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0. INTRODUCTIO N 

This work has been motivated by two problems, which interacted wit h one 
another: attempt s to solve one helped to solv e the othe r one . 

The first one originated in [Brl] , where is presented a  conjecture about th e 
structure of any block with abelia n defec t of any finite group (se e [Brl] , 6.1), 
which states that such a block should have the same type as the corresponding 
block of the normalize r o f its defec t group. On e of our goals was to check this 
conjecture i n th e cas e of the finite  reductiv e group s GF (w e denote b y G a 
connected reductive algebrai c group over an algebrai c closure of a finite field 
F q , b y F: G —• G a  Frobeniu s endomorphis m defining a  rationa l structur e 
on this finite field,  and by GF th e grou p of rational points). Thi s i s achieved 
in the presen t wor k (see §5.C, 5.24), a t leas t fo r "large " prim e numbers (i.e., 
in th e spli t case , prime numbers  whic h do not divid e the orde r o f the Wey l 
group of G). 

By general properties o f isotypies (see [Brl]), our results imply in particular 
that, fo r large prim e numbers , conjecture s a s Alperin' s weight conjectur e o r 
the Alperin-McKa y height conjectur e ar e verifie d fo r unipoten t block s (and 
so for "almost " al l blocks) o f all finite reductive groups . 

The secon d question which motivated thi s work was to understand bette r 
the "generic " aspects o f block theory o f finite reductive groups . 

Throughout th e intensiv e work which has been done recently by many au -
thors about block s of finite reductive group s (amon g whom Fong-Srinivasan , 
Schewe, Cabanes-Enguehard , Hifi , Geek , an d th e authors) , i t ha d becom e 
gradually clea r that, for large prime numbers I, properties o f ^-blocks of GF 

do no t reall y depen d o n the prim e numbe r £ , but rathe r depen d o n th e cy -
clotomic factor o f the "polynomia l order" o f GF whic h is divisible by £  (see 
[BrMa] and §1. A below). 

This remark had t o be put i n the perspectiv e opened by the work'o f C,W. 
Curtis, wh o defined i n particular th e "generi c degrees" o f characters o f G F , 
and subsequentl y o f his student R . Boyc e (se e [Boy] ) who defined character s 
"with $d~defec t zero". 
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A fe w experiments convince d us that i t wa s indeed very often possibl e to 
replace £ by the corresponding i n many of the congruence relations involved 
in modular characte r theory . 

One o f the aim s of the presen t wor k is to presen t furthe r evidenc e for th e 
existence of a "generi c representation theor y o f generic groups". Usin g exten-
sively [BrMa ] (where ar e define d wha t w e call here "generi c finite  reductiv e 
groups", a s wel l as thei r $<j-subgroup s an d thei r centralizers) , w e introduce 
here a  formalis m which allows us i n particular t o grou p th e unipoten t char -
acters int o $d~block s and t o define a  suitable notio n of "$^-defect group" of 
a unipoten t characte r (se e definition 4. 7 below). Fro m many point s o f view, 
this $d~defec t grou p ( a rational torus in G) behaves like an ordinar y defec t 
group. Moreover , if £ is a  larg e prim e whic h divides $<f(g) , the n th e actua l 
^-defect grou p is just th e Sylo w ^-subgroup of the grou p of rational points of 
the $<f-defec t group. 

One o f the by-product s o f this approac h i s indee d th e fac t tha t w e ca n 
treat th e cas e of 7r-blocks a  se t o f large prim e numbers  whic h divide th e 
same cyclotomi c factor ) th e sam e wa y we would treat ^-blocks , an d thi s i s 
what w e present here . 

With these tw o questions in mind, we came upon the main theorem of this 
work (se e 3.2). Thi s theore m i s certainly th e mai n too l to stud y ou r blocks , 
but i t is also interesting in itself. I t shows in particular that the usual so-called 
Harish-Chandra theory of characters, a s well ELS many aspects of the Howlett -
Lehrer-Lusztig theor y about induction of cuspidal characters, mus t b e viewed 
as a  particular case (the cas e associated with th e first  cyclotomi c polynomial 
$ 1 ) o f a genera l se t o f results whic h hold fo r every  cyclotomi c polynomial, 
provided one replaces the famil y of "Harish-Chandra" Lev i subgroups by th e 
family o f centralizers o f ^-subgroups (calle d here d-spli t subgroups) , an d 
the cuspida l character s b y the "d-cuspida l characters" . 

In particular, theorem 3. 2 shows that, provided each irreducible unipoten t 
character i s equippe d wit h a n appropriat e sign , Deligne-Luszti g inductio n 
from d-spli t subgroup s i s nothin g bu t th e ordinar y inductio n i n Weyl-type 
groups which are independen t o f q. 

We thank Paul Fong for a careful an d usefu l readin g o f the first  versio n of 
this manuscript . 

1. NOTATION , PREREQUISITE S AN D COMPLEMENT S 

A. Generic finite reductive groups. 

In §1.A, we recall notation, definitions and some results from [BrMa] con­
cerning generic finite reductive groups. 
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We cal l "generi c finite  reductive group " wha t i s called "donnée radicielle 
complète" in [BrMa]. Le t us recall briefly the definition and set our notation. 

A roo t datu m of rank r i s a quadruple (X , R, Y, Rv) suc h that 

(rd.l) X an d Y are free Z-module s of rank r, endowed  with a  duality X x 
Y — • Z denoted by (x, y) h-» <x, y>. 

(rd.2) i ? and i ?v are finite subsets of X an d Y respectively, endowed with a 
bijection R —• i ? v denoted by a i—• av. 

(rd.3) Fo r a G  R w e have <a , a?v> = 2 . Let s a b e the involutiv e auto -
morphism o f X define d b y sa(x) = x — <Cr,a v>a, an d let b e its 
adjoint, a n automorphism of Y (one has s^(y) = y — <a, y > av ) . The n 
s a ( i? ) =  # a n d 5 ^ ^ ) = ^ . 

The Weyl group of the root datum (X, iî, Y, i ? v ) is the subgroup of the group 
of automorphism s o f Y generated b y the fo r a e R. 

The following definition is valid in the general case; for the particular 
twisted cases 2B2, 2 F 4 , 2G2, the reader may refer to [BrMa] . 

Definition. 

• An automorphism of the root datum (X , iî, Y, i ? v ) i s an automorphism 
4> of Y which stabilizes Rv an d such that </> v stabilizes R. 

• A generic finite reductive group is a pair G = (r<c, WG</>), where TQ 

is a root datum , WQ is its Weyl group , and <j> is an automorphism of 
finite orde r o f TQ. 

Let p be a prime numbe r an d let Fp b e a chosen algebraic closur e of ¥ p. 
To a root datum T G i s then associated a  pair (G, T) where 

• G is a connected reductive algebrai c group over Fp, 
• T is a maximal torus of G, 

and suc h a  pair  i s uniquel y determine d u p t o inne r automorphism s o f G 
induced by the elements of T. 

The isogeny theorem (cf. for example [Sp2] , 11.4.9) implies the following : 

(1.1) To a linear map of Y of the form q<j), where q is a power of p and (j) an 
automorphism of TQ, is associated an isogeny Fq<$> : G —• G of the algebraic 
group G, uniqueiy determined up to inner automorphisms of G induced by 
elements of T. 

If q = 1 , the isogeny F<f, i s in fact a n algebraic automorphis m o f G; oth-
erwise, th e isogeny Fq<^ is the Frobeniu s endomorphis m associate d t o some 
Fq-structure o n G. Not e that, sinc e T is commutative, if </> and (j)' commut e 
then Fqtf, commute s with Fqip fo r any other powe r qf of p. 
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Thus, give n a generic group G, the choic e of a power q > 1  of p an d o f an 
element <f> in the cose t W<j> determines a  triple (G , T, F), where F = Fq<f, i s a 
Frobenius endomorphis m (suc h a construction i s also possible in th e twiste d 
cases, where q has t o b e replaced b y an od d power of y/2 o r \/3 > and F i s a 
special isogeny of the correspondin g group o f type B 2 , F4 or G 2 cf. [BrMa], 
§2). Le t us cal l such a  triple a  "(g , </>)-triple associated to G" . A s in [BrMa] , 
§2 we will write G(q) fo r G F . 

Usual invariants of a generic finite reductive group (cf. [BrMa]) . 

Preliminary remark. Wha t follow s i s written in the "genera l case" . I n orde r 
to appl y i t t o th e twiste d case s ( 2 B 2 , 2 F4, 2 G 2 ) , on e has t o perfor m a  few 
modifications, suc h a s t o replac e the rin g Z  an d th e field  Q by , respectively, 
l\y/T\ an d Q(V2) (fo r 2 B 2 an d 2 F 4 ) , or by Zfv^T 1] an d Q(\/3 ) (fo r 2 G 2 ) . 
We leave this work to the reader . 

Let G  = ((X , i?, Y, i ?v ) , WG</>) be a generic finite reductive group . 
We set V = Q<8)Y an d W = WQ. We denote by SV th e symmetri c algebr a 

of V , by (SV)W th e grade d subalgebr a o f ^-invariant element s o f 5V, an d 
by 21 G the idea l o f (SV)W consistin g of elements without degre e zero terms . 

• Th e vector space 21̂ /21^ has dimension r, an d i s endowed with an actio n 
of th e imag e 4> o f <f> modulo W. W e set 

eG : = ( - l ) r de t0 . 

• W e se t RG := SV/(SV%Q) .  The n RG i s a  finite  dimensiona l graded 
algebra which , as a  QT^-module , is isomorphic to th e regula r representatio n 
of W. W e denote b y RNG th e subspac e o f elements o f degree n o f i?G , an d 
by 2N(G) th e numbe r o f elements o f the roo t system R. The n w e have 

N(G) 

RG = ^2 RUG 

71 = 0 

• Th e polynomial order o f G (denoted by OQ(X) i n [BrMa] ) is the polyno -
mial denoted her e b y IG I an d define d b y the formul a 

(1.2) | G | ^ j . 

W\ ^ w e W det v(l -  xw<j>) 

If (q,<j>) (whenc e ( G , T , F )) i s chosen, one has | G F | = |G | (g ) . 
We recall now how various definitions are translated in the setting of generic 

groups. 
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Tori and Levi subgroups. 

• A  generic torus is a generic group such that R = i ? v = 0 (so W<j) re-
duces to a single element). Generi c subtori of G (called "sous-données 
toriques" in [BrMa] ) are generi c tor i o f the form ((X*,Yf),w<j)\Y') 
where w G  W and Y' i s a w</>-stabl e direct summan d of Y and X1 

its dua l (a quotient of X). 
• Generic Levi subgroups of G (called in [BrMa] "sous-données de Levi", 

and ofte n abbreviate d herei n "Lev i subgroups" ) ar e generic group s 
of th e form ((X,R',Y,R'w),WR,w<l)), wher e w G W, where R" i s a 
parabolic subsyste m o f i ?v which is w</>-stable and where WRI is the 
Weyl group of i ? , v . 

Lifting scalars. 

Let T be a root datum, and let G = (r, W<j>) be an associated generic finite 
reductive group . Le t a G N. 

(1.3) We define the generic finite reductive group G( a ) = (r (a ),<£ (a )) by the 
following rules: 

(ls.l) r<a> := r x • •  • x T (a times), 
(Is.2) <f>(a) is the product of (j) (acting diagonally on T x • • •  x T) and the 

a-cycle which permutes the various factors T of r<°>. 

We have |G( a ) | (x) = |G|(a; a). Le t (G,T ,F„) b e a ^-triple associate d 
with G, and let (G( a>,T< a), J*0)) b e a (q, ̂ )-tnp\e associate d wit h G<B>. 
Then 

(1.4) G < a ) F ( a ) ~ GF" . 

In othe r words , we have G^a\q) ^  G(g a ) . 

Changing q into —q. 

Let G = (FG,WG</>) b e a generi c finite  reductiv e group . W e recall (see 
[BrMa]) that we define the generic finite reductive grou p G~ b y 

(1.5) G- := (r G ,WG(-$ ) • 

Note that if - Id G WQ, then G" = G. 
We have |G" | (x ) = ( - l ) r | G | ( - x ) . 

The radical, the "semi-simple quotient", the adjoint group, the dual group. 

If G = ( (X, i? , y , i 2 v ) , W(j>) i s a generic finite  reductiv e group , we denote 
by Q(R) the Z-submodule of X generate d by R. 
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• Th e radical o f G is by definition th e generic torus defined by 

Rad(G) : = ((X/Q(R)±J-,Q(R)L),<1>\Q(R)±) • 

For a  triple ( G , T , F ) associate d wit h G , the algebrai c grou p associate d 
with Rad(G ) i s Z°(G) (th e connected component of 1 in the center Z(G) of 
G). 

• Th e generic "semi-simpl e quotient " o f G is "th e quotien t o f G by its 
radical Rad(G)" , namel y 

G S 8 : = ((Q(R)L±,R,Y/Q(R)L,RW), W<f>) 

(here "</> " stands for the automorphism o f Y/Q(R)± induce d by 0, and i ?v 

stands for the image of i ?v i n Y/Q(R)±). 
For a  triple (G ,T , F ) associate d wit h G , the algebrai c grou p associate d 

with G s s is G/Z°(G). W e have |G S S | = |G|/ |Rad(G)| . 
• Th e duai generic group is defined by 

G* : = {{Y,R\X,R),W<f-1), 

where the automorphism </> v o f X is the adjoint o f <f>, and where W is identified 
with its contragredient actio n on X, i.e., W is the group generated b y the sa 

ioi a e R (not e that G * is covariant i n G). 
• W e denot e by P(R) th e dual o f Q(RW) i n Q ® Q(R), i.e., the set of all 

v E Q ® Q(R) suc h that <v , av > £  Z for all av £  Rv. 
The adjoint generic group of G is defined by 

G a d : = ( ( Q ( i ? ) , i ? , P ( i ? v ) , i ? v ) , ^ ) . 

For a  tripl e (G,T, <f>) associate d wit h G , the algebrai c grou p associate d 
with G ad is G a d . 

• W e define th e derived generic group D(G) by (wit h obviou s abuse of 
notation) 

D(G) : = ( ( X / Q ( i? V , * , Q ( * V \ * V W ) -
Thus w e have a generic finite torus 

G/D(G) = ((Q(RV)\Y/Q(R^UW/QiRV)±±). 
We hav e 

(1.6) Rad(G* ) = (G/D(G)Y . 

Let (G, T, F) b e a (g , </>)-triple associated with G . Le t [G, G] b e the derived 
group of G. The n the algebraic group associated with D(G) (resp. G /D(G)) 
is [G, G] (resp. G/[G,G]). 
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Good primes. 
The followin g definitio n ca n be found i n [SpSt] , 4.1 . I t depend s onl y on 

the roo t syste m of G. 

(1-7) We say that a prime £ is good for G if there is no closed root subsystem 
Ri of R such that £ divides the order of the torsion subgroup of Q(R)/Q(Ri). 
A prime which is not good is called bad. 

It result s from [SpSt] , 4.4 , that i f £ is good for G, then there is no closed 
root subsyste m R\ o f R such that £ divides the order of the torsion subgrou p 
of Q(Rv)/Q(Ri). Henc e if £ is good for G it is also good for the dual generic 
group G* . 

Intersections of Levi subgroups. 
Let L = ((X , i ? L , y, Rl), Whv<f>) an d M = ((X , UM , Y, i % ), WMw</>) be two 

Levi subgroups o f G. 

(1.8) We say that L fl M is defined if 

Wiv</> fl WMw<l> 7^ 0 • 

In that case, choosing an element u G W^v fl WMW, we define 

L f l M := ((X, i ?L fl i ?M , y, Rl H  J%), (W L fl WM)uct>), 

Note tha t Wtv</> = Wi,u<f> an d WMW</ > —  WMU4>, whenc e W^vcf) fl WM^4> = 
( W L H W M ) ^ . I t is easy to see that Lfl M i s a well-defined (i.e., independent 
of the choice of u) Levi subgroup of both L and M. 

By the preceding definition, i t is clear that 

(1 .9 jLf lM is defined if and only if there exists a maximal generic torus T of 
G such that T is contained in both L and M . I D this case, T  is contained in 
L f l M . 

1.10. Definition. For L and M  two Levi subgroups of G, we denote by 
SwG (L , M) the set of all w eWG such that WLDM is defined. 

If ( G , T , F ) i s a (g , </>)-triple associate d t o G, we recall (cf. [BrMa], 2.1) 
that there is a well-defined bijection between Wc-classes of generic Levi sub-
groups of G and G^-conjugacy classes of F-stable Levi subgroups of G. The n 
SWQ (L, M) i s non-empty if and only if there exist L and M in the correspond-
ing classes of Levi subgroups in G such that L fl M contains a maximal torus; 
in that case , L fl M is a Levi subgroup of G, whose rational conjugacy class 
corresponds to the Wc-conjugacy clas s of L fl M. 
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Class functions on G . 
Let CT(G) b e the spac e of all ^-invariant function s o n the cose t W<f> with 

values i n Q[x] , calle d class functions on G. 
We shall see later on that this space can be "specialized " onto the spac e of 

unipotent unifor m function s fo r a  chosen (g , </>)-triple associated t o G. 

If a  an d a' £ CJF(G), we se t <a, a'>G 

1 

\W\ E »ew a(w<p)a'(w<f>). 

Induction and restriction. 
Let L  =  ((X, Rh>Y, R£),Wi,w<l)) b e a  Lev i subgrou p o f G , an d le t a £ 

£F(G) and/?e£F(L) . 
We denot e 
• b y Res ^ OL the restrictio n o f a t o the cose t W^vx/), 
• b y Ind^/3 the clas s function o n G defined by 

( L U ) ы£0Ы) = щ- E¿ 
vew 

уифу г) for иф G WG^ J 

where /3(x(/)) — (3(x(/)) i f x G W\jw, an d (3(xcf)) = 0  if x £ W^w. In othe r 
words, we have 

( 1 . 1 2 ) lnd£ß(u<f>) E 
ve \иф)£\У11юф 

/ > № * ) ) • 

We have th e Probeniu s reciprocity : 

( 1 . 1 3 ) <a, I n d ^ > G =  <Res^ a, /3> L . 

JTie Mackey formula. 
It i s clea r tha t W L act s o n «S^ 0 (L , M) fro m th e right , whil e W M act s o n 

<Sw0(L, M) fro m th e left . I f we let w run ove r a chosen double coset W^vWj, 
for some v £  <Svr G (L, M), w e see that ™Lfl M is defined up to W ^L_conjugation 
as a  subgrou p o f wh an d u p t o JVM~conjugatio n a s a  subgrou p o f M, which 
proves that th e operation s I n d ^ t ^ an d R e s ^ , ^ depen d onl y on the doubl e 
coset o f w. Thi s give s sense t o the followin g formula 

(1.14) ResSj -Indf = E 
WM\SWQ(JLJW/WL 

A n a M n « ' L Res^u , L -ad(w;) , 

whose proof goe s like the proo f o f the Macke y formula fo r ordinary inductio n 
and restrictio n (not e that SwQQL, M) ma y be empty). 
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Some important class functions. 
• W e denote b y tr# G th e clas s functio n o n G  define d b y th e characte r of 

the "grade d regula r representation " RG (se e above) . Thu s th e value  o f th e 
function tiRG o n w(j> is tr#G(w</>) := J2n^o tr(w0 ; RnG)xn . 

• Fo r a G  CT(G), w e shall consider th e followin g polynomial (which will 
be identified late r on with th e "fak e degree " Deg(3>^) ) : 

N(G) 

(1.15) D(a) : = < a , t r * G > G =  £  (— £  a(wcj>)tr(w^ RnG))xn . 
n=o ' ' wew 

We have (cf. [BrMa], prop. 1.6') 

(1.16) 
1 ^  a(w</>) 1  1 

W\ ^ w detv( l -  xw+) = {a)W\ £ b detv( l -  xw<t>) ' 

or, in othe r word s 

<a,tiSv>G = <^tvRQ>G<l ^ , t r 5 v > G , 

where 1* * is the constan t functio n 1  on WQ</>. 
• Fo r a  Levi subgroup L  of G, by the Frobeniu s reciprocit y (1.13) , we have 

N(G) 

£>(IndJ:iL) =  < l L , R e s ^ t r / 2 G > L =  £  tr(tî ; (RnG)w^)xn . 
n=0 

where W^w<f> is the cose t associated to L and (RnG)Wh ar e the WJL-invariant s 
in RnG. 

It follow s fro m 1.2 , 1.1 3 an d 1.1 6 (se e also [BrMa] , prop. 1.7) tha t 

(1.17) |G|/ |L | =  eGehxN^-N^D(Indllh); 

i^Ind^l 1 1 ) wil l be identified late r on with th e generi c degree Deg(R^(l)). 
• Ever y elemen t w(f> €  W(j> defines a  maximal generi c subtorus (or , equiv-

alent!^ a  minimal Lev i subgroup) Tw > := ((X,Y), w6). W e have 

So 

(1.18) =  eGeT^xN(GHTRG(w<t>), 

and als o txRQ(W(J>) = D(Kw<f>), where Kw<f, is |CV(w<£) | times the characteristi c 
function o f the W-conjugac y class of w(f). 

It follow s fro m 1.1 7 an d 1.1 8 that 

(1.19) ResJ : tr*G =  D(lnd^lh)tvRh. 
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(1.20) For /3 e £F(L) , we have D(Ind£/?) = £>(Ind£l L)<£, t r / a>L . 

Indeed, DQndlp) =  </J , Res£ t r *G > L =  D(Ind£l L)</3, tr M > L • 

Class functions on G" . 

The ma p crG: CF(G) C^*(G") , give n by aG a (w (-</>)) =  a(w<f>), i s an 
isometry. Th e map L H L" i s a Wc-equivariant bijectio n from the set of all 
generic Levi subgroups o f G onto the set of all generic Levi subgroups o f G~". 
It i s clear that 

(1.21) 
aG • Ind£ = IndlZ • aL ,  <r L • Res£ = Res^I -aG, 

D(lndi: 1 L _ )(*) =  L>(Ind^l L)(-x) . 

Class functions on G^. 
Let a E  N. W e have (se e 1.3) W&a) = ( W G ) a , an d it i s clear tha t th e 

map (wi , W2,... , wa)cf)(a) i—• ^1^2 • • • wa<\> defines a  bijection between the set 
of classe s of WG ( 0 )<^ a ) unde r W G(a>-conjugacy and the set of classes of WQ</> 
under WG-coniugacy. Thu s i t induces an isometry 

4A): CT(G^)^CT(G). 

1.22. Proposition. We have 

(a) j - , G ( A ) T  J G (a) 
oy

c •  Indue.) =  Ind L -  olJ 

r> G (a) (a) -r> G ( O )  

R E S L ' ° G = ( T L ' R E S L ( « ) ' 

d-split Levi subgroups. 
Let T  =  ((X,y),</> ) b e a generi c torus . W e recall tha t i n this cas e the 

polynomial order |T | is just the characteristic polynomia l of (j> on Y. A  generic 
$d~group (cf. [BrMa], §3 , abbreviated her e b y "$d~group" o r eve n b y "d-
group") is a generic torus whose polynomial order is a power of I t is proved 
in [BrMa] , 3.3, that a  $^-group i s completely specified up to isomorphism by 
its polynomia l order. 

Remark. If (T, F) i s an associated algebrai c torus , th e fact tha t T  is a 
group translates to the fact tha t T splits "exactly " over Fqd ("exactly " in the 
sense that no subtorus splits over a smaller field). 

It is proved in [BrMa] that the maximal $^-subgroups o f G (called "Sylow 
$<j-subgroups o f G") are all conjugate unde r WQ. 
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We cal l d-split Levi subgroups the centralizers i n G of the $d-subgroups 
of G (as in [BrMa], 1.3, we define the centralizer CQ(T) of a subtorus T  of G as 
the Levi subgroup whose root system consists of the roots orthogonal to T and 
such that it s associated cose t of automorphisms contain s the automorphis m 
(j> associated to T). In particular, the centralizers o f the Sylow $^-subgroup s 
are the minimal d-split Lev i subgroups. 

We shal l use the following technica l remark. 
By [BrMa] , prop . 3.8, we know that wheneve r L is a minimal d-spli t Lev i 

subgroup o f G, we have EQS^X1^^^1^^ = 1 mo d $d • It the n follow s tha t 
the precedin g congruenc e holds for every d-spli t Lev i subgroup o f G, from 
which we deduce by 1.17: 

(1.23) For any d-split Levi subgroup L of G, we have 

|G|/ |L| =  D(Ind£l L ) mo d $d . 

The Macke y formula becomes particularly simpl e when we restrict ourselves 
to pairs of d-split Lev i subgroups. 

1.24. Proposition. Let Mi and M2 be two d-split Levi subgroups of G. 
(1) M i fl M2 is defined if and only if Mi and M2 contain a common Sylow 

$d~subgroup of G. In particular SwQ (Mi, M 2 ) ^ 0. 
(2) If Mi H  M2 is defined, then it is a d-split Levi subgroup of G. 
(3) Let Mi and M2 be two d-split Levi subgroups containing the minimal 

d-split Levi subgroup L . Then we have 

< S ^ ( M i , M 2 ) =  W N h N w M W M l • 

In particular, we have 

Res^ 2 -Ind ^ = I ^ M a n ^ M i * ^ ^ M ^ n ^ M i #ad(w) 5 

wewM2(h)\wG(iL)/wMl (L) 

where, following the notation of [BrMa] , §1.B , for a Levi subgroup L 
of G , w e pu t WG(h) = N w M / W h . 

Proof. For a generic Levi subgroup M of G, let us denote by Zd(M) the Sylow 
$d-subgroup of its center. The n M is d-split i f and only if M = CG(Zd(M)). 

(1) Suppos e first  that Mi fl M2 i s defined. B y 1.9, there exist s a  generic 
maximal torus T of G contained in both Mi and M 2. The n the generic groups 
Zd(Mi) an d Zd(M2 ) ar e both containe d in the Sylow ^-subgrou p Tj o f T. 
Now i f § is a Sylo w $d~subgrou p o f G containing T^ , we see that M i and 
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M 2 bot h contai n C G ( S ) henc e S . Conversely , if Mi an d M 2 bot h contai n a 
minimal d-spli t Lev i subgroup, a fortiori they both contai n a  maximal torus 
T, thus Mi f l M2 i s defined by 1.9 . 

The last assertion i n (1 ) follows from the Sylo w theorems i n [BrMa] , 
(2) Le t T  b e a  commo n maximal toru s fo r bot h M i an d M 2 . The n th e 

generic subgroup Zd(Mi ) .Zd(M 2) o f T is defined in an obvious way (cf. [BrMa], 
§3.E), an d i t i s then clear that M x f l M2 =  CG(Zd(M1).Zd(M2)). 

(3) Se t S = Zd(h) (thu s §  i s a  Sylo w $</-subgrou p o f G ) . Assum e that 
w €  SWQ ( MI ,  M2 ) . The n by what precedes , there exists a Sylow $d~subgroup 
§ ' o f G such that § ' i s contained i n bot h wMi an d M 2 . B y Sylo w theorem s 
(cf. [BrMa], th . 3.4) , there exist wi G  WM1 an d w2 G  WM2

 s u c h tha t w § ' = 
WLS an d § ' =  ™ 2§, from whic h i t follow s tha t w~xwwx £  NWQ(§). Th e 
assertion no w follows fro m th e fac t tha t iVw G(§) =  iVw 0(L) (c/ . [BrMa], th . 
3.4). • 

Given a  Levi subgroup ((X,R^Y,R£),Wi,w<l>), w e define it s imag e in G „ 
(resp. it s imag e i n G a d ) t o b e ((Q(R)11,RuYfQ(R)1,^), WLw(f>) (resp . 
( ( Q ( i ? ) , i ? L , P ( i ? v ) , ^ ) , W L ^ ) ) . 

1.25. Remark. A Levi subgroup is d-split if and only if its image in G S 8 

(resp. in Gadj is d-split. 

B. Generic characters. 

In §I.B, we introduce the formalism which is necessary to treat unipotent 
characters as generic objects, and to prove that related constructions such as 
Deligne-Lusztig induction are indeed defined at the "generic leveF. 
Some consequences of Lusztig's results. 

For chose n q and </> , whence a tripl e (G,T, F) (cf. §1.A), on e has a  well-
defined bijectio n between the W-conjugac y classes of the cose t W<f> an d th e 
G F-conjugacy classe s of F-stable maximal tori o f G (cf. [BrMa], 2.1) . Thu s 
in particular , fo r wcj) E  W(f>, the virtua l Deligne-Luszti g character R!^w^(l), 
denoted here R^, i s well defined. 

The followin g resul t i s a  particular cas e of a more genera l theore m which 
will be proved later (se e 1.33). 

1.26. Theorem. (Lusztig) There exists a finite set, denoted by Uch(G), an d 
a map Uch (G) —» CT(G), denoted by 7 h-> ra7, with the following property: 
whenever (G, T, F) is a (q, (j>)-triple associated to G, there is a bijection 7 i- > 

from Uch(G) onto the set £(GF, 1 ) of unipotent characters of GF such 
that for every wcj) G W</>, we have 

m^(wcj>) = (pf,R%)GF. 
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Thus in particular 
(1) fo r all 7 G  Uch(G), ra 7 take s only integral values, 
(2) b y the known orthogonality relation s o n the virtual character s , 

we have 

т1(иоф)т1{уо' ф) = 
^€Uch(G) 

|CV(w</>)| if wcj) and w'cj) are W-conjugate, 

0 i f not. 

Sketch of proof of theorem 1.26. Le t Fam(W) be the set of families of ordinary 
irreducible representation s o f W. On e knows (se e [Lul], chap . 4 , and also 
[DiMil], §4 ) how t o associate t o each elemen t T G  Fam(W) a  well-defined 
finite grou p Q(T}. 

1. Assum e first  that cf) is chosen in Wcj). Let Fam(W)^ be the set of all 
(^-invariant families . Th e choice o f <f> defines , fo r each T G  Fam(W)^, an 
automorphism <f)f o f G(F) (see [DiMil], 4.1) . W e denote b y Uch(G, <t>) th e 
union (fo r all T G  Fam(W)^) of the sets of Q (^-conjugacy classe s of pairs 
(fl̂ ;F,x), where g G Q(T) and x G  lri(Cg(T)(gcj)T)). 

It i s one of Lusztig's mai n theorem s i n [Lul] (cf. th. 4.23) tha t ther e is a 
map Uch(G, </>) — * CJ7(G), sa y 7 1— • ra7, such that for each choice of a suitabl e 
g, ther e i s a bijectio n 7 H- > :  Uch(G, <f>) —* £ ( G F , 1 ) wit h m^(w(j>) = 

2. I f i s another elemen t o f Wcj) (definin g a  triple (G,T, F')) ther e is a 
well-defined bijectio n 0>,<£' fro m Uch(G , <j>) ont o Uch(G, (/>'), such that 

(NGF

 P G F \ _ (NGF' P G F ' \ 

The system (Uch(G , ^ )9 ^ , ^ ) ^ ' € v r ^ i s projective. W e define Uch(G ) a s the 
limit o f this system. • 

Remark. It result s fro m [Lul] , chap . 4 , that th e set Uch(G) , a s well as the 
"multiplicities" ra 7, depen d onl y on the action of <f> on WQ and on the order 
of (/ > on Q(R). I n particular, to compute the multiplicities w e may reduce to 
the cas e where X = Q(R) and R is irreducible. Also , 

(1.27) any automorphism </>' of the generic group G  which commutes with <f> 
defines a permutation of the set Uch(G), which depends only on the action of 
cj>' on WQ and on the order of </>'. 

Remark. We refer t o [DiMil] , 6.4 , for what follows . Th e map 7 i- > p^F 

is uniquel y determine d b y the conditio n (p^F\R^)GF =  m^(w(j>) fo r all 
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rational unipoten t character s p^F'. Thi s includes al l unipoten t character s i n 
the case of classical groups. T o ensure unicity in the case of exceptional groups 
for non-rational characters , th e following supplementary condition s have to be 
added: 

• T o 7  G  Uch(G) ther e i s associate d a  roo t o f unity A 7 (c/ . [DiMil] , 
before 6. 4 fo r th e definitio n —  w e just mentio n tha t whe n (f>jr act s 
trivially o n Q{T) an d 7  i s give n by {g(j>jr,x) then A 7 =  x(s)/x(l))-
We ask that, i f F6 i s the smalles t spli t powe r of F, th e eigenvalue s of 
Fs associate d to i n any Deligne-Lusztig variety o f G be equal t o 
Xy u p t o some power of q6l2. 

• T o deal wit h th e principa l serie s unipoten t character s correspondin g 
to characters \q ° f degree 512 of the Heck e algebra o f a group of type 
E7 o r o f degree 409 6 of the Heck e algebra o f a grou p o f type Eg, we 
must ad d anothe r condition : Lusztig ([Lul] , chap . 4 ) identifies T t o a 
subset o f the couples (g(/)jr, x); the 7 w e are looking at i s an element o f 
T vi a this identification, whic h gives us a  character x~r °fW. W e ask 
that x-y b e the specializatio n for q = 1  of the characte r Xq associated 
to p^F'. 

In wha t follow s w e will assume tha t thes e condition s are satisfied . Thi s ha s 
the followin g consequence: 

1.28. Proposition. Let (j)' be an automorphism O{TQ which commutes with 
4>, and let U(<f)') be the corresponding permutation of Uch(G) (cf. 1.27). Then 

Fq't'iPj ) = Pu{<t>'){i) for any P o w e r ?' °f P> and f o r 7  €  Uch(G) . 

In particular w e get that th e actio n o f Fq'p o n £ ( G F , 1) does not depen d 
on q'. 

Generic unipotent functions, uniform functions. 

Generic generalized unipotent functions. 
We denote by Q[x] Uch(G) th e free Q[x]-module on Uch(G), endowe d with 

the quadrati c for m for which the canonica l basis {7 } 7eUch(G) l s orthonormal . 
The scala r produc t o f two elements if) an d xf>' o f Q[x] Uch(G) i s denoted b y 

VOG- Th e element s o f Q[x] Uch(G) ar e calle d th e generic generalized 
unipotent functions. 

Generic uniform functions. 
For w(j> G W(f>, we set В%ф := E 7 €Uch(G) my(w<f>)j Thus Rj* . depend s 

only on the Wg-conjugac y class of w<f>, an d th e syste m { R ^ } ^ ^ , wher e w<f> 
runs over a set o f representatives fo r the Wc~conjugacy classe s of WG<J>, is an 
orthogonal system in Q[x] Uch(G) (b y the remark (2) following theorem 1.26). 
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For all 7 G  Uch(G) , w e have m 7(w</>) = (7 , RG ^ ) G an d more generally, for 
V> e Q[x] Uch(G) , w e set m+{w<l>) = R ^ ) G • 

We cal l generic uniform functions on G the elements of Q[x] Uch(G ) which 
are Q[x]-linea x combinations of the R .̂ 

For a G  CT(G), w e set 

(1.29) Ф2 
_ 1 

~W\ E 
wew 

a гиф R s 
юф ? 

so tha t a  =  ra* s. Th e linear ma p $G :  £F(G) - > Q[x]Uch(G), a H + 
is a n isometri c embeddin g whos e image i s the subspac e o f generic unifor m 
functions. 

The orthogona l projection from Q[x] Uch(G ) ont o the subspace of uniform 
functions i s denoted 7 r G . Thu s for all tp G Q[x] Uch(G) , w e have 

(1.30) 71 ф) i 
\w 

Ei ф RG 
G " r>G 

and 7 ^ ) = * ^ . 

ueneric degrees. 
For al l w G  WQ, w e se t (se e §1.A ) D e g ( R ^ ) : = tiRG(w(/)). W e exten d 

linearly the map Deg to all uniform functions, by setting Deg(<&G) := D(a) = 
<a, t r#G>G > a n ( i the n t o al l of Q[:r]Uch(G) b y composition with 7 r G (thi s 
corresponds to the fact that , for the actual finite reductive groups , the degree 
of a  character equal s the degree of its uniform projection) . Thus w e have 

(1.31) Deg(V) : = Deg7r G (V) 
1 

1^1 
E m * ( t ^ ) D e g ( R ^ ) 

wew 
= D e g ( * ^ ) , 

and w e see in particular that for 7 G  Uch(G), w e have Deg(7 ) G  |^j-Z[xJ. 

We ma y notice the following mor e precise statement due to Lusztig: 

1.32. Theorem. There exists an integer c divisible only by bad primes for 
G (cf. 1.7) such that Deg(7) G  -Z[x\. 

c 
Proof. Le t {E}EeiTT(W)+ b e an orthonormal basis formed by the restrictions to 
W(f> of one extension to W((/)) o f each (^-invariant irreducible characte r o f W. 
Then D e g ( * | ) =  < £ , t r * G > i s in Z[x] , an d D e g 7 =  £ E ( * | , 7 ) c D e g ( * | ) ; 
the theore m then follows from the formula give n in [Lul] , 4.26 , which implies 
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that (4 >^,7)G ar e rational numbers whos e denominators ar e divisible only by 
bad prime s for G. • 

Remark. Wheneve r (g,</> ) is chosen, we have Deg (7)(g) =  p^F(1). 
Indeed, i t follow s fro m 1.3 1 that Deg(j)(q) i s equa l t o th e scala r produc t 

of p^F wit h th e characte r -L J2w£W Deg( i?g ( l ) ) i?^( l ) ,  whic h i s the 

unipotent projectio n of the regular character of GF. 

The polynomia l Deg(7) i s called the generic degree of 7 . 

The generic Deligne-Lusztig induction and restriction. 
If L  =  ((X, RL,Y, R^IWILWCJ)) i s a Lev i subgroup o f G, a choic e o f <f>' G 

WQ(J) is said t o be L-adapted i f (j)' G W\jw<f>. Th e choice of such a  </> ' in the 
coset WQ4> and any choice of q determines, a s explained below 1.1 , a quadru-
ple ( G , L , T , F ) wher e G  i s a connecte d reductive algebrai c grou p ove r F p , 
F: G  — • G is a surjective endomorphism , L is an F-stable Lev i complement 
of som e parabolic subgroup of G and T is an F-stable maximal torus of L. 

The followin g theore m translate s int o ou r language th e know n fac t tha t 
the Deligne-Luszti g induction i s "generic". 

1.33. Theorem. For each Levi subgroup L  of G there exists a linear map 

R^: Q[x] Uch(L) -+ Q[x] Uch(G) 

with the following properties: 

(1) Whenever A  G  Uch(L) and i ^ ( A) =  X ) T € u c h ( G ) n-y7> ^en n T G  Z , 
and for any L-adapted choice of'</>, Rjj(P\F) = X^y€Uch(G) ntyP?F • 

(2) i ? L sends the generic uniform functions on L into the generic uniform 
functions on G and induces Indjp on the level of class functions, i.e., 
we have R£ • 1% = *u ' RL A N D RL ' *L = * G "  ! * D L • 

(3) If M is a Levi subgroup of G and ifh is a Levi subgroup of M, then 
z?G _ pG pM 

Sketch of proof of 1.33. 
Notice that onc e (1 ) is proved, (2) and (3) are just translation s of known 

properties o f the map R^ . W e prove (1). 
Let ( G , F ) b e associated with G as above. 
There exist s a n embeddin g 7r : G — » G wher e G  ha s a connecte d cente r 

and TT(G) contains th e derive d grou p o f G. Le t L = 7r(L), an d let 7TL b e 
the restrictio n o f n to L. Sinc e for any 7 G  Uch(G) w e have p^F = p^F • 7r 
(cf. [DiMi2], 13.20) , and R?(p^F) • TT = R^(p^F • TT L) (cf. [DiMi2], 13.22) , it is 
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enough to prov e the theore m fo r G, i.e., fo r a  grou p with connecte d center . 
Applying th e sam e argument s t o th e quotien t ma p G —> G ad (wher e G a <i 
is th e adjoin t group ) whic h ha s a  connecte d kernel (s o [DiMi2] , 13.22 , stil l 
applies), we may assume G adjoint . 

When G i s adjoint , (G ,F) i s a  direc t produc t o f the for m (G\ai\F^) 
(restriction o f scalars from F q«, t o ¥ q o f (Gz-, F)) wher e G t ar e simple groups. 
Since al l ou r construction s behav e nicel y with respec t t o products , w e may 
assume that th e grou p is of the for m (G^a\F^) wit h G simple . 

Now the isomorphism s G ( a ) F ( o ) ~ G F ° an d L^F(a) ~ LFa (se e 1.4) "com -
mute" wit h an d ma p isomorphicall y S(G^F(a\ 1 ) to £(GF%1). S o we 
can reduc e ou r proble m to th e cas e of (G , F a ) , i.e., t o th e cas e where G i s 
simple. W e will use results of Shoji [Shol] , [Sho2 ] in this case. 

Let m b e sufficientl y divisibl e so tha t ( G , F m ) i s split , i.e., th e generi c 
group Go associated t o i t i s such that <j) = 1 . I t follow s fro m 1.2 8 that ther e 

_^ p i n _^ p vn 

exists a  map U(</>) o n Uch(Go) suc h that F(p^ ) = />u(<£)(7) • Moreover, the 
set o f fixed points U c h ( G o ) u ^ ha s th e sam e cardinalit y a s Uch(G) . I n thi s 
context, fo r an y 7  E  Uch(Go) u ( < r t , Shoj i ([Sho2] , 3.1. 2 and 3.1.3 ) defines a n 
element o f QUch(G) (tha t h e call s Rx o r Rz dependin g o n the case) , which 
we shal l denot e her e b y Sh° 7 (her e S h stands for "Shintani " —  see [DiMil ] 
for th e notatio n use d here, suc h as S h ^ m / ^ ) , suc h that: 

• 7  Sh° 7 i s a n isometry , an d th e se t { S h ° 7 ; ( 7 £ Uch(Go) u ( < / > ) )} 
spans QUch(G) , 

• fo r m divisibl e enough , ther e i s a  well-define d G^™-class functio n 
p 7 o n GF .F (whos e values are the produc t o f the value  of a suitabl e 
extension of p^F t o the grou p GFm-(F) b y a root of unity) suc h that 
Sh j pm / i r (p T ) =  (wher e thi s las t functio n i s define d b y linearl y 

extending th e notatio n p^F). 

We shal l giv e a formula fo r Rjj i n the basi s pf£>y whic h will make clear i t i s 
generic. 

Let m b e divisibl e enough s o that ( L , F m ) i s spli t an d le t L o be th e cor -
responding generi c group. Le t A 6 U c h ( L o ) u ^ . B y Harish-Chandra theory , 
there exists a  Levi subgroup M o f L, such that ( M , F m ) i s split , an d a n ele-
ment ¡1 G  Uch(Mo) (where Mo is the generic group corresponding to (M, Fm)) 
such tha t p™ i s cuspida l an d p\ i s a  constituen t o f RM(P» )• ^UX" 

p Tn _ ^ p T71 

thermore, sinc e p\ i s F-stable, w e may choose (M, p™ )  to be F-stable . 
Let M be a generic group corresponding to (M, F) and let WMV<I> be the corre-
sponding coset. Se t W Q , (MO , fx) : = NWGQ (M O , fi)/WMO . The n the F-stabilit y 
of \i implies a natural action of vcj) on (Mo , fi) an d on (Mo , jx)> th e 
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extension p\ correspond s naturally to a function x\ o n Wju (Mo, | i ) L?<̂  (an ex-

tension 01 tne v</>-invanan t irreducibl e cnaracter 01 Wi^ [MQ , fi) corresponding 
to by ttowlett-benrer-ljusztig tneoryj. Conversely any Vu [Mo, M) " 
invariant tunctio n o n 14%, (Mo, \i)v(p correspond s t o a  linea r combinatio n 01 
extensions PA-

IL is proveu in [l^nviioj , v. t, tM t ^  assuming onuj i s  icsunsy 

D G / - L F Ч  _ -GF  

nL (Psh°\) — Psh°X' 

where A ' is th e linea r combinatio n o f extension s p T correspondin g t o th e 

function I n d ^ S ^ x x - • 

Note that 
• Uch(T t i ;<^) consists of only one element denoted by 1, and R § . . ( i ) = R G 

hence (b y 1.33, (3)) , fo r al l w'<f> € Whw<f>, we have i f t ( R ^ , J =  R ^ , , , 
• similarly , th e imag e o f 1 ^ b y th e isometri c embeddin g of 1.2 9 i s 

denoted b y 1 L o r jus t 1; w e hav e Deg(i?£(l) ) =  £>(IndJLl 1L) (a s promise d 
alter 1 . 1 7 ) . 

1.34, Proposition. For all Ç e Q[x] Uch(L) w e have 

Degi?£«) = Deg(i?^(l))Deg(C). 

Proo/. Thi s is an immediate consequence of 1.20 and of the formula j j£ O l b = =1/3 
ß) -

tod?/?' for al l ? G  CJF(L) . 

TPVip» a r l ì n i n f m a n of i? £ is a map * B§* : Q[x] Uch(G) -> Q[x] Uch(L) whic h 
is in particular such that 

• for al l a G  CT{G), w e have *R\ > < * ) — Res? a ' 

• io r al i w<(> £ KKG<P , те have *ЯЬ (7) = m1{w(f))l. 

The following theorem, which extends the Macke y formula (se e 1.14) to th e 
preceding context , i s a  consequenc e of an unpublishe d resul t o f Deligne (see 
[DiMi2], 11.6 ) and o f 1.33, (1 ) and 1.24 , (3). 

1.35. Theorem. 
(1) Let L  an d M  be two Levi subgroups of G. Then 

• it G _ 
L — E 

w£Wf L , M ) / W 

p M 
i™L • * ^ M n ™ L ' ad(ti/). 
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(2) Suppose that Mi and M 2 ar e two d-split Levi subgroups containing 
the minimal d-split Levi subgroup L. Then 

*RM2 ' Rm = ^2 Rmn^M1 ' *Rmn">M1 ' &d(w) • 
wewM2 (L)\w*(L)/wMl (L ) 

(Indeed, Delign e prove d th e Macke y formul a fo r actual finite  reductiv e 
groups unde r th e assumptio n tha t q is large . Thu s 1.35 results fro m th e 
genericity o f R^.) 

The argument s at the beginning o f the proof o f 1.33, together wit h 1.28, 
prove th e following two propositions tha t w e will use later t o reduce som e 
questions t o the case of simple groups . 

Going to the adjoint group. 

The reade r ma y refer t o the remar k befor e 1.27 to prov e th e following 
statement. 

1.36, Proposition. Let G = ((X,R,Y,Rv),W(f)) be a generic group, and 
let L =  ( (X, i? ' , Y, i ? 'v ) , WRIWCJ)) be a generic Levi subgroup of G. The 
sets Uch(G) and Uch(G ad) may be identified, and similarly the sets Uch(L) 
and Uch(L) , where L is the generic Levi subgroup of Gad defined by L = 
((Q(R),R',P(RV),i?'v), WRiw<j)). Then the following diagram is commuta­
tive-

ZUch(G) ZUch(G a d ; 

E L 
fí. a d 

ZUch(L) V ZUch(L) 

Remark. If G is the algebraic grou p associated to G, and 7r : G —• Ga<i is the 
natural isogeny, and if L is associated to L, then 7r(L) is associated to L. 

Lifting scalars. 

1.37. Proposition. Let G be a generic group and let a G N. For all G there 
is a natural identification o^ between Uch(G) and Uch(G^ a^) such tha t the 
following diagram is commutative: 

ZUch(G(°)) - ^ - > ZUchiGÌ 

fí{ U 
ZUch(L(°^ 

л* 

Z Uch(L ) 
We wil l use the followin g result , whos e proo f i s based o n an argumen t 

given by Geek [Ge ] in the case of a torus (thi s argumen t is unfortunately no t 
''generic"). 
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1.38. Theorem. Let 7 G  Uch(G) and L be a Levi subgroup of G. Then the 
IGI 

polynomial Deg(7 ) divides LJ-Deg(*i2g (7)) fa  Q[z]J . 

Proof. Le t (G ,L ,T , F ) be a quadruple  associate d t o G and L for a choice 
of q. Wheneve r q is large enough , ther e exist s som e regula r elemen t s G 
Z°(JJ)f, i.e., an element suc h tha t C Q ( S ) = L. The n b y the "Curtis-typ e 
formula" (see , e.g. [DiMi2] , 12.5 ) we have (*R%(pyF))(s) = (p^F)(s). O n 
the othe r hand , sinc e *Rjj (p^F) i s a sum of unipotent character s an d s G 
Z(L), w e have ( * i ? £ F ) ) ( * ) =  (*i?p(p® F))(l). Thus , usin g tha t fo r an y 

| G F / C G F ( S ) | P ? F ( S ) 
5 th e expressio n F i s an algebrai c integer , w e get that 

| G F / L F | ( * i ? p ( ^ F ) ) ( l ) . 
n P / ,  i s an integer . Sinc e thi s i s true fo r an infinity of 

(1) 
values o f g, we must hav e divisibilit y o f the correspondin g polynomial s in 
Q[x], whenc e the theorem. • 

When L is a maximal torus T ^, we get: 
1.39. Whenever 7 G  Uch(G) an d w<f> G  WQ^> are such that m^(w(f>) ^ 0, 
then the polynomial Deg(j) divides xN^Deg(R^}4>) (inQ[x]). 

This was first prove d by Boyce [Boy] . 

2. d -CUSPIDALITY AND THE UNIFORM THEORY 

A. d—cuspidality. 
In §2.A, we define the notion of d-cuspidality of unipotent class functions 

as the generalization of the usual notion of cuspidality (which must be viewed 
as the 1-cuspidality). 

Let p^F b e a unipotent characte r o f GF. W e say that p^F i s d-cuspidal if, 
whenever T is a maximal F-stable toru s of G such that *R^(p^F) ^  0 , then 
the Sylo w ^-subgroup o f T is contained in Z(G). Th e translation in terms 
of generi c groups (independen t o f q) is achieved by the following definition . 

2.1. Definition. 
(1) A class function a on G is d-cuspidal if whenever w(j) G W(j> is such 

that a(w(j)) ^ 0 , then ker($d(w<^)) is orthogonal to all the roots of G. 
(2) V € Q[x] Uch(G) is said to be d-cuspidal if the corresponding class 

function is d-cuspidal, i.e., whenever T is a maximal torus of G 
such that *R^(t/>) ^ 0, then the Sylow $d-subgroup ofT is contained 
in Rad(G). 
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Remarks. 
1. Not e tha t fo r d =  1  w e ge t th e usua l notio n o f cuspidalit y fo r th e 

elements o f Uch(G) (i.e., 7 G  Uch(G) i s 1-cuspidal i f an d onl y i f i s a 
cuspidal character fo r any associated group GF). Indeed , condition (2) above 
can b e reformulate d a s follows : "  *Rj(if>) = 0  wheneve r T  contain s som e 
non-central $<j-subtoru s S" . I f L  i s th e centralize r o f § i n G , conditio n (2) 
becomes: "wheneve r L  i s a  prope r d-spli t Lev i subgroup o f G, th e unifor m 
projection o f the functio n *R^(ip) i s zero" (in particular, being d-cuspidal i s 
a propert y o f wu(tp)). Now , for d = 1 and 7 G  Uch(G) th e "positivity " of 
ordinary Harish-Chandra restriction show s that if (7) ^ 0, then its degree 
is non zero , and s o its unifor m projectio n canno t vanish ; thu s we see that 7 
is 1-cuspida l i f and onl y if *Rft(dmf) = 0  for any prope r 1-spli t Levi subgroup, 
which is the usua l notion of cuspidality. 

2. I n th e cas e where G  =  G L n , then W =  © n , 0 = 1 , an d a  d-cuspida l 
class function o n 6  n i s a function whic h vanishes on all elements whose cycle 
decomposition contains a  cycl e of length a  multiple o f d. 

Moreover, Uch(G ) ma y b e viewe d as th e se t o f partitions o f n. Thu s i t 
results from the Murnaghan-Nakayam a formul a (se e for example [JaKe]) that 
7 i s d-cuspidal i f and onl y if the partitio n of n correspondin g to 7 ha s n o d -
hook (i.e., th e d-cuspida l partition s ar e th e d-core s of length n). Thu s thi s 
paragraph ma y be considered as the generalizatio n t o al l Wey l groups o f the 
"yoga" o f hooks for the symmetri c groups. 
2.2. Definition. Let L  b e a  d-split Levi subgroup of G. We denote by 
C^"d(G, L) the set of all class functions a on G with the following property: 
if wcf> 6 W<Q<f> is such that a(w<j>) ^  0 , then there exists wf G  WQ such that 
ker $d(w0)™ is orthogonal to all roots of L. 

Remarks. 
• Le t rp G Q[x]Uch(G). The n G  C^d (G ,L) i s equivalen t t o th e fol -

lowing: wheneve r T  is a maximal torus of G such that *Rj(xp) ^  0 , then th e 
maximal $d~subgroup o f T is contained i n a  Wic-conjugate of Rad(L). 

• ^^"^(G , G) is the se t o f all d-cuspidal functions . 
• I f L  i s the centralize r o f a Sylo w $^-subgrou p o f G, the n C^"d(G,L ) = 

CT(G). 

2.3. Proposition. Let L  b e a d-split Levi subgroup of G. 
(1) Let a G  C^d(G, L). Then Res^ cx is d-cuspidal. 
(2) Let /3 be a d-cuspidal class function on L. Then Ind^/J G C^d(G,L), 

and 
Res£lnd«/3= Yl "P-

u>ew«,(L) 
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Proof. Th e first assertio n i s obvious. Th e second assertion i s an applicatio n 
of formul a 1.12 . • 

Generic degrees and d-cuspidality. 
For a  polynomia l P G  Q[x], we denote b y Pd the larges t powe r o f the 

cyclotomic polynomial $<j which divides P (i.e., the $d~part o f P). 

2.4. Proposition. If ij) G  Q[x]Uch(G) is d-cuspidal, then |GS 8|d divides 
Deg(V). 
Proof. W e have by 1.31 

D e g ( V , ) = W\^2 rn^(wcf>)Deg(R%), 

where i s d-cuspidal . I t follow s fro m definitio n 2. 1 that th e precedin g 
sum nee d onl y be taken ove r thos e w' s such tha t th e Sylo w $d-subgrou p 
of i s contained i n Rad(G) , whic h implies that |G s s |d divide s I C I / I T ^ . 
Since (cf 1.18 and the definition o f R )̂ | G | / | T ^ | =  ± x * ( G ) D e g ( R ^ ) , we 
deduce that |G s s |d divides Deg(^). • 

We ma y notice the following lemma , which is immediate by 1.30 . 

2.5. Lemma. For \(> G  Q[x] Uch(G ) w e have 

E E 
mw9 

1 
| W G ( T ) | 

fi E 
Г 1 

We introduc e a  new definition whic h will be technically useful. Le t us call 
"d-anisotropic maxima l tori " o f G the maximal tor i T  such that th e Sylow 

$d~subgroup of T is contained in Rad(G). W e denote by 7^(G ) the set of all 
d-anisotropic maxima l tori . Fo r \j) G Q[x]Uch(G) , we define the "d-cuspida l 
projection" o f xb as 

[ 2 . 6 ) Cd At) •= 2 . 
[JeTD(G)]w0 

1 
| W G ( T ) 

nG 
' W ) 

So w e have bv 1.34 

(2.7) Deg(c d (V)) := y p2_^Deg(iJ§(l))Deg(^W), 

which, since Deg(*i?^(V>) ) ri£m,i)T = (ib,i£ AD), :an be written: 

Deg(cd(t/»)) := 1 
\W\ 

£ m * ( ^ ) D e g ( R ^ ) 

where th e sum is taken ove r those u;' s such that i s d-anisotropic. I t is 
clear from the above proof o f 2.4 that 
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(2.8) \Gss\d divides Deg(cd(xp)), and cd(ip) = ipifrp is d-cuspidal uniform. 

The followin g resul t is specific to the elements of Uch(G). 

2.9. Proposition . If 7  G  Uch(G) an d if \Gss\d divides Deg(7) , then 7 
is d-cuspidal. In particular, for 7 G  Uch(G), th e following statements are 
equivalent: 

(i) 7  is d-cuspidal 
(ii) Deg(7) d =  | G 8 S | d , 

(iii) Deg( 7 ) =  Deg(cd(7) ) • 

Proof of 2.9. Assume that 7  G  Uch(G) i s such tha t |G s s | d divide s Deg(7) . 
Whenever wcf) G  W<j> i s such that my(w(f>) ^ 0 , it follow s fro m remar k 1.3 9 
that (Deg(7)) d divide s D e g ( R ^ ). Thu s we see that wheneve r m^(w<p)  ̂0 , 
|G s s | d divide s IGI / IT^I , whic h proves that ra T, whenc e 7, is d-cuspidal. • 

B. Regula r unipoten t characters . 

In §2 .B ? we give various formulae for the computation of the unipotent 
part of the regular character — viewed here again in the generic context — 
and called "regular unipotent character of G". These formulae will be used 
later on to prove some divisibility properties for characters of the actual finite 
groups. 

The unipotent regula r characte r o f G is the element of Q[x] Uch(G) define d 
by the formula 

(2.10) UReg G := -L £  D e g ( R ^ ) . R ^ . 
' 1 wew 

Since by 1.31, Deg(V) = ( V , U R e g G ) G , w e see that 

U R e g G = ] T D e g ( 7 ) . 7 . 
7€Uch(G) 

We chang e the notation i n formula 2.1 0 :  instea d o f summing ove r w G W , 
we sum over a set [T]w® o f representatives fo r the Wc-classes of maximal tori 
TW(f>. We recall that W<Q(JLw<£) = Cw{iv<t>) an d we get : 

(2.11) URegG 
^ Desdad)) . . 

\WG{T)\ ЖК ' 

30 



GENERIC BLOCKS OF FINITE REDUCTIVE GROUPS 

Similarly, choosin g a natural integer d, 

c d (UReg G ) = ^ ^ D e g ( R ^ ) . R ^ , 

where th e su m i s taken over those w' s where i s d-anisotropic. W e have 

cfUReg 0) E 
TÉUch(G) 

D e g ( c D ( 7 ) ) . 7 . 

Performing a  simila r chang e o f notation a s in 2.10 , we get: 

(2.12) c d (UReg G ) E D e R ( iS i l ) 1 
| W c ( T ) | 

i ? G ( l ) . 

More generally , w e have th e following decomposition oi uniiorm iunctions : 
2.13. Proposition. Let tp G Uch(G) . W e have; 

7Г 
m 

U Ф) E 
[M d-split] W g 

1 
( M ) 

pG R г. (m-
where the sum is over a set of representatives for the WQ-classes of d-split 
Levi subgroups of G. 

Proof. T o prove this, we use th e 

2.14. Lemma . Let <p be a W(Q-stable function on the set of all maximal tori 
ofG. Let M  be a d-split Levi subgroup of G. Then 

E 
[T;Td = waRad(M)<i]we 

v T 

W G ( T ) | 

1 

| W G ( M ) E 
[T€T¿(M)]wr 

ni 
И/TUT (H 

Proof of 2.14. Sinc e M  =  C G(Rad(M)d), we see that Td =  Rad(M) d i f an d 
only i f T is a  d-anisotropic maxima l toru s of M. Moreover , since NwQ (M ) = 
iVvv0(Rad(M)d), tw o suc h tor i ar e WQ-con)ugate i f an d onl y i f the y ar e 
A7'wG(M)-conjugate. I t the n follows that 

E 
It; Id = w e R-ad(M) «l]we 

(n ti 

\wG 
T ) | E 

[T;Td = Rad(M) 
i j A T ^ (M ) 

4S\ lì. 
Wb (T) 

E 
[T;T¿ Rad(M)d]wM 

\WM :T ) I 
N M ) : Í T ) | W G ( T ) | 

1 
G ; M ) | E 

Td(M)] 

00 

| W M ( T ) | 
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• 
Applying this lemma to (p(T) = R%(*R%(ij>)), we get from 2.5 

«-G E 
[M d-split] WQ 

I 

\WG(M)\ 
[ТбТЛМ)]^», 

R 
Г Ф) 
\WM 

which give s the proposition, using the definition o f cj and the equality iîÇ • 

2.15. Proposition. Let L be a generic Levi subgroup of G. Then 

*iî G (UReg G ) =  Deg(i? G(l))UReg L . 

Proof. For v G Uch(L), w e have 

(•Ji£(URegG),i,) L= (uRegG,i$(i,))G 

Deg(ift(i/)) = Deg(fÇ(l)).Deg(i,) 

D e g № ( l ) ) ( U R e g \ i / ] L 

2.16. Proposition. W e have 

URegG E 
[M d-split] W Q 

Deg(i2 G ( l ) ) 
\WGW 

i t l M I 
iA UKeeT 

Proof. It i s immediate fro m 2.11, 2.13, 2.15 and the multiplicativity o f the 
degrees D e g^ l ) ) = Deg(i? G ( l ) )Deg( i^(l) ) . • 

The followin g statement generalizes proposition 2.4. 

2.17. Proposition. Let € <Q>[x] Uch(G) be such that my, e C/d(G,L). 
(1) |Lss|d divides both Deg(^) an d Deg(*i^(V>)) . 
(2) We nave 

Deg(V>) 

\U,\d 

Deg(J$(l)) DegCiïg(^)) 
| W G ( L ) | Id 

3 2 
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Proof. W e know (cf. 2.3 ) that *R^(iJ>) i s d-cuspidal, and it follows from 2.4 
that |Lss|d divides Deg(*i^(V>)) -

Moreover, we have 

Deg(V) = (V ,UReg c ) G 

Mw0 

Deg( l&( l ) ) 
| W G ( M ) | 

R G

I ( c d ( U R e g M ) ) ) G . 

Since (by 2.12) 

( V , i ? G

I ( c d ( U R e g M ) ) ) G = E 
[T;T€T D (M ) ] l v M 

Des (D) Ä G ( I ) ) G , 

we se e that thi s scala r produc t i s zero unless T< f Cw0 Rad(L) , whenc e that 

$ d divide s ( V ^ M ^ R - e g ))) c u n l e s s J d = W o R a d ( L ) . T h i s p r o V e S tha t 

(ib.R9JcJ\JRezM)))n 
d 

0 mo d $<j 

unless M  = Wa L , from which 2.17 is immediate. • 

C. Regular characters. 
In §2.C , we define a  suitable generic version of some projections of the 

regular character which occur in block theory (see [BrMijj , an d we establish 
some technical formulae. 

Introduction: the regular character of ^ ( G F , 1). 
In wha t follow s w e shall giv e a "generi c version " o f the serie s ^ ( G ^ 1) 

introduced i n [BrMi] , an d we start b y computing th e regula r characte r of 
this series in a particular case , in order to justify th e notation whic h will be 
introduced in the generic case. 

Notation and prerequisites. 
Let (G, T, F) be a (g , <^)-triple associated with G. 
We recal l that ther e is a natural indexing of the set of minimal closed non 

trivial unipotent subgroup s of G normalized by T by the root system R of G. 
For a G  i?, we denote by U a th e corresponding unipotent "roo t subgroup" . 

Notice that, sinc e [G, G] i s connected, we have 

(G/ [G,G]) F = G F / [ G , G ] F . 
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2.18. Definition. Let K be a characteristic zero held, containing enough 
roots of unity for GF. 

(1) We denote by AbIrr(G F ) the group of K-characters of the abelian 
group GF / [ G , G ] F , considered as characters of GF. We denote by 
AbReg G =  X ^ 0 € A b i r r ( G F ) ^  ^ E corresponding regular character. 

(2) For a set of prime numbers n, we denote by Ab̂  I r r (G F ) the subgroup 
of AbIrr(GF ) consisting of characters whose order is a 7r-number. We 
denote by A b ^ R e g 0 =  ^2eeAhyr JTT(GF) & ^e corresponding regular 
character. 

Notice that the notation AbIrr(G F ) is slightly abusive , since G F / [ G , G]F 

depends on G and F, and not only on GF . 
Whenever M  i s a  Lev i subgrou p o f G, w e have M  =  Z ° ( M ) [ M , M ] . 

In particula r fo r a  Lev i subgrou p L o f M w e have M  =  L [M,M] , an d 
M / [ M , M ] =  L / L H [M , M]. Thu s M F / [ M , M ] F is a quotient of L F / [L , L ] F , 
and th e restriction of characters induces inclusions 

AbIrr(G F ) C AbIrr(MF ) C AbIrr(L F). 

From now on, we assume that 

(2.19) 7r is a set of good prime numbers for Q. 

Centralizers of n-elements. 

Since T = Fp ® y , th e group F£ ®  X i s identified wit h Hom (T, F*). Fo r 
s G T and x G X, w e denote by x(s) th e corresponding element o f F̂  . 

Let s G T. W e set 

(2.20) Rs := {a ; (a G R)(a(s) =  1) } , 

and w e denote by G(s) the connected centralizer C Q ( S ) o f s in G. 

2.21. Proposition. Let s be a 7r-element of T. 
(1) Rs is a parabolic subsystem of R. 
(2) G(s) is the Levi subgroup of G generated by T and by the Ua for 

a G  Rs-

Proof. For (1), cf. [GeHi], 2.1 . Fo r (2), see for example [BoTi] , 3.4 , and also 
[DiMi2], 2.3 . • 
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Centralizers of n-characters. 

Let 0 be a character of T F , whose order i s divisible only by primes i n 7r : 
we the n say that 0 is a 7r-character of T F . 

Suppose chosen once for all an isomorphism F* -^-»(<Q>/Z) P / . The n it follows 
from [DeLu] , (5.2.3) , that we have an exact sequenc e 

(2.22) { 0 } — • Y ^—» Y — • T F — • { 1} , 

which allows us to view TF a s a quotient o f Y, and thus to define the image 
0(y) o f an element y E Y through a character 0 of T F . Fo r such a character, 
we the n define the closed subsyste m 

(2.23) Re := {a ;  (a G  R)(6(av) =  1) } , 

and th e subgroup G(T, 0) of G by 

G(T ,0) :=T.(Va)QeRe . 

2.24. Proposition. Let 6 be a ir-character of TF. 
(1) The subsystem Re is parabolic in R. 
(2) The group G(T, 0) is the largest F-stable Levi subgroup M of G such 

that 
• T c M , 

• 0 belongs to the image of AbIrr(M F) in AbIrr(T F). 

Proof of 2.24. 
(1) W e may assume that T is part o f a (g , </>)-tripl e associate d t o G and 

let (G*,T*,F*) b e a  (g,</> v""1)-triple associate d wit h G* . W e choose an 
isomorphism 

(*) T* F*-^+Irr(T F) . 

The reciproca l imag e o f 0 through th e isomorphism (* ) is a 7r-element s G 
T * F .  The system Re is then the dual of R^ (se e 2.20), hence is parabolic by 
2.21, (1) . 

(2) Th e second assertion of 2.24 results from [DeLu] , proposition 5.11 , (i) , 
and fro m th e fact tha t a  closed connected subgrou p H of G containing T is 
generated by T and by { U a ; (a G  R)(\Ja C  H)} (see [BoTi], 3.4) . • 

We se t G F ( T , 0 ) := G ( T , 0 ) F . 
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Following Lusztig' s notation , w e denote by £ ( G F , 1) the se t o f unipoten t 
characters o f GF . Fo r any p £ £ ( G F ( T , 0) , 1) we then have (se e [Lu2]) a well 
defined irreducibl e character o f GF , define d by the formul a 

X(G(T,0),0,p) : = 5 G 5 G ( T , 0 ) ^ G ( T , 0 ) ( M 

(this i s a particular cas e of the "Jorda n decompositio n of characters"). 

Two character s X ( G ( T O) e p) A N C ^ X ( G ( T ' e1) of p') a r e e c l u a l i f a n ( i o n l y i f the 
triples (G(T,0) ,0 ,p ) an d (G(T ' , 0') , 0', p') ar e G F-conjugate (se e [Lu2], an d 
also [DeLu] , 5.20) . 

A particular case. 
We assum e now that: 

(2.25) Every 7r-element of GF is GF-conjugate to an element of T F . 

We shal l se e in § 4 that th e precedin g hypothesis is satisfied i f 7r = {£} fo r 
a "large " prim e number £  ("d-adapted" i n the sens e of §5) and T  contain s a 
Sylow $d-subgroup of G. 

It i s then easy to see that the regula r characte r o f the serie s ^ ( G^ 1) (see 
[BrMi], above 2.1) is given by the followin g formula : 

(2.26) R e g ^ : = ] T X(G(T,ff),fl,p)(1)-XpG(T,fl),M • 
[ ( G ( T , 0 ) , 0 , P ) ] G F 

For a n F-stabl e Lev i subgroup M o f G containin g T, we define 

(2.27) U G , 7 T — E 0. 
{6 ; (flGAb*. I r r ( M ^ ) ) ( M = G ( T , 0 ) ) } 

2.28. Lemma. Under the preceding hypothesis, we have 

E -g ¡ = E 
[ M ] G J 

| W G , ( M ) | ^ ( ( W - U R e g ) 

[ ( M , / l ) l 0 F 

Dee n)i 

eoV/0, 

where M run s over representatives of GF-conjugacy classes of F-stable Levi 
subgroups of G, where fi runs over the set £ ( M F , 1) of irreducible unipotent 
characters of M F , wher e 

UReg M : = E (1)/* 
, i € £ ( M * , l 
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and 

WGF(M) : = NGF (M)/M* , W G F ( M , , I ) : = J V G F ( M , , I ) / M F 

The proo f i s lef t t o th e reade r (i t i s immediat e onc e the notatio n i s under-
stood). 

We not e that th e su m in th e abov e lemma is over the F-stabl e Lev i sub­
groups M o f G fo r which there exists a n elemen t 0 € Ab ^ Irr (T F) suc h that 
M i s G F-conjugate t o G(T ,0) . Thes e will be genericall y the "7r-split " Lev i 
subgroups o f G. 

The generic formalism. 

Lemma 2.28 justifies th e introductio n o f the followin g formalism, meant t o 
define a  "generic " version of the characte r Reg ^ . 

• Fo r any d, the group WQ acts naturally on the se t of pairs (M, ¡1) (extend -
ing remark 1.27 to isomorphisms), where M is a d-split generi c Levi subgroup 
of G  an d wher e \x E Uch(M); w e set W G ( M , M ) =  NwG(M,fi)/WM. W e de-
note b y TZd(G) the fre e Q[x]-modul e on th e se t o f Wc-conjugacy classe s of 
such pairs , wit h basi s denote d b y {x^/i)}-

We defin e (c/2.28 ) 

(2.29) Reg^ : = У 
KM M) 

Deg(I&(u)) 

Ус (M •X( 

• Fo r an y generi c Lev i subgroup N  of G, w e denote b y A*,G(N ) th e fre e 
Q[x]-module on the se t o f pairs (M , u) suc h that M is a d-split Lev i subgroup 
of G  containing N  and v G  Uch(N), wit h basi s denote d b y { © Q M ® v} . 

We se t &QM : = ©G, M ® 1 • For a spli t generi c Lev i subgroup M  o f G, 
we se t 0 M : = 0 M M . 

[®G,M ®  v shoul d be viewed as the forma l versio n of Res^F ( © G i r V^- l 
• W e define B$ : ^ , G ( N ) - » Hd(G) b y the formula e 

(2.30) 

J i ? M ( © G ®  A« ) =  X ( M , M ) f o r N  = M , a d-spli t Lev i subgroup o f G, 

1 # N ( < = > G , M ®  " ) =  ^ M ( © G ®  RN(")) for N  C M, M d-split . 

We shal l see that the ma p o f 1.33 identifies t o a special case of this one. 
A W P «pf. 

2.31) Ab,#Ree": = 
{M; MI d-split)} 

< = > N 

^ G , M • 
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[Note that Abd R e g N should be viewed as the formal version of A b ^ R e g N : = 

S d € A b w I r r ( N F ) 0-] 

With this notation, it follows from definition 2.29 that 

R e g f = D e g ( i ? M ( l ) : 
\WG(M,a)\ 

• Ü M ( © G ® D e g ( / i ) . / i ) 

(2.32) 

;MJ 

D e g № ( l ) ) 
| W G ( M ) | 

i ? M ( 0 M ® U R e ^ ) . 

The following theorem is the analogue of 2.16. 

2.33. Theorem. 

(1) 

R e g G 

[11 w e 

D e g № ( l ) ) 
| W G ( T ) | 

ß £ ( A b d R e g T ) , 

where T runs over the set of maximal tori of G. 

(2) 

Reg?? 

:(M,*O]W 0 

Deg(J&(l)) 
| W G ( M , / i ) | 

D e g ( i ? M ( l ) ) oG / A u r> M ~ _ / T i n M \ \ 
| W G ( M ) | K M ( A b d K e £ ® c <f(UReg ) ) , 

[MJiv0 

where M runs over t i e set of dsplit Levi subgroups of G. 

Proof. (1) By 2.32, we see that 

R e g G 

1 
I W M | D e g ( i ? M ( l ) ) Ä M ( © M ® U R e g M ) _ 

Also, by 2.11, we see that 

URegM = 

1 
D e g « ( l ) ) i ? M ( l ) . 

Thus we get, using 2.30, 

R e g ? 
1 

\WG 

Deg(i?«f(l) 
K{M; T C M ] 

A G ( © G , M ® 1) 

fíM(AbdRegM®Deg(cd(,i)).,i) 
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and the result follows from 2.31. 
(2) We extend cd of 2.7 to R e g G by setting 

c<f(RegG; 
[T€Td(,G)]Wg 

Deg(iffil); 
| W G ( T ) | 

flf(AbdRegT). 

By lemma 2.14 applied with <p(T) = Deg(R%(l))B%(Abd R e g T ) , we see that 

R e g G 

[ M ; M d-split]^ 

D e g ( i ? M ( l ) ) 
\WG(M)\ 

i ? G ( c d ( R e g M ) ) . 

Thus it suffices to prove the following lemma. 

2.34. Lemma. We have c d ( R e g G ) = A b d R e g G ® c d ( U R e g G ) . 

Proof of 2.31. We have 

A b d R e g G ® cd ( U R e g G ) Deg(flg(l)) 
| W b ( T ) | 

A b d R e g G ® i ? £ ( l ) , 

and it suffices to check that, for T E 'Td(G), we have 

A b d R e g G ® i ? G ( l ) = R§(Abd R e g T ) , 

which is immediate by 2.30 and 2.31, since T is contained in no proper d-split 
Levi subgroup of G. • 

In order to define a generic version of the adjoint *R§ of i ?§ which may be 
"specialized" to the ordinary *R§> w e must introduce more notation. 

Let 7£</,G(N) be the free Q[rr]-module on the set of W^-conjugacy classes 
of pairs (M, £ ) , where 

• M is a d-split Levi subgroup of G such that M f l N is defined, 
• 6 e Uch(M H N ) , 

with basis denoted by { X ( M < $ ) } • 

Remark. We must see x^S) A S ^ M T I N I 0 ^ ® 6 ) • 

We define i j g : TZd^G(N) - » Ud(G) by the formula 

( 2 . 3 5 ) ^ ( x r B M ) ) = = « S ( ® G ® * ) , 

and then we define *-R^: 7Zd(G) —> ^ d , c ( N ) in such a way as to fit with the 
Mackey formula, i.e., for any d-split pair (M, fi) of G, we set 

( 2 . 3 6 ) * - R N ( X ( M , / I ) ) : = ^ N n ™ M ( ® c f ™ M ® *^™MnN(*V) ) • 
W N \ 5 I V 0 ( M ^ ) / W M 
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2.37. Theorem. Let N be a generic Levi subgroup of G. Then 

•J#(Regfi =  Deg( i$( l ) )Reg « . 

Sketch of proof. Since , by 2.33 , 

G _ ^  D e g ( i ^ ( l ) ) c T 
Reg d -  2 ^ | W G ( T ) | (Ab d Reg ), 

and sinc e Ab^ RegT = RegJ , it follows that 

•J#(Reg!f) =  Deg(i^( l))Reg J 

and als o that 

* i ^ (Reg G ) =  J2 i ? f ( * ^ ( * ^ ( R e g G ) ) ) . 
[{T;TCN}]vyN 

Thus the result follows from the transitivity of both i? § and • 

D. First applications to actual finite reductive groups. 
In §2.D, as a first application, we prove that the specialization of our previ­

ous regular character behaves as the regular character of a "$d~idempotent"'. 
The actual application to true £-idempotents will be given in §5 . 

Let (G,T, F) b e a (g , </>)-triple associated with G. Followin g the notation 
introduced a t th e beginning o f §2.C, let (G/[G,G])rf/ b e the product o f all 
the Sylo w $ e-subgroups ( e  ̂ d) of the torus G/[G, G]. W e then denot e by 
Abd Irr(G F) th e group of all characters of G F / [ G , G ] F (viewed as characters 
of GF) whos e kernel contain s th e group o f rational point s o f (G/[G, G])^/. 
We denote by Abd Reg G : = ^2e£Ahd i r r ( G F ) ^  ^e correspondin g regular char-
acter. 

2.38. Definition-Proposition. 
(1) Let N be an F-stable Levi subgroup of G. Th e class function 6Q on 

NF is defined inductively by the formula 

R e s ^ ; ( 0 ^ F ) =  A b d R e g N F . 
{ M ; ( M <Z-split)(NCM)} 
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(2) (Equivalent definition) For an F-stable Levi subgroup N  of G, we 
define 

Irr(GgF) : = A b d I r r ( N F ) -  ( J A b d I r r ( M F ) . 
{ M ; ( M d - s p l i t ) ( N C M ) } 

Then we have 0 g F =  E ^ i ^ © ^ ) 0 . 

For a unipotent characte r /x of MF , w e set 

W Q F ( M , fi) : = A T G F ( M , / X ) / M F 

and (wit h obviou s notation) 

R p t r G F . _ Degi?Q(/x) P G ( P I M F .. N 

The followin g resul t is a kind of "generic version" of [BrMi], thm. 2.2 . 

2.39. Theorem. All the values of \WG\RegfF are divisible by \G\d(q). 

Proof of 2.39. Thi s depends on the following general property o f the Deligne-
Lusztig induction . 

2.40. Proposition. Let L be an F-stable Levi subgroup of G. If ( is a class 
function on LF which takes integral values, then the function \GF\pR^ (Q 
takes integral values. 

Proof of 2.40. Le t P b e a paraboli c subgrou p o f G suc h tha t L is a Levi 
complement of P, and let U be the unipotent radica l of P. W e denote by Vu 
the associate d Deligne-Lusztig variety, on which the finite group GF act s by 
left multiplication , whil e the finite group LF act s by right multiplication. We 
denote by Au the class function o n G F x  LF define d by the formula 

Av(g,l) : = J j t r ^ , / - 1 ) ; # ' (Vu,<&) ) • 

It i s known (cf. [DeLu], prop. 3.3) that the function Au takes integral values, 
which are independent o f £ (£  ̂ p). Moreover , the map i s defined by Au 
as follows (se e for example [Brl] , §1). Fo r a class function (  on L F , the value 
of (C) at 3 G G F i s given by the following formula : 

i£(C)(ff) =  (Au(<7,-),0 ^ 
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where we denote by A(p, •) the class function on LF whose value at / E LF is 

A(g,l). 

By [Brl] , 4 . 1 , it suffices then to prove that A u is "^-perfect" for every 

£ ^ p. This follows from [Brl] , prop. 2 .1 (see also [DeLu], prop. 3 . 5 ) . • 

We can now prove Theorem 2 . 3 9 . 

By 2 . 3 3 and using 1 .28 , which shows that we may identify W G ( M , H) and 

WGF(M, ) , we see (note that our notation has been chosen so that ev­

erything specializes nicely) that 

( 2 . 4 1 ) 

R e g ? " 

l(M,M)] 0 

\WGr(M,n)\ 
R « ( A b d R e g M F . D e g ( c d ( M ) ) ( g ) . A t ) . 

It suffices to prove the following lemma. 

2.42. Lemma. Whenever M is a d-split Levi subgroup of G and fi is a 

unipotent character of M F , 

\WGF(M,») 
i ? ^ ( A b d R e g M ' •Deg(c d ( j i ) ) (g) . /*) 

iaires values which are divisible by \G\d(q)-

Proof of 2.42. On one hand, since W G F ( M , / i ) = NGF(M,/i)/MF, we have 

Degiffi(l) 

\WGr(M,n) \WGr(M,n)\, 
\GF: NGF(M,H)\P> . 

On the other hand, by 2.8, we see that | W M | D e g ( c d ( j i ) ) ( g ) is divisible by 

|Ms S |d(#) (since |WM|Deg(cd ( /x ) ) and |MsS|d are both polynomials in Z[#], the 
•KKF 

second one monic) , and thus I ^ M l A b d R e g .Deg(cd(/x))(g).jx takes values 

divisible by | M | d ( g ) . 

Since \M\d{q) = \G\d(q), 2.42 is proved. • 

3 . G E N E R A L I Z E D H A R I S H - C H A N D R A T H E O R Y 

A . The fundamental theorem. 

In § 3 . A , in order to decompose our regular characters, we define partitions 

of the set of unipotent characters in a way which generalizes Harish-Chandra 

and Howlett-Lehrer-Lusztig theories. 

We call d-split pairs of G the pairs (M, fx) where M is the centralizer in 

G of a $d~torus of G, and where ¡1 E Uch(M). We say that such a pair is 

d-cuspidal if /x is d-cuspidal. 
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3.1. Definition. Let (Mi,Mi) an d (M 2 ,M2) b e two d-split pairs. We write 

(Mi, / i i ) ^  (M 2 , / x 2 ) 

if 
(1) M i is a Levi subgroup of M2 , 
(2) ( i ^ (,*!) , , i 2 ) G ^ 0 . 

The Wey l grou p W G o f G act s o n the se t o f d-split pair s o f G an d it 
stabilizes th e relatio n ^  .  I f (Mi , Mi) an d (M 2 ,M2) ar e two d-split pairs , 
we set (Mi,/xi ) =4WQ (M2 , / i2) i f and only if there exist s w €  WQ such that 
( M i , M I ) " ^ ( M 2 , M 2 ) . 

For a  d-cuspidal pair  (L , A) o f G, we denote by Uch(G, (L, A ) ) th e set o f 
7 e Uch(G ) suc h that (L , A) ^  (G,7) . Not e that Uch(G, (L, A ) ) depend s only 
on the WG _ c o n J u gacy class of (L, A ) . 

The following statement is fundamental. I t expresses that Deligne-Lusztig 
induction ca n be viewe d a s ordinar y inductio n throug h generalize d Wey l 
groups, provide d each unipoten t characte r is equipped with th e appropriate 
sign, and if we work only with d-split Levi subgroups of G. 

3.2. Fundamental Theorem. 
(1) For each d, the sets Uch(G, (L, A ) ) (where (L , A) run s over a complete 

set of representatives of the WQ-conjugacy classes of d-cuspidal pairs 
of G) partition Uch(G) . 

(2) There exists a collection of isometries 

JJ£A ): ZI r r (^ M (L , A )) -  Z  Uch(M, (L, A ) ) , 

where 
• M  runs over the set of all d-split generic Levi subgroups of G, 
• (L , A) runs over the set of d-cuspidal pairs of M, 

such that 
(a) for all M and all (L, A ) , w e have 

M •  (L,A ) - ^(L,A ) ' A n d W M ( L , A ) ' 

(b) The collection (i^x)) J S stable under the conjugation 

action by WQ. 
(c) ifix) maPs the trivial character of the trivial group W L ( L, A ) 

to A. 
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We believe that 3.2 will have a  general and nice proof, involving in partic -
ular a generalization o f the notion of Hecke algebras {cf. [Brl] last paragraph, 
and [BrMa2] ) and a suitable generalization o f Howlett-Lehrer theor y (whic h 
must b e understood a s adapte d t o the cas e d =  1  — see below) t o a  "d-
Howlett-Lehrer theory" . Unfortunatel y suc h a  theory seem s out of reach for 
us at the moment . 

Indeed, the case d = 1  is known: th e first assertio n i s the so-called Harish-
Chandra theory , an d the second assertion ca n be deduced fro m theore m 5.9 
in [HoLe] . 

We provide a case by case proof o f the fundamental theorem . Th e case of 
type A will be treated first ; fo r the classical groups , w e give a rough sketc h 
(we refer t o [En2] for a more detailed proof) , an d a case-by-case analysis for 
the exceptiona l groups using table s given in the appendix . 

It wil l be convenient to prove 3.2 together wit h the following result, stating 
a genera l "Ennola"-dualit y vi a aG fo r Deligne-Lusztig induction : 

3.3. Theorem ( "Ennola"-duality for 1?G ) . There exists a natural bijective 
isometry aG :  Uch(G) — > Uch(G"" ) such that whenever L is d-split for some 
d, the following diagram is commutative : 

ZUch(G) 

Z Uch(L ) 

ZUch(G-) 

ZUch(L-) 

Remark. It i s very likel y that th e preceding theore m hold s withou t th e hy-
pothesis abou t th e Lev i subgrou p L . Thi s i s actuall y th e cas e i f G i s of 
classical type, a s shown below . I t is still to be checked for the case where G 
is of exceptional type . 

We defin e a  sig n e T an d 7" b y aG ( 7 ) = £ T 7~ where 7  E  Uch(G ) an d 
7"" G  Uch(G~). Not e that th e crG defined abov e extends th e one of 1.21 vi a 
the isometr y of CT{G) wit h the subspace of uniform functions o f Q[x] Uch(G). 

Proof of 3.2 and 3.3. Firs t note that it suffices to prove both statements in the 
case where G  is simple. Namely , by 1.36 and remark 1.25 , we may reduce to 
the cas e of adjoint generi c groups, which are direct product s o f simple generic 
groups G ^ . Sinc e i ? G is compatible wit h products , w e may hence assum e 
that we have just on e factor G^a\ an d finally, by 1.37, that a = 1. 
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The case of the type A. 
Since the property we want to prove concerns only the unipotent characters , 

we may as well assume that we are dealin g with the genera l linear o r unitary 
group. 

Let u s denot e by G L n th e generi c finite reductive grou p corresponding to 
the genera l linea r group s of rank n. Thu s G L n =  ( ( Z n , i2 , Zn , i 2 v ) , © n ) with 
R = Rw =  {(e z- —  ej); ( 1 <  i; ^ j < n )} , wher e { e i , . . . ,  en} i s the canonica l 
basis o f Zn . 

Then th e generi c group correspondin g to th e unitar y group s o f rank n i s 
GU n : = GL", where GL" = ( ( Z n , i ? , Z n , i ? v ) , © n . ( - I d ) ) (cf. [BrMa], §2). 

If we have shown 3.3, then it suffice s to prove 3.2 for G L n . Bu t 3. 3 is well 
known in the case of type A. Namely , by [LuSr] (see for example [DiMi2], 15.4) 
if we take as reference torus th e "diagonal " maximal torus o f G L n ( F 9 ) (whic h 
is stable b y both th e standar d an d th e "twisted " Frobeniu s endomorphism), 
the generi c irreducible unipotent character s o f G Ln ar e th e function s 

x 
_ 1_ 

: " n ! E 
шее* 

p G L n for x G l r r ( 6 n ) , 

while th e generi c irreducibl e unipoten t character s o f GU n ar e th e ex^(^Jn 

where ex —  ±1 an d 

: = h E  X(W)R^ fo r X €  Irr(6„) 

Identifying Uch(G ) an d Uch( G )  wit h I r r (6 n ) , w e then se e tha t th e ma p 
X »—• £XX 1S ^ e ma p O G , whic h shows 3.3. 

The natural bijection M M ~ betwee n the se t o f generic Levi subgroups 
of G L n an d th e se t o f generic Levi subgroups of GUn i s such that th e $d(x) -
subgroups o f G Ln correspon d to the $d(—x)-subgroup s of GUn (recal l that, 
for d > 2 , $d(—x) = $2d(#) , $d/2(x) 5 o r $d(x) i f d is respectively odd, con-
gruent t o 2  modulo 4, or divisible by 4). So to prove 3.2 for type A , we may 
as well assume that G  — G L n , which we do from now on. 

We identify CJr(G) an d th e subspac e of uniform function s o f Q[x] Uch(G) 
via the map a i- > $G (se e 1.29). Thus the map RG i s identified to the induction 
Ind£ o n class functions (se e 1.33, (2) ) and t o Res£. 

Let 7 b e an irreducible character o f 6 n an d le t w G ©n - The n *R^w (7) = 
7 ( ^ ) 1 an d (se e remark 2  after 2.1 ) 7 i s d-cuspidal if and onl y if the partitio n 
of n corresponding to 7 i s a d-core. 
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Moreover, a  d-spli t Lev i subgroup o f G i s o f type G L ^ x  G L ^ x  •  • • x 
G L ^ x  GL 5 (cf. 1.3). I t i s then eas y to see that a  d-cuspida l pai r o f G is a 
pair (L , A) suc h that L  is the direc t produc t T  x G L r wher e 

• T  is a torus such that |T | = (xd — l ) a , 
• A (wit h th e appropriat e identifications ) i s a  characte r o f © r corre -

sponding to a  d-core of size r. 
Thus n = ad + r , an d L  = (IY , WLV) , where 

• T L i s a suitable roo t datum , 
• W L ^  © r , 

• v i s an elemen t of cycle type da o f &a d 

(here we identify & a d with the obvious subgroup of the Young subgroup &ad x 
© r i n 6 N ) . 

We hav e 7 G  Uch(G, (L, A)) i f and only if A is the d-cor e of 7. Thi s proves 
in particular the first  assertio n o f 3.2. 

A d-spli t Lev i subgroup M containing L is of type G L^ x • •  • xGL^j x G L5 , 
where s > r. W e can compute b y computing successively R^ ,  then JRJJJj, 
etc., wher e M i i s o f type G L ^ } x  •  • • x G L ^ x  GLdria+s, M 2 i s o f type 
G L ^ x  •  • • x G L ^ _ 2 x  GLdria_1+dna+s ,  and s o we see that i t i s enough t o 
assume (sinc e i ?G behaves nicely with respec t t o products) 

G =  G L n an d M  = Gh[d) x  GL 5 

with L C M ,  which we do from now on. Thu s n = ad + r = bd + s with r < s, 
G =  (rG, WQ) wit h WQ ~ © n , and M  = ( T M , WMw) wit h 

• WM — (&b)d x  6 5 , a Young subgroup of ©n 

• w i s an elemen t o f cycle type db i n &bd (not e that WMW =  WMV). 
The clas s functions o n G are the usual class functions o n © n , while the se t 

CJ:(M) ma y b e identifie d wit h th e se t o f usual clas s function s o n © & x  6 5 . 
Indeed, ever y /3 G  CJr(M) (i.e., /3 is a  Wwrstabl e function o n WM.W) define s 
a clas s functio n fib o n 6 5 as follows : fo r ( < 7 i , 0 2 , . . . ,crd) G  (©&) d, w e se t 
Pb(<ri(T2 - ' <Td) := f3((aua2,.^ ,(Td).w). 

We hav e 
WG(L, A) = C6ai+r(v)/6r ~ ((Z/dZ) I 6a), 

and 

W M ( L , A) -  © 6 x  (Z/dZ ) I © A _ 6 . 
With th e precedin g identifications , th e descriptio n o f A N C ^ ^(L,A ) 

amounts t o the descriptio n of corresponding maps I™x (m =  n , 5 ) , wher e 

Idyx: ZIrr((Z/dZ ) I 6A ) ZIrr(© n , (d, A)), 
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JJ>A :  ZIrr((Z/dZ) I 6a _ 6 ) - + ZIrr(65 , (d, A ) ), 

where Irr(© m , (d, A )) denote s th e se t o f irreducible character s o f ©m (parti -
tions o f m) with d-cor e A . W e want thes e map s to be such that the followin g 
diagram i s commutative : 

ZIrr((Z/dZ) l 6a ) ) ^ zirr(e n ) 
(3.4) I a I 

ZIrr(© 6 x  (Z/dZ ) I 6f l-&) I d e ^ ' x Z I r r ( © f e x © 5 ) 

where the vertica l arrow s ar e th e restrictio n maps . 
With appropriate choice s (see [Os]), an irreducible character o f ( Z / d Z ) { © a 

(resp. o f (Z/dZ ) I &a-b) i s defined b y a  family o f partitions (7Tj h  a,-)^!,...^ 
where X^f=i a% = a  ( r e s P- ] C f = i a * = a ~ ~ Suc h a  collectio n may b e 
interpreted a s th e "d-quotient " o f a  partitio n n o f n (resp . o f s) wit h d -
core A  , and define s a  sig n en (se e for exampl e [Enl] , §3 ) in a  wa y which is 
"compatible" wit h th e Murnaghan-Nakayam a formula , an d thi s define s th e 

m a P s *a\A-
Assume first  tha t a = b. I n thi s cas e 3. 4 i s equivalen t t o th e followin g 

property : 
For al l C  6 Irr((Z/dZ ) l 6a ) , fo r al l (cru cr 2 , . . . , ad) G  ( & a ) d and fo r al l 

a G  6 r , w e have 

^ , A ( 0 ( ( ^ I , <72 , . . . , ad).w.<j) = ((ai<T2 ''' ^d)Ha) • 

This equalit y result s fro m th e Murnaghan-Nakayam a formul a fo r wreat h 
products (se e [Os ] or als o [Rou] ) an d fro m th e fac t tha t th e cycl e typ e of 
((<7i 5 ^ 2 , • • • 5 &d)-w) G  Gad is d times the cycl e type o f cria2 • • • od G  6 a . 

The genera l cas e a > b is analogous, and i s translated as follows . 
We le t w b e a s above . The n fo r C  G Irr((Z/dZ) I &a) th e valu e o f / £ A ( C ) 

on ((6b)d x  ( 6 A - 6 ) D x  &r).w i s given as follows : 
For ( a i , ( 7 2 , . . . , c r d , a i , ( 72 , . . . ,cr^ ) G (&b)d x (© f l -&) d an d c r G 6 r w e have 

Jd.xCCXfcl , ^ 2 , . - . ,(7d, ( 7 ^ , ( 7 ^ , . . . , (7^) .^ . (7) = 

C(((7i(7 2 • • ' (7 d ) ( (7 i (72 * * * ° d ) № ) ' 

Let now w' be an element of cycle type (d)a~~b in 6( a-&)d> and le t denot e 
the restrictio n o f C to 6& x (Z/dZ) J  6a_&. The n the valu e of (Id6* ® Il\)((b) 
on (6 & x (&a-b)d x © r ) . i / / i s given as follows : 
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For (CTI,<T 2 , . . . , a d , 0 - 2 5 •  • • iad) ^  (®*>) d x  (&a-b)d an d a  G  6r w e have 

(Id©, ®  /J, A)(C6)((^1^2 • * '  *d)(*i , •  • • , <r'dW'°) = 

C((<7icr2 •  • • ^ d X *^ •  • • CTd))A(a) . 

It i s clear that th e precedin g formulae prove the commutativit y o f 3.4. 
Note also that statemen t (b ) of the theore m hold s trivially sinc e all auto -

morphisms o f G Ln fix  al l unipotent characters . 

The case of classical groups. 
We us e Asai' s results o n the decompositio n of the Luszti g functo r i? £ a s 

cited in the pape r [FoSr ] of Fong and Srinivasan . 
Let G  b e a  generi c grou p o f type 5/ , C/ , D\ o r 2Di. Luszti g ha s show n 

that the unipoten t character s Uch(G ) o f these groups may be parametrized b y 
means of so called symbols. A  symbol is an unordered se t {S, T} o f two strictly 
increasing sequence s S = xi < • • • < xa, T = y\ < • • • < yb of nonnegativ e 
integers, usuall y denote d a s 

A=(Xl X a ) . 
V 2/i •  • •  Vb J 

Two symbol s are considere d to be equivalent i f they ca n be transformed int o 
each other b y a sequence of steps 

(xX . . . Xa\^(Q Xi + 1 . . . Xa + 1 ^ 

V 2/i •  • •  Vb / V  0 2/ i + 1 •  • • Vb + 1 / 

or by interchanging th e rows . Th e rank of a symbol A is 

rank(A) : = £  x{ + £  y{ - — , 

and | a — b\ is called the deject of A. Th e unipotent character s o f groups of type 
B\ an d C\ are in bijection with the equivalence classes of symbols of rank / and 
odd defect . Th e unipoten t character s o f groups o f type D\ ar e parametrize d 
by (classe s of) symbols of rank /  and defec t divisibl e by 4, except that i f th e 
two row s o f A ar e equal , tw o unipoten t character s correspon d t o th e sam e 
symbol; such symbols are calle d degenerate. Finally th e unipoten t character s 
of group s o f type 2Di ar e parametrize d b y symbol s A o f rank /  an d defec t 
congruent 2  (mo d 4) (cf. [Ca], 13.8) . 

Let u s first  assum e tha t th e intege r d of the theore m i s odd. W e will need 
the decompositio n of J?G i n the particula r case of a Levi subgroup L = T  x H, 
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where H  is a  generi c classical group of the sam e type a s G  an d T  is a  toru s 
such that |T | = xf —  1 (we will always have d\f). I n this particular situatio n 
a unipotent characte r o f H and hence of L is indexed by a symbol A = (S , T) . 
The decompositio n of # L ( 7 A) i s explicitly described by a  simpl e formula of 
Asai given in (3.1 ) of [FoSr] . Namely , R^iyx) equal s 

(3.5) J2 ( - l ) M s ' * 7 s - { x } u { * + / } ( r +  £  ( - 1 ) M t ' s 7 5 , T - { J / } U { V + / } , 
xes yer 

x+fts v+ftT 

where Ms,x \{s & S \ x < s < x + f}\. Als o by convention if a degenerat e 
symbol occur s on th e righ t han d sid e o f the formula , the n i t i s understoo d 
that bot h unipoten t character s correspondin g to i t appea r i n th e sum . Th e 
formula above has a  convenient interpretation i n terms o f /-hooks: Th e sym-
bols occurrin g as indice s of unipotent character s o n the righ t han d sid e axe 
precisely those which are obtained from A by adding an /-hook. (Th e concept 
of hooks , cohooks , cores and cocore s of symbols is explained in detai l i n [01] 
and [FoSr] , for example.) 

The proo f wil l be in severa l steps . W e first describe the d-cuspida l pairs . 
Each symbo l A ha s a  uniquel y determine d d-core . W e clai m tha t th e d -
cuspidal unipotent character s 7 A of G are precisel y those where A itself is a 
d-core. Indee d i t i s easily seen that th e generi c d-split subgroup s L  o f G al l 
have type 

G L ^ x - x G L W x H , 

where №  has th e sam e typ e a s G . No w by 1.3 7 th e d-cuspida l unipoten t 
characters o f G L^ are i n natural bijection with th e 1-cuspida l character s of 
G L n , an d a s we already sa w above such characters exis t only if n = 1 . Hence 
d-split subgroup s L  ca n hav e d-cuspida l unipoten t character s onl y i f L i s of 
type 

(3.6) T  x H, wher e \T] = (xd -  l ) a , 

and wher e H I has th e sam e type a s G . I n turn , i f a >  0  by induction thes e 
d-cuspidal characters hav e the for m A  = 1 ® - - - ® 1 ® 7 A , wher e A is a d-core. 
Now i? ^ behave s wel l with respec t t o direc t products . S o the constituent s 
of R^(\) fo r (L , A) a s abov e may b e compute d by repeate d applicatio n of 
Asai's formul a 3. 5 i n th e particula r cas e /  =  d , usin g transitivity . Clearl y 
all constituent s o f i ?]p(A) hav e th e sam e d-cor e A, so we obtain a  partitio n 
of th e unipoten t character s o f G int o series , suc h tha t tw o characters li e in 
the sam e series if and onl y i f their associated symbols have the sam e d-core. 
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This completes the descriptio n of the d-cuspida l pairs an d o f the d-serie s an d 
proves 3.2(1). 

We nex t sho w that th e serie s ar e disjoin t eve n with respec t t o inductio n 
from intermediat e d-spli t Lev i subgroups. Obviousl y by induction i t suffice s 
to d o this fo r maxima l subgroups M (see the reasonin g fo r typ e A). U p t o 
G-conjugacy an y maximal d-split generi c subgroup of G containing L has th e 
form 

(3.7) M  = Gh[d) x  IE' 

where b < a and IE ' has th e sam e type a s G . Althoug h the formul a o f Asai 
doesn't explicitl y yield the decompositio n o f B^(fi) f ° r A4 a unipoten t char -
acter o f M, we can stil l deduce it. Indeed , the unipoten t character s o f G L^ 
are indexed by the irreducibl e characters x ° f © 6 = W(GLb). Th e unipoten t 
character o f GLfe corresponding to x l s 

(3.8) 7x =  ìgjE Х И ^ ( 1 ) , 

where \TW\ = 13; ~~ 1) when w ha s cycl e typ e rii(M- ^  l s n o w dea r 
by repeate d applicatio n o f Asai's formula fo r /  =  db{ that th e constituent s 
of B^(fJt) ax e indexed by symbols obtained from A  by adding dbj-hooks , and 
since th e additio n o f a db z-hook may b e mimicke d by th e additio n o f b{ d-
hooks, JRJJ preserve s the serie s defined above , which proves disjointness. 

Thus i t remain s t o establish th e existenc e of the collectio n of maps Ĵ J X ^ . 
As i n th e cas e o f type A abov e i t i s sufficien t t o d o thi s fo r M  maximal . 
Let L  b e a  fixed  d-spli t subgrou p o f G a s i n 3. 6 wit h I E of rank r , s o that 
/ = ad + r , an d A = 7 A a d-cuspida l characte r o f IE . The n M  ha s th e 
form 3.7 . Le t u s assum e fo r th e momen t tha t G  ha s typ e Bi o r C\. The n 
W G ( L , A) = ( Z / 2 d Z ) I &a (wher e implicitl y we have alread y mad e al l th e 
identifications a s i n th e proo f fo r typ e A). Th e character s o f this wreat h 
product ar e i n bijection with 2d-tuple s o f partitions {u{ h a ?) wit h =  a . 
As w e have seen, the unipoten t character s i n Uch(G, (L, A)) are parametrize d 
by symbol s * wit h give n d-core A and henc e weight a. Sinc e a symbo l A = 
{ 5 , T} i s uniquely determined (u p to equivalence) by its defect and by the two 
partitions represente d b y the /3-number s 5, T, we get a  bijection from th e se t 
of symbols with a given d-core onto the se t of pairs o f partitions o f ai, a2 wit h 
prescribed d-core s and a\ + a2 = a (w e get ordere d pair s sinc e the defec t of 
A i s odd) . These in turn ar e i n bijection with th e se t o f pairs o f d-quotient s 
(see [JaKe]) , hence with 2d-tuple s o f partitions (a; ; h a z) o f a =  X ) a i - Thi s 
defines a  bijection between Uch(G, (L, A)) an d Irr (Wc, (L, A)). 
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For M  as above we also have W M (L , A ) = x  ((Z/2dZ ) I &a-b). Th e se t 
Uch(M, (L, A ) ) i s parametrized b y pairs (u; , V) consisting of a partition u>\- b 
and a  symbol T for H' with d-core A. We have an obvious bijection from thes e 
to I T T ( W M ( L , A ) ) . 

we no w nave to compare tne decompositio n 0 1 itjJiUfJ j lo r /i a  constituen t 
of i?5f(A) , with the corresponding decomposition of induced characters i n th e 
Weyl group. Firs t note that by (3B) o f [FoSr] there is associated a well defined 
sign 6  to eac h unipoten t characte r o f G s o that n o cancelling takes place in 
the induction . 

We mak e again us e o f the decompositio n 3.8 for the unipoten t character s 
of GL& . Th e differen t tor i appearin g i n th e su m correspon d to th e on e 
element subset s {w}. Inductio n t o W G ( L , A ) jus t yield s the characteristi c 
function o n the corresponding class, so that the multiplicity of any irreducible 
character \  o f W G ( L , A ) i s just equa l to th e valu e x(w)- Thi s value may be 
computed by the generalized Murnaghan-Nakayama formul a of Osima [Os] for 
wreath products , by successively removing hooks of length n, - from w of cycle 
type Yii ni- O n the other hand, th e multiplicity of a unipotent characte r o f G 
in ijSjj y (1) i s seen by 3.5 to b e obtained (u p to sign ) by the sam e procedure 
of addin g hook s of length dn z. Addin g a hoo k o f length dn z- i s equivalent t o 
adding a  hook o f length ni t o one of the partition s o f the d-quotient . Henc e 
the multiplicities on both sides agree and the assertion o f 3.2 follows for types 
B an d C. 

In type s D an d 2 D , two complications arise. Firstly , degenerat e symbols 
may occu r in 3.5, and secondly , sometimes the normalizer W Q ( L , A ) is not th e 
full wreat h product . I t wil l become clea r presently tha t bot h problem s ar e 
intimately linked . Bu t i f both d o not occur , th e abov e proof carrie s throug h 
precisely as for types B an d C. 

As th e d-cor e of a degenerat e symbo l is easily seen to b e also degenerate , 
the first  complicatio n occurs when the cuspida l characte r A  is indexed by a 
degenerate symbol . Bu t also , the normalize r W G ( L , A ) is not th e ful l wreat h 
product precisely when A is degenerate. S o it remains to check the existence of 
^(L ,A) * n ^s c a s e - The n W G ( L , A ) is a subgroup of index two in (Z /2dZ ) J6 f l, 
generated b y the element s of 6 a an d the eve n elements in ( Z / 2 d Z ) a . I t hence 
suffices t o se e that precisel y those character s \  ° f (Z /2dZ ) \ &a indexe d by 
2d-tuples o f partitions (u ^ h  a{) of a = Yjai wit h a 2 =  a z + d an d Ui = Ct̂ +d, 
1 <  i < d, split when restricted t o the subgroup described above. Thi s in turn 
is equivalen t t o sayin g that precisel y those \  vanis h o n al l od d element s of 
(Z /2dZ) I &a. Thi s final fact follow s from th e Murnaghan-Nakayam a formul a 
in [Os] , an d th e proo f fo r odd d is completed. 

It remain s t o treat th e cas e when d is even. Thi s resembles very much the 
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previous case , so we do not g o into an y details . (Indeed , th e particula r cas e 
where d i s twic e a n od d number wil l follow immediatel y fro m 3.3 , which i s 
proved below. ) Le t L  be a  generi c Levi subgroup o f G o f type T x l , wher e 
H i s a  generi c classica l group o f the sam e typ e a s G  (o r possibly G~ i n th e 
case o f the even-dimensiona l orthogona l groups ) an d T  i s a  toru s suc h tha t 
|T| =  xf +  1 . Again , th e decompositio n of - R L ( 7 A ) , wher e 7 A denotes th e 
unipotent characte r o f L  indexe d b y th e symbo l A, wa s explicitl y give n i n 
[FoSr], (3.2) . Namely , R?HA) equal s 

E ( ~ l ) I V ^ + I V T ^ / 7 5 - { , } , T u { x + / } 

(3.9) 
+ E  ( - l ) J V s ' s + / + 7 V T , 5 ' 7 5 u { y + / } , T - { ! / } 

V+ftS 

Here Ns,x := \{s E S \ s < x}\, an d th e sam e convention concerning degener-
ate symbol s as in 3. 5 applies . Th e symbol s occurring as indice s of unipoten t 
characters on the righ t hand side are precisely those which are obtaine d fro m 
A by adding a n /-cohook . Eac h symbo l has a  well defined /-cocore , an d ar -
guments a s in the previou s part no w show that th e d-cuspida l pair s of G ar e 
the (L , A) wher e A is a unipotent characte r o f the for m 1  ® • •  •  ® 1 ® 7A o f 

L =  T  x i , wher e |T | = (xe +  1)° , e  := d/2, 

and wher e A  is an e-cocore . A s above this is an eas y consequence of 3.9. I n 
types B\ an d C\ w e have W G ( L , A) = Z2e X &a- Th e sam e hold s for Di an d 

2 D/, excep t that whe n A  is degenerate, w e only obtain th e subgrou p o f even 
elements a s previously . I t i s wel l known that fo r symbol s the mechanis m of 
d-hooks whe n d i s od d i s completel y parallel t o tha t o f d/2-cohooks when 
d i s even . Sinc e this sam e parallelit y als o hold s fo r Asai' s formul a 3.9 , th e 
previous arguments may be applied with only minor changes. A  more detailed 
account i s contained i n [En2] . 

We nex t prov e the genera l Ennola-dualit y fo r R^ i n th e classica l groups. 
Let A = (5 , T) be a symbol. Defin e A~ = (5~ , T~) to be the symbo l obtained 
from A  by movin g al l od d entrie s fro m S t o T an d vic e versa . I n fact , a s 
(5, T) = (T , S) b y definition, w e might as well exchange the eve n entries of S 
and T t o obtai n A - . W e claim c r G i s the mappin g 

7 A *- > ^ A 7 A - , 

where 6 A i s the parit y o f the degre e in x o f Deg(7A) (not e that 6 A i s the sig n 
by which one has t o adjust Deg (7A)(—g) to obtain a  positive value). T o prove 
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3.3, observe that an y Lev i subgroup of a classical group contains a t mos t one 
factor o f classical type, i.e., no t o f type A. Sinc e all unipoten t character s o f 
type-A groups are uniform, the formulae of Asai 3.5, 3.9, enable us to compute 
the decompositio n of RG fo r any Levi subgroup L  of any classica l group. Fo r 
type A the desire d commutativity has already been proved, and the definitio n 
of th e sig n 6 A agree s wit h th e on e give n there. S o by induction i t therefo r 
suffices to prove the commutativity of 3.3 in the case that L has the particular 
form assume d i n Asai' s formula. 

The operatio n A  h-> A " interchange s od d hook s an d od d cohooks , an d 
leaves eve n hook s and eve n cohook s alone . I t follow s tha t th e symbol s for 
constituents o f i ? j ? ( 7 A - ) ar e jus t th e image s under ~  o f the constituent s o f 
<^L(7A) - Henc e we are reduce d t o checkin g the correctnes s o f the signs . As -
sume tha t L  =  T  x  i  a s i n 3.5 , and *  i s obtained b y addin g a n /-hoo k a t 
position x o f A. Shiftin g th e symbo l if necessary, w e may assum e tha t x i s 
even. Th e equality t o be proved after evaluatin g 3. 5 and 3. 9 is 

{-l)Ms>* ел 
Ns-.* + N 

By th e definitio n o f 5 ,  T , M an d N, thi s may be written a s 

€A€* = ( - l ) 1 + ^ - + ^ - + JV >, 

where iVi := \{s G  5 | x < s < x+f, s even}|+|{ * G  T \ x < t < x+f, t even}| . 
But by the degree formula for 7A give n in [Ca], 13.8, the right hand sid e is the 
change in parity o f the degre e of Deg(7A) whe n A  is replaced b y whenc e 
the desire d resul t follow s fo r odd length hooks . (Not e that i f L is of type £), 
exactly three of the fou r groups L, L~, G and G ~ ar e o f the sam e orthogonal 
type. Thi s account s for a  factor - 1 in the abov e equation.) I f / is even, one 
obtains similarl y 

eAe* = ( - l ) 1 + i \ 
where N2 := \{s G  S \ x < s < x + f,s odd} | + | { * G  T \ x < t < x + f,t odd}| . 
Again this identity i s verified using th e degre e formulae. Thi s complete s the 
proof o f 3.3 for classical groups. 

The case of exceptional groups. 
We now prove theorem 3.2 for exceptional groups of Lie type, together wit h 

"Ennola"-duality 3.3 in the cas e of d-split Lev i subgroups o f such groups. 

We assume that G has a  connected Dynkin diagram o f exceptional type, so 
that th e correspondin g groups o f Lie type ar e simpl e of exceptional type. I n 
this case we do not hav e such a nice result on the decompositio n of i ? L W 3 5  

Asai's formula fo r the classica l groups (cf. 3.5, 3.9). But sinc e we are dealin g 

53 



M. BROUE, G. MALLE, J. MICHEL 

with group s o f bounded rank , i t ca n b e replace d b y th e Macke y formula fo r 
twisted inductio n 1.35 . Thu s th e decompositio n may uniquely be determine d 
except fo r som e ambiguities stemmin g fro m algebrai c conjugat e eigenvalue s 
of Probenius . Thes e w e ca n no t resolve , bu t th e attainabl e informatio n i s 
sufficient t o prove the fundamenta l theore m 3.2. 

Our approac h wil l consist i n a  cas e by case analysis,  bu t som e frequentl y 
used argument s ar e collecte d at th e beginning . Clearl y i f w e know th e de -
composition o f - R L ( A ) fo r eac h d-spli t generi c Lev i subgrou p L  o f G  an d 
each unipotent characte r A  £ Uch(L) , the n the assertio n o f the theore m ma y 
be checked . Namel y the disjointnes s an d th e positivit y wil l follow fro m th e 
lists, an d th e existenc e o f th e collectio n of maps I^X) J u s t ^ y comparin g 
these finitely  man y decomposition s with table s showin g the decomposition s 
of induce d character s in th e correspondin g Wey l groups . Thi s trivia l step of 
verification wil l not b e made explici t in th e proof . W e shall just sketc h how 
to find  th e decompositio n of jR^, and lis t th e relevan t normalizer s W G ( L , A ) 
in the Wey l group. 

For the cas e of tori L  = T , the decompositio n of the usua l Deligne-Lusztig 
induction Rj i s known in al l case s by the wor k of Lusztig. Thi s alread y ac -
counts for about hal f the cases in the exceptional groups. Whe n L is contained 
in a  Harish-Chandr a generic subgroup M , i.e., centralize s a  1-subgrou p (se e 
[BoTi], Sect . 4) , then R^ i s known by induction an d R^ coincide s with ordi -
nary Harish-Chandra induction, s o the decompositio n follows from the resul t 
of Howlet t an d Lehre r [HoLe ] (th e cas e d = 1) . Finally , i f A lies in th e spac e 
of unifor m function s o f L then i t ma y be written a s a  linea r combinatio n of 
Deligne-Lusztig character s iSjf(l) . B y transitivit y o f Lusztig-inductio n w e 
can thu s als o express - R L ( A ) 3 8 a  l i n e a r combinatio n o f i ? j ( l ) ' s. Henc e th e 
determination o f the decompositio n is reduce d t o computation s wit h Wey l 
group characters . S o far w e don't eve n have t o assum e th e Macke y formula 
to obtai n th e decompositions. 

Unfortunately, no t al l case s (G , d, L, A) ar e o f one of the abov e types. W e 
now first  collec t a  list o f all quadruples  (G , d, L, A ), wher e G  is simple excep-
tional, d  an integer wit h $</(# ) dividing |G|, La d-spli t generi c Levi subgroup 
and A  £ Uch(L ) i s d-cuspidal (thi s last information i s either already know n if 
L i s classical, or by induction for exceptional L ) . Thi s list appears as Table 1. 
The notatio n fo r th e unipoten t character s o f the exceptiona l group s follow s 
[Ca], 13.9 . Fo r group s o f type th e unipoten t character s ar e indexe d by 
partitions, fo r types D\ and 2D\ b y symbols (see the proof for classical groups). 

However we have omitted th e case s with d  = 1 , as these are know n by th e 
classical Howlett-Lehrer theory , an d th e case s where L  = T , (hence ) A = 1, 
(then d  i s regula r fo r G  i n th e sens e o f Springe r [Spl]) , becaus e her e th e 
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decomposition is also clear due to L = T. 
Note that th e group s W<G(L , A) occurring in case d = 2 are al l well known 

Coxeter groups , a s they shoul d be by the "Ennola"-duality, sinc e w e hav e 
G(2, l ,2) £  W(B2), G ( l , l , 3 ) 2  W(A2), G(2, l ,3 ) S  W(B3), G2S S  W(F4) 
and G ( 6 , 6 , 2 ) ^ T y ( G 2 ) . 

The table alread y show s that fo r the type s 2 B 2 , 2G2, G2, 3Z?4 an d 2F± the 
decomposition of ( A ) for al l cuspidal pairs ( L , A) ca n be determined fro m 
the knowledg e of R^. Bu t this is not the case fo r the decomposition of all 
Jf2jj(A), wher e M < G is maximal d-split bu t A  not cuspidal . I n particular we 
will have to return to 2F± later on. 

3.10. Theorem . The decomposition of the i ^ ( A ) for the (G,d , L , A) Jisted 
in Table 1 is given by Table 2. 

From this, the fundamental theorem 3.2 follows for exceptional groups. 
At the same time, the "Ennola"-duality 3.3 follows for all Levi subgroups L 
which are d-split for some d. 

Remarks, (a ) In the cases marked by a * in the last column, the decomposition 
can be proved without usin g th e genera l Macke y formula. 

(b) Th e decompositions for G not o f type Eg, i.e., case s 1-38, were alread y 
obtained by Schewe [Sch] assumin g a conjecture on Shintani descent, but not e 
that som e of his tables contai n inaccuracies . 

Outline of the proof of 3.10. I n all cases marked wit h a  * in the next to last 
column of Table 1, the d-cuspida l character A  of L lies in the space of uniform 
functions o f L. S o by our abov e remarks on transitivity o f Deligne-Lusztig 
induction, JRJ L ca n be computed purel y mechanica l fro m informatio n insid e 
the Wey l group. Al l these computation s with character s o f Weyl groups were 
done with th e compute r algebr a syste m CA S [NPP]. 

This leaves 28 cases (G, d, L, A) to be treated. Thes e can not be solved with 
the method s discusse d s o far. W e shall no w assume in addition th e validity 
of th e Macke y formula fo r R^ in full generality , as allowed by 1.35 and 1.33 . 

It enable s us to calculate the norm of i?£ ( A) fro m the knowledge of W G ( L ) . 
For A  G Uch(L), denot e by 7r^(A) it s projection to the space of uniform clas s 
functions o n L. B y definition, thi s projectio n ma y b e written a s a linea r 
combination o f Deligne-Lusztig character s Rj(l), so as above we may cal -
culate ^ ( ^ u M ) fro m the character table s o f WL and WQ. Sinc e we have 
/ $ ( i r J ; ( A ) ) =  7 r ^ ( i ? ^ ( A ) ) b y 1.3 3 (2) , the unifor m par t o f Hf(\) i s known i n 
all cases, as is the norm by the Mackey formula. Thes e two informations suffice 
to determin e th e decomposition except for som e small ambiguitie s resultin g 
from irrationalities . Namely , it will turn out that ther e exist s an essentially 
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unique element 7 G  ZUch(G) wit h 71^(7) = ^u(^hW) o f minimal norm, an d 
that this norm coincides with th e nor m of (A ) calculated from the Mackey 
formula. 

By transitivity of Deligne-Lusztig induction w e may recover the decompo -
sition of i?L i f for some maximal Levi subgroup M < G  containing L  we know 
the decompositio n of R^ (an d the on e of i ?^ by induction). W e will therefor e 
from no w on assume tha t L  is already maxima l in G. 

If L  i s a  direc t produc t o f tw o group s L  =  L i x  L 2 , an d al l unipoten t 
characters of Li happe n t o b e uniform, the n R^ ma y be written a s a  sum of 
i ? Y X L 2 ?  f ° r s o m e maxima l subtor i T  of Li. I f moreover T x L 2 i s contained i n 
another maximal Levi subgroup L ' for which we know Rf,, the n by induction 
we ca n als o compute Thi s i s for exampl e useful i f Rf\ tend s t o contai n 
only fe w constituent s (an d henc e i s easil y determined) , whil e i? ^ ha s larg e 
norm. A s an exampl e we cite th e cas e d =  2  in G  o f type Eg, wher e L  ha s 
type Ds + A2 an d L ' ha s typ e £ 7 . 

We now consider the restrictio n o f the unifor m part 7r^(i?£(A)) t o a  family 
T o f unipoten t character s a s define d b y Lusztig  (se e [Ca] , chap. 13) . Th e 
characters i n a  family , a s wel l a s thei r unifor m projections , span  pairwis e 
orthogonal spaces of class functions. I f a family consists of just on e unipoten t 
character, the n this character coincide s with it s uniform projectio n and henc e 
its multiplicit y i n i? £ m a y b e recovered from the unifor m projection . 

Next assum e tha t th e famil y T i s a four member family pi,... ,  /94, i.e., i s 
associated t o th e grou p © 2 - The n excep t fo r on e cas e in £ 7 and tw o case s 
in Eg the orthogona l complemen t of uniform function s ha s a  one dimensiona l 
intersection wit h T an d i s spanned (afte r a  suitable renumberin g o f the pi) by 
Pi —  P2 — P3 +  PA- I t turn s out tha t i n al l cases of interest t o us th e unifor m 
projections o f the R^(X), restricte d t o a  fou r elemen t family , coincid e with 
the unifor m projectio n o f exactly on e pi. I t i s no w clea r tha t th e minima l 
norm is achieved if indeed R^{X)\jr =  p{. I n case that addin g u p the minima l 
norms on e just arrive s at th e nor m o f i?£(A), th e decompositio n is uniquel y 
determined. Thi s account s for the case s (17) , (27), (62), (63), (64), (65). For 
cases (42 ) an d (43 ) the decompositio n can no t b e deduce d unambiguously , 
since there two unipotent character s in the four-element famil y have the sam e 
uniform projection , bu t a t leas t th e su m o f the tw o decomposition s follows 
from the norm condition. Since the pairs of characters concerned do only occur 
with equa l multiplicity in al l other ,  the ambiguit y here does not harm th e 
proof o f the theorem . Whicheve r o f the possibilitie s holds , the collectio n o f 
maps I^x) e x i s t s -

Next we consider the eight member family associated to the group 6 3 . Her e 
the orthogona l complemen t to th e spac e o f uniform function s ha s dimensio n 
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three, excep t for type G 2 , bu t ther e al l unipotent character s o f every proper 
Levi subgroup ar e uniform . I n th e othe r cases , the vecto r of shortest lengt h 
in th e sublattic e spanne d b y generalized character s i s pi — p$ of length two; 
all othe r vector s have lengt h a t leas t four . Checkin g the case s one sees that 
(5), (9) , (11) and (14 ) follow fro m this observation. 

In th e cas e of the 21-membe r family in F4 associated t o © 4 , the shortes t 
vectors in the lattic e o f generalized characters orthogona l to al l uniform func-
tions ar e i*4[0 ] — F^O2] and F^i] — F^—i] o f norm two, and al l other vector s 
have length a t leas t four . Thi s determines th e case s (1) , (2) and (3). 

Finally in the 39-membe r family T i n Eg associated to 65 one again finds 
that al l vector s o f length tw o com e from pair s o f unipotent character s wit h 
algebraically conjugate eigenvalue s of Frobenius. Moreover , all other vector s 
have length a t leas t four . Thi s informatio n i s not ye t sufficien t d o obtain al l 
missing decompositions . S o for example in cas e (47 ) we have G(q) =  Eg(q), 
M(q) = $3£ ,

6 (9)? an d i t turn s out tha t th e nor m o f /2M(A) restricte d t o th e 
family T ma y b e a s bi g as seven . Bu t a t leas t w e know how to decompose 
RM(I) f ° r those 7 lyin g in the principa l serie s of Ee(q). Also , by the Mackey 
formula, the scalar products of these with the still unknown -Rj&W a r e known. 
This, combine d with th e informatio n o n nonuniform character s i n T, allow s 
to compute the decompositio n completely. 

The same type o f reasoning takes care of the 13-membe r family of charac-
ters i n group s o f type 2 F 4 fo r 3>g-spli t subgroup s M  with structur e M(g ) = 
$ 8 2 i? 2 (^)- Althoug h som e ambiguities wit h respec t t o character s wit h alge -
braically conjugate eigenvalue s of Frobenius remain , thes e ar e no t relevan t t o 
the proo f o f the theorem , sinc e i t hold s whicheve r o f the differen t possibl e 
cases occurs. 

After th e determinatio n o f all R$fa i t remain s t o compar e the decomposi -
tions for M maximal with those of the correspondin g characters induce d from 
W M ( L , A ) t o W G ( L , A ) . Th e groups W<G(L , A) tur n out t o be irreducible com -
plex reflection group s in al l cases . W e have indicated thes e groups , using th e 
standard notatio n give n fo r exampl e i n [Be ] or [Co] , in th e las t colum n of 
Table 1  for the case s listed there , and collecte d them i n al l other case s where 
d ^  1 , 2 and W G ( L , A ) is noncyclic in Table 3. (Fo r d = 1, 2 they are the usual 
Weyl groups o f G o r G~.) 

In th e tw o cases (22 ) and (23) , WG(L) i s the reflectio n grou p Gg but th e 
stabilizer o f the d-cuspida l characte r A  of L i s a  Sylo w 2-subgrou p o f Gg of 
index three, isomorphic to the imprimitiv e reflection group G(4,1,2) . 

With th e hel p o f the reflectio n representation s fo r th e relevan t reflectio n 
groups given in [Be ] i t is possible to find the fusion of W M ( L, A ) int o W<G(L , A ) 

and thu s t o comput e the decompositio n of all induce d characters , usin g th e 
computer algebr a syste m CA S [NPP] . The n a  straightforwar d verificatio n 
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proves the existence of the maps л ^ . The detail s ar e omitted. Thi s com -
pletes the proof o f 3.10. • 

• 
It migh t b e noted tha t the bijections 3 i e n o ^ u n i que i f WQ(h,\) i s 

cyclic; indeed on this level any bijective map is admissible. Bu t once we have 
chosen the bijections on the level of cyclic groups, it is "almost" determined for 
all bigger groups W G ( L , A). T o be more precise, the characters i n the ( L, A ) -
series are determined b y their multiplicities in the « ^ ( 7) fo r ( L, A) ^  ( M , 7 ) 
(provided tha t som e numbering i s chosen on the 1-dimensional level) , up to 
a smal l numbe r o f cases which basically resul t fro m algebraicall y conjugat e 
eigenvalues o f Frobenius, makin g character s indistinguishabl e b y induction. 
This i s again a  remarkabl e analog y t o the case d  = 1 , where Benso n and 
Curtis hav e prove d a similar resul t (her e the "cyclic" cas e is just th e trivial 
group), als o up to one ambiguity in £7 and two in Eg. 

B. d -Harish-Chandra theory for unipotent characters. 
In §3.B, we draw some straightforward consequences of the preceding fun­

damental theorem about the structure of the poset of d-split pairs. 
The followin g statement s generaliz e Harish-Chandr a theory , whic h corre-

sponds her e t o the case d = 1 . The y wer e recentl y conjecture d o r partiall y 
proved by many authors (see for example [Sch] or [FoSr]), and are immediate 
consequences of theorem 3.2 . 

3.11. Theorem (transitivity). Let ( L , A) b e a d-cuspidal pair, and let 
(M , /x) an d ( G , 7) be d-split pairs such that ( L, A) (Щ/л) and (M,ji) ^ 
( G , 7 ) . Then ( L, A) ^  ( G , 7 ) . 

This theorem, togethe r wit h the disjointness asserte d in 3.2(1), show s the 
existence o f a "d-Harish-Chandr a theory" . W e draw som e straightforwar d 
consequences of the existence of such a theory. 

3.12. Proposition. Let ( L , A) be a d-cuspidal pair, and let (M , | i) an d 
( G , 7 ) b e d-split pairs such that ( L, A) ^  ( G , 7 ) an d ( M , ^) ^  ( G , 7 ) . Then 
( L , A ) 4w« (M , ,x) . 

Proof of 3.12. B y 3.2, (1) , there exist s a  d-cuspida l pair  ( L ' , A') suc h tha t 
( L ' , A 7) ^  ( M , fx). The n b y 3.11 we have ( I / , A') ^  ( G , 7 ) . B y 3.2, (1) again , 
we the n see that ( L / , A') i s W<G-conjugate to ( L, A). • 

3.13. Corollary. The d-cuspidal pairs are the minimal d-split pairs for the 
order relation ^ . 

Proof of 3.13. Appl y the preceding proposition with ( L , A) =  ( G , 7 ) . • 
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The following consequence of d-Harish-Chandra theory is a result of "con-
trol of fusion". 
3.14. Proposition. Let (L, A ) an d (M,jx) be two d-split pairs. We assume 
that (L, A) is d-cuspidal, and that (L, A ) ^  (M , /1). 

(1) Assum e that w £ WQ is such that also (L , A ) = ^ (M,p)w. The n ther e 
exists v £ W M and n £ iVvF 0(L, A) such that w = vn. 

(2) Th e natural map iVw G((L, A ) , (M, |i))/iVwM(L, A) N W « ( M , J I ) / W M 
is an isomorphism. In particular (with obvious notation) we have 

NW^X)(M,p)/WM(L,\) = WQ(M,VL) . 

Proof of 3.14. I f (L, A ) i s contained in both (M , /x) and (M, fx)w, the n (L, A) 
and ™(L , A) are d-cuspidal pairs contained in (M, p ) , an d hence (see 3.13) axe 
conjugate unde r WM- Thi s proves (1) . We get (2) by applying (1 ) to the case 
where w £ NwQ (M, p ) . • 

The nex t resul t is also an immediate consequenc e of 3.12. 

3.15. Proposition. Suppose that (L , A ) is a d-cuspidal pair such that 
(L, A ) ^  ( G , 7 ) . Then 

* ^ ( 7 ) =  ( 7 , ^ ( A ) ) G £  - A . 
w€Wb(L)/We(L,A) 

In particular, we have 

D e g ( * ^ ( 7 ) ) =  ( 7 , ^ ( A ) ) G | W G ( L ) :  WG ( L , A ) | D e g ( A ), 

and D e g ( * ^ ( 7 ) ) *  0. 

4 . GENERI C ^ - B L O C K S . 

A. More on regular unipotent characters and Mackey formula. 
In § 4 . A, using § 3 , w e split unipotent regular characters into a sum of char­

acters, for which we refine results of §2.B. We also refine the Mackey formula. 
Let (L , A) b e a d-cuspidal pair . W e denote by prj^A th e orthogonal pro -

jection from Q[x] Uch(G) ont o the submodule with basi s Uch(G , (L, A ) ). 
We defin e 

(4.1) UReg£ A := pr£A (UReg G ) = £  D e g ( 7 ) . 7 , 
{ 7 ; ( L , X K ( G , T ) } 

and w e have (se e formula on e line above 2.12) 

(4.2) c d (UReg£ A ) = pr£ A (c d (UReg G ) ) =  £  D e g ( Q ( 7 ) ) . 7 • 
{ T ; ( L A ) « ( G , T ) } 

We hav e the following version of 2.13: 
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4 . 3 . Proposition. Let 7 G Uch(G, (L, A)), and let i/> G Q[x]Uch(G) be a 

uniform function. Then 

( 7 , V>)G 

[ ( M , , i ) ; ( L , X ) < w 0 ( H * i ) ] w e 

_ _ ( ^ > C - ( i ? M ( ^ ) ) ) M 

Proof. From 2.13, we have 

7 , VOG 

[M d-split] w 0 

W G ( M ) | 
* J £ ( 7 W * * S ( * ) ) ) M 

[M d-split] w 0 

1 

iWG(M); 
peUch(M) 

( 7 , ^ ( A * ) ) G ( / i , C d ( * i ? G i ( V ) ) ) M 

whence the result, since the pairs (M, fi) in the summation have to be above 

(L, A). • 

From 4.3 we deduce the following refinement of 2.16. 

4 . 4 . Proposition. We have 

U R e g £ A 

:(M,M) ( L , A H W 0 ( M , M ) ] W 

D e g № ( l ) : 

| W G ( M , M ) I 
R G (Deg(c d ( , x ) ) . , i ) . 

Finally, the preceding machinery allows us to prove a refined version of the 
Mackey formula (see 1.35). The proof of the following statement follows from 
1.35 and from 3.14 and is left to the reader. 

4 . 5 . Proposition. If ( M i , fix) and (M2, /12) are two d-split pairs containing 
the d-cuspidal pair (L, A), we have 

( i 4 > i ) , i 4 > 2 ) ) G = 

( * - R | ^ n « M i *tffen">M1 ( M 2 ) ) M 2 n « ' M 1 • 

w£WM2 O U A ) \ W 0 ( L , A ) / W M L ( L , A ) 

The preceding statement can be reformulated in terms entirely analogous 
to the previous "Mackey formulae", provided we consider maps "over (L, A)". 

For a d-split generic Levi subgroup M containing L, let us denote by 

i 4 ( L , A) : Z Uch(M, (L, A)) -+ Z Uch(G, (L, A)) 

the restriction of i ? ^ , and by 

* i4 (L , A) : Z Uch(G, (L, A)) -+ Z Uch(M, (L, A)) 

its adjoint, i.e., the restriction to Z Uch(G, (L, A)) of p r{^ x • " i ? ^ . 
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4.6. Proposition. Let (L , A) be a  d-cuspidal pair, and let M i an d M 2 b e 
two d-split Levi subgroups of G containing L. Then 

*RM2 (L> A) • R^ (L , A) = 

WEWM2 (L,A)\VyG(L,A)/WM l (L,A ) 
^ i l n ^ M i 0̂ ? A) 

*r>WM1 (L, A) • ad(w). 

B. 3>d -defect groups. 

In §4.B , we reformulate some of the previous results in order to define a 
suitable notion of generic $d-defec t group of a unipotent character. 

The d-Harish-Chandra theory allow s us to define the notio n of "$<f-defect 
groups" o r "defec t (generic ) tori" o f an elemen t 7 G  Uch(G), a s follows . 

4.7. Definition. Let 7 G  Uch(G). 
(1) For each d let ^ ( 7 ) be the set of all $d-tori S  of G for which there 

exists a maximal torus T  containing § such that *Rj(/y) ^  0 . 
(2) The maximal elements of Sd(j) ar e called the $^-defec t tori of~y. 

4.8. Theorem. Let 7 G  Uch(G), an d let (L , A) be a d-cuspidal pair (unique 
up to WQ-conjugation) such that 7 G  Uch(G, (L, A)). The n S  G  ̂ ( 7 ) if and 
only if § is WQ-conjugate to a $d~subgroup of Rad(L) . I n particular the 
$d~defect tori of 7 ar e the W^-conjugates of Rad(L)d. 

Remark. A n element 7 G  Uch(G) i s d-cuspida l i f and onl y if the Sylo w 
subtorus o f Rad(G) is its defec t torus . 

Proof of 4.8. W e set M  := C G (S) . 
Assume first  tha t §  G  «£¿(7). Le t T  b e a  maxima l toru s o f G suc h tha t 

T D  S and *-R f (7) ^  0 . Sinc e T C  M, we have *R§l(y) ^  0  and ther e exist s 
fi G  Uch(M) suc h that (M,/i ) ^  (G .7) . B y 3.2(1) there exist s w eWG suc h 
that L  is a subgroup o f MW, fro m which it follow s that § ™ is contained in th e 
maximal $d-subtorus o f Rad(L). 

Assume now that §  i s contained i n th e maxima l $d~subgrou p o f Rad(L). 
Then L C I Sinc e (cf. 3.15 ) Deg(*R^(^)) ^  0 , we see that ther e exist s a 
maximal torus T of L, whence of M, such that *RJ(J) ^  0 , which shows that 
se<sd(7). • 

For the notatio n use d below , the reade r ma y refer t o §2.A. 

4.9. Theorem. Let 7 G  Uch(G) with $d-defect group S. Let L  : = C G ( § ) . 
Then 

(1) §  = Rad(L) d an d ra 7 G  CJr

d(G,L)9 
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( 2 ) D e g ( 7 ) d =  |q„/ |S | , 
( 3 ) *RM(J) =  0  whenever M  is a d-split Levi subgroup of G such that 

Zd(M) is not W^-conjugate to a subgroup of §. 

Proof. ( 1 ) result s from the definitio n o f a defect group. 
( 2 ) Sinc e | G | D / | S | =  |LssU, w e see by 2 . 1 7 tha t 

Deg( 7 )_Deg( i?g ( l ) )Deg(* i?g (7 ) )  

\hss\d ~  | W G ( L ) | \USU *' 

Deg( *-RjF(7)) 
and i t suffice s t o prov e that — , i s no t divisibl e by Bu t thi s 

|IUSU 
results from 3 . 1 5 an d fro m 2 . 9 . 

( 3 ) Zd(M ) is not Wc-conjugate to a  subgroup o f § i f and onl y if L is no t 
conjugate t o a  subgroup o f M. Thu s ( 3 ) i s an easy consequence of 3 . 2 ( 1 ) . • 

Remark. We shal l se e late r o n tha t a  generi c defec t grou p doe s behave , i n 
many respects , as the righ t "generization " o f an actua l defec t group . More -
over, fo r suitabl e choice s of q and I (se e § 5 ) , th e Sylo w ^-subgroup s o f th e 
rational points of a generic defect group are the defec t groups of a correspond-
ing actual £-block. 

Assertions ( 2 ) an d ( 3 ) o f 4 . 9 ma y b e state d i n th e followin g way , which 
generalizes the propertie s o f d-cuspidal element s o f Uch(G). 

4.10. Proposition. Let (L, A) be a d-cuspidal pair, and let 7 be an element 
ofUch(G , (L ,A)) . Then 

( 1 ) D e g ( 7 ) d =  | L S s U , 

( 2 ) for a d-split generic Levi subgroup M of G, we have * I ? M ( 7 ) = 0  unles s 

Finally, w e have the followin g version of 2 . 1 3 : 

4.11. Proposition. Let 7 G  Uch(G) an d let S  G  £¿(7) ; let be a uniform 
function in Q[x] Uch(G). Then 

(7, V0 G =  £  w i m ^ * M M * # M M ) ) ) G . 
[M d-split;Rad(M)d<§lwG ' G ^ 

Proof. This i s immediate fro m 2 . 1 3 i f we notice that Cd(*R^i^)) l s a  s u m of 
R!j's wher e T  G  Td(M): thi s show s that, fo r th e scala r produc t t o b e no n 
zero, those T' s must hav e Jd =  Rad(M) d <  S . • 

62 

file:///hss/d


GENERIC BLOCKS OF FINITE REDUCTIVE GROUPS 

C. Regular characters of generic $<f-blocks. 
In §4.C, results of §2.C are refined the same way results of §2.B were re­

fined in §4.A. In particular we define what must be considered as the regular 
characters of the generic $d~blocks. 

Following the notation introduce d i n §2.C, we have a decomposition 

nd(G)= 0  ftLA (G) 

where (L , A) runs over the set of d-cuspidal pair s of G, an d where we denote 
by 7£L ,A(G ) the free Q[#]-submodule of TZd(G) generated by all the X ^ ^ ) for 
(L,A) 4wQ (M,,x) . 

We "extend " th e definition o f the orthogona l projectio n pr£ A (se e §3. A 
above) by defining 

G , G ^ _ J i f (L, A) « ^ ( M , / « ) 

P ^ A U ^ ) )

 :- j 0 ifnot 

The followin g property o f p r£x i s a translation o f the consequences of 3.2 
listed in §3.B above. 

4.12. Lemma. Whenever N and M are two d-split generic Levi subgroups 
of G such that N C M, an d v G  Uch(N), w e have 

G /DG, nif ^  u  ( * G , M ® ^ ) i f ( L , A ) ^ 0 ( N , i / ) 
[ 0 if not. 

Proof. By 2.30, we know that 

* N ( © G , M ®  ") =  * M ( © G ®  < ( " ) ) , 

or, in other words , 

RN(®IM ® У ) = £ « И , ,х)мЯ&(©с ® < М ) • 
{ l « ; ( N , i , ) 4 ( M , * « ) } 

The resul t then follows from the following property: 
Assume (N, v) 4 (M,u) . Tie n 

(L, A) 4w0 (M , n) if and only if (L , A) 4w« (N, v), 
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which is immediate by 3.13. • 

We defin e (c/2.28 ) 

R*g(U) :=pr£ x(Reg5). 

Thus b y definition , 

Reg?, A N = 
^ \Wr-(HLu\\ ' X ^ ß ) 

[(M,M);(L ,A)^O(M,M)]W 0 

(4.13) 
(7, *)G = E ïïnii(^(7)' C«C*M W))M [ ( M , M ) ; ( L , X ) « B ( M , M ) ] W , ' 

and als o 

(4.14) Reg£ = £  Regf L A ) , 

where (L , A ) runs over the se t o f d-cuspidal pair s of G. 

4 . 1 5 . T h p o r p m . W e have 

= E S S r ß S ( A b j R e g M e D e g ( c j ( ' , ) ) " ) -
Proof. I t suffice s t o appl y prj^ A t o bot h side s o f the correspondin g formul a 
for Reg ^ (se e 2 . 3 3 ) , an d t o use lemma 4 . 1 2 above . • 

The preceding results allows us to improve 2.39, by decomposing the char -
acter Regj f (se e §2.D) int o a sum of characters wit h similar divisibility prop-
erties. 

The reader ma y refer t o §2. D above for the notatio n use d here . 
Let ( G , T , F ) b e a  (g , (/>)-triple associate d wit h G,  chose n in suc h a  way 

that T contain s a  Sylo w $d~subgrou p o f G. Fo r a  d-cuspida l pai r ( L , A) of 
G w e set 

P G F .  V - Degi^(/x) p Q / Q M F „ X 
R E G L ' * ' = ^ \WGF(M, 

4.16. Theorem. 

(1) We have Regf = £ [ ( L F A ) 1 ^ S L , X • 

(2) All the values of \WG\Reg£A ar e divisible by \G\d(q). 

Proof. Th e firs t assertio n i s immediate . A s in th e proo f o f 2.39, the secon d 
assertion i s a consequence of 2.42. • 
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5. 7T—BLOCK S AN D ISOTYPIES 

In §5, we apply what precedes to the study of ordinary blocks of actual 
finite reductive groups. 

The precedin g "generic " approac h show s that th e group GF (a t least as 
far a s unipotent character s are concerned) hardly differentiate s betwee n two 
prime numbers dividin g the same factor $d(g) . Thus , many usual objects and 
properties o f the classica l ^-modular representatio n theor y ca n be replaced, 
without harm , by corresponding objects or properties whe n the single prime £ 
is replaced by a set of primes dividin g the same factor $d(g) . I n this section, 
we illustrate this with an application o f the generic theory, assumin g that we 
are dealin g with "large " prime s (whic h in practice means primes not dividing 
I W G M I ) . 

Since many notion s (Braue r morphisms , generalized decompositio n maps, 
isotypics, etc. ) axe often know n onl y for the case of a single prime, we giv e 
(or recall ) briefly , whe n needed , thei r definition s fo r a se t o f primes. Th e 
reader may refer t o [Rob] and [RoSt] for more details — or read what follow s 
assuming tha t 7r consists of a single prime. 

A. 7r-blocks, Brauer morphisms. 
In §5.A , for suitable sets of primes ir, we describe -K-idempotents which 

turn out to be the w-blocks of GF. We compute their images under the usual 
Brauer morphisms. 

Large primes. 
Let G be a generic finite reductiv e group , let p be a prime number, an d let 

(G, T, F) be a (g , 0)-triple associate d to G such that q is a power of p. Le t £ 
be a prime numbe r differen t fro m p and dividing | G F | . 

5.1. Definition. W e say that £ is large (for G) if£\\WG((f))\. 

5.2. Proposition. If £ is large, then 
( 1 ) there exists a unique integer d such that $^ divides \G\ and £ divides 

$d(g) (in other words, we have \GF\e =  \G\d(q)e), 
(2) £ is good for G, 
(3) £ divides neither \(Z(G)/Z°(G))F\ nor | (Z(G*)/Z°(G*)) F * |. 

Proof. Fo r ( 1 ) , se e [Ge] . 
(2) follow s fro m the fact tha t bad primes divide \W\. 
(3) Th e group o f characters o f Z(G)/Z°(G) i s isomorphic to the p'-part 

of the torsion subgrou p o f X/Q(R). Sinc e the torsion subgrou p o f X/Q(R), 
namely the group Q(R)L1- /Q(R), i s a subgroup o f P(R)/Q(R), i t i s enough 
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to check that \P(R)/Q(R)\ an d \P(RV)/Q(RV)\ (thi s last to get the result for 
G*) divide s \W\. But by definition \P(R)/Q(R)\ i s the connection index /# 
of i? , and fR = fRv divide s \W\ by [Bou], ch . VI , §2, prop.7. • 

5.3. Definition. Let 7r be a set of prime numbers such that p £ 7r. We 
say that n is (G,F)-adapted if there exists an integer d such that I G ^^ = 
iGl^g)^. W e then also say that 7r is (G , F, d)-adapted. 

Remarks. 
1. I f 7r is (G, F, d)-adapted an d L is an F-stable Lev i subgroup of G, then 

7r is (L, F, d)-adapted . 
2. I f 7T = {£} where t i s a large prime , then 7r is (G, F)-adapted b y 5.2. 

5.4. Proposition. Let TT be a set of large prime numbers which is (G, F, d)-
adapted. Let L be an F-stable Levi subgroup of G. 

(1) Let S = Z°(L). Let 5 be a ir-subgroup of SF . Then C£(S) is a d-split 
Levi subgroup of G. 

(2) Let T be an F-stable maximal torus of L, and let 0 be a 7r-character 
of (L/[L, L]) F . The n G (T, 0) is a d-split Levi subgroup of G. 

Proof. (1) Since every element of 7r is good for G, the group C Q ( 5 ) i s a Levi 
subgroup of G. Moreover , by 5.2, (3) , we have S C Z°(C^(S)). No w C£(S) 
contains C Q ( S ) , a  Levi subgroup whose center by assumption i s S , s o we have 
Z°(CG(S)) C  s> a n d t l m s *  i s d-adapte d fo r Z°(C^(S)). I t follow s tha t S 
is contained in the Sylow ^-subgrou p Z°(C^(S))d o f Z°(Cg,(S)), sinc e the 
quotient o f the correspondin g groups of rational points is a 7r'-group. The n we 
have C £ ( 5 ) = C ^ ( Z ° ( C ^ ( 5 ) ) d ) , whic h shows that C£(S ) is a d-spli t Lev i 
subgroup of G. 

(2) The proof o f the second assertion follow s fro m the first  one applied in 
the grou p G* . • 

7r-blocks. 

Let 7r b e a (G,F , d)-adapted se t of large primes , an d let R e g ^ L ^ ) ^ e 

the projectio n o f RegL,* (se e §3.C above) ont o th e subspac e generate d b y 
characters i n 

^ ( G F , 1 ) : = |J £ ( G F , ( s ) ) , 

(cf. [BrMi]). W e will prove R e g ^ J L J A ) i s the regular characte r o f a centra l 
"7r-idempotent" of GF (whic h will turn out to be a block if 7r = { £ } ) . 

From no w on, we assume tha t ( G , T , F ) i s chosen so that T contain s a 
Sylow $d-subgrou p o f G. S o T i s contained u p to G F-conjugation i n all 
d-split Lev i subgroups of G. 
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5.5. Theorem. Let n be a set of large primes which is (G, F, d)-adapted. 

(1) Th e projection of Regjf onto £n(GF, 1 ) is the character Reg^ . 
(2) Let (L, A) b e a d-cuspidal pair of G such that T C L . The n 

QF * -v Q F .  .  Q F 
Regw,(L,x) = X (M,e,,i)(1)-X(M,e,,i) 

[ ( M , « , M ) ] 0 F 

where 
• 0 runs over Abjr Irr (LF), 
• M = G(T ,0) (cf.2.24). 
• (M, /x) is a d-split pair such that (L, A) ^GF (M, /JL), 
The character R e g ^ L ^ is the character associated to a central 

TT-idempotent e ^F

L Xy In particular, its values are divisible by IG^I^. 
(3) We have 

Q F ^— \ Q F 

[ ( L , A ) ] G F 

(in other words, e%F = £ [ ( L , A ) ] O J , E £ ( L , A ) ) > W H E R E ( L ' A ) R U N S O V E R 

the set of all d-cuspidal pairs of G. 

Proof. (1) For a d-split Lev i subgroup M of G, let us denote by Irr ,r(OQ F) 
the set of 7r-elements of Irr(0Q ) . Then, if pr̂  denote s the projection onto 
the subspac e generated b y characters in £„(GF, 1) , we have 

QF * -v QF . . QF 

Regw,(L,x) = X(M,e,,i)(1)-X(M,e,,i) 
[(M,«,M)]0F 

We nee d th e following lemma , whic h follow s fro m 5. 2 applied t o a dua l 
group L* of L. Th e reader may refer t o 2.38 for the notation. 

5.6. Lemma. Let L be an F-stable Levi subgroup of G containing T. Let 
7r be a (Z°(L), F, d)-adapted set of prime numbers which are large for G. Let 
M b e a d-split Levi subgroup of G containing L. Let 0 be a n-element of 
I r r ( 6 ^ F ) . Then M = G(T ,0) . 

It the n results from 5.6 that 
QF * -v QF . . QF 

Regw,(L,x) = X(M,e,,i)(1)-X(M,e,,i) 
{(9 ; (0 7r-element)(G(T,0)=M)} 

(1), as well as the first par t of (2) , are now immediate. Le t us now prove that 
the value s of R e g L̂ A ) ar e divisible by I G ^ . Let e^F denot e the central 
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idempotent correspondin g to £n(GF, 1) . W e know (see [BrMi] , th . 2.2 ) that 
e G i s a  7r-idempotent, i.e., i t belong s to th e grou p algebr a o f GF ove r th e 
ring Z [ l / r ] r € 7 r / . Sinc e 7r is d-adapted fo r G an d no element o f n divides | W G | ? 

we kno w b y 4.1 6 that al l value s o f Reg^x a r e divisibl e by IG^I^ . Fo r al l 

g E  G F , w e hav e Reg ^(L,A)(ff) = RE&L,\(9'e<i?F) a n d thi s prove s no w th e 
second assertion o f 5.5. 

Finally th e thir d assertio n o f 5.5 is an immediat e consequenc e of 4.14. • 

Brauer morphisms. 
Let 7r be a set of prime numbers, an d let s be a 7r-element of GF . Wheneve r 

e i s a  centra l 7r-idempoten t o f Q G F , w e denot e b y Br 5(e) th e imag e o f e 
through th e correspondin g Braue r morphis m (cf. [Rob] o r [RoSt] , an d als o 
[BrMi], §3) . Fo r th e convenienc e of the reader , w e recal l th e definitio n o f 
Br 5(e). 

• Le t tu p b e the clas s function o n G F wit h valu e | C G K 5 ) I o n th e GF-
conjugacy clas s of s and 0  elsewhere. 

• Fo r a  clas s function ip on GF, le t dec*' G (xjj) denote th e clas s functio n 
on CQ[F(S) suc h that 

« F f  i/j(st) if t i s a  7r'-element 
d < ' < « » = ( . i f a o , 

• Fo r a class function ip on GF, le t e.ip be the class function o n G f define d 
by e.ifj(g) := ip(eg). 

Then th e followin g formul a define s the idempoten t Br 5(e) : 

(5.7) B r 5 ( e ) . R e g c ^ 5 ) =  dec8^ (e.wfF) . 
Thus Br s(e) is a centra l 7r-idempoten t o f QCQF(S). 

Iteration o f 5.7 allow s us t o defin e (se e for exampl e [RoSt ] o r [Rob] ) a n 
idempotent Brs(e ) fo r al l abelia n 7r-subgroup s S o f GF. I n th e cas e wher e 
7r = {£}, thi s definition coincide s with th e origina l definition o f Brauer . 

5.8. Theorem. Let (L ,A) be a  d-cuspidal pair of G. Let -K be a set of 
large prime numbers which is (G , F, d)-adapted for L. Let S be a subgroup 
ofZ°(L)F and set M := C^(S). Then 

B r s ( e £ ( L , A ) ) = e™(L',v) 
(L',V) 
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where (1/, A ') run s over a complete set of representatives for the M F-conjuga-
cy classes of d-cuspidal pairs of M which are GF-conjugate to ( L , A ) . 

Proof. W e may assume by induction that S is cyclic. Le t s be a generator of 
S. B y "Curtis-type formula " (se e [Br2] , 4.3) , we know that 

d e c - G F =  d e < ' M F •  *R° . 
So by 5 . 7 w e must prove that 

/ i s , M F * p G w G F _ G F \ _ l J ^ F 1  P o f r M F 

( d e c 7 r •  - " M X ^ L , * ) - * 7 * ) = L  e T , ( L ' , A ' ) I  R e g 
\ (L ' ,V) / 

Let us denote by ^ ( G ^, ( L , A ) ) th e subspace of the space of all class functions 
I/J on GF suc h that e G ^ L Â .i/> = V>-

For each d-cuspida l pai r ( L , A ) , send s the Z-span of 57 R ( G F , ( L , A ) ) 
into the Z-span of U ( L ' , A ' ) ^ T T ( M F , ( L ' , A ' ) ) . Thu s w e see that 

(L) ( E  * L ' , V ) ) . . 4 ( e ? ( L , A ) ^ f ) = ^ ( e G ; L ) A ) . ^ G F ) , 
\( L'^') / 

and als o that, for (N. u) anv d-cusnidal oai r not G^-coniueate t o (JJ. X). 

( N ) E e M F <EGF 

^7r,(N,i/) = 0 . 

It follow s from (L ) and (N) that 

E 
( L ' , A ' ) 

P M F *nG / G F ^ G F \ * Z?G 

and so 

(dec,,' •  i ? M ) ( e , r , ( L , A ) - ^ ) 

/ 

W L ' . A ' 

e 7 r , ( L ' , A ' ) I  - ( d e c 7r •  ^ M A ^ s ) 

- £ 
V ( L ' , v ; 

„ M F 

e T, ( I . ' ,A ' ) d e c f G F ( ^ G F ) 

E 
:L',A') 

. M F 

e T , ( L ' , A ' ) R e g M F • 

• 
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B. Isotypies. 

In § 5 . B , we check that the isotypy conjectures of [Brl ] hold for our ic-
idempotents. 

Preliminaries. 

The following notation an d hypothesis are in force throughout thi s section. 
Let 7r be a  se t o f large prim e number s fo r G, whic h is ( G , F , d)-adapted . 

Let ( L , A) be a d-cuspidal pair  o f G. Le t T  b e an F-stable maxima l torus of 
G whic h contains Z°(L). 

In orde r t o describe the irreducibl e character s o f Z°(L)F x W G F ( L , A ) we 
have t o find  the inerti a group o f 0  £  I r r (Z° (L) F ) i n W G F ( L , A ) . Thi s i s th e 
purpose o f the nex t proposition . 

5.9. Proposition. 
( 1 ) Th e restriction map from LF down to Z°(L)F induces an isomorphism 

A b T I r r ( L F ) ^ I r r ( Z ° ( L ) f ) . 

( 2 ) Let 0 be a character of Z°(L)F, and let 0 denote as well the linear 
character ofTF corresponding to it by (1). Then the inertia subgroup 
of0 in W G F ( L , A ) is W G F ( T F 0 ) ( L , A ) . 

Proof. ( 1 ) W e kno w tha t L  =  [ L , L ] Z ° ( L ) . Moreover , Z°(L) fl [ L , L ] is a 
subgroup of the finite group Z([L, L ] ) . Sinc e 7r consists of large prime number s 
for G, w e see by 5 . 2 tha t Z°(L) fl [ L , L ] is a  7r'-group. Thu s th e projectio n 
Z°(L)F - > L F / [ L , L ] F i s injective . Sinc e \Z°(L)F\ = | L F / [ L , L ] F | 7 R , th e 
image o f Z°(L)F i n L F / [ L , L ] F i s a  supplemen t o f ( L F / [ L , L ] F ) 7 R / , whic h 
proves ( 1 ) . 

( 2 ) Le t 0 b e th e linea r characte r o f L F correspondin g t o 0 b y ( 1 ) . W e 
have t o sho w that i V G F ( L , A , 0 ) =  A / R

G F ( T ^ ) ( L , A ). Thi s wil l result fro m th e 
more general equality J V G F ( L , 0) =  A T G F ( T ^ ) ( L ) . Le t T ; b e a maximally split 
F-stable maxima l torus of L , an d le t 0' = 0 | T ' . B y 2 . 2 4 w e have G F ( T , 0 ) = 

G F ( T / , 0 ' ) . Sinc e two maximall y spli t F-stabl e maxima l tor i o f L  ar e L F -

conjugate, w e can find representatives o f i VG F ( L , 0 ) / L F i n A ^ G F ( L , T / , 0 / ) . I t 
is thus enough to show that A T G F ( T / , 0 / ) C  G F ( T / , 0 / ) . Thi s results from th e 
fact (applie d i n G * ) tha t centralizer s o f 7r-elements ar e connecte d an d ar e 
Levi subgroups o f G. • 

In orde r t o simplif y the notation , w e set 

G ( 0 ) : = G ( T , 0 ) . 
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Let 0 be the characte r o f the grou p Z°(L)F x  WGF^(L,\) define d by 
0(zw) := 0(z) where z G Z ° ( L )F , w G WGF^(L, A ) . Then , whenever r  i s an 
irreducible characte r o f WnFra\CL. X). the characte r 

T ^ Z ° ( L F(L,A) 
¡5°(L 

is an irreducible character o f the group Z°(L)F x  W G F ( L , A ) . W e have (wit h 
the abov e notation) 

1n(Z0(L)Z»WGr(l,\)) 
, r ( L ) ^ l f 0 H L , A ) 

l m a Z ° ( L ) J - x W G F ( , ) ( L , A ) ^• r )}[(C,r)]w G ! F (L,x) • 

We denot e by e ^L x ^ the centra l 7r-idempotent of G F associate d wit h 7r 

and ( L , A) (cf. 5 . 5 ) . Fo r x £ G F w e set 

G(x) := C°G(x) an d G F ( x ) := C°G(x)F . 

The centralize r i n Z°(L)F x  W G F ( L , A ) of an element x £ Z°(L)F i s 
Z ° ( L ) ^ % W ( L , A ) . 

The next propositio n is a result about contro l of fusion. 

GF(x) 

5.10. Proposition. The map x i—• ( ^ e^ ̂ £ ^) induces a bijection between 

the conjugacy classes of n-elements of the group Z°(L)F x  W Q F ( L , A ) and 
the GF -conjugacy classes of pairs (x, ^ ^ ^ x )) (f°r a 7 r _ 

element x ofZ°(L)F). 
Proof. Since e^ j ^ = e ^ ^ v) ^  a n c * o n ^ ^ ^ ) a n ( ^ O-1'? 3 X 6 c o n J u g a t e 
under G F ( r r ) , w e must chec k the following property: th e elements x and x' o f 
Z°(L)F ar e conjugate unde r Z°(L)F x  W G F ( L , A ) if and only if there exists 
Q £ GF suc h that 

(a) x ' = x9, 
(b) ( L , A )* i s G F(x')-conjugate to ( L , A ) . 

This is obvious since WGF ( L , A) =  NGF ( L , A ) / L F . • 

TT-perfect isometries. 

We shal l use the notion of "perfect isometry" as defined in [Brl]. Sinc e this 
was only defined for ^-idempotents an d not for 7r-idempotents, we give here 
briefly a whole account of the necessary definitions and elementary propertie s 
of 7r-perfect isometries . 
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Let H be a finite grou p and let w be a set of prime numbers . Le t K b e a 
field o f characteristi c zer o which is a splitting field for the group H. Le t O 
denote the integral closure in K o f the ring Z ^ l / ^ } ^ ] . 

Let e  be an idempotent o f the center ZOH (a "central 7r-idempotent" for 
H). 

We denote by CF(U, e; K) the If-vector space consisting of class function s 
a on H wit h value s i n K an d such tha t a(eh) = a(h) for all h € H. Le t 
CF 7 r/(iJ, e; K) be the subspace of functions vanishin g outsid e of the set H* of 
Tr'-elements of H. W e define the 0-modules C F ( # , e ; 0 ) and CF* (H,e;0) 
in an analogous way . W e denote by Irr(H, e) the set of irreducible character s 
of H on K whic h belong to CF(#, e; If), and so to CF(#, e; 0 ) . 

5.11. Definition, (see [Brl], 4.1 ) Let H and H' be finite groups, and let e 
and ef be two central w-idempotents for H and H' respectively. Let 

I: ZIrr (fгr,e)-^ZIrr(fir ,,e ,) 

be an isometry. I is 7r-perfect if the following two conditions are fulfilled: 
(PI) I extends linearly to an isometric isomorphism 

CF(H,e-0)^CF(Hf,ef-0) . 

(P2) The restriction of I to CF* (iJ, e; O) induces an isometric isomorphism 

C F ^ ( # , e ; C ) ^ C F T , ( i J , , e , ; e ) . 

The proo f o f the following property o f 7r-perfect isometrie s is the same as 
the proo f o f the corresponding result given in [Brl], 1.5 , for the case TT = { £ } . 

5.12. Proposition. Assume that 

I: ZIrr( Jff,e)-^ZIrr(fi r , ,e /) 

is a 7r-perfect isometry. Then the algebra isomorphism from ZKHe onto 
ZKH'e' defined by I induces an algebra isomorphism from ZOHe onto 
ZOHfef. In particular e is primitive if and only if e' is primitive. 

Generalized decomposition maps. 

For the convenience of the reader, we also recal l the definition o f general-
ized decomposition maps in the particular settings we are working in (see for 
example [Brl] , 4A). 
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5.13. Definition. f 

(1) Given a class function tj) of G F , let dec*'^ A)(V0 ^ e ^ e c^ass function 
on GF(x) defined as follows (see for example [Brl] , 4.3): 

• dec*' ^ A)(V0 vanishes outside of the set of 7rf-elements of GF(x), 
• for x1 e GF(x)n>, 

D E C * , ( L , A ) (ф)(х') XX 
GF(x) 

7r,(L,A) 

(2) Similarly, given a class function ip of Z°(L)F x  W G F ( L , A ) , let 
dec*' Z ^* > I W G f ^ l ' a ^ ) b e the class function on the group 

Z°(L)* x W W ) ( L , A ) 

defined as follows: 
• d e c ^ , Z ° ( L ) ^ H ' G F ( L , A ) ( ^ ) vanishes outside of the set of ir'-elements of 

the group Z°(L)F x  W G F ( X ) ( L , A ) , 

• for a ^-element x' of Z°(L)F x  WGF(X)(L, A ) , 

dec^' ; * GFK J(cp)(x):=if(xx) . 

Let M e c ^ L A^ denote the adjoin t o f dec^ '̂  Xy Fo r a class function tp o f 

GF(x) wit h suppor t o n GF(x)*, < D E C ^ ' ( L * s ^e c ^ a s s f u n c t ion o f G F 

with support o n the 7r-section of x in G F give n by 

< D E C ^ ' , ( L , > (V) {xx') Pix'] 

for al l x' E GF(x)nl. Similarly , w e let * d e c £ ' Z ° ( L ) - " W ° f ( L ' X )

 d e n o t e t h e 

adjoint o f deĉ r "  G . 
The followin g resul t i s a  classica l consequenc e of Brauer's secon d mai n 

theorem (see for example [Brl] , 4 A , las t part, for the case where 7r consists of 
a singl e prime). 

5.14. Lemma. 
( 1 ) Iftfr is a linear combination of elements of £n(GF, (L, A ) ), then 

[x€Z°(L)jnwGF(L,v 

dec ,(L,A 
dec r . G r 

T,(L,A: )(</>) 

(2) I f f i s a class function on Z°(L)F x  W G F ( L , A ) , then 

> 
[ * € ^ ( L ) ; i v , i , x , 

( аестг 
F F(L,A) decj Z " ( L ) j f x W a F ( L , A ) ^ 
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The main theorem. 

Notation. 
Let (L, A) b e a  d-cuspida l pair o f G. W e denote b y Uch (G F , (L, A )) th e 

set o f unipotent character s 7  o f GF suc h tha t <R^ ( A ) , 7 > ^  0 . I t follow s 
from 3. 2 that there exists a collectio n o f isometries 

Jgj > x ): ZIrr(WW(L,A)) - Z U c h ( M F , (L, A)), 

where M run s over th e se t o f all d-spli t Lev i subgroups o f G, 
such that 

D G T M _ TG Y , W G F ( L , A ) 

• i ( L , A ) - ( L , A ) * A N D V ^ M F ( L , A ) • 

5.15. Theorem. 
(1) The map 

If^xy ZIr r {Z°(L)F »  WGF(L, A ) ) — . Z I r r ( G F , e ^ ; L A ) ) 

such tha t 

A i r , ( L ^ ) Ind^o 
L ) F x W G ¡ , ( L , \ ) 

L ) f x W A , W ( L , X ) fß.T) i- R%„ (»•'SS 
commutes with the generalized decomposition maps in the following sense: 
whenever x G Z°(L)F, then 

(a) i * , G F  

D E C - , ( L , A ) 
A 7 r , ( L , A ) 

j G F ( x ) decw 

, Z ' ( L ) : x W G f ( L A ) 

(2) I^fL X)
 1 S a

 ^-perfect isometry between (Z°(L)% x  W G F ( L , A ) , 1 ) and 

( G ' . ^ L A ) ) -

Remark. Had w e given th e genera l definition o f a "7r-isotypy (se e [Brl] , 4.6, 
for th e definitio n o f an ^-isotypy) , assertion s (1 ) an d (2 ) abov e woul d mea n 
that ( G F , e £ ' L f X ) ) an d (Z°(L)% x W G F ( L , A ) , 1 ) are 7r-isotypic. 

Proof of 5.15, (1). 
For x € Z°(L)^, w e have the "Curti s type formula" (cf. [Br2], 4.3) 

(5.16) d e < £ A ) =  d e c ^ f •  * i lg( l ) (L , A ), 

and similarl y it i s easy to se e that 

X , Z ° ( L ) ^ ^ Q F ( L , A ) * , Z ° ( L ) F X W G F ( X ) ( L , A ) Z ° ( L ) F X ^ G F ( L , A ) 

aecn -  aec ^ ' n e s z ° ( L ) F x W G F ( X ) ( L , \ ) • 
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Thus w e see that (a ) in the statement is equivalent to 

deClfh,\f - * Ä G ( * ) ( L > A ) " ^ ( L . A ) -

l D ; A TT , (L ,A) " A E C 7 R l w s Z » ( L ) f x W 0 F ( , ) ( L , A ) 

The proo i 01 5.15 is in several steps . 
Step 1. The first step allows us to reduce the proo f of (b) to the case where 

x e z°(G)?. 

5.17. Proposition. Whenever N is a d-split Levi subgroup of G, 

*FtG(j \ \ J G F - T N F R „ / ( L ) ^ V ( ^ ) 

K N { L , , A) • l W I ( L , A ) - - l 7 r , ( L ( A ) " N E S Z ° ( L ) £ x W N F ( L , A ) 

Proof of 5.17. I t suffices to prove the equivalent adjoin t statement : 

Ä N l L ' A ) ' A TT , (L ,A) - A T , ( L , A ) " L N A Z ° ( L ) F > 4 W N F ( L ) A ) * 

Thus w e must chec k that fo r all d-split Lev i subgroups M of N such tha t 
L C  M, for 9 e Abw I r r ( Z ° ( L )F ) suc h that N(0 ) =  M, an d fo r all irreducible 
characters r  o f W M ( L , A ) , 

Ind 7 o / T \ F u T y f / / T \ (Or) 

1GF

 ln(]Z°(L)F»WGr(l,\) / , , Z ° ( L ) F * W N F ( L , A ) ^ A 
A ^ , ( L , A ) L N A Z » ( L ) f x W N F ( L , A ) ^ L N A Z ° ( L ) f ) 4 W M F ( L , A ) V T ' R ^ 

This last equality is equivalent to 

RG(0) ( « Ä V & O O O ) ) 7 ? G W W W ) ) ' 
This follows no w from the fundamental theore m 3. 2 applied in G(0). • 

By 5.17 , we see that (b ) is equivalent to 

, x , G F ( x ) j G F ( x ) Z ° ( L ) F > « W G F ( L , A ) _ 
a e S r , ( L , A ) • A TT , (L ,A) ' Z " ( L ) f > 4 W G F , , ( L , A ) ~ 

j G F ( x ) x , Z ° ( L ) ; ^ G F ( I ) ( L , A ) Z ° ( L ) > W G F ( L , A ) 

A 7 r , ( L , A ) - A E C * • n e s Z ' ( L ) f x W 0 , ( l ) ( L , X ) 

Thus we see that it is sufficient to prove that, for x £ Z°(G)%, 

(0 <KS 1 • = • dec;- 2 "' 1 ' 1 . 

75 



M. BROUE, G. MAIZE, J. MICHEL 

Step 2. Th e usual decomposition maps ar e define d by the formula e 

d e c ° ; L ) A ) : = d e c ^ A ) an d d e cf , L ) ^ ^ M

 : = d e c1 / ' ( L ) ' ' , w r ° ' ( L ' A ) . 

For x G  Z°(G)F, an d fo r a class function tp on G F , we denote by t x ' Q F ( ^ ) 
the clas s function o n GF define d by tx ' G := i^{xg) . 

Similarly, for x G  Z°(G)F, an d a  class function <p on Z°(L)F x  W G F ( L , A ) , 

we denot e by t x , z ° ^ L ^ x ^ G ^ ( L ' X ) ( ^ ) th e clas s function define d by 

t*'G (<p)(h) := y>(:r/,) . 

Thus fo r x E Z°(G)Z w e have 

f <K? ' = D E C S , A ) • tx'QF 

[ d e c ^ ( r' a F ( ' > = dec* ( y* G f , M J • tx'z ( L ) * ^ GH W ) _ 

Equation (c ) becomes then 

d e c ° ( L , x ) •  t* ' ° ' . I ? ' , = 

rGF . , Z - ( L ) £ x W a F ( L , A ) .x ,Z-(L)JxW a i , (L,A) 

We se e that it suffices to prove 

(d) t * • I ^ A ) = I S A ) •  t ^ W - ' ^ a i - ^ ) 

and 
/ \ j G F

 T G F T G F J Z ° ( L ) > W R F ( L , A ) 

Equation (d ) is an immediate consequence of the value s of Deligne-Lusztig 
and ordinar y induction . Indeed , w e see that 

И i r , ( L , A ) I \ Z 0 ( L Ì P > 4 V V _ F , „ , ( % . A Ì \ ) ) -

(jGF f , r ( L ) : ^ G F ( L , X ) \ Q D ^ ( L ) : ^ G F ( L , A ) (0 T)) ~ 

I M ^ A ) T H l n a Z o ( L ) J x V y G F F < N ( L , A ) ^ ' R ^ -

в ( х ) Л § ( в ) ( в . Ж ( г ) ) . 

Step 3 : proof of (e). 
The proof is by induction on rks s (G) —rkS 5(L), where we denote by rk5 5 (G) 

the semi-simpl e rank of G. 
1 . Th e cas e G = L. 

This i s the case wher e rk S 5 (G) =  rk 5 5 (L). Th e irreducibl e character s o f 
LF t o be considere d are th e 0.X where 0 6 Ab7 r I r r (L F ) . Th e equalit y (e ) i s 
then proved by the followin g lemma . 
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5.18. Lemma . 
(1) For a d-cuspidal irreducible character A  ofLF and 9 £ Ab7 r I r r (L F ) , 

we have 

F 1  F 1 
d e c ^ L ; A ) ( 0 . A ) =  — — — A W Reg L F - A  = £  »?. A . 

I* I 1̂  I f | e I r r ( z . ( L ) f ) 

(2) Fo r 0 G Irr(Z°(L)*) , w e have 

7 

dec f f | Z - (L ) f J K e g 

1 

i , e i r r ( Ä » ( L ) f ) 

Proof of 5.18. Th e second assertion i s obvious . T o prove the firs t one , w e 
notice the following propert y o f d-cuspidal characters . 

5.19. Let 7 b e a d-cuspidal irreducible unipotent character of GF. Let TT be 
a set of large primes which is (G, F , d)-adapted. Let g £ G F . The n 7(5) = 0 
unless the TT-component gn of g belongs to Z°{G)F. 

Proof of 5.19. I t result s fro m th e Curti s typ e formul a (se e 5.16) that, for 
M : = CQ^TT), w e have 

l(9) *R & ( 7 ) G 0 

Since M is a d-split Lev i subgroup of G (by 5.4), and since 7 i s d-cuspidal, 
we se e by 4.10, (2), that *i?£(7 ) =  0 unless M = G, which proves 5.19. • 

Remark. Th e preceding result i s a particular cas e of the following property , 
which also follows fro m 4.10 , (2) . 

Let 7  b e a unipotent character of GF such that (7 , i ?p(^) )Q F ^  ^ ' W ^ E R E 

L is a d-split Levi subgroup of G, and where A is a d-cuspidal unipotent 
character of LF. Let w be a set of large primes which is (G , F , d)-adapted. 
Let g £  GF. Then j(g) = 0  unless the ir-component gn of g belongs to 
Z°(L)F. 

This property can also be viewed as a consequence of Brauer's second main 
theorem and theorem 5.8 (see for example formula 5.14 , (1)) . 

2. Applyin g the induction hypothesis . 

By th e induction hypothesis , we assume now that (e ) holds whenever G 
is replace d by any of its proper d-spli t Lev i subgroups. I t follow s tha t (c) 
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(whence (b) and (a) as well) holds for all x G  Z°(L)£-Z°'(G)£'. Th e formulae 
5.14 applied with tp =  I ^ L . A J C O then show that 
(5.20) 

53 < d e c ^ Z ° ( L ) F > < H ' G ^ ( I " X ) •  decVZO{h)""WaF(h'X) 

E <dec x , G •  d e c2 ' Q F  
а е с7г,(ь,л) а е ся-,(ь,л; A T , ( L , A ) • 

To prove that (e ) holds , again by the induction hypothesis and by 5.17, it 
suffices to prove that, for 9 G Irrv(Z°(G)F) an d r G  Irr(WGF(L, A)), we have 

( D E C ^ , ( L , A ) A7r,(L,A) (IQF decî L ' X ) ) ( ö . r ) , 

i.e., 

d e c G

> ( L > A ; ( I G F D E C F ( L ) ^ G F ( L , A ) ) ( Ö T ) 

It i s easy to check that 

E 
ö€lrr w (Z- (G)^) 

E L D E C ^ ( L ) - ^ G F ( L , A ) . D E C ^ ( L ) F ^ G . ( L , A ) ( Ö R ) = 

| ^ ( G ) f | d e c f ( L ) F ( r ) , 

and als o tnat 

E E 
• * e Z " ( G ) £ 

'«K&V d e c - f ^ ( I ^ ö r ) ) = 

| ^ ( G ) f | d e c G ; L , A ) ( / G ; A ) ( r ) ) . 

Since 
D E C F ( L ) F ^ G F ( L , A ) ( Ö R ) D E C F ( L ) F ^ G F ( L , A ) ( R ) 

and 
dec° ; L , A ) (0 . / (

< £ F

x ) ( r ) ) d e c ^ ^ ^ r ) ) > 

we see that (e ) follows then from what precedes . This completes step (3 ) and 
thus the proof o f 5.15, (1). • 

Proof of 5.15, (2). 
As in step 3  above, the proof i s by induction on rk5 5(G) —  rk s s(L). 

1. Th e case where G = L. 
We use notation previousl y introduced (se e 5.11). W e shall nee d the fol -

lowing property o f d-cuspidal characters . 
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5.21. Lemma. Let 7 be a d-cuspidal unipotent character ofGF. Let TT be a 
set of large prime numbers which is (G, F, d)-adapted for G. Then for all g £ 

GF, \CGF(g) : Z°{G)F\« divides f(g) (in other words, \cQF(g)^Z°(G)F\ E 

O). 

Proof of 5.21. We see by 2.9 (cf. proof o f 2.42) that for each £ G 7r, we have 
7(1)^ =  | G F : Z°(G)F\£, an d so 7 is a character wit h ^-defec t zer o of the 
group GF/Z°(G)F. Hence , we know that, for all g G  G F , \CGF(g) : Z°(G)F\i 
divides 7(5), from which it follows that \CGF(g) : Z°(G)F\7r divide s 7(p). • 

We mus t chec k that the map 

l £ L t X ) :  ZIrr(Z°(L)f ) ^ Z I r r( l / , e ^ L > A ) ) 

such that 0 »—• 0A (here we identify Ab ^ Irr (LF) and \rx(Z°(Jb)F) after propo-
sition 5.9, (1)) , is a 7r-perfect isometry . 

• The O-modul e CF(Z°{L)F\0) i s generate d b y the se t o f character-
Z° TP 

istic function s 8X '* of the element s x o f Z°(L)*, while th e submodule 
TP Z ° f L ) F 

CF 7 r/(Z°(L)^ ; O) i s generate d b y the characteristi c functio n 61

 v  .  We 
have 

w - 1 ™ S «(*-')• • 
1 V / 7 r 1 0€lrr(Z°(L)£) 

• The (9-module CF (L F , e ^L O ) is generated b y the set of "projec-
tions" o f the characteristi c function s o f the conjugac y classe s o f LF "ont o 

Y F 

the idempoten t e ^ L x^ \ B y 5.19, we see that al l these characteristi c func -

tions projec t ont o zero , except the characteristic function s S^x^ o f elements 
xx' G LF whos e 7r-component x belong s to Z°(L)F. The projection o f such 
a function i s then 
/i \ L F cL F 

\ D ) e7r,(L,X) ' °{xx') : 

x1 - ь 

\CLHX')\ 0€AbK Irr(LF) 

6(x-l)e\. 

Since 
L F  

e 7T,(L,A) 
Л i x ' " 1 ) 

\cLf 

L F cL F 

e 7r,(L,A) * *(x) > 

we se e by 5.21 that th e module C F ( L F , e ^ L O) is actually generate d by 

the function s e ^ L > x ) •  «g for x G  Z °(L)£. 
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The submodule C F7 r / ( L F , e£^ L xy O) is generated by the functions e ^ L xy 

^fx1)' ^ o r ^ e s a m e reason s a s above, it i s actually generate d b y e ^L x ^ •  <5^ F

# 

By (a ) and (b) , we see that 

e 7r, (L ,A) <>(* ) -  | L F .  Z O ( L ) F | A T T , ( L , A ) V ^ J  > 

and thi s prove s indee d tha t ^ L x^ induce s a  bijectio n fro m th e modul e 

CF(LF,e%LX);0) t o CF(Z °(L)£; 0) a s wel l as fro m CFV,(LF,e^A);O) 

to C F ^ ( Z 0 ( L ) ^ ; 0 ) . 

2. Applyin g the inductio n hypothesi s 
The followin g proo f i s the analogu e o f the proo f o f lemma 4.5 in [Brl] . 
We first need to prove an easy general result about finite  groups . Le t H be 

a finite  group , and le t e  be a  central 7r-idempotent for H. Le t u s denot e by 

decf :  CF(H, e; O) CF 7 r / ( i ? , e; O) 

the "^-decompositio n map", define d a s usua l (fo r /  G  CF(iJ, e; (9), an d fo r 
/ l e i ? . ' , w e have dec f ( / ) ( / i ) = / ( / i ) ) . 

5.22. Th e O-module CF^(H, e ; C?) is generated b y decf (Irr(#, e)) . 

Proof of 5.22. Sinc e dec^ commute s with th e "projectio n ont o e" , w e may 
assume e  =  1 . Le t h b e a  ^-elemen t o f iJ , an d le t 8^h b e th e charac -
teristic functio n o f the 7r'-section o f h (namely , w e have 8%h(g) =  1  if th e 
7r'-component o f g is conjugate t o /i , and 8%h(g) = 0  otherwise). I t suffice s 
to prove that 8% h i s a linear combinatio n with coefficient s in O of elements of 
Irr(iJ). Thi s is an easy consequence of Brauer's characterization o f characters. 

• 

We now assume tha t fo r ever y proper d-spli t Lev i subgroup N  o f G con -
taining L, the ma p lJ^(L ^) 1 S a 7r~perfect isometry . 

Then b y the definitio n o f a perfect isometr y (5.11 ) an d b y assertion (1 ) o f 

theorem 5.15 , we see that i t suffice s to prove that I^( L X ) induce s an isomor-

phism between C F ^ ( G V ^ L , A ) 5 O) an d CF*,(Z°(L)Z x  WGF(L,\)]0). 
By 5.22 , this follows from'the fac t (5.15 , (1) ) that 

H P P G F • T ° F - T ° F 

a e C 7 r ( L , A ) A T T , ( L , A ) - A ? r , ( L , A ) 
dec Z ° ( L ) F 

r,(L,A) 

4WQF :L,A) 

This completes the inductio n an d thu s the proo f o f 5.15, (2). • 
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5.23. Corollary. Th e idempotent e£( L j x) *s a n-block of G* (i.e., it is a 
primitive central it-idempotent). 

Proof of 5.23. B y 5.15, (2), and by 5.12, it suffices to prove that 1  is a 7r-block 
of Z°(L)F x  WGF(L,X). B y [Rob], thm . 9  (a non trivial generalizatio n t o 
any 7r of a result which is well known in the case where 7r consists o f a single 
prime), i t suffice s t o check that WGF(L,\) act s faithfully o n Z°(L)F. Thi s 
follows from the fact tha t L = CG(Z°(L)F). • 

C. ^-blocks. 
The followin g hypothesis ar e in force in what follows . 

(HI) Le t G be a connecte d reductiv e algebrai c grou p ove r a n algebrai c 
closure o f Fq , endowed  wit h a  Frobenius endomorphis m F: G —• G 
defining a  rational structure over Fq. 

(H2) Le t £ be a prime number whic h does not divid e g, which divides | G F | , 
and whic h does not divide |WQF((/>)| . 

We denot e by G a generic finite  reductiv e grou p correspondin g t o (G ,F) , 
and w e se t G = (T,W(f>). 

Following [BrMi] , we call unipotent ^-block s of G F the primitive centra l 
^-idempotents whic h ar e constituents o f the "unipoten t idempotent " ef . 
We denot e b y O the extensio n o f the ring o f £-adic integers b y a roo t of 
unity whos e orde r i s the l.c.m. o f the orders o f the elements o f GF. Thu s 
e G €  ZOGF, an d the unipotent ^-block s are the primitive idempotent s o f 
the algebr a ZOGFefF. 

The followin g omnibus theore m i s an immediate consequenc e of the pre -
ceding sections (speciall y of theorem 5.15) , as well as a consequence of general 
results abou t isotypic s (se e [Brl]). W e make fre e us e of the notation whic h 
has bee n introduced previously . 

5.24. Theorem. Let d be the unique integer such that $</(#) divides \G\ 
and £ divides $d(g). Let (L, A) b e a d-cuspidal pair of G. 

(1) Th e set of all irreducible constituents of the virtual characters (OX), 
where 0 6 Ab^Irr(LF), is the set of all irreducible characters of an £-
block of GF, which we denote by eG

 L Xy 

(2) (Z°(L)F, e^ F

L A ^ ) is a maximal eG ^ x^-subpair of GF. In particular, 

Z°(L)F is a defect group of eG ^ Xy 
(3) Whenever S is a subgroup of Z°(L)F, its centralizer M in G is a 

d-split Levi subgroup, and the Brauer correspondent B r s (e G

 L  x^) of 
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E ? ( L , A )
 1 S given by the following formula: 

B r s ( e g L , A ) ) = S E £ ( L ' , A ' ) 
( L ' , A ' ) 

where (1/, A ') run s over a complete set of representatives for the MF-
conjugacy classes of d-cuspidal pairs of M  which are GF-conjugate 
to ( L , A ). 

( 4 ) ( G F , e G

L ^ ) and (Z°(L)F x  W G F ( L , A ) , 1 ) are isotypic, and so in 
particular (see [Brl] , thm. 1.5 and § 4 . D ) 

(a) the block e G

 L  x^ of GF has respectively the same numbers of 
ordinary and modular characters as the group Z°(L)F x  W G F ( L , A ) , 

(b) all irreducible characters in e G

 L  x^ have height zero, 

(c) the Cartan matrix of eG ^  \) defines the same integral quadratic 
form as the Cartan matrix of the group Z°(L)F x  WGF(L, A ) , 

(d) the generalized decomposition matrix of ( G F , e G

L x^) defines 
the same quadratic form (over Z [ e 2 l 7 r / £ a ] , where a is the valuation in 
£ of ) a s the generalized decomposition matrix of 

(Z°(L)f x  W G F ( L , A ) , 1 ) , 

(e) the algebras ZOGFefJ^x) and ZO[Z°(L)f x  W G F ( L , A ) ] are 
isomorphic. 

We have 
e£ - 2 ^ E * , ( L , A ) > 

[ ( L , A ) ] G F 

where ( L , A) runs ove r the set of all d-cuspidal pairs of GF (modulo GF-
conjugation). In other words, ( L , A) i—• eG

 L  x^ is a bijection between the set 
of all unipotent £-blocks of GF and the GF-conjugacy classes of d-cuspidal 
pairs 

Notice that, stil l assuming £ is large (i.e., £\ \ W(<f>)\), th e precedin g theo -
rem implie s that severa l of the curren t conjecture s i n modula r representatio n 
theory ar e tru e for group s o f type GF an d unipoten t block s :  Alperin conjec -
ture, Alperin-McKa y conjecture , Dade' s ne w weigh t conjecture , al l implie d 
in thes e cases (block s with abelian defect groups ) b y conjecture 6 . 1 i n [Brl] . 

Notice also that the precedin g remar k can be strengthened by extending i t 
to non-unipoten t block s of finite  reductiv e groups , usin g the fac t (se e [Brl] , 
theorems 2 . 3 an d 5 . 6 ) tha t in many cases the "Jorda n decomposition of blocks" 
is an isotypy . 
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6. APPENDIX : TABLES FO R EXCEPTIONA L GROUPS 

Table 1 . Som e d-series for exceptional groups. 
G d\ Цд) A  | c a s e # | W G ( L , A ) " 

2 ( g + l) 2.B2(g) ¿ ^ 1 G(2,l,2 ) 
4 (g 2 + l).B 2(g) Фи,-,Ф-,2 2,3 Z 4 

Д 6 2  (д + 1).Л 5(д) ¿ 3 2 1 4 * Z2 

3 (g 2 +g +  l) . 3Z>4(9) 3D4[-l] 5  Z 3 

4 (g 2 + l)(g-l) . l4 3 (g) fe 6* Z4 

5 (g 5 - 1).Аг(с) ф2,фп 7* , 8* Z 5 
2 £ 6 2  ( g + l) 2.I>4(?) ¿ 1 3 , 0 2 9  G(l,l,3 ) 

4 (g 2 +l)(g +  1).A 3(?) ¿22 10 * Z4 

6 ( g 2 - g +  l). 3£>4(g) ¿2,1 1 1 Z3 

10 (g 5 + 1)^(5 ) ¿ 2 , ¿ n 12* , 13* Zb 
E, 2  ( g + l) 3..D4(g) ¿13,02 1 4 G(2,l,3 ) 

2 ( g + l). 2£ 6(g) 2Д6[0],2Я6[02] 15,16 Z2 

3 (g 3 -l). 3 £ 4 (<ï) 3D 4[-1] 1 7 Z 6 

3 (g 2 + g + l).yl 5(g) ¿ 4 2 , ¿ 2 2 i i 18*, 19* Z6 

4 ( 9

2 +  l) 2 .Ai( ? ) 3 ¿ 3 , ¿ 3 , 20*, 21* Gs 
¿ 2 ¿ 1 1 , ¿ 2 ¿ 2

1 22*,23 * <?(4,1,2 ) 
5 (g 5 - l ) .A 2 (g) ¿3 ,¿2 i , ¿ in 24*,25*,26* Z 1 0 

6 (g 3 + l). 3Z>4(g) ¿ 2 , x 2 7 Z 6 

6 ( g 2 - g +  l). 2A5(g) ¿ 4 2,¿2211 28*, 29* Z 6 

8 (qt + y.AitfyA^q) ¿ 2 , ¿ 2 ¿ i i , ¿ n ¿ 2 , ¿ 2

1 30*,31*,32*,33 * Z 8 

10 (g 5 + l).l4 2(g) ¿3 ,¿2 i , ¿n i 34*,35*,36* Z 1 0 

12 (< ?

4 -g 2 +  l ) .A 1 ( ?

3 ) ¿ 2 , ¿ „ 37*, 38* Z 1 2 

Es 2  ( g + 1) 4~D4(9) ¿13,02 3 9 G 2 8 

2 ( g + l) 2 . 2£ 6(g) 2Е6[в], 2Е6[в2) 40,41 <?(6,6,2) 
2 \q+\).E7{q) ¿ 5 1 2 , 1 1 , ¿ 5 1 2 , 1 2 42,4 3 Z 2 

3 (g 2 +g +  l) 2.3Z>4(g) 3D4[-1] 44 G5 

3 (q2+q + l).E6(q) ¿81,6, ¿81,10, ¿90,8 45*,46*,4 7 Z 6 

4 (g2 + l)2.D4(q) ¿3,1, ¿123,013, ¿23,01, ¿12,03 48* , 49*, 50,51 G8 

5 ( 9 4 + ? 3 + ? 2 + 9 +  l)-A 4(g) ¿32, ¿221 52* , 53* Z10 

6 ( g 2 - g +  l) 2.3Z)4(g) ¿ 2 i l 5 4 G5 

6 ( g 2 - g +  l). 2£ 6(g) ¿9,6, ¿9,6, ¿6,6 55* , 56*, 57 Z 6 

7 (g 7-l).A!(g) ¿ 2 , ¿ n 58* , 59* Z14 

8 (g4 + l). 2D4(g) ¿ 1 3 , - , ¿0123,13 60*,61* Z 8 

¿023,1, ¿123,0, ¿013,2, ¿012,3 62,63,64,6 5 Z 8 

9 (g 6 +g 3 +  l).A 2(g) ¿ 3 , ¿ 2 i , ¿ n i 66*,67*,68 * Z 1 8 

10 ( g 4 - g 3 +  g2 - g +  l). 2A4(g) ¿32, ¿221 69* , 70* Z10  

12 ( g 4 - g 2 +  l). 3£ 4(g) ¿ ; „ ¿ ' / 3 , ¿ 2 > 2 , 3 £ 4 [ 1 ] 71*,72*,73,7 4 Z12  

14 ( í 7 +l ) . Í ! ( í ) ¿ 2 ,¿n 75*, 76* Z14  

18] ( g 6 - g 3 +  l)-%(g) ¿3 , ¿21, ¿111 | 77*, 78*, 79* |  Z1 8 

The notation for th e unipoten t characters in column 3 and i n the followin g tabl e is as in 
[Ca], th e on e for the reflectio n groups in the last column is standard, see [Be]. 
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Table 2 . Decomposition of some B^{X). 

case 1 iffi(A)  

1 04,1 + 04,13 — 0",7 ~~ ^4,7 — 2B 2 , T 
2 ^2,4 + 2̂,16 - ^4,7 + ^2, «' 

3 02,4 + 2̂,16 ~ 4̂,7 + ^2, e" 

4 064,4 — 064,13 

5 D4ìl + D4ìe-DA,r 

6 020,2 "~ 060,5 + 060,11 ~ 020,20 

7 01,0 — 024,6 4" 081,10 — 064,13 4" 06,25 

8 06,1 — 064,4 + 081,6 — 024,12 + 01,36 

9 0«,3 + < 9 + 2< 1̂6,5 

10 04,1 + 0 4 > 7 — 0 4 > 7 — 04,13 

11 #,3 + < 9 " 1̂6,5 

12 0i,O - 08',3 + 0 9' ) 6 - 2 A 5 , € - (̂ 2,16 

13 0 ' 2 > 4 -
 2 A 5 , l - ^ 9 > 6 + ^ 9 - ^ , 2 4 

14 056,3 — 0120,4 — 3<̂ 216,9 — 20 3 3 6,ii + 20336,14 + 30216,16 4" 0120,25 — 056,30 

4~3028O,8 ~~ 30280,17 

15 + 16 E6[0], 1 - E<[0\, e 4- Es[02l 1 - E6[02}, e 

17 D4,l + DAì€1 -DAìa2 -DA,a'2 + DAìe2+DAle 

18 027,2 + 0189,5 — 0378,9 + 0189,20 ~ 0216,16 4" 0189,17 

19 0189,7 — 0378,14 4" 0189,22 4" 027,37 — 0216,9 4" 0189,10 

20 0i ) O — 20210,6 — 30105,6 — 30189,22 4~ 021,36 4" 20 5 6 , 3 — 2D4 , 1 + 304O5,8 + 30i89,lO 

—40336,11 — 42} 4, <72 4" 2012O,25 ~ 2Z>4, C2 4" 0315,16 4" 2070,18 4" 035,22 

21 021,3 — 30189,5 — 30105,21 ~ 20210,21 4" 01,63 4" 20i2O,4 ~ 2Z>4, €1 — 40 3 3 6 , i 4 

—ADAicr'2 + 30 4 O 5 ji5 4- 30i 8 9 )i7 4- 2056)3o — 2D4ì e 4- 03is,7 4- 207O,9 4- 035,i3 

22 07?i — 0189,7 4" 20378,9 — 0105,15 4" 20210,13 4" 027,37 "~ 015,7 4" 0105,5 — 20216,16 

—2DAire2 — 035,3i 4- 02i,33 — 202so,8 — 2Z} 4,r 

23 027,2 4" 20210,10 — 0105,12 4" 2 0 3 7 8 ) 1 4 — 0189,20 4" 07,46 _ 035,4 4" 021,6 ~ 20216,9 

— 2D4,T€i — 015,28 4" 0105,26 ~ 20280,17 ~ 2D 4 , T€ 

24 01,0 4" 021,3 — 0189,7 — 0189,22 ~ 084,12 4" 0336,11 4" 0216,16 — 0189,17 4" 056,30 4" 021,33 

25 07,1 4" 027,2 — 0168,6 — 0378,9 _ 0378,14 — 0168,21 4" 027,37 4" 07,46 4" 0512,11 4" 0512,12 

26 — 0189,5 — 0189,20 4" 021,36 4" 01,63 4" 056,3 4" 021,6 4" 0216,9 — 0189,10 _ 084,15 4" 0336,14 

27 056,3 — 0120,4 4" 0336,11 — 0336,14 4" 0120,25 — 056,30 

28 027,2 — 0189,5 4" 0378,9 4~ 0189,20 ~ 0405,15 4" D^,r€2 

29 0189,7 4~ 0378,14 — 0189,22 4" 027,37 ~ 0405,8 4" D4,T€i 

30 0i,o — 0105,6 4" 0189,22 ~ 021,36 4" 0216,9 4" # 4 , ^ — 0280,17 ~ D±,r€ 

31 07,1 4- 0189,7 — 0105,15 ~ 027,37 ~ 0120,4 4" , ¿1 4" 056,30 ~  
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32 027 ,2 + 0105,12 — 0189,20 ~ 07,46 ~ 056,3 +  D4i 1 + 0120,25 ~ D4i€2 

33 021,3 — 0189,5 + 0105,21 ~ 01,63 ~ 0216,16 ~ -D 4, r€2 4 " 0280,8 + DAir 

34 0 1 ) O — 021,3 + 0189,7 — 0189,22 ~ 0420,10 + -D4, &2 4" 0405,15 ~ D4, ^€ 2 + 035,31 + ,  ^ 

35 — 07,1 + 027,2 — 0168,6 + 0378,9 ~ 0378,14 4" 0168,21 ~ 027,37 + 07,46 4" E7[^] + E7[—f] 

36 —0189,5 + 0189,20 ~ 021,36 + 01,63 + 035,4 4~ DA, 1 4" 0405,8 ~ D4, r€ a —  0420,13 4" D4, c\ 

37 0 i > O 4 - 0210,6 + 021,36 — 056,3 +  D 4 i l ~ 0336,11 - -D 4 ,<7 2

 _ 0120,25 4" D4,€2 4 " 0280,18 

+ £ 6 [0 ] ,€ + £ 6 [0 2 ] ,e 

38 021,3 4" 0210,21 4 " 01,63 — 0120,4 4" D4, €1 — 0336,14 ~ D*, &2 ~ 056,30 4 " D4, € 4" 0280,9 

+ £ 6 [ 0 ] , 1 + £ 6 [ 0 2 ] , 1 

39 0112,3 — 20160,7 — 0400,7 _ 901296,13 — 402240,10 — 203360,13 4" 902800,13 4" 8032OO,16 

4-803200,22 — 20336o,25 4" 902800,25 — 402240,28 ~ 901296,33 — 0400,43 "~ 20160,55 4 " 0112,63 

4-401344,8 -  8 D 4 , 08,3 —  8 Z > 4 , 08,9 + 401344,38 ~ 401344,19 ~ 602016,19 ~ 605600,19 

— 120448,25.— 16£>4, 0 1 6 > 5 

0 + 41 E6[0], 0 1 ) O - E9[0\, 0 ' M - Ee[0\, <Ki3.+ E9[0\, 0 i , 6 - 2E8[9) - 2E8[-0}+ 

E 6 [ ö 2 ] , 0 i ) O - £ 6 [ 0 2 ] , 0 ' i , 3 " +  ^6 [ö 2 ] ,0i ,6 -  2E8[6
2} - 2E8[-0

2} 

2 4-43 04096,11 — 04096,26 + 04096,12 — 04096,27 

44 A , ¿1,0 -  D4, <t>'2A + £> 4, - 2 D 4 , ¿4,7 - I>4, ^',4 + 2£> 4, ^',3 + 2 0 4 , - Dt,fttl, 
-2D,, # ' i T + D,, <j>'l12 - D,, « ^ 1 6 + # 4 , ^ , 2 4 - 2 D 4 , ¿4, 1 + 2Z>4, < 3 + 2 Ö 4 , #,',<, 

-2D,, </v3 + £4 , ¿4,8 - 2Z> 4, </>16,5 - 3 £ 8 [ - 0 ] - ZE8{-0
2} + 3Eg[-l] 

45 0567,6 4~ 03240,9 ~~ 04536,13 ~ 02835,22 4" 02268,30 4" 01296,33 

46 —02835,14 — 04536,23 4" 03240,31 4 " 0567,46 4 " 02268,10 4" 01296,13 

47 01008,9 4" 01575,10 4" 01575,35 + 01008,39 _ 03150,18 ~ 02016,19 

48 08, 1 4 " 20560,5 4" 304536,13 4" 04200,21 _ 303 2 4O,31 _ 30i 4 O O , l l 4" 30840,13 _ 403200,16 

— 4D4, 08 3 4" 202240,28 ~ 2 JD4 , 0 " ? — 2 0 i 3 4 4 ) 8 —  2D4, 0 4 > 1 4" 01400,37 4" 20iO O8,39 4" 056,49 

49 —3(̂ 3240, 9 + 04200,15 4" 3<^4536)23 + 2<̂ 560,47 4" 08,91 4 " 2< 2̂240,10 ~ 2£>4 , 0 4 ? — 4^ 3 2 0 0, 2 2 

— 4£>4, 08 9 —  3014OO,29 4" 3084o,31 4" 01400,7 4" 201OO8,9 4" 056,19 ~ 20i344,38 —  22^4,04,13 

50 028,8 4" 2016O,7 4" 0300,8
 — 3  0 9 7 2 , i 2 4 " 2084O,14 " 3 0700,16 4" 2084O,26 _ 30700,28 ~ 3 097 2 ,3 2 

4-0300,44 4- 20160,55 4" 028,68 4" 401344)i9 — 2D4 , 0gg — 2Z>4 , 0">6 — 4Z>4, 0 i 2 , 4 

51 084,4 —  2D4 ,  02)4 —  0700,6 4" 302268)1O ~  20 4 2 Oo,l 2 —  3021OO,16 ~ ~ 2042oo,24 ~ ~ 30 2ioo,28 

4-302268)3O —  0700,42 —  2D4, 02 1 6 4 " 084,64 4" 202Ol6,19 4" 2056Oo,19 4" 40448,25 ~  4JD4, 04 ) 8 

52 035,2 4" 0560,5 — 03240,9 4" 02835,22 ~ 0840,14 4" 03360,13 "~ 02240,28 _ 0840,31 4 " 0210,52 4 " 0160,55 

53 02835,14 — 03240,31 4 " 0560,47 4" 035,74 4 " 0210,4 4" 0160,7 ~ 02240,10 _ 0840,13 _ 0840,26 4 " 03360,25 

54 0112,3 4~ 0160,7 — 0400,7 4" 20224O)io 4" 03360,13 4" 2032OO,16 4" 2032OO,22 4" 03360,25 

4-20224O)28 — 0400,43 4~ 0160,55 4" 0112,63 ~ 20i344,8 ~ 2-D4,08 3 — 2Z>4, 0g g —  20i 3 4 4 ) 38 

— 307168,17 — 01344,19 4" 2D4, 0 1 6 ) 5 4" 3Ü?6[#], 02 ,2 4 " 3Ü76[02], 02,2 

55 0567,6 — 03240,9 4" 04536,13 ~" 02835,22 4" 0972,32 4" D4 , 09,10 

56 — 02835,14 4 " 04536,23 _ 03240,31 4 " 0567,46 4 " 0972,12 4 " D4, 0 9,2 
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57 01008,9 — 01575,10 — 01575,34 4" 01008,39 4" 01134,20 4" ̂ 4 , 06,6 

58 0i }o — 03240,9 — 06075,14 + 08,91 4" 0400,7 ~~ 0300,8 + 04096,11 4" 04096,12 4" 03200,22 

— 02400,23 — 0972,32 4" 01296,33 + 050,56 ~ 0160,55 

59 08,1 — 06075,22 — 03240,31 + 01,120 + 050,8 ~ 0160,7 ~ 0972,12 4" 01296,13 4" 03200,16 

— 02400,17 4" 04096,26 4~ 04096,27 4" 0400,43 ~ 0300,44 

60 08,1 4" 04536,13 — 04200,21 4" 03240,31 ~ 02240,10 4" D4, 0 4 ? — 01344,38 ~ ^ 4 , 04,13 

61 —03240,9 4" 04200,15 _ 04536,23 ~ 08,91 4" 02240,28 ~ ^ 4 ? 04,7 4" 01344,8 4" D 4 i 0 4 , i 

62 084,4 — 0400,7 4" D 4 ì 09,2 4" 0700,16 _ , 09,6 — 0972,32 4" 0700,42 ~ 0112,63 

63 D4j 0 i j O 4~ 0300,8 — 02268,10 4" 02800,13 ~ 02100,28 4" 01296,33 _ D4, 01^12 ~~ 028,68 

64 0H2,3 — 0700,6 4- 0972,12 4" D 4 i 0 9 6 — 0700,28 ~ -^4 , 09,10 4" 0400,43 ~ 084,64 

65 028,8 4- D4, 0 i j l 2 — 01296,13 4" 02100,16 _ 02800,25 4" 02268,30 — 0300,44 _ ,24 

66 0in ~"" 0560,47 ~ 050,8 4" 0160,7 4" 02800,13 4" 0700,16 — 05600,21 ~ 03200,22 4~ 04096,26 4" 04096,27 

4-0112,63 4- 028,68 — 01008,9 — E6[0], 0 i , o — Е6[02], 0 i , o — 01575,34 ~ Е6[0], 0 " 3 — EQ[Q2], 0 " 3 

67 08,1 -f 035,2 4" 035,74 4" 08,91 ~~ 0700,6 ~~ 0400,7 4~ 02240,10 4" 01400,11 4" 02240,28 4" 01400,29 

— 0700,42 — 0400,43 — 03150,18 — 02016,19 — ^ [0], 0 2 ,1 _ ^ 6 [ # 2 ] , 02,1 _ ^ б [ 0 ] , 0 2 , 2 ~~ Е6[02],ф2,2 
68 —0560,5 4- 01,120 4" 0112,3 4" 028,8 4" 04096,11 4" 04096,12 _ 05600,15 ~ 03200,16 4" 02800,25 4" 0700,28 

— 050,56 4" 0160,55 — 01575,10 ~ Е6[0],ф[3 ~ E6 ] , </>[,3 ~ 01008,39 ~ £ б [ # ] , 0 1 , 6 ~ Е 6 [ 9 2 ] , ф 1 } 6 

69 035,2 — 0560,5 4" 03240,9 4" 02835,22 ~ 04200,12 4" D4, 0 " 4 — 01400,29 ~ D4 , 0 4 7 4" 050,56 4" D4, 0 2 'д б 

70 02835,14 4- 03240,31 ~ 0560,47 4" 035,74 4" 050,8 + ^ 4 , 0 2 , 4 ~ 01400,11 ~ D4, 0 4 ? — 04200,24 4" D*, 0 2 1 6 

71 08,1 — 0560,5 4" 04200,21 ~ 03200,16 ~ D4, 0 g 3 — 02240,28 4" D4, <j)"j + 01344,8 4" D4, 0 4 д 

4-0448,39 4"^б[^],01,6 4- ^б[^ 2 ] , 01,6 

72 04200,15 — 0560,47 4" 08,91 _ 02240,10 4" D4 , 0 4 > ? — 03200,22 _ D 4 i 08,9 4" 01344,38 ,13 

4-0448,9 "f E6[0], 0i,o "f ^б[0 2 ] , 01,0 

73 084,4 4- D4, 0 2 j 4 — 0700,6 4" 04200,12 4" 04200,24 ~ 0700,42 4" ̂ 4 , 02,16 + 084,64 ~ 07168,17 

- D 4 , 04,8 + Eñ[0\, 02,2 "f £ 6 [ 0 2 ] , 02,2 

74 028,8 — 0160,7 4" 0300,8 ~ 0840,14 _ 0840,26 4" 0300,44 _ 0160,55 + 028,68 4" 01344,19 

- E 8 [ - 0 ] - E 8 [ - e 2 ] + E8[-l] 

75 0i,o 4- 03240,9 — 06075,14 ~ 08,91 ~ 0700,6 4" £4, 0 i , i 2 + E7[(\, 1 4" # 7 1 4" 05600,21 

— D 4 , 0 8 9 — 02268,30 "f ^ 4 , 09,10 + 0210,52 ~ ^ 4 , 0",16 

76 08,1 4" 06075,22 — 03240,31 _ 01,120 — 0210,4 4" , 0 2 , 4 4" 02268,10 — D4 , 09,2 — 05600,15 

+ £ > 4 , 08,,3 + E7[Íl € + Er[-t], € + 0700,42 " ¿>4, # ' f l 2 

77 0i,o 4- 0560,47 — 0210,4 4~ D 4 i 0 2 4 — 02100,16 ~ -^4 , 0 9 ,6 + 02400,23 4" D 4 i 0 g 9 — E7[(\, б — E7[~£], € 

— 084,64 — D*i 01,24 4- 01008,9 4" E6 [0], 0 1 > o 4" E6[ß
2], 01,0 ~ 01575,34 ~ E6 [0], 0 " 3 — Е6[02], 0 " 3 

78 —08,1 4- 035,2 4- 035,74 ~ 08,91 ~ 0300,8 ~ D 4 i 0 J 1 2 4" 0840,13 4" D 4 , 0 4 , 7 + 0840,31 4" £4, 0",7 

"0300,44 - £>4, 0;,,12 - 0U34,2O " ¿>4, 0 6 | 6 " 4 [S\ " E8[-ß
2} - E8[0] - EB[P] 

79 0560,5 4- 01,120 — 084,4 ~ D4, 0 l j O 4" E7[Ç], 1 4" ̂ 7 [ - í ] , 1 + 02400,17 4" D4, 0 g 3 — 02100,28 ~ D*, 09,6 

I —0210,52 4- -04,02,16 ~ 01575,10 ~ Е6[0],ф[^ — Е6[62],ф[3 4~ 01008,39 4~ Е6[0],ф1}6 4~ ^ 6 [ ^ 2 ] ? 0 1 , 6 
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Table 3 . W G ( T ) for d regular and T noncyclic. 

G d | T | W G ( T ) I G  d | T | W G ( T )  

" » Ö l 3  * | G ^ ^  3 5|< Ü Gj " 

6 $ 2 G 4 4  $ 2 $ 2 G 8  

2 F 4 4  $ 2 G 1 2 6  *J G 2 S  

8' $ 8

2 G 8 E7 3  G 2 6  

8" * f G 8 6  $ j j $ 2 G 2 6  

Fi 3  G 5 Es 3  $ 4 G 3 2  

4 $ 2 G 8 4  $ | G 3 i 

6 * § G 5 5  G 1 6 

£ 6 3  * | G 2 5 6  $ 4 G 3 2  

4 * 2 * 2 Gs 8 $ 1 G 9  

6 $ | * 3 G s 10 $ 2 o G n  

12 $ 2

2 Gi o 

The notation for the reflection groups W G (T) is as in [Be]. Note that the T are uniquely 
determined by their orders, being Sylow $j-tori. 
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T N n P V 

1 2 5 e G ( L A ) 7 1 
A b d I r r ( G F ) 4 0 F a m ( V ) 2 0 
A b d R e g G F 4 0 FQ4> 1 0 
AbIrr(G F ) 3 4 |G | 1 1 
A b R e g G F 3 4 G * 1 3 
A b d R e g N 3 7 G ~ 1 2 
AD,G 3 7 GW 1 2 
adjoint generi c group 1 3 ^ a d 1 ^ 
2lG n (G , F)-adapted 6 6 
B r s 6 8 r<a> 1 2 
Br s 6 8 r G 1 0 
C d 2 9 (G , i*1, d)-adapted 6 6 
CTd(G,L) 2 8 generi c Levi subgroup 1 2 
£ F ( G ) 1 5 generi c degree 2 3 
CF(iJ, e; K) 7 2 generi c finite reductive grou p 1 0 
CFV. (H,e;K) 7 2 generi c torus 1 2 
V G F oft generi c uniform function s 2 2 

G o 7 generi c unipotent function s 2 1 
X(M,„) 3 7 2 0 

xfM,S) 3 9 G F ( T , 0 ) 3 5 
class functions o n G 1 5 GF(x) 7 1 
^-anisotropic maxima l torus 2 9 goo d prim e 1 4 
d-cuspidal 2 7 1 1 
d-cuspidal pair  4 2 Gf.«A "\A 
dec*f t f A ) 7 3 G S 8 1 3 

->(L,A) M G(T ,0 ) 3 5 

t d e c x , Z » ( L ) - ^ G F ( L , A ) ? 3 J M 7 4 

d e c ? 0 ' 6 8 JJU 4 3 
Deg 2 2 Ind £ 1 5 
derived generi c group 1 3 I ° F 7 4 
D(&) 1 3 A : ( L ' A )

 2 1 

d-group 1 7 m - y 1 9 
d-split Lev i subgroup 1 8 N(G) 1 1 
d-splitpair 4 2 $ G 2 2 
dual generic group 1 3 $ d-defect tor i 6 1 
£G 1 1 $d~grou p 1 7 
£ ( G F , 1 ) 1 9 ^  2 0 

9 1 
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7T-perfect isometr y 7 2 R ^ 2 1 
« f '  6 8 Rf 19 
P(R) 1 3 S d b ) 6 i 

(•Ф,-Ф')с 21 5У И 
7 T G 2 2 H 
Q(R) 1 2 5 w 0 ( L , M ) 1 4 
Rad(G) 1 3 r d(G) 2 9 
ftd(G) 3 7 §  7 1 
^ á , G ( N ) 39 Q N F 4 0 

Reggi 64 © N M 3 7 
ResS-A) 6 6 1 Г й С 

R e g ^ A ) 6 4 Uch(G ) 1 9 
R e g G 3 6 Uch(G,(L ,A)) 4 3 
Res^ 1 5 \](ф) 21 
Щ 11 UReg G 3 0 
P\ 1 9 U R e g G

x 5 9 
RL 2 3 U R e g M F 3 6 
* pG O C 0 

K h wG 1 0 
*5^Л) 6 0 War (M) 3 7 

6 0 W G P ( M , / x ) 3 7 
1 1 Wb(L) 1 8 
It Wb(M,/i) 3 7 
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