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THE NUMBER OF ABELIAN GROUPS OF ORDER AT MOST x 

by 

D.R. HEATH-BROWN 

1. Introduction 

Let a(n) denote the number of isomorphism classes of Abelian groups of 
order n. The arithmetic function a(n) is multiplicative, and has a generating 
series 

oo 
E 
n=l 

a(n)n s = C(s)C(2s)<(3*)-" • 

We shall be concerned here with the counting function 

A(x) = E 
n<2 

a(n) , 

first considered by ERDOS and SZEKERES [2]. One expects that A(x) will be 
approximated by J^CjX1^, where 

Cj = 
OO 
n 
k=l C(k/j). 

Indeed, if we write 

A{x) = 
5 

E 
i-

CjX1/j + A(x), (1.1) 

then it is known on the one hand that 

A(x) < x 9 7 / 3 8 1 ( l o g x ) 3 5 

(KOLESNIK [8]), and on the other, that 

x 

1 
A(x)2dx = Q(X4^logX) (1.2) 

S.M.F. 
Asterisque 198-199-200 (1991) 153 



HEATH-BROWN D.R. 

(Ivic [7] ; see also BALASUBRAMANIAN and RAMACHANDRA [1]). Thus 

A(x) = D(x1/6(logx)1/2), 

so that the extra terms in the sum (1.1) that would correspond to j > 6, cannot 
be relèvent. Note that 

97 

381 
= 0.25459-•• > 0.16666-•• = 

1 

9 , 

Our aim is to prove an upper bound corresponding to (1.2). 

THEOREM 1. We have 

x 

3 
&{x)2dx < X 4 / 3 ( l o g X ) 8 9 

for X>2. 

Apart from the exponent of log X this is, of course, best possible. Ivic [6] 

has given a weaker estimate with exponent 
39 
29 

in place of 
4 

3 
. A result similar to 

Theorem 1 was stated by BALASUBRAMANIAN and RAMACHANDRA [1], but it 
appears that their claim cannot be substantiated. We have made no attempt 
to obtain a good exponent for the power of log X in Theorem 1. 

Our method is an elaboration of that used by the author [4] to estimate 

T 

o 
c ( 

5 
8 

+ it ) 
8 

dt . 

We take this opportunity to point out that exactly the same technique yields : 

THEOREM 2. We have 

T 

0 
c ( 

11 

20 
+ it ) 

10 
dt < r 3 / 2 ( l o g r ) 5 2 

and 
T 

o 
c ( 

9 

20 
+ it ) 

10 
dt < T 2 ( l o g T ) 5 2 

forT > 2. Hence, in the generalized divisor problem, one has /3s < 
9 

20 . 

These results (with the exponent 52 replaced by 50) have been given 
without proof by ZHANG [11]. 
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THE NUMBER OF ABELIAN GROUPS 

Finally we observe that our method for proving Theorem 1 has a little to 
spare. An examination of the proof shows that the key estimate (3.1) can be 
obtained with a saving of a power of T, except when M and N differ only by a 
factor of a small power of T. In this latter case further arguments are available 
covering all possibilities except that in which M and N are both small powers of 
T. This argument suggests that one might actually hope to obtain an asymptotic 
formula for the integral in (1.2). 

2. Mean-Value Bounds 

To estimate the average of A(x)2 we shall use the analysis of Ivic [6 ; 
pp.19-21]. After suitable modifications, this leads to 

x 
]Xj2 

A(x)2dx < X 4 / 3 ( l o g X ) 8 max 
1<T<X 

T-1 IT, (2.1) 

where 

IT = 
T 

T/2 
|C(1 - <r + it)((l -2a + 2it)C(3a + 3it)((4a + Ait)((5a + 5it)\2dt , 

and 
a = 

1 
6 + 

i 
logX 

In view of the inequality 2|a6| < a2 + 62, we have 

IT < max(Jy, J'T) , (2.2) 

where 
JT = 

T 

T/2 
|C(3(7 + 3i*)2C(4<7 + 4it)4((5a + 5it)4\dt (2.3) 

and 
JT 

T 

T/2 
|C(3<J + 3^)2C(1 - o + it)4C(l - 2a + 2itf\dt . 

Since the estimation of JT and J'T is similar, we shall henceforth restrict our 
attention to Ĵ -

We replace the integral in (2.3) by a sum over well-spaced points tn G 
[r/2,T] for which 

Km - *n| > 1 (m ̂  n) . (2.4) 

Since 
C(8) E 

n<K 
n-5 + 0(1) (T < K < 2T) 
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for 
|Im(s)| < 5T , 

1 
2 

< Re (s) < 
7 
8 5 

by TlTCHMARSH [10, Theorem 4.11], we have, for example 

((3a + 3it) <( logT) max 
L<T 

\S3(L,Zt)\ , (2.5) 

where L runs over powers of 2, and 

S3(L,3*) = E 
£<n<2£ 

n-3<r-3i< 

Of course, for the value of L giving the maximum in (2.5) we will clearly have 

\S3(L,3t)\> |S 3(1,3*)|> 1 • 

Similarly 
C(4a + 4i*) < ( l o g r ) max 

M<T 
M~1/6\S4(M, 4«)| 

with 
S4(M,4t) = E 

M<n<2M 
Ml/6n-4,-4it ^ (2.6) 

and 
C(5<j + 5it) <( logT) max 

N<T 
iV-1/3|55(iV,5<)| , 

with 
S5(JV,5<) = E 

N<n<2N 
N1/3n~5a~bit . (2.7) 

It follows that 

jT < ( w r ) 1 3 M - 2 / 3 i v - 4 / 3 

E 
n 

\S3(L, 3t„) 25 4(M, 4*„)4S5(iV, 5t„)4| 

for certain fixed L, M, N with 

|S 3(L,3/ n)|,|S 4(M,4* n)|,|S 5(JV,5/ n)| > 1 • 

We proceed to classify the points tn according to the ranges 

U<\S3\<2U , V <\S4\<2V 
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and 
W < | 5 5 | < 2W 

in which the relevent sums lie. Here [7, V and W run over powers of 2 with 

1 < ?7 < L2 , l < V < M i , and 1 << W << N1/2. (2.8) 

If there are N(U, V, W) such points tn for each triple (£7, V, W) it follows 
that 

J r < ( logT) 1 3 M- 2 / 3 iV- 4 / 3 

E 
U,V,W 

U2V4W4N(U,V,W) 

< (logT) 1 6M- 2 / 3 iV- 4/ 3i7 2F 4H / 4Ar(J7, V ,W) , (2.9) 

for some particular triple (ET, V, W). 

In estimating iV(l7, V, W) we shall illustrate our methods by examining 
53. We begin by using the mean-value theorem for Dirichlet polynomials due 
to MONTGOMERY [9; Theorem 7.3], with Q = l , x = 1,6 = 1. When applied 
to Ss(L,t)k this yields 

U2kN(U, V, W) < (Lk + T)(logT) E 
Lk<n<(2L)k 

A ( n ) 2 n - 6 " 

<(L*+T)( logT) 1 + f c 2 . 

Similarly we have 

V2kN(U, V, W) < (Mk + r)(log Tf+k2 (2.10) 

and 
W2kN(U, V, W) < (Nk + T)(log T ) 1 + p . (2.11) 

Notice that our purpose in making the somewhat peculiar definitions (2.6) and 
(2.7) was to produce bounds for N(U, V, W) which are symmetric in 53, 54 and 
55. Our second estimate uses the Halasz method, in the form due to HUXLEY 
[5 ; p. 171] (with a trivial modification to allow for the weaker spacing condition 
(2.4)). When applied to 5 3(L,*) 2 this yields 

N(U,V,W) < L 2 L T 4 

1 
L2<n<4L* 

d(nfn-6<r (logT) 

+ TL2U~W 

E 
L2<n<4L2 

d(n)2n~6<r 

3 
(logT)5 

< (L2U~4 +TL2U-12)(logT)17 . 
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Similarly one finds 

N(U,V,W) < (M2V~4 + TM2V-12)(logT)17 (2.12) 

and 
N(U,V,W) < (N2W~4 +TN2W-12)(\ogT)17 . 

For our remaining estimates we start from Perron's formula (see TlTCHMARSH 
[10 ; Lemma 3.19]), which yields 

53(L,3*) = 
1 

2m 
i 
2 
+4iT 

1 
2 
-4iT 

((s + 3o + 3it) 
(2LY - Ls 

s 
ds + O(logX) 

= 
1 

2m 
i 
2 
-3<r+4iT 

I 
2 
-3<r-4iT 

C(s + 3a + 3it) 
(2LY - Ls 

s 
ds+ 0(}ogX) 

<< 7T 

-IT 
c 

1 
2 

IT 
dr 

1 
log* + r-Zt 

+ logX. 

Thus 

U4N(U, V, W) < E 
n 

53(L,3<„) 4 

< ( l o g X ) 4 

E 
n 

1 + 
7T 

-7T c 
1 
2 + ir dr 

1 + r - 3 * „ 

4 

< (logX) 4 T + E 
n 

IT 

-IT 

dr 
1 + r-Stn 

3 

7T 

-7T 0 
l 
2 

+ I'T 
4 dT 

1 + r -3<„ 

< ( l o g X ) 7 T + 
7T 

-IT 
c 

1 
2 + ZT 

4 
E 
n 

1 
1 + r - 3 * n 

dr 

< ( l o g X ) 8 
IT 

-IT 
c 

1 
2 

+ it 
|4 
dT + T(logX)7 

In the final step above we have used the spacing condition (2.4). We can now 
apply the fourth power moment estimate for the Riemann Zeta-function (see 
TlTCHMARSH [10 ; (7.6.1)] for example) to give 

U4N(U,V,W) < T ( l o g X ) 1 2 . (2.13) 

An entirely analogous argument based on twelfth power moments, and using 
the bound 

T 

0 
c 

1 
2 

+ it 
12 

dt < r 2 ( l o g T ) 1 7 
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of HEATH-BROWN [3], produces 

U12N(U,V,W) < T 2 ( l o g X ) 4 1 . (2.14) 

Similarly we obtain 

V*N(U,V,W) < T ( l o g X ) 1 2 , (2.15) 
V12N(U,V,W) < T 2 ( l o g X ) 4 1 , (2.16) 
W4N(U,V,W) < T ( l o g X ) 1 2 , 

and 
W12N(U,V,W) < T 2 ( l o g X ) 4 1 . 

3. Proof of Theorem 1 

We now use our bounds for N(U, V, W) to show that 

U2V4W4N(U, V, W) < TM2'*AT4'3(log X ) 6 5 . (3.1) 

From (2.9) we will conclude that JT < T(logX) 8 1 , and similarly for J'T. The 
theorem will then follow from (2.1) and (2.2). Because of the symmetry in 
our bounds for N(U,V,W) it will suffice to prove (3.1) when N < M, since 
otherwise 

M4/*N2/3 < ^2/3^4/3 _ 

We shall therefore consider the following cases : 

Case 1 N <M< Tl/S , 
Case 2 N< M1'4 , 
Case3 M 4 i V 8 > T 3 , 

and 
Case 4 T 1 / 3 2 < iV < T 1 / 4 . 

These are readily seen to exhaust all possibilities when N < M. In what follows 
we shall repeatedly use the principle that 

min(Ai,...,j4ib) < A"1 

… Akn 

for Ai > 0 , on > 0 and £ ai = 1. 
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Case 1 : Here we use (2.10) and (2.11) with k = 8, together with (2.13). 
Thus 

N(U,V,W) < (logX) 6 5min((M 8 + T)V-16,(NS + ' 2 W - 1 6 , T C T 4 ) 

< ( l o g X ) 6 5 m i n ( r ^ - 1 6 , T W - 1 6 , r c r 4 ) 

< ( l o g X ) 6 5 ^ - 1 6 ) 1 / 4 ^ - 1 6 ) 1 / 4 ^ - 4 ) 1 / 2 

= r t r 2 F - 4 W - 4 ( l o g X ) 6 5 

< T M 2 / 3 i V 4 / 3 C / - 2 F - 4 ^ - 4 ( l o g X ) 6 5 . 

The bound (3.1) follows. 

Case 2 : Here it is convenient to consider two subcases, in which V > T 1 / 8 

and V < T 1 / 8 . UV> T 1 / 8 then (2.12) yields 

N{U,V,W) «M2V~4(logX)17 . (3.2) 

From (2.15), (2.16) and (2.14) we therefore have 

N(U,V,W) < ( l o g X ) 4 1 m i n ( M 2 y - 4 , r F - 4 , T 2 F - 1 2 , T 2 { 7 - 1 2 ) 

< (logX) 4 1 (M2V~i)^4(ry~4)1/2(T2V~12)1/12(T2tr12)1/e 

= ( logX) 4 1 rM 1 / 2 i 7 - 2 F- 4 . 

On the other hand, if V < T 1 / 8 , we deduce from (2.12) that 

N(U,V,W) < ( logX) 1 7 TM 2 y- 1 2 . (3.3) 

Now (2.15) and (2.13) yield 

N(U,V,W) < ( l o g X ) 1 7 m i n ( r M 2 y - 1 2 , r y - 4 , r [ / - 4 ) 

< ( l o g X ) 1 7 ( T M 2 ì / - 1 2 ) 1 / 4 ( r ì / - 4 ) 1 / 4 ( r i 7 - 4 ) 1 / 2 

= ( logX) 1 7 TM 1 / 2 t / - 2 F- 4 . 

In either case we conclude that 

U2V4W4N(U, V, W) < ( l o g X ^ T M 1 / 2 ^ 4 

< (log X)41TM^2 N2 

< ( logX) 4 1 rM 2 / 3 iV 4 / 3 , 

as required. Here we have used (2.8) together with the condition N < Mll4. 
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Case 3 : Here we use (2.11) with k = 4, together with (2.14) and (2.16). 
Then 

N(U,V,W) < (logX) 4 1 mm(max(T,N4)W-s,T2U-12,T2V-12) 
< (logX)41(max(r, J V 4 ) ^ - 8 ) ^ ^ - 1 2 ) 1 / » ^ - 1 2 ) 1 / » 

= (logX) 4 1 max(r 3 / 2 ,riV 2 )C/- 2 F- 4 W- 4 . 

However T3/2 < TM2'3^'3 providing that M4N* > T3, and TN2 < 
TM^iV 4 / 3 , since N < M. The bound (3.1) therefore follows in this case. 

Case 4 : Again we shall consider seperately the cases V > T1^8 and 
V < T 1 / 8 . If V > T 1 / 8 we have (3.2) just as in Case 2. Then (2.11), with 
k = 8, together with (2.14), (2.15) and (2.16), yield 

N(U,V,W) < (iogX)65imn(M2V-4,max(T,Ns)W-16, 
T2U-12,TV~4,T2V-12) 

< (logX) 6 5 (M 2V~ 4) 1 / 3 (max(T, ^w-ny/^u-uy/» 
x ( 7 , v - - 4 ) 1 / 2 4 ( r 2 V - 1 2 ) 5 / 2 4 

= ( logX) 6 5 M 2 / 3 max(T 2 5 / 2 4 , r 1 9 / 2 4 iV 2 )C/ - 2 F- 4 ^- 4 . 

On the other hand, if V < T 1 / 8 , then (3.3) holds, as in Case 2. The bound 
(2.11), with k = 8, in conjunction with (2.13) and (2.14) now produces 

N(U,V,W) < (logX) 6 5min(TM 2F- 1 2 ,max(T,iV 8)Ty- 1 6 ,rt/- 4 ,r 2C/- 1 2) 
< (logX)65(TM2V-12y'3(max(T, N8W-")V4(rtr4)8/8 

x <T2u-l2yi24 

= ( logX) 6 5 M 2 / 3 max(r 2 5 / 2 4 , r 1 9 / 2 4 iV 2 )C/ - 2 F- 4 ^- 4 . 

We therefore get the same estimate whether V > T 1 / 8 or not. To prove (3.1) 
it remains to observe that 

max(r 2 5/ 2 4 ,T 1 9/ 2 47V 2) < TN4/3 

when T 1 / 3 2 < N < T 1 / 4 . 

We have now proved (3.1) in each of the four cases. This completes the 
treatment of Theorem 1. 
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4. Proof of Theorem 2 

To prove Theorem 2 we adopt the procedure of Section 2, using the sum 

S(t) = E 
M<m<2M 

Ml/20m-ll/20-,-t 
dt (Ì < AT < T) . 

We deduce that 

T 

T/2 
c 

11 

20 
+ it 

10 
d* < (lo g r) 1 1 M- 1 / 2 iV(F)T/ 1 0 (4.1) 

for some V in the range 1 <C V <C Af«, where AT(V) is the number of well 
spaced points tn G [T'/2,T'] at which 

V<\S(t)\ <2V . 

I f V > T 1 / 8 then (2.12) yields 

i V ( F ) < M 2 F - 4 ( l o g r ) 1 7 . 

From (2.16), adjusted by replacing logX by logT, we therefore deduce that 

N(V) < ( lo g r) 4 1 min(M 2 F- 4 ,T 2 F- 1 2 ) 

< ( l o g r ^ V M 2 ^ - 4 ) 1 / 4 ^ 2 ^ - 1 2 ) 3 / 4 

= ( logT) 4 1 T 3 / 2 M 1 / 2 F- 1 0 . (4.2) 

Similarly, if V < T 1 / 8 then (2.12) produces 

N(V) < r M 2 T / - 1 2 ( l o g T ) 1 7 . 

Hence (2.15) and (2.16) yield 

N(V) < ( l o g r ) 4 1 m i n ( T M 2 F - 1 2 , r y - 4 , r 2 F - 1 2 ) 

< ( l o g r ) 4 1 ( T M 2 y - 1 2 ) 1 / 4 ( r F - 4 ) 1 / 4 ( T 2 y - 1 2 ) 1 / 2 

= ( l o g r ) 4 1 T 3 / 2 M 1 / 2 y - 1 0 . (4.3) 

The bounds (4.1), (4.2) and (4.3) lead to 

•T 

T/2 
c 

11 

20 
+ it 

10 
dt < T 3 / 2 ( l o g T ) 5 2 , 
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which gives the first statement of Theorem 2. The second part needs only an 
application of the functional equation, and the remark about /?5 follows from 
TlTCHMARSH [10 ; Theorem 12.5]. 
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