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REPRESENTATIONS OF NASH FUNCTIONS

StawoMIR CYNK

Introduction.

The aim of this paper is to characterize Nash functions of m complex
variables in term of rational functions of m + 1 variables.

Using the notation introduced in Chapter I of the paper our main result
(Theorem II1.2.1) may be formulated as follows:

Let K be a compact, rationally convex subset of C™. A function
fiK—C

extends to a Nash function in a neighborhood of K if and only if there is a
rational function R € C(z,w), holomorphic in neighborhood of K x T (where
T denotes the unit circle in C), such that

f(z) = /TR(z,w)dw for z€K.

The paper is organized as follows:

Chapter I and II are of preparatory nature. In Chapter I we study the
class of rationally convex compact sets. As this class is essential in our further
considerations, we give detailed proves of all theorems that we shall use later.

The aim of Chapter II is to characterize Nash functions in terms of a special
class of Nash functions — called simple Nash functions (Lemma II.3.2). This
Lemma (in the case of m=1) was earlier obtained in [C-T]. In [D-L] similar
result (“in local situation”) was proved.

Chapter III contains main results of our paper.

Our result were inspired by [C-T] and [D-L]. We apply some methods used
in these papers.

53



S. CYNK

CHAPTER 1
Rationally Convex Compact Sets

1. Rational Functions . In this section we present some basic properties
of rational functions We shall need them in further sections of this paper.
Let us start with the definition of rational function on an algebraic subset

V of C™.

DEFINITION 1. The ring of rational functions of the set V', denoted by C(V'),
is the full ring of fraction of the coordinate ring Ry of the set V. An element
of the ring C(V), is called a rational function on V.

Let f be an arbitrary rational function on V. According to the definition
there exist two regular functions P, on V such that:

1. @ is not a zero-divisor in the ring Ry (in other words @) is not identically
equal 0 on any irreducible component of the algebraic set V'),

2. f=2,
Q

. . P, . .
DEFINITION 2. A rational function f = — is said to be holomorphic at point

a € V iff there exists a germ g € O,(V') of holomorphic function at the point
a such that g-@Q = P.

Let us notice that the germ g is uniquely determined ( does not depend on
the choice of regular functions P i Q). The set of point at which a rational
function is holomorphic is an open and dense (in euclidean topology) subset
of the set V.

The following theorem yields more precise characterization that set.

THEOREM 1. Let f be a rational function of V. The set of all points at which
the function f is not holomorphic, is a nowhere-dense algebraic subset of V.

P
Proof. There exist regular functions P, Q) € Ry such that f = — and the func-

tion @ does not vanish at any irreducible component of the set V.
The set

Xo:={(z,w) e VxP(C):Q(z) #0 and w-Q(z)=P(z)}

is a constructible subset and the set X := X, is an algebraic subset of V x
P!(C). Moreover X; := X N (C™ x C) is an algebraic subset of C™ x C.
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REPRESENTATIONS OF NASH FUNCTIONS

Let us assume that the function f is holomorphic at a point a € V. There
exists a germ g € O4(V) of holomorphic function such that g-@Q = P. In this

situation
XN ({a} xP') = {(a,9(a))}.

Choose an arbitrary holomorphic germ g; € O,(C™) such that g,y = g.
The holomorphic germ h € Q4 f(4))(C™ x C) defined by the formula

h(z1y- vy 2m, Zm+1) = Zm+1 — 91(21, - -+, Zm),

is an element of the ideal of the germ of the analytic set X; at the point
(a,g(a)).

Using the Serre Lemma (on polynomial generators) ([L], VII.15.3., p.337)
we conclude that there exist polynomials Py,..., P, € I(X;) (I(X;) de-
notes the ideal of the algebraic set X;) and germs of holomorphic functions
91559k € O(q,£(a))(C™ x C) such that g = g1 P +..., gx Py. Differentiating
the above equality we observe that for at least one index i = 1,...,k we have

OP: (4, f(a)) #0.

azm+l
Denoting by W the set of all points at which the function f is not holo-

morphic we state that

Wy = {a €V:dams1 €ECi(a,amy1) €X

OF
and  VF€I(X)) 5—(a,ant) =0}

U{a €V: (a,00) eX}u{ae Vi (XN ({a} x PY)) > 2} CwW.

We shall prove that
Wl = W

Suppose, on the contrary, that a € W \ Wj.
From the definition of W; we have

XN ({a}) xP' = {(a,ams1)},  ame1 €C.

Moreover there is a polynomial F' € I(X;) such that a(’?F (a,am1) # 0.
Zm+1

By the implicit function theorem there exist an open neighborhood U of
a € C™, a real number r > 0 and a holomorphic function
¢:U — amy1 + A1) (where A(r) := {z € C: |z| < r}) such that
F_I(O) N (U X (am+1 + A(T))) = d)
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As the natural projection
X 3 (Z1, s Tmy Tmt1) P (Z1,...,Zm) EV

is a proper mapping we may assume (if necessary — after suitable decreasing
of U and r) that
Xn (U X C) C ¢|(VxU)-

From the latest equality we can deduce that for any point z € V x U such
that Q(z) # 0 we have S(Z) #(2).

z

Since the set {z € V x U: Q(z) # 0} is dense in V' x U we have

P(z) = Q(z) - ¢(2) for any zeVxU,

and this means that the rational function f is holomorphic at the point a.
We obtain a contradiction which proves that W = W.

Let us notice that W = W) is an algebraically constructible set
(K] Th.IIL.11.1.; [L], VIL.£.3.— the Chevalley Theorem), and hence — since
it is closed — an algebraic set (cf. [L], VIL.8.3.,.p. 291—295). The proof is
completed 0O

Let 2 be an open subset of C™. We shall denote by R(2) the space of
all holomorphic functions on Q2 which are restrictions to the set 2 of rational
functions. Let us notice that a function f: Q2 — C belongs to R(Q?) if and
only if there exist polynomials P,Q:C™ — C such that @~1(0) N Q = 0 and
fe) = 22

Q(2)
their are uniquely determined (up to a constant factor).

Let K be a fixed compact subset of C™. Denote

for z € €. If the polynomials P,Q are relatively prime then

O(K) :={f: K — C: there exist an open neighborhood V of K
and a function f € O(V) such that f = f|x}.

An extension of a function from the class O(K) to an open neighborhood
of K is not uniquely determined.

In the same way as O(K) we define the class R(K).

Let us observe that a function f: K’ — C belongs to the class R(K) if and
only if there exist polynomials P,Q: C™ — C such that Q=*(0) N K = () and
f) = &
Q(z)

determined (even up to a constant factor).

for z € K. Polynomials P and @ are not (in general) uniquely
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REPRESENTATIONS OF NASH FUNCTIONS

The sets O(K) and R(K) have (with natural operations) the structure of
ring.

Let R;,...,R; be rational functions of m complex variables and let
P1, .-+, Pk > 0 be real numbers. We shall denote by

(1) {z € C™:|Ri(2)| < pi for i=1,...,m},

the set of all points of C™, at which all functions R; are holomorphic and
moreover all inequalities hold. The sets of the form (1) are open; we shall call
them rational polyhedra.

2. Rationally convex compact sets . In this section we collect basic
information concerning the class of rationally convex compact sets.

DEFINITION 1. A compact subset K of the space C™ is said to be rationally
convex iff for each point zg ¢ K the following two equivalent conditions hold:
(i) There exists a rational function R € R (K U{zo}) such that

(2) |R(z0)] > | Bl e

(ii) There exists a polynomial P:C™ — C such that P(z) = 0 and
P(z) # 0 for each point z € K.

Proof of equivalence of conditions (i) and (ii).

Let us assume that for a fixed point zp ¢ K condition (i) holds. Let
R € R(K U{2}) be any rational functions fulfilling inequality (2). Since
R € R(KU{z}) we can find polynomials @;,Q2:C™ — C such that
Q2(z) # 0 for each point z € K U {z} and R(z) = gl(j) for z € K.

2
Then the polynomial P(z) := Q1(z) — R(20) - Q2(%) satisfies condition (ii).

Now, we shall prove the converse implication. Let zo € K and let
P:C™ — C be any polynomial such that P(zp) = 0 and P(z) # 0 for each
point z € K. Put ¢ := min{|P(z)|: z € K'}. Since P does not vanish on K we

have ¢ > 0. If we put R(2) we get R € R(K U{20}) and
IRG)l = £ > & 2 |Rlx. O

The following remark proves that the class of rationally convex sets is very
large

BEORE:

REMARK 1.

(1) Any compact set K C C is rationally convex.

(2) Any polynomially convex compact set is rationally convex.

(3) If the sum of two disjoint, compact sets is rationally convex then both
summands are rationally convex too.
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(4) Intersection of any number of rationally convex compact sets is ratio-
nally convex.

(5) Product of two rationally convex compact sets is rationally convex.

(6) If f:C™* — C™ is a proper holomorphic map, K is a rationally convex
compact subset of C™ then the inverse image f~1(K) is rationally convex.

Proof. (1), (2), (4) are obvious. (3) is a simple consequence of Theorem 1.3.1.,
we shall prove it later.

(5) Assume that K; and K, are rationally convex compact subset respec-
tively of C™ and C* . Assume that (wo,20) € K1 x K. If wo ¢ K, then
there exists polynomial P:C* — C such that P(wp) = 0 and P(w) # 0 for
each point w € K.

The polynomial P;:C™ x C* — C defined by P,(w,z) = P(w) satisfies
conditions P;(wyo, z9) = 0 and P;(w, z) # 0 for each (w,z) € K; x K5. The
case of 29 € K> is similar.

(6) Since f is proper the set L := f~!(K) is compact. Fix any point 29 ¢ L.
Then f(z9) € K and consequently there exists a polynomial P;: C™ — C such
that P; (f(z0)) = 0 and P; does not vanish at any point of K.

Put ¢ := min {|Pi(2)]:2 € K} > 0. Since P, o f € O(C") there
exists a polynomial P:C"* — C such that P(z) = P1(f(2)) = 0 and
|P — Py o fllg-1(k) < c. Polynomial P does not vanish at any point of
the set L, and this finishes the proof. O

LEMMA 1. Any rationally convex compact set has a fundamental system of
neighborhood consisting of rational polyhedra.

Proof. Let Q2 be an open neighborhood of a compact, rationally convex
set K. Since K is compact there exists a rational number p such that
K c A™(p) := {z € C™:|z5l < p for ¢ = 1,...,m}. From the ra-
tional convexity of K it follows that for each ( € A™(p) \ Q there ex-
ists a rational function R; € C(z) such that R¢|guq;y € R (K U{(}) and

ROl > 1> |1l
The collection of open sets

{2 :={2 € C™:|R¢(2)| > 1}}¢eam(p\n

gives an open covering of the compact set A™(p) \ Q. Let Q,,...,Q, be a
finite subcovering. In this situation we get

m. | %1 . .
Kc{zeC :|;’|<1,z=1,...,mand |Re;(2)| < 1,j=1,...,r} CQ,

which proves the lemma. O
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REPRESENTATIONS OF NASH FUNCTIONS

3. Rational approximations. We start this section with the following
version of the Runge Theorem (cf. [Fu],Tw.1.2.1.; [G-R], Th.VIL.A.6.)

THEOREM 1. Let K be a compact, rationally convex subset of C™. For every
holomorphic function f € O(K) and every real number € > 0 there exists a
rational function g € R(K) such that ||f — g||x < €.

Proof. By the definition of O(K) there exist an open neighborhood 2 of K
and a function f € O(Q) such that f|x = f. By Lemma 1.2.1. there exist
R;y,...,R; € C(z) such that K C {z € C™:|Ri(2)| < L,i=1,...,s} CC Q.
The set K is compact so there exists a rational number 6 > 0 such that
K Cc {z € C™:|Ri(z)] < 1 -6,...,|Rs(2)] < 1—6}. Since the rational
functions R;,...,Rs belong to the class R(K) there exist polynomials
Pi,...,P,,Q € C[z] such that @ does not vanish at any point of K and

P .
Ri=—,i1=1,...,s. Let
Q
O ={(z,w) eC" xC: |w-Q(2) - 1| < 6|P(z) - w|<1-6 i=1,...,s}

Pz
Then for (z,w) € Q; we have ITQ%I < 1 and consequently z € Q. We can
z
define a function f; € O(Q;) by the formula f,(z,w) := f(z). The set Q; is a
polynomial polyhedron, and the set K := {(z, 5—(17)) ze K } is its compact

subset so by the Runge Theorem for polynomial polyhedra ([G-R], Th.I.G.8.)
there exists a polynomial R € C[z,w] such that ||R — fi||z < €. Defining

g9(z) =R (z, '67%7)) we can get g € R(K) and ||f —g||lxk <e. O

Proof of Remark 2.1(3). Let K; and K, be two disjoint compact sets such
that the sum K; UK is rationally convex. We shall prove that K is rationally
convex. Let 29 € K.

If zo ¢ K then 2o € K; U K3 hence there exists polynomial P € C[z] such
that P(29) = 0 and P does not vanish on K; U K5, and therefore P does not
vanish on K.

If zo € Ky then consider the function

1 ifz€ K.

KUK, > =
f KUKz 3 20 f(2) {0 if 2 € K.

Since sets K i K, are compact and disjoint we have f € O(K; UK3). There-
fore by Theorem 1. there exists rational function R € R(K; U K3) such that
If = Rllk,uk, < 3. But in this situation Ry := R|k,u(z) € R(K1 U {2})
and |R(29)| > 1 > ||R||k,. This proves the remark. O
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COROLLARY 1. If K is a compact, rationally convex subset of C™ and if
f € O(K), then f = {(z, f(z)):z € K} C C™*! is rationally convex, too.

Proof. Let (z9,wo) € f. We shall consider two cases

(1) 20 ¢ K.
Then there exists a polynomial P € C[z] such that P(2) = 0 and P does
not vanish on K. The polynomial P, € C[z,w] defined by the formula
P (z,w) = P(z) does not vanish on f and P;(zg,wp) = 0.

(2) 20 € K, Wo ;é f(Zo).
Let € := |wo — f(20)| > 0. By Theorem 1. there exists a rational function
R € R(K) such that ||R — f||x < §. Let Ri(z,w) := w — R(z). We have
R; € R(fU{(20,w0)}); moreover |R;(wp,z2)| = |wo — R(20)] > %¢ > £
> ||f = Rllx = ||Rulls-

Combining cases (1) and (2) we finish the proof. O

COROLLARY 2. Let K be a compact, rationally convex subset of C™ and let
V' be an algebraic subset of C™ such that V N K = (. Then there exists a
polynomial P:C™ — C such that P =0 on V and P does not vanish at any
point of K.

Proof. By Lemma 1.2.1. there exists a holomorphically convex open neighbor-
hood Q of K, disjoint with V. Since the set*V is algebraic, there exist poly-
nomials Pj,..., P, € C[z] such that V = {z e C™: Pi(z) = 0,7 =1,...,k}.
Since V. N Q = 0, functions P|gq,..., Pk|o has no common zeros. By the
B-Cartan Theorem ([G-R], Th. VIII.A.14., Cor. VIII.A.16.) there exist holo-
morphic functions gi,...,g9x € O(Q) such that g1 P, + -+ + gxPr = 1. Let
€:= (||Pi|lx + -+ ||Pellxx) " . By Theorem 1. there exist rational functions
Ry,...,Rr € R(K) such that ||g; — R;|| < 5. In this situation for any 2z € K
we get |R1(2)Pi(2) + - -+ + Ri(2)Pe(2)| > 3.

Since R; € R(K), there exist polynomials Si,...,Sk, @ € C[z] such that
3((22)) for z € K. Taking
P(2) := S1(2)Pi(z) + - -+ + Sk(2)Pi(z) we get P =0 on V and P does not
vanish at any point of K. 0O

@ does not vanish at any point of K and R;(2) =

COROLLARY 3. Let X be an algebraic subset of C™ and let K C X be
a rationally convex compact set. Then for any function f rational on X,
holomorphic at points of the set K there exist polynomials P,Q € C|[z] such
that @ does not vanish at any point of K and f(z) = ggz) for z € K.

Proof. Let V C X be the set of all point at which function f is not holo-
morphic. Theorem I.1.1. shows that V is an algebraic set disjoint with K.

By Corollary 2. there exists a polynomial @; € C[z] such that @; = 0 on
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V and Q; does not vanish on K. The set X := {(z,w) € C" xC: z €
X and Q;(z) - w = 1} is an algebraic subset of C™ x C. The function
f:X 3 (2,w) — f(z) € C is rational and holomorphic on the affine alge-
braic set X hence by the Serre Theorem ([L], VII.16.3, p.342) there exists a

polynomial P; € C[z,w] such that f = P;| % Therefore f(z) = P, (z, 11(2 )
for z € K and consequently

Pe) =P (2 g ) - @7,

Q(2) = (Qu(2)) == 1.

satisfy the assertion. O

4. The rational hull of a compact set. Let K be a compact subset of
C™. Following Remark 2.1. we can formulate

DEFINITION 1. The rational hull of K, denoted by K, is defined to be the
smallest rationally convex compact set containing K.

LEMMA 1.
(i) For each compact set K the map

7:R(K)> R R|x € R(K)

is an isomorphism.
(ii) For any two compact sets K; and K, we have

K, x Ky = K; x K.

Proof. (i) We first prove that the map = is surjectiv. If R; € R(K) then
there exist polynomials P,Q € C(z) such that @ does not vanish on K and

P
Ri(z) = QEZ for z € K. Then ¢ := min {|Q(z)|: 2 € K} > 0, and moreover

=z e eloto 2 5)

is a rationally convex compact set. (If 2o ¢ K, then zo ¢ K or |P(z0)| > 5.
In the first case, since K is rationally convex, there exists a polynomial Py
such that Py(z0) = 0 and P; does not vanish on I, and consequently on K.

In the second case the polynomial P5(z) := Q(z) — Q(z¢) does not vanish on
K; and PQ(Z()) = 0)
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By the definition of rational convexity K C K hence @ does not vanish
on K. Consequently R := (E) ‘ _ € R(K) and R|k = R;. This proves the
K

o @
surjectivity.

Now, we shall show that = is injective. To prove this we take an
arbitrary rational function R € R(K) such that R|x = 0. There exist

~ P
polynomials P, Q € C(z) such that @ does not vanish on K and R(z) = QE;;
for z € K, therefore we have Plg = 0. Let us notice that the set
K, := {z € K:P(z) = 0} is rationally convex.

(Let zo ¢ K. If zg ¢ K then by the rational convexity of the set K there
exists a polynomial P, € C[z] such that Pi(2) = 0 and P, does not vanish
on K, and consequently on K. If z9 € K then P(z) # 0 and polynomial P
does not vanish at any point of the set K;.)

From the definition of rational hull we conclude that K C K, hence that
P|j =0, and consequently that R = 0.

(ii) Inclusion K; x Ky C K; x K is a srtaightforward consequence of the
definition of rational hull and Remark 1.2.1(5).
The opposite inclusion follows immediately from the obvious equality

{Zo} X Kz = {z()/}\X/Ifz O

LEMMA 2. If Q) C C™ is a rational polyhedron, and if K is a compact subset
of Q then K C Q.

Proof. Let

Q={z€C™|Ri(2)| <1,...,|Rs(2)| < 1}
where R;,...,R; € C(z). There exist relatively prime polynomials P;, Q;
such that R; = il (i=1,...,s). Since Q;(z) # 0 for any point z € K, we

have (as in the plfoof of Lemma 1.) @Q;(z) # 0 (¢ = 1,...,m) for any point
z € K. Define r; := |Ri||k, (i =1,...,s). The set

Ky = {z € K:|Ri(2)| < i}

is compact.

Now, we shall prove that the set K; is rationally convex. In order to
do this let us choose an arbitrary point zo ¢ K. If zo ¢ K then from
the rational convexity of K it follows that there exists a rational function

RER (Ii’ U {zo}) such that |R(29)| > ||R|| - If z0 € K then by the definition
of the set I{; there exists an index ig € {1,...,s} such that |R;,(z0)| > 7i,- In
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this situation the function R; |k, U {20} € R(IK1U{z0}) satisfies the condition
(ii) of the definition of rational convexity.

Let us observe that K C K hence that by the definition of rational con-
vexity K C I{; C Q, which completes the proof. O

CHAPTER I1
Nash Functions

1. Definitions and basic properties. In this section we shall present some
basic properites of Nash functions. We shall start with the following definition

DEFINITION 1. Let Q be an open subset of C™ and let zo € 2. We say that
a holomorphic function f:Q — C is a Nash function at zq if there exist open
neighborhood U of 29, U C Q, a polynomial P:C™ x C — C, P # 0, such
that P (z, f(z)) = 0 for z € U. A holomorphic function defined on {2 is said
to be a Nash function iff it is a Nash function at every point of Q2. The family
of all Nash function defined on Q we denote by N().

The restrictions of rational functions which are holomorphic on a fixed open
set 2 give examples of Nash functions on §2. Therefore we have the following
inclusions

R(Q) C N(R2) C O(Q).

Assuming that 2 is connected, we can give a more precise description of the
class of Nash functions on Q ([T], Remark 1.2 p. 228)

REMARK 1. Let D be a connected, open subset of C™, and let o be a fixed
point of D. If f is a holomorphic function defined on D then the following
conditions are equivalent:

(1) f is a Nash function at z,

(2) T € N(D),

(3) there exists a proper algebraic subset X of C™ x C such that
f={(zf(z):: € D} C X,

(4) there exists a unique irreducible algebraic hypersurface X ¢ C™ x C
such that f C X,

(5) there exists an irreducible polynomial P:C™ x C — C, unique up to
scalars, such that P (z, f(z)) =0 for z € D.

Moreover, it can be seen that X in (4) is equal to the Zariski closure fZ of

finC™ x C.
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DEFINITION 2. Let Q be an open subset of C™ and let zo be a fixed point of
. A holomorphic mapping F:} — C" is said to be a Nash mapping at zg
iff all components of F a Nash functions at zo. A mapping F' is said to be a
Nash mapping if it is a Nash mapping at every point of Q.

In this paper we shall use only the simplest properties of Nash functions.
For more deteils (and proofs of quoted theorem) we refer the reader to [T].

THEOREM 1. ([T], Th. 1.10.) The composition of Nash mapping is a Nash

mapping too.

THEOREM 2. ([T], Cor. 1.11.) IfQ is an open subset of C™ then N () is a
subring of the O(f?) of holomorphic on Q.

THEOREM 3. ([T], Cor. 1.12.) IfQ is an open subset of C™, f € N(Q), then

of a
B_LEN(Q) for i=1,...,m.

2. Simple Nash functions . Let D be C™ and let g € N (D). The set
Xg := g* N (D x C) is an analytic subset of D x C, of pure dimension m.
Since g is an irreducible m-dimensional analytic subset of D x C contained in
Xy, it is an irreducible component of X,. Let Y, be the union of the other
components of X,.

DEFINITION 1. A function g € N (D) is said to be a simple Nash function if
gNY, =0. We denote by N (D) the family of all simple Nasha functions on
D.

Since g = {(2,9(2)): 2 € D} is a complex manifold, we see that gNY, =0
if and only if each point of g is a regular point of the algebraic set gZ, and so

N(D)={g9 € N(D):g C Reg(3*)}.

LEMMA 1. Let D be an open connected subset of C™, R € R (D) and
gEN (D). If FR: D x C 3 (z,w) — (z,w+ R(z)) € D x C, then

Xg+r = Fr(Xy) and Yorr=Fr(Y,).

Moreover, if g €N (D) then g+ R €N (D).

Proof. 1t follows from Remark II.1.1. that there exists a polynomial
P:C™ x C — C such that (z,w) € g* if and only if P(z,w) = 0. Since
R € R(D), it follows that there exist polynomials @;,Q2 € CJ[z] such
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Q1 (2)
Q2(2)
The function P;(z,w) := P(z,w — R(z)) - (Q2(2))*2 ¥ is a polynomial and
moreover P (z,g9(z)+ R(z)) =0 for 2z € D. Therefore

for z € D.

that @, does not vanish on D and R(z)

Xg+r C {(z,w) € D x C: Pi(z,w) =0} = Fr (Xy).

Now, fix R and g. Suppose on the contrary that X 4 p g Fr(Xgy). Then
Xy = X(g+r)+(-R) C F-r(Xg+r) G F-r(Fr(Xy)) = X, which is impos-
sible, and, so Xg4r = Fr(Xy). The mapping Ff is a biholomorphism, so
it maps irreducible components of X, onto irreducible components of X4 g.
And consequently from Fg(g) = g + R we see that Yy r = Fg (Yy).

If g €°N(D) then, by definition, gNY, = 0. We have (g+ R) N Yy r
= Fr(9) N Fr(Yy) = Fr(gNY,) =0, hence g + R €N(D), and the proof is
complete. O

LEMMA 2. Let K be a compact, rationally convex subset of C™, D
an open, connected neighborhood of K, and let f € N(D), g €°N(D). If

Pl (279(2)) = f(Z) on a

Ql (Za g(Z))
dense subset of D then there exist polynomials P, Q: C™ x C — C such that

for every z € K :

1) Q(z9(2)) #0,

_ P(z,9(2))
2 S =56

Proof. Let X be the Zariski closure of g in C™ x C. Consider the rational

P,Q.1:C™ x C — C are polynomials such that

function on X defined by A . This function is holomorphic at each point of
1
the set g. The Lemma follows from Corollaries I.3.1. and 1.3.3. O

The lemma is no longer true if it is only assumed that g is a Nash function

(9 € N(D)).

EXAMPLE 1. Let D = B(0, §), and let f(z) := 1 — /T — 4z where /1 — 4z is
a holomorphic branch of the square root of 1 — 4z in D such that f(0) = 0.
Define Py (z,w) := w, Q:(z,w):=z, K :=B(0,}) and g(z):=z- f(z) for
2 € D. Then
(2,9(2)) _ z-f(2)

Pl Zy9 ) _ = f(z
01 (9() = 1),

in D\ {0}.
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Suposse that there exist polynomials P, such that

_ P(z,9(2))
UL TEEk

for z € K. Without loss of generality we can assume that Q(0,0) = 1. Since
P(0,0) = 0, there exist polynomials Ry, Ry, R3, Ry € C|[z] such that

P(z,9(z)) = 2R1(2) + z (1 = V1 — 42) Ry(2)

and

Q(2,9(2)) =14 zR3(2) + 2 (1 — V1 — 42) R4(2)

z€B (0, %) . Consequently we get

— _ le(z)+z(1— 1—4z)R2(z) _ 1
(- 1——42)_1+zR3(z)+z(1— 1—4z)R4(z)’f0r zEB(O,g>.

From the above equation we get
(1 — v1—42) (14 2R3(2) + 22Ry(2) — Ra(2)) = 2Ry1(2) + 42 Ry(2),

and so 1 — /1 — 4z € C(z) which is impossible.

3. Resolution of singularities of a graph of Nash function. The aim
of this section is to give a special characterization of Nash function.

LEMMA 1. Let E be a rationally convex compact set, and let D and G be
open, connected subset of C™ such that 0 # G C E C D. If f € N(D),
then exist a function g €N (G) and polynomials P,Q:C™ x C — C such that
P(z,9(z
£y < P29()
Q (2, 9(2))

Proof. Let us denote by X the Zariski closure fZ of f in C™ x C. By
Remark II.1.1. there exists a unique (up to constant) irreducible polynomial
W:C™ x C — C, W # 0 such that X = {(z,w) € C"™ x C: W(z,w) = 0}. Let
W(z,w) = Yo, ai(2)w (ax, # 0).

Observe that without loss of generality, we can assume that ar = 1.
(Otherwise, instead of f we consider function f; = aj - f, which has the
desired property. If we have the representation for the function f; then the
one for f we shall get by dividing by ax.) Under this assumption the hyper-
surface X satisfies the following additional property: the resriction 7x := 7|x
to X of the natural projection 7: C™ x C — C is a proper mapping.

on a dense subset of G.
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Let the couple (X,7) consisting of algebraic set X ¢ C and proper,
regular and birational mapping 7: X — X be a normalisation of X as in
([L], VII.16.5., p. 347, Prop. 4.) Since the mapping mx o 7 is proper, it
follows that F := =1 (n%'(E)) is a compact, rationally convex set. Using
the notation of the previous section we see that f is a irreducible component
of Xy=XnN(DxC).

As

Tlr-1xpy: 7 (Xy) = Xy

is a normalisation of Xy, it follows that ([L], Prop. 1, p. 255) there exists an
open—closed subset H of 771(X) such that

T|g:H — f

is a biholomorphism.
The set Fy := HN F is an open—closed subset of F', so defining

0, ifzre F,

:F =
x:F 3z x(z) {1, if o ¢ Fy,

we get x € O(F). By Theorem 1.3.1. there exists x; € R(F) such that
Ix = x1]lF < . Let xo be a rational function on X such that x2|r = xi.

U := (7x o T, x2) is a rational map between X , and an irreducible algebraic
hypersurface X; C C™ x C. Since for anyy € HN7~1 (X N (G x C)) C F, we
have ¥~ (¥(y)) = {y}, it follows from ([K], Th. II.11.1.) that the mapping
¥ is birational.

From the definition of x» we see that for the holomorphic function

G 3z xo ((T|H)—1 ((z, f(z))) €C,

g= (GxB(O,%)) N Xy,

and consequently g €NV (G).
Consider the rational mapping between X; and X defined by

he have

d:=70071,

From the above constructions it follows that ®(z,w) = (2, #(z,w)), where ¢
is a rational function on X; such that

f(z) = 6(2,9(2))
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for z € G. P
There exist polynomials P, Q: C™ xC — C such that ¢ = 6 Consequently,
we get
P(z,9(2))
2) = —F/———=£%
= 8G.e)

on a dense subset of G (out of the zeros of the denominator), which is the
desired conclusion. O

LEMMA 2. Let E be a compact, rationally convex set and let D and G be
connected open subset of C™ such that ) # G C E C D. Let a be a fixed point
of G. If f € N(D) then there exist a function g € N(G) and polynomials
P,Q:C™ x C — C such that

(1) g(a)=0,

2 9G)cU,

3  F#n(GxU)=gle
4) QHON(GxT)=0,

_ Plz,g(2))
) 1D =5G )

Proof. By Lemmas [.2.1. and 1.4.2. there exist an open neighborhood 2 of F
and a compact, rationally convex set E; such that Q2 C E; C D. Let D; be
the component of 2 which contains G. Since, by Remark 1.2.1., DN F is a
rationally convex set, without loss of generality we can assume that £ C D;.

Lemma II.3.1. shows that there exists a function g; €°A(D;) and poly-

nomials Py, Q1:C™ x C — C such that f(z) = % on a dense sub-
1\%, 01

set of D;, whereas from Lemma I1.2.2. we see that there exist polynomials

P5,Q2:C™ x C — C such that for = € F we have @Q2(z,91(z)) # 0 and
_ Py(2,91(2))
1= .G aE)

The set E is compact, g1NY,, =0 and gi1|pNQ; " (0) = 0, so there exists

d > 0 such that dist(g1| g, Yy, U Q5" (0)) > 2d. By Theorem I.3.1. there exists

a rational function R € R(FE) such that R(a) = gi1(a) and ||g: — R||g < d.

Taking
. l B __ Py(z,dw+ R(z))
g L d(gl R)’ ¢ Lo QQ(Z,d'LU‘l‘R(Z)),
we get g € N(G) and moreover:
(a) g(a) =0,

for z€Q@.
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(b) |g(2)] < 1 for z € G,
(c) lw|>1for (z,w) €Yy, 2z€G.

But ¢ € R(E x U) hence there exist polynomials P,Q:C™ x C — C such that
(@) Q70N (G xT) =0,

_P9() 4.,
() 1) = GGty W22 €€

The proof of the lemma is complete. [

CHAPTER III
Representations of Nash functions.

1. The operator S . Let K be a fixed compact subset of C™. We shall
use the following notation

N(K) := { f: K — C: there exists open neighborhood V' of K
and a function f € N(V) such that f|x = f}.

In this section we shall consider the operator
S:O(K xT) — O(K),

defined by S(f) := ao, where f(z,w) = ), czan(2)w"™, an, € O(K). This
operator admits the following integral representation:

S(f)(z) = %/Tﬂ%"-’—)dw, :eK.

In the same way as in [C-T] (in the case of m=1) one can prove that for
every compact connected subset K of C™ the following inclusion holds

S(R(K x T)) € N(K).

In the next section we shall give detailed proof of this inclusion and investigate
the converse one.
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2. Representations of Nash functions . The main result of this section
is

THEOREM 1. If K is a compact, connected and rationally convex subset of
C™ then
S(R(K xT)) = N(K).

Proof. Let us choose an arbitrary function f € R(K x T'). There exist poly-

nomials P, Q: C™ x C — C such that @) does not vanish at any point of K x T
P(z)

and QC) = f(z) for z € K x T and an open, connected neighborhood D of
K such that Q72(0) N (D x T) = 0. Put f(z) := g(z) for € DxT.

There exist a non-empty open subset D; of D and Nash functions
®q,...,P, € N(D;) with pair-wise disjoint graphs such that

{(z,w) € D; xU:Q(z,w) - w=0} =P, U---UPy,

where U denotes unit disc in C.
From the above equality and definition of S we get

5(f) () = Z iy (-2, 228 (a0, 2 e p

where N is sufficiently large integer. From Theorems I1.1.1., I1.1.2. and II.1.3.
we get S (f) |p, € N(D;), hence, by Remark I1.2.1, S (f) |p € N(D), and

consequently S(f) =S (f) |k € N(K).

Now, let g € N(K). There exists a connected, open neighborhood D of K
and Nash function § € N(D) such that g = §|kx. From Lemmas 1.2.1. and
1.4.2. it follows that there exist connected, open neighborhood G of K and
rationally convex compact set E such that G C E C D. From Lemma II.3.2.
we get
P (2, h(z))
Q (2, h(2))

(where P, Q, h satisfy assertion of this Lemma).

Let R be an irreducible polynomial describing the graph of h (cf. Remark
I1.1.1.). As h(z) is the only zero (“with multiplicity one ”) in U of the entire
function

for 2 €G

g(z) =

Co>ww R(z,w) eC
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we have ) P( ) Ru )
- Z,w w(2, w
10 =35 JroGw) Rw) ™ ¢

Taking

“. P(z,w) Ru(z,w)
Q(z,w) R(z,w)’

F(z,w):= (z,w) e K xT

we get F' € R(K x T'), S(F) = g and consequently g € S (R(K x T)), which
proves the theorem. 0O

COROLLARY 1. If K is compact and connected subset of C™, then
S(R(K x T)) = {hlx:h e N'(K) } € N(K),

where K is the rational hull of K.

Proof. Let g € S(R(K x T')). There exists a rational function R € R(K xT)
such that S(R) = g. Lemma I.3.1. shows that R = R;|xxr for a rational
function By € R (K xT) =R (K xT).

Define h := S(R;), Theorem 1. gives h € N'(K) and g = h|x.

In order to prove the converse inclusion assume that g € N(K) and there
exists a Nash function h € N(K) such that h|x = g. Theorem 1. gives

h = S(R;) for a rational function R; € R (I; x T ) Taking R := Ry|gxT We
get R€ R(K x T) and g = S(R), and the prove is complete. O

The following example proves that Theorem 1. is no longer true when we
drop the assumption that K is rationally closed.

EXAMPLE 1. Let

K= {(z,w) €C% 12| < Jul < 1} U { (1+ exp(it), 0): ¢ € [, gw]}

and let g(z,w) = /% — 2 for (z,w) € K. Since g*(z,w) + (z — 3) = 0, we
have f € N{K).

Observe that U% C K. (If (29, wo) € U?\ K then, by Definition 1.2.1.,
there exists a polynomial P such that P(z9,wp) = 0 and P does not vanish

on K. In this situation the function P is holomorphic in neighborhood of K,

and so has a unique extension to U? — which contradicts P(zo,wp) = 0.)
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Then 3
{(1 + exp(:t),0):t € [0,27]} C K,

hence there is no function g € O (I~() such that §|x = g, and it follows from
Collorary 1. that g € S (R(K x T)).

Theorem 1 is no longer true if we replace compact set K by an open set
and define S in the same way as before

EXAMPLE 2. Let F :={z =2 +iy € C:y = expz —1, z > 0}. Then
Q:=C\ F is a Runge domain biholomorphic with the unit disc.

Let f(z) = /z be a holomorphic branch of the square root in 2. We shall
prove that f is not image under the operator S of any rational function, which
is holomorphic in a neighborhood of @ x T. Assume that R is the desired
rational function, holomorphic in a neighborhood of 2 x T'. In this situation

we have R = — where P, () are relatively prime polynomials. Consequently

Q' O)NOXT)=0,s0 A:=1I; ({(2,w): Q(2,w) =0, |w| = 1}) C F (where
II;: C x C — C is defined by II; (2, w) = 2).

From the Tarski—Seidenberg Theorem we deduce that A is a semialgebraic
subset of F', so it is finite. But S(R) € O(C\ A), and hence S(R) # f.

The following example proves that R(K x T') in Theorem 1, cannot be
replaced by N(K x T).

EXAMPLE 3. Let

o= (- 55)" (0-3)

Then f € N (U x T), but

s =3 (1) s

n€N

0=

(z,w) e N(U x T).

is a transcendental function (cf. [B], p. 159 and [Bo]).
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