proof. — Since S is a UFD, we can write pS = gI, where g € S, I C S has height > 2.
Then U = spec(S) — V(I). By Main Theorem II(N) [20], there exists a sequence of
monoidal transforms 7w : Y — spec(S) such that IOy is invertible, and 7=1(U) — U is
an isomorphism. Let S; be the local ring of the center of ¥ on Y. We have pS; = hS;
for some h € p. Hence R[p/h] C Si, and since v dominates S1, R; is the localization
of R[p/h] which is dominated by Sj. O

Theorem 2.7. — Suppose that R is an excellent local domain containing a field of
characteristic zero, with quotient field K. Let v be a valuation of K dominating R.
Suppose that f € K is such that v(f) > 0. Then there exists a MTS along v

R—-R = --—R,

such that f € Ry,.

Proof. — Write f = a/b with a,b € R. By Main Theorem II(N) [20] applied to the
ideal I = (a,b) in R, there exists a MTS along v, R — R, such that IR, = aR, is a
principal ideal. There exist constants ¢, d, u1,us in R, such that a = ca, b = do,x =
uia + usb. Then ujc + usd = 1, so that cR,, + dR,, = Ry, and one of c or d is a unit
in Ry,,. If cis a unit, then 0 < v(f) = v(c/d) = v(c) — v(d) implies v(d) = 0, and since
v dominates R, d is a unit and f € R,,. O
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Theorem 2.8 (Abhyankar). — Let R, S be two dimensional regular local rings such
that R and S have the same quotient field, and S dominates R. Then there exists a
unique finite sequence

Ry —- Ry — -+ = Rp,
of quadratic transforms such that R,, = S.

Proof. — This is Theorem 3 of [Ab2]. |

Suppose that Y is an algebraic scheme, X, D are subschemes of Y. Suppose that
g:Y' =Y, f: X' = X are the monoidal transforms of Y and X with center D and
D N X respectively. Then there exists a unique isomorphism of X' to a subscheme
X" of Y’ such that g induces f (cf. chapter 0, section 2 [20]). X" is called the strict
transform of X be the monoidal transform g.

Theorem 2.9. — Let R be an excellent regular local Ting, containing a field of charac-
teristic zero. Let W C spec(R) be an integral subscheme, V C spec(R) be the singular
locus of W. Then there exists a sequence of monoidal transforms f : X — spec(R)
such that the strict transform of W is nonsingular in X, and f is an isomorphism
over spec(R) — V.

Proof. — This is immediate from Theorem I)"™ [20]. O

Theorem 2.10. — Suppose that R C S are r dimensional local rings with a common
quotient field K, and respective maximal ideals m and n such that S dominates R,

S/mS is a finite R/m module, and R is normal and analytically irreducible. Then
R=S.

Proof. — This is the version of Zariski’s Main Theorem proved in Theorem 37.4
[28]. O
Theorem 2.11 (Theorem 1 [22]). — Suppose that R is an excellent reqular local ring

with quotient field J, K is a finite extension field of J and S is a regular local ring
with quotient field K such that R C S and dim(R) = dim(S). Then S is essentially
of finite type over R.

Proof. — Let (y1,...,yn) be a system of regular parameters in S and suppose that
K is generated by hq,...,h, over J. Let h; = f;/g; for 1 <i <r where f;,g9; € S. Let
T be the normalization of R[Yy1,...,Yn, fis-- s frsG1,---59r], g =m(S)NT, U =1T,.
By Theorem 2.10 T, = U. O

Theorem 2.12. — Suppose that R is an excellent regular local ring, with mazimal ideal
m, S is a regular local ring with mazimal ideal n, such that R C S, dim(R) = dim(S)
and the quotient field of S is a finite extension of the quotient field of R. Then there
is an inclusion

RcS
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where R is the m-adic completion of R, S is the n-adic completion of S.

Proof. — By Theorem 2.11 S is essentially of finite type over R. Since S is universally
catenary, the dimension formula (Theorem 15.6 [26]) holds.

dim R + trdegp S = dim S + restrdegp S

Since R is analytically irreducible, R is a subspace of S by Theorem 10.13 [4] (“A
version of Zariski’s Subspace Theorem”). O

We will use the notation m(R) to denote the maximal ideal of a local ring R, k(R)
to denote the residue field R/m(R). R or R will denote the m(R)-adic completion of
R.

Let k be a field, 0 # f(21,...,2n) € k[[21,...,2n]]. Let m = (z1,...,2,). Define
mult(f) =rif fem”, f gmtL.
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CHAPTER 3

UNIFORMIZING TRANSFORMS

Definition 3.1. — Suppose that R is a regular local ring. A monoidal transform
sequence (MTS) is a sequence of ring homomorphisms

R=Ry >R —-+Ry— =R,

such that each map R; — R;y; is a finite product of monoidal transforms.

Definition 3.2. — Suppose that R is an excellent regular local ring containing a field
k of characteristic zero, with quotient field K. A uniformizing transform sequence
(UTS) is a sequence of ring homomorphisms

R — Ty — To
3
= =1 e

Tl—)T1—>T1

!

(15) Ty, — Ty — Ty

—‘!‘/ — \‘ —

T, T, >T,
such that To = E, the completion of R with respect to its maximal ideal, and for all 7,
T; is the completion with respect to its maximal ideal of a finite product of monoidal
transforms T of T;_,. For all i, T; is a a regular local ring essentially of finite type
over T, with quotient field K;, such that T; C T, C T; and Kj is a finite extension
of K, K;41 is a finite extension of K; for all ¢ > 0.

s . . M =
To simplify notation, we will often denote the UTS (15) by (R,T,,,T,) or by

R—>Ty—Ty— - =T
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We will denote the UTS consisting of the maps

— —1 —_
Tn—l — Tn—l — Tn—l

' hY
— p—7) j—
T, —- T, =T,
by Tn—l — Tn
A UTS (15) is called a rational uniformizing sequence (RUTS) if there exists an
associated MTS

R=Ry = Ri = -+ = Ry,

maps R; — T, such that R; = T; for 1 < i < n, and all squares in the resulting
diagram

To - T — =T,
(16) Tt 1
Ry - Ry — — R,
comiute.
Suppose that v is a valuation of K which dominates R and
17) R—-Ty—T,— =T,
is a UTS.

Suppose that vy is an extension of v to the quotient field of Ty such that v
dominates Ty. The existence of v is shown in [23]. If vy dominates T, we can extend
vo to a valuation v; of the quotient field of T; which dominates T';.

Then if v; dominates T;, in the same manner we can extend v; to a valuation
vy of the quotient field of T» which dominates T. If we can inductively construct
a sequence vy, ..., v, of extensions of v to the quotient fields of T; in this manner,
(17) is called a UTS along v. If there is no danger of confusion, we will denote the
extensions v; by v.

Suppose that (17) is a UTS along a rank 1 valuation v of K. Let I', be the value
group of v. Suppose that 7 is such that 0 < ¢ < n. Let O,, be the valuation ring of
v; and Iy, be the value group of v;. ', is a subgroup of I',,. Set

T={B8€Tl,, | —a<B<aforsomeacl,}.

T is an isolated subgroup of T',,, since T, is a subgroup, so there is a prime a in O,,

(which could be 0) such that T is the isolated subgroup I', of a, (by Proposition 2.29

[3] or Theorem 15, chapter VI, section 10 [39]). Set
p;=anT;={feT;|v(f)>aforallaeT,}.

We will say that v(f) = oo if f € p;.
For the rest of this chapter we will assume that R C S are excellent regular local
rings such that dim(R) = dim(S), containing a field k of characteristic zero, such that
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the quotient field K of S is a finite extension of the quotient field J of R. We will fix
a valuation v of K with valuation ring V such that v dominates S.

Note that the restriction of v to J has the same rank and rational rank that v
does (Lemmas 1 and 2 of section 11, chapter VI [39]). Observe that .S is essentially
of finite type over R (Theorem 2.11) and R — § is an inclusion (Theorem 2.12).

Suppose that (R,T.,T») and (S,T..,U,) are UTSs. We will say that (R,TZ,T,;)
and (S,U,,U,) are compatible UTSs (or a CUTS) if there are commutative diagrams
of inclusions
(18) t1

U, »U;, > U;
L 1 1
=T, =T

T;
for 0 < ¢ < n. In particular, the quotient field of U;’ is finite over the quotient field
of T; for all i, and U, is essentially of finite type over T; for all i.
We will say that UTSs along v (R, T,,T») and (S,U,,U,) are CUTS along v if
the extensions of v are compatible in (18).
If (R,T,.,T,) and (S,T.,U,) are RUTSs and CUTSs, then we will say that
(R, T::,Tn) and (S, UZ,U,,) are compatible RUTSs (or a CRUTS).
Lemma 3.3. — Suppose that the CRUTS (R, T, T») and (S, U, Un) have respective
associated MTSs
R=Ry—+ Ry = =R,
and
S=8 =85 == 5
Then there is a commutative diagram

R—- R — -+ > R,
(19) { 1 {
S—=-+8 — - =5,

Proof. — This follows from (18), (16) and Lemma 2.1, since then
RiCRNJ=TinJCU,NK=8NK=35;
for all 4. O
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CHAPTER 4

RANK 1

4.1. Perron Transforms

Throughout this chapter we will assume that R C S are excellent regular local
rings such that dim(R) = dim(S), containing a field k£ of characteristic zero, such
that the quotient field K of S is a finite extension of the quotient field J of R. We
will fix a valuation v of K with valuation ring V such that v dominates S. Suppose
that if my is the maximal ideal of V', and p* = my N S, then (S/p*)p+ is a finitely
generated field extension of k. We will further assume that

(1) v has rank 1 and arbitrary rational rank s (< dim(S)).
(2) dimg(v) =0 and O, /m, is algebraic over k.

Let n = dim(R) = dim(S). We will define 2 types of UTSs. Suppose that (R, T ,T)
is a UTS along v and T has regular parameters (7}, ..., ) ) such that

v(Z) =11,...,v(T) =76

are rationally independent. Let vo be an extension of v to the quotient field of T
which dominates T .
We first define a UTS T — T(1) of type I along v. The MTS T — T (1) is defined
as follows. T'(l) = T}, where h is a positive integer and T}, is constructed as follows.
Set 7;(0) = 7; for 1 <4 < s. For each positive integer h define s positive, rationally
independent real numbers 7 (h), ..., 7,(h) by the “Algorithm of Perron” (B.I of [36])

T1(h—1) = 75(h)
m2(h —1) = 71 (h) + az(h — 1)75(h)

Ts(h—1) = 15_1(h — 1) + as(h — 1)74(h)
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where

7i(h —
aj(h—1>=[—Tj§h_B], 2<j<s

the “greatest integer” in 7;(h)/m (h). There are then nonnegative integers A4;(h) such
that
i = Ai(h)m(h) + Ai(h+ D)1a(h) +-- -+ Aj(h + s — 1)74(h)

for1<i<s.
Ai(h) ... At(h+s-1)
det : : = (—1)hs—D)
As(h) ... As(h+s—1)
(See formula (4’), page 385 [36].) These numbers have the important property that

im 2 _ T
h—o0 Al(h) T1
(See formula (5), page 385 [36].) Set Z;(0) = %} for 1 < i < n. Define T}, by the
sequence of MTSs along v

T' =T0) > T1) = - > T(h) =T, =T (1)

(20)

El(z) = gs(i + 1)
F2(5) = F1(i + V)T, (6 + 1)

Ts(i) = Fs—1(i + 1)Fs(6 + 1)*®
v(Z;(@) = 7(0) for 1 < j < s. If we set Z;(1) = Z;(h), we then have regular
parameters (1 (1), . ..,T,(1)) in T’ (1) satisfying

=7 (1) M g, (1) A (hts—)

T, = 51(1)As(h) .. .Ts(l)As(h-l‘s—l)

21 Tipr = Tsra(l)

8
@
+
—

|

Tn = Zn(1)

Then T'(1) =T [z (1), ... ,Ts(1)](z1(1),....7. (1))- Let T(1) be the completion of T (1)
at its maximal ideal. Set 7' (1) = T'(1). Then for any extension v; of vy to the
quotient field of T(1) which dominates T(1), T — T(1) is a UTS and (R,T"(l),T_(l))
is a UTS along v. Note that v(Z1(1)),...,v(Ts(1)) are rationally independent.

Now we define a UTS T — T(1) of type II, along v (with the restriction that
s+1<r <mn). The MTS T - T’(l) is constructed as follows. Set v(Z,) = 7. 7
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must be rationally dependent on 71, ..., 7 since v has rational rank s. There are thus
integers A\, A1,...,As such that A >0, (A\,A\1,...,A;) =1 and

ATp =M1+ -0+ AsTs.
First perform a MTS T — T(1) which is UTS along v where T(1) has regular

parameters (Z1(1),...,%,(1)) defined by &, = Z;(1)4 ") ... F (1)4s(h+s=1) for 1 <
i < s. Then v(Z;(1)) = 7i(h) for 1 <i < s, v(Zr(1)) = 7. Set

/\z(h) = )\1A1(h+i - 1)+/\2A2(h+i— 1)+"‘+/\3As(h+i - ].)

for 1 <i < s. Then
ATr = A(h)Ti(h) + - + A (h)Ts(R).

Take h sufficiently large that all A;(h) > 0. This is possible by (20), since A\;71 +
-4+ A5 > 0. We still have (A, A1 (h),..., As(h)) = 1 since det(A4;(h+j — 1)) = £1.
After reindexing the Z;(1), we may suppose that A;(h) is not divisable by A. Let
A1(h) = Ap + N, with 0 < A" < A. Now perform a MTS T'(1) — T(2) along v where
T'(2) has regular parameters (Z1(2),...,Z,(2)) defined by

Fi(1) = 5:(2)

Ty(1) = 22(2)

z5(1) = 75(2)
Z.(1) = 71(2)Z,(2)*.
Set 7/ = v(Z;(2)) for all i. 7{,..., 7., 7, are positive and
Nrl= XN+ -+ M7
where A} = A, A, = —)\;(h) for 2 < i < s. We have thus acheived a reduction in A\. By
repeating this procedure, we get a MTS T > T'(a) along v where T'(«) has regular
parameters (Z1(a),...,Zn(a)) such that if 7, = v(Z;(a)), T1,...,Ts are rationally
independent and
Tr = AT1+ -+ AsTs
for some integers ;. Now perform a MTS T'(a) — T(a + 1) which is a UTS of type
I along v where T'(a + 1) has regular parameters (Z;(a +1),...,Z,(a+ 1)) such that
if 7 = v(Z;i(a + 1)),
TE =T 4 AT
for some positive integers \;. Finally perform a MTS f(a +1) > T(a + 2) where
T(a+2) = T(a+ DN,
" F(e+ DM F (a4 1)
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and q is the center of v on T(a + 1)[N,]. Set T(1) = T(a + 2). Since v(N,) = 0,
N, has residue ¢ # 0 in k(T (1)). Set N; = Zi(a) for 1 < i < s. Then there exists a

matrix (a;;) such that
:i:l — N{-'bu _,_N;‘ll,.s+1
gl — Nf‘l ... N,‘.""’""l
~ a
Z, = Np*tot o Ngettadt

and det(a;;) = +1. T (1) is a localization of T [Ny, ..., Ny, N,].

Let T'(1) be the completion of T’(l) at its maximal ideal. vy extends to a valuation
of the quotient field of T'(1) which dominates T'(1). Let v; be such an extension. 7'(1)

has a regular system of parameters (z3(1),...,z5(1)) defined by
B = (1) ey (1) (@ (1) + e

(22)

F, = 2i (1) -2y (1) (@1 (1) + 0)en
o= gr(1)%ent g (1)%+0e (g2 (1) + )%ttt

det(a;;) = 1 and v1 (23 (1)),...,v1(x5(1)) are rationally independent. Set

ai1 - G1s aix - Q1,541
c=det | : : | det : : #0

Ag1 *°° Qgs As4+1,1 ~° " As41,8+1
since v(Z}),...,v(Z}) are rationally independent. Define rational numbers v, ...
by

-1
g1 air -* Qs —a1,s+1
Vs As1 *° Qss —Qg,5+1

~v; = m; /¢ for some m; € N. By Cramer’s rule,

a1 0 Q1,541 " 0
as1 - Qgs41 Vs 0
Qs41,1 **° Qsgl,s41 1 1/c

Y1Qs+1,1 + -0+ VsQsy,s T Cst1,541 = 1/5.
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Let (bs;) = (aij)‘l. Then

Ny = 2(1) = @) @) @)

N, = a3(1) = @) - (@) @)
Ny = @2(1) + e = (&)1 - (& )Potiee (&) Pt
(z1(1),...,zy_y(1),N/,z;,1(1),...,x5 (1)) are regular parameters in T (1) where
S § (A 0)
and the product is over all conjugates o(c) of ¢ over k in an algebraic closure % of k.

E(T (1)) = k(T")(c).
" 1/ . 1/
We have (f—'-c(i) + 1) € T(1) where (wTT(l) + 1> is uniquely determined by

the condition that it has residue 1 in k(T'(1)). Set

* 1/¢
c, (@ + 1) ] .
(21(1),--,25 (1))

T—”(l) has regular parameters (Z1(1),...,ZT,(1)) defined by
* -
w;(l)(x—'g+l) 1<i<s
— (1) _ x 1/2

zf (1) §s<t, t#T

T'(1) =T 1)

‘We have

T =T (1% T (1)4e e

5'3 = Tl(l)as,l .. .js(l)aa,,caa,sﬂ

F, = Ty (1)%+t - T(1)% 40 (Tp(1) + 1)ctotteoh

Note that
@ () +1)F(1) 1<i<s
(24) ;1) ={ @ (1) +1)°=1] i=r
T;(1) §s<i, 1#T
Thus T — T(1) is a UTS and by our extension of v to the quotient field of T(1),
(R, T"(1),T(1)) is a UTS along v. We will call T — T(1) a UTS of type IL,.
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Remark 4.1. — In our constructions of UTSs of types I and IL,, T > T’(l) is a
product of monoidal transforms

TlIZTo—)Tl — T =Ty =TI(].)
where each T; — T,-+1 is a monoidal transform centered at a height 2 prime a; and
aiT (1) = (F(1)% - -7, (1)%) for some nonnegative integers di for all 4.
Lemma 4.2. — Suppose that (R,T",T) is a UTS along v, (z1,...,2,) are regular
parameters in T”, and v(z1),...,v(xs) are rationally independent.
(25) Suppose that M, = x‘lﬂ '-'xgl,Mg = x‘ff--.xfff eT" and v(M;) < v(Ms).
Then there exists a UTS of type I along v, T — T(1), such that M, | Mo in
T (1).
(26) Suppose that M = x‘lj‘ ---xd 4s such that the d; are integers and 0 < v(M).
Then there exists a UTS of type I along v T — T(1) such that M € T’(l).
Proof. — The proof of (25) is from Theorem 2 [36]. Consider the UTS with equations
(21). In T'(1),
M; = El(l)dgAl(h)+---+d§A,(h) .. 'fs(l)d’iAl(h+s—1)+~"+diA,(h+s—1)

fori=1,2. For h> 0
BAh+j-1) 4+ +d2Ash+j—1)>diAj(h+j— 1)+ - +dA;(h+j—1)
for 1 < j < s by (20).

To prove (26) just write M = M>/M; where M; are monomials in z1,...,zs. Since
v(Msz) > v(M,), (26) follows from (25). O
Lemma 4.3. — Suppose that (R, T ,T) and (S,U " ,U) is a CUTS along v, T has
regular parameters (T1,...,%Tn) and T has regular parameters (§,,...,7,), related
by

_ =C —c
$l = ylll '.,yslsal

= _ =< =
xs — ylal . 'ysssas

such that oy, ..., a5 € k(U), v(Z1),...,v(Ts) are rationally independent and det(c;;) #
0. Suppose that T — T(1) is a UTS of type I along v, such that T’(l) = T"(l) has
regular parameters (T,(1),...,Tn(1)) with

71 = T (1) - Fy(1)M0
T, = F (1) T (1),
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Then there exists a UTS of type I along v U — U(1) such that (R, T'(1),T(1))
and (S, U"(l),U(l)) is a CUTS along v and Ul(l) = U”(l) has regular parameters

7y = Gu()P g1

(27) ;
¥y = Gr(1)% - F,(1)%r,
and
71(1) = gy (D)@ g (1) Way (1)
(28) :

Ts(1) = 7y (1) g, (1) Way(1)

where a;(1),...,as(1) € k(U(1)), v(Z1(1)),...,v(Ts(1)) are rationally independent
and det(c;5(1)) # 0.

Proof. — Let (es;) = (ai;)™ ", (dij) = (esj)(cjk), an integral matrix. Let a;(1) =
it .-t for 1 <¢ <s. Then

Ti(l) = g9 gl (1)
T,(1) = 75 - TP au(1)

By (26) of Lemma 4.2, we can construct a UTS (27) of type I U — U(1) such that
we have an inclusion 7' (1) C U (1) and (28) holds. Then an extension of v from
the quotient field of U which dominates U to a valuation of the quotient field of U (1)
which dominates U (1) restricts to an extension of v to the quotient field of T'(1) which
dominates T(1) so that (R, T (1),7T(1)) and (S,U (1),TU(1)) is a CUTS along v. O

Lemma 4.4. — Suppose that (R,T”, T), (S, U", U) is a CUTS along v, T has reqular

parameters (Ty1,...,Tn) and T has regular parameters (gy,...,y,) such that
T, = yﬁu . _yglsal
(29) Ts = 41" - Usras

with o, ...,a5 € k(U), v(Z1),...,v(Ts) rationally independent, det(c;;) # 0.
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Suppose that T — T (1) is a UTS of type II, along v, with s +1 < r < such that
T(1)" has regular parameters (%1(1),...,Tn(1)) with

Ty = Ty (1)1 - Fy(1)3e coteh

(30) :
Ts = fl(l)aal .o .is(l)asscas.a-}l

T, = Tl(l)a’“q’l .. .—z's(l)aa+1,a (Tr(]-) + l)caa+1.s+1‘
Then there exists a UTS of type II,., (followed by a UTS of type I) U — U(1) along
v such that U"(l) has regular parameters (g,(1),...,7,(1)) satisfying
g1 = Ga (1) Gy (1)Prediren

(31) : b b b
Us = o ()01 - Gg(1)0ee dPerert
Up = Go(1)Perrt - G110 (G, (1) + D)dPetton,

T'(1) cT'(1), and
71(1) = gy ()@ g, (1) ey (1)

7o(1) = 7y ()1 -7, (1)% W (1)
(32) _ 7
Tor1(1) = Yoqa (1)

(1) = 5,(1)
where a1 (1),...,0,(1) € k(U®1)), v(@1(1)),...,v(Ts(1)) are rationally independent,
det(ci; (1)) # 0 and (R, T (1),T(1)), (S,U"(1),TU(1)) is a CUTS along v.
Proof. — Identify v with our extension of v to the quotient field of U which dominates
U. Set (gij) = (ai;)7 ",

— 73911 | |, 7915 7591,5+41
A =TT T egIte

AS — T?Sl .. .fgssfgs,sﬁ-l

AT —_ E{""lvl .. 'T§’+l"’fg"+1"’+l‘

Then T’(l) is a localization of T"[Al,...,As,Ar]. v(A4;) > 0for1 <i < s and
v(A;) = 0. We have

5d =d1s7=d1,s
Ar =Y Yty B

sl |, ,ygssyga.s+lﬁs

—d
As = Y1
_d
A, =gt '117?""1"’:7:"“"“[37'
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where 3; = af* ---adis for 1 <i < s, B =a*™' - a8t and

—1 ((cjk) O
(33) () = (@)™ (999
Define B; by

B, = y;lu . _gglsyﬁl,s+l

=hg =hss=—=h
Bs =91 Y gt

_h — —
B,. = yl"'"l'l .. ~yf’+1"’y’:"+1-’+1

where the matrix (h;;) defines a UTS of type II, U — W along v where W isa
localization of U [By, ..., Bs, By] with v(B;) > 0 for 1 <i < s and v(B,) = 0. We
have

Al — Bfll e B:la B:1,3+1 ,81

As — Bf"l .. Bgss Bi”"“ /33
— €s41,1 e €
Ar — Bl-' - Bsa+1,s Brs+1,s+1 67‘

where (e;;) = (dij)(hij)~" is a matrix with integral coefficients. Since v(4,) =
v(B;) = 0 and v(B1),...,v(B;) are rationally independent, we have €411 = -+ =
es+1,s = 0. Then det(e;;) # O implies es41,541 # 0. Since v(A41),...,v(45) > 0, by
Lemma 4.2, we can perform a UTS of type I W — U(1) along v so that U’(l) is a
localization of W' [Cy, . . .,Cs] with v(C1), ..., v(Cs) rationally independent, and

b” bll
B; = Clu N

to get

Ay = O - Ofe Bl g,
(34) :
A, = c{u ~~Cg'“Bf""+‘ﬁs
A, = Cifa+1,1 . Céfs+1,a B{s+1,s+1ﬁr

with f;; > 0 for all 4, j and

(fi5) = (eij) ((bé;) (1)) -
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Set

() = (s (9 D).

(34) implies A;,...,A, € U (1). Thus U — U (1) is a MTS along v and T (1) C
U'(1). Further, we have fop11 = = foq1,6 = 0.

Extend v from the quotient field of U to a valuation of the quotient field of TU(1)
which dominates U(1). Let d be the residue of B, in k(W). U(1) has regular param-
eters (y7(1),...,yx(1)) such that

i = vr(DP i ()P (g (1) + )

(35)

ys — yf(l)b“ .. .y;(l)bas (y:(l) + d)b"’ﬂ
o y;(l)bs+1,l e y;(l)ba+l,: (y;‘(l) + d)b,+1‘,+1'

* 1/d
T'1)=T(1) [d, (yr(gl) N 1) ]

We have a natural inclusion T'(1) c U(1).
Let c € k(T’(l)) be the residue of A,. Then c is the residue of A, in the residue
field of our extension of v to the quotient field of U(1), since v dominates U"(l). Set

N
]
|

Set

(¥1 (1), y5 (1))

A; 1<i<s
x; (1) =7 s<i, i#r
A —c i=r
Then (23(1),...,2%(1)) are regular parameters in T/(1) such that
LIJ;(]_) = yr(]_)fu .. .y;(]_)fls (y;‘(l) + d)fl's+1,81

(36) 1
z*(1) = yr)Fr oyt () Fe (yr (1) + d) oo+ B,
:c:(l) +c = y;‘(l)fs+1,1 .. .y;(l)f,+1,., (y;(l) + d)f‘+"°+1ﬂr,

They are related to the regular parameters Z;(1) in 7 (1) satisfying (30) by
(1) zi(1)(@, (1) + 1) 1<i<s
zi (1) = _
’ d@.-1)+1)° -1 i=r

where
aijl -+ Qis a1 Q1,541

Qg1 * - Qgg Qs ** Qst1,5+1
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T 0
. _ (a” )—1

Vs 0
1 1/c

We have regular parameters 7,;(1) in ﬁ"(l) satisfying (31) with

‘(1) = 7:()@F.Q) +1)¥ 1<i<s
YT ldim, )+ )T -1) =

where
bll"‘ bls bll"‘ bl,s+1
d=det| : | det :
bsl bss bsl bs+1,s+l
T1 0
= (bi) 7"
Ts
1 1/d
T1 0 0 T
Nl =1 (ei) O S PSRN B I
| = (DO = | =5
1 1/d 1/d 1

Substitute this in (36) to get
71 (1)@ (1) + 1) = g ()7 g,() e F,(1) + DTralrer gy

To(1)(Z(1) + )7 = gy (D)1 - g, () (7, (1) + DT P18,
(@ (1) +1)° = (F,(1) + Dal+reb1 5,
v(Z,(1)) > 0 and v(7,.(1)) > 0 imply
(37) c=dl+retig
Our inclusion T(1) C U(1) induces
T,.(].) = wyr(l) +w-1
in U(1) for some ¢-th root of unity w. Since (1) € m(T(1)) and 7,.(1) € m(U(1)),
we must have w = 1. We thus get (32).
T'(1) =T W, Z (D@ ()zn) C U 47Ol (5,0 =T ().
An extension of vy to the quotient field of U(1) which dominates U(1) then makes

== =

(R, T (1),T(1)), (S,U (1),U(1)) a CUTS along v. O
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Lemma4.5. — Suppose that (R, T, T), (S,U",U) is a CUTS alongv, T has reqular

parameters (Tq,...,T,) and U" has regular parameters (g, ...,Y,) such that
T = y?“ .. .yglsal
T, = BT

(38) T-‘>‘+1 = ys+l
T =7

— _ —d —dg=—
Tl = Y1 Us Ui

where o, . ..,as € k(U), v(T1),...,v(T;) are rationally independent, det(ci;) # 0.
Suppose that T — T(1) is a UTS of type Il,4, along v, such that T (1) has regular
parameters (T1(1),...,To(1)) with

T = E ()T (1) conens
(39) '
Ty = Ty (1)%0 - Ty (1)ee Oorett

Ti41 = T1 (1)as+1,1 .. .73(1)as+1,s (Tt+1 (1) + 1)Cas+1,s+1,

Then there exists a UTS of type I 11, (followed by a UTS of type I) U — U(1) along
v such that U”(l) has regular parameters (§,(1),...,7,(1)) satisfying

T =T gy (1) dien
(40) :
ys = yl(l)bsl .. .ys(l)bsadbs,s-f-l
U1 = o ()Pt - g (1)bettoo (g1 (1) + 1)dPetrotr,
T'(1) cT"(1), and

71(1) = 7 (1)1 W g, () Wan (1)

Zo(1) = G (1) O - g, (1) Wy (1)
(41) Zair(1) = Tyar (1)

5(1) = 7,(1)
Zi+1(1) =75, (1)

where a1 (1),...,a5(1) € k(U(1)), v(Z1(1)),...,v(Ts(1)) are rationally independent,
det(ci;(1)) # 0 and (R, T (1), T(1)), (S,T"(1),U(1)) is a CUTS along v.
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Proof. — Change r to ! + 1 in the proof of Lemma 4.4, and change (d;) to

c11 -+ ¢15 0
(dix) = (ai;) ™"

Cs1 " ** Css 0

dl ds 1

O
Lemma 4.6. — Suppose that (R,T ,T) and (S,U ,U) is a CUTS along v, T has
regular parameters (Ty,...,%,) and T has regular parameters (§y,...,T,) such that

., — 3C11 -—C
Ty =Y, - 'yslsal

Es — —y'(i'al .'.ygssas
Tst1 = ys+1
T =7
fl—!—l = yﬁ"n*l e y§s+1,a(5
where s, ...,as € k(U), § € T'isa unit, v(Ty),...,V(Ts) are rationally independent

and det(c,'j)lgm-gs #0. .
Suppose that T — T(1) is a UTS of type I, along v, so that T (1) has regular
parameters (T1(1),...,Tn(1l)) satisfying

T = () (1o
is — fl(l)aal .. ,'x‘s(l)asscaa,s-{'l
Tipr = By (L)% -y (1)1 By (1) + 1)t

Then there exists a UTS of type I along v U — U(1) such that U (1) has regular
parameters (g1(1),...,7n(1)) with

91 = (1) ge(1)"

Ts :’y\l(l)bsl .. .gs(l)bss
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and U (1) has regular parameters (@ (1),...,7,(1)) such that g;(1) = &;4i(1) for
1<i<s for some unitse; € U (1), T (1) c T (1),

71(1) = g, ()W g (1) Wy (1)

T,(1) = 5 (1)@ g, (1) Wy (1)
Ts+1(1) = Feqq (1)

zi(1) = 7,(1)

where a1(1),...,as(1) € k(U(Q)), v(Z1(1)),...,v(Zs(1)) are rationally independent,
det(ci;(1)) # 0, and (R, T"(1),T(1)) and (S,T" (1),T(1)) is a CUTS along v.

Proof. — Identify v with our extension of v to the quotient field of U which dominates
U. Set (gi5) = (ai)™",

— 911 || m91s7=91,5+1
A =T T9T) )

— =01 |, mfearTs,s+1
4; =T T™ Ty

— m9s+1,1 | =Qat1,s5:9s+1,8+1
Ay =73 zJ T4 .

T'(1) is a localization of -T"[Al, vy Agy Arpa]- v(A)) > 0forl1 < i< sand v(A41) =
0.

—d —dy,
Ay =yt gt bien

—d —d
As = yl-!l .. 'ysu(sses
—dst1,1 =dat1,s
A =907 gt i

where e; € k(U), (dit) = (ai;)"!(cjx) and &; are units in T such that §; has residue
lin k(U) for 1 < i < s. v(A;41) = 0 and v(y;),...,v(y,) rationally independent
implies

ds+1,1 == ds+1,s =0.
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Since v(A;) > 0 for 1 <14 < s, by Lemma 4.2 we can perform a UTS of type I along
v U — U(1) where U (1) has regular parameters (71(1),...,7n(1)) satisfying

7= g0

Ty = t1(1)br W g (1)bee (D)
to get

A = GO D g () Dpey
As = :i/\l(]-)c“(l) e ?73(1)0”(1)5363
Ajp1 = G
where all ¢;;(1) > 0. Thus
— = ~
T'[A1,...,Ae, A ) T ) =T [511), -, s (D)@ 1), (1)

and since v dominates U (1) and T (1), U (1) dominates T (1).
Now extend v from the quotient field of U to a valuation of the quotient field of
U (1) which dominates U(1). T' (1) has regular parameters (z%(1),...,%(1)) with

Ty =z (D)™ a5 (1M (2741 (1) + o) et

—Il

Ty = ai(1)* -2 (1)% ()4, (1) + ¢)%eh
Ten = (1) (1) @ (1) 4 e,

* 1/c
roorl (B0
(21 (1),--,25 (1))

(Z1(1),...,ZTn(1)) are regular parameters in T (1) which satisfy

T l+1( ) - =7 (1)) L 5 1)ers (1) G4
71(1) = =i(1) +1 =71(1) - Ys(1) diex o

iL'* 1 —Ys —Ys
z.(1) = oy (Ll 1) =R G 1) se, (22)

Tipa(1) = (””7+_(1:(12+1) ( >1/c

Set (es;) = (ci5(1)) 77,

5 —Y1€i1— " —7Ys€is
£i = 651 ... geie ( l+1)

SOCIETE MATHEMATIQUE DE FRANCE 1999



46 CHAPTER 4. RANK 1

for 1 < i < s. Define
_ gigi(l) 1<i<s
7:(1) = Az : ,
7:(1)  s+1<i.

Then the conclusions of Lemma 4.6 hold with

1/c
U”(l) = U’(l) [c, <51%) ,81,...,63]

#1(1),--,7, (1))

4.2. Monomialization in rank 1

Theorem 4.7. — Suppose that (R,T”,—T) and (S, ﬁ”,ﬁ) is a CUTS along v such that
T" contains the subfield k(co) for some co € T and U contains a subfield isomor-
phic to k(U”), T has reqular parameters (Z1,...,2Z,) and U has regular parameters
(W, ...,Wn) such that

where ¢1,...,¢, € k(U ), v(Z1),...,v(Zs) are rationally independent, det(ci;) # 0.
Suppose that one of the following three conditions hold.

(42) f € k(U)[[w1,...,Wm]] for some m such that s <m < n with v(f) < cc.

(43) f € k(U)[[w1,...,Wm]] for some m such that s < m < n with v(f) = co and
A > 0 is given.

(44) f € (k(ﬁ) [[El, e ,Em]] (%) [[El, et ,El]]) nT" for some m such thatl <
m < n.

Then there exists a CUTS along v (R, T (t),T(t)) and (S,U (t),U(t))

(45) t 1 1
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such that T' (i) has regular parameters (21(3), . .., Zn(i)), U (i) has regular parameters
(w1 (2),...,wWn(t)) satisfying

z1(i) = Wy (i)cn(i) . 'TU_s(i)c“(i)(ﬁl ()

Z5(1) = W ()™ O W, (5)° D s (3)

Zs41(1) = Ws41 ()

Z1(1) = w(3)

T”(i) contains a subfield k(co,...,c;) and U"(i) contains a subfield isomorphic to
kT@G)). ¢1(i),...,050() € k(U(4)), v(Z1(3)),...,v(Zs(i)) are rationally independent,
det(ci;(¢)) #0 for 0 < i <t. In case (42) we have

f=w ()" W () w(@(t), ..., T (t))

where u € k(U (1)) [[W1(t), ..., Wm(t)]] is a unit power series.
In case (43) we have

f=w @) W ()L (W (t), ..., Tm(t))

where £ € k(U®))[[@1(t), ..., Wm(t)]], v(@1(t)3 - - W,(t)%) > A.
In case (44) we have

f=P@@i(t),...,w(t) +w ()" - ws(t) H
for some powerseries P € k(U (1)) [[w1(¢), ..., w()]],
H = u(@p(t) + w1 ()9 - -, ()9 %)

where u € k(U®))[W1(¢),...,Wm(t)]] is a unit, & € k(U®))[@1(t),...,Wm-1(t)]]
and v(Wm(t)) < v(wy (¢)9* - - -ws(t)9).
(45) will be such that T"(a) has regular parameters

(71(q), ..., Zn()) and (Z1(q),. .., Z,(a)),
U"(a) has reqular parameters
(@1(a),..., Wa(a)) and (Ty(a), ..., Ty(c))

where Z;(0) = Z; and w;(0) = w; for 1 < i < n. (45) will consist of three types of

CUTS.

(M1) T(a) > T(a+1) and U(a) = U(a + 1) are of type I.

(M2) T(a) > T(a+ 1) is of type I,, s +1 < r <1, and U(a) = U(a+1) is a
transformation of type II., followed by a transformation of type I.

(M3) T(a) =T(a+1) and U(a) = U(a+ 1) is of type I, 1+1<r<m).
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We will find polynomials P; o, so that the variables will be related by:

o {ma) — Pio(Zi(@),...,Zic1 (@)  ifs+1<i<lI
z;(a) =
Zi(a) otherwise

Z(@) fs+1<i<l
(@) = { Wi(a) — Pio(@1(), ..., Tioa(@)) fl+1<i<m
W;(a) otherwise

The coefficients of P; o will be in k(co, .. .,cq) if i <1, and will be in k(U(a)) if i > L.
For all o we will have

Zi(a) = Wy ()@ ..., (a)1: (¥ ¢, ()

Zs(a) : w1 (a)c.n(a) .. -Us(oz)c“(“)qﬁs(a)

(46) Zst1(@) = Wsp1(a)

Zi(a) = w(a)
and

1) = Ty (@)@ - T (@)1 @y (a)
(47) Zo(@) = Wy (@)@ -2, (@), (a)

Zor1(Q) = Wy (a)
Zi(a) = W,()

where ¢1(a), ..., ¢s(a) € k(U(a)). T,,(a) contains a subfield k(co, . ..,cqo) and [ (a)
contains a subfield isomorphic to k(U(a)).

In a transformation T'(a) — T(a+1) of type I, T”(a + 1) will have regular param-
eters (Zi(a+1),...,Zp(a+ 1))

%,1 (@) = Z1(a+ 1)on(atl) .. 7 (g 4 1)%s(et1)
(48) :

Z,(0) = Zu(a+ 12D -z (o 1))
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and cqy1 is defined to be 1. In a transformation T (o) = T(a+1) of type II, (s+1 <
r<l) T”(a + 1) will have regular parameters (Z1(a + 1),...,Z,(a + 1))

Zi(@) = 71 (a + 1)@+ Lz (o + 1)ers(atD) 2ham(etD)

(49) %;(oz) = Z1(a+ )81+ 3 (o + 1)a“(a+1)cirl+l(a+l)
Z (@) = Z1(a + 1)%s+ralotl) 7 (o 4 1)as+rs(atl)
- (Er(a+ 1) + 1)eepperietD)

In a transformation U(a) — U(a+1) of type I, U (a+1) will have regular parameters
(Wi(a+1),..., W+ 1))

Wy () = Wi+ 1)@+ . qg, (o 4 1)brs(a+1)
(50) :

Wy(a) = Wy (a + 1)b1@+D) . .75, (o + 1)bes(aH1)
and do41 is defined to be 1. In a transformation U(a) — U(a + 1) of type II,
(s+1<r<m)U (a+1) will have regular parameters (Ti(a+1),...,Ws(a+1))

By () = Wy (o + 1)o@ g, (o + )b (@) gl (64D

(51) @;(Oé) = Wi(a+ l)bsl(a—f'l) g (a4 l)b,,(a+1)di,:1+1(a+1)
w"(a) = wl(a + 1)b5+1’1(a+1) o 'Ws(a + 1)b5+1’;(a+1)
(Wr(a+1)+ l)di’ﬂ”“(a“)
In a transformation of type (M2) co+1 is related to do+1 by (87) of the proof of Lemma

4.4.
We will call a UTS (CUTS) as in (45) a UTS (CUTS) in the first m variables.

Proof. — We will first show that it is possible to construct a UTS along v
(52) T—>TA)—=---—>T(t)
so that the conditions (54), (55) and (53) below hold.

(53) Suppose that s < m < [. Then there exists a UTS (52) in the first m variables
such that

pm(3) = {f € k(T(0)[Z1(3), ..., Zm ()] | v(f) = o0}
has the form
(P(m)) pm(t) =
GEr)(t) = Qr)(Z1(8)s -+ -y Zr(1)=1)s - - - Zr(m) (1) = Qrim) (B2 (8), - - -, Zn(i)—1))

for some 0 <m <m —s and s <r(l) <r(2) <--- <r(Mm) < m, where Q,;
are power series with coefficients in k(co,...,ct).
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(54) Suppose that h € k(T)[[z1, . ..

RANK 1

,Zm ] for some m with s < m < n and v(h) < co.

Then there exists a UTS (52), in the first m variables such that P(m) holds in

T(t) and

h=Z()% - Z,()u(Z1(t), . . -, Zm(t))
where u is a unit power series with coefficients in k(T'(t)). If h belongs to
k(co)[[Z1,---,Zm]] then u has coefficients in k(co, ..., ct).

(55) Suppose that h € k(T)[[Z1,. ..

,Zm]] for some m with s <m < n, and v(h) =

oo and A > 0 is given. Then there exists a UTS (52), in the first m variables
such that P(m) holds in T'(t) and

h=Z2 ()" - Z,(O)"SE1(1), -, Zm(1))
where v(Z) (t)% - -Z,(t)%) > A, T is a power series with coefficients in k(T'(t)).
If h € k(co)[[Z1,---,Zm]], then T has coefficients in k(co, ..., ct).
(53) is trivial for m = s, since p, = (0).
Proof of (54) for m = s. — Set 7; = v(Z;) for 1 < ¢ < s. h has an expansion

h=Yah®.. .2

i>1

b (4)

where the a; € k(T) (or a; € k(co)) and the terms have increasing value. Set

(b1(1) + b2(1)% +

ot b3(1):—f) .

We can perform a UTS of type I where T — T'(1) is such that

3
"~ min{7;/n1}
Ti
1
for 1 <i<s.
z’{l(i) ozl () = 7 (1) Den Wt +bi(Dan(l) L

Suppose that i is such that by (¢) + - -

b1(i)a1j(1) + -+

_ay5(1)

alj(l) —2—’7'_1

Zs (1)b1 (D)a1s(1)+---+bs(9)ass (1)

+ bs(i) > c. Then for all 1 < j < s we have

bu)aus (1) = a3 (1) (31 0) 4 0o 2T -+ () 2205
> “UT(I) <b1(i) +b2(i)% + ~+b8(i)zi>
> a1, ()b (5) + - + by(i)) 22T/
> %1—) <b1(1) + 172(1)7—l ot b3(1)7—s)
> a1y (D) () + O ED 40,02
= by (Lag; (1) + - - - + bs(D)as; (1).
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By Lemma 4.2 we may choose the a;;(1) so that the inequality
bl(i)alj(l) + -+ b_g(i)agj(l) > bl(l)alj(l) + -+ bs(l)asj(l)

also holds for 1 < j < s for the finitely many ¢ such that b, (¢) + - - -+ bs(¢) < ¢. Then
h has the desired form in T(1).

We will now establish (54), (55) and (53) by proving the following inductive state-
ments.

A(m): (54), (565) and (53) for m < T imply (53) for m = m.
B(m): (54), (55) for m < m and (53) for m = m imply (54) and (55) for m = m.

Proof of A(7) (s < ). — By assumption there exists a UTS T — T(t) satisfying
(53) for m — 1. After replacing T"(O) with T"(t) and replacing cp with a primitive
element of k(cy,...,ct) over k, we may assume that

Pm-1 = (Er(l) - Q'I’(l)(Elv cee 7-27'(1)—1)’ oo ’—r(r;r—/l) - Q,‘(n’-:’l)(zl’ s 7ET(,~,’{\_'_’1)_1))'

where Q,(;) are power series with coefficients in k(co). If pm—1k(T)[[Z1,. .., Zm]] = pm
we are done. So suppose that there exists f € pm — Pm—1k(T)[[Z1, ..., Zm]]. Let L
be a Galois closure of k(T) over k(cp), G be the Galois group of L over k(co). Set

f=1I () € k(co) [z, - - -, Zm])-

oc€G
f € pmNk(co)[[Z1,--.,%m]| and v(f) = oo since f|f in k(T)[[Z1,...,Zm]]. Suppose
f € pmak(D) [z, .., Zm]]-

Then f € pm—1L[[Z1,--.,Zm]| which is a prime ideal, and o(f) € pm—1L[[Z1, ..., Zm]|
for some o € G. But

o (pm-1L[[Z1,...,%Zm]]) = pm-1L[[Z1,. ... Zm]]
for all o € G. Thus
f € (pm-1L[[Z1,...,Zm])) k(D) [[Z1,- - Zm]] = Pr—1k@)[[Z1, - .., Zm]|
a contradiction. Thus f & pm—1k(T)[[Z1,...,Zm]]-
o
F=Y G, Zma1)Z
i=0

where the a; have coefficients in k(cp). By assumption v(a;) < oo for some i. Set
r = mult(f(0,...,0,Zm)).

d
f= Zaﬁfn—‘+ Zaﬂ% + Zaki,—’;’i + 752
i=1 3 k
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where the first sum consists of the terms of minimal value p = V(aﬁ;_"), 1< <d,
av(Zm) > p, the second sum is a finite sum of terms of finite value V(aﬂ%) > p and
the third sum is a finite sum of terms ak?z'% of infinite value.

Set

R= k(Co) [[31, e ,Em_l]]/ (p—,ﬁ_l n k(Co) [[El, ce ,Em_l]]) .

v induces a rank 1 valuation on the quotient field of R.
Given d in the value group I'y, C R of v, let

Is={f € R|v(f) > d}.
By Lemma 2.3, there is a set of real numbers
(56) di<dy <---<d; <

with lim;_, d; = oo such that d; are the possible finite values of elements of R and
Mg, 14, = 0. Thus by Theorem 13, Section 5, Chapter VIII [39], there is a function
(i) such that Iz, C m(R)"® and (i) — oo as i = oo.

By assumption, we can construct a UTS in the first 77 — 1 variables along v so that
for all ¢, 7,k

ai =71 (t) D - 7,(41)* Da;
aj =7 (t1) "D ... z,(4,) 7 Dg;
ar = Z1(t2)"® - Z,(t1)2 P 5,

in k(co,...,ct,) [[El (t1),y- -, Zm-1(t1 )]] where @;, @; are units and
V('Z_l (tl)gl(k) .. ‘73(t1)9’(k)) > p.

Now perform a UTS of type II7 and a UTS of type I along v to get
f=z1(t2)% - Z(t)* fr
where fi € k(co,...,c,)[[Z1(t2), ..., Zm(t2)]]. Set

_ a1s+1(t2)er(d) 4+ tas,s1(t2)es (D) +ast,s+1(t2) fi
)\i = Ctz

for 1 <17 <d. Then

d
f1 = Z A,»E,-(Em(tz) + 1)fi + Z1 (tz) .. 'Es(tg)A,

=1

for some series A € T(tz) by Lemma 4.2. Set r; = mult f1(0,...,0,Zm(t2)) < oo.
r < fa <
The residue of @; in

T(t2)/(Z1(t2), - . -, Zm-1(t2), Zm+1(t2), - - ., Zn(t2)) = k(T (t2)) [Zm(t2)]]
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is a nonzero constant @; € k(T (t2)) for 1 < i < d. Set

d
((t) = f1(07”~707t_ 1) = Z)\zaztﬁ
=1

Suppose that r; = r. Then f; = r and
d
(57) (GEmltz) +1) = D N (@m(tz) + 1) = \a@aZm(t2)’*

i=1
Thus ((t) = A\g@q(t —1)" has a nonzero t"~! term, so that fs_; =r—1and aq—; # 0.
Therefore ag = @4 and v(Zm) = v(ag—1). Define 7(0) by v(Zm) = v(aa—1) = dr(o) in
(56). Then aq_1 = h + ¢ with h € pm_1 N k(co) [Z1, - .., Zm—1]] and

¢ € m(k(co) [[Z1, - - -, Zm—1]])""(O).

Let & = @q € k(co) be the constant term of the power series aq € k(co) [Z1, - - -, Zm—-1]]-
Expanding out the LHS of (57), we have
Adragq + Ag—1a4—1 = 0.

Zm _ Zm
¢ (ag—1—h)zg"
(Eﬁ(tz) + 1)r>\d

hcltls+1.a+1(t2)(7‘—1)
= _ 2 5 -1
(Ad—lad—l = (tz)a"“’l'l(t?) . Es(tQ)a3+l’s(t2)> (Zm(t2) + 1)1‘

(Zm(t2) + )Ag
hc?s+1,s+1(t2)(r—1)
2

Ad—1Td—1 — 71 (t)2s+11(t2) .. 5 (Hy)@e+1s(t2)
Zm(t2)Aa i Ad
_ Ad—10d—1  Ad—1G4—1
- ottt (82)(r—1)
1 hcit12+1 +1(22

- Ad—184—1Z1 (t2)a3+1,1(t2) ce zs(tz)as+1,a(t2)
has residue —1/ra in O, /m,. (Recall that v(h) = 00). Thus v(Zm + = ¢) > v(Zm).
Since 1/ra € k(co), =¢ € m(k(co)[[Z1,- - -, Zm-1]])""©) and there exists

A; € m(k(co)[Z1,- - - ,zm_ll)v(r(o))

such that v(Zm — A1) > v(Zm). Set E(ﬁl) =Zm — A1.
Repeat the above algorithm, with Zmz replaced by E(ml). If we do not achieve a
reduction r; < r, we can make an infinite sequence of change of variables

78 =701 _ 4,
such that A; € k(co)[Z1,. .., Zm—1], v(Ai) = v(Ze V), v(A;) = dyio),
Ai S m(k(Co)[-Z_l, e ,Eﬁ_ll)n’(‘r(i_l))
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and
T <)< - <7(d) < -+~
Then
20 29 € m(k(co)[Z1, .. -, By ]) WO A G=10)},

Thus {7(%) } is a Cauchy sequence, and there exists a series

A(Z1,...,Zm-1) € k(Co)[[Eh oo »Eﬁ—l]]
such that

and v(Zg) = co. Thus Z¥ € pm.
Set A(a) = 7y(7(a)). For all a there are series a;,aj,ar and exponents f;, f;, fx
such that we can write

[=[m@E" + o+ ar@) ]+ ey (725 + Zar(m) + @)
where the terms in the first sum satisfy
Wai(Z)) = rv(Ee)) = rdya),
ar is a unit, the terms in the second sum satisfy v(a; (Ei_ncf))fi) > rd;(q), and the terms
in the third sum satisfy v(ax) = co. Set m = m(k(co)[[Z1,.-.,Zm-1]]). Since for
terms in the first sum, v(a;) > d, (o) implies a; € pm—_1 + m*®) | we have
f=a@.EZ2) mod (mMIT + pm_i T + (229)7+1)

where @, is a unit in T, so that

FeEO) +m T 4 po (T = ) + m IT 4 pr (T
Thus

€N (E) +m T + e 1 T) = (257)" + pmiT.

Since the a, are units, we have

(58) f=uG@m—AZ, ..., Zm-1))" +h

where u is a unit power series, h € pm_17T.

Suppose that we reach a reduction 7, < r after a finite number of iterations.
We can repeat the whole algorithm with f replaced with f;, r replaced with 7y,
co with a primitive element of k(co,...,ct,) over k, T with T"(tz). (Recall that
k(coy...,ct,) C T"(tg)) We have v(f;) = 0o, so that the algorithm cannot terminate
with r = 0, and we must produce z2(¢) such that

Zoe(t) = Zm(t) — A2 (), - ., Zm-a (1)),

with A € k(co,...,c)[Z1(t), ..., Zm-1(t)]] and v(z2(t)) = oco. In particular, the
algorithm produces Zm(t) — Qm(Z1(t), . .., Zm—1(t)) of infinite value.
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By (53) for m = m — 1, we can now construct a further UTS in the first m — 1
variables along v, so that

pm-1(t) = Zr)(t) — Qry)(Z1(8), - -, Zr(1)-1(8), - - -, Zp oy (B)
= Q=) F1 (1), - 2 7)) (1) -
Now suppose g € p(t) and v(g) = co. Then there exists
9o € k(M) [Z:1(t),...,Zm-1(#)]] and g €T
such that g = go + (Zm(t) — Qm)g1 and v(go) = 0o. Thus go € pm—_1(t), showing that
pm = Zra)(t) — Qry(Z1(t), - . ., Zr)-1), - - - Zm — Qm(Z15 - - -, Zm—1))-

Proof of B(T) (8 < m)
Case 1: v(h) < co. — There exists a UTS T — T(t) satisfying (53) for m = m. After
replacing T"(O) with _T_”(t) and replacing co with a primitive element of k(co,...,ct)
over k, we may assume that

P = (Zr1) — @r(1)(Z1s - -+, Zr(1)=1)> - - - » Zr(m) — @r(m) (Z1s - - - » Zr(m)—1))-
where the Q,(;) are power series with coefficients in k(co). Let L be a Galois closure
of k(T) over k(co) and G be the Galois group of L over k(cp). Set

g=[] o(h) € k(co) [[Z1, .., Zm]]-

oeG
g € k(co)[[Z1,---,Zm]]. Suppose v(g) = co. Then g € pmL|[Z1,...,%m] which is a
prime ideal, invariant under G. Thus

h € (me[[El, .o ,Eﬁ]]) n k(T) [[21, N ,E,—n-]] = DPm
which implies v(h) = 0o, a contradiction. Thus v(g) # oco. We will construct a UTS
so that
g =uz(t)* - Zs(8)*
where u is a unit power series in k(co, ... ,ct)[[El (t),...,Em(t)]] and h belongs to
k(T)[[Z:1(t),...,Zm(t)]]. Since k| g in k(T)[[Z1(t),...,Zm(t)]], we will then have h in
the desired form in T'(t).
Set g = 7% ... 7% g, where %; does not divide go for 1 < i < s. Set
r = mult go(0,...,0,Zm).

0 < r < 0o. We will also have an induction on r. If r = 0 we are done, so suppose
that r > 0.

d
go = Zai(El, c.. ,Em_l)E%+ ZO‘j(?l,. .. ,Em_l)f%
=1 J
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where the coefficients of ¢;, 0, o and ¥ are in k(cp), ¥ is a power series in z1, . . ., Zrm,
the first sum is over terms of minimum value p, a satisfies av(Zm) > p, and the
(finitely many) remaining terms of finite value are in the second sum, the (finitely
many) remaining terms of infinite value are in the third sum.

By (54), (55) for m < m there is a UTS T — T(«a) in the first 72 — 1 variables
along v such that

o; = Z1() ) - 75 () D7,
for all 2,
oj =Zz1(a)r0) .. Zs ()7
for all j and
or =71 (a)cl(k) .. 'Es(a)c’(k)ﬂk
for all k where @;,%;, Ty € k(co,---,Ca) [[El (a),... ,Eﬁ_l(a)]], U;, u; are units and
v(Z1(a)r®) .z (@) Ry > p.

Now perform a UTS of type Il T(a) = T(a + 1) along v to get

go =F1(a+ 1) - Z,(a + 1) (Z T (Zrs{e + 1) + 1))
i
+3 z(a+ D% E (e + 1N (Fmla + 1) + 1)@
J

+ 3 m(a+ DF - Fy(a + 1% AT (Fmla + 1) + 1)%
k

+ Z1 (a4 )%+t F (o + 1)a,+1.,)a\1_,:.

where
A = a1,s+1(a+1)ci(é)++as,s41(at+1)cs (9)+as+1,s+1(a+1)a;
i = Cat1 .

Then perform a UTS of type I T(a + 1) = T(a + 2) along v to get
go =Z1(a + 2)d1(a+2) < Zs(a+ 2)ds(a+2)g1

where
d
g1=3 ANTi(Em(a+2) + D)% + Z1(a+2) - Zy(a +2) T
=1
is a power series with coefficients in k(co,...,Co+1), ¥1 a power series in

Zi(la +2),...,Zmla+2). Set r1 =mult g1(0,...,0,Zm(a+2)). 11 < oo and r; < 7.
Suppose that 71 = r. Then as in (57) in the proof of A(77), Z; is a minimal value
term in go, so that ag =7, ag—1 =7 —1, 64—1 # 0, and v(o4—1) = v(Zm).
As in the proof of A(T), there exists A; € k(co)[Z1,--.,Zm—1] such that we can
make a change of variable, replacing Zm with Zi; = Zm— A1 to get v(Zm—A41) > v(Zm).
We have

v(Zm) < v(zm) < v(90)
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since z7- is a minimal value term in go. Now repeat this procedure. If we do not
achieve r; < r after a finite number of iterations, we get an infinite sequence

V(Em) < v(F) < <v(ED) < -
such that V(E(%)) < v(go) for all i. By Lemma 2.3, this is impossible.
Thus after replacing Z7 with
%Im =Zm — Pmo(Z1,...,Zm-1)

for some appropriate polynomial Pr o € k(co)[Z1,- - .,Zm—1], we achieve a reduction
ri <rinT (a+2). By induction on r, we can construct a UTS T — T(t) along v
such that

g=nO" -z uz ), ..., Zm(t)
where T is a unit power series with coefficients in k(co,...,ct).
By (53) for m = 7 we can perform a further UTS to get
pm(t) = (Zr)(t) = Qr1)(Z1(t)s - - -, Zr1)=1)s - - s Zr() (B) — Q) (Z1(8), - - - s Zr(im)—1))
while preserving
g=7a)" -z TE(),. .., Zm(t))
where @ is a unit.
Case 2: v(h) = c0. — By (53) for m = ™, we can assume that
pm = Zr)t) = Qry(Z1(t), -+, Zr(1)=1)s - - -+ Zr(@m) — Qr(@) (Z1» -+ s Zr(m)—1))-

where the Q,(;) are series with coefficients in k(co). Then

h = Z 0i(Zr(i) — @r(s))

i=1
for some o; € k(T)[[Z1,...,Zm]]. Choose b so that bv(m(T)) > A. There are poly-
nomials P,(;)(Z1, - - -, zr(s)—1) in k(co)[Z1, - - -, Zp(s)—1] such that Q,.;) — Prz) € m(T)®
and
v(Zr) — Pr(iy) > A
Make a change of variables replacing Z,;) with Z,; — Pp;) for 1 <4 < m. Then
construct the UTS T — T'(¢1) which is a sequence of UTSs of type I, for s+1 < r <
m, followed by a MTS of type I to get
h=z1(t)" - Z5(t)™ T

with v(Z1(t1)% -+ Z,(ts)%) > A. By (53) for m = m, we can perform a UTS along v
in the first 77 variables to get

pﬁ(t) = (Er(l)(t) - Qr(l)(El (t)a cee azr(l)—l(t))» oo aEr(fr'L) (t)
— Qe (Z1(1), - - -, Zr(m)-1(2)))
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while preserving
h=7z()%" - Z,(t)% 2
with v(Z,(8)% ---Z,(t)%) > A.

Proof when (42) or (43) holds

Case 1. — Suppose that s < m < [. After performing a CUTS in the first m
variables, we may assume that

Pm = (Zr(1) — Qr(1)(Z15- -, Zr(1)=1)s - - - » Zr(m) — @r(m) (B1, -+ 1 Zr(im)—1))-
where the coefficients of Q,; are in k(co). f € k(U)[[w1,...,Wn]|
First suppose that v(f) < co. Let T = k(co) [[Z1, - - -, Zi]], Ui = k(U) [@1, . - ., W;]]
for s <i < m. Let d = det(cy;), (ds;) be the adjoint matrix of (¢;;). Then

Wy = —Z-tliu/d. . 'Eg“/d/\l

— —ds1/d
= zl’l/ . .Egss/d/\s

Ws41 = Zs+1

Wm = Zm

where

A= g/l gdi/d for 1 << s
Given a CUTS (45), set o(i) to be the largest possible a such that after possibly
permuting the parameters Zsy1(%),...,2Zm(i), v induces a rank 1 valuation on the
quotient field of k(T'(3)) [21(2), . . . ,Zo(3)]] . (Since v(Z1(3)), ..., v(Zs())) are rationally
independent, o(i) > s.)

If o(¢) drops during the course of the proof, we can start the corresponding algo-
rithm again with this smaller value of ¢(i). Eventually o(¢) must stabilize, so we may
assume that ¢ (¢) is constant throughout the proof.

V(E‘f“ -..zdis) > 0 for 1 < i < s. By Lemma 4.6, there exists a CUTS of type
(M1) T — T(1), U — U(1) such that z0i* - -z € Tpo(1) = k(T) [Z1(1), .. ., Zm(1)]]
for all i. Since p,, T (1) is a prime and we may assume that o(1) = o(0), we have
PmTm(1) = pm(1). _

Let w be a primitive dth root of unity and L be a Galois closure of k(U)(w, A1, ..., As)
over k(co) with Galois group G. Set

W= L[[ZW)Y4,. .. 21V 2,401 (1), ..., Zm(1)])-
Given iy,...,i5 € N, Define a k-automorphism o;,...;, : W — W by

Oiyoiy (Zj(1)V4) = W97;(1)Y? for1<j <s.
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Our extension of v to the quotient field F' of U (1) extends to a valuation of the finite
field extension generated by L and F(z;(1)/4,...,Z,(1)'/4), which induces valuations
on the quotient fields of T,, Uy and W whlch are compatible with the inclusions
T CUm CW. Tyy(1) = W is finite, p,, W is prime implies

PuWm = {h € Wy, | v(h) = o}
Thus
PmUm = {h € Um | v(h) = oo}
Set

g=[lois(Hg=1I 7@ € k(co)[Z:(1), .., Zn(V)]] C Tm(1)

TEG

Suppose v(g) = co. Then g € p, T (1) implies g € p,, W which implies 70;,...;, (f) €
pmW for some 7,0;,...;, since p,W is prime. But 70;,...;,(pmW) = pnW implies
f € pmW NUm = pmUnm so that v(f) = co. This is a contradiction. Thus v(g) < oco.

By (54) (and Lemmas 4.3 and 4.4) we can construct a CUTS (R, T (t),T(t)) and
(S,T"(t),U(t)) in the first m variables to transform g into the form

(59) =5 ()% -z, ()T

in T'(t) where w(Z1(t), . . ., Zm(t)) is a unit power series with coefficients in k(co, . . ., ct)-
Then f | g in U(t) implies

F=wm@®® - w, ()
where u is a unit in U(t). But f is a series in @ (t),..., Wy (t) with coefficients in
k(U(t)). Thus
f=w () - W (t) P u(@i(t),. .., Wm(t)),

where the coefficients of u are in k(U (t)).

Now suppose that v(f) = 00. pmUnm is the set of elements of U,, of infinite value.
Otherwise, as argued above, we can perform a UTS T — T(1) to get o(1) < a(0).
Thus it suffices by (53) to prove the theorem when f = Z,(;) — @, (; is a generator of
Pm. This follows from (55).

Case 2. — Suppose that m > [. The proof is by induction on m — [, assuming that
it is true for smaller differences m — .
First suppose that v(f) < co. Set

_d
f=a1 - -ws fo
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where W; does not divide fo for 1 <4 < s. Set r = mult fo(0,...,0,Wy). 0 <r < oco.
We will also have an induction on r. If 7 = 0 we are done, so suppose that r > 0.

fo= Zai(wl,u-,mm—l)wﬁi +ZUj(W1,~~,wm—1)"lﬁf,{
i J
+Zok(w1,...,wm_1)w—';,§ + w2,
k

where 0;,0;,01 are power series with coeflicients in k(U), ¥ is a power series in
W1, ..., W, with coefficients in k(U), the first sum is over terms of minimum value p,
a satisfies av(W,,) > p, the (finitely many) terms in the second sum have finite value
and the (finitely many) terms in the second sum have infinite value.
By induction there is a CUTS (R, T (@), T(a)) and (S,U" (a),U(a)) in the first

m — 1 variables such that

0i =W (a)cl(i) .. -Es(a)c‘(i)ﬂi
for all 7,

oj =1 ()0 ... W, () Dy,
for all 7 and

or =W ()" - Wo(e)* P
for all k where u;, % ,ux, € k(U(a)) [[wl (a),... ,’wm_l(a)]], U;, T, are units for all 4, j
and

(@1 (a)*® - Ws(a)*®) > p
for all k. Now perform a CUTS of type (M3) where U(a) — U(a + 1) is of type IL,,
to get

fo=wi(a+ 1) - ws(a + 1)°° (Z it (W (o + 1) + 1)‘“)
+ Zml(al)e{ oW+ 1) A (W (o + 1) + 1)%
j
+ 3 T (a+ D Wy + 1) MG (W (@ + 1) + 1)
k

+ (wl (Ol + 1)b3+1,1(0¢+1) .. .ws(a + 1)b5+1,a(0¢+1))a o’
A = dcl(i)bl,s-{—l(a+1)+"'+cs(i)ba,s+1(a+1)+ba+1,s+l(a+l)ai
1 — Ya+1 :

Now perform a CUTS of type (M1) T(a +1) = T(a +2), U(a+1) = U(a +2) to
get
fO = W1 (a + 2)d1(a+2) .. .ms(a + 2)d5(0+2)f1

where
d

fr =D AT @m (0 +2) + 1) + W1 (a +2) - We (e + 2) ¥y,

i=1
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¥, a power series in Wi (a + 2),...,Wm(a + 2) with coefficients in k(U(a + 2)). Set
ry = mult f1(0,...,0,Wn(a+2)). r1 <ocoand r; <.

As in the proof of Case 1 of B(7), there is a polynomial P, o € k(U)[W1, . .., Wm—1]
such that if we replace w,, with

~1

Wy, =Wm — Pno

we get a reduction r; < 7 in U(a + 2). By induction, we can construct a CUTS as
desired.
Suppose that v(f) = co. Given a CUTS (45) and 7 such that s <3 <mn, set

a;(t) = {h € k(U®) [@W1(1), ..., @:(®)] | v(h) = oo}

%)
f= Zai(wl, ce ,-’lﬂm_l)w:n.
1=0

If v(0;) = oo for all 7, we can put f in the desired form by induction on m applied to
a finite set of generators of the ideal generated by the o;.

Suppose some v(o;) < oo for some i. As in the proof of A(7), we can perform a
UTS in the first m variables to get

f=wi(t)® W (tr)% f1

such that as in (58), there is a series A(w1(t1),...,Wm—1(t1)) with coefficients in
k(U(t1)) such that v(Wy,(t;) — A) = co and

f1 = U(wm(tl) - Z)T +h

where u € k(U(t1))[[@1(t1),...,Wm(t1)]] is a unit power series, h € ap—_1(t1) and
r > 0. By induction on m, we are reduced to the case

f=Wm— A@1,...,Wm_1)-

We can then put f in the desired form using the argument of Case 2 of the proof of
B(m).

Proof when (44) holds. — Suppose that f is as in (44) of the statement of the

theorem.
oo

£= 0@y, ..., W1 )W,
i=0
Set Q@ = Y oo, bw:,. After reindexing the w;, | + 1 < i < m, we may assume that
Q#£0 Q= w{““” @0 Q, where @; does not divide Qo for 1 < i < s. Set
r = mult Qo(0,...,0,Wy). 1 <r < oco. The proof will be by induction on r. Suppose
that » > 1.
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v(8f/8Wm) < oo since 8f /0w, € U and v restricts to a rank 1 valuation of the
quotient field of U". Thus there must be some i > 0 such that v(b;) < oo.

d
Qo= 0i(W1, .., W 1)WH + D 0;(W1,. .., Wyn—1)TY
i=1 J
+ ) ok(@1,. .., W1 T + @2, T
k

where the first sum is over terms of minimum value p, a satisfies av(w,,) > p, the
(finitely many) terms in the second sum have finite value and the (finitely many)
terms in the third sum have infinite value.
By (42) of the Theorem there is a CUTS (R, T (a),T(a)) and (S,T" (a),U()) in
the first m — 1 variables such that
o; = W1 (a)1(@ ... @ () @7,
for all 2,
0j = Wi ()@ .. .w,(a) Dz
for all j and
or = W1 ()@ ... Ty (a) @7,
for all k&
where @;, @;, U € k(U(a)) [W1(a),...,Wm-1()]], U;,T; are units and
V(@1 ()@ . (@)% (@) > p.
Perform a UTS U(a) — U(a + 1) of type II,, to get

Qo =W (a + l)c‘;(a+1) .- ‘WS(O{ + l)ci(a+1)(z ,\iﬂi(wm(a + 1) + l)ai)
i

+ > wi(a+ DA gy (a4 1O\ (@ (@ + 1) + 1)
i

+ S wWi(a+ DEEH gy (o + 1) DN (T (@ + 1) + 1)
k

+ (wl(a + Perralet) g (o + 1)”"“’""“))(1 v
A = df:i(a)b1,3+1(a+1)+~~+Ci(Ot)b.,.;+1(a+1)+bs+1,s+1(a+1)ai
i = Gy .
Now perform a CUTS of type (MI) T(a+1) = T(a+2), U(a+1) = U(a+2) to get

Qo = W1 (e + 2)1(F2) .5, (a + 2)°s(@+2)

d
. (Z NG (W (@ 4 2) + D)% + Ty (@ + 2) - Ts(a + 2)9).

i=1
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Set
d

d
Q1= Y ANUi(Wm(a+2)+1)% +Wi(a+2) - Te(a+2)Q— D AT
i=1 i=1

Set ry = mult @1 (0,...,0,Wn(a+2)). 0<r; <ooandr; <.

Suppose 11 = r. Then as in (57) in the proof of A(M), aq = 7, or—1 # 0 and
v(or—1) = v(Wn)-

As in the argument of the proof of A(7), there is a polynomial

A, € k@)[@y,..., Wm] CT"

such that we can make a change of variables, replacing w,, with w,, = w,, — A1, to
get v(w,,) > v(Wy,). We have

)

since W’ ! is a minimum value term of 8Qo/0W,. Of /W, € T and

v(@m) < v(@y, ) < v(

Of _ _ni(0  —n,(0) 9Q0
oo = W, ...y 5o,

implies u(@QO / me) < 00. Now repeat the above procedure. Since

0Qo _ 0Qo

ow', ~ 0wy

we will achieve a reduction in r after a finite number of iterations by Lemma 2.3.
Thus after replacing w,, with

~1

W, =Wy — m,0

for some Py, o € k(U)[®1, ..., Wm-1], we achieve a reduction r; < 7 in U(a + 2).
-l

Thus we can construct a CUTS (R,T"(,B),T(ﬂ)) and (S,U (8),U(B)) such that
f=L@(B),..., Wm-1(8)) + W1 (B)*" ..., Ws(B)* Q
where mult Q(0, .. .,0,w,(3)) = 1. Set
T =v(@i(B)* ..., ws(B)*).
Suppose that L is not in k(U (83)) [w1(B), ..., wi(B)]]. Set
A=kUB)[@:(B), - Tm-1(8)]]-

We can write L = f; + H, with

i € kTB)@1(B), -, Bm—1(B)] CT"(8),
H € m(A)* where v(m(A)*) > 7. After permuting the variables

{Wi1(8), .., Wm-1(8)}
we may assume that 0f;/0Wm—_1(8) # 0. Thus
v(0f1/0Wm-1(B)) < oo since 8f1/0Wm-1(8) €T (B).
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By induction on m, we can perform a CUTS in the first m — 1 variables to get

=L@ (),...,w(y) +01(7)" - Ws(7)*Q,

so that
@1 = W(Wm-1(7) +W1(7)?* - W,s()?+ )
where
w e k(UM))[[W1(7),-- -, Wm-1(y)]] is a unit,
e kUM [@(), -, Tm—2(M]],
and

V(@m-1(7)) < v(@1 (1) - W (7)7*).
Now perform a CUTS consisting of CUTSs of type (M2), s+1<r <m — 1 (with

P.;=0fory+1<t<4—-1)and a CUTS of type (M1) to get

H=w,0)"® ...5,(8)=0w
with

v(@1 ()1 - @ (6) ) > 7.

Q, =1 (8) D -, (8)* VT (W1 (6) + ¢')

for some ¢' € k(U(8)) [w1(9), ..., Wm—2(8)]], and unit

After possibly interchanging W, —1(6) and w,,(6) and performing a CUTS of type
(M1), we have f in the form

f=L@y(5),...,wi(d)) + w1 (6)* - Ws(8)* Q
where mult Q(0, . ..,0,w,,(6)) = 1. Thus @ = u(wW,,(6) + N) where
u € k(U(8))[[wi(6), ..., Wm(6)]]
is a unit and Q € k(U (8)) [W1(8), ..., Wm-1(8)]]. After replacing Wy, (8) with wp, (6)+
¥, where ¥ € k(T(8))[@1(8), ..., Wm-1(8)] C T (8), we can assume that
Qe @(0),...,Wm-1(6))8
where B is arbitrarilly large.

If v(Q) < oo, we can choose B so large that v(Q) = v(@W,(d)) < v(©2). Then by
the conclusions of (42) and (43) of the Theorem, we can perform a CUTS in the first
m — 1 variables to get

Q=w1(e) - Ws(e)* T

with v(wy(€)9 - - -Ws(e)9) > v(Wm(€)).
If v(Q) = oo, we must have v(Q) = v(W,(d)) < co. Then by (42) of the Theorem,
we can perform a CUTS in the first m — 1 variables to get

Q= (e)% - W, ()" T
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with v(W1 ()9 - - We(€)9) = v(Wm(€)). O

Theorem 4.8. — Suppose that T"(0) C R is a regular local ring essentially of finite
type over R such that the quotient field of T"(0) is finite over J, U"(0) C S is a regular
local ring essentially of finite type over S such that the quotient field of U"(0) is finite
over K, T"(0) C U"(0), T"(0) contains a subfield isomorphic to k(co) for some
co € k(T"(0)) and U"(0) contains a subfield isomorphic to k(U"(0)). Suppose that R

has regular parameters (z1,...,%yn), S has regular parameters (yi,...,yn), T"(0) has
regular parameters (Tq,...,ZTn) and U"(0) has regular parameters (y,,...,Y,) such
that

= =c ~C1ls

TL=40 T,

= =~Cs ~Css

Ts =Y, Ty b

8
Y
+
SN

Il
<R
)

+
-

81
I
<n

1

where ¢1,...,bs € k(U"(0)), v(T1),...,v(Ts) are rationally independent, det(c;;) #
0. Suppose that there exists a regular local ring R C R such that (z1,...,2) are
reqular parameters in R and k(R) = k(co). For 1 < i < I, there ezists y; €
k(co)[[z1,- .., @i]] NT"(0) such that v; =1 mod (z1,...,3;) and

vz 1<i<l
r; = 4 ~
T; Il <i<n.

In particular k(co)[[azl,.‘.,a;l]] = k(co)[[%l,...,%l]}. There exzists v € U"(0) such
that y; = vY7;, v = 1 mod m(U"(0)) for 1 <i < n.
Suppose that one of the following three conditions holds.
(60) f € k(U"(0))[[F1s---+Tm]] for some m withl < m < n and v(f) < co.
(61) f e k(U”(O))[[j17 - jm]] for somem withl <m < n, v(f) =00, and AeN
s given.
(62) f€U"(0) = k(U"(0)[41,---, 7] -
Then there exists a positive integer Ny such that for N > Ny, we can construct a
CRUTS along v (R, T"(t),T(t)) and (S,U"(t),U(t)) with associated MTSs

S — S(t)
T T
R — R(t)
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such that the following holds. T"(t) contains a subfield k(co,...,ct), U"(t) contains
a subfield isomorphic to k(U (t)),

R(t) has regular parameters (z1(t),...,z,(t)),
T"(t) has regular parameters (T1(t),...,Tn(t)),
S(t) has regular parameters (y1(1),...,yn(t)),
U"(t) has regular parameters (7, (t),...,7,(t))
such that _
(DT 1<i<l
w020 5,
where v;(t) € k(co,...,ct)[[#1(2),...,zi(t)]] are units such that
() =1 mod (z1(t), ..., zi(t)).
In particular,
k(co,...,c) [[z1(t), ..., m(t)]] = k(co, ..., ce) [F1(t), - .., ()]
For 1 < i <n there exists 7Y (t) € U"(t) such that y;(t) = v (t)7,(t),
YY(t) =1 mod m(U" (t)).

Tu(t) = J ()0 -G () D ()

(63) t)csl(t) (t)css(t)¢s (t)

zi(t) = 5(t)
$1(t), ..., Ps(t) € k(U(2)), v(F1(t)),- ., v(Ts(t)) are rationally independent, det(c;;(t))
# 0 and there ezists a regular local ring R(t) C R(t) such that (z1(t),...,zi(t)) are
reqular parameters in R(t) and k(R(t)) = k(co,...,ct). Furthermore, z;(t) = z; for
l+1<i<n,y(t) =y form+1<i<mn, sothat the CRUTS is in the first m
variables where m = n in case (62). Set ny; =m (k(U(t)) (7. @), ,ﬁl(t)]])
In case (60) we have
(64) FE00% GO u@ (), - Ym(t) mod m(U )N
where u is a unit power series. Further if f € k(U rl’ e ,y,
FEmO% G, u@ (t), ..., 7(t) modnf).

In case (61) we have

(65) =200 F,0% 2@ (), U (t) mod mU ()N
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with v(G, ()% - - F,(¢)%) > A. Further if f € k(U)[[7y,---.7.]),
FE0®% - Y O)%u@ (), .., Fi(t) mod nf).
In case (62) we have
(66) F=PE®), - 0(@) + 7)Y, ()" H mod m(U(#))Y
where P is a series with coefficients in k(U(t)) and
H = u(@yq(8) + 51 ()% -7, %)
where u € U(t) is a unit, ¥ € k(U(t)) [[fl(t), . ,5,(t),§l+2(t), .. ,ﬁn(t)]] and
V(1) SvE (@) -, (1)%).

==/

Proof —Set T = R, U =5, T =1T"0), T = U"(0). Setz = z;, w; = ¥,
for 1 < ¢ < n. In case (62) set m = n. By Theorem 4.7 there is a CUTS along v
(R,T"(8),T() and (,T" (1), U(®))

T©0) — T()
1 ot
T(0) — T(?)

so that in the notation of Theorem 4.7 and its proof, for 0 < a < ¢, T"(a) has regular
parameters

(Z1(0), .., Zn(@)) and (F(a),..., Z (@),
U" () has parameters

(@1 (a), ..., Wa(@)) and (@ (), .., Wy(a))
such that in case (60) we have

F=m )" - T (t)u(@(t),. .., Tm(t))
where u is a unit power series. In case (61) we have

f=m@O" WO D@, .., Tm (1))
where v(W; ()% - - - W,(t)%) > A. In case (62) we have

f=P@@i(t),...,w(t) +wi(t)% - w,(t)% H.
for some powerseries P € k(U (t)) [w1(2), ..., wi(t)]],
H = u(Wy,(t) + w1 (t)% - - w,(t)9° )

where u € U(t) is a unit, £ € k(U(t))[[w1(t), ..., Wn-1(t)]] and

v(Wn(t)) < v(wi(t)7" - Ws(t)%).
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Step 1. — Fix N > 0. To begin with, we will construct commutative diagrams of
inclusions of regular local rings

U'la) » U"(a) = Ula)
(67) 1 1 1

T'(a) = T"(a) » T()
for 1 < a <t such that T'(a) = T'(a)”, U(a) = U'(a)” for all @, T"(a) has regular
parameters

@1(Q), -, Fn(@)), @F1(Q), - -, Fn(@)), @1 (@), - -, T ().

U" () has regular parameters

@1 (@, Tn(@), @1(@); -, T (@), Fr (@), -, T (@).
where Z;(0) = Z; and 7,(0) = i for 1 < i < n. We will have isomorphisms
(68) g : k(T(e)) = k(T(a)) and
ng : k(U(a)) = k(U(a))

such that the diagrams
k(T(a)) = k(T(a+ 1))
(69) T 0
k(T(a)) = k(T(a+1))
and — —
k(U(a)) = k(U(a+1))
t T
k(U(a)) = k(U(a+1))
commute for 0 < a <t — 1. For all a we will have

T1(a) = (@)@ ... g (a) (¥ ¢ (o)

Ts(a) = Fy(a)° (@ - g (a)(®¢y(a)
(70) _ -
:L's+1(0£) = Yst1 (a)

Zi(a) = 7y(@)
with ¢1(a),...,¢s(a) € k(U(c)) the coefficients of (46) of Theorem 4.7, (¢;j(a)) the
exponents of (46) of Theorem 4.7.

We will construct (67) inductively. Suppose that (67) has been constructed out to
T(a) = U(a) and regular parameters

(Z1(a),...,Zn(a)) in T"(a) and (F,(a),...,P,(a)) in U"(a)

have been defined so that (68) and (70) hold.

If we identity k(T(c)) with k(T (a)) and k(U(a)) with k(U (a)) we have isomor-
phisms T(a)  k(T())[[1(a), ..., Fa(@)]] and U(@) = k(T(@) [71 (@), - ., Ta(@)]-
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We can choose A, and Q; o arbitrarily subject to the following conditions, to define

regular parameters in T (a) by
Zr(Q) + Ao (ZT1(), ..., Ti(a)) if T(a—1) = T(a) is of type II,.
(71) Zi(e) = and i =r
Ti(a) otherwise

with Aq € k(co, - .., ca) [T1(@), ..., Ti(a)]] NT"(a) and mult(Aq) > N. We will take
Ao =0.

Recall that the P; o constructed in Theorem 4.7 are polynomials with coefficients
in k(cq,...,cq) if i < 1. Define

%l(a) - Pi,a(%l (Ot), .o ,%i_l(a))
~I ~ ~
(72) Fi(e) = + Qi) Fu@), Hs+1<i<l
Zi(a) otherwise
with Q; o € k(co, . .., ca) [Z1(@), ..., T (a)]|NT" () and mult(Qi,a) > N. (If P;o =0,
orif 1 < i < s we will have 7,(a) = Z;(a).) We then have
k(co, ..., ca)[[Fr(@), ..., T(@)]] = k(co, ..., ca) [Tr(e), ..., ()]
~1 ~1
=k(co,...,ca)[[T1(a), ..., T ()]
and
Zi(@) = Fi(a) = Fi(a) =2
for | < i < n. Define
Zi(a) ifs+1<4i<l1
yz(a) + Aa(yl (a)a e ,yn(a))v if S(a - 1) - S(a) is of type IIr
andi=r>1+1

¥i(a) otherwise

(73) Fi(a) =

with Ay € U" () and mult(A,) > N. We will take Ag = 0.
Recall that the P; , constructed in Theorem 4.7 are polynomials with coefficents
in k(U(a)) for I + 1 < i. Define

%(a) ifs+1<i<l
fi(a) - Pi,a(§1(04)» e ,51'—1(0‘))
+ Qi@ (@),. .., Ta(a)  ifl+1<i<m

’Z_;z' (o) otherwise

(74) i) =

with Q; o € U"(a) and mult(Q; ) > N.
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These variables are such that for all «,
kU (@) [7:(a), -, 7(@)]] = k(U(@) [T (a), - -, T ()]
= k(U (@) [B1(@), . 3i()]
and 3(a) = F;(a) =T(a) = yi form <i <n.
If T(@ — T(a + 1) is of type I, defined by (48) of Theorem 4.7,

T(a) = T(a+ 1) will be the UTS of type I such that T"(a + 1) has regular pa-
rameters (Z1(a + 1),...,ZTn(a + 1)) defined by

Ti(@) = Ty (o + 1)an(@+) .5 (q + 1)0(a+1)
(75) :
%'S(a) = Ty (o + 1)%1(+D) . g (o 4 1)aee(aFD),
Suppose that T(a) — T(a + 1) is of type II,, defined by (49) of Theorem 4.7. Set
(eij) = (aij(@+1))7,
My = Fy(a)n - Fy(a) Ty (@)ren

(76) ~t ~t ~
M, = fl(a)ea1 o 'Es(a)eufr(a)es”-'-l

My = Ty (@)t o Ty(a) e Ty (o) rtosn.
Let k1 be the integral closure of k in T'(a). Set
A= (T"(a)[My, ..., Ms, M;] @, k(T(a +1))),
where
a=(Mi,...,Ms,Ty1(),.. ., By 1 (@), My — Cat1,Tp i1 (Q), ., Tn(@)).
Set ¢1 = T"(a)[ M, ..., Ms, M;] N a where the intersection is in A. Define
T'(a+1)=T"(a)[M1,...,Ms, M,]q -

Define T(a + 1) = T'(a + 1)". Our inclusion T'(a + 1) C A induces an isomorphism
et k(T(a +1)) = k(T(a +1)). We can thus identify co1 with (n$™) ™! (cat1)-
T(a + 1) has regular parameters (Z1(a + 1),...,Z,(a + 1)) defined by

M; 1<i<s
(77 ;lf_\i(a +1) = M, —copr i=r
%(a) s<i, iFr
Set
= 1/6a+1
3 1
(78) T”(a + 1) = T”(a) |:6a+1, (M + 1) ]
Cat1 _ _
@1(a+1),...,.Ta(a+1))
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= 1/_0,
where (M + 1) o has residue 1 in k(T'(a + 1)). T"(a + 1) has regular pa-

Ca+1

rameters (Zi(a +1),...,Zn(a + 1)) defined by
~ 2 —7i(a+1)
m(a+1)(“‘—’-$"—+—ll+1) 1<i<s

Ca+1
(79) Fila+1) =1 (Bt 1)1/%“ _1 P
Ca+1
Ti(a+1) §<it, i#T

Then T'(a) = T(a+ 1) is a UTS of type 11, with

%’1 (@) = Ty (a + 1o+ 5 (o + 1)a1,(a+1)cil_‘,_al+l(a+1)

(80) %’ (a — l(a + 1)0«51(04‘1) .. Ts(a + l)ass(a—l—l)cz:-al-l-l(a“‘l)
z,(

1(a 4 1)e+ralet) 7 (o 4 1)%et1e(0tD)

“(Fr(a+1)+ 1)026_;r11,s+1(a+1)

If U(a) — U(a+1) is of type I, defined by (50) of Theorem 4.7, U(a) — U(a+1) will
be the UTS of type I such that U"(a+1) has regular parameters (g, (a+1),...,7,(a+
1)) defined by

B1(a) = Fy(a+ 1)) g (a4 1he(et)
(81) :
To(@) = 7y (a4 1)b1(@+D) g (q 4 1)bes(a+D),

Suppose that U(a) — U(a + 1) is of type II,, defined by (51) of Theorem 4.7. Set
(fij) = (bij(a+1))71,
N = i@ G (@) (@) fren

(82) : T (o)t T (Ve T (a)f
Ns = gi(a)fsr -Gy (a)® g, (a)fs+

N, = ’j’l (a)fs+1,1 .. .fg(a)fﬁx,sf’r(a)fsﬂ,ﬁl,
Let k2 be the integral closure of k in U(a). Set
(83) B = (U"(a)[N1,...,Ns, N;] @, k(U(a +1))),
where
b= (N1, No Ty 1 (@), -+, o1 (@), Ny = datt, Tpa (@), -, T (@),
Set go = U"(a)[ N1, ..., Ns, N;] N b where the intersection is in B. Define
(84) U'la+1) = U"(0)[N1, ..., Ny, Nylgy-

Define U(a + 1) = U'(a+1)". Our inclusion U'(a + 1) C B induces an isomorphism
ngtt  k(U(a+1)) = k(U(a + 1)). We can thus identify da41 with (p&+) "1 (dgy1)-

SOCIETE MATHEMATIQUE DE FRANCE 1999



72 CHAPTER 4. RANK 1

U(a + 1) has regular parameters (7, (a + 1),...,7,(a + 1)) defined by

(85) Yila+1) =S Ny, —dayr i=r
f;(a) s<i,1#T
Set
7.(a+1) et
86) U'(a+1)=U"(a) |das1, (yo‘— + 1)
da+1 . N
W1 (a+1),...,7, (a+1))
Up(ot1) 1/data : :

where (JdaT + 1) has residue 1 in k(U(a + 1)). U"(a + 1) has regular
parameters (7, (a + 1),...,7,(a + 1)) defined by

~ = Ti(a+1)

Tila+1) (Bt 4 1) 1<i<s
(87) Tala+ D) =4 (Befeen) q) i=r

Ti(a+1) s<i,i#T

Then U(a) = U(a + 1) is a UTS of type II, with

51(0) = Fa(a+ 1) O g (o + Doty D

(88) 5;(a) =7 (a+ l)b,l(a+1) . ACE l)b“(a+1)dzs¥;r1(a+1)
?;(a) = 7, (a + 1)bsrralatl) g (o 4 1)bst1,s(atl)

(G (a+1)+ l)di“jt;’sﬂ(aﬂ)‘

We will now prove that (67), (69) and (70) hold for o + 1. The essential case is
when T'(a) = T(a+ 1) is of type II, with s +1 < r < [.
By (34) of Lemma 4.4 in the construction of T'(a) — T (a+1) and U(a) = U(a+1),

M; = N9 ... Nge Nfve+1 g
(89) :
M3 = Niqsl .. ,Ngs,Ngs,s+1ﬂs
MT — Nﬂs,s+lﬁr
Bi = ¢r(a)t - - ds(a) € k(U(a)) CU"() for 1 <i < s,

Br = 1(@)+1 - gy (a)erene,

(9) = (as(a+ 1) (94 0) 56+ 1)
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gs+1,1 = - = gst1,s = 0 and g;; > 0 for all ¢,5. Thus T"(a)[My,..., M, M,] C
U"(a)[Ni,...,Ns,Ny]. Our inclusion k(T(a + 1)) — k(U(a + 1)) induces an identi-

fication caq1 = do}1** B,. Then by (37) of Lemma 4.4,

— p— 9s+1,s4+1
My — cap1 = NPttt B, —coqq = (qusﬂ'”l - das-l-l )Br
9gs+1,s41

= H (Nr_wida+l)ﬁr
=1

where w is a primitive g,1,s+1-th root of unity (in an algebraic closure of k(U (a+1))).
Thus N, —dg+1 divides M, —cqyq1 in U"(a)[Ny, ..., Ns, N,] and we have an inclusion
A C B which induces T'(a + 1) C U'(a+ 1) and T(a + 1) C U(a + 1). Thus (69)
holds for o + 1.

By the argument of Lemma 4.4 in the construction of T(a 4+ 1) — U(a + 1) and
(77)-(79), (85)-(87), we have that T"(a+ 1) C U"(a + 1) and (70) holds for a + 1.

Step 2. — Suppose that T'(t) — U(t) is constructed as in Step 1, and f satisfies
(60), (61) or (62) in the statement of Theorem 4.8. We will show that f satisfies
the respective equation (64), (65) or (66) in U(t). It suffices to prove the following
statement.

Suppose that 0 < j < t and f; is defined by f(W1,...,Wn) = f;(@1(j), ..., Wn(j))
in U(j). Then
(90) F@1s- - ¥n) = F501G), - - T () mod m(U ()N,

The statement (90) will be proved by induction on j. By induction, suppose that

We have f,(®@1(5), .., Wn(4)) = Fja (@1 + 1),..., Wa(§ +1)) in TG +1).
There are series P; ; with coefficients in k(U(j)) such that

P j(z1(4)s--»Zi-1(§)) s+1<i<i

P (@ (§), ..., Wiy (§)) = {Pi,j(wl(j),mﬁi—l(j)) l+1<i

We have
F@ire 3 ¥n) = F@10), - -, Fa() mod m(U (G + 1))N
=500, T Tas1 () + Pagr g @), Tal))s -
V() + Prji@ (), - -, Fn_1(3))) mod m(U(j + 1))V
= Fim @G+, Ta(G +1)) mod m(U( + 1))

Set ng =m (kU () [[71(@),...,5()]]) for1 < a < t. Inthe case of f(Fy,...,7;) €
k(U)[[¥1---,7,]], the above argument is valid with n replaced by I and m(U(j + 1))
replaced by nj41,, since U(0) — U(t) is then a UTS in the first | variables.
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Step 3. — Now we will construct, with suitable choice of the series A, and Q; 4, in
(71)-(74) of Step 1, and our fixed N, a CRUTS (R,T"(t),T(t)) and (S,U"(t),U(t))
with associated MTS (91)

S =2S50) = SA) =» - = S@®
o1) to1 )

R = R(0) - R(1) = --- — R(¥)
such that R(a) has regular parameters

(z1(@),...,zn(@)), @1(a),...,ZTn(a)), (@ (a),..., T} (a)).

S(a) has regular parameters

(11(0),- 5 (@)), G (@), -, Tn(0)), @), - Ta():
(91) will consist of three types of MTSs.
(M1) R(a) - R(a+1) and S(a) = S(a + 1) are of type L
(M2) R(a) + R(a+1)is of type IL,, s+ 1 <r <, and S(a) = S(a+1) is a MTS
of type II,., followed by a MTS of type 1.
(M3) R(a) =R(a+1) and S(a) > S(a+1)isof type II, (I +1 < r <m).
There exists for all a a regular local ring R(a) C R(a) such that R(a) has regular
parameters (z1(a),...,zi(@)) and R(a)"= k(co, . - ., ¢a) [z1(a), - . ., zi(a)]].
The series A, in (71) is chosen so that
zi(a) = 'Yi(a)%i (@)

for 1 < i < I where vi(@) € k(co,...,ca)[[x1(a),...zi(a)]] N T"(a) are units such
that v;(a) = 1 mod (z1(@),...,z;(e)). In fact, in conjunction with an appropriate
choice of Ay—1 in (93) below, we will have z.(a) = v, (a)Z,(a) + o where

Q/)Ot € k(CO) LR ,Ca) [[jl (a)’ s ,El(a)]]7

and mult(¢) > N if R(a — 1) — R(«) is of type II,.
The series Q; o in (72) is chosen so that we can define regular parameters 2;(a) in
R(a) by
Yi(@Tila) 1<i<l
~ .
z,(a) I<i

(92) Ti(@) = {

(If P, =0, 0rif 1 <i<s we will have T;(a) = z;(a).) Define regular parameters
Zi(a) in R(a) by

©3)  #(a) = {)\a%(a), if R(e) — R(a + 1) is of type II, and i =7

Z;(a) otherwise

We will have A\, € R(a) C k(co, - - -, ca)[[x1(@), - .., 21(@)]], Aa =1 mod m(R(a)).
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These variables are such that for all o,
k(co,---»ca)[[z1(@), ..., m()]] = k(co, ..., ca)[Tr(e), ..., T1(e)]]
= k(co, - - -, ca) [[Z1(a), ..., Z}()]]
[Z1(), ..., Z(a)]]
= k(co,...,ca)[[il(a) ...,%l(a)]]
= k(co, - - .,co,)[[ar1 (a),... ,%l(a)]]

= k(co,---,Ca)

and
~ ~ — = =
zi(e) = Ti(a) = Tj(a) = Ti(a) =Ti(a) = T;(e)

forl <i < n.

k(co, ..., ca) C k(R(a)) and k(R()) = k(co, . . . ,cq) for all i.

The series A, in (73) is chosen so that

yi(@) = 7} (@)i(a)

where 7/ (a) € U"(a) is a unit such that 7/ () = 1 mod m(U"(a)) for 1 <i <m. In
fact, we will have y,.(a) = v¥(@)7,(a) + Yo where ¢, € S(a)”, and mult(ype) > N if
S(a—1) = S(a) is of type I, with I +1 < 7.

The series 2; o in (74) is chosen so that we can define regular parameters g;(a) in
S(a) by

~ =~/
(94) ¥i(a) = 7 ()7;(a).
which satisfy
y; () fl<i<sorm<i<n
Ui(a) =  Zi(a) ifs+1<i<l
V()Ti(a), ifl+1<i<m.

We will have v/ (o) = vi(a) if s +1 < i <I. Define regular parameters y;j(a) in S(a)
by

Fa) fs+l<i<li
(95)  i(a) = < AaFr(a) if S(a) = S(a+ 1) is of type I, with r > 1+ 1,i =1
yi(a) otherwise

We will have A, € S(a), Ao = 1 mod m(S(a)).

These variables are such that for all a, y;(a) = yi(a) = y; for m <i < n.

Suppose that we have constructed the CRUTS out to (R,T"(a),T(a)) and
(S, U"(a),U(c)), the MTS out to

S = S(a)
T T,
R = R(a)
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we have constructed ﬁ(a) C R(a) and have defined regular parameters

(z1(a),...,zn(e)) in R(a),
@1(@),. .., Tn(a)), (F1(@),...,Fn(@)) in T"(a),
(y1(@),...,yn(@)) in S(a),
#:1(a), -+, Fu(@)) and @1 (a), .-, Fp(@) in U"().
Case 1. — Suppose that both T(a) » T(a+1) and U(a) = U(a+ 1) are of type L
By assumption z;(a) = v;(a)Ti(a) for 1 < i <.
—71(Q) Pia(F1(a), ..., Fi—1(a)) € k(co, - ., o) [F1(Q), - . ., T (@)]] = R(a);

the completion of R(a) for s + 1 < i < I. Thus there exists A € R(a) C R(a),
— ~ ~ N —
Qia €m (k(co, ) [Fr(@), ... ,@(a)]]) such that 4 — Qo = —7vi(a)Pia. Set
Qo = %i(@) ' Qa0
7i(@)[Ei(a) = Pia + Qial = 7i(@)Ti(@) — vi(@)Pio + Qi
= z;(a) + A € R(a).

Thus by suitable choice of the (; o, we have regular parameters Z;(«) in R(a) and
regular parameters %;(a) in T"(a) satisfying (92) and (93). We can also define €, o
for I +1 < i < m to get regular parameters g(a) in S(a), and regular parameters
ﬁz(a) in U"(«) satisfying (94) and (95). Define R(a) = R(a+1) and S(a) = S(a+1)
by

Zi(a) = z1(a+ 1)a11(a+1) N 1)“1’(a+1)

%;(O() = (a + 1)0.;1(a+1) . a;s(a + l)a“(a+1)
and

371 () = y1(a+ l)b“(""'l) ceyg(a+ 1)b1a(a+1)

7.() = yr(a+ 1)@t oy (g 4 1)bes(at])

Then T(a+1) = R(a+ 1) and U(a + 1) = S(a +1)". Set T;(a +1) = Ti(a + 1),
7;(a+1) =7,(a+ 1) for all 4.
Set (es5) = (as(a + 1)), set

€i1 ... o €is 1<1<
Yila+1) = n(a) 7s(e) sr=s
¥i(a) s<i<l
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Yi(a+1) € k(co, -, cat1) [[xr1(@+1),...,z(a+ )| NT"(a+1) for 1 <i <L

yila + D)Ti(a+1) 1<i<lI
x,'(a + 1) =9~

Ti(a+1) l+1<i<n
Set (fi;) = (b@'j(a + 1))_1, set
W(@)fin A 1<i<s

ﬁm+ﬂ={y

7; (@) s<i<n
Then yi(a + 1) = 7Y (a + 1)F;(a + 1) for 1 <i < n. Set

R(a+1) = R@)ei(a+1),...,zs(@ + Dy (@t1),...zi(a+1))-

Case 2. — Suppose that both T(a) = T(a + 1) and U(a) — U(a + 1) are of type
I, with s + 1 < r < [. By suitable choice of the ; , as in Case 1, we have regular
parameters Z;(a) in R(c) and regular parameters y;(a) in S(a) satisfying (92) and
(94). Set (e;;) = (aij(a +1))~*. Choose Aq € R(a) C R(a) in (93) so that

(96) (@)°r1 (@)t (@) = 1

mod (z1(a),...,z(@))Nk(co, - - ., ca) [z1(a), ..., z1()]].
Set
A = ()t - T () T (o) Lot

(97) :
R (O A A GV

A, = ill(a)es-}-l,l . :’i?;(a)e.s+1,s§:‘(a)es+1.a+1

where (e;;) = (ai;(a+ 1))‘1.
Let k3 be the integral closure of k in R(a). We have
ks = k(R(a)) = k(T(e)) = k(T (o + 1)).

Set

C = (R(a)[A1,..., A5, Ar] @y k(T (e + 1)),
where ¢ = (A1,...,As, T 1 (@), ..., T _ (a), Ar—Cat1, Tryq (@), ..., T (). Set g3 =
R(a)[A1,...,As, A;] N ¢ where the intersection is in C. Define

Rla+1) = R(@)[A1, .., As, Arlgs-

Our construction gives an isomorphism k(R(a + 1)) = k(T(a + 1)). Define regular
parameters (z}(a +1),...,z%(a+1)) in R(a + 1) by

A,; 1SZSS
(98) ri(a+1l)=q A —cCay1 t=T
Zi(a) §<i, iF#T
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Z(a+ DI gl @+ DD (@ (0 + 1) + cqpy) @D

7y ()

(@) = zi(a+ 1)@ gt (a4 1) @D (g2 (o + 1) + cqur)2oer2(0HD)
Z (@) = j(a+ )% @D gf (a4 1)t O (g7 (a + 1) + cap) tertert ()

Set ﬁ(a +1) = ﬁ(a)[Al, .., As, Ar]qg where ¢ = ﬁ(a)[Al,. ., A5, A Ne.
k(R(a +1)) = k(R(a))(cat1) = k(co, - - -, Cat1)

and
R(a+ 1)Y= k(co, . .., cas1) [21 (@ + 1),... 2] (a + 1)]].
Set
By = (@) - @) (a)
(99) |

Bs = :17:’[ (a)fsl PPN g"s(a)fss y;‘(a)fa-'-l',q.l
B7' = gﬁ’l (a)f.s+1,1 cee g;(a)f’+1”g;(a)fs+l,s+l

where (fi;) = (bij(a + 1))7!. Let k4 be the integral closure of k in S(a). We have
ks = k(S()) = k(U(e)) = k(U(a + 1)).

Set
D = (S(a)[Bs,...,Bs, Br] @, k(U(a +1))),

whered = (By,...,Bs,¥yq(a), ..., Ur_1(a), Br —day1, 951 (), ...,y (c)). Set g4 =
S(a)[Bi, ..., Bs, By] N d where the intersection is in D. Define

S(a+1) = S(@)[Bi, .., Bs, Brla..

Our construction gives an isomorphism k(S(a + 1)) = k(U(a + 1)). Define regular
parameters (y3 (a+1),...,y%(a+ 1)) in S(a + 1)" by

B; 1<i<s
(100) Yyi(@+1) =By —day1 i=7
vi(e) s<t, i1#T

Bi(@) = pila+ DI oyl at P (g (ot 1) + dagy) 0 @FD)

Po(a) = i+ 1P g2 (a4 1P D (2 (4 1) + dggy) o@D
To(0) = i+ )P (D) g 4 1)t CHD (4 (o 4 1) o ) et (4D,

Set 0; = 1 (@)% - - - yg(a)®isyp (@) €ist1 NG for 1 < i < s, and set

or=m (a)es+1,1 .. ,-ys(a)es+1,s,-yr(a)es+l,s+l /\gs+1,s+1 .
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By (92), (93), (76) and (97)

A1 = 0'1M1
(101) 5

Ay = o.M,

A, = o, M,.

Thus R(a)[A1,...,A4s, 4] C T"(a)[M,...,Ms, M,]. We then have an inclusion
C — A which induces an inclusion R(a + 1) — T'(a + 1). By (98), (101), (77) and
(79),
o} (a+1) = 0i(F (o + 1) + 1)%r% @7, (o 4 1)
for 1 <i < s and
zX(a+ 1)+ car1 = 0r(Tr(@+ 1) + cay1)

= 0y (Cat1(Tr(a + 1) + 1)%+1)

= 0, (Cot1Cat+1UTr (@ + 1) + cat1)
where u € Q[Z,(a + 1)] is a polynomial with constant term 1.

(a+1
?_(L) — UTUTT(CY + 1) +
Ca+1Ca+1 Ca+1

By (96), T(a+1) = R(a+1) since k(R(a+1)) = k(T (a+1)), (2} (a+1),...,zk(a+1))
are regular parameters in T'(a + 1), by our construction of o,.
Thus there exists
Qe @ (a+1),....7(a+1)Vk(co, ..., cat1) [Trl@+1),...,Ti(a + 1)]]
such that

or—1

oruZr(a+1)+ Qe Rla+1) C R(a+1).

Set
* 1 3
et 1) = zf(a+1) iET
oruE(a+1)+Q i=7r
0i(@Tr(a+ 1) + 1)%errriletl) 1 <4<
vila+1) = ou i=r
Vl(a) 8<i§lai7é,r

Set Agt1 = 0. 'u"1Q. By definition

Tra+ 1)+ Agy1 i=r7

mlat1) = {fi(a+1) i#T

Then (z;(a +1),...,2,(a + 1)) are regular parameters in R(a + 1) and
zi(a+1) = yi(a + DTi(a + 1)
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for 1 <i <. Since 0; € T"() for all i, co41 € T"(a+ 1), Go+17i(a + 1) are integers
and (%1 (a+1),...,Tp(a+1)) are regular parameters in 7" (a+1), v;(a+1) € T" (a+1)
for all i and (Z1(a + 1),...,Tn(a + 1)) are regular parameters in 7" (a + 1).

Set 0¥ = 4¥(a)fir .- ¥ (a)fieq¥ ()it Mo+ for 1 < i < s and set

o—g — »yi/(a)fs+1,1 ... ’yf(a)f‘“v’ 7£(a)f"+1"+1 )\£J+l,s+1 .

By (94), (95), (82) and (99)

Bl = 0'31}N1
(102) :

B, = 0YN;

B, = oYN;,.

Thus S(a)[Bs,...,Bs, By] C U"(a)[ N1, ..., Ns, N;]. We then have an inclusion D C
B which induces an inclusion S(a + 1) — U'(a + 1). By (100), (102), (85) and (87)

yi(a+1) =olFy(a+1)
= 0@ (a + 1) + )Yl Dy (a + 1)
for 1 <37 <ssothat y*(a+1) =unit fy(a+1)in U(a+1) for 1 <i<s, and
yr(a+1) + dosr = 0¥ (G (@+ 1) + das1)
= 0¥dai1 (T (@ + 1) + )%n
= o¥[dat1dar1uF,(a + 1) + dot]

where u € Q[y, (a + 1)] is a polynomial with constant term 1. ¢¥ = 1 mod m(U («)).
Thus

Og =1 mod (yl(a+ 1)a'~"yr—l(a+ l)ayr+1(a+1)»"’7yn(a+1))'

“(a+1 v_1
yrla+1) _ oVug,(a+1) + 2
dot+1da+1 da+1

=uf,(a+1)
mod (yl(a + 1)7 e 7yr-1(a + 1)7?7‘4—1(0 + 1)’ e ,yn(a + 1))

Thus U(a + 1) = S(a + 1) since (yi(a+1),...,y%(a + 1)) are regular parameters
in U(a+1) and k(S(a+ 1)) 2 k(U(a + 1)). By Lemma 3.3, T(a + 1) —» U(a + 1)
induces a map R(a+ 1) = S(a+1). Set

la+1l) t#7r
vila+1) = yi ( ).#
z(a+1) i=r
0! (@ (o + 1) + DderimiletD) 1 << s
Y(a+1) = yi(a+1) i=r
v () s<i<m,i#r
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By definition

~ yila+1l) t#r

ACHS IR L

Ti(a+1l) i=7r

Then (y1(a+1),...,yn(a + 1)) are regular parameters in S(a + 1) and

yila+1) = (a+ Df(a+1)
for 1 <i<mn, y(a+1) € U'(a+1) and (§,(a +1),...,7,(a + 1)) are regular
parameters in U" (a + 1).

Case 3. — Suppose that T(a) = T(a + 1) and U(a) = U(a + 1) is of type II, with
l+1 < r < m. By suitable choice of the Q; , as in Case 1, we have regular parameters
7i(a) in S(a) satisfying (94). Set (fi;) = (bij(a+ 1))~*. Choose A, in (95) so that

W@ttt ¥ (a)ferteqt(a)frar Mertett = 1 mod m(U ().
As in the argument of Case 2, we can define, by (99),
S(a+1) = S(a)[Bn,...,Bs, Brlg,
so that S(a + 1)~ has regular parameters (y;(a+1),...,y%(a+ 1)) defined by (100).
Set of = ~{(a)fir ---fyg‘(a)f“'y}!(a)f"”“)\ﬁ"”“ for 1 <4 < s and set
op = 7%‘(a)fs+1,l .. fyg(a)fsﬂ.s,yg(a)fsﬂ,wl /\gs+l,s+l'

Then equations (102) hold, and we have an inclusion S(a +1) - U'(a+ 1) as in

the argument of Case 2.
By (100), (102), (85) and (87),

vi(a+1) = oFi(a+1)
= 0i(@,(a + 1) + 1)%+77,(a + 1)
for 1 <i<sand
yr(@+1) +dat1 = 0, (@ + 1) + day1)

= 0¥do (T (@ + 1) + 1%

= o¥lda+1da+1uf, (@ + 1) + dat1]
where u € Q[7,(a + 1)] is a polynomial with constant term 1.

yia+1) oy -1

=olug,(a+1)+ =
da+1da+1 " " da+1

Recall that o = 1mod m(U(a))V. Thus U(a + 1) = S(a + 1)° since
(yi(a+1),...,yn(a + 1)) are regular parameters in U(a + 1) and k(S(a + 1)) =
kE(U(a+1)).

Thus there exists

Qe @la+1),..,ola+D)VU(@+1) = G (a+1),...,F,(a+ 1)V S(a+ 1)
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such that
orug.(a+1)+Q e S(a+1).
Set
Ha+1 i
yz(a+1): yz(a ) 'l?é’l"
oruy,(a+1)+Q i=r
i@+ 1) +)%nm 1<i<s
YW(a+1) =14 omu i=r
7 (@) s<i<mi#r

Set Apt1 = o7 'u1Q. By definition

Ti(a+1) iFET
Jpla+1)+Apt1 t=r

Tila+1) = {

Then (y1(a + 1),...,yn(a + 1)) are regular parameters in S(a + 1) and
vila+1) =2 (a+ 17(a+1)

for 1 <i<n Y(a+1) € U'(a+1) for all i and (7;(a + 1),...,7,(a + 1)) are
regular parameters in U"” (a + 1).

Step 4. — It remains to show that the CRUTS (67), (91); (R,T"(t),T(t)) and
(S,U"(t),U(t)), constructed in step 3 is a CRUTS along v if N is sufficiently large.

We have an extension of v to the quotient field of U(t) which dominates U (t).
Define U(t) = U(t)/B(t) where B(t) is the prime ideal of elements of U (t) of infinite
value. Let G(t) be the quotient field of U(t). Let K be the completion of K with
respect to a metric associated to v (cf. Lemma 2.2), G(t) be the completion of G(t)
with respect to a metric associated to v. We have a natural inclusion of complete
fields K — G(t). Suppose that for some 0 < 3 < t

Ui) -U@1) —» --- 2 UPB
t t T
TO) - T1) —» --- = T(B)
is a CRUTS along v. Then by Lemma 2.2, we have natural maps:
UG)=83G) =K for0<i<§p.

Let O, be the valuation ring of the natural extension w of v to G(t), m,, be the
maximal ideal of O,, and T',, be the value group of w. We have an inclusion k(U (t)) —
O [My.

We will prove the following inductive statement on o with 0 < a < t. Given a
positive element A/, € Iy, such that

(103) AL > max{w(w1(a)), ..., w(@n(a))},
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there exists a positive element N, such that if N > N,, and

U@ - U(1) - -+ - U(w)
(104) ) ) )
TO) - T(1) - -+ - T(w)

is a CRUTS (67) as constructed in Step 3, then

(A1) U(a) — O, and there is a commutative diagram

E(U(q)) = Ow/May
g S
k(U ()
(A2) w(y;(a)) >0for1<i<n.
(A3) 7,(a) =wi(a) for 1 <i < s, w(W;(a) —Fi(a)) > A, for s+1<i < n.
Since 7,(0) = w;(0), for 1 < ¢ < n, and U"(0) = U"(O), the statement is true for
m = 0.
Suppose the inductive statement is true for CRUTS of length «, and for any given
AL, € Ty, satisfying (103). We will prove it for sequences of length o + 1, and any
given X/, such that

Aoy1 > max{w(@i(a+1)),...,w(@p(a +1))}.
Choose X' = X, ,; if U(a) = U(a + 1) is of type I,
N> Ay +bsrr(a+ Dw(@y(a+ 1)) + - -+ + bspa s(a + Dw(@s(a + 1))

if U(a) = U(a + 1) is of type IL,. By induction, there exists N” such that N > N"

implies w(W;(a) — y;(@)) > A for all 4, and we can further choose N" so large that

Nw(m(U(a))) > X'. Then v(y;(a)) = v(w;(a)) for all i and Nw(m(U(a))) > X
v(Ag) > X implies w(w;(a) — ;(@)) > N for s +1 < i < n. v(Qiq) > N implies

w(ﬁ;(a) - ﬁz(a)) > X for s + 1 < i < n. Thus there exists o; € O, with w(o;) > X

such that ﬁl(a) = %;(a) +o;fors+1<i<nand i(a) = %:(a) for1<i<s.
Suppose that U(a) — U(a + 1) is of type L.

s

=~/ — L.

i(@) = [[7;(c+1)buletD
j=1

and

~l1 i

W;(e) = [[mj(a + 1)bilet))
j=1

for 1 <i<s. Thus g;(a+1) =wjq1(a+1) for 1 <j < sand (A1), (A2) and (A3)
hold for o + 1.
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Suppose that U(a) — U(a + 1) is of type IL,. Set b;; = b;j(a +1). Set (fi;) =
(bij(a+1))"t. U(a+ 1) has regular parameters (w1 (a+1)....,wW,(a+ 1)) such that

W1 (a+1) = %’1 (a)frr - .ﬁ;(a)fu%;(a)fx'sﬂ
(105) = ' =/ f =/ f =~
ws(a+1) = E),l(a) 51 “.ws.(,o,t) uwr(alf;,sﬂ
@T(a + 1) + da+1 = w, (a)fs+1,1 .. ’ws(a)f“*‘”w,(a)f"“”"'l
Recall equation (82).
N, = 5’1 (a)fll .. ~§;(a)f“§',(a)f1"+1

(106) : 7 () 7 ()7 (a)F
Ns = gi(a)?1 g (a) ==y, (a)l =+

Ny = Gi(@)fsr - G (@) frreg (o) s
There is a natural map
U"(a)[Ny,...,Ns, N;] = K — G(¢).
From (105) and (106) we have
~1 fi,s+1
N; v,
(107) i (yr(a)) €O

wi(e+1)  \@.(a)

for 1 <i<sand
~1 fs41,5+1
N, [
(108) = = (zl) €0,
Wr(a+1) + dot1 @, (a)

All of these ratios have residue 1 in O, /my. Thus U”(a@)[N1,...,Ns, Ny = Oy.
Then since k(U(a + 1)) C Oy, and we have an inclusion

k(U(a)) = k(T(a)) = k(U (e + 1)) = Oy /my.
There is a natural map
U"(a)[N1, ..., Ny, Ny] @k, k(U(c + 1)) = Oy

where ks is the integral closure of k in U(a).
By (107) and (108), v(N;) = v(wWi(a + 1)) > 0 for 1 < i < s and

Ny — w(@r (a4 1) + dat1)

where u € O, is a unit, u = 1 mod m,,. Thus the residue of N, in Oy /My, is dg+1-
Thus w(N, — de+1) > 0 and we have a map U'(a +1) — O, by (83) and (84), which
induces a map U(a + 1) — O,, such that
EU(a+1)) = k(Oy)
i) naU+1 a
kE(U(a+1))
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commutes, verifying (A1) for o + 1.
The regular parameters (3; (a+1), . ..,7,(a+1)) in U(a+1) defined by (85) satisfy

N; 1<i<s
(109) Fia+1)={ Ny —~dayy i=r

=~ . .

7, () s<i, i#T

U(a + 1) has regular parameters (@1 (o + 1), ..., Wn(o + 1)) defined by
N = —7i(a+1)
wi(a+1)(ﬂi’—t‘l+1) 1<i<s

(110) Ei(a + 1) =4 (%Zlg::tlz + 1)l/dm+1 _1 i—r
(Wi + 1) s<i, i#T

The regular parameters (7, (a +1),...,7,(a + 1)) of U(a + 1) are defined by (87),
(. = —7i(a+1)
yi(a+1)(ﬂr§j++—1”+1) 1<i<s

— _ = I/Ea
(111) Yi(a+1) =< (%:1)_*_1) o P
(Di(a+1) s<i,i#tr

5'1 (@) = gy (a+ 1)b11(0‘+1) N ACE l)bh(a+1)dg1:1+1(a+l)

(112) ?;(a) =7, (a+ 1)b,1(a+1) g, (a+ l)b"(a+1)d2”:ffl(a+l)
7,(0) = Tyl + st g (o 4 1pbesnatatd)

(T (a+1)+ l)disill,,+1(a+1)
%11 (@) = Wy (a+ 1)t .5 (o + 1)b15(a+1)d21:1_+_1(a+1)

!

IR

(113) ) =W (a + l)bsl(a+1) .. ‘Es(a + 1)b.g.g(a+1)dz(s_3_.sl+1(a+1)
) = wi(a+ 1)b5+1,1(a+1) o We(a+ 1)bs+1,s(a+1)
(@ (o + 1) + Vdprfprr @t
Comparing (112) and (113), we see that for 1 <i < s 7;(a + 1) = \;w;(a + 1) for
some dq+1-th roots of unity A;. By our construction of UTSs (at the beginning of

Chapter (3))
~ 1/dat1 ~ 1/da+t1
(y,(a+1) +1> i <wr(a+l) +1>

e
w(a

gh g

da+1 da+1
have residue 1 in Oy, /m,,. By (107), (109), (110) and (111) we see that
Yi(a+1)
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has residue 1 in O, /m,, for 1 < ¢ < s. Thus we have 7;(a + 1) = w;(a + 1) for
1 <3 < s, proving the first half of (A3) for a + 1.

~1
w, ()
d';’;;““ml (a4 1)be+11 - ., (@ + 1)bot1.0

Wp(la+1)—F.(a+1) =

~!
r(a)
Ayt gy (o + 1)betin - gy (0 + 1)betre

~! ~
wr(a) — yr(a)
Aoy (a4 1)betra - T, (o 4 1)0e4te

Thus
~1 ~1
(@ (a+1) = F,(a + 1) = w(@(a) - F(a))
— by pw@i(a+1)) — - = bsy1,,w(Ws(a + 1))

>N - bs+1,1w(w1 (a+1)) =+ = bsyr1,sw(Ws (a0 + 1))

> Apt1
verifying the second half of (A3), and (A2) for a + 1. O
Theorem 4.9. —  Suppose that T"(0) C R is a regular local ring essentially of finite

type over R such that the quotient field of T"(0) is finite over J, U"(0) C Sisa reqular
local ring essentially of finite type over S such that the quotient field of U"(0) is finite
over K, T"(0) c U"(0), T"(0) contains a subfield isomorphic to k(co) for some
co € k(T"(0)) and U"(0) contains a subfield isomorphic to k(U"(0)). Suppose that R

has regular parameters (z1,...,2Zy), S has regular parameters (y1,...,yn), T"(0) has
regular parameters (Z1,...,Tpn) and U"(0) has regular parameters (§y,...,Y,) such
that

= _ =Cl1 =Cls
T1 =Yg ”'ysl ¢1

— —C —C
Ts = Y1 T Ps

Tst1 = ys+1

T =7,

where ¢1,...,0s € k(U"(0)), v(ZT1),...,v(Ts) are rationally independent, det(c;;) #
0. Suppose that there exists a regular local ring R C R such that (z1,...,2;) are
regular parameters in R, k(R) = k(co) and

7T 1<i1<1
Ty = i
T; l<i<n
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with 7; € k(co)[[z1,..., ]| NT"(0) for 1 <i <1 and v; = 1 mod (21,...,2;), there
exist 77 € U"(0) such that y; = v/T;, 7§ = 1 mod m(U"(0)) for 1 <i < n. Further
suppose that

Ti41 = PGy, ) + 3 7EH + Q
where P is a power series with coefficients in k(U"(0)),
H =@ +7775F5)
where w € U"(0)” is a unit,
S e kU O)[[F1>- - Vs Trvzs - Ul
v(Giyr) S (@ -78)  and
QemUO)Y  with Nv(m(U(0)) > v(@* T Ti):

Then there exists a CRUTS along v (R, T"(t'),T(t')) and (S,U"(t"),U(t')) with as-
sociated MTS

S = S(t')

) )

R — R(t')

such that T"(t') contains a subfield isomorphic to k(co,...,cy), U"(t') contains a
subfield isomorphic to k(U(t')),

R(t') has regular parameters (z1(t'),...,zn(t'")),
T"(t') has regular parameters (T1(t'),...Tn(t')),
S(t') has regular parameters (y1(t'), ..., yn(t)),
U"(t') has regular parameters (g, (t'),...,7,(t"))

where

Tt) = 7 ()@ G (¢ Oy (t)

Ts(t') = Gy (t)e ) G () gy (¢')
Top1(t') = Fopa (t)

z(t) = u(t")
zia(t) =T (t) = PGE), .. () + 5, (@) E) g, (¢) O H
where P, H are power series with coefficients in k(U(t')), with

mult H(0,...,0,7,4,(t),0,...,0) =1,
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$1(t'),...,9s(t") € kUEY)), vE@)),..., V(%i(tl)) are rationally independent,

det(c;;(t')) # 0. There exists a regular local ring R(t') C R(t') such that
(z1(t),...,zi(t")) are regular parameters in R(t')

and k(R(t')) = k(co, . . SyC).

zi(t') = w()T:(t) 1<i<
. Ti(t') l<i<n

with ~v;(t') € k(co, .. .,ctz)[[xl ("), ..., ()] N T"(#') units for 1 <4 <1, such that

(") =1 mod (z1(t'),...,zi(t") and for 1 < i < n there erists Y (') € U"(t') such
that y;(t') = v/ ()7: ('), v (') =1 mod m(U" ("))

Proof. — Perform the following sequence of CUTSs of type (M2) for 0 < r <l—s—1

z (,,,) =7 (,r + 1)a11(r+1) . ~Es(r + 1)““(”1)6%;”1“(”1)

To(r) = Ta(r+ D2 D g (r 4 1) CHD 2o g (74D
Torr1(r) = Fo(r + 1)t (4 1) erne(rHD)

— s s 1
i (xs—i—r—l—l(r + 1) + I)Cg_:-ll, +1(r+1)

I

Ti(r) = Gor + )P0 g (4 1o glyan (D

Talr) = Gu(r + 14D g (g 1eelrtD gy D)
Torrt1(r) = Zy(r+ DPertnCHD g (g 1)betna(r4D)
. bat1,s r+1
@agrgr (0 + 1) + DO

the sequence of CUTSs of type (M3) forl —s<r<n-—s—1
Tu(r) = a(r+ DO g (g )P e D
Talr) = B (r + 120D g (4 1) D g 4D
Totri1 (1) = Go(r + P20 g (4 1)Perna (74D

_ bot1,s +1
(Fagrgr (7 4+ 1) + Dl 0FD)
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followed by a CUTS of type (M1), with ¢’ =n—s+1

T1 (t’ -1)=z (t')"’“(tl) .. 'Ts(t/)a“(t’)

Tt —1) =74 (t')an(t') .. .Ts(t’)au(tl)
Tt — 1) = gy (¢) @) g, ()0 ®)

T,(t' = 1) _ Fa (t)0r ) gy ()P,
so that
zie1 = PG (), 0@)) + T2 () g, ()T (@ (1) + DA+ 5)
R RO g () O
where
SekUEN[HE), - Tt Tiga(t), - Tu()]
PG (t),....5t")) = P@y,....7), 1(t') - (') | (@—7u(0,...,0)), and
Q= gl(tl)dl(t')+1 . .ys(tl)d,(t’)+1\1,
with A = d?f;rl“(l_sﬂ) € k(U(#')), ¥ € U(t'). Then after replacing P with
P+ 2u(0,...,0)7, (t)“®) ..g (¢)%s )
we can put Tj4+1(t') = oi41 in the desired form with
H =37, ")+ @—a(0,...,00)A+a% + 7, (') - 7,(t')¥.

The proof that

U(0) = U(t')
t )
T(0) = T(#')

is a CRUTS is a simplification of the argument of step 3 in the proof of Theorem 4.8.
We will give an outline of the proof.

We can define MTSs R — R(t') and S — S(t') such that R(r)~, S(r)” have
respective regular parameters (z3(r),...,z5(r)) and (yf(r),...,yx(r)) for 0 <r < m.
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For0<r<i-s-1

zi(r) = zf(r + 1)on(r+1), ok (r 4 1)as(r+D)

(@ (P + 1) 4 cpgq ) en (04D

zi(r) = x}(r 4+ 1)% () (1 + 1)aes(r+1)
(ogrg1 (T 4 1) + cpyyg ) 2eerr(rHD)
$;+r+1 (r) = z(r + 1)a5+1,1(r+1) ez + 1)“""1"(""1)

(@1 (7 + 1) + ¢y ) Botrot1(rHD)

yi(r) = yi(r +1)bul+1) . Y (r 4 )b (D)
“Wsprg1 (P + 1) + dpy g )oretr(r+D)

Ys(r) = yi(r+ )P0+ x4 1)bes(r41)
“Ystpr1 (r + 1) + dpy g )berstr(r+D)
Ysrrs1(r) = yi(r + 1)bs+1a(r+1) yE(r + 1)betre(rH)
. (y:+r+1 (7. + 1) + dr+1)b"+1"+1(r+1),

Forl—s<r<n-—-s—1

yi(r) = yi(r + 1)ou(r+1) yE(r + 1)bre(r4D)
: (y:+7'+1 (T + 1) + dr+1)b1,.;+1(1‘+1)

Yi(r) = yi(r + 1P+ ey )bas(r)
“Uspra1 (T + 1) + dpyp)deerr (D)
Ysrrp1(r) = gy (r+ 1)berra(rD) g 1)betie (1)
Wk (P 4 1) o dypyg YPerrosa (D)

followed by a MTS of type (M1), with ¢/ =n — s+ 1

-’L‘I(t’ _ 1) — .’L’I(t’)au(t’) . -:L‘;(t')al’(t,)

Tyt — 1) = gi(t)er ) .. gx(gh)as(t)
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yr(t/ — 1) = y;(tl)b“(tl) ... y:(t’)bu(t')
yrt' —1) = y;(t/)b,x(t’) "'y:(t’)b-"’(t’)_

For 1 <r <1l - s we have

Ai(r)Ts(r) 1<i<s
27 (r) = $ Aatr (N Ts1r(r) + Poyr i=s5+7T
xf(r—1) s<it, t#s+r

where \;(r), @54, € k(co,...,cr) [T1(r), ..., Ti(r)]], the Ai(r) are units and
®,,, € (Tl(’f'), e ,Ts+,_1(r),fs+r+1(r), e ,T[(’f‘)).

For 1 <r <n — s we have

A (r)7;(r) 1<i<s
y: (r) = /\g+7‘ (r)ys+r(T) + (I)g+r i=s+7
yi(r—1) s<i, its+r

where /\:‘/(7'), ¢g+r € k(U(T)) [[yl (7')’ s vgs+r—1(1)’ys+r+1(r)’ e ,ﬂn(T)]] ’ the /\f(’l‘)
are units.

R(t') has regular parameters (z1(t'),...,zn(t')) where
) xX(t') 1<i<s, 1+1<i<n
T; =
! [z () + cims — 0(cics)) s+1<i<I

where the product is over the distinct conjugates o(c;—s) of ¢;—s in an algebraic closure
%k of k over k. For 0 < r <1 — s — 1 define

R(r+1) = R(n)[a}(r +1),...,25(r + 1), 7(r + )]g,,,
where
7 +1) = [[@rsa(r + 1) + crpa = olerin)
is the product over the distinct conjugates o(cy4+1) of cp41 over k,
gr41 = m(R(r + 1)) N R(r)[z}(r + 1),...,25(r +1),7(r + 1)].
For | —s <r <n—s+1 define R(r + 1) = R(r). Define
R(t') = R(n = 9)[ei (#), ..., 25 (t)]a,

where
g =m(R(t") N R(n — s)[z}(t'),...,z3(t)].
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S(t') has regular parameters (yi(¢'),...,yn(t')) where
y; (') 1<i<s
yi(t') = S zi(t') s+1<i<l
M) +dis —o(di—s)) 1+1<i<n

where the product is over the distinct conjugates o(d;—s) of d;—s in an algebraic
closure k of k over k.

Now set
5.t = z;(t') fors+1<i<l1
T;(t') otherwise
~ Zi(t') fors+1<i<lI
y:(t') = _l , .
7;(t')  otherwise.
We are then in the form of the conclusions of the Theorem. O

The proof of Theorem 4.9 also proves the following Theorem.

Theorem 4.10. — Let no; = m (k(U"(0))[[¥;,-..,%,]]) in the assumptions of Theo-
rem 4.9.

1) IfQ e né\fl in the assumptions of Theorem 4.9, then a sequence of MTSs of
type (M2) and a MTS of type (M1) (so that the CRUTS along v is in the first

l variables) are sufficient to transform ;1 into the form of the conclusions of
Theorem 4.9.

(2) Suppose that
g=71" T u@,-- ) + 2
where u is a unit power series with coefficients in k(U"(0)) and Q € nl); with
Nv(noy) > v(@ ---7%). Then a sequence of MTSs of type (M2) and a MTS
of type (M1) (so that the CRUTS along v is in the first | variables) are sufficient
to transform g into the form
g =) g, (@) Ou@ ), ... Tt
where U is a unit power series.
(3) Suppose that
g :ytlil “'ﬂg’z(%w-w@) +Q
where v(g{t---g) > A and Q € n), with Nv(noy) > v(g{ ---g%). Then a
sequence of MTSs of type (M2) and a MTS of type (M1) (so that the CRUTS
along v is in the first | variables) are sufficient to transform g into the form
9= g, (@) OE@ (), ... 7))
where v(g, ()4 ) ... g (")) > A
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(4) Suppose that
g=71 Ty u@ - T) + 92
where u is a unit power series with coefficients in k(U"(0)) and Q € m(U"(0))V
with Nv(m(U"(0))) > v(g¥ ---g%). Then there exists A CRUTS along v as
i the conclusions of Theorem 4.9 such that

9 =7t ®) g () Oag, ('), ... 51")

where U is a unit power series.

Theorem 4.11. — Suppose that T"(0) C R is a regular local ring essentially of finite
type over R such that the quotient field of T"(0) is finite over J, U"(0) C S is a regular
local ring essentially of finite type over S such that the quotient field of U"(0) is finite
over K, T"(0) c U"(0), T"(0) contains a subfield isomorphic to k(co) for some
co € k(T"(0)) and U"(0) contains a subfield isomorphic to k(U"(0)). Suppose that R

has regular parameters (x1,...,x,), S has regular parameters (yi,...,yn), T"(0) has
regular parameters (T1,...,%Tn) and U"(0) has regular parameters (g,,...,Y,) such
that

b3 — 77C11 —C1
Ty =YY

— _ - —C
xs — ylal .. ,ysss¢s

Tot1 = Ygyq1

=7,
where ¢1,...,¢s € kK(U"(0)), v(T1),...,v(Ts) are rationally independent, det(c;;) #
0. Suppose that there exists a regular local ring R C R such that (z1,...,2;) are

regular parameters in R, k(R) = k(co) and

7% 1<i<lI
r; =
Z; l<i<n

with v; € k(co)[[z1,...,z]] NT"(0) for 1 <i <1 and v; = 1 mod (z1,...,7;), there
exist v¢ € U"(0) such that y; = v{7;, 77 =1 mod m(U"(0)) for 1 <i < n.
Then there ezists a CRUTS along v (R,T"(t),T(t)) and (S,U"(t),U(t)) with as-

sociated MTSs

S — S(t)

T T

R — R(t)
such that T"(t) contains a subfield isomorphic to k(co,...,ct), U"(t) contains a sub-
field isomorphic to k(U(t)), R(t') has regular parameters (z1(t),...,zn(t)), S(t') has
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regular parameters (y; (t'), ... ,yn(t ), T”(t) has regular parameters (T (t),...Zn(t)),
U"(t) has regular parameters (G, (t),...,7,(t)) where

1(t) = 7, () O -G (1) Oy (2)

8

Ts(t) = Gu(6) O -G, () Dy (1)
Tst1(t) = Yorn (1)

Ti41(t) = Yppa (t)

such that ¢y (t), ..., ¢s(t) € kK(U(t)), v(T1(t)),...,v(Ts(t)) are rationally independent,
det(ci; (1)) # 0.

z;(t) = Ti(t) for 1 <i < m.
For 1 <i < n there exist v¥(t) € U"(t) such that y;(t) = v¥(t)7;(t),

v (t) =1 mod m(U"(1)).

Proof. — We will construct a CRUTS (R,T"(t),T'(t)) and (S,U"(¢),U(t)) along v
with associated MTS

S = S(0) - S(t)
1) 1)
R = R(0) - R(t).

We will say that CN(8) holds (with 0 < 8 < t) if T"(8) contains a subfield isomorphic
to k(co, . - -, cg), U"(B) contains a subfield isomorphic to k(U(8)), R(B) has regular pa-

rameters (wl (B),...,zn(B)), T"(B) has regular parameters (Z1(3), . ..,Zn(8)), U"(B)
has regular parameters @,(B),...,T,(B)), such that

o JuBF(8) 1<i<i
o= {%z-(m I<i<n
with
7@(,3) € k(Co, . Cﬁ) [[:1:1( ) . 7xl(,8)]] nTII(,B),

7i(8) = 1 mod (z1(8), - .,xl(ﬁ)) for 1 <i <!l and for 1 <i < n there exist v/(3) €
U"(B) such that y;(8) = v¢(8)7:(8), 7¢(8) = 1 mod m(U"(B)). We must further

ASTERISQUE 260



4.2. MONOMIALIZATION IN RANK 1 95

have

21(8) = 12(B) P -7, (B) D 61(8)

N

Z(8) = 12(B) P -7, (B) W (8)
To+1(B) = Foy1(B)

Ti(8) = 7,(B)

with ¢;(8) € k(S(8)), v(Z1(8)), ..., v(T+(B)) are rationally independent, det(c;; (83)) #
0, and there exists a regular local ring R(3) C R(8) such that (z1(8),...,z(3)) are
regular parameters in R(8) and k(R(8)) = k(co, . . .,cg).

By Theorem 2.12 and Theorems 4.8 (with f = x;41) and 4.9 we may assume that

Ty =Tig1 = P@y,- ., T0) + 5 -+ T2 So.
where X is a series with mult 3¢(0,...,0,7,,1,0,...,0) = 1. Suppose that v(P) =

(this includes the case P = 0). Then by Theorems 4.8 and 4.10, we have a CRUTS
along v in the first [ variables such that

(114) 21 =5 ()P0 G, * DTG (1), -, Ya (1))

mult (0, . .. ,OjH_l(t),O. ..,0) =1, and CN(¢) holds. We can thus make changes
of variables, replacing F;(t) with z;(t) (for 1 < i < n) and 3,;(t) with Z;(t) (for
s+ 1 <4 <) so that (114) holds and CN(¢) holds with v;(t) = 1 for 1 < < I, and
yi(t) = z;(t) for s+ 1 <31 < L.

Suppose that v(P) < co. Set d = det(c;;). Let (f;;) be the adjoint matrix of (¢;5),
so that (fi;/d) is the inverse of (c;;). Let w be a primitive d*® root of unity in an
algebraic closure k of k. Set

d
g = H (@141 = P(@"Gy, -, 0 Ty Gog1s -5 T1)) -

11,..0,8s=1

g €U ON[TL, - T2, Fogrs- - T )] [T141]-

Let G be the Galois group of a Galois closure of k(U"(0)) over k(cp). Since ;41 is
analytically independent of 7%, ...,5%,%,,1,-..,¥; (by Theorem 2.12) we can define
9 =[I,cc 7(g") where T acts on the coefficients of g'.

ge k(CO) [[:’7?’ e 7yg7ys+17 e 7?[]] [xl+1]~

Since g¢ = /" ... glisgpT 1 ... p=fis for 1 <i < s, by Lemma 4.2 we can perform a
MTS of type (M1) to get g € k(co) [[Z1(1),...,Zi(1)]][@i41]. To is irreducible in U (1)
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(since mult(Xo(0,...,0,7;,,,0,...,0)) =1) and X¢ | g in U(1).

d
(115) 9= aZ (D + > aFn ()7 + ) aZipn () + 5 (1)7T
i=1 j k

where a;,a;, ar are series in Z1(1),...,Z;(1) with coefficients in k(cp), m > 0 and the
first sum consists of the terms of (finite) minimum value p.

p < oo since mult g(0,...,Z;4+1(1)) < oo.

TV(T14+1(1)) > p, the second sum consists of (finitely many) remaining terms of finite
value, the third sum consists of (finitely many) terms of infinite value. Let

r=multg(0,...,0,Z;+1(1)), 1<r <oo.

Suppose that r > 1. By Theorems 4.8 and 4.10, we can construct a CRUTS in the
first [ variables, with associated MTS

S(1) = S(a)
t t
R(1) - R(w)

such that CN(«) holds, to get

P =75, ()@ g, ()" D PF(a),. .., H(a))
where P is a unit, and
(116) a¢ =F1()% -+ Fy(0)q (T1 (), .., Tu(a)

for { =i, j, k where @;,@; are units and v(Z, (04)‘3'le - Tg(a)ek) > p for all 7,4, k. We
have an expression

Ti41(a) = 241 = P+ G (@)@ .G (@) D207, (a), ..., Tn(@)).

where mult ¥,(0, . .. ,O,@H(a),o ..5,0) = 1. I u(P) > v(@, (@)@ ..., (a)%(),
then after possibly performing a CRUTS of type (M1), so that

V(@B G () | Gy (@)D ()@
in U(a + 1), we can set
Satt = Ta + 5 (@)1 0§ (@0 @P

to get
21 =7 (@ + 1B G (g 4 )bty

Now suppose that v(P) < v(7,(a)?(® ... 7, (a)%(®). After possibly performing
a CRUTS of type (M1), so that

’g’l(a)gl(a) .. .':,js(a)ga(a) | 51 (a)dl(a) .. .ﬁs(a)da(a)
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in U(a + 1), we have

Ti+1 (a + 1) = Ti41
=Ty (o + 1)1 T (q + 1)d(eFD)
P+ (a+ 1) g (a+ 1)@ L G (@ + 1), ..., Ta(a + 1))).

where
mult(Za41(0,...,0,J,41(a+1),0,...,0)) = 1,

P+7,(a+1)t) . .5 (o +1)@t)S, is a unit and CN(a + 1) holds.
Set (es5) = (cij(a+ 1)1, d = det(c;j(a + 1)). We can replace

U;(a+1) with 7;(a + D)y (a+1)% - y(a+1)% for1<i<s,
7;(a + 1) with Tia+1)v(a+1) fors+1<i<! and
U"(a+1) with U"(a + D)[n(a+ 1) . ys(a+ 1),

where
g=mU(a+1)N (U"(a + DM+ DY ys(a+ 1)1/d])

to get

zi(a+1) = Gila+ 1)@ Fyla + 1) (a +1)

To(a+1) = Fy(a+ 1)@ T (a4 1) @D (o + 1)
.’E3+1(Ol + 1) = 53_’_1 (a + 1)

z(a+1) =g (a+1)
and have an expression in U(a + 1) 2 k(U(a + 1)) [71 (@ + 1), ..., Fn(a + 1)]]
Ti+1 = 51 (Oé + l)dl(a+1) o ’?s(a + 1)d3(0+1)7-[(?a+1(§1 (a + l)a <. ,51(0[ + 1))
+Y(a+ 1) g (a+ )=, L @@+ 1), T e+ D))
where mult ¥, (0,..., 0,§l+1(a +1),0...,0) =1, Py, is a power series with con-
stant term 1 and 7 € k(U(a + 1)). We have Tj11(a+ 1) = @141 and §j (e + 1) =

Yi+1- By Lemma 4.6 we can construct MTSs R(a + 1) — R(a + 2) of type 1,44
and S(a + 1) = S(a + 2) of type I such that R(a + 2)" has regular parameters
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(zi(a+2),...,25(a+2))
1 (CY + 1) = :CI (a + 2)all(a+2) . JJ: (a + 2)0'1.,(014-2)
(@f g (@ +2) + coyo)tterr(at?)

(117) -'L's(ll + 1) = ZL‘T (CY + 2)“,1(0-{—2) e ;1;: (a + 2)a”(a+2)
’ (377+1 (a+2)+ ca+2)as,s+1(a+2)
Tip1(a+ 1) = of(a+ 2)%+12(0F2) o p¥ (g 4 2)%e+10(@+2)
(@l (a4 2) + caqa)etreni(at?)
S(a+2)” has regular parameters (7, (a + 2),...,7,(a +2))

51(0 +1) = 7, (a+ 2)b11(a+2) ggla+ 2)bls(a+2)

Usla+1) = gy(a+2)’2F) g (a 4 2)b(0+2)
such that R(a +2) C S(a + 2).
Set
(118) Y= Pati+Gi(a+ D)7 G (o + 1) (IS,
so that
T4 =Yy (a + DHEHD g (o 4 1)deet Dy,
This shows that v € U"(a+1). Set (e;;) = (a;j(@+2))~!. By construction there are
positive integers f;; such that

zi(a+2) = zi(a+ 1) - gy(a+ 1) xyy g (o + 1)€1e+1
=7 (a + 2)f11 T (a + 2)fxsfy€1,s+1 T€1,5+1
P (a+ 1)1 - s (a + 1)1

=zi(a+ 1)1 zy(a+ 1)z (o + 1)8so1

=7, (a+ 2)fsl g la+ 2)f55753,3+17—es,s+1
SBr(at 1) gy(a+ 1)

(a4 1)+t g (a4 1)%+tegy g (a + 1)Cs+1o+1

R (a + 2)fs+1,1 A gs(a + 2).fa+1,.s/yes+1,a+l T€s+1,5+1
-1 (a + 1)1 bo(a+ 1)€s+1.s

in S(a+2)". v(xi(a+2) + caye2) =0 implies fop11 ="+ = fs41,5 = 0. Set
@ = ¢1(a+1)%H0t - Py + 1)ttereettatt € k(U + 1)).
Substituting (118), we have
elpa(a+2) + care = (Pot1 + Jy(a + 1) g (o 4+ 1)5(@FD 5, oo
= QoW (a+2),....7(x+2)
+ 71 (a+ 270 g (a +2)% A (G (a +2),. ., Tala +2))

(119) x; (CM + 2)

ol (o +2) + cato
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where Qo is a unit and mult Ag(0,...,0,7, (@ +2),0...,0) = 1. Define o; € Q by

-1

fe%1 fin o fis —€1,541

Qg fsl te fss —€s,5+1
and set

- “ga+2) 1<i<s
7;(a+2) s<1
to get
(a4 2) = fi(a+2)11@t2) | F(a+ 2)crs (@2,

(120) .

a:;‘(a +2) = gi(a+ 2)0..1(a+2) o s+ 2)033(0"‘2),{/)8.

T (a+2),...,Ys(a+2)) are regular parameters in S(a+2)", ¢¥1,...,%s € k(S(a+2)).
There are unit power series (); and power series A; such that

7" = Qi (a+2),...,7(a+2))
+ 71 (a+2) ) g (e + 2)7 PN (G (a4 2), - T+ 2))
in S(a +2)" for 1 < i < s, where mult(A;(0,...,0,7,,(a+2),0,...,0)) =1,

Q:(0,...,0) = 1.

?i(a + 2) = Qi@l(a + 2)? cee aZ_ll(a + 2))17@'(0 + 2)
mod (§1 (a + 2)52 e+ ... G (a + 2)= @) (a + 2))

for 1 < i < s. We will show that there exist unit power series {2; such that
7 = Qu(@i(a+2), . Gl +2)
+ P (a+2)7@) g (@ +2) NG (e +2), . T+ 2))
mod Fi (@ + 2)5 @+ . Gy (a + 2) D (G (@ + 2), .. ., Gile + 2)).

This follows from induction, since for any series A(y;(a + 2),...,7,(c + 2)), there
exist series A;,..;, such that mult(A4;, . ;) > 0 and

A (a+2),....7(a+2)) = Alg1(a+2),...,51(a + 2))

+ Y Apei@i(@+2), T+ 2T+ 2) - fila + 2)
i14--+14 >0

mod 71 (o + 2)5 () .G (a + 2)5 D (G (a + 2), ..., Gila + 2)).
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Thus

¥ = Qe+ 2),...,G(a+ 2))
+91(a+2) @) G+ 2)5 @D (G (e + 2), ..., Tnla + 2))
mod §y (a + 2)1 @+ .. g (a+2)= (G (a + 2),..., Gile + 2))
with
mult ®;(Yi41(a + 2),0,...,0) = 1.
R(a + 2) has regular parameters (z1(a + 2),...,2,(a + 2)) defined by
MCED) 1#1+1
[Tz} (a+2) + cara —0(cat2)) i=14+1

where the product is over the distinct conjugates (cat2) € k of cay2 over k.
Set Ti(a + 2) = zi(a+2), §,(a+2) =gi(a+2) for 1 <i<n. Set U"(a+2) =
U'(a + 2)[y*1,...,v*]q where
g=mU(a+2))NU' (a+2)[y*,...,v*].

Then CN(a + 2) holds. We have zj,,(a + 2) + caq2 = y®+1e+1 )\ for some A €
k(S(a+2)) by (119). est1,54+1 # 0 by Theorem 2.12.

(121) zi(a+2) = {

T (a+2) = Pot2@y(a+2),...,7(a+2)
+51 (@ +2)7 T G (a+2)= IS LT (a+2), .-, Un (o +2))
where mult(Za42(0, . .. ,0,§,+1(a +2),0...,0)) =1.

zia1(a+2) = [] (Pare@rla+2),....Fila +2)) + (cara — olcas2)))

o

+ 51 (a+ 2)51(0““2) .. .js(a + 2)5,(a+2)
. [Z (ﬁa+2(ﬁl (a + 2)’ e ’ﬁl(a + 2)) + (ca+2 - U(CQ+2))) §a+2

o

+ T (0 +2)7 @) G (o + 2)7 40

in S(a + 2= k(S(a + 2)) [[fl(a +2),... ,g/:n(a + 2)]] and the product and sum are
over the distinct conjugates o (cat2) Of Catz in k over k. If cor2 € k, we have

Z(Ca+2 —0(cat2)) #0

since if this sum were 0, we would have co42 invariant under the automorphism group
of a Galois closure of k(cqt2) over k which is impossible. We have an expression

(122) zp1(a+2) = Para(@ (@ +2),..., G (a+2))
+ 7 (a+2)71F) T (a4 2)% @D LT (@ +2),. ., Tnla +2))
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where Pyi2, Y42 are power series with coefficients in k(S(a + 2)) and
mult(Za12(0, . ..,0,7,41,0,...,0)) = 1.

If cat2 € k, 2141(a +2) = 27, (o + 2) and this expression is immediate. By (115)
and (116),

d

g= Zaﬁl (a+ 1)EEH) T (a+ 1)FEEDF L (o + 1)F
=1
+ 3T (a+ 1)@ F (@ + D)SEDF L (o + 1)
J
+ 3 apFi(a+ DD L F (o + 1)REDF L (o + 1)
k

+ T (@ +1)T
with aj, a}, aj, € k(co, . . .,ca+1)[[%1(a +1),...,T(a+ 1)]]. Since
Tia(a+1) =z (a+1) =24
and CN(a + 1) holds, so that
k(co, ..., Car1)[[z1(a+1),...,zi(a+1)]] = k(co, . .., cat1) [F1(@+1),...,F(a+1)],
we have an expansion

d
g= Zﬁixl (a+ 1)@ g (a+1)% @ g (o + 1)7
i=1

+ 3 Gz (a+ 15 g (o + )5 @ g (o + 1)
J

+ 3 G (a+ DD g a4+ 1) g (o 4+ 1)
k

+xi41(a+1)T

with 6i,6j,'dk (S k(Co, ey Ca+1) [[(L'l (Ol + 1), ey 117[(& + 1)]] ) 61, Zij units for all Z,J and

V($1 (Oé + l)e}c(a—f—l) e ’xs(a + 1)ei(a+l)3§[+1 (a + l)fk) >p
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for all k. In R(a + 2)™, by (117)

d s
g= Za’i H z (o + 2)a1a(a+2)e} (a+1)++asa(a+2)ef (a+1)+as41,q(a+2) fi

i=1 a=1

1 s .
CCES) +ca+2)a1,,+1(a+2)e‘ (a+1)+-+aq, . p1(at+2)e] (a+1)+ast1,s41(a+2) fi

k)
+ Zaj H T (o + 2)a1a(a+2)e} (a+1)+-+asa(a+2)e] (a+1)+ast1,q (0+2) f
J a=1
(@11 (a+2) + Capz)tot1(@tD)ej ()t tas s (at2)ef (at ) +assr a1 (at2) f;

s
+ Zak H at (o + 2)am(Or—i—Z)e,le(<>z+1)-+-~~~-i-a.,.,(01+2)e):(Oz+l)+a,+1,a(oz—i-2)f1c
k a=1
(x;=+1 (o +2)+ ca+2)al,,+1(a+2)e,‘c(a+1)+-~~+a,,,+1(a+2)ei(a+1)+a,+1,4+1(a+2)fk

s T
+ [(H ri(a+ 2>“=+1-a<a+2>> @il +2) + ca+2)as+1'a+l<a+2>] r

a=1

with @;,a;,ar € k(co,-..,Cat+2) |2 (@ +2),...,2], (¢ + 2)||, @i, a; units and
J I+1 J

L
”(H x;(a + 2)a1a(a+2)e,1(a+1)+~-~+a,a(a+2)e;(a+1)+aa+1.a(a+2)fk) > p.
a=1

We have that
Z(ala(a +2)et(a+ 1)+ + asala + 2)ef (a + 1) + asi1,0(a + 2) fi)v(zh(a + 2))
a=1

are equal for 1 < 7 < d since the corresponding terms in g have equal value p. Set
a¢ = aic(a+2)el(a+1) + -+ asc(a+ 2)ef(a+ 1) + agyr,c(a+2) fi

for 1 < ¢ < s. Since v(zi(a + 2)),...,v(z%(a + 2)) are rationally independent, we

have
ac = arc(a+2)ef(a+1)+ -+ ag(a+2)ef(a+1) + asyic(a+2)fi
for1<i<dand 1<{<s. Set
my, = a1sr1(@+2)ef(@+ 1)+ +agsq1(a+2)ef (a+ 1) + asp1 541 (a +2) fi
for 1 <i<d. Set
ann(a+2) -+ ars(a+2)

det : :
_ asi(a+2) - ass(a+2)
h ann(@+2) -+ ajst1(a+2)
det : :
agy11(a+2) - agyrs41(a+2)
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€ is a nonzero integer. By Cramer’s rule,
fi—fi= 5(mfa' - mf1)

for 1 < i < d. Assume that ¢ > 0. We can perform a CRUTS of type (M1) with
associated MTSs R(a +2) — R(a+ 3) and S(a+2) — S(a+ 3) where R(a + 3) has
regular parameters (z1(a + 3),...,zp(a + 3)) and T"(a + 3) has regular parameters
(ZT1(a+3),...,Tp(a + 3)) such that

zi(a+2) =zi(a+2) = z1(a+ 3)21@td) g (a4 3)ars(a+3)
(123) :
zs(a+2) =z (a+2) = z1(a +3)%1(@F3) ...z (a + 3)%ss(aF3)

and
sers= {0l
zi(a+2) = zi(a+ 3) for s < i to get
g=T1(a+3)% - Ty(a+3)% ((Tp1(a+ 3) + Cap2) ™1 ® + T1 (@ +3) - Ts(a + 3)G)
in k(co, ..., Cat3)[[Zr(a+3),...,Zi1(a + 3)]], with
® =01 + @ Frr1(@ +3) + car2) P/ 4 L Gy(Fra (@ + 3) + cagr) /e
In the case € < 0, we must consider an expression
g=71(a+3)%. - To(a+3)% (Fig1(0+3) + Cay2)™i® + Ty (a+3)-- Ts(a+3)G)
with
® = a1 (Tip1(+3) + capa)1I/E 44 Gy,

Again assume that £ > 0. The proof when € < 0 is similar. Let
r’ = mult(®(0,...,0,T1(a + 3))).

p = v(ai) + fiv(Ti+1(1)) < rv(Ti41(1)) implies fq < r. Set m; = (f; — f1)/e. The
residue of @; in

T(a+3)/(T1(a+3),...,Ty(a+ 3),Tip2(a+3),...,Tn(a+ 3))
= k(T(a+3) [Fira (e + 3)]
is a nonzero constant a; € k(co, ..., Cot+2) for 1 <i < d. Set
¢(t) = a1 +agt™ + - - - +Ggt™,

r' = mult({(ZTit1(a + 3) + cat2)). " < ng = (fa— f1)/e < r. Suppose that r' = r.
Then fi =0, fg = r, e =1 and {(t) = @a(t — car2)"- Thus there exist nonzero
(Zi41(a+3) + cax2)” and (Ty41(a + 3) + co42)" ! terms in @(0,...,0,Z;4; (a + 3))
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and fg—1 = fg—1 =r—1. Thus aq is a unit so that ag = G4 and v(ag—1Z;41 (1)) =
v(aqZi4+1(1)") implies v(T;+1(1)) = v(ag-1)-
d
(124) Z Zii(EH_l(a + 3) + Co‘.'_z)(f"_fl)/E = ’a‘dTHl (Ol + 3)T
i=1
Expanding out the LHS of (124), we have
rQgCo+t2 + ag—1 =0

which implies
Ca+2 _ 1

Ed_l Tad ’
Let a = @4 € k(co) be the constant term of the power series

aq € k(co) [[x1(1),...,z(1)]).

Ziy1(1) _ aaZTiy1(1)" . @a(Tiga (o + 3) + caq2) ™
ai-1 daa—1Ti41 (1)1 Ggdg—1(Tip1 (@ + 3) + caqz) a1

_ q(Trp1(a + 3) + caqo)fe—H)/e

 @ala—1(Tr41(a + 3) + capp)fa-1— M)/

_ Zid(T,_H(a + 3) + Ca+2)

B Aqaq—1
which has residue —1/ra in k(R(a+ 3)) C O, /m,. (Here O, is the valuation ring of
our extension of v to the quotient field of S(a+3)".) There exists Q € R(1) such that
Q is equivalent to —%ad_l modulo a sufficiently high power of the maximal ideal
of k(co)[[z1(1),...,2:(1)]] (recall that ¢; = 1) so that v(zi41(1) — Q) > v(zi41(1))
(Recall that Z;41(1) = z141(1)).

Since agZ;+1(1)" is a minimum value term of g, we have v(Z;4;1(1)) < v(g). Make

a change of variables in R(1) and T" (1), replacing z;41(1) and 41 (1) with

EﬁL)l(l) = mg-lf-)l D) =z421(1) - Q
CN(1) holds for these new variables. Further, in S(1)~, we have
D) = POG M), 5i(1) +7 ()50 7,005,

where mult(2o(0,...,0,7,,,(1),0,...,0)) = 1. Then repeat the above procedure with
this change of variable and our previous g. If v(PW)) > (7, (a)®(® ... 7 (a)%(@)
the above algorithm produces an expression

zh (D) =Ty (a + )BOEH T (o + 1)t 50
where mult(E((,l)(O, oo y0,741 (@ +1),0,...,0)) = 1. So suppose that
v(PW) < (@ (@)@ - Fg(a) ).
If we do not get a reduction r; < r, we have
v(@a (1) <@ () < vlg).

ASTERISQUE 260



4.2. MONOMIALIZATION IN RANK 1 105

We can repeat this process. By Lemma 2.3, We eventually get a reduction »' < r, or
v(g) = oo and we can construct (as in (58) in the proof of A(7) in Theorem 4.7)

¢ = lim Qi(F:(1),...,%(1)) € k(co) [[Z1(1), ...,z (1)]]
such that
(125) g =u(@i+1(1) — ¢)" + h.
where h € aik(co) [Z1(1), ..., Ti41]] with
ar = {f € k(co) [Z1(1), ..., T(V)]] | v(f) > o0}

and u(Z1(1),...,T;+1) is a unit power series.
Suppose that 7' < r. In our construction, 7, (@ + 3) = 7,,,, so that if

So =L @i(a+3),..., Tula +3)),
mult(£573(0,...,0,7,41(a + 3),0,...,0)) = 1. Set
91 = Tir1(a+3) +capa)™ @+ T (a+3) - Ts(a + 3)G.
Ty (o + 2) = nay, (o + 2) where 1 € k(ca+t2)[r),, (o + 2)] is a unit which implies
Zi41(a + 3) = nTpp1(a + 3).
Thus
g1 € k(co, -, Cat3) [Tr(a+3),....Tip1(a+3)]
=k(co, .-, Cats)[[z1(a+3),...,z141(a+ 3)]] C R(a +3)"
3o | g1 so that
1 <multg,(0,...,0,zi41(a+ 3)) = mult g;(0,...,0,Zy1(a+3)) =r; <.
By (122), there is an expression in S(a + 3)~
Zip1(a+3) =z 41 (a+2)
= Pays(@(a+3),...,h(a+3))
+ T (a+ 31D G (o + 3) 48 5@ (0 + 3), - Tn(a + 3)

where mult(£443(0,...,0,7,41(a+ 3),0,...,0)) = 1. Now set 7;(a + 3) = zi(a + 3)
for 1 < ¢ < n. By (120), (121) and (123) CN(a + 3) holds (with ~;(a + 3) = 1 for
1<i<l).

By induction on r we can now repeat the procedure following (115), with R(1),
R(1), S(1) replaced with R(a+3), R(a+3), S(a+3) respectively, co with a primitive
element of k(co, ..., Ca+3) OVer k, g with g, to eventually get ¢ such that CN(t) holds
with Z;(t) = z;(t) for 1 < i < n and

w1() =71 (OH D G, () O @1 (2), - Tu(8)
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where mult Et(O,...,O,ﬁHl(t),O, ...,0) =1 or we have

Ti4+1 (t) = Pt(al(t)» cee ’al(t)) + ﬁl(t)dl(t) e 'fs(t)da(t)zt(ﬁl(t)v ce 7§n(t))

where mult Et(O,...,0,§l+1(t),0...,0) = 1, P;,X; are series with coefficients in
k(S(t)) and

(126) g =wu(@1(t),..., 21 ()21 () - 25 ()" [2112(8) + B(21(D), ..., @ (1))

for some a > 0 where u, ® are series with coefficients in k(cp,...,ct), u is a unit and
Yo | g. Suppose that (126) holds. Define

6@ (8), -, Un(t)) = So.

mult (0, . .. ,0,§l+1(t),0, ...,0) = 1. We have regular parameters (7 (t),...,Un(t))
in S(t)” defined by

o [R@ it
yz(t)_{zo i=l41

There is an expression
2i1(8) = Pe@(®), - () + Gy O - gEOS(@it), ., Galt))

with mult £,(0,...,0,541(),0,...,0) = 1. Thus

U1 () | g1 (t) + B(21(2), - .-, mu(t))
in S(t)". Since P, + ® € k(S®))[[71 (), ..., ¥ (®)]],

P+ ® =g, ()" g, ()%
with @ € k(S(t))[[7:(2),-..,5,(t)] and
5o | Q+ 5.

Set m¢y = m (k(co, ..., ct) [x1(¢), ..., 21(t)]]). Choose N so that

Nv(meg) > v(@ ()"0 -7, ()% ®).

There exists ®' € k(co, .. .,ct)[@1(t),...,z(t)] such that & = & mod m}Y,. Make
a change of variables, replacing z;41(t) with x;41(t) + @' to get

21 (8) = ("D g, D(Q+ Zp) + (2 - @)

By Theorem 4.10, we can perform a CRUTS along v in the first ! variables, with
associated MTSs R(t) — R(t'), S(t) = S(t') to get

T () = zpga (t) =5, ()2 G, ()=,

where mult 34 (0, .. .,0,5,41(¢),0,...,0)) = 1 and such that CN(¢') holds.
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We thus have regular parameters (z1(¢'),...,z,(t')) in R(#') and (y1 ('), ..., yn(t'))
in S('), units 7y (¢'),...,7s(t') € S(') such that

z1(t') = yi(t)E) oy () ()

.Z‘s(t') =1 (t’)cu(t() .. .ys(t')cu(t'),’_s(tl)
Top1(t') = yor (t')

zi(t") = w(t")
Tip1(t) = yr (B)BE) -y (#) By ().

Let ¢;(t') be the residue of 7;(t') in k(S(¢')), 7i = 7:i(t')/¢:(t'). Let (ei5) = (cs5(¢')) L.
Define

T T () 1<ise
7:i(t") = qui®) s<ii#l+1
Fl—eudl(t')—"-—e,;d,(t') . .73—613dl(t')—"-—e.uds(t')yHI ) i=1+1
We have
a1 (') = 7, (t) ) g, (1) gy (t')
zo(t) = 7, () ) g (1) g (1)
Ts11(t') = Gyia (¢)
xl(tl) = gl(tl)
zre (') = g ()P g (#) = Oy, (1)
in

U"(#) = SEF - T 1 () e (0)) -
By Lemma 4.5, we can perform a MTS of type II,;1 R(t') — R(t' + 1)

T (t') =T (tl + 1)“11(t'+1) ce j;'s(t’ + 1)als(t'+l)c$1_i_sl~f-1(t’+1)
Es(t') =T (t’ + 1)a’sl(tl+1) .. .fs(t' + 1)ﬂas(t'+1)c;1,rl+l(t'+1)
T (t) = Ty (¢ + 1) %+ @D g (4 4 )eerna (D)

(T4 (t' +1)+ 1)0:":11”““ +1)
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and a MTS of type II;1; (possibly followed by a transformation of type I) S(¢') —
St +1)

ut') = Ta(t + P g (¢ 1) D g (D

— — ! — ! bs,s !
To(t') = Gy (' + D)) g (¢ 4 1) D gl (D
Tipa (t) = Gy (' + DPrra CHD g (¢ 4 q)besne ()
— bs41,s '+1
(Frga (¢ + 1) + Do @D

such that R(¢'+1) C S(t'+1), and Z;41 (#'+1) = g, (¢'+1). By adding an appropriate
series () to T;41(t' + 1), we will have regular parameters in R(t' + 1) — S(t' + 1) as
desired. O
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CHAPTER 5

MONOMIALIZATION

Theorem 5.1. — Suppose that R C S are excellent reqular local rings such that
dim(R) = dim(S), containing a field k of characteristic 0 such that the quotient field
K of S is a finite extension of the quotient field J of R. Suppose that v is a valuation
of K with valuation ring V such that V dominates S. Suppose that v has rank 1 and
rational rank s. Suppose that if my is the mazximal ideal of V, and p* = my NS,
then (S/p*)p~ is a finitely generated field extension of k. Then there exist sequences
of monodial transforms R — R' and S — S’ along v such that dim(R') = dim(S"),
S’ dominates R', v dominates S' and there are regular parameters (zy,...,z,) in R',
(Y1,---,yh) in S', units 81,...,0, € S' and a matriz (c;j) of nonnegative integers
such that det(ci;) # 0 and

o = (y))en - (y;)'cu(;l

o = W) - (ys) ™0

! 1]
zs+1 - ys+1

8
|

o .

Proof. — By Theorem 2.7, applied to the lift to V' of a transcendence basis of V/m,,
over R/m (which is finite by Theorem 1 [2] or Appendix 2 [39]), there exists a MTS
along v, R — Rj, such that dimg,(¥) = 0. Let m; be the maximal ideal of R;.
trdegg /m (R1/m1) = dimg(v) and dim(R;) = dim(R) — dimg(v) by the dimension
formula (Theorem 15.6 [26]). By Theorem 2.6, there exists a MTS S — S; along v
such that S; dominates R;. Let n; be the maximal ideal of S;. S is essentially of
finite type (a spot) over R by Theorem 2.11, since dim(R) = dim(S). Hence S is a
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spot over R;. By the dimension formula,
dim(R,) = dim(S1) + trdegg, /m, (S1/n1) = dim($1),

since trdegg, /m, (S1/n1) < dimpg, (v) = 0. We may thus assume that dimg(v) = 0.

Let {#;} be a transcendence basis of R/m over k. Let t; be lifts of #; to R. Then
the field L obtained by adjoining all of the ¢; to k is contained in R, and v is trivial
on L — {0}. hence we can replace k by L. We may thus assume that assumptions (1)
and (2) of Chapter 4 hold.

There exist fi,...,fs € J such that v(f;),...,v(fs) are positive and rationally
independent. By Theorem 2.7, there exists a MTS R — R’ along v, such that
fi,.-.,fs € R'. By Theorem 2.5, there exists a MTS R' — R" along v such that
fi-+- fs is a SNC divisor in R”. Then R" has regular parameters (z,...,z}) such
that v(zY),...,v(2!) are rationally independent. By Theorem 2.6, there exists a MTS
S — S’ along v, such that R"” C S’. We may thus assume that there exist regular
parameters (21, ...,%,) in R such that v(z1),...,v(xs) are rationally independent.

By Theorem 2.5, after replacing S with a MTS along v we may assume that z; - - - zp,
has SNCs in S. Thus there are regular parameters (y1, ..., yn) in S and units 9; such
that

T =Yt ynt s
for 1 < i < s. Thus v(y1),..-,7(yn) sSpan a rational vector space of dimension s.
After possibly reindexing the y;, we may assume that v(y),...,v(ys) are rationally
independent. By (60) of Theorem 4.8 with R = S, f = 21 ...x,; and Theorem 4.10,
we can replace S with a MTS along v to get

— 2,Ci Ci
:L.i _ ylll e ys”wi

for 1 < < s, where 1; are units and det(c;;) # 0.
Let ¢; be the residue of ¢; in S/n. For 1 < j < s set

s N €

-2
i=1 J

where (e;;) = (¢;;)™!, a matrix with rational coefficients. ¢; € S for 1 <j<s.

Set T"(0) = R, T; = z; for 1 < i <n. Set U"(0) = S[dp,¢€1,...,€s]q where dy € S
is such that k(do) = k(S), ¢ = m(S) N S{do, &1, -.,&s]. U"(0) has regular parameters
_ )&y 1<j<s

! Yj §<J.
Ei — y—‘i’il .. ,ggisq&i
for 1 <i < s. Set R(0) = k[z1,...,%;5]q, ¢ = m(R) Nk[z1,...,2,], co = 1. Thus
the assumptions of Theorem 4.11 are satisfied with [ = s and by the conclusions of

Theorem 4.11 applied n — s times consecutively, we can construct MTSs R — R/,
S — S’ such that V dominates S’, S’ dominates R' and R’ has regular parameters
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(zf,...,2)), S" has regular parameters (y,...,y;,) satisfying the conclusions of the
Theorem. O
Corollary 5.2. — Suppose that R C S are excellent regular local rings such that

dim(R) = dim(S), containing a field k of characteristic 0 and with a common quo-
tient field K. Suppose that v is a valuation of K with valuation ring V' such that V
dominates S. Suppose that v has rank 1 and rational rank s. Suppose that if my
is the mazimal ideal of V, and p* = my NS, then (S/p*),~ is a finitely generated
field extension of k. Then there exist sequences of monodial transforms R — R' and
S — 8’ along v such that dim(R') = dim(S’), S’ dominates R', v dominates S’ and

there are regular parameters (z},...,z,) in R', (¥1,...,Yn) in S’ such that
wll — @'fu e ggl.s
',l.; — 5]6.31 .. ,ggss

! ~
Tsr1 = Yst1

8
3

I
‘52

where det(c;;) = £1 and k(R') = k(S").

Proof. — We can construct MTSs along v R — R', S — S’ such that the conclu-
sions of Theorem 5.1 hold. To finish the proof, we must show that det(c;;) = *1
and k(R') = k(S'). We will analyze (c;;) by constructing MTSs which may not be
dominated by v. Since interchanging the variables z} will only change the sign of
det(c;;), we may assume that ciq # 0.

Case 1. — Suppose that c17 < c21. Then we can perform a MTS S’ — S(1) where
S(1) has regular parameters (y1(1),...,yn(1)) such that

_ {yl(nyz(l)m ey =1
o lw i#1

Then for m > 0 the monoidal transform R' — R(1) factors through S(1), where R(1)
has regular parameters (z;(1),...,2,(1)) defined by

1,‘,- _ .’1,'1(1).’1,‘2(1) Z= 2
() i#2
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Then

z1(1) = g1 (1) -
z(1) = g (1) -
z3(1) = y1 (1) -

Case 2. — Suppose that c2;1 < c11. As in Case 1, we can perform MTSs to get

z1(1) = g ()72
z2(1) = g1 (1) - -
z3(1) = yr (1) -

Case 3. — Suppose that c1;3 = c21 and ¢1; < ¢o; for some j. Perform a MTS
S' — S(1) where S(1) has regular parameters (y1(1),...,y,(1)) such that

i = {yj(l)y2(1)m YD)y (D™ ey (D™ i=
B E71¢0) i ]

Then for m > 0 the monoidal tranform R' — R(1) factors through S(1), where R(1)
has regular parameters (1(1),...,z,(1)) defined by

%

,={z1(1)x2(1) i=2

x;(1) i # 2
Then
z1(1) = ya (1) -+
z2(1) = y2(1)022—012+m(621—01j)
z3(1) = p (1) -
Case 4. — In the remaining case ci1 = ¢z and c¢1; > co; for all j. Then the

monoidal tranform R’ — R(1) factors through S’, where R(1) has regular paramaters
(z1(1),...,2,(1)) defined by

e {xl(l)x2(1) i=1
o w(1) i#1
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Then

z1(1) = (yp)27o2 ...
z2(1) = (y1)°* (y3)°2 - -~
x3(1) = (y)*= ---

By continuing to apply these four cases, we can construct R’ — R(a) and S’ —
S(a) such that S(a) dominates R(c),

21(a) = yr(a)n(@ ... ye(g,

(127) zo(@) = yi(@)en(@ ...y g,
Tsy1(a) = yst1(a)

zn(a) = yn(a)
with ¢; units in S(a) and c21 (o) = 0. By repeating the above procedure on successive
rows we can construct a MTS (127) with

Czl(a) == csl(a) =0.

Then the algorithm can be applied to the matrix obtained by removing the first row
and column from (c;;) to construct (127) such that (c;j(«)) is a upper triangular
matrix.

Set ¢ = (y1(a)), p = R(a) N (y1(a)). Our assumption that (c;;) is upper triangular
implies

qS(a) N R(a) = z1(a)R(a),

so that p = (z1(a)) and dim R(a), = dimS(a),. By the dimension formula, A =
(S(a)/q)q is finite over (R(a)/p)p- S(a)q/pS(a)q = Alyr(a)l/(y1(a)*) is then
finite over (R(c)/p)p, so that R(a)p = S()q and ¢11(a) = 1 by Theorem 2.10.

Now perform the MTS S(a) — S(a + 1) where S(a + 1) has regular parameters
(yi(a+1),...,yn(a + 1)) such that

yi(a) = {yl(a + Dya(a+ D)™ys(a+1)™ - yla+1)™ i=1
yi(a+1) i>1
where m; is chosen so that
m1 + c12(@) = rexa(a)
for some r > 0 and m is sufficiently large that

ma + cij(a) > regj(a@)
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for 3 < j <'s. Then the MTS R(a) — R(« + 1) factors through S(a + 1), where
2i(e) = {ml(a + Day(a+ 1) z =1
zi(a+1) 1>1
and
zi(a+1) = yi(Lys(1)°a (> ...
za(a+1) = ga(oet)
za(a+ 1) = ya(1)or(eD) ..

Now perform a series of similar MTSs to get (127) with (¢;;(c)) an upper triangular

matrix with
1 j=1
cajla) =
13() {o i>1
Set ¢ = (y1(a),y2(a)), p = R(a) Ng = (z1(a), z2(a)).
5(@)q/pS(@)g = (S(a)/@)qly2(@)]/ (y2(a)**(@)
is finite over (R(a)/p)p- By Theorem 2.10, R(a), = S(a), and cz2(c) = 1. We can
repeat the above procedure to get (127) where (¢;j(a)) is the identity matrix and
R(a) = S(a).
Thus det(c;;) = £1. Furthermore,
k(R') = k(R(a)) = k(S(a)) = k(5.
Set (eij) = (ci;)~", a matrix with integral coefficients. Set
. Jorte-dgty; 1<i<s
’ Yy s <1t

then (91, ...,7n) are regular parameters in S’ satisfying the conclusions of the Theo-
rem. O

Suppose that R C S are excellent regular local rings such that dim(R) = dim(S) =
n, containing a field k of characteristic 0, such that the quotient field K of S is a
finite extension of the quotient field J. of R. Suppose that v is a valuation of K with
valuation ring V' such that V' dominates S and v has rank r. The primes of V are a
chain

O=pC---CpCV.

We will begin by reviewing basic facts on specialization and composition of valuations
(cf. sections 8,9,10 of [3] and chapter VI, section 10 of [39]). Suppose that I, is the
value group of v. The isolated subgroups of ', are a chain

0=T,C---CTy=T,.
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Set
U; = {v(a) | a € pi}

Then the isolated subgroup I'; of p; is defined to be the complement of U; and —U;
inT,.

For i < j v induces a valuation on the field (V/p;)p, with valuation ring (V/p;)p,
and value group I';/T;. If j =4+ 1, I';/T’; has rank 1.

For all ¢, V,, is a valuation ring of K dominating R,,~nr. Thus

trdeg(r/pinR),,nr (V/Pi)p: < 00

by Theorem 1 [2] or Appendix 2 [39]. We can lift transcendence bases of (V/p;)p,
over (R/pi N R)p,nr for 1 < ¢ < rtoty,...,tq € V. After possibly replacing the ¢;
with 1/t;, we have v(t;) > 0 for all ¢;. By Theorem 2.7, there exists a MTS R — R’
along v such that ¢; € R’ for all i. Let p; = R' N p;. Then
trdeg(R//p;)p[ (V/p,-)p,. =0

for 1 < i < r. By Theorem 2.6, there exists a MTS S — S’ along v such that S’
dominates R'. Replacing R by R’ and S by S’, we may thus assume that

trdeg(r/p;:R),,nr (V/Pi)p; =0
for 1 <7 <r. Then

trdeg(r/p.nR)p,nr (5/Pi N S)pins =0

for all <. By the dimension formula (cf. Theorem 15.6 [26])

dimR/p; "R =dim S/p;NS
for0<i<r.
Theorem 5.3. — Suppose that R C S are excellent regular local rings such that
dim(R) = dim(S) = n, containing a field k of characteristic O such that the quo-
tient field K of S is a finite extension of the quotient field J of R. Suppose that v is
a valuation of K with valuation ring V' such that V dominates S and v has rank r.

Suppose that if my is the mazimal ideal of V, and p* = my NS, then (S/p*)p is a
finitely generated field extension of k. Suppose that the segments of T, are

0=I,C---Clo=T,

with associated primes
O=poC---CprCV.
Suppose that I';_1/T'; has rational rank s; for 1 <i <r and

trdeg(r/p.nR),,an (V/Pi)p: =0
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for1<i<r. Sett;=dim(R/pi—1 " R)p;nr for 1 <i<r, sothatn =1 +---+t,.
Then there exist MTSs R — R' and S — S’ along v such that S’ dominates R', R’
has regular parameters (z1,...,2,), S’ has regular parameters (w1, ..., wy) such that
piN R' = (21, ey Zt1+~~~+t,-)
piNS' = (w1, .., Wt t)
for1 <i<r and

g11(1) 91a9 (1) h1¢;42(1) hin (1
wl ( ...wsll w 1 “.wnl()(sll

Z1 = ti+1
9s41(1) Gsys1 (1) hsy,e41(1) hsin(1)
Zg = Wy 1 .. .wsll 1 wtl-}—ll ceWh 1 6151
Ry, 41(1) Prey41,n(1)
Rs1+1 = Wsy+1We 41 cewn? 015,+1
hey,eq+1(1) heyn(1)
2t = 7-Ut1"v’)t1.},.11 ceewp ! 61t1
_ 911(2) 9155 (2)  h1,ty4t541(2) h1n(2)
Zti+l = Wi 1" Wy sy W4t 41 T Wh da1
_ 9321(2) 93232(2) h52,11+t2+1(2) hszn(Q)
Zti+sg = W31 Wy hsy Wit CrWn 025,
hog 41,69 +t2+1(2) hsg+1,n(2)
Ztrtsa+l = Weitsa+1Wy 1eo41 T Wn 026541

hiy,ty+e2+1(2) hiyn(2)
Bttty = Wiyt Wy, Jg, 41 T Wn dat,

_ oy911(7) 91s, (1)
Ztypette bl = WL WK, Ot

_ (™) gorsrnlr) 5

Btiteoetteoitse = Wepob, g1 Wittt a ton

Zty4ttpo 1 tontl = Weidodt, 14, +10rs, 41

Zty 4ty = Wiyttt Ort,
where
911(8) -+ g1s.(8)
det : : #0,
9s:1(1) -+ gsis:(7)

di; are units in S' for 1 <i <r, and hjx(i) are nonnegative integers.
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Proof. — The proof is by induction on r. r = 1 is immediate from Theorem 5.1.
Suppose that the Theorem is true for rank r — 1. Set p;(0) =p; N R, ¢;(0) =p; N S.
Then there exist MTSs R, _, (o) = T1 and S, _,(0) = U1 such that V,,_, dominates
U, U; dominates T7; and the conclusions of the Theorem hold for Ty C U;. By
Theorems 2.9 and 2.6 there exist MTSs along v R — R(1) and S — S(1) such that
V dominates S(1), S(1) dominates R(1) and if p;(1) = p; N R(1), ¢;(1) = p; N S(1),
R(1)p,_,a) = T1, S(1)g,_,1) = U1 and R(1)/pi(1), S(1)/qi(1) are regular local rings
for1<si<r.

By assumption, R(1), _,1) has regular parameters (Zi,...,Tt,+...4+¢,_,) and
S(1)g,_,(1) has regular parameters (91,...,%¢,+...+t,_,) satisfying the conclusions of
the Theorem. Set A = t; + -+ - +t,—1. R(1) has regular parameters (z1(1),...,z,(1))
such that p,_1(1) = (21(1),...,2x(1)). Let 7(1) : R(1) = R(1)/pr—1(1). There exist
@i € R(1)p,_,(1), 1 <4< A, 1< j < Asuch that

T; = 5?(61(1) + -+ Ef\xx(l)

and det(a@) € pr—1(1)p,_,(1)- There exists u(1) € R(1) — p,_1(1) such that u(1)F; €
R(1) for 1 < i < X and if we define Z;(1) = u(1)Z;

Zi(1) = alzy (1) + - + alza(1)

for 1 <i < X where a} € R(1) for all ¢,j and det(a’) & pr_1(1). After reindexing the
7;(1), we may assume that a! & p,_1(1). Let b} = n(1)(a}).

V/pr—1 is a rank 1, rational rank s, valuation ring. The quotient field of V/p,_;
is algebraic over the quotient field of R(1)/pr—1(1) so that if L is the quotient field
of R(1)/pr—1(1), then LN V/p,_1 is a rank 1, rational rank s, valuation ring. Let T
denote the valuation induced by v on L.

By Theorems 5.1, 4.8 and 4.10 (with R = S = R(1)/p,-1(1)) there exists a MTS

R(1) = R(1)/pr-1(1) = R(2) = - -- — R(m)

where each ﬁ(z) — ﬁ(z +1) is a monoidal transform and ﬁ(m) has regular parameters
Trgp1(m), ..., 7,(m)) such that T(gy,,(m)), ..., 7(Fxs,, (m)) are rationally indepen-
dent and b} =gy, (m)*+1 -7y, (m)**+7 where w € R(m) is a unit. There exist
regular parameters (F,,1(1),...,7,(1)) in ﬁ(l) and a < n such that

Sov 31y | Tara(1) Va(l)
R(2) = R(1) [?Hl(l)’m’§A+1(1)]§(2)

where Q(2) is a maximal ideal. Let y;(1) be lifts of 7;(1) to R(1) for A +1 < i < n.
Then (21(1),...,2x(1),yr+1(1),...,yn(1)) are regular parameters in R(1). We have
a surjection

. Yr+2(1) Ya(1) = Tas2(1) Ta(1)
1 R(1) [SJA+1(1)"“’ y>\+1(1)] = R [37>\+1(1),”.’§>\+1(1)} '
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Let Q2 = ®71(Q(2)). Set

_ Ya+2(1) Ya(1)
R, = R(1) yae1 (1)’ y>\+1(1)]Q2 .

R(1) — R is a monoidal transform along v and p,—1 N Ry = (z1(1),...,zx(1)),
(R2)p,_1nR, = R(1)p,_,(1) and Ry/p,_1 N Ry = R(2).
We can inductively construct a MTS along v
(128) R(1) > Ry = -+ = Ry, = R(2)
such that R(2),,_,2) = R(1)p,_, (1), R(2)/pr-1(2) = R(m) with p,_1(2) = p,_1NR(2)
and R(2) has regular parameters (z1(2),...,z,(2)) such that
zi(l) 1<i<A

7il?) = {y((z)) At1<i<n

where y;(2) are lifts of g;(m) to R(2). Thus
a} = Tap1 (2)H - may,, (2) w4+ b2 (2) + - 4 baza(2)

where u, b1,...,bx € R(2) and u is a unit. Thus
A

F1(1) = 2a41 (2 - Tags, (P ruzy (2) + az1(2)? + D aiwi(2)
=2

with a;,a € R(2). Now perform a MTS R(2) — R(3) along v
Tr+1 (3)a>\+1+1 c T ats, (3)“"+’7‘+1$1(3) 1=1
2i(2) = q ZAa41 (321 H2 gy, ()2 t22(3) 2< i <A
zi(3) A+1<i<n
Thus z;(3) € R(2)p,_,(2) for 1 < ¢ < n. Set p,_1(3) = pr—1 N R(3). Then
R(2)pr—l(2) = R(3)pr—1(3)'
T1(1) = 1 (3)° oy, (8)2Fer (@1 (B)u + 2a41(3) -+ - Tats, (3)0)
for some ¢ € p,_1(3). Set
o JT1B)u+Ta11(3)  Tats, () =1
z;(3) = .
z;(3) 2<i<n
Then (Z1(3),...,T,(3)) are regular parameters in R(3) with
pr—1(3) = (?17\1 (3)7 R &\A(?’))

Pr—1(8)R(3)p,_,(3) = (Z1,...,Tr)R(3)p,_,(3) implies there exists E’;(.?)) € R(3)p,_,(3)
such that

- @l (3)7:1(3) i=1
@ 3)m:B) + - +T@(3)ENB) 2<i< A
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and

a3(3) -+ ax(3)
det : & Pr—1(3)p,_.(3)-

@ (3) -+ ax(3)

We can repeat the above argument to construct a MTS R(1) — R' along v such that if
Pi_1 =pr—1NR", R(1)p, _,1) = R;’,r,_l and there exists a regular system of parameters
(zf,...,2") in R" and uy,...,u)\ € ;,’,r,_l — (Py_1)py_, such that Z; = w;z{ for
1 < i < X By Theorem 2.6 and the above argument, there exists a MTS S(1) — S”
along v such that if ¢/ ; = p,_1 NS", S(1)g,_,1) = S"I’,r,_l, S" dominates R" and
there are regular parameters (yy,...,y)) in S” and vy,...,v) € <’1l’r'_1 —(¢7/-1)qr_,
such that y; = v;y} for 1 <4 < A. Thus we have

B = P (gl )omm Oy ) () r )
(129)
Ty = Payy
with oy, 9x € S —(a71)qy_,- i = fi/gi with fi,g: € S"—q;_y, fi, gi relatively

prime in S”. There are nonnegative integers di such that g;z} = f;(y} 4 -~-(y&’)d3
for1<i<Asothat g;| fiin S” and¢; € S" — ¢/, for1 <i < .

Let 7' : R" — R"/p}!_; and 7" : 8" — S"/q}_;. Let T} = «'(z}) and 7} = =" (y}').
v induces a rank 1 rational rank s, valuation on K = (S" /@'—1)q:_,- By Theorem
5.1, there exist MTSs

R'/p) ,=R—RQ1)—---—> Rm)=T

and
S"/qf 1 =85 81) == Sm)=U
such that the valuation ring (V/p,—1) N K dominates U, U dominates T, T has

regular parameters (Tx+1,---,Zn), U has regular parameters (41, - - -,¥,) such that
U(Fry1)s---»P(Urys,) are rationally independent, where 7 is the valuation induced by
v on the quotient field of U and
Ty = yi‘;{” - ‘?ir.,f;(r)g,\ﬂ
g g (D)
(130) Txtsn = a1 Unfar Orts,

Tatsr+1 = Yatop+10+s,+1

where §; are units in U.
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Each ﬁ(i) — R(i+1) is a monoidal transform centered at a prime @;. By Theorems
4.8 and 4.10 and Lemma 4.2, there exist MTSs along v
T=R(m)— - = Rm')=T"
and
U=8m)—---—8m')=U"
such that U’ dominates T, T’ has regular parameters (Ta+1,...,Ty), U’ has regular

parameters (¥y,1,---,Yy,) such that (130) holds, and

_dt —dg.
= @41 UaYs)
for some nonnegative integers di,...,d¢ for 1 <i < m, and

_a Atsn—
() = T TR

where ©; are units, a;; are positive integers for 1 <7 < A.
For m < ¢ < m' —1 each R({) — R(¢ + 1) is a monoidal transform centered

at a height 2 prime @; (cf. Remark 4.1) such that aq;U’ = (gﬂl .- ‘ﬂi;;sr) for some
nonnegative integers di,...,d} . Consider the MTSs along v

R"— R(1) = ---— R(m")
and

S" 5 81)—»--- = Sm)=8
constructed as in (128), so that for 1 < ¢ < m/, R(Z)p,_,(z) = ”,, o R(©)/pr-1(2)
R(i), S(i)q_1(i) = g S@)/ar—1(@) = S(i) where pr_1(i) = pr—1 N R(i), gr—1 =

pr—1 N S(7) and S has regular parameters (71,...,¥n) such that g; has residue g; in
Ufor \+1<i<nandy; =y for1<i< A For0<i<m'—1, R(z)—)R(z—Fl

is the blowup of a; C R(3) such that azR(z) =a;. Thus alS/qT 1= (y)‘_,_1 yiis,)

1R

where §,_; = pr,—1 N S. Set &; = y>\+1 y>\+s,' Then
a,~§ =(®; + ﬂlb}(z) + -+ ZA/’,\b}\(’L), e, B+ ﬁlbﬁ(z) + -+ y,\b (1))
for some t, bk (i) € S, 1<i<m/ —1.
Perform a MTS along v
S =25(0) > S(1) = ---8(m')

where S(j) has regular parameters (¥, (j),-..,¥,(j)) defined by 7;(0) = g; for 1 <
i <n,

iy i1 (G+1) 1<i<A

v:(0)=49_"" .

v:(G+1) i<A<n

for 0 < j < m'—1. Then we have a;S(m') = (®;) for 1 <i <m' —1. R(m') C S(m')
(by Theorem 2.6) and S(m')/q(m'),—1 2 U".
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Let 2; be lifts of T; to R(m') for A + 1 < ¢ < n. Define regular parameters
(zl (m,)v s 7$n(ml)) in R(ml) by

zi(m') = zf 1<i<A
’ i A+1<i<n

There exists a matrix of nonnegative integers (e;;) such that
o1 (m') =7, (m/)gu(l) R T (ml)gu1(l)yt1+1(m’)h1,t1+1(1) .. ~§/\(m')h1»\(1)
Ypgr (M)A g (m)en gy
(7 () >341 T )5y

+1(m')g11(?“) “TUnrs, (m’)gsrsr(T)CS)\_H
AT () + e £ ()

amy 20

= yA
zrp1(m') =7,

zn(m') = Jp(m")on + 77 (M) + - + fX7A (M)

where §; are lifts of §; to S(m'), f; € S(m'). For 1 <i <\,
Wi = Ui ()5 FRETT R () + -+ BT ()
where u/ are lifts of @; to S(m'), the u} and §; are units in S(m'). Choose
t> max{aij,gij(l)}.
Now perform a MTS S(m') — S(m’/ + 1) along v where S(m' + 1) has regular

parameters (g, (m' + 1),...,7,(m' + 1)) defined by

gum') = LI (0 D0 T (m + D (m’ +1) 1< <A

‘ Fi(m+1) A+1<i<n
to get
Vi = Uiy qq (M +1)02H4 gy (m 1) e

for some units u; € S(m' +1), 1 <i < \. S(m' +1)/g(m' +1),_; = U’ and there is
a matrix of nonnegative integers (b;;), units uxt1,...,u, € S(m + 1) such that

o (m,) - 371 (m’ + 1)911(1) T ysl (ml + 1)9“1 (l)ytl+l(m' + l)hl"1+1(1) e
-gy(m' + l)hv‘(l)y}\_‘_1 (m' + 1)b1,x+1 g (m! + l)b‘"ul
(132) zA(m') = gr(m' + )7y (m' + 1)bra+1. g (M + 1)y
Zay1(m') = Yat1 (m' + 1)911(r) Unge, (m' + 1)91”(?)“/\_‘_1

Tn(m') = Yp(m')un
Theorem 5.4 is immediate from Theorem 5.3.
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Theorem 5.4 (Monomialization). — Suppose that R C S are excellent regular local
rings such that dim(R) = dim(S), containing a field k of characteristic zero, such
that the quotient field K of S is a finite extension of the quotient field J of R.

Let V be a valuation ring of K which dominates S. Suppose that if my is the
mazimal ideal of V, and p* = my NS, then (S/p*)p~ is a finitely generated field
extension of k. Then there exist sequences of monoidal transforms R — R' and
S — 8’ such that V dominates S', S’ dominates R' and there are regqular parameters
(1,...,2n) in R', (y1,...,Yn) in S’', units 61,...,0, € S’ and a matriz (a;;) of
nonnegative integers such that det(a;;) # 0 and

a1 |

1 =yt yptnoy

— an a.
Tn = Y ! ”'ynnnén‘

Theorem 1.1 now follows from Theorem 5.4, since we can perform monoidal trans-
forms along V' to reduce to dim(R) = dim(S) as in the proof of Theorem 1.10 (Chapter
7).

Theorem 5.5. — Suppose that R C S are excellent regular local rings such that
dim(R) = dim(S) = n, containing a field k of characteristic 0 and with a common
quotient field K. Suppose that v is a valuation of K with valuation ring V' such that
V dominates S and v has rank r. Suppose that if my is the maximal ideal of V, and
p* =my NS, then (S/p*)p+ s a finitely generated field extension of k. Suppose that
the segments of ', are

0=IL,C---CIly=T,
with associated primes
O=poC---Cp,CV.
Suppose that T';_1 /T; has rational rank s; for 1 <i <r and
trdeg(R/piﬂR)pinR (V/p")lh = 0

for1<i<r. Sett; =dim(R/pi—1 N R)p;nr for 1 <i <7, so thatn =t1 + -+ ¢,.
Then there exist MTSs R — R' and S — S' along v such that S' dominates R', R'
has regular parameters (21, ...,2n), S’ has regular parameters (w1, ...,wy) such that

Di n Rl = (21, ey zt1+~--+ti)

Pi N S’ = (wl, ‘e ,wt1+,..+ti)
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forl1 <i<r and

z =

Z&‘1+1

2ty

Zt1+1

Rtitsy =

Zt1+sa+1

Zt1+to

Ztrtettao1+1

Bty tto_1+sr

Bttt o1t +1

Ztytetty

where

det

g11(@) -+ g1s(4)

1 1
g11( )...wgllal( )

9311(1) 9s13q (1)
wy - Wa

- w31+1

= wt]

911(2)  9145(2)

= Wi : t1+52

9521(2) o Is2e2 (2)
t1+1 Wit sy

Wiy +52+1

Wiy +to

g11(r) g T1en (7)
Wiyttt a1 Wh bt ts,

9sr1(T) Gapan (1)

= Wiyboodto 41 Wiyttt 1 +s,
= Wi Atro1+5+1

Wty - tty

=1

gsil(i) Tt Gsiss (7')
and (R'/pi N R )p.ar = (S'/pi NS )ping for 1 <i<r.

123

Proof. — The proof is a refinement of that of Theorem 5.3. The stronger Corollary
5.2 is used instead of Theorem 5.1. Formula (129) then becomes

(133)

1
Tx

&y = i (y)on D . (gl Y (D)

Ay
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124 CHAPTER 5. MONOMIALIZATION

(131) becomes
zi(m') = gy (m)m® g (m)9a g, (mh)eas g, (m)) ey
A(M)Tx g (m)ex2+r g, (m)ermahy

)‘+1(m'>\)911(7') “Trys, (m!)9srer (M) 5 4
HAETG M) + -+ ()

~— —

(134)  zxpa(m/

zn(m') = Fp(m)on + 771 (m') + - + fRYA (M)
(132) becomes
z1(m') = g, (m' + 1)911(1) T (m' + 1)91"1(1)2,_/)‘_,_1(771' + l)bl,A+1 .
“Ta(m + 1)
= 7a(m' + DYy pq (m' + 1)1 g (m! + 1)Prnuy
Uat1 (m' + 1)911(?‘) CTaps, (m' + 1)91,,(r)u>‘+1

(135) zx(m
Zxr1(m

"N =
N =
Za(m') = Fo(m'up.
The MTS R(m') — R(m' + 1), where R(m' + 1) has regular parameters
(zy(m' +1),...,2,(m' + 1))
defined by

zs(m') = zi(m' + D)@pgs, +1(m' + D)%r+ertr oo, (m! +1)bin 1 <5< A
! z;(m' + 1) A+1<i<n

factors through S(m’ + 1), and
z1(m' +1) =5, (m' + 1)o@ .. Yy, (m' + 1)91e1 (1)

Tra (! + Doy (' Dorverg

(136) zA(m' +1) = Jo(m' + 1Y, (m! + 1)1, (mf + 1)P2a+er )
Txpr(m' +1) = o (m/ + 1) gy o (m! + )90 Dy gy

Zn(m') = Fp(m')un

for some units u} € S(m' + 1). Since det(g;;(!)) = £1 for 1 <! < r, we can make a
change of variables in S(m'+ 1), replacing 7;(m’ + 1) with a unit times 7;(m’ + 1) for
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all i to get that the u; and uj in (136) are 1 for all 4, j. Let

gu(r) = gsn(r)
(hiz) = : : ,
95,1(T) **+ Gs,5,(T)

an integral matrix.

T (m' +1) = axpa(m' + DM axgy, (m' + 1)

Uags, (M +1) = @rga(m' + 1)lert ooy (m 4 1)lereer,
v(g;(m'+1)) >0for A\+1 < i< A+s,, so by Lemmas 4.2 and 4.3 there exist MTSs
R(m' +1) = R(m' +2) and S(m' +1) — S(m' + 2) along v such that R(m' + 2) has
regular parameters (z1(m’' + 2),...,z,(m' + 2)), S(m' + 2) has regular parameters
G (m' +2),...,7,(m' +2)) defined by
(2i(m' +2) 1<i<A,

A+s, <t <
zi(m' +1) = < , Srsrsn
Txp1(m +2)20(mFD)

Tags, (M) + 2)%x+e (M +2) N4 1< i< A+,
+8r

(7:(m' +2) 1<i<A
A+s.<i<n

7 (m! 4+ 1) — <

Bilm'+1) = Ung1(m' + 2)bi1(m’+2) .

L 'y/\+s,~(m, +2)bi,x+s,(m+2) A+1<i<A+s,.

such that R(m' + 2) C S(m' + 2) and

Uapi(m' +1) = zyp1(m' + 2)% - zypq (M + 2)%r
for 1 <i < s, where e;; > 0 for all 7, 5. Set
dij = eybiat1 + -+ es,5biats,
for1 <i <A, 1<j<s,. Then the MTS R(m' + 2) — R(m' + 3) where R(m' + 3)
has regular parameters (z1(m' + 3),...,zp,(m' + 3)) defined by
Trapr(m' +3)%1 - xyys (M 4 3)%erz;(m' +3) 1<i<A
z;(m' + 3) A<i<n

wi(m' + 2) = {

factors through S(m' + 2) and the conclusions of the Theorem hold for the variables
z;(m' + 3) and g;(m' + 2). d
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CHAPTER 6

FACTORIZATION 1

In this chapter we prove Theorem 1.6, which shows that it is possible to factor a
birational map along a valuation by alternating sequences of blowing ups and blowing
downs. Theorem 5.5 reduces this to a question of monomial morphisms and valuations
of maximal rational rank. This reduces the problem to a question in combinatorics.
Christensen, in [10], using elementary linear algebra, gives a proof, that in dimension
3, factorization holds along a rational rank 3 valuation. His algorithm produces a
factorization with one series of blowups and one series of blowdowns. We generalize
his methods to give a proof of factorization of monomial mappings in the special case
of valuations of maximal rational rank. Then Theorem 1.6 follows from Theorem 5.5.

Lemma 6.1. — Suppose that M = (a;;) is an n X n matriz such that the a;; > 0
for all i,j and det(a;;) = *1. Suppose that R is a regular local ring with regular
parameters (z1,...,%n). Then there exists a regular local ring S in the quotient field
of R such that S has regular parameters (yi,...,Yyn) satisfying (137).

Ty = yitiyst?eyn
(137) :

Tn = YrUiyytt eyt
Proof. — Set (b;;) = M. There exists monomials f; in #1,...,2z, for 0 < i < n

such that 2% - gbin = f;/fo for 1 < i < n. In R[fi/fo,. .., fn/fo] we have
_ f1\@ei fn@in
we (B ()

for 1 < 4 < nsothat the maximal ideal m = (21, ...,%n, f1/fo, .-, fn/fo) is generated

by fi/fos---, fa/fo- Set S = R[fi/fo,..., fn/folm and y; = fi/fo for 1 < i < n.
Then S is a regular local ring and (137) holds. a

Suppose R — S is as in (137). An inverse monoidal transform (IMT) R — S(1) —
S consists of a regular local ring S(1) such that R C S(1) C S which has regular
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parameters (y1(1),...,yn(1)) such that y.(1) = y,ys for some r # s and y;(1) = y;
for i # r.

Lemma 6.2. — Suppose that (137) holds for R — S and the coefficients of the stP
column of M minus the " column of M are nonnegative (ais — aiyr > 0 for all i).
Then there ezists an IMT R — S(1) — S such that

7=y (1)en® gy (1)t

(138) :
2o =y (1)) g (1)),

M(1) = (a;(1)) is M with the r" column subtracted from the st® column. The

adjoint matrix A(1) of M(1) is obtained from the adjoint matriz A of M by adding
the stt row of A to the r*" row of A.

Proof. — This follows from Lemma 6.1. O
Let A = (A;;) be the adjoint matrix of M in (137). Consider a monoidal transform
along v S — S', where S’ has regular parameters (yi,...,y,) defined by
W t=r
- {yfyr -
vi 1#£T

Of course, this means that v(y;) > v(ys). Then the matrix M' = (aj;) where z; =
(y))%1 - - - (y!)%n for 1 < i < n is obtained from M by adding the rt* column to the
s*" column. The adjoint matrix of M’, A’ = (A};) is obtained from A by subtracting
the st* row from the r** row

Theorem 6.3. — Suppose that R C S are excellent regular local rings of dimension
n, containing a field k of chracteristic 0, with a common quotient field K. Suppose
that v is a valuation of K which dominates S, with valuation ring V. Suppose that

(1) V has rational rank n
(2) R has regular parameters (z1,...,z,), S has regular parameters (y1,...,Yn)
such that

— aii,,a12 Q1n
Ty = Yty eyt

— an1l
Tn = Y1

ygn2 L. y;llnn
where det(a;;) = £1.
Then there exists a MTS along v

(139) S—=>51)—=---—= Sk)
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where S(i) has regular parameters (y1(3),...,yn(?)) for 0 <i < k with
m (i)all(i)yQ(i)al2(i) . yn(i)aln(i)

Z1
(140)

Y1 ()21 D gy (5)8n20) .y, (5)0nn (D),
such that if M (k) = (ai;(k)) is the coefficient matriz of R — S(k), with adjoint matriz
A(k), then all but at most two of A11(k), A12(k), ..., Ain(k) are zero.

Tn

Proof. — Set M = (a;;). Let A be the adjoint matrix of M. In a sequence such as
(139), define M (i) = (a;x(¢)) and A(3) = (A;jx(¢)) to be the adjoint matrix of M ().

We will call a monoidal transform S(I) — S(I+1) along v allowable if it is centered
at P(l) = P;; = (y:(1),y;(1)) where A1;(1), A1;(I) are nonzero and have the same sign.
If T C{1,2,...,n} is a subset containing ¢ and j, and P(l) is allowable, then

max{|A1x(l +1)| : k € T} < max{|A1x(l)| : k € T}.
Suppose that there exists an infinite sequence of allowable monoidal transforms
(141) S—=S51)—--—>8)—

where S(I) — S(I + 1) is centered at P(l). We will derive a contradiction. The

Theorem will then follow since at least three A;;(l) nonzero imply two of them must

have the same sign, which implies that there exists an allowable monoidal transform.
Set

U(l) = {3 : Aui(I) # 0}

a(l) = U@
T(l) = {i : ¢ occurs as an index in a P(k) for some k > I}
() = TO]

A1) = max{|Au;(1)] : i € T(1)}
W) ={eTQ): A0 =80)}
6(l) =W ()]
We have a(l+1) < a(l), B(1+1) < B(1), v(+1) < () and if B(I+ 1) = B(I) then
6(1+1) < 6(1). Hence in the lexicographic ordering,
(@l +1), B + 1), 7(U +1),8( + 1)) < (1), B1), (1), 50))
for all [.

It suffices to show that this invariant decreases after a finite number of steps, so
we may assume that
(aD),B1),y(1),6()) = (e, 8,7,6)
in (141) for all [, and derive a contradiction. Set U =U(l), T =T (), W = W(l).
If there is some [ such that P(l) = P,; with r,s € W and v(y, (1)) > v(ys(l)), then

Alr(l + 1) = Alr(l) - Als(l) =0,
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and a(! + 1) < «(l). This kind of monoidal transform can thus not occur in (141).

If some P(l) = P, withi € T-W,r € W and v(y,-(1)) > v(yi(l)), then A;,.(1+1) =
A1r(1) = Ay;(1). Hence (1 +1) < B(l) or B(l +1) = B(I) and §(I + 1) < §(I). Thus
such a monoidal transform cannot occur in (141).

Since y(I) cannot decrease, we must have infinitely many [ such that P(l) = P;
withr e W,i €T —W and P(l) = P;; with ¢,s € T — W for all other {.

We must thus have y;(I) = y; for j € W and for all I. Furthermore, v(y;(1)) < v(y;)
for all 4 and I.

At each step where P(l) = P, with r € W and ¢ € T — W we have

vy _ i)

(l+1)="—"%=
il ) yr(1) Yr
and v(y;(I + 1)) = v(yi(1)) — v(y,). After a finite number of steps we must have
v(yi(l)) < 0 for some i € T — W, a contradiction. O

When n = 3, Theorem 6.4 is proved by Christensen [Ch].

Theorem 6.4. — Suppose that R C S are excellent regular local rings of dimension
n > 3, containing a field k of chracteristic 0, with a common quotient field K. Suppose
that v is a valuation of K which dominates S, with valuation ring V. Suppose that

(1) V has rational rank n

(2) R has regular parameters (x1,...,2y), S has regular parameters (yi,...,Yn)
such that
T = y?llygl2 e y::,l"
Tn =y lysnt eyt

where det(a;;) = 1.
Then there is a sequence of regular local Tings contained in K

Rl Rn—2
N SN e N
R S1 Sn—3 Spn—2 =28
such that each local ring is dominated by V and each arrow is a sequence of monoidal
transforms (blow ups of regular primes). Furthermore, we have inclusions R C S; for
all i.

Proof. — The proof is by induction on n. For n = 2 there is a direct factorization
by a MTS. Suppose that n > 3 and the theorem is true for smaller values of n. We
will show that there is a MTS S — S’ along v and a sequence of IMTs R — S" — S’
such that a column of the matrix M"” of R — S" consists of a single 1 and zeros in
the remaining entries. Without loss of generality, the first column of M" has this
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form. By Lemma 6.2, there is then a sequence of IMTs R — S,_3 — S" such that
the matrix M of R — S,_3 has the form

— 0 @22 -+ Q2n
M =
O_an ann

By induction on n, there will then exist a factorization of the desired form.
By Theorem 6.3, there exists a MTS S — S’ along v such that, after possibly
interchanging variables, A;; = 0 for j > 2 and

(142) ann A + a2A12 =1

Case 1. — Suppose that A;; < 0 and A;2 > 0. (The case 415 < 0 and A;; > 0 is
similar.) Then 1 = —au(—All) + a12A12. Set m = [—A11/A12], n = [—Alz/Au].
Suppose that m > 0. Note that m = 0 implies n > 0.

1 ifi=1
ai1A1n +apdin + -+ apdin = o
0 ifi#1
—A
G2 — ;1M > Qg — ai1(—A—11)
12

1
= A_lg(a“A“ +apdiz + -+ aindin).

Hence a;2 — ajym > 1 and a2 —agm > 0 for 2 < i < n. Let M’ be the matrix
obtained from M by performing the column operation of subtracting m times the
first column from the second column. All of the coefficients of M’ are positive, so by
Lemma 6.2 there is an IMT R — S’ — S such that M’ is the matrix of R — S’. We
have A}; = Ay; if j # 1 and A}; = A1 +mA;2 so that Ay < Al <0.If A, #0,
then

—Aj —Aj; —mA —A
' 1] _ 11 12] 1 _
m_[A’lz]—[ A, ]_[Al2 m] 0
so that n' > 0.
Now suppose that n > 0.

A
=

1
= A_ll(ailAll +aipAi2 + -+ aindin).

a;1 — QN > a1 — ai2(

Thus we have a;; — azen > 0 for 2 < 4 < n. Suppose that A;; # —1. Then
a11 — a12n > —1, and since this is an integer, a;; — a;2n > 0. We can then construct
an IMT R — S’ — S such that the matrix M’ of R — S’ is obtained from M by
subtracting n times the second column from the first column. We have A}; = A,; if
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J # 2 and A}y = A3 + nAj; so that Ajp > A, > 0. If A], # 0, then n’ = 0 and
m' > 0 so that we can repeat Case 1.
Suppose that A;; = —1. 1 = —a;; + a12A4:2 implies a;2 > 0.

ai1 — (A12 — Dase = —(andi1 + appdiz + - + aindin) + ai2

so that a;; — (A12 - 1)(1,‘2 =a;p >0ifi>1, a;; — (A12 -— 1)a12 = —-1+a32 > 0.
We can then construct an IMT R — S’ — S such that the matrix M’ of R — S’
is obtained from M by subtracting (A;2 — 1) times the second column from the first
column. Now construct the IMT R — S” — S’ where the matrix M" of R — S”
is obtained from M’ by subtracting the first column from the second column. The
second column of M" consists of a 1 in the first row, and the remaining rows are 0.

After a finite number of iterations of Case 1 we either prove the induction step, or
reach the case A;o =0 or A;; =0.

Case 2. — Suppose that 433 =0 or A;2 =0 (and A;3 = --- = Ay, = 0). Without
loss of generality we may assume that Ajs = 0. 1 = a;;A;; implies a;; = A7 = 1.
for ¢ > 1 we have a;1 = a1 411 + aipdia + -+ + aindin = 0 so that the first column
of M consists of a 1 in the first row, and the remaining rows are 0.

Case 8. — Suppose that A;; > 0 and A;2 > 0. Then a;; = 417 = 1 and a15 = 0,
or a;; = 0 and a;2 = A2 = 1. Without loss of generality we have the first case. For
1> 0 we have 0 < a;1 < a;1411 + aipA12 + - - ajn A1, = 0 Hence the first column of
M consists of a 1 in the first row, and the remaining rows are 0.

This completes the induction step for the proof of the Theorem, since the case
A1 <0, A5 <0 is not possible. O

Proof of Theorem 1.6. — We can perform MTSs R — R’ and S — S’ so that the
conclusions of Theorem 5.5 hold. We can further replace R’ by a MTS R’ — R such
that S’ dominates R', the conclusions of Theorem 5.5 hold, and if s; = 2 for some 3,
then

Ztytettio+l = Wiyttt +1

Ztytotticr+2 = Wiyttt 42

since factorization is possible if n = 2. Let A1,..., A, be the A; such that 1 < A\; <r
and sy; > 2. Set

T1 = 24 tr,—1+1

Tsy, = zt1+"'+t>‘,-—1+8,\i
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Y1 = Wty Ftx, 141

Ysx, = wt1+~~~+txi—1+3)‘i‘

Set R,\i = k[x1,... ’sth](ml’"wzui)’ g,\i = k[y1,--- ’ysf\i](?llvu»i'!ui)' Let f)\.— be the
quotient field of Sy,. Then Ry, C S, and V5, = VN K, is a rank 1, rational rank
s»; valuation ring dominating Sy,. By Theorem 6.4, for all );, there exist MTSs of
regular local rings contained in Ky,,

(R)\i )1 (T%Ai )3,\,- -2
N N ~
R, (Ski)l (SA,')S)\i —2 =8

such that each local ring is dominated by V, and Ry, C (S,,); for all j.
We can perform the corresponding sequences of MTSs along v on R to construct
a sequence of MTSs

(R )1 (Bay)sr, —2
a N S N
R (S (Sx1)sx,—2 = Sa; = R,

(Ra. ) (Ba.)sr, -2
a N S S N
Ry, (Sxa)1 (Sxu)sr,—2 =S
(Sar —2)+(S2g —2)+ -+ (8r, —2) < n—2since sy, +---+ sx, <n. Thus the
conclusions of the Theorem hold.
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FACTORIZATION 2

In the special case of a monomial mapping, local factorization by one sequence of
blowups followed by one sequence of blowdowns follows from Morelli’s Theorem on
factorization of birational morphisms of toric varieties [27], [7]. Theorem 7.1 states
this result precisely.

Theorem 7.1. — Suppose that R, S are excellent regular local rings of dimension n,
containing a field k of characteristic zero, with a common quotient field K, such that
S dominates R. Suppose that R has regular parameters (zi,...,x,), S has regular
parameters (y1,...,Yn) and there exists a matriz (a;;) of natural numbers such that

det(a;;) = £1 and

xr = yfll e y%ln
(143)

ani |

— a
T _yl ..ynl'n'

Let V be a valuation ring of K which dominates S. Then there exists a regular local
ring T, with quotient field K, such that T dominates S, V dominates T, and the
inclusions R — T and S — T can be factored by sequences of monoidal transforms
(blowups of regular primes).

Vv
!
7N
R—S

Proof. — With the given assumptions

(144) Spec(k[y1, .- .,yn]) = Spec(k[z1,...,xm])
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is a toric birational morphism of toric varieties. There exist projective toric varieties
X and Y and a birational projective toric morphism f : X — Y extending (144). By
the main result of [27], [7] (Strong factorization of birational toric morphisms) there

exists a factorization
Z

v he
X — Y
where Z is a projective toric variety, Z — X and Z — Y are composities of blowups
of orbit closures. Z — X and Z — Y induce MTSs alongv R—T and S—>T. O

Proof of Theorem 1.9. — By Theorem 1.1, we can perform sequences of monoidal
transforms R — R; and S — S; so that V dominates S;, S; dominates R, and R,
and S; have regular parameters satisfying (143). The proof of Theorem 1.9 now
follows from Theorem 7.1.

Proof of Theorem 1.10. — If K is a field containing a ground field &, and v is a
valuation of K, trivial on k, then the transcendence degree of O, /m,, over k is called
the dimension of v (dim(v)). We have

rank(v) < rrank(v) < trdeg, K

(cf. the Corollary and note at the end of Chapter VI, Section 10 [39]).

Suppose that v is a valuation associated to V. By Theorem 2.7, applied to the
lift to V' of a transcendence basis of V/m,, there exists a MTS along v, R — R;,
such that dimg, (v) = 0. By assumption, R; is a localization of k[f1, ..., fm] for some
fi,.-., fm € K, such that v(f;) > 0 for all . By Theorem 2.7, there exists a MTS
S — S; along v such that fi,..., f, are in S;. Hence S; dominates R;.

dim(R;) = trdeg, (K) — trdeg, (R1/m1) = n — dim(v)

and dim(S;) = n — dim(v). Now the Theorem follows from Theorem 1.9.

ASTERISQUE 260



CHAPTER 8

THE ZARISKI MANIFOLD

Let k be a field, X be an integral proper k-scheme. Define M(X) to be the set of
pairs (X1, f1) of proper birational morphisms f; : X; — X.

Theorem 8.1 (Zariski). — There exists a locally ringed space Z(X) with morphisms
MX', f): Z2(X)—= X'
for (X', f) € M(X) such that

(1) If (X5, f;) € M(X) for i = 1,2 such that f{' o fo is a morphism, then

h(X1, f1) = (fi* o fo) o h(X2, f2) and

(2) If Z'(X) with maps W'(X', f) : Z'(X) —» X' for X' € M(X) has the prop-

erty (1), then there exists a unique morphism g : Z'(X) — Z(X) such that
(X', f)=hX', f)og for all (X', ) € M(X).

Z(X) is called the Zariski manifold of X (cf. section 17 [39], [24], section 6 of
chapter 0 [20]). The formulation of Theorem 8.1 follows [20].

Z(X) can be constructed explicitly as follows (cf. [39], [24]). Let ¢ be the generic
point of X, K = Ox . Define Z(X) to be the set of valuation rings V' of K such that
Ox,p C V for some p € X. The basic open sets U of a topology on X can be defined
as follows. Suppose that f; : X; — X is a birational morphism of finite type. Let (3
be the generic point of X;. f{ induces an identification of Ox, ¢, with K. Set U to
be the set of valuation rings V' of Z(X) such that Ox, 4 C V for some ¢ € X;. Z(X)
has the structure of a locally ringed space, by defining

I'(U,0zx)) = NvevV
for open sets U of Z(X).
Given a proper birational morphism f : X’ — X, we can define h(X', f) : Z(X) —
X' by h(X', £)(V) = pif V dominates p. p exists by the valuative criteria for proper-
ness (cf. Theorem I1.4.7 [19]).

Theorem 8.2 (Zariski). — Z(X) is quasi-compact.
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This is proved in chapter VI, section 17, Theorem 40 [39].

Definition 8.3 (Hironaka, chapter 0, section 6 [20]). — Let f : X' — X be a finite
type morphism of integral k-schemes. f is complete (or X' is complete over X) if

(1) The morphism f is surjective.

(2) For every point ' € X', there exists a 4-tuple (U, X , f,j) consisting of an
open dense subset U of the underlying topological space of X’ which contains
#', an integral finite type k-scheme X , a proper morphism f : X — X and
a morphism j : X'|U — X' which induces an isomorphism of the same to the
restriction of X to an open dense subset of its underlying topological space
and such that foj = f|U and

(3) Every point z € X admits an open neighbourhood V in the underlying topo-
logical space of X such that X |V is a finite type k-scheme, and if we identify in
a canonical way the Zariski spaces Z (7’,7~1(V)) for all 4-tuples (U, X, ¥, J)
of (2) and call it Z(X'|V'), then the underlying topological space of Z(X'|V)
is equal to the union of h(f’ﬁ_l (VNGO N ?_1(1/)) for all (U, X, 7, 7).

Lemma 8.4. — A complete separated morphism f : X — Y of integral finite type
k-schemes with X nonsingular is proper.

Proof. — This is Corollary 9.5 [13]. O

Proof of Theorem 1.2. — Let Z(X) be the Zariski manifold of X with projection
wx : Z(X) — X. Suppose that V € Z(X). Let a be the center of V on X, 3 the
center of V. on Y, R = Oyg, S = Ox,o. By Theorem 1.1, there exist sequences
of monoidal transforms R — R', S — S’ along V such that R', S’ have regular
parameters satisfying (2) of Theorem 1.1. There exist affine neighborhoods Uy of
a € X, Wy of Bin Y such that ®(Uy) C Wy, projective morphisms ay : Uy —
Uy and by : Wy — Wy which are products of monoidal transforms, and affine
neighborhoods U!, of the center o' of V on Uy, W{, of the center 8’ of V on Wy
such that ® induces a morphism @y : Uy, — Wy, R' = Owy 5, S' = Ouy, s
(x1,x2,...,2,) are uniformizing parameters in Wy,, (y1,y2,...,Yn) are uniformizing
parameters in Uy, and 41, ...,6, are units on Uy,.

Uy, is an open subset of a proper k-scheme U’V with a birational morphism onto X.
Hence there exists a canonical map 7 : Z(X) = U’V. Let Zy = 7%,‘1/ Uy). Zy is
an open neighborhood of V in Z(X). The {Zy} indexed over V € Z(X) are an open
cover of Z(X). There exists a finite subcover, which can be indexed as {Z1,...,Z,},
since Z(X) is quasi-compact (Theorem 8.2). Let {U7,...,U/.} be the corresponding
Uy,
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CHAPTER 8. THE ZARISKI MANIFOLD 139

Let A; be the largest open subset of U; such that a; : a;’l(Ai) — A; is an isomor-
phism. For all 7, j, we have isomorphisms

a,j_l oaj;: a;l(Ai nA;) — aj_l(Ai N Aj).

Let X; be the scheme obtained by glueing the U along the open sets a; *(A; N A;).
Let B; be the largest open subset of W; such that b; : b; Y(B;) = B; is an isomor-
phism. For all 4, j, we have isomorphisms

bj—l ob;: bz-_l(Bi n B]) — bj_l(Bi n Bj).
Let Y7 be the scheme obtained by glueing the W/ along the open sets b; ' (B; N B;).
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