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HODGE-COMPONENTS OF CYCLIC HOMOLOGY FOR AFFINE
QUASI-HOMOGENEOUS HYPERSURFACES

Ruth I. MICHLER

0. Introduction

Let K be a field of characteristic zero, R = K[X;,...,Xy] and the hy-
persurface A = R/(F(X1,...,Xn)) for a reduced polynomial FF € R. In
[5] M. Gerstenhaber and S. Schack obtained a Hodge-decomposition of the
Hochschild homology of commutative K-algebras A, where K is a field
of characteristic zero. Using recent results by J. Majadas and A. Rod-
icio [12] and A. Lago and A. Rodicio [10], we are able to express the
Hodge-components HHS" ™" (A, A) in terms of torsion submodules of ex-
terior powers of QY K the module of Kaehler differentials. We find using

the convention that n + k = 21:

i T(Qk fort #n ;
HH( (A, A) ~ {Qé/zm) Pabid

Moreover by Lemma 1, a straightforward generalization of theorem 4 in

[14], we see T(Ql,ft/K) = 0 unless codim Sing(A) < i < N + 1. In [11] J.L.

S.M. F.
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Loday obtained a Hodge-decomposition of cyclic homology. We give an
explicit formula for the Hodge-components of cyclic homology for reduced
affine hypersurfaces defined by a quasi-homogeneous polynomial with an
isolated singularity at the origin. Let n + k = 2:¢. Then in Theorems 2
and 3 we compute the Hodge-components of cyclic homology of a reduced

hypersurface defined by a quasi-homogeneous polynomial. We get:

) 0 for: k# N -1,
HC® = - '
n {T(Qﬁ/l})gngﬂ( fork=N-1.

Thus I extend results of S. Geller, L. Reid and C. Weibel for curves [3] and of
M.Vigué-Poirrier [15] for curves and surfaces defined by quasi-homogeneous
polynomials with an isolated singularity at the origin. In [15] the author
proves that for the reduced cyclic homology HC, = QX sk or 0. In the
last section we apply our results to A — D — FE singularities (c.f. [7] for a
definition) and compute the dimension of the non-zero torsion submodules
of some exterior power of the module of Kaehler differentials.

At this point the author would like to thank the organizers of the conference
for providing me with an opportunity to present my work that is part of my
Ph.D thesis at UC Berkeley under the supervision of Prof. M. Wodzicki. I
also would like to thank Prof. C. Weibel and the referee for many helpful
suggestions. After giving my talk I received a preprint by S. Geller and C.
Weibel [4] that also computes the dimension of the Hodge-components of

cyclic homology for hypersurfaces defined by a homogeneous polynomial.
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HODGE-COMPONENTS OF CYCLIC HOMOLOGY

There also is a paper by the Buenos-Aires group BACH in Advances of

Mathematics [1] that contains some of my results using different methods.

1. Hodge-components of Hochschild homology

In [5] Corollary to Theorem 3.1 M. Gerstenhaber and S. Schack prove the
following decomposition of HH,(A, A) := HH, into A-modules for arbi-

trary commutative K-algebras A:
HH,~HHY o HH® @...¢ HH™, with HH{ = Q7 /.

Theorem 1: Let n+ k = 2i. The Hodge-components of the Hochschild-

homology modules of a reduced hypersurface A are given by:

i T(Qk fori#n ;
HHSL’(A,A)z{QSL A/x) fori=n
A/K .

Proof: By M. Gerstenhaber and S.D Schack [5] p.231 we know that

n—j
HH (A, A) ~ Hi( \ Lax),

where L4,k is the cotangent complex as defined in L. Illusie’s book [§]
11.1.2.3.1 p.123. By [8] Proposition III. 3.3.6. we have the following isomor-

phism in the derived category:

Lajx = (0— (F)/(F?) — Q/x ®r A — 0),
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where Q% /K ®R A sits in degree 0. For a definition of the terminology we
refer to [8]. By [9] p.278 Corollaire 2.1.2.2 we have a canonical isomorphism

in the derived category:
N\ Lajxl—+ = Kos*(F/F? 5 A ® Ok )

where Kos*(F/F? ﬂA@Q}% /i) denotes the Koszul complex of the A-module
morphism ¢ : F/F? - A® Q}{/K’ given by: ¢(F + (F?)) = 1 ®4 dF. By
taking into account the shifting of degrees, we get:

n—j

Hy( N\ Lasx) = H™( N\ Laji)ln +i].

Moreover by a standard result of L. Illusie [9] p.278 corollaire 2.1.2.2., we

have an isomorphism in the derived category

N Lagi)l=n + 5] ~ Kos*(@))azs.
So we get:
BN Lagi)lon+ 3] = H™2(Kos* (8)n_s) =
H2((F9)[(F7*Y) @ Q7 — (FIT)/(F7) @4 Q570 ).

To compute

H = 2((F) (FIY) @4 Q5 8 — (FI7Y)/(F) @4 Q3,21
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HODGE-COMPONENTS OF CYCLIC HOMOLOGY

one considers the following filtration of the complex 2% JK

Is—mQm if s>m:
sOm _ R/K )
F QR/K - { 7}'21/1( otherwise .

where I denotes the ideal (F') generated by our polynomial F' € R. The

Fn=i Qt . .
differential of the complex w=—77ad®X— is given by:
R g Yy

I’ n—2 -t n—2j+1
On—j Ti+1 Qr QR/K] I ®r QR/KJ
where:
Fi@dX; A NdX;,_,, —
N _.._
> (=T 2J( )FJ 1 @dX;, A AdXG,_,; ANdX,.
k=n—-235+1
Here i; € 1,...,N, and (3% (25 ) is the reduction of 55— mod(F ). Using that
notation we have seen:
. Fr=iQx
Hn—QJ(IX’OS*(Qb)n_') ~ Hn—ZJ( — R/K )
J F J+IQR/K
Note that
F'n—jQ*
A ®R Qn—j ~ — R}{I{ .
R/K F J+1QR/K

We always have an exact sequence:

n—25—1 Opn_2;5— n—2 n—2j3
QR Sl AR ST QT — 0,
where (c.f. [12] p.375) 6, : Q7 )y > A® Q’I';/'Il{ is defined by:

On(da; A...ANdap) =(1/n)1®dri A...Adr, AdF,
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and the elements r; € R are chosen such that a; = r;+(F) foralli = 1,... N.
Splicing two of these sequences together and using Theorem 4.11 of [12] we
get:

F"’-"*'IQ}}/K Imén_j

H"23( ~ Kerfn_sj ~ T(Q7 ).

This completes the proof of Theorem 1.

Using a standard localization argument we generalize Theorem 4 of U. Vet-

ter [14] as follows:

Lemma 1: Let A be a reduced K -algebra and let Sing(A) denote the

singular locus of A, then
T(Q% k) =0 if codimSing(A) > inf(k,dimA).

Applying the above Lemma to a reduced hypersurface A with an isolated

singularity at the origin:

T(QY,x)=0, for k# N—1,N.
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2. Hodge-components of cyclic homology

In [11] J.L. Loday obtained the following decomposition of cyclic homology:

The cyclic homology decomposes as follows:
HC,=HCVY o HCP®...0 HC{V

and there is a long exact S — B — I-sequence:

1

(1) : o> HHY — HC? —»HCff__g) —"HHr(Lill .

This result was proved by J.L. Loday in [11] using a double complex, which
we henceforth denote by B(C)(¥). For a definition we refer to [11]. If
we discard the first ¢ rows of zeroes and filter BC(¥) by its columns, we
obtain a spectral sequence {() E"}, such that the E? - part computes the
iterated homology corresponding to taking homology first with respect to
b, and then with respect to the induced B and its abutment is H cP =
Hn_zi(TotB(C)(i)). The E' -components are given by: Ezl,,q = HHgi;’_;_)q

and the E? -components are given by:

O]
HHi+q. - p= 0:
B2 Birq—1(HH{V)) ’
P.q Ker(Bipyq HH{SR ~HHSD)
Bi_ptq-1(HHI P D) '
Theorem 2: For n < N = codim( singular locus), we compute
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HC,(A), for arbitrary reduced hypersurfaces A with an isolated singular-

ity at the origin: For n < N and n + k = 2i we have:

Qn
HCY ~ 2K
" HEo(A) for:nf2<i<n;

0 otherwise .

Proof: This follows from Theorem 1 and Lemma 1 using the spectral se-
quence (DE™. At the E! level everything is zero except the lines p + ¢ =
2t — N and p+q =2t — N 4+ 1 and the row ¢ = s.
The following result is well-known (see e.g. [13]):
Lemma 2: As always K is a field of characteristic zero. Let A be a

finitely generated quasi-homogeneous K -algebra, then:

ir(A)=0  for i>0 and HYz(A) =K.

3. Cyclic homology of quasi-homogeneous hypersurfaces

From now on, we assume that our reduced, affine hypersurface with an
isolated singularity at the origin is defined by a quasi-homogeneous polyno-
mial. Recall that if F' is a nonzero polynomial then ( c.f. E. Brieskorn and

H. Knoerrer in [2]): F is quasi-homogeneous with weights X\; if it satisfies
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the generalized Euler equation:
N
OF
AiXi=— =nkF.
2 X =

We note that such hypersurfaces A are augmented, graded algebras. By

T.Goodwillie [6] we have:
HC3141(A) = HCy141(A) for 1>1.

HC3(A) ~ HC4(A) ® HCy(K) ~ HC%(A) ® K,
where HC denotes reduced cyclic homology as defined in [11]. The Loday
decomposition of HC and the splitting of the S — B — I sequence pass to
HC , SO we get:
: (i-1) _ B @) 1 gl
(x) : 0—- HC,,_,” =" HH, —" HC,, —0, and

—_—(i—1 , ,
(x%) : 0 — HC’SI ) —B HHé;_)H -1 HC’%;_)H — 0.
Theorem 3: Again let us assume that n > N and n + k = 2t then:

HC, = AlK

(D) {T(QN—I) fork=N—1;
0 otherwise .

Cyclic homology is then obtained by summing up the components.

Proof:

Case I : N is odd: Then the only possibly non-zero components of cyclic
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homology are: HCé? = K, HC'g"'(N_l)/z), and HC’SI(IN'H)/”. Using the

decomposed S — B — I sequence we obtain:

BHCSEN /D) ¢ g2 V=02 _0 gng

S(HCZH.l) =0= Ker(B . HCZI+1 — HHQ[.'.Z).

Hence:

H021+1 = 0, HHéj"'(n—l)/z) 2[ HCg;'F(N—l)/Z)’
and HCS"'(N—U/?) ~B HHyppr.

Case II : N is even: Then the only possibly non-zero components of cyclic

homology are: HC’é? =K, HCg"_N/z), and HCéii(lN_l)/Q). (Same reason).
BHCS/) ¢ HESEN™

(I+N/2) _ (I-1+N/2) __B I+N/2
HC2l - 0’ chl—l - HH;[ / )7
and HH2[+1 21 HCZ[+1-

In both cases we have seen: T(Q ) ~ QX/K.
Remark: The above spectral sequence degenerates at the E2-level for re-

duced affine quasi-homogeneous hypersurfaces with an isolated singularity

at the origin.
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So we get for reduced, affine, quasi-homogeneous hypersurfaces with an
isolated singularity at the origin: EF% = 0, if n # 7. Ef = K. Here
again E°° denotes the limit term of our spectral sequence obtained from

the bicomplex for H cib.

4. Results for A — D — E singularities

An important group of examples of quasi-homogeneous hypersurfaces with
an isolated singularity at the origin are the so called A— D — FE singularities.
It is known that all A — D — E singularities over a field of characteristic 0
are singularities defined by one of the following quasi-homogeneous polyno-

mials:

A F(AR) =X 4 X2 4 X2+ + X%
Dy : F(DE) = X3 (XF2 4+ X))+ X2+ -+ X%
Es¢ : F(E,6) = X{ + X3+ X3+ -+ X%
E;:F(BE,7)=Xo( X3+ XH+ X2+ + X%
Es: F(E,8) = X7 + X5+ X3+ + X%

We get that for a singularity of type Ay, Dy, Ey:

) _ . K[X{,Xs,...,.X
5X.°" " —aXN
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We see that dim KT(QX;}%) is independent of V. If our ground field K is
the complex numbers, this dimension is known as the Milnor number. So
reduced cyclic homology computes a topological invariant of singularities

defined by a quasi-homogeneous polynomial.
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