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1. INTRODUCTION

We apply the machinery of Explicit Formulae to investigate the rank of
some traditionally interesting abelian varieties. For any integer IV, consider
the Jacobian variety Jo(V) of the modular curve Xo(NN) classifying isogenies
of degree N, whose C-rational points are the Riemann surface Xo(N)(C) =
H*/To(N). Here H = {z + iy [y > 0}, H* = HUQ and ['o(XV) is the subgroup
of SLy(Z) consisting of matrices whose lower right corner is divisible by N,
acting on the upper half-plane as linear fractional transformations.

These varieties owe much of their appeal to the generalized Shimura-Taniyama
conjecture which asserts that any abelian variety A with real multiplications,
both defined over Q, is isogenous to a factor of Jo(IN) for a suitable N.

Very little seems to be known about the rank of these abelian varieties,
except for elliptic modular factors whose ranks have been studied numerically
([4], [12], [22]). For N a prime, Barry Mazur [20] performed descents on the
Eisenstein quotient A, the part of Jo(NN) with non-trivial torsion over Q, and
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A. BRUMER

deduced that A(Q) has rank 0. Despite their importance, one knows only
that the Eisenstein factor has dimension at least O(log N) for infinitely many
primes N (cf. [20]). We have started a numerical investigation and we report
some of our findings in the last section.

Since the abelian varieties A we consider here admit endomorphisms by a ring
of rank equal to dim A, we shall occasionally use the normalized rank of A,
denoted nrk A = rank A/ dim A.

Since the results of Gross-Zagier [14] and of Kolyvagin [18] provide good
information about those factors of Jo(N) whose rank over the Hecke algebra
is at most one, it seemed of some interest to determine their prevalence.

Our main results are the following conditional bounds.

Theorem 3.15. Assume the Riemann hypothesis for the L-series of new-
forms. For any positive integer N, let x be a character of the Atkin-Lehner
group W(N). For each € > 0, the analytic rank satisfies

rank A < (g + e) dim A,
for all sufficiently large N.

This improves the conditional bound obtained implicitly in [21] for a general
abelian variety, namely rank A = O(dim A log N/ loglog N).

Theorem 4.9. Assume the Riemann Hypothesis for L-functions of newforms
and Dirichlet L-series of quadratic characters. Then the average analytic nor-
malized rank for Jacobians Jo(N) with N prime is bounded by %. More pre-
cisely, for any c and any €, we have

> rankJo(N)s(-g-+e) > dimJo(N),

Y<N<cY Y<N<cY

where the sum runs over primes N and Y is sufficiently large.

At the end of Section 4, we conclude that under suitable Riemann hypothe-
ses, the Birch-Swinnerton-Dyer conjecture is true for a substantial proportion
of the varieties we are considering.

Our methods are fairly traditional: we use explicit formulae. The improve-
ments over [21] are due to the Eichler-Selberg trace formula, which gives an
estimate better than the Hasse-Weil bound for small p. Since our estimates
are fairly brutal, better techniques may provide substantial improvements.

The approach used here could be used in the function field case to get anal-
ogous unconditional bounds for the rank of the Jacobian of Drinfeld modular
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curves (cf. [6], [8]). The missing ingredient is an explicit Selberg trace formula
in this context.

In section 5, we deduce from conductor bounds, obtained in [9], that “large
enough” wild ramification imposes conditions on the endomorphism ring of
the variety. For instance, we have the following special case of Theorem 5.5.

Theorem. Let f(z) = Y a,€e*"* be a new form of weight 2 and level N.
Let E = Q({an}) be the field of Q-endomorphisms of the associated abelian
variety Ay.

Assume that p"*||N and define s, by the following:

where [z] is the least integer > x. Then E contains the real subfield of the
cyclotomic field of p°»-th roots of unity.

In contrast to what seems to happen in the tame case, this shows that
small factors of J§°¥(N) cannot occur when N is divisible by high powers and
we expect that non-trivial factors of the new part of dimension O(v/N) may
occasionally occur.

I wish to thank Ken Ribet for advising me that Saito [27] had obtained by
modular methods a weaker result of the same type and for making some of
their correspondence available.

We had earlier established upper bounds for the average rank of elliptic
curves, first 2.3 in [6], later improved to 2 in [8], conditionally for curves over
Q and unconditionally for curves over F,(t). We make some comments on the
lower ranks obtained here at the end of this paper.

In Section 6, we describe some experimental work on the rank of Jy (N)
for primes N at most 10000, based on work of Birch and Gross. There is a
tendency for J; (IN) to have a very large simple abelian factor, with non-trivial
torsion and hence of rank 0 by [20]. It should be noted that a surprisingly
large proportion of the small factors have normalized analytic rank at least 2.

We use the standard notation f << g to mean |f| = O(g). As usual, we
write w(n) for the number of prime factors of n and o (n) for the sum of the
k-th powers of the divisors of n. For any divisor m of N, m||N means that
m is prime to N/m. The symbol (%) is the usual Jacobi symbol and z = O
abbreviates the assertion that z be a square. The largest square factor of z
will be denoted Q(z)?, that is Q(z) = a if x = a%b with b squarefree. Set
8(P) =1 or 0 depending on whether the property P be true or not.
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I wish to thank Henri Cohen for mentioning the trace formula in [32].
The key estimates were suggested by calculations made with Pari, the system
created by Cohen and his collaborators.

I am grateful to Oisin McGuinness and the Department of Mathematics at
Columbia University for allowing some of the calculations to be done on their
machines. I also wish to thank him for valuable comments.

When Maple became too slow to compute the characteristic polynomials of
Hecke operators, Robert Lewis kindly translated some of my Maple programs
into his much faster symbolic language Fermat. This permitted us to complete
our table.

Added intellectual stimulation, during the initial stages, was provided by
an invitation to a workshop organized by the Centre de Mathématiques de
Montreal and Concordia University in February 1992. I owe to J.-P. Serre a
number of useful suggestions improving the exposition.

2. THE EICHLER-SELBERG TRACE FORMULA

We consider the trace of Hecke operators on various pieces of Jo(IN). The
clearest and cleanest form of these formulae seems to be in [32], whose notation
we shall adopt. An introduction to this topic, in case N is a prime, may be
found in [13)].

For any negative discriminant d, let h(d) be the class number of primi-
tive binary integral quadratic forms of discriminant d and let w(d) be half of
the number of units in the corresponding order. The Hurwitz class numbers
H, (D), for negative D = 0 or 1 mod 4 are defined by

HI(D) = Z %7

df3=D

Hy,(0) = —1/12 and H;(D) = 0 otherwise. We need a modification of the
Hurwitz class number. Let (n, D) = a?b with b squarefree and define

a?b IZ.;?;?' H;(D/a%?) if D = 0 mod a2b?,
H,(D) = ( )
0 otherwise.

In particular, H,(0) = Tin.
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THE RANK OF Jp(N)

It is easy to check that for a fundamental discriminant do, we have

By (Fd) = (Zu(t) (%) al(F/t)) e

t|F

2
< ()8

We deduce the estimate
|H1(D)| < h(do) F loglog?(max{3, F}) < | D|* max (1,log? | D|)

for all D = F?dy < 0 from the well-known upper bound for the class number
of imaginary quadratic fields, quoted on page 147 of [20], and the argument
determining the size of o1(n) in §22.9 of [16].

More generally, there is an absolute constant c; such that

(2.2) |Ha(D)| < ¢1 Q((n, D))|D|* max(1,log? | D|)
for all D < 0.

We denote by tr(L|V') the trace of the operator L on the vector space V.
Let £ be prime to N and let T; be the Hecke operator on the space S3%(N)
of newforms of weight 2 for I'o(N). If m||N, let W, be the corresponding
Atkin-Lehner involution [1].

We use, in the special case of weight 2, a class number function introduced

in [32] for n||m:

szm(l,n) = —% Y Ha(d -

d|n dt3<4l
1 PP 4 , L my , £
(2’3) 2 tlll mm(e ’ e/) (Q(n)’e + e,) : (Q (n) 7e - e,
m
+6 (; = D) Uo(’l’l)d}([),
where the sum over the integers ¢ is limited to those for which (¢, Q(n/d)) = 1.

We need an estimate for this function:

Lemma 2.4. There is an absolute constant c; such that for all u = rs with
(r,8) =1, and all £ prime to u, we have

szu(é,s)—é(l=D)—1% < (0+ 3ud) oo(l) 03(u) log?(4¢s)
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Proof: Since £ and rs are relatively prime, terms with H,.(0) can occur in the
definition of the Skoruppa-Zagier function (2.3) only if £ is a perfect square
and both d = 1, t = £2+/¢ when s is not divisible by 4 (resp. d = 4, t = +/7
when 4 divides s). The bound (2.2) on the class number gives

r
S2re(6,8) = 5(¢=O)5| < @D Y Q((rdt®-40) e} d¥ 1og?(4ed)
dls t3<4f
+ub e2oo(8) + 0o(s) 71 (9).
We used (r, d®t — 4d€) = (r, dt — 4¢), true because d must be prime to r, since
it divides s.
Recall that the number of solutions of dt? = 4£mod k? is O(2¢®) to

rewrite the inner sum above by summing over divisors k of Q(r). Let ¢ run
through values fixing k = Q((r, dt? — 4¢)) to obtain:

2a(6)-8e=0)5| < aY Y ¥ kdteblog(aeq)
dls k|Q(r) t2<df

+uteboo(8) + go(s) 01(€)
Iz}
< a ; > 2v® (1 + W) k d¥ £% log?(4¢d)
ls k|Q(r)
+u et g0(8) + go(s) 71(£)
< (1+4¢3) 20 (0 + ude}) 0o(€) oo (u) log?(4s),

after some elementary manipulations using the inequality Q(r) < /7. Finally
2¢(") < go(n) gives the assertion of the lemma. =

From [32], we quote a special case of the Eichler-Selberg trace formula:

Proposition 2.5. For N, £, m positive integers, £ prime to N and m||N.
Then

T ls3 ) = (5 ) st (m, ),
dN

where a(n) is the multiplicative function with a(p) = a(p?) = -1, a(p®) =1
and a(p”) =0 forr > 4.

Two multiplicative functions involving o will be used below, namely

{u(a) if m = a?,

0 otherwise.

(2.6) B(m) = a(d) =

dlm
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and
(2.7) ym)y=mY @.
dlm

Finally, one obtains the following important estimate of traces:

Proposition 2.8. For N, £, m positive integers, £ prime to N and m||N.

Tl SE(N) - 150 =08m) 7 ()|
< co (£+ £ N?) 03 (N) 0o(£) log?(4¢N).

Proof: In the trace formula (2.5), substitute the estimate (2.4) after writing
N =mm/, (d,m) =r and (d,m’) = s to get

(T, Wl S3™ (V) - 5606 =0) 3 (2:.) a (1)

rim
sjm’

<c2 Y (£+ 3 (rs)})ad(rs) ao(e) log?(4ts).
rim
slm’

The result now follows readily from the definitions and properties of multi-
plicative functions. =
3. THE EXPLICIT FORMULA

Assume that A is an abelian variety defined over the global field K. Hasse
defined an L-series L(s, A) as a Dirichlet series with an Euler product con-
verging for s > dim A + ;. Shimura [31] proved that L(s, J§°¥(NN)) has an
analytic continuation to an entire function with a functional equation, as a
result of the factorization

(3.1) L(s, 3*"(N)) = [[ L(s, )
f
where f runs through a basis of newforms of S3*¥(N), with Fourier series

£(2) = an(f) exp(2minz)
n=1
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and L(s, f) is the Mellin transform

(3.2) L(s,f) = Zan(f)n—‘
n=1
[ =ep(fp™)" [1 (1 - ap(F)p~" + 22727

p|N pYN

Note that for p||N, a, = 1 while a, = 0 if p?|N. Hecke had already proved
that L(s, f) has a functional equation of the shape

A(2—37f)=wa(31f)

with A(s) = (2m)~*N*/2T'(s)L(s, f) and w; = %1 is the famous root number.
Only when N is squarefree is the formula for wy simple: wy = — le N(=ap(f)).

More precisely, for each newform f, let Oy be the ring generated over Z by
the coefficients of f. Then Oy is an order in a totally real algebraic number
field E; of finite degree dy, say. Shimura defines a simple abelian variety Ay of
dimension dy, along with an action by Oy, both defined over Q. The cotangent
space of Ay is naturally identified with the Q-span of the conjugates f of f,
where f7 = )" an(f)? exp(2minz). The Eichler-Shimura relation yields the
associated decomposition

(33) L(s, A7) = [T L(s, 1),

where o runs through the embeddings of E; into R. The Mordell-Weil group
A;(Q) is an Oy-module. Hence A;(Q)®zQ is an E;-vector space of dimension
nrk A =rank Ay /dy, the normalized rank of A;. Finally, J§°¥(N) is isogenous
to the product of the Q-simple factors Ay, where f runs through non-conjugate
newforms in S3°¥(N).

The nature of Ay is quite mysterious, so we consider only the coarser split-
ting induced by the action of the elementary 2-group of Atkin-Lehner involu-
tions W(N) = {Wy : d||N}, generated by W) with ¢ running through the
prime factors of N and r(g) = ordy(N). Note that |[W(N)| = 2*W). To each
character x : W(N) — {£1}, we may attach the idempotent

1
= )| %X(Wd) Wy

and the corresponding abelian subvariety A, (N) = e, J§¥(N).
From Mestre [21], we borrow the following so-called explicit formula, as
modified in [6).
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Lemma 3.4. Let A be a modular abelian variety of dimension g defined over
Q and let h(u) = max(l — |u|,0) be the triangle function, then under the
Riemann Hypothesis for L(s, A), we have

logcond A
rank A < —107—
2 bpm (A) (logp’")
— logp h | ——
log X png:x ™ P log X
. o0 / ~
4 gmd (5(1 +it) — log27r) h(tlog X), dt
® J_o\T

where h is the Fourier transform of h, ap; for 1 < i< 2g are the eigenvalues
of Frobenius at p acting on the Tate module T,(A) ® Q; = HL(A,Q¢) and

bpm (A) = F1<ic2g ¥pri-

As in [6], we deduce the following inequality from Weil’s bound |a, ;| = /P

rank A < logcondA 2 Z b,,(pA) lngh(logp)
<X

- log X log X ; log X
2 b,3(A) log p? dim A
(3.5) - L 5— logp h (——— +0|—= ),
log X oW, < p log X log X

with an absolute implied constant.

Remark 3.6. In the special case A = Jac(C), the Jacobian of a curve C
defined over Q, we have the well-known interpretation bq(A) = ¢+1—|C(Fg)|
for any prime power gq.

In the case A = J§*¥(N), we know from Eichler-Shimura-Igusa that the
real algebraic numbers a,; = a,: + @p,; are the eigenvalues of the Hecke
operator T, acting on the space of newforms S3°¥(N). Recall the identity
Ty» = T2 —pT and that the Hecke operators commute with W(N), to conclude
that

g
bp2(Ax(N)) Z (af,,,- + 5?,,,- = Z aﬁ,,' —2pdim A, (N)

=1

(3.7 = tr(Tp2|e,S3*"(N)) — pdim Ay (N),

where the a,; consist of the eigenvalues of T, acting on the invariant differen-
tial forms of A, (N), identified with e, S3*¥(NN). With this identification, we
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see that
dim Ay(N) = 7 Layv X(Wa) tr(TiWy| S5V (N)),
(3 8) bP(AX(N)) = Ed”N X(Wd) tl‘(TdeISgew(N)),
' bpa(Ax(N)) = iy Layn X(Wa) tr(Ta Wy S5 (N))
—pdim A, (N).

The following estimate of the dimension of the Atkin-Lehner pieces is a
consequence of (2.8) with £ =1:

Lemma 3.9. For every positive integer N and every character x of the Atkin-
Lehner group W(N), we have

dim A, (N) — %% < c;03(N) N} 1og? 4N,

where
B = 3 xW) 671 ().
d||N

and 3 and y were defined in (2.6) and (2.7). When N is squarefree, ¢, (N) =
¢(N), where ¢(N) is Euler’s totient function. In general, there are absolute
constants ¢4 and cs such that

cap(N) < ¢x(N) < cs(N).

Proof: Only the assertions about ¢,(N) need comment. Let Ny = []p?
where p runs through the primes such that p?||N and let N, = N/N;. Since
all the functions are multiplicative, a calculation gives the factorization

b =1 3= xWa) 8@ 1 () = TL 66",

d||Ny PrIIN

We have the following p-components:
1 ifr=0,
p—1 ifr=1,

W)= p_p 1w ifr=2

pr _pr—l _pr—2 +pr—3 ifr 2 3.

The remaining claim is now clear from the convergence of Y p~2. m

We control the contribution of tr(TiW,,|S3°¥(N)), to the explicit formula
by the prime number theorem (cf. Cor. 2.4 in [6]). Explicitly, use (2.8) and
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(3.8) for £ = p < X, where X > 2 is a parameter to be chosen later as a
function of N, to obtain

3 bl () “E 1 ((2EF.)

p<X

logp logp
3.10 < ¢y 03(N) log?(4XN +pinNt ——h(——
(3.10) 2 05(N) log®( )péxf(p piN3) p Tog X

< cead(N) (X + XEN?) log?(4X N),

with an absolute constant cg.
Similarly, the next inequality for A = A, () follows from (3.7):

2
3" (b2(A) +p dim A) 1—"%’3 h (}‘;g’;()
p<vX P g

(3.11)

< cra3(N) (X* + N# log X)log?(4X N).

In Cor. 2.4 in [6], we saw that

2
(3.12) 3 logp, (logr”) _ 1100 x +0(1),
P log X 4
p<VX

so the last estimate and (3.11) give

2
Y b,(4) l"?g’lh (igg’)’{) + %longimA
p<vX &

(3.13) < cg(dim A + o3(N) (X} + N log X) log?(4X N)),

for A= A,(N).
Putting all this information into the Explicit Formula (3.5) for A = A, (N),
we conclude that

rank A < [iz§§+%] dim A
2 .
3 3 ardy log (4XN) dimA
(3.14) +cg(ao(N)(X+X N7?) Tog X g X )’

for all X > 2 and positive integers N.
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The inequalities 1 < N/¢(N) < loglog N and oo(N) = O(N'0&82/loglog V)
can be found in §22.9 of [16]. It follows from (3.9) that for any € > 0, we have
dim A, (N) > N'—</4, for all sufficiently large integers N.

Now set X = N° with ¢ = (1+ £)~! to obtain:

Theorem 3.15. For any positive integer N, let x be a character of the Atkin-
Lehner group W(N). Assume the Riemann Hypothesis for the series L(s, f)
belonging to A = A, (N). For each € > 0, the analytic rank satisfies

rank A < (g + e) dim A,
for all sufficiently large N.

4. AVERAGING OVER N

In this section, we use the trace formula with more care and avail ourselves
of the cancellations afforded by averaging over a range of N. To do this
painlessly, we restrict our attention to prime conductors and consider the full
Jacobians Jy (V).

We note some special cases of (2.5). The case N =1 gives a classical class
number relation due to Glaisher [17], which says that the trace of T, is zero
on the trivial space S2(1).

Lemma 4.1. Let¢(n) = }_,. md—> 4 /= d be the excess of divisors greater
than \/n over those smaller. Then

> Hy(s* — 4n) = a1(n) + ¥(n).

82<4n
For N a prime, the trace formula (2.5) simplifies to:
Lemma 4.2. Let N be prime and let n be prime to N, then

tr(Th|Sa(N)) = __21; 5 (32 ]_V4n) H1(32—4n)—%Zmin (¢.3)

82<4n djn

1 s2 —4n
-5 2, N (T)

s?=4nmod N2

and

T WNISN) =oi(n) =5 3 Hi(s? —4nN)

s2<4anN
Nis
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We also need a consequence of the explicit Cebotarev Density Theorem found,
for instance, as Theorem 4 of [28]:

Lemma 4.3. Assume the Riemann Hypothesis for quadratic fields. Then, for
any = > 2 and any discriminant d of a quadratic number field, we have

> ()| = oot osldi?,

N<z
Nprime

with an absolute constant cg.

We consider the rank of the abelian varieties Jo(NN) over a range Y <
N < cY of primes N, with a fixed ¢ > 1. The parameter X bounding the
primes used in the explicit formula, will be chosen later. We shall assume that
4X < Y? in order to simplify the contribution of the third sum in the trace
of T,, in (4.2). The estimates below will be valid for such X and sufficiently
large Y (depending on c) with absolute implied constants.

Let A(Y,Z) = Y ydimJo(N) and Rk(Y,Z) = ), rank Jo(NN), where N
runs through the primes in the interval (Y, Z]. We shall estimate the “average
normalized rank”, namely Rk(Y,Z)/A(Y,Z). Recall that the dimension of
Jo(N) is '117N , up to an error of at most 1. By the prime number theorem, we
have for Z =cY

-1 Y2 2 logc
A(Y,cY) = 12 Y (N+0() = —4 —-—logy oy Iy
Y<N<cY g
Nprime

where the implied constant does not depend on c.

Since the logarithm of the conductor of Jo(N) is dim Jo(V) log N, the contri-
bution of the conductors is similarly

1

Y logcond Jo(N) = 5 D> NlogN+0( ) logN)
Y<N<LZZ Y<N<Z Y<N<Z
_ (E-1), 2 2 loge
(4.4) = —5Y'+0 Yng :

We add up, for a fixed p < X < %Y2, the contributions of tr(Ty|S2(N)) =
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bp(Jo(N)) over primes N. We use (4.2) and the bounds (2.2) and (4.3):

_ 1 cY
L3 umise) = - 5% (552) e -0 +0 (125
(4.5) < covepYilog(XFY?)log? X + lchY

and N runs through Y < N < c¢Y with Y large enough. Similarly, for any
ﬁxedpsw/)_(<%Y,weget

2 _ 402
> wTas) = -3 X Y (’ ) Hils? - 4)
Y<N<Z 32<4p2 Y<N<Z
pcY
(4.6) + Z ( )
yinez 1 log¥
% 2 CpY
< envep*Y?log(2¢XY)log® X + Tog¥ + A(Y,cY).
Next, the weighted sum (4.5) over p < X gives:
lo lo
>3 b)) B2 n ()
Y<N<Z p<X g
(4.7) < 012\/-XY‘} log(c>XY?)log®? X + cY ioi‘);

Since tr(T2|S2(N)) = bya(Jo(N)) + pdim Jo(N), we get from (4.6), the esti-
mate

2
S X el +p dimJo(W)] 252 1 ()
Y<NZZ p<VX g
(4.8) < c13v/e X3 Y} log(2eXY) log? X + Y1 2BX

log¥ + A(Y,cY).

We recall the explicit formula (3.5) in our context:

bp(Jo(N)) logp
rank Jo(N) log X < logcond Jo(N) — 2”;{ = logp h og X

bp2(Jo(N)) logp
-2 Z g logp h Tog X + O (dim Jo(N)).
p<VX
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Add up over primes N in the range Y < N < cY and substitute (4.4), (4.7),
(4.8) and the estimate for A(Y,cY’) to obtain

1 log p?
RK(Y,cY) logX < — (& —1)Y?+2A(Y,cY) 3 22y ﬁ"—)
24 % P log X
P>

2Y? 3 log X
X+cY
+0 (1 oY +vcXY?%log(XY)log? X + ¢ D gY)

+0 (ﬁxiyi log(XY)log? X + cY +A(Y, cY))

log X
logY

We conclude upon dividing this last result by A(Y,cY’)log X, using (3.12),
our earlier estimate for A(Y,cY’), and taking X = Y #-¢ which is adequate to
give the final claim.

Theorem 4.9. Assume the Riemann Hypothesis for the L-functions of new-
forms and Dirichlet L-series for quadratic characters. Then the average an-
alytic normalized rank for Jacobians Jo(N) with N prime is bounded by I &

More precisely, for any fired c and € > 0, we have

) rankJo(N)S(%+e) Y dimJo(N),

Y<N<cY Y<N<cY

where the sum runs over primes N and Y is sufficiently large.

Even our weak results imply entertaining consequences of the deep results
of Kolyvagin, Bump-Friedberg-Hoffstein, Gross-Zagier and Murty-Murty ([18],
[11], [14], [28]). For instance, Theorem (3.15) gives

Corollary 4.10. Let N be any positive integer and let A = A,(N) be an
Atkin-Lehner component with x(Wy) = —1, so that A is of even parity. Under
the Riemann hypotheses, A has a quotient B of analytic rank 0 and dimension
at least 3 dim A. Moreover B(Q) and III(B) are finite.

In particular, if N is large and A is simple, it will be of rank 0.

Similarly (4.9) implies that, among Jacobians Jo(N) with N prime with
Y < N < ¢Y, the abelian subvarieties of normalized analytic rank at most one,
make up at least two-thirds of the total dimension. These will satisfy a form of
the conjecture of Birch-Swinnerton-Dyer. To see the former claim, let » be the
proportion of the pieces of rank zero and let s be that of the pieces of rank one.
Since the odd and even pieces contribute roughly equal amounts, we conclude
that the average normalized rank is at least 2(.5 —r) +5+3(.5—3) < § +¢,
so 7+ s is at least 2 § —€if Y is large enough.
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5. ABELIAN VARIETIES OF GL2-TYPE AND WILD RAMIFICATION

In this section, we show that the endomorphism rings of abelian varieties
with real multiplications over Q, whose conductor is divisible by high powers
of a prime, contain large cyclotomic rings. This is an application of results
obtained in [9], to which the reader is referred for a more leisurely treat-
ment of conductors. We restrict our attention to modular forms of weight 2,
since we are concerned here with the associated modular abelian varieties, but
our methods apply to higher weights upon replacing the Tate module by the
Deligne representation.

Let f be a newform of weight 2 on I'g(/N) of Nebentypus € and let Ay be
the corresponding abelian variety, as in [31]. It is defined over Q and has mul-
tiplications by Oy = Z[{a,}|, the order defined by adjoining the coefficients
of f. The quotient field E; of Oy is a totally real field when e is trivial and
a CM-field when ¢ is non-trivial. The characteristic property of Ay is that its
invariant differentials (A;) may be identified with the Q-span of the conju-
gates f7(z) = Y, a%q™, where o runs through the isomorphisms of E; into
C. Thus dim Ay = [Ef:Q).

More generally, let A be a simple abelian variety of dimension d defined over
Q with E C Endg(A) = Endg(A) ® Q for some number field E of dimension d.
Ribet [26] calls such abelian varieties “of GL3a-type”. Then E is either totally
real or a CM field, and E is a maximal commutative subfield of the simple
algebra End@(A) ® Q, whose center will be denoted by F. It is expected that,
up to isogeny, all such abelian varieties A are modular ([29], [26]).

There is an abelian variety B isogenous to A over QQ, with an action of the
ring of integers O of E. Since the questions considered here are insensitive to
isogenies, it is convenient to assume A = B. Let A run through the primes
above £ in E. We have a natural representation of Gal(Q/Q) on the two-
dimensional O/¢0-module A[¢] = [] A[)] of points of order £ on A. We obtain
representations py : Gal(L/Q) — GLy(F,) with Fy = O/ and L = Q(A[)]),
because the Galois action commutes with that of O.

The conductor of A is N¢ for some integer N which may be calculated from
the Artin conductor of the representation p) on V = A[)], for any sufficiently
large prime £ (cf. [15], [29], [26]). Precisely, let p be any prime, let r, be the
exponent of p in N, and let v be any prime above p in L. Let G denote the
decomposition group of v and {G;} be its higher decomposition groups, then
rp can be computed from

[Fa:Felrp = ex(A/Qf) +sw(A[N]),

where the “tame exponent” €;(4/Q;) = dimg,(W/WS°), which depends on
the Tate module W = E, ® T\ of A, is known to be at most 2, while the
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“wild” or Swan exponent is given by
sw(V) = Z;f’i dimg, (V/VC)

i>0

(5.1) = [FxFd Y Z dimp, (v/v)
i>0 90
with g; = |G;|. In the modular case, N is known to be the analytic conductor
according to deep work of Deligne, Langlands and Carayol, for all sufficiently
large £. For higher weight, still unpublished work of Faltings-Jordan-Livné
and Ribet would be needed for this assertion, but our applications need only
the Swan conductor, to which the work of Carayol already applies.
We quote the following result from [9).

Lemma 5.2. Let L/K be a Galois extension of local fields with residue char-
acteristic p and Galois group G. Suppose G is a p-group and that x is the
character of an irreducible C[G]-representation V. Then

sw(V) < x(Dvk (x(D[Q(x):Ql) + pex/(p — 1)),

where Q(x) is the field of values of the character, x(1) is its degree and ex is
the absolute ramification indez of K.

As a consequence, we deduce a bound on the Swan conductors in our set-
ting:

Corollary 5.3. Let G be a p-group, let F = F, be the Galois field with q
elements and let V be a faithful 2-dimensional F[G]-module. Let L/K be an
extension of local fields with Galois group G, whose residue characteristic p is
prime to q and let ex be the absolute ramification index of K. Then we have
the bound

sw(V,L/K) <2ek[s+1/(p—1)],

with s = ord,(¢g? — 1).
When G C SLy(F), this bound may be refined by taking p® as the exponent
of G.

Proof: Clearly, G is a subgroup of a p-Sylow subgroup S, of GL(F). We
shall apply the lemma after lifting the representation on V' to characteristic 0.
First, note that if G is abelian of exponent p®, then every faithful absolutely
irreducible character x of G is one-dimensional with Q(x) = Q(s,.). Our claim
follows from the lemma since Swan conductors are additive. We proceed with
a case by case analysis after recalling that |GLz(F)| = q(q —1)? (¢ + 1).
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When p is odd, S, =1 unless ¢ = +1 mod p when we have:

S o Zpt XZpt ifp‘||(q—l)
’ Zye  ifpt(g+1),

so we are done, since these groups are abelian.

When p = 2, the story is slightly more complicated. Write n = (—1)15‘1
and define ¢t > 2 by 2¢||(g — 7). If ¢ = 3 (mod 4), then the two-dimensional
F,-space Fg2 contains a primitive 2°*1-st root of unity {:+: and Sz & (z,y)
with z induced by multiplication by {5:+: and y induced by ¢ — (7. We have
the relations 2" =1, y2 = 1, yay~! = z~1+2'. This is a semi-dihedral
group whose intersection with SL, is a generalized quaternion group @, of
order 2¢+1,

On the other hand, if ¢ = 1 (mod 4), denote by w a primitive 2!-th root
of unity in F,. Then S; is the extension of u,: @ py: along the diagonal by

= (93')- The element z = (%) has the largest order, namely 2¢*'. The
intersection of Sz with SL; is the dihedral group of order 2:+1.

We verify readily that all the possible non-abelian 2-subgroups of GL, with
cyclic maximal normal subgroup, and in particular all subgroups of SL2, have
irreducible 2-dimensional C-representations whose field of character values is
a subfield of index 2 of Q(p.), where 2° is the exponent. The only remaining
case occurs when ¢ = 1 mod 4, and the field of character values is Q(u,.).
But in this case ordz(¢? — 1) = 1 + orda(g — 1) and the claim still obtains. =

Recall the so-called Eichler-Shimura relation for any ¢ prime to N¢:

r(pa (Frob,))
det(p (Frob,))

aq (mod A)
€(g)g (mod ),

where Frob, is the Frobenius class of any prime extending g. This is of course
classical in the modular case, and was extended by Ribet in [26].

(5.4)

i

Theorem 5.5. Let A be an abelian variety of GL2-type of dimension d and
let E be its field of Q-endomorphisms. Then the conductor of A is N¢ for
some integer N. Suppose that p"»||N and define s, by the following:

|1
Sp = [2 1 P 1.‘
where [z] is the least integer > . Let { be a primitive p®® root of unity.
(i) E contains Q(¢,{ +¢™1) if p is odd (resp. Q(e,¢?) if p=2).
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(ii) Suppose that p* does not divide the conductor of € and that A is not of
CM-type. Then the center F of End&(A) contains Q(¢ +¢~1) if p > 2 (resp.

Q% +¢7%) ifp=2)

Proof: We consider primes A of E above rational primes £ > 0 different
from p. Let G be the image px(G1) in GL2(F')) of the first decomposition
subgroup G; of Gal(Q(A[)\])/Q) for a valuation extending p. Then G is a p-
group and Corollary 5.3 gives a lower bound for the exponent in terms of the
exponent of p in the conductor. We see that the norm of )\ satisfies N(A)? =1
(mod p*®») for almost all primes A, since there must be an element of order
p°? in the image G of the higher ramification group in GL2(F», according to
(5.3). Apply the Cebotarev density theorem to conclude that the exponent of
Gal(Q(¢)/ENQ(¢)) is at most 2, this proves (i).

To prove (ii), observe that our hypothesis implies that the abelian extension
corresponding to the determinant is tamely ramified and so the group G above
is a subgroup of SLy(F,). From (5.3), we must have an element g in G of
order p°» and determinant 1. We work in the field E({). Replacing g by a
power if necessary, we may suppose that tr(g) = ¢ + (~!. By Cebotarev
applied to the extension Q(A[)])/Q, there is a prime r not dividing !N such
that Frob, = g. It follows that a, = tr(Frob,) = ¢ + ¢~! mod .

Ribet ([25], [26]) showed that under our assumptions, F is generated over
Q by a2?/e(r) with r running through almost all primes. Note that that
(5.4) implies that for almost all primes A in E there is a prime r such that
r = ¢(r) = 1mod A and so a2 — 2 = (%2 + (-2 mod \. Ribet’s result and
the congruence above shows that 8 = ¢2 + (=2 must belong to F, since the
irreducible polynomial of 3 over F has a root modulo almost every prime. =

Remark 5.6. Our result gives an entertaining explanation of the upper bound
on the conductor of elliptic curves over Q in [29].

Remark 5.7. Our argument shows that (i) holds in general, for weight k at
least 2 and arbitary Nebentypus €.

Remark 5.8. As a consequence of special twisting operators U, he discov-
ered, Saito [27] had given part (i) of the previous Theorem with the weaker
bound s, = [r,/3] in the modular case. Amusingly, this gives our result for the
lowest non-trivial exponents and all p, making a computational discovery un-
likely. Ribet, in a letter to Saito in 1980, suggested that Saito’s bound might
be true of the smaller field [F, and verified it in a special case. A modular
explanation of our sharper result should be of interest: it is likely that Saito’s
computations involving U, may be refined, but we have not attempted to do
this.
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6. DISCUSSION OF NUMERICAL EXPERIMENTS

In order to compare our bounds for the ranks of Jacobians with “reality”,
we decided to investigate the latter empirically, an elusive goal until we re-
membered some work of Gross, to be recalled later. Our numerical findings
are in the Table at the end of this paper with a summary at the end of this
section. In the next section, we mention some problems they suggested. We
only hint at the ingredients of the lengthy and time-consuming calculations
here.

In this section, N will always denote a prime number and denote by J; (N)
the maximal quotient of Jo(N) on which Wx acts as -1, so that the corre-
sponding L-series have even order at s = 1. Ogg conjectured and Mazur [20]
proved that the torsion subgroup of the abelian variety Jy (V) is cyclic of
order n equal to the numerator of TIE(N —1). For each p dividing n, Mazur
defined the Eisenstein quotient J?(N), which has nontrivial p-torsion. By a
descent, he proved that these factors have rank 0.

For most primes N, Jy (N) seems to be simple, in which case it is the
Eisenstein quotient, and so has Mordell-Weil rank 0 over Q. Our table gives
the splittings of J; (N) for those N < 10000 for which it is not a simple
variety. We estimate the rank of the comparatively few non-Eisenstein factors
by using the following beautiful result due to Gross [13] to establish a lower
bound for the analytic rank (presumably the actual analytic rank and, under
the Birch-Swinnerton-Dyer conjecture, even the algebraic rank).

Theorem 6.1. Let N be a prime. Then the number of linear dependence re-
lations between the theta functions of positive definite ternary quadratic forms
of discriminant 32N? and level 4N is equal to the number of Hecke eigenforms
f invariant under the Atkin-Lehner involution Wy for which the associated
L-series has a zero of order at.least 2 at s = 1. In particular, this counts the
number of associated abelian varieties Ay with normalized rank at least 2.

The reader is invited to look at the paper of Birch [3] for an exposition of
the rather complex interaction of this theorem with results of Ponomarev and
Kitaoka on ternary and quaternary quadratic forms. The reader should also
consult [19] and [5]! which contains a generalization of Gross’s theorem to the
case of square-free N.

Some parts of our table were computed independently by several people and
our results are compatible with those I have had access to. We find as many
linear factors as isogeny classes of elliptic of even rank, and get one relation

1'We found this reference after most of this work was done. To our dismay, we found a

table of the number of relations for p < 5000, computed by Hashimoto. His table agrees
with ours except that he missed the 2 relations for N = 4483.
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for each elliptic curve of rank 2, as given in the unpublished table of Mestre
and Oesterlé [22]. There is agreement with partial tables of the splittings for
conductors at most 1000 that H. Cohen had given me on the occasion of a
visit to Bordeaux in 1990.

I used the algorithm of Birch (3] to find the Hecke graph of classes of pos-
itive definite ternary quadratic forms of discriminant 2N. The characteristic
polynomial of the adjacency matrix was obtained at first brutally. Then we
used an algorithm based on continued fractions due to Mills and Wiedemann,
which I learned from early fragments of the 1990 DEA of Dewisme, a student
of Mestre. The relations between the theta functions were obtained by a cal-
culation independent of the splitting, for additional confirmation, using about
N/3 terms for N at least 1000. The “small vectors” were calculated by an
algorithm in the book of Pohst and Zassenhaus. The investigation was carried
out in Maple at Fordham and at Columbia.

The first abelian surface of analytic rank 4 appears as one of the two 2-
dimensional factors of J; (1061). Both have endomorphisms by the maximal
order of Q(v/5). It may be of some interest to exhibit this example more
explicitly.

Consider the three parameter family of hyperelliptic curves Cp,c,q4

V+E+z+1+cz®+z)y = b+ (1+3b)z+ (1 - bd+ 3b)z?
(6.2) +(b — 2bd — d)z3 — bdz*

It follows from some old work of ours [7] that their Jacobian admits endomor-
phisms by Z[a], where a?+a—1 = 0. If we specialize to the curve X = Cp 1 1,
we find the hyperelliptic curve

(6.3) y? =28 +22° + 52 — 223 + 1022 + 8z + 1

with at least 18 rational points with z = 0,1,3, -1, -2,-1/2,1/3,-10/3, co.
Its Jacobian has real multiplication by the maximal order in Q(v/5) and con-
ductor 10612. In fact, Jo(1061) has 2 factors with that property but only 2 of
the L-series vanish at s = 1, the corresponding pair of conjugate normalized
Hecke eigenforms f, f” have coefficients given by the list [p, a,] for p from 2
to 149:

2,-1+44q], 3,-1+aq], [5,-3—q], [7,-3], [11,-3 — q], [13,—4 — o],

(17, -3 + ], [19, 1], [23, 3], [29, =3 + 3c], [31, 0], [37, =1 + 2af, [41, —6 + 2a],
[43,-5], (47, —10 — a, [53, 3 + 60], [59, 6a, [61, =3 + 4a], [67, —5 — 9a],
[71,-3 + 2a], 73,1 — 6c], [79, -1 — 6, [83,8 — 2q], [89, 4a, [97, 6 — 2a],
[101, —4 — 8a], (103, 5a + 2], [107, —11 — 10c], [109, —8 + a, [113, -9 — 6a],
[127,—1], (131, -9 — 14a], (137, —11 — 4a], [139, 17 — 3a], [149, —6 + 3.
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Since we have agreement to many terms with the L-series of the Jacobian
of X, we expect that the method of Faltings and Serre should prove that
Jac(X) = Ay.

7. OPEN QUESTIONS

This investigation began in the hope of better understanding the ranks of
modular elliptic curves. While the bounds on ranks we have obtained here
are better than those we had obtained earlier for elliptic curves ([6], [8]), the
table at the end of this paper shows that we are still far from the truth.

Our experiments with Jy (N) for N prime suggest that the Atkin-Lehner
subvarieties A, (N) might consist mainly of simple abelian subvarieties whose
dimension grows with N. When N is highly divisible by 2 or 3, the additional
special Atkin-Lehner operators should also be used, since they provide addi-
tional splitting. Such abelian varieties are likely to have normalized rank 0 or
1 according to their parity, since they have “small conductors” compared to
their dimension.

We mention a few interesting questions.

Problem 1: Is the average normalized rank of Jo(N) = % ? More precisely,
does one have nrk(Ay(N)) = n+ o(dim A, (N)), with n = 1(1 + x(N))?
Problem 2: Consider abelian varieties of fized dimension, perhaps even with
fixed endomorphism structure. Is there a definite positive proportion of each
(normalized) rank? What can be said about the average normalized rank?

Some condition on the endomorphism structure must be imposed to ensure
that the moduli space have infinitely many rational points, since families of
“twists” are likely to have average normalized rank % There are probably
very few totally real number fields E which can be the field of endomorphisms
of infinitely many isomorphism C-classes of abelian varieties of GL,-type de-
fined over Q. It may be worthwhile to pursue calculations similar to ours for
composite conductors to see whether the behaviour suggested by the splittings
of J5 (N) in our table prevails. In the case of elliptic curves, our numerical
investigations [10] suggested Problem 2 (cf. the table on the next page) while
([6], [8]) addressed the second question.

Problem 4: Assume that N is prime to 6 and that x is a character of
the Atkin-Lehner group. Is A,(N) a simple abelian variety up to a piece of
dimension at most O(vN)?

When N is squarefree, small factors of dimension at most 3 or 4 occasionally
appear in A, (N), but note N = 4751 in our main Table. In contrast, when all
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exponents in N are large, we deduce from (5.5) that the dimensions of simple
factors have size at least of the order of V' N.

E Eis. | Non-Eis. | ntk> 2 | Total
pieces | rank 0

Q 23 107 59 | 189
Q(V5) 7 27 33 67
Q(V?2) 3 12 2 17
Q(v13) 2 6 1 9
Other quad. 1 3 0 4
Q(cos(%)) 0 2 13 15
Other cubics 6 11 2 19
All quartics 4 5 3 12

The table above gives a summary of our more detailed table in the next sec-
tion. It highlights the relative frequency of factors of normalized analytic rank
at least two when there is any splitting at all among the varieties J; (V) with
N prime at most 10 000. The first column give the field of endomorphisms,
the second lists the number of Eisenstein factors, the third the non-Eisenstein
pieces of rank 0, while the fourth contains the number whose analytic rank is
at least twice their dimension. We hope the reader will agree that the propor-
tions are quite remarkable given the small size of the conductors involved.

8. TABLE OF SPLITTINGS OF Jo(N)

This section contains the table for those primes N for which J5 (N) splits
non-trivially, up to isogeny. The column after the conductor N contains the di-
mensions of all the simple factors of J; (), the “Comments” column contains
the discriminant D of the corresponding totally real field of multiplications,
for those factors of dimension between 2 and 5 and the number of relations
between the theta functions of the ternary quadratic forms of determinant 2V
(cf. [19]). This provides a lower bound for the analytic rank of Jy (N) and
presumably an upper bound for the algebraic rank, as a tedious descent might
verify.

The factor of largest dimension is usually the only Eisenstein piece
and when that is the case, no special mention is made. Otherwise,
we use the convention introduced by Mazur in [20] of indicating in bold face
with subscript p quotients of the Eisenstein factor J?.
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N | Splitting | Comments [ N| Splitting | Comments
67 1+2 D=5 797 2+38 D=8
71 35+37 D = 257, 257 997 | 141442 |2rels
73 12+23 D=13 1061 | 2+42+46 | D =5; 2rels
89 1,+61; D = 535120 1063 2+51 D=5
109 1+4 D = 17537 1093 3+44 D =49
113 | 12+22+37 | D=12;321 1153 1,+50
139 1+7 1171 | 141453 |1 rel
151 3+6 D =257 1187 | 1+1+1+35
179 1+11 1193 3+55 D =49
199 2+10 D=5 1201 2+51 D=8
211 25+97 D=5 1223 9+59
227 2+2+10 D =5;29 1259 | 141465
233 124115 1283 2+62 D =21
277 3+9 D =148 1289 1,+61
307 | 1+1+1+1 D=13 1297 1+55
+23+917 1319 | 24244469 | D = 5;5; 725
313 2+12 D=5 1321 | 143+56 | D =148
353 1,+3+14 D =229 1361 2469 D=8
389 1420 1 rel 1373 1+60
397 | 2+451:+10s | D =8; 245992 | 1409 2+65 D=8
431 1+3+24 D =473 1433 | 12+2+65 | D=8
433 14-3+16 D = 404; 1 rel || 1481 3+71 D =169
443 1422 1483 1467 1 rel
487 | 2+2+3+16 | D =13;13;257 || 1531 1+73 1 rel
503 | 1+14+3+26 | D =257 1567 3+69 D = 49; 3 rels
557 1+26 1613 | 141475 |1 rel
563 1+31 1 rel 1621 1+70 1 rel
571 1+1+2+2 D = 5; 37, 1627 1+73 1 rel
+4+18 11344; 1 rel 1693 3+72 D = 49; 3 rels
577 | 2+2+3+18 | D =5;13;257 | 1867 1+81
593 142427 D=13 1871 | 25+ 98187 | D=5
643 1+28 1 rel 1873 1479 1 rel
659 1437 1901 1488
661 2+29 D=8 1907 | 141490 |1 rel
673 | 22 + 47 + 24, | D = 8; 8069 1913 1+1; D =5; 3 rels
683 2+31 D=5 +2+84239
701 14-36 1933 1483 1 rel
709 1+30 1 rel 1979 1+104
733 1432 1999 2+94 D=13
739 1434 2027 1494 1 rel
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N | Splitting | Comments N | Splitting | Comments ||

2029 2490 D =5; 2rels 3307 | 2+144 | D=8

2039 | 2+2+4+99 | D = 5;5;725 3313 | 1,+142

2063 24106 D=5 3331 1+152

2081 2499 D =5; 2 rels 3371 | 14+1+159

2089 | 1+1+1+12 | D=13; 1 rel 3463 | 24151 D=5; 2 rels
+2+91 3467 | 14162

2143 1494 3517 2+151 D=5

2203 2+94 D=5 “ 3547 | 1+1+154

2213 14101 3583 24161 D=5; 2 rels

2237 1499 3623 14172

2251 1499 1 rel 3701 | 24174 | D=5; 2 rels

2273 12+105 3779 14187 1 rel

2293 2496 D =5; 2 rels 3803 2+171 D=5

2333 4+101 D =1T725 3907 1+168

2339 2+114 D=5 3911 | 2+ 202 | D=5; 2rels

2341 | 2+2+100 | D=5;8 3943 | 44173 D=725; 4 rels

2351 | 1+5+123 | D = 442552 3967 14180 1 rel

2381 2+106 D=5 4013 14176

2393 | 1+3+110 | D =621 4027 | 24174 D=5; 2 rels

2593 4+109 D = 1957; 4 rels || 4093 2+174 D=5; 2 rels

2609 2+127 D =5; 2 rels 4139 | 1+2+188 | D=8; 1 rel

2617 2+114 D =5; 2 rels 4217 2+186 D=5; 2 rels

2677 14+ 115 1 rel 4229 1+194

2699 | 1414125 4253 | 3+184 D=49; 3 rels

2797 1+119 1 rel 4283 14198

2837 14128 1 rel 4289 | 124205

2843 | 1+3+129 | D=49; 4 rels 4337 14188

2861 2+133 D=5; 2 rels 4339 14196

2917 1+125 4357 14187 1 rel

2939 1+150 4397 2+194 D=8

2953 1+127 1 rel 4451 14213

2963 2+134 D=5; 2 rels 4457 14199

3001 | 25 + 13259 | D=5 4481 14201 1 rel

3019 24130 D=5; 2 rels 4483 | 24193 D=5; 2 rels!

3089 | 1,+2+135 | D=5; 2 rels 4547 | 14205 1 rel

3181 1+144 4621 | 25+19677 | D=5

3203 14143 4729 | 24204 D=5

3257 14143 4733 14210

3259 14143 4751 | 184225

3271 3+146 D=49; 3 rels 4787 | 24222 D=5; 2 rels
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N | Splitting | Comments N | Splitting | Comments ||
4799 | 14230 |1 rel 6911 14330
4951 | 24219 | D=5; 2 rels 6949 3+303 D=49; 3 rels
5003 | 3+220 | D=49; 3 rels | 7019 14334 1 rel
5021 | 1+2+225 | D=2 7057 | 1+1+1+1 | D=321
5171 14249 |1 rel + 34295
5197 | 14223 7297 24312 D=5
5273 | 24227 | D=5 7451 14344 1 rel
5303 | 14247 7459 24323 D=5
5323 | 3+233 | D=229; 3 rels || 7541 14337 1 rel
5347 | 44231 | D=725 7621 24331 D=5; 2 rels
5351 | 24267 | D=5; 2 rels 7639 24331 D=5; 2 rels
5393 | 1,+241 7669 14335 1 rel
5419 | 14237 7691 1+ 362
5443 | 14234 7723 14329
5471 | 34260 | D=49; 3rels | 7753 3+326 D=49; 3 rels
5477 | 2+244 | D=5; 2 rels 7841 14349
5651 | 14265 7867 14337 1 rel
5689 | 124248 7919 24376 D=5; 2 rels
5737 | 34244 | D=49; 3 rels | 7933 24337 D=5; 2 rels
5741 | 14261 |1 rel 8117 3+353 D=49; 3 rels
5749 | 24249 | D=5; 2 rels 8219 14-376 1 rel
5813 | 14260 |1 rel 8237 14361
5821 | 2+251 | D=S8; 2 rels 8243 1+363
5927 | 24280 | D=5 8363 | 1+1+381 | 1rel
5987 | 1+1+4262 8369 24370 D=5; 2 rels
6007 | 2+261 | D=5; 2rels 8443 14361 1 rel
6011 | 1+14275 | 1 rel 8513 3+366 D=81; 3 rels
6043 | 1+259 |1 rel 8539 14371
6067 | 14266 8543 14403
6199 | 14276 |1 rel 8623 14383
6211 | 14272 8699 1+396 1 rel
6323 | 14283 8713 1,+4-372
6337 | 24268 | D=5; 2 rels 8731 14379
6451 | 14284 8747 | 14+1+1+382 | 1 rel
6571 | 14287 |1 rel 8803 | 1424372 | D=5;
6581 | 3+290 | D=49; 3 rels || 8861 14402
6691 | 14298 |1 rel 8999 14423
6779 | 3+318 | D=469 9011 | 1+4+403 | D=725; 4 rels
6899 | 1+321 9049 2+392 D=5
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10.

11.

12.

13.

14.

15.

16.

17.

THE RANK OF Jo(IN)

N | Splitting | Comments N | Splitting | Comments ||
9127 | 14407 |1 rel 9551 | 14461
9151 | 14415 9661 | 14410
9161 | 14416 |1 rel 9781 | 24417 | D=5; 2 rels
9203 | 14413 |1rel 9811 | 1+428
9277 | 14391 |1rel 9829 | 14+1+417 | 2 rels
9281 | 2+424 | D=8; 2rels || 9857 | 3+422 | D=49; 3 rels
9323 | 1+416 9901 | 14426
9341 | 1+422 9907 | 2+425 | D=5; 2 rels
9467 | 14434 |1 rel 9923 | 14437
9473 | 1,+413 9931 | 24434 | D=5;
9479 | 1+444 |1rel 9967 | 1424431 | D=13; 2 rels
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