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Exposé VI 

SEMI-STABLE REDUCTION A N D 
P -ADIC ETALE COHOMOLOGY 

by Kazuya KATO 

1. — In troduc t ion 
This paper is a result of joint study with J . -M. Fontaine. I learned from 

him the main ideas in the study in this paper. 

Let A be a complete discrete valuation ring with field of fractions K and 
with residue field k, such that char(K) = 0, char(k) = p > 0 and k is perfect. 
Let X be a proper scheme over A with semi-stable reduction ( that is, X is 
regular and X ®A & is a reduced divisor with normal crossings on X). The 
purpose of this paper is to give a partial solution to a conjecture of Fontaine-
Jannsen on the p-adic etale cohomology 

Hmet(Xk;Qp) 

(X-jrj? = X ®A K with K an algebraic closure of K). 
We recall the conjecture (cf. Jannsen [J] §5 for the first form of the 

conjecture; the final precise form of the conjecture introduced here was 

formulated in Fontaine [Fo3]). Let K0 be the field of fractions of the ring 

W(k) of Wi t t vectors. Let D be the " m - t h crystalline cohomology with 

logarithmic poles in the semi-stable situation" defined in [H2] [HK], which 

is a A^o-vector space endowed with a frobenius <p : D —> D, a monodromy 

operator N : D —> D, and an isomorphism with the de Rham cohomology 

pw : K ®IU D H%R(XK/K) 
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K KATO 

(pw is defined canonically once one fixes a prime element 7r of A). The 

conjecture says tha t the Qp-vector space V = H™(Xj7,QP) endowed with 

the action of Gal(K/K), and the Ko-vector space D endowed with J\f, 

and pw, can be reconstructed from each other. To state the precise form of 

the conjecture, one needs a ring Bsi of Fontaine ([Fo3]), which is defined also 

by fixing a prime element of A. Cf. (2.2) for the review of the definition of 

Bst. It is related to his older rings Bcrys and BDR (cf. [Fol]; we review also 

these rings in (2.2)); Bst is a subring of BDR containing Bcrys. Properties of 

Bsi used in the statement of the conjecture are that Bst is endowed with the 

frobenius <p : Bst —> Bsi, a monodromy operator J\f : Bst —> Bsi, and a natural 

action of Gal(K/K). We also have to recall tha t BDR is a complete discrete 

valuation field with valuation ring BjR and hence filtered by the valuation. 

The conjecture is the following. 

C O N J E C T U R E (1.1). — There exists a canonical isomorphism 

Bst ®QP V * Bsi ®K0 D 

with preserves cp, N\ the action of Gal(K/K), and the filtration after taking 

BDR®BST-

Here (p on the left (resp. right) hand side in (1.1) is cp ® 1 (resp. <p®(p),Af 

on the left (resp. right) hand side is Af ® 1 (resp. N ® 1 + 1 ® Af), the action 

of a G Gal( i f /K) on the left (resp. right) hand side is a ® a (resp. a ® 1), the 

filtration on BDR ®Qp V is f il'BDR ®Qp V, and the filtration on 

BDR ®K0 D = BDR ®K H%R(XK/K) (via Pir), 

where we use the same prime élément ir in the définitions of BSI and p^, 

is the tensor product of the filtrations on BDR and the Hodge filtration on 

HQR(XK/K). Since the Gal(K/K)-invariant par t of Bst is Ko and {x G Bst ; 

(p(x) = x, M(x) = 0, x G B~pR} = Qp ([Fo3]), one will have as a conséquence 

of the conjecture, 

D = {x e Bst ®QP V; a(x) = x for ail a G Gal (A7/^)} 

V * {x G BAT ®K. D: <p(x) = x , Af(x) = 0 , x G fil0(BDR ®KN D)} . 
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EXPOSÉ VI : SEMI-STABLE REDUCTION AND P-ADIC ETALE COHOMOLOGY 

This conjecture is the "semi-stable reduction version" of the crystalline 

conjecture of Fontaine [Fol] on H^(Xjç, Qp) for the case X is smooth over A, 

which was studied and proved by Fontaine, Messing and Faltings ([FM], [Fa2]). 

A new phenomenon in the semi-stable reduction case is tha t the monodromy 

operator is involved. In [Fo3], Conjecture (1.1) was proved in the case of 

abelian varieties. 

Our result is the following 

T H E O R E M (1.2). — The conjecture (1.1) is true if p > 2 d i m ( X # ) + 1. 

In the "ordinary semi-stable reduction" case, H^(X-j^,Qp) was studied by 

Hyodo [HI] without any assumption on p (cf. also [P], Appendix by L. Illusie). 

In §2 we give preliminaries. In §3 and §4, we give interpretations of the 

ring BST and the space {x £ BST ® D ; J\f = 0} by the theory of crystalline 

cohomology with logarithmic poles, respectively. In §5, we state a result, 

whose proof will be given elsewhere, on the relation between p-adic vanishing 

cycles and a certain complex s^s(r ) related to crystalline cohomology with 

log poles (in the good reduction case, this result is proved in Kurihara [Ku]). 

By combining §3 - §5, we prove Thm. (1.2) in §6. 

I thank Professor J . -M. Fontaine without whose help, I could do nothing 

about the subject of this paper. I also thank Professors L. Illusie and 

W. Messing for advice. The method in § 6 is a modification of the method 

in the joint paper [KM] of W. Messing and the author which treated the good 

reduction case. 

2. — Pre l iminar ies 

In this §2, we fix notations, review the definitions of the rings BCRYS, 

BOR and BST, and give some comments on the crystalline cohomology with 

logarithmic poles. 

(2 .1 ) . — We use the following notations. Let A, K, k and K be as in § 1. 

Let A be the integral closure of A in K, and let 

An = A ®z l/pnl, An = A ®z l/pnl, 

S = Spec(A), Sn = Spec(An), S = Spec(A), Sn - Spec(An). 
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(2 .2 ) . — We review the definitions of the rings BCRYS, BOR and BSI (cf. [Fol], 

[Fo3], [Fo4], [FM]). For n > 1, let 

Bn =T(Sn/Wn) crys, OSn/Wn kjsd +sjz+ 

i.e. the ring of global sections of the structure sheaf of the crystalline site of 

Sn over Wn = Spec(Wn(k)). Then the canonical homomorphism Bn —• An is 

surjective. We denote by Jn the kernel of this surjection, and by jlr' the r - t h 

divided power of Jn. For a sequence s = (sn)n>o of elements of A such tha t 

(sn+i)p = sn for all n > 0 , let e(s) = ((?n)pn)n G lim j5n where for a £ A, 

we denoted by a any element of Sn whose image in An coincides with tha t of 

a (then a?n depends only on a, and is independent of the choice of a ) . This 

map e defines an injective homomorphism 

Bn =T(Sn/Wn) crys, OSn/Wn) 
n 

Let 

Bn =T(Sn/Wn) crys, OSn/Wn)Bn =T(Sn/Wn) crys[t-1], 

n 

^ f t = l i m ( Q ® i i ™ S « / J n r l ) , Bn =T(Sn/Wn) crys, OSn 

r n 

where t is any non-zero element in the image of Q ® £ : Qp(l ) —* B+RYS. Then 

BCRYS has a frobenius endomorphism by the crystalline cohomology theory, 

BDR has a filtration by the fact that it is a complete discrete valuation field 

with valuation ring B L (the residue field is Cv = Q (g) l imAn, and the t 
n 

as above is a prime element), and BCRYS and BQR are endowed with natural 

actions of GdliKIK). 
Now fix a prime element 7r of A. 
For a sequence s = (sn)n>o of elements of A such that 

.s-o = 7T, (*„.+ i)p = *„ for r> > 0 , 
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we have Bn =E Kor(Sn/Wn) crys, O—Cxp) and hence 

ua = log(£(s)7T ) E B+DR 

is defined. Fontaine defines Bft and Bst by 

Btt = Btrys[us) Bst — -ßcrys[^s] 

as subrings of BDR- It was shown by Fontaine [Fo3] that us is transcendental 

over Bcrys and hence Bft (resp. Bst) is a polynomial ring in one variable 

over B+rys (resp. Bcrys). The rings Bft and Bst depend on the prime element 

7T, but do not depend on the choice of s. The frobenius <p : Bst —> Bst is 

defined by extending the (p of Bcrys by (p(us) = pus, and the monodromy 

operator J\f : Bst —• is defined to be the unique i?cr2/5-derivation such 

that Af(us) = 1. These operators ip and Af are also independent of the choice 

of s. Finally Bst is Gal(A'/A'')-stable in BDR and hence Gal(AT/AT) acts on 

Bst-

(2 .3 ) . — In this paper we use freely the terminologies concerning log 

structures introduced in [HK] and [Ka2], without explaining the definitions of 

them. We just mention here that a logarithmic structure on a scheme X in the 

sense of Fontaine-Illusie is, by definition, a sheaf of commutative monoids with 

a unit on the etale site Xe± which is endowed with a homomorphism cx : M —• 

Ox with respect to the multiplication on Ox satisfying a - 1 ( ( 9 £ ) —> 0 \ via 

a (cf. [Fa3] for another formulation of logarithmic structures). 

We make the following conventions. 

(2 .3 .1) A scheme X with a log structure M is denoted as (X, M). If M is the 

trivial log structure (that is, M = 0 \ with the inclusion map 0 \ —• Ox), 

we abbreviate (X, M) as X. 

(2 .3 .2) If X is a scheme and M is a log structure on X, and if the inverse 

image of a E F(X, Ox) in T(X, M) consists of a single element b, we sometimes 

identify b with a. 

(2 .3 .3 ) . — For a scheme X and a E T(X,Ox), we denote by C(a) the fine 

log structure on X associated ([HK] (2.2)) to N —> Ox ; 1 1—• Q>- F°r example, 
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the "canonical log structure" on Spec(A) defined in (2.6) below coincides with 

C(tt) for any prime element 7r of A. 

(2 .4 ) . — In the paper [HK], we discussed the crystalline cohomology theory 

only for schemes with fine log structures. But the log structure on Spec(A) 

which we discuss in this paper is not fine though it is a filtered inductive limit 

of fine log structures. We say a log structure M on a scheme X is integral if 

"ac = be implies a = 6" holds in M (a fine log structure is integral, and the log 

structure on Spec(A) discussed later is integral). By replacing the category 

of schemes with fine log structures in [HK] by the category of schemes with 

integral log structures, we obtain the definition of the crystalline sites for 

schemes with integral log structures. For schemes with fine log structures, 

this does not change their crystalline sites. 

Wi th this definition of the crystalline site : 

(2 .4 .1) Let (T, L) be a scheme with a fine log structure such tha t Or is killed 
by some non-zero integer, and assume T is endowed with a PD ( = divided 
power) ideal. For a scheme with an integral log structure (X, M) over (T, L), 
we denote by 

HH(X,M)/(T,D) 

the q-th cohomology of the structure sheaf OX/T on the crystalline site 

((X,M)/(T,L))crys. 

( 2 . 4 . 2 ) . — With (T,L) as in (2.4.1), let / : (X,M) -» (Y,N) be a morphism 

of schemes with integral log structures over (T,L). Then, if N is fine, a 

morphism between the crystalline topoi 

fcrys:((X,M)/(T,L)):rys ((Y,N)/(T,L))~ya 

is associated to / . The construction of fcrys is the same as in the fine case. 

( 2 . 4 .3 ) . — Let (T,L) be as in (2.4.1) and let {(XX,MX)}\ be a filtered 

inductive system of schemes with fine log structures over (T, L) such tha t all 

transition morphism X\ —> X^ are affine. Let X be the projective limit of 

{X\}\ and let M be the inductive limit on X of the inverse images of M\. 

Then, 

H"((X, M ) / ( T , L)) S limH"((XX, MX)/(T, L)). 
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If (Y, N) is a scheme with a fine log structure over (T, L) and the (X\, M\) —• 
(T, L) factor through morphisms f\ : (X\,M\) —» (Y, TV) which are compati
ble with the transition morphisms, we have 

Rqfcrys*(Ox/s) ljmRq(fx)crys*(0Xx/s) 

where / is the limit of f\. These facts follow from [SGA4] (tome 2) Expose VI. 

(2 .5 ) . — In [FM], a morphism of schemes which is flat and locally of complete 
intersection is called syntomic and syntomic morphisms behave well in their 
theory. We shall use the logarithmic version of this notion. 

We say a morphism / : (X, M) —• (Y, N) of schemes with fine log structures 
is syntomic if / is an integral morphism [HK] (2.10), the underlying morphism 
X —• Y is flat and locally of finite presentation, and if etale locally on X there 

is a factorization of / : (X, M) (Z, L) (Y, N) with (Z, L) a scheme with 
a fine log structure satisfying the following conditions : i is an exact closed 
immersion [HK] (2.8), h is smooth [HK] (2.9), and the ideal of X in Z is 
generated at each point of X by a regular sequence. 

Just as in the case of the original definition, we can show 

(2 .5 .1 ) . — If / is syntomic and we have another factorization (J\T, M) —> 

(Zf,Lf) —> (XiN) of / with L' fine, i' an exact closed immersion and bl 
smooth, then the ideal of X in Z1 is defined at each point of X by a regular 

sequence. Furthermore, if we have such a factorization of a syntomic morphism 

and if we are given a quasi-coherent ideal J of Oy and a divided power 

structure on J, the divided power envelope of X in Z* is flat over Y (cf. [FM] 

for the case without log structures). 

(2 .5 .2 ) . — We have the base change theorem of crystalline cohomology for 

syntomic morphisms (cf. [BBM] (2.3.5) and [B] V 3.5.1 for the case without 

log structures) : 
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Assume we have a commutative diagram of shemes with fine log structures 

(X',M') 
g' 

(X,M) 

(Y',N') 
9 

(Y,N) 

(T',Lf) V (T,L) 

such tha t the upper square is cartesian, / is syntomic, the underlying 

morphism / : X —> Y is quasi-compact and quasi-separated, and OT is 

annihilated by some non-zero integer. Assume T and T' are endowed with 

quasi-coherent PD- idea l s and v : T' —• T is a PD-morph i sm. Then, for any 

quasi-coherent flat crystal of 0x/T~mo(hi les on ((X, M ) / ( T , L))crys, we have 

a canonical isomorphism 

LQcrysBfcrys*(F)=Rjcrys+dcrysi-?7) ' 

(2 .6 ) . — For a scheme over the discrete valuation ring A, we define the 

canonical log structure as the sheaf of regular functions which are invertible 

on the generic fiber. 

In what follows, we denote the canonical log structure on S = Spec(A) 

(resp. 5 = Spec(A)) by N (resp.iV) and the inverse image of N on Sn — 

Spec(An) by Nn (resp. of N on Sn = Spec(^4n) by Nn). Then N is the 

inductive limit of inverse images of the canonical log structures on Spec(A'), 

where A' ranges over all discrete valuation rings in A which are finite over A, 

and iVn is the inductive limit of the inverse images of the log structures on 

Spec(A'/pnA') defined in the way above. 

We shall denote the inverse image of N on Spec(fc) by L. 

For a G A — {0}, the images of a in any of the log structures introduced 

here are denoted by class (a). 
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3 . — A crysta l l ine in terpretat ion of Bsi 

We give an interpretation ( 3 . 7 ) of the ring Bsi by the theory of crystals 

with logarithmic poles. Let 

h:(Sn,Nn)—>(Sn,Nn) 

be the canonical morphism (cf. ( 2 . 6 ) for the notation), and let hcrys : 

((SmNn)/Wn)?rys -+ ((Sn,Nn)/Wn)-rys be the induced morphism ( 2 . 4 . 2 ) . 

In this section we compute the higher direct images of the structure sheaf 

for this morphism 

Rqhcrys*{0 sn/wn) 

and show tha t hcrys> OSn/Wn) is closely related to Bst. 

PROPOSITION ( 3 . 1 ) . Rqhcrys*(0 sn/wn) = 0 forq#O and ^crys'iOsn/wJ 

is a quasi-coherent flat crystal of Osn/wn ~modules on ((^m ^n)/^^n)crys • 

(3 .2 ) . — We give a description ( 3 . 3 ) of the crystal hcrys*(0-gn/Wn). To 

describe a crystal by a connection just as in the usual theory (without 

log structures) of crystals, we embed (Sn,Nn) in a smooth object. Fix a 

prime element 7r of A, let Zn = Spec(W"n[tf]) with t an indeterminate, let 

En = Spec(i?n) be the P£)-envelope of Sn in Zn with respect to the closed 

immersion Sn —> Zn ; t \—• 7r, and endow Zn (resp. En) with the log structure 

C(t) (cf. ( 2 . 3 . 3 ) ) . Since (Zn,C(t)) is smooth ([HK] ( 2 . 9 ) ) over Wn, a quasi-

coherent crystal of C?5n/vyn~m°dules T on ( ( 5 N , Nn)/Wn)crys is characterized 

by the i?n-module T{En) and the connection with log poles 

V : H E n ) — • H E ? B ) d l o g ( t ) 

([HK] ( 2 . 1 7 ) ) . Here JF(£n)dlog(f) means F(En) wn[t) T(Zn,u;1Zn/Wn) with 

uj1 the differential module with log poles [HK] ( 2 . 5 ) thenr(Z„ ,<4 ,w ) is a 

free W„[f]-module of rank one with base dlog(t)) . Let 

( 3 . 2 . 1 ) Pn = T(En) with T = hcrys*(0~sn/Wn) 

Note the homomorphism Bn —y An factors canonically as Bn —> Pn —> An 

and the kernel of Pn —> An has a natural P-D-structure. 
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P R O P O S I T I O N (3.3). — ( 1 ) To eachpn-th root (3 of it in A, there exists a 

canonically defined element vp of Kei(P* —• An) such that we have a PD-

isomorvhism 

Bn<V>^Pn; V i—y vp-l 

where Bn < V > denotes the PD-polynomial ring over Bn in one variable V. 
/ / £ G A and = 1 , then v^p = " vp where £ is any element of Bn whose 
image in An coincides with that of£. 

(2) The connection V : Pn —• Pnd\og(t) is the unique Bn-linear map 
satisfying 

V((W/J - 1)W) = (vp - \f-%^\og{t) for all i. 

(in particular, V(v^) = vpdlog(t)). 
(3) Let cp : Pn —• Pn be the frobenius, which is induced by the frobenius 

(Zn,C(t)) —> (Zn,C(t)) defined by the usual frobenius ofWn and by 11—• tp. 
Then, cp is the unique PD-homomorphism which extends the frobenius of Bn 
and satisfies ipivs) = (vrY. 

(4) The natural action ofGal(K/K) on Pn is characterized by the following 
properties. It extends the natural action ofGai(K/K) on Bn, it preserves the 
PD-structure, and satisfies cr(vp) = v^p^ (a G Gal(K/K)). 

DEFINITION (3.4). Define J\f : Pn —> Pn by 

7(a) = «Af(a)dlog(<) for a G Pn • 

Then J\f is a Sn-derivat ion 

DEFINITION (3.5). — For a primitive pn-th root (3 of it in A, define 

up = log(vp) G Pn 

where log is defined by the PD-structure on Ker(Pn —• An). 
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COROLLARY (3.6). — The map Af : Pn —> Pn is surjective, 

{a e Pn ; AT* (a) = 0} 

0<j<2 

Rm(uß)[j] 

{a e Pn ; MHa) = 0 for some i} = Bn < up >, 

a.nd ua is transcendental over B„. 

From (3.3) and (3.6), we have 

T H E O R E M (3.7). — There exists a canonical Bjrys-isomorphism between 

the ring Bft of Fontaine and 

{a E Q l imPn; Afi(a) = 0 

n 

for some i > 0} 

where B~£t and Pn are defined using the same prime element n, which preserves 

(p, Af and the action ofGdl(K/K). 

Indeed, the isomorphism is given by sending u& e Bft for s = (sn)n {sn £ A, 

so = 7T, (sn+i)p = sn) (cf. (2.2)) to (uSn)n e l imPn. 

n 

The inverse map is 

induced from l imPn —> BDR; 

n 

((usn-1)[j])n (IL)-1 (EH)*-1 - IV'. 

(3 .8 ) . — We prove (3.1). We follow the argument of Fontaine [Fol] §3 . Let 

F be any object of ((SN,NN)/Wn)crys and let NF be the log structure of F. 

By (2.4.3) we have 

(3.8.1) R9hcryS*(0-gn/Wn)(F) ljmH\(S'N,N'n)/(F,NF)) 

A' 

where A' ranges over all discrete valuation ring in A which are finite over 

A, S'n = Spec(A'/pnA') and N'n is the inverse image of the canonical log 

structure on Spec(A') (2.6). For such A', take a prime element nf of A! and 

write 7r = (7r')2a for i > 1 and a G (Af)x. Let 5f be a section of Np whose 

image in Nn is class(7r) (2.6). Let 

Z' = S p e c ( 0 F [ * > ± 1 ] / ( ( O 2 u - <*(*))} (a:NF-> OF) 
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where t' and u are indeterminates. Then the morphism (S'n,Nn) —• (F,NF) 
factors as (S'n,N'n) -> (Z',C(f)) (F,NF) where the first arrow is an 
exact closed immersion defined by Oz> —• (9s^ ; 1—• tt', ^ i—• a and by 
C(t') —• iV^; i—• class(7r/), and the second is a smooth morphism defined 
by NF -+ £ (* ' ) ; 5r i—• (t'Yu. Let F' be the PD-envelope of S'n in Z'. Then 
([HK] (2.20)) 

(3.8.2) Hq((S'ni N'n)/(F, NF)) - Hq(F', Of, ®0z, u>z.,F) • 

Note wlz,,F is a free C?^/-module with basis d log( t ' ) . To pass to lim, let 
A' 

A " = A'[k") where tt" is a p n - t h root of tt', S" = Spec(A"/pNA"), N'n' 
on 5 ^ the inverse image of the canonical log structure of Spec(^4/r), Z" = 
Spec(Oz'[t"]/((t")pn — t')), and form the commutative diagram 

(Z",C(t")) 
(Z",C(t")) 

(Z",C(t")) 
(Z ' , £(*')) 

with Oz» -> Os» ; t" h—> tt", £(*") iV": t" i—> c W t t " ) , £(*') -* a * " ) ; 
(Z",C(t")) 

Then r,1 —W L1 
^Z'/F ^Z"/F 

annihilates dlog(tf') and hence is the zero map. This 

shows tha t 

lim 
A' 

H"{(S'n,K)/(F,NF)) = 0 for q#O. 

We have shown Rhcrys*(oSn,Wn) — hcrys*(0Sn jWn) This and the base 

change theorem (2.5.2) shows that hCrys*(0 sn/wn) is flat. The fact tha t 

hcrys*(0Sn/Wn) is quasi-coherent is shown easily. 

(3 .9 ) . — We prove (3.3). The following proof is due to the sugges

tion of W. Messing (my original proof was a direct computation using 

(3.8.1) and (3.8.2) and was long). Fix a p n - t h root /3 of 7r in A, and 

regard Spec(Z?n < V >) (V an indeterminate) as an object of 
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((Sn,Nn)/(En,NEn))crys as follows : Bn < V >—• An is V i—• 0, the 

P D - s t r u c t u r e on Ker(Pn < V >—> An) is the usual one, the log structure of 

Spec(Pn < V > ) which we denote by C is associated to A — {0} —• Bn < V > ; 

a i—• apU where a denotes any lifting of a to Bn (we will denote by rj the 

induced map A - {0} —• £ ) and (Spec(Pn < V > ) , £ ) -> (En,NEn) is given 

by the PD-homomorph ism P n Pn < V > : t i—• (1 + V)"1/?*" and 

by ^n—>L; t—• (1 + F ) - 1 / ? ^ ) . Then, Spec(J3n < V > ) is a termi

nal object in ((Sn,Nn)/(EniNEn))crvs, and this fact implies Sn < V 

H°((SnìNn)/(EnìNEn)) = Pn. 
Indeed, for any object F of (5n, Nn)/(En, iV^n))cry5 with the log structure 

iV>, the unique morphism P —> Spec(Pn < V > ) in ((Sn,Nn)/(En, NEn))Crys 

is given as follows. Let /3 be any section of NE whose image in iVn is the class 

of (3. Then (3pn is independent of the choice of (3. Since the images of (3pn 

and t under NE —> Nn coincide, there exists a unique section vp of Op such 

that J3pn = tvp in NF- Define the PD-homomorphism Bn < V >^ 0(F) by 

V i—• vp — 1, and extend this morphism to the log structures by 77(a) 1—• ap" 

(a G A — {0}) where a is any lifting of class(a) G A n̂ to NE (then ap" is 

independent of the choice of a) . It is easily checked tha t this construction 

yields a unique morphism in ((SniNn)/(En^NEn))crys- The properties of Pn 

in (3.3)(l)-(4) (with vp defined as in the above argument) are checked easily. 

4. — Crysta l l ine interpretat ion of (Bst^D)^=° 

In this section, let S = Spec(A), TV and L be as in (2.6), and let (X, M) be a 

scheme with a log structure over (5 , N) satisfying the following conditions (i), 

(ii), (iii) : 

(i) (X, Af) is smooth over (5,iV). 

(ii) The underlying morphism X —• S is proper. 

(iii) Let Y = X ®A k and let My be the inverse image of Af on Y. Then 

the induced morphism (Y, My) —• (Spec(fc).L) is of Cartier type [HK] (2.12). 

For example, if (X, M) is a fiber product over (5 , N) of a finite family of 

proper A-schemes with semistable reduction with the canonical log structures 

(2.6), then (X, Af) satisfies the conditions above. Moreover the conditions 
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above are stable under base changes ( S ' , i V ) —> (S,N) where S' is the 
spectrum of a complete discrete valuation ring with perfect residue field 
dominating S and N' is the canonical log structure of S'. 

Fix m > 0 and let 

Dn = Hm((Y,MY)/(WniWn(L))) (n>l) 

Da lim Dn 
n 

D = Q®DOQ, 

where Wn(L) is the canonical lifting of L to Wn defined in [HK] (3.1). Then 
as in [HK], Dn is a Wn(fc)-module of finite length, D8 is a W(&)-module of 
finite type, and we have a frobenius-linear operator ip : Dn —> Dn called the 
frobenius and a linear operator Af : Dn —> Dn called the monodromy operator 
which induce —> and D —• D denoted by the same letters (p and jV, 
respectively. 

Fix a prime element tt of A to define dvr The aim of this section is to 

prove 

T H E O R E M (4.1). — The kernel of 

Dn = Hm((Y,MY)/(WniWn(L)))Dn = Hm((Y,MY)/ 

is canonically isomorphic to 

Q KmHm 
n 

{(Xn,Mn)/Wn) 

where {Xn,Mn) = (X,M) x(SiN) (Sn,Nn) forn>\. 

For n > 1, let Xn = X ® Z/pnZ, let Mn be the inverse image of M on Xn, 

and let the notations be as 

( X „ , M „ ) 
7n 

(Sn,Nn) 

9n 

(Xn,Mn) 
fn 

(Sn,Nn). 

hn (cartesian diagram) 
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Let Zn = Spec(Wn[t]) and En = Spec(f?n) be the PJ5-envelope of Sn in Zn 

with the log structure NFn as in (3.2), where we use the same prime element 

7T to define Sn c—• Zn : 11—• 7T. 

LEMMA (4.2). — There exists a long exact sequence 

>Hm((Xn,Mn)/Wn) 

Pn®Rn (Rm(fn)cryS*(0Xn/Wn))(En) Pn®Rn (Rm(fn)crys(0Xn/Wn))(En) 

Hm+1((Xn,Mn)/Wn) —> 

P R O O F . Let {(X\M~), (Z\MZ-)) be an embedding system [ H K ] ( 2 . 1 8 ) 

for (X,M) -* (Spec(W[*]), £(*)), * •—• TT. Let (Fln,MFi~) be the PD-

envelope [ H K ] ( 2 . 1 6 ) of (X^M^) in (Z^,Mz.n). Then, for any crystal T on 

((Xn,Mn)/Wn)crys, we have an exact sequence of complexes in the topos 

(Xn)e~ ([HK] (2.18)) 

(4.2.1) 0 — C ' ( [ - l ] 
dlog(f) 

C —• C — • 0 

where C (resp. C) is defined on each XN as the complex 

TFin ®ozi UzU (resp. TFin ®ozi UzUSpec(Wn[i)))' 

Consider the case F — R(9n)crys*(Oxn/Wn)' By taking the inductive limit of 

the base change theorem (2.5.2) and by (3.1), we see 

? — (fn)trys(hn)crys* (O/Wn). We have 

Hm((X»)eUC) = H m ( ( X n i M n ) / W n ) , 

H ™ { { X n ) e U C ) = H ™ ( ( X N ) ~ , P N ®A(EN) 0Fn ®oZn ^ z j s p ^ W M ) ) 

= Pn ®Ö{En) Hm((Xn)e t ,öFn ®oZn VZn/Spec(Wn[t])) 

where the last equation follows from the flatness of PN over 0(En). Hence 

(4.2) is obtained by taking the long exact sequence of cohomology groups 

associated to the exact sequence (4.2.1). 
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LEMMA (4.3). — For any Wn(k)-module T having a nilpotent Wn(k)-linear 
operator N : T —» T, the map 

A f ® l + l ® A f : P n ® T — > P n ® T 

is surjective. 

P R O O F . This is reduced to the case T = Wn(k) and Af :T —• T is the zero 
map, i.e. to (3.6). 

DEFINITION (4.4). — (1) For a category C, let ps(C) be the category of 
projective systems in C with index set N. 

(2) For an additive category, letQ®C be the category with the same objects 
as C but with morphisms H o m q ^ c = Q ® Home- An object T of C is denoted 
by Q ® T when it is regarded as an object of Q ® C. 

(4 .5 ) . — Now we prove (4.1). By [HK] (5.2), we have an isomorphism in 

Q ®ps(Ab) (Ab denotes the category of abelian groups) 

Q ® {(Rm{fn)crys*(0Xn/Wn)(En)}n = Q ® {i?n ®wn Dn}n . 

By this and (4.2) (4.3), we have an exact sequence in Q <g) ps(Ab) 

0 —>Q ® {Hm((Xn, Mn)/Wn)}n 

Q ® {Pn ®wn Dn}n -^U Q ® {Pn ®Wn Dn}n —> 0 . 

Furthermore this map A f i s A ^ l + 1 ® ^ with the first Af : Pn -* Pn and 

the second Af : Dn —> Dn the monodromy operator. Hence we have 

Q ® l i m f f m ( ( X n , M n ) / W n ) ^ 

Kei(AT : (Q®l imPn)®A'0 D (Q ® l imPn) ®Ko D)-
n n 

Since Af is nilpotent on D , we can replace Q lim 
n 

Pn by the par t of it on 

which Af is nilpotent, i.e. by Bft (3.7 
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5. — T h e c o m p l e x snlog(t) 

Let (X, M) be a scheme with a fine log structure which is syntomic over 

W. For 0 < r < p, we define an object sl°gx(r) of the derived category 

D(Xet,2/pn2) supported on (X ®z 2/p2)ei. We state a result (5.4) on the 

relation between s°\(r) and p-adic vanishing cycles whose proof will be given 

elsewhere. This sl°gx(r) is the log pole version of the complex Rv*(S^x) 

studied in [Kal] and [Ku] where S£ x is the sheaf on the syntomic site defined 

in [FM] and v is the canonical morphism from the syntomic site to the etale 

site. 

(5 .1 ) . — Take an embedding system ( ( X \ M ' ) , ( Z \ TV')) for ( X , M ) W 

with a lifting of frobenius F : (Z\Nm) -> (Z\Nm). Let Xn = X{ <g> Z/pnZ, 

Zn = Zi®2/pn2, Mln (resp. Nln) the inverse image of M{ on Xln (resp. Ni on 

Zln). Here F is a lifting of frobenius means tha t the morphisms on (Z{, N{) 

induced by F are the absolute frobeniuses [HK] (2.12) and F commutes with 

the canonical frobenius of W. Let (Fn, MFi) be the P£>-envelope [HK] (2.16) 

of [XlMn) in (Zin, Nin and lei 7M C 0Fi 
n 

be the r - t h divided power of 

Jn = Kev(On^Oxit). 

For 0 < r < p, we dehne a complex n,(. X-,M-);(Z-,N-) ( ' ) in (XXt (denoted 

simply by Sn,X (r)) as follows. 

First, denote by Ä ( 0 the complex in (A)et which gives on each X1 the 

familiar complex 

tM d [r-1] Jn = Kev(On^Oxit) -d2J[r-q]in]®oz, u>li/w 

Let <£> : 0Fi -* oF> 
n n 

be the homomorphism induced by F : (Z- ,Mz-) 

( z - , m z . ) . Assume 0 < r < p. Then J Fi 
c prOn We define the map 

— r 
p V 

J Fi J Fi by the law (p r<p)(a modpn) = fe modpn for a £ J Fi 

and 6 G 0 F . 
n + r 

such that 92(a) = prb. This map is well defined by the flatness 

of F^ over Wn (2.5.1). We have a homomorphism of complexes 

Jn = Kev(On^Oxit)Jn = Kev(On^Oxit) 
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whose degree q part is ( ( p « - > on j[;rq]) (p V on uqzi/w). Finally we 

define Jog 
Sn,X (r) as the mapping fiber of 

^-P-W:f:&x(r)—Jngddddddx(0). 

Here for a homomorphism h : C —> C" of complexes, by the mapping fiber 
of h we mean the complex whose degree q part is Cq © (C")9_1 and whose 
differential is given by 

Cq © (Cy-1 —• C«+1 © (C')9 ; (a, 6) . — (dar, - dy). 

Let (9 : Jn = Kev(On^Oxit) be the canonical morphism, and define 

Jn = Kev(On^Oxit)Jn = Ke 

Note 

• R ö . ( Ä - ( r ) ) = ßu(x„ ,Mn) /w„ . (^x /wn) 

where u is the canonical morphism {{XniMn)/Wn):rys - Xe~ and j"Wn is 

the r - t h divided power of Jx/wn = K e r ( O x n / ^ „ - O x J - Thus we have a 
distinguished triangle 

Jn = Kev(On^Oxit) ^(Xn,Mn)/Wn. (J[r] 
v(On^Oxit) 

Ru(xn,Mn)/wn* {0Xn/wn) • 

This shows tha t the object (On^Oxit) in D(Xei,2/pnl) is independent of the 

choice of an embedding system with a lifting of frobenius. 

This definition of Sn,X (r) s iust to add log poles to the complex Rv ßn,x) 
(cf. [Kal]). Hence, if ( X , M ) and X are syntomic over W, "to add log poles" 

defines a canonical morphism 

Jn = Kev(On^Oxit)hj 

The same method as in [Kal] (which treated the case without log struc

tures) defines a product structure 

4 w 
Jn = Kev(On^Oxit) «!&(»•+ r') (0 < r, r ' , r + r'<p). 
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T H E O R E M (5.4). — Let A be as before and let X be a scheme over A with 

semi-stable reduction endowed with the canonical log structure. Let 

X®Ak^xdddddJ-Xx 

be the inclusion maps and consider the sheaf of p-adic vanishing cycles 

i±i*Rj^(JL/pn~L{r)), where (r) means the Tate twist. Then for 0 < r < p — \, 

we have a canonical isomorphism 

sx:*x{r) = sddddT<rïXR3À* i P n A r ) ) . 

Here sl°gx(r) is defined to be the inductive limit of the inverse images 

°f 5n x<guA,(r) w^ere A' ranges over all discrete valuation rings in A which 

are finite over A and X ®A A' is endowed with the log structures as fiber 

products where X , Spec(A) and Spec(A') are endowed with the canonical log 

structures (2.6). 

The "without log pole" version of (5.4) was proved in [Ku] (cf. also [Kal]). 

The method of the proof of (5.4) is similar to tha t in [Ku]. The key point is 

tha t , in the place where the result of [BK] on p-adic vanishing cycles in the 

good reduction case is used in [Ku], we can use the generalization by Hyodo 

[HI] of the result of [BK] to the semi-stable reduction case. 

COROLLARY (5.5). — Let X be a proper scheme over A with semi-stable 

reduction. Then if m < r < p — 1 or i /d im(X/^) < r < p — 1, there exists a 

canonical isomorphism 

Hm(X,s^(r))-^HZdddddddd(Xw,l/pnl(r)). 

This follows from (5.4) and the proper base change theorem for the etale 

cohomology HZ(Xw,Z/p»l) Sé H%(X,ÌJ Rj*l/Pn2). 

The isomorphism in (5.5) has the following properties as will be shown 

elsewhere, which we shall use in § 6. 

(5 .6 .1 ) . — It is compatible with the action of Gal(K/K). 
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(5-6 .2) . — The isomorphism H°(X, sl£*(l)) ^ H°(X, Z /pnZ( l ) ) is inverse 

to the map Z/pnZ( l ) ^ { x G J^1]; p " V W = ^ } c B n induced by £ in (2.2). 

(5 .6 .3 ) . — When m and r vary satisfying m < r < p — 1, the isomorphisms 
of (5.5) are compatible with the product structures. 

(5 .6 .4 ) . — For a line bundle C on X , the Chern class of C in the 

syntomic cohomology H2(Xsyn,5*) [FM] is sent to the Chern class of C in 

Hl(XT,l/pn2(l)) by the composite map H*(Xsyn,Srn)^H2(X,sddddddddd^(r))^ 

H*t(XT,Z/pnl(l))-

6. — C o n j e c t u r e of Fontaine—Jannsen 
In this section we prove Thm. (1.2). The following is the logarithmic version 

of the method in [KM] in which the good reduction case was considered. Let 
X be a proper scheme over A with semi-stable reduction. Let 

V™ = H%(X-F,QP), D171 = Q lim 
n 

df ((Y,MY)/(Wn,Wn(L))), 

where My is the inverse image on Y of the canonical log structure M on 
X (2.6). 

(6 .1 ) . — We define a canonical Bsi-linear homomorphism 

( 6 . 1 . 1 ) Bst ®qp Vm — Bst ®K0 Dm 

for m < p— 1 , which is compatible with the action of Gal(K/K) and with the 

frobenius ID and the monodromy operator Af. The canonical homomorphism 
Jn = Kev(On^Oxit)Jn = Kev induces 

Hm(x,sx^(r)) — i r " ( ( x „ , M n ) , w „ r = p r 

where (p = pr means the part on which the frobenius acts by pr. By (4.1) and 

(5.5), we obtain by taking Q lim 
n 

Vm(r) — • ( £ + ® £)^)^=o^=Pr / o r m < r < p — 1. 
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By tensoring with Qp(—r) and using the canonical map B7i®QP(-r)-+BaU 
we obtain 

Jn = Kev(On^Oxit)Jn = Kev(On^Oxit) 

For a fixed m such that m < p — 1, this map is independent of the choice of 

r such tha t m < r < p — 1. This defines the desired homomorphism (6.1.1). 

(6 .2 ) . — Assume XK is geometrically connected and of dimension d. Then 

we have trace maps 

^ qp(-d), 

K ®Ko D2d S H2DdR(XK/K) ^ K 

In the latter isomorphism, by replacing K by a finite extension which is Galois 

over Â o and by taking the Gal(A/K'o)_invariant part , we obtain the trace map 

D2d ^ K0 

(this isomorphism also follows from the Poincaré duality of the de R h a m -

Wit t complex WnUy proved in Hyodo [H2] and the isomorphism Dm = 

Q lim 
n 

Hm(Y,WnuJY)). 

Assume 2d < p — 1. Then the following diagram is commutative. 

Jn = Kev(On^Oxit) Bst{-d) S Bst 

by (6.1.1) 

Bat ®K0 D2d 

id 

Jn = Kev(On 

Indeed, this follows from the compatibility (5.6.4) with the Chern class of line 

bundles (cf. [FM] §6.3). 

(6 .3 ) . — We prove that the homomorphism (6.1.1) is an isomorphism if 

2 dimiXjA < V— 1. We may assume X is geometrically connected and m < 2d 
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where d = diim^Xx). Consider the commutative diagram 

BST ® VM x BST ® F2d"m B5< ® F2d S 

BST ® VM x BST ® F2d"m BST ® VM x BST 

id. 

induced by cup products. The Poincaré duality shows tha t the horizontal 

pairings are perfect pairings of free J3^-modules of finite ranks. From this, we 

see tha t the map (6.1.1) is an injection and its image is a 2?s<-direct summand. 

Since 

dimQp(Fm) = dimK(H%R(XK/K)) = dim*. (£>"»), 

we have the surjectivity of (6.1.1). 

(6 .4 ) . We show that the isomorphism 

(6.4.1) BDR ®q„ VM -Z* BDR ®K H%R(XK/K) 

induced by (6.1.1) preserves the filtrations. We prove first : 

(6 .4 ,2 ) . — The isomorphism (6.4.1) sends fil1 of the left hand side into fil1 

of the right hand side for any i G Z. 

It suffices to prove this for one choice of i, and so take i = r with m < r < 

p—1. Our task is to show that the image of l i m i J m ( X n , sl£g(r)) —» BDR®HDR 

is contained in filr. This will follow if we show that the map 

(6.4.3) lim 
n 

Hm((Xn, Mn)/Wn)) —+ BDR ® H%R 

sends the image of lim 
n 

Hm(((Xn,Mn)/Wn)crys, 
fg 

fg 
into filv. In [KM], 

it is proved tha t for any proper syntomic scheme X over A with smooth 

generic fiber, we have a canonical isomorphism 

Q lim 
n 

Hmdddd((XjWn) °XNIWN> 
J[r] 

XN/WN-
(B+R®H%R(dddXK/K))/filr 
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(here all things are without log structures). In the situation of this section, 

the same method shows that there is an isomorphism 

Q lim 
n 

H" (((Xn,Mn)/Wn) 
cry S ; 

°xn/w„ 
jlr] 
Jx» /wn 

*{BlR®H%Rsssss{XKlK))lfiV 

which is compatible with (6.4.3). Thus we obtain (6.4.2). 

Once we have (6.4.2), the fact tha t (6.4.1) is an isomorphism of filtrations 

is reduced to the injectivity of the maps 

(6.4.4) gx\BDR ® Vm) —+ gr\BDR ® Dm) 

induced by (6.4.1). Since gr*(J3£>#) — Cp(i), this map is rewritten as 

(6.4.5) C„(t) ® Vm 
JEI 

Cp{i-j)®ssssHm-i(XK,W). 

The bijectivity of (6.4.4) is proved by using the Poincaré duality by the 

argument as in (6.3). 

(6 .5 ) . — By (6.4), we have proved the de Rham conjecture of Fontaine [Fol] 

in the semi-stable reduction case under the assumption 2dim(X/^) < p — 1. 

However this conjecture is already proved by Faltings [Fa2] with no such 

assumption by a different method. We obtained in (6.4) (the bijectivity 

of (6.4.4) with i = 0) a new proof of the existence of the Hodge-Tate 

decomposition ([Fal]) under the assumption of Thm. (1.2). 
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Added in proof : Recently, generalizations of the results of this paper were 
obtained in the following papers by Takeshi Tsuji. 

- "Syntomic complexes and p-adic vanishing cycles" 

- "Log crystalline cohomology and log syntomic cohomology". 
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