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A Canonical Brauer Induction Formula
Robert BOLTJE

Introduction

Throughout this paper G denotes a finite group, R(G) the character ring of G and (—, —) the
usual inner product of R(G).
In 1946 Richard Brauer proved (cf. [Brl]) that each virtual character x of G can be expressed

as a linear combination

X = Zz.‘indﬁicp;
i

where 2z; € Z, H; < G and p; € H = Hom(H;,C*). Brauer was motivated by the question
whether Artin L-functions of any virtual character have a meromorphic extension to the entire
complex plane. This was known for one-dimensional characters, and it was also known that the
Artin L-functions are invariant under induction. So Brauer’s induction theorem gave a positive
answer to the above question, and this is a very typical example for the applications of the
theorem in number theory. However, Brauer’s theorem is a mere existence theorem, and it
remained the question for an explicit formula, associating to each virtual character x an integral
linear combination as above. A first result in this direction is again due to Brauer, who gave in
1951, cf. [Br2], an explicit formula to Artin’s induction theorem, i.e. a formula which induces
from cyclic subgroups and has rational coefficients. It was not before 1986, that there appeared
V. Snaith’s explicit version of Brauer’s induction theorem, cf. [Sn]. His formula is based on
topological invariants, in particular on Euler characteristics of quotient spaces of the unitary
group U(n).

Here we give an explicit and canonical formula for Brauer’s induction theorem by algebraic and
combinatorial methods. ’Canonical’ means that this formula is unique among all the expressions
for x as above, if a certain functorial behaviour with respect to G is required. To state this

functorial property it is convenient to introduce the free abelian group R4+(G) whose basis is

S.M.F.
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R. BOLTJE

given by the G-conjugacy classes of pairs (H,), where H < G and ¢ € H, cf. [De], p. 11.
We consider a formula as a map from R(G) to R4(G), such that it becomes the identity, if
the symbols (H,¢) are replaced by ind5¢ € R(G). It turns out that R{(G) carries a lot of
structures, which we investigate in section 1. Using the results about R(G) we define the
formula ag : R(G) — R4+(G) and prove its natural properties, cf. theorem (2.1) and cor.
(2.12). In section 3 we apply the methods developed in the previous sections to obtain an
induction formula which induces only from subgroups of a fixed type 7, cf. theorem (3.2). In
this case however, we don’t have integral coefficients any longer. For the type of cyclic groups
we obtain again Brauer’s explicit version [Br2] of Artin’s induction theorem. The cases in which
the formula is integral are determined in (3.12) and (3.13). Unfortunately the formula is not
integral for the type of elementary groups. For the type of cyclic groups we obtain that the
”worst” denominator in the formula for the characters of G coincides with the Artin exponent
of G.

The formula a; we introduce in section 2 is different from Snaith’s formula in [Sn}], but there is
a relation between them which can be found in [Bo], chap. IV.

I am grateful to G.-M. Cram for his proof of proposition (2.24).

1. The ring R, (G)

For a finite group G we consider the set Mg of all pairs (H,¢) where H < G and ¢ € B =
Hom(H, C*). G acts from the left on Mg by componentwise conjugation: ¥ H,¢) := (°H, %)
where ‘H = gHg™!, % := ¢(g7'.g), for ¢ € G. We denote the G-orbit of (H,¢) by WG and
the set of G-orbits by M /G. Let R4 (G) be the free abelian group with the basis Ms/G, then
we have the well-defined map into the character ring R(G)

(1.1) bs : R4(G) — R(G), (H,p) + indje.
be is surjective by Brauer’s induction theorem [Brl]. We want to construct a map

(1.2) a6 i R(G)—Ri(G), x— Y, amme(0H )
He eMs/G

with bgas = idp(g), i-e.

(1.3) x = > aggoe (Xindge
(He) eMa/G
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CANONICAL BRAUER INDUCTION FORMULA

for all x € R(G). Moreover we want ag to have a good functorial behaviour with respect to the

structures carried by R(G) and R, (G).

(1.4) Remark. We may consider R} (G) as the Grothendieck group of the category of mono-
mial representations of G. Its objects are finite dimensional CG-modules V (CG denotes the
group ring) with a fixed decomposition V = V; @...@V, into one-dimensional subspaces, called
the lines of V, such that G permutes the lines. V is called simple, if its lines are permuted
transitively by G. A morphism F .V =V ® ...V, —W =W; ®... » W, of two mono-
mial representations of G is a CG-linear map such that for each ¢ € {1,...,n} there is some
j €{1,...,m} with F(V;) C W;. For monomial representations we may define in an obvious way
direct sums, tensor products, duals, restriction maps along group homomorphisms and induction
maps along subgroup relations. Every monormial representation of G is a unique direct sum of
simple ones and the isomorphism classes of simple monomial representations are in a bijective
correspondence to Mg /G by the following construction: For simple V =V1 &...®V, define H
to be the stabilizer of V; and ¢ € H to be the action of H on Vi. The choice of another line
V; gives a conjugated pair {H,¢). be is induced from the forgetful functor which associates to
every monomial representation of G the underlying CG-module. For more details of the above

statements see [Bo] chap.I §1.
The constructions described above provide R4 (G) with the following structures:

Multiplication. The tensor product on monomial representations is translated into a commu-

tative ring structure on R4(G) given by

(1.5) H K9 = Y HEHNKe9) .
s€EH\G/K

The unity is (G, l)G. R.(G) contains the group ring ZG = Dyec Z(G,tp)c as a subring. Note
that the G-orbit of (G, ) consist only of this single pair. So Ry (G) is a ZG-algebra and b is a
Zé-a.lgebra map. We have the ZG-module decomposition

R.(G)=2ZC® @ Z(H,¢)’,
(H9) €M /G HG

with the corresponding projection map

(1.6) 7o : Re(G)—ZG, (H,p)
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Also R(G) is a ZG-algebra, since it contains ZG as a subring. This gives rise to the ZG-module

decomposition

RG) =269 & Zx
xelrrg\é

where IrrG is the set of irreducible characters of G. We obtain the corresponding projection

(1.7) pe : R(G) — ZG, IrrGaxH{X’ if x € G;

0, otherwise.

Note that 7 is multiplicative, which is in general not true for pg.

Restriction. The restriction of monomial representations of G along a group homomorphism

f : G' — G gives rise to the ring homomorphism

(18)  res,, :Ry(G)—R4(G): o)~ Y. U CH), %of) -

s€f(G')\G/H
The diagram
Ry(G) & R©G)
(1_9) res,, res,

b ’
<,

R+(G") R(G")

commutes, since the corresponding diagram on the level of the categories of (monomial) repre-
sentations commutes. For the same reason we have

(1.10) res,,, = Ies . res,,

for another group homomorphism f : G — G'. If f is given as the inclusion of a subgroup

G

H < G, we write res_§ instead of res,, and obtain from (1.8)

(1.11) res,§ : Re(G)— Ry(H), (K 9) » Y. (HNK, %) .
s€H\G/K

If f: G— G/N =: G is the canonical surjection for a normal subgroup N of G, we obtain

(1.12) res,,(H/N,§) = (H,¢)

where N< H< Gandy € H vanishes on N. Thus res 4 maps the basis Mg/ G injectively into

the basis M;/G. We use the restriction maps to define the ring homomorphism

(1.13) pc: Ry (G)— H ZH, z+— (1r,,res+§:c)ﬂsa.
H<G
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CANONICAL BRAUER INDUCTION FORMULA

We define for (H,¢),(H',¢') € Mg the natural number
(L.14) G4y, i= coefficient of the basis element (H, <p)" € Ry(H) inres (H',¢') .

Moreover we define natural poset structures on Mg and Ms/G by
(1.15) (K,¢¥)<(H,p) &> K< Hand ¢ =0l
' K 9) <H ) = (K,$) < (H,¢) for some g € G

Note that infima exist in Mg but in general not in Mg/G. With the notation (1.14) we have

(1.16) Varorutoh = #{s € H\G/H' | (H,p) < {H',¢")}
‘ =#{s€G/H'|(H,p) < (H, ¢}

In fact, the first equation is clear from (1.11) and the second equation follows from the fact, that
if s satisfies (H, ) < {H',¢'), then HsH' = H°H's = *H's = sH'. From (1.16) we deduce

) Yan,o) (i o'y = V.0, (it oy fOF all 8,1 € G,

b) 7(GPI.v)-(H’.w’) 7& 0 <= (Ha ‘P)v < (H’1 ‘P')ua

) Viworcam = (Na(H,9) : H),

G ord G
d) Yoyt ory divides Y o) s o)

(1.17)

Here Ng(H, ) denotes the stabilizer of (H,¢) in G. Note that 75, ) w1, /Yt oy a' o1y 18 the
number of elements of Mg in the G-orbit of (H',¢') which are greater or equal to (H, ).
With the definition (1.14) we can express pg as follows:

—_—G
(1.18) pa(H', " =(Z—,g,_w)_(,,,m,,<p),,sc.
veH
G acts on the ring [[y<o ZH by conjugation, and from (1.17) a) we see that the immage of
po is actually contained in the subring ([I5<g ZH )G of G-invariant elements. Moreover pg is

injective. In fact, let

——G
T = ; aWG(H',<p’) € kerpa
(H',¢') €Mg/G
and assume that H < G is a subgroup which is maximal with the property that o T # 0 for

some ¢ € H. Then we have

o _ o .
THTeS n = Z ( Z 7(H.v).(u’.w'>a(uf,¢r)a) ¢
vl (H &) eMa/G
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and by (1.17) b) and the maximality of H we obtain for the coefficient of ¢ in the last expression
the number 7G, ., .oy # 0- This contradicts the hypothesis z € kerpg. Since (][] H<G ZH )G
has the same Z-rank as R (G), we obtain

(1.19) Proposition. p; is an injective ring homomorphism with finite cokernel. a

Besides the v, , (& .,,’s We will need a more general constant. For U < G, (H,y) € M and

')

(K, %) € My we define the nonnegative integer

— -
(1.20) 6 .= the coefficient of res,5(H,p) at X, $) .
@’

Observe from (1.11) that

=G

(1.21) 5(‘"“’: =0 for (K,9) £ (H, o) .
K,y

Moreover for (K,%) € My,U < G we have

®w° _ |U- No(K, )|

1.22 é

( ) w0’ U]

In fact,
WG hd ] 81\
S, = #{s € U\G/K |TK.%) =UN K, %) }.

And for s € G satisfying this condition, there is some u € U with (K,¢) = (U N “’K, "),
implying K = “°K and ¢ = "%. This shows that us € Ng(K,v). Hence the double coset
UsK = UusK = U"Kus = Uus = Us is just a left coset. Conversely, every s € Ng(K,v)

satisfies the above condition.

Induction. For H < G we define
(1.23) ind,; : Re(H)— R4(G), (K,9) ~ (K, ¥) -

Note that we have bgind, ] = indjby.

Duals. Taking duals of monomial representations yields the map

(1.24) 0¢: Ry (G)— R4 (G), (H,p) w (H,p71)

which commutes with restrictions to subgroups. Moreover bs commutes with the constructions

of taking duals on R4(G) and R(G).

36



CANONICAL BRAUER INDUCTION FORMULA

Adams operations. For k € Z we define the k-th Adams operator to be the ring homomor-

phism

(1.25) Ui Ry(G)— Ry(G), (H,9) — (Hrob)-

Obviously ¥* commutes with restrictions to subgroups.

Bilinear form. We define a bilinear form [—, -] = [—,—] on R4+(G) by
——G TG

(1.26) (H, @) s (H',¢') Jo 5= Yooy

If we arrange the basis Ms/G of R+(G) in a sequence such that (H,p) precedes (H', ')

whenever (H,p) < (H',¢') , then the quadratic matrix corresponding to this bilinear form is
P q

an upper triangular matrix

(127) T'(G) = 70 ) ——
( ) ( (H,0).(H' o ))(T_;j‘?,(u',v') EMg/G

with the non-zero entries (Ng(H, ) : H) in the diagonal. Thus I'(G) is non-singular and the

bilinear form [—, —] is non-degenerate in both arguments.

(1.28) Proposition.
a) Let U < G, z € Ry(U) and y € R4 (G), then we have

(1’29) [Iﬂd+g($), y]G = [I, res+3(y)]u.
b) Let z,y € Ry(G) and let ¢ € G, then we have

(1.30) (G ) z,(G ) Yle = [z,Y]s-

Proof. a) It is enough to prove the assertion for z = (K,ib)u and y = (H ,cp)G. The left hand
side of (1.29) equals the number #{s € H\G/H' | (H,¢) < (H',¢")}, cf. (1.16). Using (1.11)
and (1.16) the right hand side is given by

>, #{eU/UNH|(Ky)<(UNH v)}=#{teU/UNH|(K )< He)
s€U\G/H

Now the decomposition UsH = U tsH completes the proof.
teU/UN°H
b) Assuming z,y € Mg/G equation (1.30) becomes an easy consequence of (1.16). 0
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2. The Brauer induction formula

In section 1 we have seen that the family of maps bs, indexed by all finite groups G, is a natural
transformation between the ring valued functors R4 and R on the category of finite groups. We
are interested not only in a section ag of b for each finite group G separately but in a family of

such sections with functorial properties. For a family of maps as : R(G) — R, (G) we consider

the following two conditions:

(*)

(%*)

For the rest of this section we will be concerned with the proof of the following main theorem:

(2.1) Theorem.

R(G) =5 R (G)
resg res,§

R(H) am, R (H) subgroup relations H < G,

commutes for all

R(G) 2% R,(G)

Pc N\, lm
zé groups G.

commutes for all

the conditions (x) and (*+). Using the notation

s\ G
w(X)= D, egme(0He), xe€RG),
He) eMa /G

this family has the following properties:

a) Discriptions of ag:

(i) The coefficients e

(2.2) PG) (g (0) g = ((#1X1) 5o

(H,¢)
or equivalently of the following equations, indexed by (H,¢) € Mg/G,
(2.3) (e, XIH) = . Z . 7(31.v).(ﬂ'.w’)a(1-1—l,‘;750(X)'
(Hyp) <(H',¢') €Mg/G
(ii) a¢ is the unique map such that the following diagram commutes

R(G) =% R4(G)
(2.4) (puresuce \, lﬂa
(Ma<e Zf})c

38
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(iii) ag is the right adjoint map of bs with respect to [—,—] and (—, —).
(iv) Let peu,py (u.,'y denote the Mobius function of the poset Mg, i.e. (cf. [R])
Beorncaen = 3 _(—1)'#{Mg-chains (H,¢) = (Ho,¢0) < --- < (Hi,p:) = (H',¢")},
<0

and let Sy T be given by

e T = Z(—l)i#{i-cha.ins in Mg from (H, ) to the orbit (H',¢') },
i>0

then we have for all x € R(G) the explicit formulae

|4l '
a) a(H"P)G(X) = ING(Hv ‘P)I . Z . (H_W)G'("I.wl)a(‘p ?XIHI)
(2.5) (Hyp) <(H',¢') €EMg/G
’ 1 G
b) as(x) = G > [H| b, orcmt oty (@' Xl ) (Ho 0) -

(Ho)  <(H ¢ eMa/G

b) bgag = idgs), i.e. for all x € R(G) we have

(2.6) X= Z aiH—_;)a(x)ind,’}tp.
(He) eMc/G

¢) ag is ZG-linear and for each p € G we have ag(p) = (G, ) . In particular, ac is trivial for
abelian groups G.

d) For each group homomorphism f : G' — G, the following diagram is commutative

QR(G) =% QR4(G)

(2_7) res, res,,

QR(G") 2% QR(G")

e) ag commutes with taking duals, i.e. ag(X) = ggas(x) for all x € R(G).
f) For all k € Z and x € R(G) we have

(2.8) )= ) agme(indget,
Hp) eMs /G
and if (k,|G|) = 1, then ¥* and ¥X commute with ag.
g) For H < G let tr§ : G*® — H®® be the the transfer map. Then we have for all x € R(G)

(2.9) detxy= J[  (potrg) @m° ™,
(H ) eMa /G
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h) For all x € R(G) with x(1) =0 we have

(2.10) X = GX: QWG(X)indg(‘P —1x).
(H,¢) €Mg/G

Jj) For all x € R(G) we have

a) Z a(—,,,—wG(X) = x(1),
He) eMo/G

) Y (G:Hage(x) =x(1),
(He)* eMs/G

<) Z ama(x) =(x,16),

(Hlg)eEMg/G

d) > agze(x) = (T*(x), 1e)-
(Hp) eMc /G ot =1

(2.11)

k) Let x be an actual character of G and let (H,¢p) € M. Then GWG(X) = 0 in each of

the following cases:

() (esxla) =0,
(ii) there is some (H,$) > (H,¢) in Mo with (#,x|,) = (. x|x),
(iii) (H,¢) Z (Z(x),v), where Z(x) denotes the center of x, i.e. the biggest subgroup
U < G such that x|, is a multiple of an element of U, and where Xlzy = x(1)9,

¥ € Z(x),
(iv) H # Z(G), where Z(G) denotes the center of G.

From f) and g) we have the following result:

(2.12) Corollary. Every x € R(G) can be written as
X = Zz.-indf,itpg
with z; € Z, H; < G and ¢; € H; such that

k(x) =Y zind§ of and det(x) =[] (wotrg,)™. a

i i

(2.13) Remark. a) Warning: In general the formula (2.8) is not the canonical one coming

from ag (¥*(x)).
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b) In order to calculate as(x) for some x € IrrG we first determine those (H, gp)a € Mg/G for

which a a(x) is trivial by k). Then we use equation (2.3) for the maximal remaining pairs

e (H,9)
(H,¢) . This amounts simply to

(2.14) e (%) = (#: X1 )/ (Na(H, ¢) : H).

Next we try to determine the remaining coefficients by the equations (2.11) a)-d). If these
equations are not sufficient to determine all the remaining coefficients we use (2.3) to get more
equations. We go downwards in the poset Ms/G looking for maximal pairs (ﬁ,—y’—)a with un-

known coefficients and compute the ¢, _, 5+ ,+,’s occuring in equation (2.3) as long as necessary.

')

In this procedure the computation of the v, ., (a’,,+,’s is the part which requires the most cal-

')
culations. So it should be avoided if possible. On the other hand there should be no difficulty

for a computer to calculate the v, ) 4 ,+’s and, since I'(G) is an upper triangular matrix, to

w')

calculate the ag e(x)’s by the matrix equation (2.2).

H,p)
c) By a) (ii) and the multiplicativity of p; we see that a is a ring homomorphism if, and only if,
puresy is multiplicative for all H. Thus ag is a ring homomorphism if, and only if, G is abelian.

d) Combining the equations (2.11) a) and b) we obtain that all the coefficients QWG(X)
are nonnegative if, and only if, x € ZG C R(G). In fact, if all the «

@ w)G(X),S are non-

negative then (2.11) a) and b) imply that « e(x) = 0 for all H < G. Thus as(x) =

H,
as(Y e ama( x)¢), and the injectivity of(a:s)zhows that x € ZG.
Proof of the uniqueness statement: Let (ag)g be a family satisfying (*) and (**). Then
diagram (2.4) commutes for all G:

ThTes, ;o @ TyaQgTesy (:)p,,resg.
However, a; is uniquely determined by (2.4), since pg is injective. a
Proof of the existence statement: From the proof of the uniqueness we already know how to
define ag, namely by the commutative diagram (2.4) using the injectivity of ps. It is obvious

from (1.18) that the equations (2.2) or (2.3) and the commutativity of (2.4) are equivalent. But

we have problems with the integrality of the solutions a a(x) of (2.2), or in other words we

(H,p)
don’t know yet, whether the image of the diagonal map in (2.4) is contained in the image of pg.
In order to avoid these troubles for the moment we tensor all the occuring free abelian groups

and the maps with Q over Z. Then we obtain the diagram
QR(G) =5 QR4(G)
(2.15) (puTeS§) <G \, lpa

(HHSG Q}})G
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where pg is now a ring isomorphism, cf. (1.19). Thus we may define a; as the unique map
QR(G) — QR4+(G) which makes the diagram (2.14) commutative. For this map a; we will
first prove some of the properties listed in the theorem and then we will use these properties to

show that ag(R(G)) € R+(G), i.e. T )G(X) €Z.

Proof of a) (i),(ii): The commutativity of the Q-tensored version of diagram (2.4) is true by
the definition of ag. (1.18) shows that each of the equations (2.2) and (2.3) is equivalent to the
commutativity of (2.4). a

Proof of a) (iii): For z = (H,p) € Mg/G and x € QR4(G) we have
macll= Y egraetEe) Te)]

H# ) eMs/C

(2.3)
= Z QW(X)‘Y(GH,v),("',V') = (‘P,Xln)
(H ) €Ma/G

= (ind§e, x) = (be(H, ) s x) = (ba(2), X)- g
Proof of () and (**): The commutativity of diagram (2.15) implies the commutativity of the
tensored version of the diagram in (**) by looking at the G-component of ([[;<c QH )G. The
commutativity of the tensored diagram of () is shown by the following equati;n, which holds
for all x € QR(G) and for all x € QR (H):
lind, (=), a0 ()]s V=" (ba(ind 5(2)), ),
= (indZ(ba(2)),X), = (ba(2) xlx) , "€ 12, @ (Xl -

This implies res, §(as(x)) = an(x|y), as [—, —] is non-degenerate. g

[z,res, G (ae(X))]x 02

Proofof ¢): As the adjoint map of bs also ag is additive. Using the QG-linearity of b, and the
obvious formula (x, v) = (x¢,ve) for x,v € QR(G), ¢ € G, we get for all ¢ € G, x € QR(G)
and z € QR4+ (G):
— 30) a (u i) G
[z, G, 9)° as (0] “27(G71) 2, 36 (0] V£ (e 977 ), )
)(#46)
= (¢7'ba(2),X) = (ba(2),02) E

This proves the ZG-linearity of ag.

[z, as(®x)]-

In order to prove the remaining statement in c) we observe for all (K, ) € Mg:

(% 9)° 5 a6()]e “E 66K, $)° »0) = (indZ#, 0)e = (%, ¢l )

(B 9)°,(Gr9) o = 1ov o = #is € K\ G/G | (K,¥) < 1G,0)}
={1, i Y = @l 0

0, otherwise.
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Proof of b): By c) we have already proved b) for abelian groups G. Since x € QR(G) is
uniquely determined by its restrictions to cyclic subgroups (x is a function on G), the proof of
b) is completed by

res§bgac(x) = byagresyx = res§x
which holds for all cyclic subgroups H. O

Proof of d): Since R and Ry are functors and f : G' — G can be written as the composition
¢ L f(G") £ G and since diagram (2.7) commutes for subgroup inclusions, we may assume
that f is surjective. In this case we prove the commutativity of the above diagram by induction
on |G'|.

For |G'| =1 this is trivial. So let |G'| > 1 and x € Irr(G). If x is linear then c) and (1.8) imply
the commutativity. So assume that x € Irr(G) is not linear. By the injectivity of pg, it is enough

to show for each H' < G’ that
7r,,,res+f,', (agrres,(x) —res,,as(x)) = 0.

For H' = G' we get mgrac(res,x) = Y +(res,x)¢' = 0 since by (**) we have

ved ¥
et (res,x) = (res,x,¢')sr = 0 (note that res,x is non-linear irreducible as x is). On the
other hand we have ama(x) = 0 for all ¢ € G and we know by (1.8) that res+,ma =
G‘:W’. Soif H < G, then f~'(H) < G' and res_,as(x) has vanishing coefficients at
WG’ for all o' € G, i.e. Terres, ac(x) = 0.

Now let H' < G'. Then we have:

G (*) G' —_
res, g agr(res, x) = a,,:res",resal_,’a(x) =agres_ ,

_.!(H,)resf(,,/)(x)

(_1_)

G — G'
s+(,,,L,(,,,))res+!(ﬂ’)a0(X) = res, pires, ag(X),

where we again used the functoriality of R and R4 and the induction hypothesis for the map
f:H — f(H". d

(2.16) Corollary. Let N 4G, G = G/N and let x € QR(G) come by inflation along G — G
from some X € QR(G). Then we have

w()= Y, o«

5 _ (#Hp
(H%) eMg/G

sOH, ¢) -

This means QWG(X) = 0 unless N < H < G and ¢|, = ly, and in this case we have

e () = @ra (0
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Proof. Clear with (1.12) and its subsequent remark concerning the injectivity of res ,_z on

the basis Mg/G. a

Proof of k) (i): We argue by descending induction on |H| using the equation (2.3)

(‘Pa XIH) = Z 7g’v),(",,w,)awc(x),
He) <(H )’ eMs/G

For H = G equation (2.3) becomes (¢, x|;) = c(x) which implies our statement in this

—_
(Gyo)
case. Let H < G, then (g, x|, ) = 0 implies (¢', x|,,) = 0 for all (H',»') € Mg with (H,¢) <

(H',¢"). By the induction hypothesis we know that a(H’—v')G(X) =0 for all (H',¢') € Mg/G

with (H,¢) < (H',¢') . So equation (2.3) becomes (¢, x|, ) = 7(‘_”;7)6(”#)01@6 (x)- O

The proof of the remaining parts of k) requires further terminology. We fix a finite dimensional
CG-module V with character x. In this fixed situation we establish something like a Galois

correspondence between certain subspaces of V' and certain pairs in Mg.

(2.17) Definition. a) With V and x as above we define for each (H, @) € Mg the subspace
F(H,p) of V by
F(H,p)={veV|hv=o(h)foral h € H},

i.e. F(H,y) is the p-homogeneous component of the CH-module V and therefore we have

dimCF(Hv ‘P) = (Lpa XIH )
Conversely, we define for each C-linear subspace W # 0 of V' the pair P(W) € M by

P(W) = sup{(H, ) € Mg | hw = p(h)w for all h € H, w € W}.

We show that P(W) is well-defined. First of all the trivial pair (E, 1) satisfies the condition in
the definition. Secondly, if two pairs (H,¢) and (K, 1) satisfy the condition, then also does the
pair consisting of the subgroup U generated by H and K and the extension x of ¢ and . Such
an extension exists, since U acts on W by scalar multiplication as H and K do.

b) We call a pair (H,p) € Mg admissible for V, or for x, if F(H,p) # 0, i.e. (p,x|yz) # 0.
We denote by A(V) or A(x) the set of admissible pairs for V and by S(V) the set of non-zero
C-linear subspaces of V. Then the maps

F:A(V)—S(V) and P:S(V)— A(V)
are well-defined.
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(2.18) Remark. There is an obvious poset structure and an obvious G-action on A(V') and
on S(V). For W,W' € S(V), (K,v),(H,yp) € A(V) and s € G we have the following immediate
consequences of the preceding definitions:

a) A(V) is closed under taking subpairs and conjugated pairs.

b) F(H,p)) =sF(H,p) and P(sW)= "P(W).

o) (K,$) < (H,¢) = F(K,$)2 F(H,p) and W CW' = P(W)>P(W').

d) (H,p) < PF(H,p) and W C FP(W).

e) F(H,p)= FPF(H,p) and P(W)= PFP(W). il

(2.19) Definition. For (H,p) € A(V) and W € S(V) we define the closures cl(H,¢) and
cl(W) of (H,p) and W by

cl(H,p) = PF(H,p) and cl(W)=FP(W).

We call (H,¢) € A(V), resp. W € S(V), closed, if it coincides with its closure.

(2.20) Lemma.
a) For all (H,¢),(H',¢') € A(V) and W,W' € S(V) we have
(i) cl(H,y) and c(W) are closed.
(ii) F(cl(H,¢)) = F(H, ) and P(c(W)) = P(W).
(iii) (H,¢) < (H',¢') = cl(H,p) < cl(H',¢') and W C W' = cl(W) C cl(W').
b) For (H,p) € A(V), W € S(V) and s € G the following statements are equivalent:
(i) (H,y) (resp. W) is closed,
(ii) (H,p) (resp. sW) is closed,
(iii) (H,p) (resp. W) is contained in the image of P (resp. F).
c) F and P are inverse bejections if restricted to the closed pairs in A(V) and the closed
subspaces in S(V).
d) For W,W' € S(V) we have

inf{P(W), P(W")} = P(W + W'),

in particular the infimum of closed pairs is again closed.

Proof. a) and b) are trivial consequences of remark (2.18) above.
c) Images under F and P are always closed by b), and FP and PF are the identity maps on
closed objects by (2.18) e).
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d) For (H,¢) € A(V) we have
(H,9) < P(W) and (H,¢) < P(W')
<> H acts on W and W' by ¢
< H actson W + W' by ¢.

inf{P(W), P(W')} is the greatest pair (H, ) having the first property and P(W + W') is the
greatest one having the last property. 0

(2.21) Proposition. If (U,y) < (H,¢) € A(V) and if (H, ) is closed, then

G PN <
Yw.ae) = Yew.e)(8.0)

Proof. Define (U’,y') = cl(U, %), then (U',9¥') < (H, ), since (H,y) is closed. From (1.11)
and (1.14) we see that

—G v’ < 5 -
res+$,(H, p) = 7(%',w'),(n,w)(U" ¥ + L(U’ N °H, %) ,

where s runs through those double cosets in U’'\G/H with (U' N °H, ‘tp)v' # U ¢' )VI . Therefore

we get . o Y . o
reS+U(H! ) = res, v res+,,,(H, ¥)

17—t Y’
=1%o T4 (ULY) +Y res 0 (U'NH, %)
N — s
=w%’
s as above. Since ¥{, ) ., is the coefficient of res+$(H,<p)G at (U,t/))u, it is enough to show

that in the last sum, running over s, no element (U,1/;)u occurs. Furthermore looking at (1.20)

it is enough to show that for all these s in the last sum we have (U,'t/:)v’ £ (U'n °H, '!p)J . So

we complete the proof by showing

U9 <WNHy) =T0nHYy =09 -

(U,l/))dl <(U'n °H, ’(p)d’ implies that there is some u € U’ such that (U,%) <¥U'N °*H, %) =
(U'n “*H, *%). And this implies (U',9') = cl(U, ) < cl(U' N “°H, *%). Defining (H',¢') =
AU’ N “H, “4p) we get '], uwy = @'lyiquy = *% which implies (U, %) < (U' N “H, *%) <
(U, ") = cl(U,¥). So we get cl(U' N “H, *3p) = (U',4'). However, (U' N “*H, *%)
inf{(U’,4"), (**H, %)} and both (U',%') and (“*H, *%) = “{H, ) are closed. So by (2.20) d),
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(U'n “*H, *%) is closed as well, i.e. (U'N "“°H, “%) = (U',4') which implies (U’ N °H, ip)v' =
RN ul

Proof of k) (ii): Assume that a H,lp)G(X) # 0. Then we know from proposition k) (i) that
(H, ) is admissible for x. We show that (H, ¢) is closed for x by descending induction on [H]|.
If H = G then (G, ¢) is closed for x since it is maximal in A(V). Now let H < G and assume
that (H,¢) is not closed for x. Define (U, %) = cl(H, ) and consider equation (2.3) for (H, )

and (U, 4):

(‘Pv X'n) = 7(G11,¢),(H.v)aij(X) + Z 7(G51.w).(H’.v')aWG(X)’
(H9)°<(H ¢  eMa/G
(&, xly) = Z 7gf,w),(v’.¢')aWG(X)-

U <0 ) eMs /G

In both equations we merely have to sum up over admissible and closed pairs (H',¢') and
(U',4') by our induction hypothesis. Since (U, %) = cl(H, ) and (H, ¢) is not closed, the closed
pairs which are greater than (H, ) are exactly the closed pairs which are greater or equal to
(U,%). This means that the sums on the right side of the two equations have the same value,
since by proposition (2.21) the corresponding v-factors coincide. On the other side we have
(¥, xly) = dimcF(U, ) = dimcF(cl(H,¢)) = dimcF(H,¢) = (¢, Xx|x)- So subtraction of the
&(x) = 0 which contradicts our assumption. Thus (H,¢) is closed.

two equations yields « %)

(@, xlz) = (¢, x|y ) implies dimcF(H,$) = dimgF(H,¢). Hence we have F(H,3) = F(H,p)
and cl(H,p) =cl(H,$) > (H,$) > (H, ). This is a contradiction, since (H, ) is closed. O

Proof of k) (iii): Let V be a CG-module affording the character x. If awa(x) # 0 then
(H,¢) is admissible (by k) (i)) and closed for x (by k) (ii)), and we have F(Z(x),%) =V 2
F(H,y) implying (H,p) = PF(H,¢) > PF(Z(x),$) 2 (2(x), %) O

Proof of k) (iv): It is enough to show the assertion for x € Irr(@). In this case we have

Z(G) £ Z(x) and the proof is completed by k) (iii). o

Proof of f): Let k be arbitrary. We have to show that bs¥%as(x) and ¥¥(x) coincide after
being restricted to all cyclic subgroups of G. However, this is evident, since \Ilf,_ and ¥* commute
with restrictions to subgroups and since (2.8) holds obviously for all cyclic groups, cf. c). Now

let (k,|G|) = 1. We have to show that
mares, S (Phac(x) — ag¥*(x)) =0
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for each H < G. Since ‘I’_’i, U* and ag commute with restrictions, it is enough to show that
7u (TR au(x) — an¥¥(x)) = 0 for x € IrrH. However, this is trivial if x is linear, and if x is
nonlinear, then the above equation follows from the fact that ¥*(x) is again irreducible and
has the same dimension as x. In fact, ¥* preserves dimensions by its definition and using this

together with (¥*(x), ¥*(x)) = (x, x) the irreducibility of ¥*(x) follows. a

Proof of e): This is a consequence of part f), since y = ¥~(x) for all x € R(G) and since
oa(H,p) =¥3'(H,p) forall (H,¢p) € Mq. a

For k = 0 we obtain from (2.8):
(2.22) Corollary. For all x € R(G) we have

(2.23) x(1)-1g = > agg5e (indg La. ]

(He) eMa /G

Proof of h): This follows immediately from corollary (2.22). 0

Proof of j): (2.11) b) follows from counting dimensions on both sides of (2.6). d) follows from
taking scalar product with 15 on both sides of (2.8), and applying Frobenius reciprocity. a) and
c) are special cases of d), namely for k =0 and k = 1. a

Next we will prove the integrality of the coefficients. This proof is due to G.-M. Cram:

(2.24) Proposition. For all x € R(G) and for all (H,p) € Mg we have a c(x) € Z.

(H,¢)
Proof. Assume that G is a group with minimal order such that there is some x € R(G) with
ag(x) ¢ R+(G). We may assume that x € IrrG. Let furthermore (H,p) € Mg be maximal
with a(HW)c(x) ¢ Z.

First we show that under the above assumptions we have Ng(H,p) = G: We define U =

Ng(H, ) and consider the coefficient of ay(x|,) = res,Jas(x) at (H,cp)v which gives the equa-

tion (cf. (1.20)-(1.22))
_lv-ul T
i (Xv) = g om0 + . 2 . S ey X)-
(Hyp) <(H'¢') €EMg/G

From the maximality of (H,¢) it follows that the sum on the right side is an integer, i.e.

O‘W"(X'v) - a(H—‘;)a(x) € Z. But since a ¢(x) ¢ Z, we deduce from the minimality of
|G| that U = G.

Next we show that H = Z(G): Since H <G, x|, is the sum of G-conjugates of some 3 € IrrH and

(H,p)
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since a— @, )a(x) # 0, we see from k) (i) that ¢ is one of these conjugates. But ¢ is G-invariant
and hence we have x|, = x(1)-¢. x and ¢ are inflations of ¥ € R(G/kerp) and % € H/ker<p and

corollary (2.16) implies aWG(X) e/iere (X). Now the minimality of |G| implies

kery = 1, and the existence of a faithful aﬂlgtfx;)anant linear character of H implies H < Z(G).
k) (iv) shows that H = Z(G).

By the maximality of (H,¢), by k) (i) together with x|, = x(1) - ¢ and by k) (iv) we see that
WG € M_;/G is the only element of Mg /G whose corresponding coefficient in ag(x) is not

integral. This is a contradiction to j) a). g
Proposition (2.24) completes the proof of the existence statement of theorem (2.1). a

Proof of g): In general we have for all (H,¢) € M the equation
det(ind§ ) = €6/ n-(potry)

where eg/n € G is the sign character of the permutation action of G on G/H and tr§ :
G** — H* is the transfer map, cf. [M] prop. 3.2. We have to show that for all x € R(G)

we have IT (€ayn) o) ® — 1, for each X € R(G). This follows from (2.23):
(He)°eMc/G

1o = (detl)X®) = det(x(1) - 15) = det( Y e (X)indg 1x)
(Hp) eMa /G
- H (56/".(1H0t,.g)) om0 _ H (60/;;) o W)G(X) 0
He) eMs /G He)eMa/C

Proof of a) (iv): In order to get the explicit formula (2.5) a) for a c(x) we will invert the

(H,)
matrix I'(G) explicitly. From (1.17) d) we obtain the decomposition

I(G) = A(G)-D(G)

where A(G) is the resulting matrix when we divide the columns of I'(G) by its own diag-
onal entries (Ng(H,yp) : H) and where D(G) is the diagonal matrix with these entries in
the diagonal. We have to concentrate on A(G) only. By the combinatorial interpretation of
Vororut oty Yt oyt oty (cf- the note preceding (1.18)) we have for the entries de56 Ton®
of A(G) the equation

Ao e = #UE ) € ELg)' | (H,p) < (K, 9)).
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We may decompose the unipotent matrix A(G) = 1+ N where N is an upper triangular nilpotent

matrix with entries

(HI’ ‘P’

No——G —7—G =#{(K,"/’)€ ) I(H1¢)<(K7¢')}‘

(H,p)" (H',0')

Since N is nilpotent we have
AG)T1=1-N4+N?—4...&£N"

for sufficiently large r. Let n:H_)G T e denote the entries of N¥, then it is easy to show by
4 » "

induction on 7 the equation

N6 oone = #{Moq — chains (H, ) = (Ho,p0) < ... < (Hi,p:) | (Hi, i) € (H',¢") }.

(H,e)" ,(H',0")
This shows equation (2.5) a). As a consequence we obtain equation (2.5) b):

|H| ' T oN¢
as(x) = > (m > e ame® P Xl )) (H,¢)

Hep) eMa/C (He) <(H¢) €Ma /G

H , —
Z <||—é—| E c(‘;T,v_)G.(H_I',,l—)G((p 1X|H/))(H)‘p)

(H,p)eMq (Ho) <(H ) €Mc /G

H S
= Y (II——: > I‘(H.v).(n'.v'>(‘P'vX|H:)>(H19’)- g
(H,p)EMc

(H,p)<(H' ¢')EMc

Let py,y be the Mobius function of the poset S; of subgroups of G, then for all (H,¢) <
(H',¢') € Mg we have pey .,y '’y = pu,n by counting chains. Note that Mobius functions
can be expressed as alternating sum of numbers of connecting chains of fixed length, cf. [R].
This yields another formula for ag(x) in terms of uy p'. For x € R(G) and K < H < G we
consider py (x|, )lx € ZK as an element in R4 (K) by the decomposition given in the paragraph
preceding (1.6).

(2.25) Corollary. For all x € R(G) we have

1 .
as(X) = 1] ,;H |K| pxc. ind, 5 (pu(x|a)lx) € R+(G)

and

1 .
Xx=15 O |K|pwwindg (pu(xlu)lx) € R(G).
Gl
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Proof. From (2.5) b) we obtain

1 .
ag(x) = Gl 3 |H| pa,nr ("5 Xl o Jind 50
(Hp)<(H'\¢')EMc
1 .
=G Y |Hlpaaind,5( Y @ Xlg )ela)
H<H'€Sg ‘Pleﬁl
1 .
= 'IEI Z |H| pa,m md“c{ (PH’(XI,,:)':;)-
H<H'€Sg
Since bsind, 5 = indj by, and since bul,, is the identity, the second equation follows. a

3. Canonical induction formulae inducing from subgroups of special

types and the Artin exponent

Throughout this section let T be a class of finite groups which is closed under taking isomorphic
groups and subgroups and which contains all the cyclic groups. Let SZ be the poset of all
subgroups of G of type 7, and let MZ be the poset of all pairs (H,p) € Mg with H € S3.
G acts by conjugation from the left on MZ and §7. M%/G and 8% /G are again posets in the
obvious way. We define R1(G), resp. 27(G), to be the free abelian group with basis M7 /G,
resp. SZ/G. If T is the class of all finite groups, then Q7 (G) = (G) is the Burnside ring of G,
i.e. (G) is the free abelian group over the G-conjugacy classes H°=Hof subgroups H of G.
(G) can also be defined as the Grothendieck ring of the category of finite G-sets, cf. [Dr]. Note
that by the identification H° + (H,15) , 27(G) becomes a subring of R%(G). The inclusion
Q(G) € R4+(G) comes from the functor which assigns to each finite G-set S the monomial
representation of G whose lines are identified with the G-set S, such that G acts on the set of
lines as on S and the stabilizer of every line acts trivially on it. Looking at the multiplication
formula (1.5) we see that R7 (G) (resp. 27(G)) is an ideal in R4 (G) (resp. (G)). Hence RT(G)
is again a ZG-module. As in section 2 we indicate by a preceding Q that we have tensored an
abelian group with Q over Z. Since 7 is closed under taking subgroups, the restriction map

res, ; maps elements of R (G) to elements of R](H) and the map

PG = (7rn°reS+3),,E,-r : 1(G) —( H ZI})G
N HeSZ

is injective as well as its Q-tensored version, since it is the restriction of the injective map pg, cf.

(1.19). Since R%(G) and ( [] ZH)C have the same Z-rank, p7 has finite cokernel and induces
HeSE
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an isomorphism, again denoted by pZ, between the corresponding Q-algebras.

Note that RY is in general not a functor. For example let f : G' — G be a surjective group
homomorphism with G of type T and G’ not of type 7, then res,,(G,15) = (G’,lar)u' ¢
RI(G").

Again we may define duals, induction, Adams operations and bilinear forms as in the first section.

The bilinear form is again non-degenerate, since with respect to the basis MZ /G it is represented

by the matrix
r(6) = (731.w),(n’,v’))

@ e (@ 0" emI /G

which is a submatrix of I'(G) and again an upper triangular matrix with the old diagonal entries
(N(H,y) : H), (H,p) € MZ/G. Proposition (1.28) holds also for elements of R%(G), since
R%1(G) is contained in R4 (G).

Since T contains all the cyclic groups, the map bs : QR4 (G) — QR(G) restricted to QRI.(G)

remains a surjective (cf. [Se], 9.2), QG-linear and multiplicative map
b7 : QRL(G) — QR(G).

Immitating the definition of a; we define the map

6 :QR(G) = QRIG), x= Y oZ—a(He),

-G
(H,p) €EMT /G

s(X) € Q are the unique solution of the linear equation system

where the aZ
(H,¢)

(3.1) ((exlw)) =17(6) (a%—0(x))

—G H, p—
(He) emZ/c (Heo) Hee) emZ/c

Obviously ag = a for all G of type T, and using exactly the same proofs we gave for a; in the

second section, we obtain the following results for a7:

(3.2) Theorem. There is one and only one family of maps a7, : QR(G) — QRZ%(G) satisfying

the two conditions

*7) al commutes with restrictions to subgroups and

(++7) for all G, the following diagram is commutative
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QR(G)“5.QRL(G) C QR4(G)

\ l"“

QG
This family has the following further properties:

a) Descriptions of aZ:
(i) The coeflicients aX
(H,p)
by (H,p) € Mg:

o(x) are the unique solution of of the following equations indexed

(‘P) Xln) = Z 7((;&).(5’ o (H' o) (X)
(H9)  <(H ) eMT,

(ii) a% is the unique map such that the diagram

T
QR(G) ~5  QRI(G)
(PrTeSE)yest N\, oz

( 1 QA)°

HesZ
commutes.
(iii) aZ is the adjoint map of b7.
(iv) Let pfy ) ur o1y a0d €2 g be defined for (H,¢),(H',¢') € M7 asin (2.1) a)

(H,e)" (H',¢")

(iv), then we have for all x € R(G):

|H|

) e (X) = INe(H,0)|__ )y Gy e (P12 Xl ),
H ) <(H o) eME/G
1 G
b) az(x)= ] > [H| tnor et ony (0 Xl g ) (Hy )

H,9)°<(H',¢") €M% /G
b) b'c",oa;‘; = -idQR(G)'
c) aZ is QG-linear and a%(y) = (G, ) for all G of type T and ¢ € G.
d) aZ commutes with taking duals.

e) For all k € Z we have b7 ¥% a7 = U*, and if (k,|G|) = 1, then we have ¥% a7 = aZ T*.
f) For each x € R(G) with x(1) = 0 we have

>

Heo)emMy /G

T 2 dS (o — =
afrge (Xindg (¢ — 1) = x.
g) The equations corresponding to (2.11) hold.
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h) For all characters x of G and all (H,¢) € MZ we have

(PXla) =0 = algma(x)=0. y

With the same arguments as in corollary (2.25) we obtain
(3.3) Corollary. For all x € R(G) we have
a) az00 =151 2 |Klpwnind, 3 (pa(xla)lc),
K<HeST

b) x = IIFI > |K|pxw indf‘(Pn(Xln)’x)’
K<HEeSE

where ;. y is the Mébius function of the poset S; or, which is the same, of the poset SZ. 0
For the class C of all cyclic groups (3.3) b) is Brauer’s explicit form (cf. [Br2] and [L], theorem

4.1) of Artin’s induction theorem:

1 .
X=1G D IK|pxm ind§(xlx)-
K<HeSE
It is clear by the reciprocal of Brauer’s theorem proved by J. Green (cf. [Se] 11.3) that a7 (R(G))
can’t be contained in R (G) for all G if T doesn’t contain all elementary groups. So the questions
which arise are: Which are the types 7 such that a7 is integral; and if a7 is not integral, what

can be said about the denominators? For a group G and x € R(G) we define the natural numbers

A7 (x) = min{d € N | d-aZ(x) € R%(G)} and
(3.4)

AT (G) = min{d € N | d-a%(R(G)) C R%(G)}.
AT(Q) is an invariant of G with respect to 7 which measures how far aZ is from being integral,
or more unprecisely, how far G is from being of type 7. For example AT(G) = 1 is equivalent

to the integrality of aZ and for each G of type T we have A7 (G) = 1. From the explicit formula

for aZ in (3.2) a) (iv) we obtain
(3.5) AT(G)||G|.

(3.6) Lemma.
a) For all z € QR%(G) we have z-a%(1s) = z, i.e. QRT(G) is again a ring with unity aZ(ls).
b) If the class T is contained in the class U, then we have for all x € QR(G)

aZ(x) = ds(x)a%(ls) € QRL(G).
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Proof. For all H € S7 we have
nures, Gag(le) = myaf(ly) = pu(ly) = 1 and

Tares, 5ag(x) = Tuaf(xlg) = Pu(Xls) = Taa(x|y) = mares 7a5(x).
Now the equalities in a) and b) are shown by applying the injective map p7, to both sides. g

(3.7) Corollary.
a) ag(x) = ac(x)az(1s) for all x € QR(G).
b) AT(G) = AT(1s).
c) AT(H)| AT(G) for all H < G. 0
From the above Lemma we know that aZ(1¢) is an idempotent in QR%(G) and theorem (3.2) h)
implies that aZ(1s) even lies in QQ(G). First of all we want to obtain a criterion for A7(G) =1
which is equivalent to aZ(1s) € 2(G). So we use the examinations of idempotents of Q(G) and
QQ(G) by Dress and Yoshida (cf. [Dr], [Y]). Dress defines the injective ring homomorphism

pa:AG)— ( [[ 2°, $+- (15 Dness

HESg

where S is a finite G-set and S¥ denotes the set of H-invariant elements of S. G acts on the
product of copies of Z by permutation along the conjugation action of G on Ss. ps becomes
an isomorphism if tensored with Q and it is just the restriction of the old map ps of the first
section, i.e. we have the commutative diagram
QUG) > QR4(G)
a | ve

(I 2° ™ (I QA)°
HeSg

HeSg

(3.8)

where the lower map 7s embeds componentwise z — z-1, and the upper map ns maps H to
(H,1 ,,)G. In fact, (3.8) is commutative, since for a transitive G-set S =2 G/U the result of 75p¢

in the H-component equals |S¥|- 1y and the result of psne in this component is given by

7rHres+f,(U,1U)G = 1r,,( Z (Hn ’U,l)") = Z 1, and
s€H\G/U s€H\G/U,H<'U

{s€ H\G/U |H< U}={s € G/U | H < U} = (G/U)H.

Let e € QQU(G) be the idempotent which is mapped to a%(1¢) under pg. Then we have

(3.9) pc(e) = (6HET)HSG~
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This follows from theorem (3.2) a) (ii), which implies ps(aZ(1s)) = (6reT)u<os, and from the
commutativity of diagram (3.8).

For H® € 85/G let ez € QQ(G) be the preimage by p¢ of the primitive idempotent in ( [] Q)¢
being 1 in the components indexed by conjugates of H and 0 in the others. Since pg IiIsS: ring

isomorphism the idempotents of Q§2(G) are exactly the sums
(3.10) Y ew
Her

where T is an arbitrary subset of S5/G. (3.9) shows that a7 (1) equals the sum in (3.10) for
T = SZ/G. In the proof of theorem 3.1 in [Y], Yoshida characterized those subsets T' which lead
to idempotents in Q(G). Using Dress’ studies in [Dr] on the prime spectrum of Q(G) Yoshida
observed that the primitive idempotents in (G) are exactly those sums (3.10) where T is an

equivalence class of the perfect equivalence relation on Sg/G:
(3.11) K° ~H® < KP and H? are conjugate in G

where H? denotes the smallest perfect normal subgroup of H, i.e. the smallest N 4 H such that
H/N is solvable. So we have

(3.12) Proposition. A7(G) = 1 if, and only if, the set of conjugacy classes of subgroups of
G of type T is a union of perfect equivalence classes. 0
(3.13) Corollary.

a) a% is integral for all G if and only if T is closed under taking extensions by cyclic groups of

prime order, i.e. if for each exact sequence
(3.14) 1—H—G—Z/pZ—1

wehave HET <= GeT.
b) If T is the class of solvable groups then a% is integral for all G. On the other hand, if a7 is
integral for all G, then T contains the class of solvable groups.

Proof. a)is an immediate consequence of the facts that for each exact sequence (3.14) we have
H ~ G and that G can be built up by such exact sequences from G?.
b) follows from part a). a

Unfortunately we don’t get a canonical and explicit version of Brauer’s theorem for the class
T of elementary groups. To obtain an integral canonical formula we have to admit at least all

solvable subgroups.
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For the remaining part of this section we specialize 7 to be the class C of all cyclic groups and
we study A°(G). We recall the definition, cf. [L] or [CR] (76.1), of the Artin exponent A(G) of
a group G:

A(G) =min{d € N |d-Rq(G) C ) indjRq(H)}

HeS§
where Rq(G) is the character ring of the rational representations of G. For x € Rq(G) we define

A(x) =min{d € N |dx € ) ZindjRq(H)}.
Hesg

Since for a cyclic group H we have Rq(H) = Y Z-indy1g, cf. prop.(76.6) in [CR], we obtain
K<H

A(G) =min{d€ N |d-Rq(G) € ) Zindjl},
Hes§,
A(x) =min{de N |d-x C Z ZindS1,},
HESE,

(3.15)

A(G) is well-defined, since each x € RqQ(G) can be expressed as a Q-linear combination of

ind§1,, H cyclic, cf. theorem 30 in [Se]. This means that the map
(3.16) b : QR(G) — QRQ(G)

which is the restriction of bs : QR+(G) — QR(G) is surjective. But since 2€(G) and Rq(G)
have the same Z-rank, cf. cor. 1 of theorem 29 in [Se], the map (3.16) is an isomorphism.
Since a(1s) € QQE(G), cf. (3.2) h), we know that aZ(1s) is the preimage of 15 under this

isomorphism.

(3.17) Theorem.
a) A(G) = A(le) = A%(1,) = A(G).

b) Lete= Y. ez € Q%G), then e = a’(1;) and we have
Hesg /G

A(G) = min{d € N | d-e € G)}.

Proof. a) A(G) = A(1;), since we have by (3.15) an expression

(3.18) A(le)le = Y zuind§ly,
HESS,
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and multiplication of (3.18) with an arbitrary x € Rq(G) yields

Aleyx= ) zwindgxly
HESS,

with x|, € Rq(H).
A€(15) = A%(G) by (3.7) b).
Obviously A(15) < A€(1¢), since af(1s) provides an expression (3.18) where A(1s) is replaced
by A(1,).
So it is enough to show A€(15) < A(lg). We consider an expression (3.18) for A(1g). This
yields an element z € 2°(G) with bg(z) = A(15)-1¢. Since the map in (3.16) is an isomorphism,
we obtain z = A(1)-a% (1), hence A¢(15) < A(1g).
b) e = af, (1) follows from the subsequent consideration of (3.10). The equation for A(G) follows
now from A(G) = A%(1¢). 0

(3.19) Remark. The equation for A(G) in (3.17) b) shows that the Artin exponent is just a
matter of calculations in ©(G), namely to find the unity e = 3. 2zH of QQ¢(G) and to
Hes¢/c

determine the least common multiple of the denominators of the coefficients zz.

Theorem (3.17) enables us to apply all the results about the Artin exponent to A°(G). In
particular, for odd primes p, the p-part of A°(G) can be calculated explicitly by the theorems
7.4 and 7.12 in [L]. Lam also determined the Artin exponent for 2-groups (theorem 6.3 in [L]).
Conversely we can determine the Artin exponent of G by computing af(1s). Since A(G) =1 if,

and only if, G is cyclic ([L}, theorem (2.9)), we obtain

(3.20) Corollary. Let C be the class of all cyclic groups then af, is integral if, and only if, G

is cyclic. 0
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