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On Lusztig's parametrization of characters 
of finite groups of Lie type 

FRANQOIS DIGNE ET JEAN MICHEL 

This paper has three parts. In the first part, we extend Lusztig's 
results of [11] about the parametrization of characters of finite reductive 
groups with a connected center, including [11, theorem 4.23] about mul­
tiplicities of irreducible characters in the Deligne-Lusztig characters, to 
the case of groups with non-connected center. We use mostly a method 
sketched in chapter 14 of [11] in the case of a cyclic center, based on 
Clifford theory and a result about the unicity of the parametrisation of 
characters constructed in [11] which we prove in section 6 (part II). This 
construction has been carried out by Lusztig in [13] but we need more 
information than he gets there, in order to get the results of section 5 
and of part III. 

In sections 1 and 2 we state the results we need from Clifford theory, 
from [11] and about non-connected groups. We also need a result about 
the commutation of Lusztig twisted induction with isogenies, whose 
proof is given in section 9 (part III) using Shintani descent. We then 
apply these results to the parametrization of characters in section 3, 
where we need the results of part II. Finally section 4 and section 5 
describe the multiplicities of irreducible characters in Deligne-Lusztig 
characters using Lusztig "families", presented here from a simplified 
combinatorial viewpoint using the "Mellin transform". 

Part II describes under which conditions Lusztig's parametrization 
of irreducible characters in [11] is unique; section 6 deals with families 
and Weyl groups, and section 7 gives the main theorem. 

Part III studies Shintani descent in groups with non-connected cen­
ter. We want to show how Shintani descent relates to the parametriza­
tion introduced in part I. Section 8 recalls facts about Shintani de­
scent and ".F'-twisted induction". In section 9 we prove a result about 
the commutation of F'-twisted induction with isogenies and deduce the 
analogous result for Lusztig's twisted induction. In section 10, we first 
extend to i^-class functions the parametrization of section 5 (when the 
center is not connected we have to make assumptions that we cannot 

S.M.F. 
Asterisque 181-182 (1990) 113 



F. DIGNE, J. MICHEL 

yet prove in all cases). Finally, we give a formula for Shintani descent of 
principal series characters using the Fourier transform on families (using 
section 5 of part I). For this last result we have to quote heavily from 
[7] 

This paper * has been prompted by discussions with B. Srinivasan, 
and Shoji's papers [14] and [15] where he gets a complete description of 
Shintani descent Shpm / p for m sufficiently divisible and for a group with 
connected center (Shoji himself uses results of Asai [1] which deal with 
the case m = 1 ) ; this paper also has been prompted by the absence of a 
convenient written description dealing with groups with non-connected 
center. 

0. Background. 
In this section we recall some results from Clifford theory and the 

theory of i^-class functions. 
We denote by Irr(G) the set of irreducible characters of the finite 

group G (over an algebraically closed field of characteristic 0 ) . We now 
give a general proposition which states basic (well known) results from 
Clifford theory. Most of these are easy consequences of Mackey formula 
and Frobenius reciprocity (see also [8, 2 .1 ] ) . 

0 .1 PROPOSITION (CLIFFORD THEORY). Let G be a normal subgroup 
of a finite group G such that the quotient G/G is abehan; let Z be the 
center ofG.Forpe Irr(G), we put A(p) = {£ G In(G/GZ) \ p<g>C = p} 
(note that Z is in the kernel of any C G Irr (G/G) such that p <g) £ = p). 
If p, G Irr(G) is a component of Res§ p, we note G(p) for the inertia 
group of /i in G (it depends only on p (not on p,)). Then we have: 

(i) Ker(A(p)) C G(p). 
(ii) There exists p G Irr(Ker(A(/p))), p G lrr(G(p)) and a positive inte­

ger e such that: 

I n d K e r ( A ( p ) ) ( A í ) = 

a € l r r ( K e r ( A ( p ) ) / G ) 

a€lrr(Ker(A(p))/G)a€lrr(Ker(A(p))/G) 

a€lrr(Ker(A(p))/G)a€lrr(Ker()/G) 

a€lrr(Ker(A(p))/G) 

a€lrr(Ker(A(p))/G)a€lrr(Ker( 

ReSöiP)(p) = 
r € G / G ( p ) 

Pt 

* part of this work was done during the authors visit at Essen univer­
sity 

114 



LUSZTIG'S PARAMETRIZATION OF CHARACTERS 

(in) The quotient group G(p)/Ker(A(/o)) Las cardinality e2 and we have 

L4(p)| = (Res G 
G (p),Res g 

g 
{P))G. 

If G(p)/Kev(A(p)) is cychc, then e = 1. 

The following result, which is proved in [7, 6 .1] gives e = 1 in a 
general setting for Weyl groups: 

0 .2 LEMMA. Assume that G is a Weyl group and G is the semi-direct 
product of G by a group A of diagram automorphisms of G, then for 
any character p G Irr((5) we have e = 1. 

The proof of this lemma requires the following result (cf. [7, 6 . 2 ] ) 
that we will need below in the proof of 5.5 

0.3 LEMMA. Let G be a finite group of the form G\ x . . . x Gi and A 
be a finite group of automorphisms of G acting by permutation of the 
Gi. Let p = p\ ® . . . (g) pi be an irreducible character of G. Let A{ be 
the subgroup of Stab A (M) normalizing Gi (and so pi). If for each i, the 
character pi has an extension to Gi X Ai, then p has an extension to 
G X Stabyi(/^) (i.e., e = 1 for the character p). 

0 .4 F-CLASS FUNCTIONS. If G is a finite group and if <F> is a group 
generated by an element F and acting on G , we denote by C(G/F) the 
space of complex valued .F-class functions on G , i.e. functions cp which 
verify (p(x.Fy) = <p(yx) for any x and y in G (note that the group <F> 
can be infinite). We may identify C(G/F) with the space of restrictions 
to the set G.F of class functions on the semi-direct product G X<F>. 
This space admits as a basis the set of restrictions to G.F of an ar­
bitrarily chosen extension to G X I <JP> of each F-invariant irreducible 
character of G. If y?i and cp2 are elements of C(G/F), we put 

(<PI*V>*)G.F = \G\ 1 

xÇG.F 

^>i{x)ip2{x). 

We recall that if cpi and (p2 axe characters of G x < F > whose restric­
tions to G are irreducible, then 

( < £ l > ^ 2 )G.F = 0, if Res 
G 
G 

X<F> <Pi ^ Res ,G 
*G 

X < F > 
<P2 

1, if (p!=<p2 

(if ipi and <p2 have equal restrictions to G , then they differ by multipli­
cation by a linear character of <F>). 

115 



F. DIGNE, J. MICHEL 

If H is a subgroup of G stabilized by F, we denote by Res# ^ 
the restriction of F-class functions, and we define induction of F-class 
function bv 

Ind G.F 

ti.b 
[f)(gF) = l i f l " 1 

a€lrr(Ker(A(p))/G)H,F 

a€lrr(Ker(A(p)) 

Induction and restriction are adjoint with respect to the above scalar 
product. 

I 

1. Disconnected groups. 
In this section we extend the definition of Deligne-Lusztig charac­

ters to non connected reductive groups. We begin with a proposition 
which gives the relation between the Weyl group of a reductive group 
and that of its connected component. 

1.1 PROPOSITION. Let H be a reductive algebraic group, and let T be 
a maximal torus of H; then we may find representatives of H/H° in 
7 V H ( T ) . We set W = i V H ( T ) / T and W° = 7 V H o ( T ) / T . Let B be a 
Borel subgroup containing T. We put A = {w £ W | ™<I>+ = <&+} where 
& is the root system of H° and + denotes the order on & corresponding 
to B . Then we have 

(i) W = W° X A and A ~ H/H°. 
(ii) If H is defined over JFq, with corresponding Frobenius F, and F 

stabilizes T and B above, then F stabilizes W, W° and A. 

In the following we consider a (not necessarily connected) reductive 
algebraic group H defined over IF9, and denote by F the corresponding 
Frobenius endomorphism. We fix a pair T C B of an instable maximal 
torus in H included in an JP-stable Borel subgroup. Let H°* be a group 
dual to H° containing a given torus T* dual to T. Finally we fix a 
Frobenius endomorphism F* dual to F. We may identify W° with 
7 V H O * ( T * ) / T * by mapping w to the dual isogeny w*, but note that this 
map is an anti-isomorphism. For any v £ W° we choose a representative 
v* E iVH°*(T*) of v* and for any representative a £ iVn(T) of an 
element a £ A, we choose an isogeny (aF)* dual to aF. For w £ Wif 
w is in the coset W°a, we write (waF)* for (aF)*w*. 
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1.2 DEFINITION. For s G T * , we put WF(s) = {w eW \ (wF)*s = s}. 
(Note that Wjr(s) depends only on F (not on the choices of F* and of 
(aF)*) since two isogenies dual to the same one differ by adt for some 
t G T * ) . 

We will assume given an isomorphism IFq x >(Q/2L)pt and an 
embedding 
(Q/Z)p/ c—* Q/*; these choices give for any w G W an identification 
Irr(T™F)= (T ̂ »p*^(twF)*B 

We now generalize the definition of Deligne-Lusztig characters to 
non connected groups. The idea is to consider together the various 
rational forms of H that we get if we take as Frobenius endomorphisms 
hF, with h G H . If h and h! are in the same i^-class of H , the groups 
H * F and HHF are isomorphic. As the set iJx(F, H ) of F-classes in H 
is isomorphic to H1(F1 A), we may choose a set of representatives in H 
of JH"1(i?, H ) which are representatives of elements of A. Generalized 
Deligne-Lusztig characters will be constructed for each of the groups 
HAF with a such a representative. 

Let U be the unipotent radical of B . For any w G W, let us write 
wF = b^vaFb with a,b € A and v G W°y where a represents the 
JP-class of w as above. Let v G ./VHO(T) be a representative of v\ we 
consider the variety = { x G H | x~laFx G vU}. Then HAF acts 
on Yy^a by left multiplication, and t G TWF acts by right multiphcation 
by H. These two actions commute, so taking the alternating sum of /-
adic cohomology groups, we get a virtual representation of HAF x TWF, 
and for each character 6 of r£wF we get a representation of HAF on 
the part of the cohomology on which TWF acts by 0. If s G ( T * ) ^ F > * 

corresponds to 0, we will denote by R^l^is) the (generalized) Deligne-
Lusztig character that we have just denned. Note that we have denned 
Deligne-Lusztig characters of the groups HOF when a runs over a chosen 
set of representatives of i ? 1 ^ , A). We have the following properties of 
(generalized) Deligne-Lusztig characters: 

1.3 PROPOSITION. 

(i) Let wF = b 1vaFb as above, then R H à F 
Twf (s) = Ind 

TXÔF 

fjoàF fad b o 

R, 
u o i 1àFb 

p t o F (s)) 
(ii) The union when a runs over representatives of ^(F^A) of the 

Deligne-Lusztig characters of HAF can be parametrized by pairs 
(s, wF) with s G T * and w G Wp{s), taken modulo W-conjugation, 

(iii) Distinct Deligne-Lusztig characters are pairwise orthogonal. 
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Note that RHToiwFà Fb (s) wnere b £ A, becomes under conjugation 
by 6 the character R^lar(s') where s' = bs, so (i) is equivalent to its 
particular case when 6 = 1 which is R^l,F(s) = Ind^0aF R ^ l , ] ? a F (s). 

PROOF: A s stated above, to prove (i) we may assume 6 = 1 , i.e., wF = 
vaF with v G W°. Let Y?h be the variety j y G H° | y~lhFy G t ;U}. 
We claim that the map (y,h) h-* hy from the variety Y£A x HaF to 
Y{,9a is an epimorphism whose fibers are the orbits of HoaF if the action 
of ho G HoaF is given by (y, h) i—• (hoy, hhQ1). In fact, any element 
in vTJ can be written, by Lang's theorem as y~~laFy with y G H°, so 
any x G YI,,a differs by an element of HaF from an element of Y?^. 
The assertion about fibers is clear. On Y£a x HaF, we have an action 
of HaF x r£wF given by (y, &) i—• (yt,hk). This action is compati­
ble with the action of H . As the above epimorphism is compatible 
with the actions of HaF x T™F, we get an isomorphism of varieties 
with UhF x Tractions (Y^h x HAF) /HoF^Yv,a. Using properties 
of Z-adic cohomology, we get an isomorphism of HaF x T^-modules 
H*c(Y,a)H*c(Y°v,Y^) ® ^ [ H o * n QJH"F], whence (i). 

To prove (ii) and (iii), we have to show that generalized Deligne-
Lusztig characters R^l>r(s) and R^lsr(sf) are equal if and only if 
(wF, s) and (wrF, s') are conjugate under the action of W and are or­
thogonal otherwise. By conjugation by 6 with 6 G W, we may assume 
that the elements w and w1 are in the coset W°.a. By (i), and Mackey 
formula, as distinct Deligne-Lusztig characters of HoaF are orthogonal, 
we see that the scalar product ( IO^Zf ( s ) , R^l,tF(sf) )n«F 1S non zero 
if and only if (R^I^f (s),R}£^tr(s') o a,dx)iioaF is non zero for some 
representative x G HaF of some x G AF. As R^^F(s') o adi: is equal 
to R^ll*Fx-i (xs'x"1), the above condition is equivalent to the pairs 
(wF,s) and (xw*Fx"1 ,xsfx~x) being T^°-conjugate for some x G AF, 
which is equivalent to (wF, s) and (w'F, s') being W-conjugate (note 
that as wF and w'F are in the same coset W°.aF, they are W-conjugate 
if and only if they are W° X AF-conjugate). • 

We then define (generalizing to non connected groups Lusztig's 
definition) series of characters in Irr(HaF) by 

5(HiF, s) = {X € I r r (H^) I 3w e WF(s), < {X,RHTaFwF,(s))HiF^0}. 

Note that in the above definition wF has to be conjugate to an element 
of W°aF. 
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2. Rational series. 
From now on we will consider a connected reductive algebraic group 

G and will keep the notations of the previous section with H = H° = G 
and H°* = G*. 

Given x E G, we denote by A(x) the group CG(X)/CG(X)°. In the 
sequel we fix an element s E T* such that Wp(s) is not empty, and 
we write simply A for A(s). We will write W(s) for the Weyl group of 
CG*(S); we have W{s) = {w E W \ w*s = s } , so Wp{s) is a single coset 
in W(s)\W. We will denote by W°(s) the Weyl group of CG*(s)°, 
and <&5 its root system. According to 1.1, (i), if we identify A with 
{w e W(s) | w*+ = $ + } , then we have W(s) = W°(s) X A; and if 
we choose wx E Wp(s) such that (^1^)*(I)+$^ = (I)+s then by 1.1, (ii) wiF 
induces an automorphism of W(s) which stabilizes W°(s) and A. 

As we want to use results from the theory of groups with a con­
nected center, we will embedd G in such a group: Let i : G <—• G be an 
embedding defined over JFq of G in a group G such that the center Z 
of G is connected, and G and G have the same derived group (we may 
identify G with G Xz Z, where Z is the center of G). We denote again 
by F the Frobenius endomorphism on G, so we have F o i = i o JF. 

We denote by T the maximal torus of G containing T (T is T Xz Z 
in the above identification). Let G* be a group dual to G and T* C 
G* be a torus dual to T. We fix i* : G* —• G* dual to i. It is an 
epimorphism mapping T* onto T* and Keri* is a central torus of G*. 
The embedding i gives a natural identification of W = A ^ G ( T ) / T with 
tfo(T)/T. 

2.1 DEFINITION. 

(i) For a 6 A we denote by [[a, s]] £ Kerz* the commutator of any 
two preimages in G* of a and s (it clearly does not depend on the 
chosen preimages). 

(ii) We denote by [[A, s]] the set { [[a, s]] \ a E A } . 

With these notations, a straightforward computation shows that: 

2.2 PROPOSITION. [[A, s]] is a group and the map a i—• [[a, s]] is a group 
isomorphism A —• [[A, s]] which maps the action of w^F on A to the 
action of F on [[A, s]] <—• Kerz*. 

We want to study how Lusztig series restrict from GF to GF. First 
we choose a suitable preimage of s. 
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2 .3 LEMMA. There exists a preimages ofs such that Wp(s) = W°(s)wi. 

PROOF: It is a straightforward computation, using Lang's theorem in 
the connected group Keri*. • 

In the sequel we fix s as in 2.3. It is well known that for any 
t G T*, the restriction of i* : C^,m(t) —• C G * ( I * ( 0 ) ° is an isogeny of the 
derived groups; so the Weyl group W(t) is identified to W°(i*(t)). Next 
proposition relates series in Irr(GF) corresponding to various preimages 
of s. Before stating this proposition we need the following definition: 

2 . 4 DEFINITION. We will call Lang's map in an algebraic group defined 
over TFq, with Frobenius endomorphism F, the map C : g i—• g~r Fg. 

In this section, we will use only Lang's map from Kerz* into itself, 
and denote it again by C. Recall that, as Keri* is connected, Lang's 
map is onto. 
2 .5 PROPOSITION. 

(i) For any pair (t,w) with t G T* and w G Wp(t), we have 

Res G 
G 

F 
P R r I (*) = d G 

T 
F 
m F" 1 

(Ker(A(p))/G) 

(ii) Let sz be a preimage of s (where z G Keri*^; then Wp{sz) is 
not empty if and only if z G >C_1([[A, s]]), and then Wjr(sz) = 
W°(s)awi, where C{z) =[[a,s]] 

(iii) Two series £ (C* , sz) and £(GF\ sz') are equal if and only if z and 
z' differ by an element of [[A, s]]. 

PROOF: We will show in part III that (i) is actually true for any mor-
phism i inducing an isogeny of derived groups and with connected kernel. 
Statement (ii) results from a straightforward computation. Statement 
(iii) just reflects the fact that W-action by conjugation on elements sz 
is the same as [ [A, s]]-action by translation. • 

By (ii) and (iii) above we see that the series £(GF, sz) are paramet­
rized by 

C-H[[A,s)])/[[Ats]]. 

For any t G T*, let £(GF,t) be the subset of Irr(GF) whose elements 
occur in the restriction of some x £ £(GF, t). By (i) above, £{GF, sz) is 
a subset of £(GF, s) and the series £(CR , sz) are all the series £(GF, t) 
such that £{GF\t) intersects £(GF,s). 

The following properties are well known. 
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2.6 PROPOSITION. 
(i) The characters of GF/GF correspond by duality to elements of 

(Kerz*)F. 
(ii) The characters of GF/GF whose kernel contains ZF.GF corre­

spond by duality to elements of (Kevi*)F which are in the derived 
group of G*. 

Using the fact that, if z £ Irr(GF/GF) corresponds to z £ (Ker i*)F, 
then we have R^F(sz'z) = R^F(sz') ® z and proposition 0.1, we get: 

2.7 PROPOSITION. 
(i) The action_of®z, for z £ (Ker i*)F, maps £{GF, Sz') to £(GF, sz'z). 

(ii) Two sets £(GF ,sz) and £{GF, sz') are equal or disjoint, and are 
equal if and only if z and zf differ by an element of (Ker i*)F. 

As a consequence of 2.5, (Hi) and of 2.7, we see that the sets 
£(GF, Sz) are parametrized by the set L-1([[A,s]])/[[A, s]].(Keri*)F ~ 
^(wiF, A). So, for a representative а £ A of an element of ̂ (wiF, A), 
we will denote by £{GF ,s,d) the set £(GF, sz) when z is such that 
C(z) = [[a, s]]. We will call such sets rational series. We have 

£(GF,s) = 
a€lrr(Ker(A(p))/G) 

a€lrr(Ker(A(p))/G) 

(note that 

£(GF,s.a) = [xGlrr(G*)| iveW°(s),{X, R GF 
"pottoj F (s))GF ¿ 0 } , 

and that H1(w1F, A) also parametrizes the rational classes in G*^ 
which are geometrically conjugate to s). 

3 . Parametrization. 
Lusztig has shown that, if Z is connected, there is a bijection 7rs : 

£(GF,s) —• £(CG+(S)(WIF)* , 1) (where wi is any representative of wi 
in A^G*(T*)) such that (extending 7RS by linearity to the 2Z-span of 
£(GF,s)) 

3.1 TTJR T » F ( S ) ) 
a€lrr(Ker(A(p))/G) a€lrr(Ker(A(p))/G) 

*Р*(ги.Р)* 1) 

for any w £ WF{S) (it is an immediate consequence of [11, 4.23] applied 
once in the group GF and once in the group CG*(s)(™lF^*). 
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We want to show that a similar result holds in general. In fact, as 
we will show in part II, condition 3.1 above determines uniquely 7R5 for 
classical groups (with connected centre), but there is some ambiguity 
for other groups; the main result of part II will be to give additional 
conditions which define uniquely TT8 in all cases. In what follows, we will 
assume that for the group G (cf. notations of section 2 ) , the map 7rs is 
defined as in part II. Using results from part II we prove the following: 

3 .2 THEOREM. Let b e AWlF; we denote by be Irr(GF/GF) the char-
acter corresponding to [[b, s]] G (Kerz*)F by 2.6. Then, if the repre­
sentative b* is chosen (aw±F)*-fixed, the action of <g)b on £(GF,sz) 
corresponds by 7rs to that of ad b* on £(C^m(sz)^aWlF)*, 1 ) . 

PROOF: By 7.1 (iii), if C =[[b,s]], we have 

a€lrr(Ker(A(p))/G) 
^sz(X) € £ (CG.(sz) L<àti>1F>\l). 

By 7.3, we have the equality ad(6*) o wgzC = Ksz, whence the result. • 

We need the following assumption: 

3.3 HYPOTHESIS. Restriction of representations from GF to GF are 
multiplicity-free, as well as restrictions of unipotent representations from 
CG*(s)(™*Fy to CG*(s)o(™lFr, for any a G A. 

By 0 .1 , (iii), both parts of this hypothesis are true if G has no 
components of type 2?2n» since both GF/GF and AWlF identify to sub-
quotients of the fundamental group of G, which is then cyclic; Lusztig 
has proved the first part for type D2n (cf. [13]) . In the sequel we will 
assume that 3.3 is true. 

By theorem 3.2, we see that, for p G £(GF, sz), the map a i—• a, is a 
group isomorphism from A(p) (cf. notations of 0 . 1 ) to StabAwir(7rsz(/>)); 
so, using 0.1 and assumption 3.3, we see that the number of irreducible 
components of ResQF(p) is | StabAwiF(7Tsz(p))\. 

Since i* defines an isogeny of the derived groups of C^(sz) and 
of C G * ( S ) ° and since unipotent characters factorize through isogenies, 

we may consider Ksz(p) as an element of Irr(CG*(s)o(^lFr) (where 
C(z) = [[0,5]]). By 0.1 and 3.3, the number of irreducible components 

of ^ C o l l ^ o ' r C n * nsz(p) is \ StabAwiF(iTaz(p))\. So we get: 

3 .4 PROPOSITION. The sets £(GF, s,a) and £(CG*(s)(^lF)*, 1 ) are in 
bijection. 
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We define irs as being the collection over a G H1(wiF, A) of these 
bijections. Note that the parametrization of individual components of 
a restriction is not completely denned, but, once a component p of 
ResQF p and a component 7rs(p) of 
IndcG*^o(A^,lF). 7Tsz(p) are chosen, we can define ws uniquely for other 

components of R e s § F p: first note that by 0.1 KevA(p) = GF(p) un­
der assumption 3.3; so A(p)^U Itt(GF/GF(p)), and we get a canonical 
isomorphism 

GF/GF(p) Irr(StabAw1f (Ker(A(p))/G) 

if we demand that the action of GF/GF(p) on components of ResQF p 
be mapped by ir3 on that of tensorization by linear characters of the 
group StabAwlF(71-52(/0)), we define canonically 7rs. We now clearly have 
the analogue of 3.1 for groups with a non connected center, that is, for 
a G A and v G W°(s), 

3.5 Rs (R Gf 
Tawf 00) = ( - D (A(p))/G) R 

a€lrr(Ker(A(p))/G) 
^ » « ( a w j F)* 

4. Families. 
Prom section 3 it follows that, in order to know the multiplicities of 

the irreducible characters in the Deligne-Lusztig characters, it is enough 
to solve the problem for unipotent characters. We will write RWF for 
i ? ^ F ( l ) to abbreviate the notations. Lusztig [11] has shown in the 
connected-centre case how the multiplicities are given by a "Fourier 
transform" over "families" in the Weyl group. He defines a partition 
S(W) of Irr(W) in "families", and to each T G S(W) associates a finite 
group TT, the set M{TT) = {(*, X) I * € Tjr, X G Irr(Cr^(ar))}/r^ (the 
action of Tjr being by conjugation), and an embedding T c—> M(Tjr). 

These data are functorial, i.e., 
4.1 PROPOSITION. Given an isomorphism W—?—*W' of Weyl groups 
(i.e., an isomorphism of groups coming from an isomorphism of root 
systems), we have TV(S(W)) = S(W'), and for any T G S(W), there is a 
well-defined isomorphism njr : Tjr—^L+r^^) (andw 1—• icjr is functorial); 
furthermore, if we again denote by it? the induced isomorphism from 
M(Tjr) to A/HT^F))) tne following diagram commutes: 

a€lrr(Ker(A( Rg a€lrr(Ker(A(p))/G) 

Mr 7T r(F)df 
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Note that in the case of classical groups we get TTJT using the facts 
that the groups I V are commutative and that the image of T in M ( IV) 
contains the elements of the form (x, Id). 

Proposition 4.1 implies that, given T G £F, a well-defined automor­
phism of is associated to F; we will again denote it by JP. Lusztig 
shows that £ ( G F , 1) is in bijection with the union over T G HF of the 

sets 

M{Tjr C TjrX<F>) = 

Í W x ) l Glrr(Cr,(xF) Glrr (Cr , (xF))} Glrr(Cr,(xF) 

We will denote by P(XF,x) ^e irreducible unipotent character paramet­
rized by (xF,x)- To describe the multiphcities ( P ( X F J X ) I ) G F WE 

first define another basis of the space spanned by the {RWF}- For any 
F-class function / on W, we define Rf — YL^ew f(w)RwF- We can 
take as a basis of the space of F-class functions on W those obtained by 
choosing one extension to W X<F> of each element of Ivv(W)F (the 
corresponding Rf are called the "almost-characters"). 

4.2 NOTATIONS. 

(i) For T G S, we will denote by £(GF, 1,^") the set of unipotent 
characters parametrized by A4(IV C I V X < . F > ) . 

(ii) For T G HF we will denote by T the subspace of F-class functions 
spanned by extensions of elements of TF. 

With this notation, Lusztig defines an embedding of T in the vector 
space 

M(Tjr CTTX Glrr(Cr,(xF)Glrr(Cr,(xF) 

where VY is the set of functions on C r > . F ( y ) (the set of elements in 
Tjr.F which centralize y) invariant under conjugation by Cr>(y) (note 
that only elements y such that CY^.F{V) is not empty are relevant). 

4.3 Then, Lusztig shows that there is a pairing between M_ and Q/Al 
given by 

i(y,r), № x ) } = \CrAv)\-1\ CTAXF)\ CrAv)\-1 

= \CrAv)\-1 
X(9v)r(9 1 

(where A(xjr x) is a sign which is constant over each family except for so-
called exceptional families i.e., families containing a character such that 

CrAv)\-
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the corresponding representation of the Hecke algebra is not defined over 
Q[#?q-1] which occurs only in types £ 7 , Eg) such that, if we consider all 
the above class functions as taking their values in Qz, the scalar product 
( / ) № ) , f l / ) G F is given by {(y ,T),(#F,x)} where / G f corresponds 
to (y,r). 

Let us remark that the pairing formula depends only on the action 
of F on IV (not on the order of F). We also remark that this formula 
depends only on the restriction of r to the centralizer of y in the coset 
Tjr.F. We now introduce new bases in order to get simpler formulas for 
the pairing. 
4.4 For x,y £ Tjr such that \xF, y] = 1 we define "Mellin transforms" 

(xF,y) = 
X€l r r (Cr^ . (xF) ) 

X(y)&(xFiX) (xF,X) €M(TjrCTjrX' <F>) 

and 
(v,xF) = 

r 
r(xF)(y,r) e MÇTjr c IV x i < F > ) , 

where the sum runs over a basis of the Cr>(2/)-class functions on Cr>.F(y) 
which consists of the restrictions to the coset Cr>.F(y) of one extension 
to Cr> x < F > ( y ) of each xF-invariant irreducible character of Cr>(2/). 
The pairs (xF, y) and (y, xF) are taken up to IV-conjugacy. The follow­
ing proposition gives a formula for the pairing using Mellin transforms. 

4.5 PROPOSITION. The pairing between (DiAi and A4 is given by 

{(xF,y),(y',x'F)) =A(xF,y),(x>F,y>) \CrJ(xF,y))\. 

PROOF: By definition, we have 

{(xF,y),(y', x'F)) d 
X,r 

X(y)&(xF,X) T(X'F){(XF,X) = \CrAv)\-1 

If we replace i(xF,X),(y',r)} by its value given above, and if we use 
the fact that A? F v = 1, we get 

{geTjr\[9y',xF\=1} 

= \CrAv)\-1 CrAxF)]-1 

x 

x(gy')x (y) 
T 

T(X'F) T-g-1 (xF)). 

By orthogonahty formulas for characters and for the chosen basis of 
CiV(y)-class functions on Cr>.F(2/)> we get the result. • 
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5. Fourier coefficients. 
In this section we show that the results stated in the preceding 

section hold in the non-connected centre case. For this we have to give 
the appropriate definition for families of a group of the form W X A, 
and to generalize Lusztig's parametrization of unipotent characters and 
of almost characters to non connected groups (the non connected groups 
we have to consider are the centralizers of semi-simple elements in G * , 
so we must keep in mind that the results of this section are to be applied 
when H , A, and F stand respectively for C Q * ( S ) , A(S), and (w\F)*). 
First we give the appropriate definition of families (cf. also [12]) . 

5 .1 DEFINITION. In the situation of 1.1, we define S ( W ) to be the set of 
A-orbitsin E(W°), and, forT € E(W), we put I > = r>0 X I StabA(^b), 
where To is in the A-orbit T. If T is F-stable, we define the action of F 
onTjr to be that induced by aF on Tjr X StabA(TO) where a is such 
that aFT0 = T0. 

Note that the action of F is denned only up to an inner automor­
phism, but that this does not matter since all the constructions we made 
are invariant by IV-conjugacy. 

We can then consider objects such as jVf, Al> etc... for non con­
nected groups. We extend the definition of A (cf. 4.3) to our situation: 
given (xF, x) € M(Tjr c IV X 3 < F > ) we define A(xF>x) = A(xaF^ for 

any a such that aFTo — To and any component ip of RescrF0(xaF) X' 
This makes sense since A is invariant by any automorphism of W°. Next 
proposition will show that, with these definitions, YLa^H1{F,A) 

5 ( H i F , l ) 
is again parametrized by U ^ * € H ( V ^ ) A*(IV C I V X<F>). 
5 .2 PROPOSITION. Let H be a non connected group such that A = 

H / H ° is abeHan. We keep the notation of 1.1 and of 1.3. We assume 
that restrictions of irreducible representations from HaF to HOAF are 
multiplicity free for any a £ A. Then there is an isomorphism 

aeH1(F1A) 

= \CrAv)\-1vc 
= \CrAv 

Qz.M(r^R c TjrX<F>) 

such that for any family To G H ( W ° ) , the map 

Ind H 
H 

ÒF 

[oàF :¿(Hoai\l ,;Fo) £(HàF,l,F) 
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(with the notations of définition 5.1) corresponds to the lineax map 

= \CrAv)\-1 I > 0 X<aF>) = \CrAv) c i y X K F > ) 

defined on the basis of Mellin transforms by ((xaF, y) mod IV0) T—• 
((xF,y) mod 1 » . 

PROOF: Irreducible characters in the left hand side are by definition 
extensions to HAF of the sums of AF-orbits of characters in £{UOHF, 1). 
By part II (cf. 6.4) we have a well defined bijection 

£(HoaF,l) 

= \CrAv)\-1 
= \CrAv)\-1 X\<aF>). 

We dénote by F0• •, TR the A-orbit of TQ G H(VT°); by défini 
tion it is the élément T of £(W). It is clear from proposition 4.1 thaï 
there is a bijection from the set of AF-orbits in JJ^ ^ F J . . ^ y A4 ( i y c 

i y . X<aF>) onto {(yafF,ip) \ y G IV0, a1 F ~ aF, a'FJr0 = F0,Y, E 

Irr(Cr>0 (ya'F)) } / I > , given by 

(xaF, x) m°d IV< (TixaiaFai F, r*x) mod i y , 

where i y is identified to TjrQ X ] S tab^^o) , where az is an element of 
A such that aiTi = ^ o , and where rt- : iy*--+IV0 is the isomorphism 
associated to a2- as in 4.1. 

We now claim that the number of extensions to HaF of the sum 
of an AF-orbit in 5(HoaF, 1) corresponding via the parametrization of 
proposition II, 6.4 and the above bijection to the class of (ya'F, ip) mod­
ulo iyo X Stab^^o) is equal to the number of irreducible components 
of the induced representation of xjj to Crv0 xstabc(^o)(^a/^)- By as­
sumption, restrictions of irreducible characters from Ha'F to HoaF are 
multiplicity free. We need the same property for restrictions of irre­
ducible characters from CT:Fo xi sta.bA(F0)(ya'F) to Cr>0(i/a'F). This 
can be proved in the following way: by 0.3 we can reduce ourselves 
to the case where W° is irreducible; then both a'F and Stab^^o) 
act trivially on IV0; so Cr>0 x stzbA(FQ)(yaf F) is tae direct product 
of CYTQ(yarF) = Cr?rQ(y) by the abelian group Stab^^o,F) and the 
result is clear. 

Now, proving our claim is equivalent to show that the stabilizer 
in HAF/HoAF of the character p of HohF parametrized by (xaF,\) G 
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M(Tjr. c iy^ X<aF>) (a preimage of (ya'F,xl>) by the above bijec­
tion) has the same cardinality as 
StabrT(yQ>'F,ip)/Crr0(ya'F)- But this quotient group is isomorphic to 
the stabilizer in S tab^^o) of ((ya'F^tp) mod T j J ) , the isomorphism 
being induced by the projection of i y onto Stab^^o)- On the other 
hand, the stabilizer of p in AF is equal by II, 6.5 and II, 6.6 to the 
stabilizer of (xaF, x) m StabAF(J71). As this latter group is isomorphic 
to Stab^p-^o? (ya'F, VO) = Stab^(^O) (ya'F> V0)> we Set our claim. So 
we have a bijection 

£ ( H À F , L , . N ^ 

{{ya'F,x) I yeTTo,a'F 
A 

aF, a FJro =F0 v G Irr(Civ ( y a ' F ) ) } / I > 

such that if p G £(HoàF, 1 ) corresponds to (xaF,ip) G M(Tjr0 C 
iyo X < a i r ' > ) , the irreducible components of Indfjoap- /> correspond to 
the elements (xaJF1, x) in the right hand side set, where x runs over the 

irreducible components of I n d c ^ (xaF) ^* ^ we ta^e tne uni°n over 

HX(F*A), we then get 

aÇ.Hi(F,A) 
= \CrAv)\-1  

{(ya'Fx) I y G IV0,a' G ^ , = \CrAv)xc\-1 = \CrAv)\-1= \CrAv)\-1 

The set in the above right hand side is isomorphic to 

{(xF,x) | z € i y , XGlr r (Cr>(*F))} 

by definition of i y . So, taking the union over all .F-invariant families 
T, we get the isomorphism of the proposition. 

We now show the statement on Mellin transforms. It will be an im­
mediate consequence of what we have shown above and of the following 

lemma. 

5.3 LEMMA. The map 

Ind-û : QiMpn C iy0 X<aF>) X<aF>) C i y X < F > ) 

defined by (xaF,ip) »—• (xF, IndJ^* ,„nJPs VO maps ((xaF,y) mod Tj0) 

on ((xF, y) mod i y ) . 
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PROOF: By definition we have 

(xaF, y) = 
tl>elTT(CrTQ(xaF)) 

xp(y)A{xaF^)(xaF,ip). 

So its image is 

*/>€lrr(CTjr (xaF)) 
ib(y)Ar(xa,YFjPii,\(xaFAndib) = 

VGlrrCCr^ Q(xaF)} 
H v ) \ x a F , Y) 

XelTT(Cr:F(xF)) 

< Ind if>, x ) c r ^ ( x F ) (xF, x). 

By definition we have A^xaF^ = A^JP.X) for any x appearing in Ind^. 
So we can exchange the summations to get 

xel r rCCr^F)) 
A(xF^(xF,X) 

V>€lrr(Cr ^Q(xaF)) 
( I n d ^ , x ) c (xF)V>(y). 

As the second sum is equal to x(2/)> we get 

X€LRR(CRYR(XF)] 
A ( * F , v ) № x ) x ( V ) > 

which is by definition the element (xF,y) of QiM(Yjr c TF-X<F>)^ 
whence the lemma, and the proposition. • 

We will now prove an analogous statement for i^-class functions on 
W and spaces M. For this we generalize to W Lusztig's embedding of 
jP-class functions on W° mapping TQ into A I ( I V O ^ ^VO X<aF>. 

5.4 PROPOSITION. Let T G E(W)F be the orbit {F0,... ,FR}. There 
is an embedding 

T CM(YT C Y^X<F>) 

such that the map lnd^'FdF : To —• P is the restriction of the linear 
map M(YTo GTjrQ X<aF>) -+ M(YT c YT X<F>) defined on the 
basis of Mellin transforms by ((y, xaF) mod P^o) \-+ ((y, xF) mod Yjr). 

PROOF: The elements of T are the components of Ind{^0 <p for <p G TQ. 
Let A0 = StabA(rjFo) so that IV = r̂ -0 XI A0; if <p corresponds to 
(x,a) G M(Tjr0), by 4.1 we have Stab^^) = StabAo(x,a), so the 
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components of Ind^0(<£>) are in bijection with those of Ind Crf(x) cr, 
whence an embedding T C A 4 ( i y ) . Let us prove that the action of 
F on T corresponds via this embedding to the action of F on . M ( i y ) : 
since components of Ind^o <p (resp. components of Ind^r^? \ a) differ 
from each other by characters of A, if we prove that there exists an 
.F-stable component in each of these sets, then the action of F on these 
components will be in either case given by that of F on Irr(A). The 
following lemma proves that there exists an F-stable component in each 
of these sets. 

5.5 LEMMA. 
(i) Let cp E Irr(W°) have an F-invariant A-orbit. Then Ind{£0 <p has 

an F-invariant irreducible component. 
(ii) Let ae AF and let T E E(W)F be the F-stable A-orbit {^0, • •, TT} 

in E(W°)a. For any (xa,x) € M(T^0 c I>0 X < a > ) , there exists 
a component x of 

CT (^0 
IndcF:F x? such that (x, x) is an F-stable element of jVf(iy). 

PROOF: We first prove (i). By 0.2 <p extends to some x € Irr(/) where 
/ = Stabvr X K F > {f- Let I = Stabjy (<£>); by hypothesis there exists 
a 6 A such that aF E so Resj x 1S 811 (irreducible) ai^-stable charac­
ter, and so IndJ^ Resj x 1S -F-stable and is an irreducible component of 
Ind{^o whence the result. 

The proof of (ii) is similar: the preceding argument shows that it 
suffices to show that x extends to Stabp^, X J < F > ( ^ « ? X ) - By using 0.3 
we can reduce ourselves to the case where W is irreducible, and then 
the result is trivial since in this case StabAF(^b) acts trivially on iyo • • 

We now define the embedding of the proposition in the following 
way: for each F-invariant component r of Ind^o <p mapped onto (x,x) 
(where x is a component of lndcryr IF>) we choose a mapping f i—• 
(#, x) compatible with tensorization by characters of A. We then get 
iT - W X < F > - = (x, Ind„r:F ><i<F'> xb). The statement about Mellin 

LN<V<> X<FLF> T V CRYRQ X<aF>(X) ^> 

transforms is then an immediate consequence of the following lemma: 

5.6 LEMMA. The map I n d ^ : M(TTQ C iyo x<aF>) —• M(YT C 

I V X<F>) defined by (x, $) (x, IndJJ^ ^ ^"}x) $) maps the ele­

ment (?/, xaF) mod iyo on (y, xF) mod i y . 
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PROOF: By definition we have (y,xaF) = Y2^1P(xaF)(y,'ip)^ where if> 
runs over a set consisting of one extension of each rraF-invariant irre­
ducible character of Cr> (y). So its image is 

Y 
ib(xaF)(yAudxù) = 

0 

tb(xaF) 
x 

(Ind^,x)(ar,x), 

where x runs over a set consisting of one extension of each rcF-invariant 
irreducible character of Cr>(y). If we exchange the summations, we get 

x 

!(y»x) 
Y 

(Indip,x)tt>(xaF)' 

As the second sum is equal to x(xF), we get 

x 
X<aF>)X<a 

which is by definition the element (xF,y) of AJ(TT C R / X ) < F > ) , 

whence the lemma, and the proposition. • 
We will denote by / i—• x/ the embedding defined by the previous 

proposition. 
We want now to show that the scalar products (p(XF,x)Rf)nF 

(where Rf will be defined in an analogous way to the connected case, 
using generalized Deligne-Lusztig characters) are still given by 4.5. We 
first generalize the notation Rf for non connected groups. 

5.7 DEFINITION. For any F-class function f onW, we define 

Rf ^IWI-1 
wew 

f(w)B >nàF 
T w F (1) 

(an element of the direct sum of the spaces of class functions on HaF 
when a runs over representatives of HX(F, A)). 

Note that the linear span considered above has a natural scalar 
product, which is the orthogonal sum of the scalar products of class 
functions on each group HaF, and that similarly we can extend the 
pairing 4.3 to a pairing between ®jr€E^W)F<^iM(Tjr c R ^ X l < F > ) 
and (Bjr€-E(W)FAd.(Tjr C FjrX<F>). With these notations, we can 

now state: 
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5.8 THEOREM. Let p e £(HàF, 1) be parametrized by 

Xp e 
X<aF>) 

M ( I > c i y X 1 < F > ) 

and let f be an F-class function on W; then the scalar product (p,Rf) 
is given by \xp, Xf}. 

PROOF: It is sufficient to prove the result for a basis of the space of F-
class functions on W. We get such a basis, if we consider the functions 
l-wF, where, for w E W, we denote by jwp the function whose value is 
the cardinality of the centralizer Cw(wF) on the class of wF under W 

and zero outside. We have Rlu)F = /2^1*^.(1), ^ w ls °^ ^ e f°rm ubF 
with b in the chosen set of representatives of H1^, A) and v E W°. 
If 6 ^ a, both the scalar product that we want to compute and the 
pairing {xp,x^wF} are zero, so we may assume b = a. By 1.3, (i), 

xx a F 

we have RlxuF = IndHoiF(i27o^), where Y°wF is the function defined 
similarly to jwF for the class of wF under the group W°. We have 
clearly jwF = Ind{^0(7^F)-

We want to compute (p^R^^p- )• By Frobenius reciprocity and the 
preceding remarks, this is equal to (ResjJoaF />, iJ-y^ )HOOF. By 4.3, 
this scalar product is equal to { % e s p ? ^ F } , if #Resp E QlM(TjrQ C 

xx a F 

TjrQ XJ<air'>) parametrizes Resjjod*- p. So we are reduced to proving 
{^Resp,^^} = {xp,xind^r}. 

With the notations of 5.3 and 5.6, we will show that in general 
{Res-^-m, m} = {ra, Indira} for any ra E Q / A l ( i y c ^ X 1 < F > ) 
and any ra E - M ( I V C I V X1<.F>), where Res^- is the adjoint of 
Ind-̂ j- for the scalar product (, ) on Qj .M( iy C Tjr'X<F>) deduced 
from the scalar product on class functions via the isomorphism of 5.2 
(i.e., Resxp = #Res p)- For this scalar product the elements (xF, x) form 
an orthonormal basis, so Mellin transforms are pairwise orthogonal and 
w e have ((xF,y),(xF,y)) = |Cr^((xF, y))\. So ((xF, y), (x'F, y')) = 
{(xF,y),(y',x'F)}. Whence 

{Res(xF,y),(x0F,y0)} = ( Res(xF< y), (xQF< yQ) ) = 
((xF,y),lnd(x0F,y0)) = {(xF, y), Ind(x0F, yQ)}; 

whence the result. 
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II 

6 . Unicity of the parametrization. 
The goal of this part is to give conditions which unambiguously 

determine the map 7r5 in the case of a group G connected and with a 
connected center. Our strategy is as follows: 

We first determine (cf. 6.3) under which conditions 4.3 determines 
the map 

p € £ ( G M ) c iy X<F> 
c iy X< 

MiVjr c i y X < F > ) 

We need to add two conditions to define completely the map (cf. 6.4). 
We then consider the general situation of £(GF, s), and we have to 

deal with all the cases where 4.3 is not sufficient and 6.4 does not apply. 
6.1 Since the families we consider depend on F, we will consider 

couples (W, F) where W is a Coxeter group and F a diagram automor­
phism of W. We say that (W, F) is irreducible if W is a product of 
irreducible Coxeter groups, permuted transitively by F. 

With the above definition we have (W, F) = Tli(Wi>Fi) where the 
(Wi, Fi) are irreducible; each J7 f= S(W)F identifies to a product f j . Ti E 
11; S(Wi)FS and we have I > = JJi I > „ 

M(Tt C TtX<F>\ = 

cv 
c iy X<F>c iy X<F>c iy X< 

M O V C I V X I < F > ) = 

i 
M(TT. cTFi x<Fi>) 

and T = W;!Fi, and the pairing between the spaces 

HiM(rr c TFX<F>) and M(Tyr c I > X<F>) 

is the product of the pairings between 

QiM{TTi C I>4 X<Fi>) and MiTyr, C I V x < F i > ) . 
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When (W, F) is irreducible where W = II ¿=1 W{ with W{ irre­
ducible, then (cf. [11, 4.20]) E(W)F identifies to E(W±)F\ TT iden­
tifies to a product TF x . . . x Tjrr permuted transitively by F and 
~M(YTFC R ^ X < F > ) identifies to M(TTL C TTL x\<FR>): any x G 
M(J?jr C I V XI <F>) has a representative of the form ((a, 1,. . . , 1)F, x) 
where x *s a character of CTf((a, 1,..., 1 )^) ^ Cr>r(a). Similarly there 
exists isomorphisms MiT^ C X<FR>) ~ M(F<F C R ^ - X < I ? > ) 
and T ^ T\ (relative to FR), and the pairing is compatible with these 
isomorphisms. 

Finally, when W is irreducible, for any automorphism F of W, any 
T with more than one element is in SF and is fixed point wise by F 
(cf. [11, 4.19] for An, EQ and D4 (this last case with an automorphism 
of order 3), and for Dn the only characters not fixed by the diagram 
automorphism are those corresponding to symbols with identical parts, 
which are in a one-element family). So for any element T G SF, we have 
A I ( R J R C R ^ X ] < F > ) ~ Q Z ; M ( I V C TTx\<F>)_ ~ Q Z . M ( I » and 

the pairing between M(Tjr C I > X 1 < F > ) a n d Q Z . M ( I V C TF><<F>) 

has the same value as that between Ad(Tjr) and itself, and T = Q/^7. 
6.2 So, in general, for any T G 'B(W)F there is a set {Ti G 

E(Wi)Fi}i where Wi is irreducible, such that Q Z A T ( I V C I > X 1 < F > ) 
and A4(Tjr c I V X<F>) both identify to a product A 4 ( R ^ ) , com­
patibly with the pairing, and T identifies to Q[Ti. This will allow 
us to reduce the problem to the case of an irreducible W. 

PROPOSITION 6.3. Suppose that no component Ti of T is exceptional 
(cf. 4.4), and that x G M(Tr C Tjr ><$<F>) has no component Xj of 
the following types (using Lusztig's [11, chap. 4] notations): 

XJ = (g4,I) or (#4, —I) ( I V . isomorphic to S4). 
xj = (93,0) or (g3,02) (Tjr. isomorphic to S3 or S4). 

Then the set of coefficients {x, x&\, when E runs over T, determine 
the element x G M(Tjr C R ^ X < F > ) . 

PROOF: In the identification of 6.2, we have E = (E\,..., Er) where 
Ei G Ti, x = ( # 1 , . . . ,xr) with Xi G M(Yjr.) and {x^,x} = Tli{xEnXi}-

Let V(xi) be the vector {xEn ^ O J ^ G ^ ; to snow the proposition we have 
to prove that the vectors V(x) = V(x{) ® . . . ® V"(a;r) are all distinct 
when x runs over A4(Tjr c I V X K i ^ ) (unless an Xi is one of the 
exceptions of the proposition). If this were not true, then there would 
exist Xi ^ x \ and À G (D x such that ^(a;;) = \V(x,i). 

We can do a case-by-case check that this is impossible for an irre-
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ducible W: when i y ~ S3 , S4 or S5 it is an easy check on the table 
of coefficients. In the case where i y ~ (2L/27L)d we first note that 
{XE, X} are equal for all x when E is the special character in the family. 
So any A as above has to be 1, and it is enough to check that the vector 
{XE, X } E € ^ determines x. 

The types of W to consider are Bn, Dn and 2Dn. 
• Case Bn. With Lusztig's [11] notations, x is parametrized by a 

subset X of even cardinality of a set Z\ with 2d + 1 elements in 
which a fixed subset Mo of cardinal d has been distinguished. The 
elements XE correspond to subsets Y C Z\ such that |YAM0| = d, 
and with these parametrizations, we have { X , X E } = (—l)'Xny'. 
Given a G Z\ we can find two subsets Si and 5 2 of cardinal d such 
that Si U S2 = Zx - { a } . If we put Y{ = S{AM0 (for i = 1,2), then 
Yi corresponds to some xFi and: 

(-l)\XnY1\+\Xr\Y2\ = l aéX 

so X is clearly determined by the { E, x Ei} 
• Case Dn or 2Dn. This time x corresponds to a subset X of odd 

cardinality of a set Z\ with 2d elements, taken modulo the equiva­
lence relation X ~ Z\ — X, and elements XE correspond to subsets 
Y of even cardinality of Z\ taken modulo the same equivalence re­
lation and such that |YAMo| = d where MQ is a fixed subset of 
cardinality d: and we have: 

{ X , X E } = ( - L ) ' X N R ' . 

Given two elements a, 6 G Z1 there exists two subsets Si and S2 
of cardinal d such that Si A S 2 = {a, b}; if we set Yi = 5,-AM0 (for 
i = 1,2) then: 

c iy X<F> ; _ l ) l * n r 3 | = ( _ i ) | A - n { « , & } | 

Modulo the equivalence X ~ Z\ — X we may assume that a £ X , 
and then the above equality clearly determines X. 
This concludes the proof of proposition 6.3. • 
We now give sufficient conditions for Lusztig's parametrization p 1—• 

(xF, x) to be uniquely determined in the case of unipotent characters. 
For x G M(Yjr c i y X <F>), we define a root of unity X(x) as fol­

lows: if x identifies to (#1, . . . , xr) (cf. 6.2) then X(x) = X(xi) ... X(xr); 
and if xi = (a,x) where a E TF1 and x is a character of Crv^a), 
we put A(xi) = x(a)/x(l) unless T\ is exceptional and (x\,x) is not 
in the image of F\ by the embedding T\ M(Tp), when we put 
A(*i) = tX(O ) /x (L) . 
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REMARK. In the next proposition we do not know a reference for the 
proof of (ii) when (W, F) is of type 2Dn though we believe it is true. 
The same restriction will consequently apply in (ii) of theorem 7.1 about 
the unicity of Lusztig's parametrization, but we will not use that part 
of the hypotheses in the proof of the unicity. 

PROPOSITION 6 . 4 . Suppose (W,F) irreducible. Then, for J7 e E(W)F, 
there is a unique bijection 

p xp: £(G*,1,J7) M(Tr C i y X < F > ) 

such that: 
(i) For any Ë e f and p e £(GF, 1, J7) we have 

(P,RÉ) = A(XP){XP>XË} 

(ii) If Fs is the smallest split power of F then the eigenvalues of F^ 
associated to p £ £(GF, \ F are equal, up to a power of q6/2 to 
X(x0). 

(Hi) The character p of the principal series associated (via Lusztig's 
explicit isomorphism ofW with the Hecke H(G, B) j to the special 
character of T is such that xp = (F, Id) E A T ( I > C I > X\<F>). 

PROOF: Lusztig has shown the existence of a bijection compatible with 
(i)-(iii): indeed (i) is [11, 4 .23] ; to check that we may have a bijection 
satisfying (ii), if W = 111=1 Wi where the Wi are irreducible and cycli­
cally permuted by F, the elements w = (wi, 1,.., 1 ) span the .F-classes 
of W and we have an isomorphism of the Deligne-Lusztig varieties: 
XW,G,F — XWL^1,FR\ moreover, if F6 is split the eigenvalues of Fs on 
H*(XW9G,F) are equal to the eigenvalues of FrS on H*(XWLG1,FR)- So 
we may assume that W is irreducible. For irreducible groups, (ii) for 
untwisted groups is [11, 11 .2] , and for groups of type 2EQ and 3Z>4 can 
be deduced from [9, 7.3] (we can restrict ourselves to the case where 
p is cuspidal, and in these cases all cuspidal unipotent representations 
occur in H*(XW, Q;) where w is the Coxeter element of W). 

We note that at this stage we have already resolved all ambiguities 
left by proposition 6.3 (whence the unicity in the proposition) except 
for exceptional families, since the X(xi) differ in the listed cases. 

Checking compatibility with (iii) can also be reduced to the case W 
irreducible, where it is a property of the embedding T C Ai(Tjr) which 
can be easily checked case by case, except that in the case of exceptional 
families there is some ambiguity on the embedding that (iii) is precisely 
designed to resolve. • 
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PROPOSITION 6.5. Assume that (W,F) is irreducible and that we are 
given an automorphism cpofWX <F> which stabilizes W, fixes F and 
induces a diagram automorphism of W. Then for any T G SF we have 
either \T\ = 1 or (p fixes T pointwise. 

PROOF: Assume first that W is irreducible. If T has more than one 
element, then it is pointwise fixed by F and <p and the condition <p(F) = 
F ensures that an extension in T of an element of T will be ^-invariant. 

Suppose now that W = W\ x . . . x Wr permuted cyclically by F. 
Since (p and F commute, there exists i such that cpF~l stabilizes Wj for 
any j . Recall that we have an isomorphism: [T\, W\, Fr) ~ (T', W, F). 
Write (p = cpF~l.Fl; (pF~l stabihzes all Wj and is clearly compatible 
with the above isomorphism, and from the first part it fixes pointwise 
T\ and so its image. We conclude by observing that F% acts trivially 
on elements of T since they are class functions on W X<F>. • 

PROPOSITION 6.6. Assume that (W, F) is irreducible and let cp be 
an isogeny of G commuting with F. Then for any T G SF the set 
5(GF, 1, T) is pointwise fixed by cp if it has more than one element. 

PROOF: Let p G £(GF,1, F). For any E G f we have: 

c iy X<F> (po<p,RÉo<p) c iy X<F>c iy X<F> 

(the last equality by corollary 9.2). This means that: 

1 Xn, X fp f — {Xp0(}p, XÊoip {Xp0(}p, XÊoip 

(the last equality since Ë = É o ip by proposition 6.5). By proposi­
tion 6.3 this gives p = p o (p unless T is one of the exceptions of the 
proposition. To deal with the remaining cases, note that <p induces an 
isomorphism: H*(XW, Qi)——*H£(X(p(w), <QZ) which commutes with F, 
so the eigenvalues of F associated to p are equal to those associated to 
p o (p; this gives the result by proposition 6.4 (ii) except if T is excep­
tional. In this last case we use the fact that a diagram isomorphism is 
compatible with Lusztig's isomorphism .from W to i f (G,B) . • 

7. Unicity of Lusztig's parametrization. 
We now study Lusztig's parametrization of non-unipotent char­

acters. If we fix s G T* such that Zp(s) is non empty, Lusztig's 
parametrization of characters in £(GF\ s) may be precised as follows. 
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THEOREM 7 . 1 . Given s, there exists a unique bijection: 

TTS:£(G*,S) 
é £(CG*(s) (w1F)* 1) 

satisfying the following conditions: 
(i) For any Y € £(GF, s) and any w € Zp(s) we have: 

(X, R G 
T 

F 

c iy X<F> c iy X<F> 
tg(x) 

K 
c iy X<F>cc 
P*(tüJí')* ( 1 ) ) . 

(ii) If s = 1 then: 
(a) The eigenvalues of Fs associated to x are equal, up to a power 

of q6/2 to the eigenvalues of F*6 associated to 7Ti(x). 
(b) If x JS m the principal series then 7TI(x) and X correspond to 

the same character of the Hecke algebra. 
(iii) If C € G*F* is central and x € £(GF, s) then TTSC(X ® C) = ^(x) , 

where £ is the character ofGF corresponding to £ (see for instance 
[6, 6.7 and 6.8]). 

(iv) If L is a standard Levi subgroup of G such that L* contains CG* (S) 
and such that L is wF-stable (where w is a representative of the 
element w reduced with respect to Wj, in the class of w\); then the 
following diagram is commutative: 

£(GF,s) re c iy X<F>c iy X<F> 

R rs 
lWf 

SCL*F, s) df £ ( C L . ( * ) ( ^ F ) * , 1 ) 

(where v\ is defined by viw = wi). 
(v) Assume that (W,F) is irreducible, that (G,F) is of type Es and 

that 
( C Q * (S) , (wx F) * ) is of type E7 x A± (resp. E6xA2, resp. 2E6 x 2 A2) 
then we have the following commutative diagram: 

C(GF,s) 
7T„ 

C(CG.(s) (wiFy^j 

s Gf 
Lw2 * 

R c iy X<F> 
L.(ti ,2F)* 

£(L™*F,sY -KB c iy X<F>c iy X<F> 

with L a Levi subgroup of G of type E7 (resp. E Q , resp. E6) 
containing the corresponding component of C Q * ( S ) , where the su­
perscript • means the cuspidal part of the series, and where w2 = 1 
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(resp. 1, resp. the Wz,-reduced element of Zp(s) which is in a 
parabolic subgroup of type E7 of W). 

(vi) Given an epimorphism with kernel a central torus: 

( G , F cp c iy X<F> 

and elements $i £ Gf and s = (p*(si) £ G*, then the following 
diagram is commutative: 

c iy X<F> df ?(Ca-(«) |(vKu>i)*r?1) 

V V* 

5(Gf>,Sl) 
T . , 

£(<?Qî(*i)' > l F l ) * 5 1 ) 

(Vii) If G is a direct product II Gi , then 7TJ-J5^ = II 7R5I. 

PROOF: We have to show that conditions (i)-(vi) completely specify the 
map 7 r 5 , and that they are compatible with each other. Our strategy 
will be to consider each condition in turn, and each time to show that 
(together with the previous conditions) it specifies 7rs for a larger set of 
situations, and the previous conditions hold for the new situations (as 
well as the new condition for the previous situations). 

We first suppose that (W, F) is irreducible and that 5 = 1, and 
remark that by applying 6.4 in G and G * , we obtain that (i) and (ii) 
completely specify 7rs in this case (and are compatible). 

If now s is central, (iii) clearly specifies n8 from its value when 
s = 1. (ii) is not relevant unless 5 = 1, and (i) holds, since R^„r(s<g>£) = 
R&F(S)®<(cf- [3, 1.67]). 

Suppose now that C Q * (S) is contained in a proper Levi subgroup 
L* of G*; then (iv) specifies irs completely in G if 7r3 is uniquely defined 
in L, which we may assume by induction on the rank of G (we assume 
that the whole of 4.1 holds for groups of smaller rank); indeed in this 
case by [11, 6 .21] , R^F is an isometry between £(L™F, s) and £ ( G F , s) 
which is such that (i) is compatible with (iv); (ii) is not relevant here, 
and (ii) holds since R^F(x ® C) = -RT*F(X) ® C (C/- PAR exemple [6, 
3.81). 

When (W, F) is irreducible, it only remains the case when s is 
exceptional (i.e., , CG*(S) is not included in any proper Levi subgroup, 
but s is not central). Suppose first that W has no family which contains 
one of the exceptions of proposition 6.3; then (i) completely specifies 
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7rs; (ii) and (iv) are not relevant here, and (iii) holds again because of 

R^f{S ® C) = RT~f(S) ® C 

From the explicit knowledge of root subsystems of maximal rank in 
root systems (which parameterize centralizers of semi-simple elements in 
G * ) , we see that W(s) has a family which contains one of the exceptions 
in proposition 6.3 only if G is of type E$ and (CQ* (S ) , (W±F)*) is of type 
£7 x Ai , £6 x A2 or 2E6 x 2A2 (we assume that W is irreducible; it is 
easy to extend the arguments below to the case (W, F) irreducible by 
"descent of scalars"). Furthermore, in the above cases, the exceptions to 
proposition 6.3 are each time two characters occuring in a family where 
Yjr ~ S3 and coincide with the list of cuspidal unipotent characters 
of L™2F (excepted that in the case 2EQ the character parametrized by 
( 1 , 1 ) £ M(Sz) is also cuspidal). We will show that in this case, (v) can 
be assumed to hold, is compatible with (i)-(iv), and together with them 
completely specifies TTS. 

We first prove: 

LEMMA 7 . 2 . Suppose that s is central in L* , a Levi subgroup of G * , 

and that W(s) has a w^F-stable direct product decomposition W(s) = 
W L x W. Let w2 E WFIS), let p G £ ( L ™ 2 F , 1 ) , and let E be a w2F-class 
function on W; write E = E^ (g) E1 where E^ is a w2F-class function 
on Wi, and EF a w2F-class function on W. Then: 

(RÉ(s),R Gf 
JJ™2 F \ [P®s))GF =E'(w2F) c iy X<F>vvv 

PROOF: We first compute the scalar product ( R GF 
f-pWt*>2 F c iy GF 

W2r 
POqq1 

for WEW(S). By Mackey's formula [6, 2.1(b)] it is equal to: 

L^2 F\{veGF IVTCL} /Twv>2 f 

R 
L ñ 2 F 
víRJX/WTV2 F \ Xvs),P<8> S)T>2F = 

c iy X<F> 
V€WG 

c iy X<F>c iy X 

DF wi2 
c iy X<F> 

[Vs),P® s)Lt*2F 

Since p ® s 6 £(LW2F, s), the only non-zero summands are those where 
vs and s are conjugate in L*, i.e. equal since s is central in L* , and the 
above sum reduces to: 

I^LI"1 
vew(s) 

VWW2Fv-*eWj^ 

(R 
L t ¿ 2 F 
T v w w o F v 1 (1)>¿>)L*2F. 
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Write w = w'wi, where wr E W and wL € WL,. Then vwW2Fv-1 is 
w2F-conjugate to wL in WL? SO i 2 £ ^ a F t , - i (1) = J R ^ £ 3 F ( 1 ) and the 
condition under the sum is that w' is u^J^-conjugate to 1 in W. So we 
get for the sum: 

\W'W*F\(I\R LTI>2F 
/rptt>L W2 F ( l)5p)l>2F. 

From that we get: 

(R*(s),R aF 
L,™2F (P®S))GF 

= i ^ o o r 1 
c iy X<F> 

E(ww2F)(R\ Gg 
to it; 2 F [s\R 

GF 
1,^2 F ( P ® S) )dF • 

= l ^ w r 1 ! ^ ! - 1 

c iy X<F>c iy X<F> cVVbiyX<F> 
E(WI,W2F) 

\W'W*F\(R \J»2 F 

c iy X 
c iy X<F> 

c iy X<F>c iy X<F> 
c iy X<F> 

c iy X<F>c iy X<F> Wi2 
rptwL w2 ^ c iy X<F>cv 

= E f ( w 2 F ) ( R p : . p ) I j ^ F L c v d g 

By the general structure theorem for reductive groups, in the cases 
we consider we may write a (wiF)*-stable decomposition of C Q * ( S ) as 
L* X T H where H is a reductive group of type An with Weyl group 
W and T is a maximal torus of H central in L*. Let p be a unipotent 
representation of L * ^ 2 ^ * . Since p is trivial on the center of L*, it 
factors through a representation of the form p'<g>Id of L*^™2 F^ x T ^ 2 F^ 
and we have: 

R c iy X<F> 
\*(*2F)* ad c iy X<F> p' ® Id = p' ® R 

LT(*2F)* 
ad 

RP^2 r ) ad 
Id = 

cc iy X<F> 
E'{w2F)p' ® p .̂ 

where /9^/ is the irreducible unipotent character of H parameterized by 
E' (when H is split we take E'(w\F) = 1 and when H is a unitary 
group the extension Er is determined by the above formula). 
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Since H is of type An, the families of W are reduced to single 
characters, and the families in E(Wr(s))t/,lF are of the form T®Er with 
T G E(WL)™iF and E' G Ivr(W,)WLF, and there is a bijection that we 
will denote x H-> X ® Ef : M(Tjr C I V X K w i F > ) M{Tjr®E, c 
IVo^E' X3<t#i.F>). If we denote by prx the unipotent character in the 
set £ (L*( /2F)* , co r re spond ing to x € M(Tjr c Tj?X<wiF>) we 

get: 

i2 
C G * ( 5 CG*(5x 

cbb 
CG*(5vCG*(5 

ad 
x T CG*(5 

ad 
p'x ® Id = 

CG*(5CG*(5CG*(5vv 

CG*(5CG*(5CG*(5CG*(5 

And using (vi) of the theorem (which holds m CG* (s) by induction) 
we get the analogous result in CG*(S)^WIF^ : 

R 
{Xp0(}p, XÊoip 
l . ( « , 2 f ) * {p*) = 

E'€ITT(W')V>IF 

E'(w2F)px0E> 

To prove (v) we will show that when px is cuspidal, R^*2F(px®s) is 

of the form XWirrrv^o-i*- E'(w2F)p8x<x>E' where p*E, G £(GF,s, ,F® 

£") and 

{Xp0(}p, XÊoip{Xp0(}p, XÊoip 
{Xp0(}p, X Ê o i p ( - l V ^ i W ^ X {Xp0(}p, XÊoip 

for any E e (T ® E'J (then if we define 7r5 by KS(PX®E') = Px®E' (i) 
and (v) are satisfied; (iii) is clearly satisfied also and (ii) and (iv) do not 
apply here, so we will have finished with the case (W, F) irreducible). 

In the cases where ( C Q * ( S ) , (WIF)*) is of type jE76 X A2 or £ 7 X ^ 1 , 

we have w± = 1 and L is a Levi subgroup of a rational parabolic sub­
group of G so, by Howlett-Lehrer's theory, we know that the decompo­
sition of RJJF (p®s) for a cuspidal p G £(L*F*, 1) (which corresponds to 
a cuspidal p ® s G £(LF, s)) is of the form J2xeiTT(w(P)) xiX)Px- When 
CG*{S) is of type EQ x A2, W(p) is equal to W since NwiW^) = 
W(s) X <w> where w is an element of order 2 acting on L by the non-
trivial diagram automorphism of E6 and w cannot fix p since it maps 
s to s-1 Similarly W(p) is W if CG*(S) is of type E7 x A± since in 
that case NW(WL) = W(s). So we know that R^F (p® s) has a decom­
position of the form X^£'EIRR(W) E'(l)Px®E'i x^ rer*iains to show that 
(RE(S)>PX®E> ) G F = ( ^ ^ x № > C g . w f ' ( = ( # £ L > P * ) L * * ' * ) -
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Consider the projection pE' of Rj?F(px ® s) on QZ£(GF, s, T ® 
£"); by lemma 7.2, we have ( p E ' , R E ( S ) ) G F = Ef(l)(px,RE )JJF SO 

PE' is not 0; furthermore, since R^F (px ® 5) has | I r r (W) | isotypic 
components, pE' must be one of them. Looking at the table of Fourier 
coefficients for M(S3) which gives us (px,REL)LF we see that \pE'\ > 
3/4£"(l) which imphes \pE'\> E'(l) since both are integers and E'(l) < 
2; but Y2E> \PE'\2 = \R&(Px®s)\2 = J2E, E'(l)2 so pE' must be of the 
form E'{l)p%QE, with p%^E, irreducible. 

Similarly, in the case where ( C Q * ( S ) , (WXF)*) is of type 2E6 x 2A2, 
it is enough to show that 

sd fdf 
CG*(5 *(px ® s),R CG*(5 

CG*(5 (px ® s))G^ = 2 

(then for each of the two elements E1 € Irr(W/)W3F we can similarly de­
duce by using 7.2 and the table of fourier coeffcients for M.(Sz) that the 
projection pE' of R^2F(px ® 5) on QZ£(GF, s,T®E') is an irreducible 
character with sign Ef(w2F)). 

We have u>2 = WQWQ* where WQ is the longest element of Wj, 
and is the longest element of the standard Levi subgroup M of G 
of type E7 which contains L. We will consider R^J2F(px ® £), which 
is an irreducible representation since C M * ( S ) = C L * ( S ) (in that case 

is an isometry, cf. [10, proof of 7.9]) and we will conclude by 
proving that for any \ € £ (MF,s ) , we have ( R ^ x , R $ [ r X ) G F = 2. 
Indeed, {R^x, R^TX)G^ = (x, * ^ S F ^ F X > M ' ' and by Mackey's 
formula (which we may apply since M is included in a rational parabolic 
subgroup): 

*it cv 
cvv R Gf 

CG*(5CG*(5 
CG*(5CG*(5CG*(5CG*(5 

R cc 
( t t l " 1 M n M ) F o ad w 1 o*R cxc 

( M f ( M f l № M ) F A 

Here is a list of reduced representatives w G W M W / W M ? and, below 
each, the value of M D ™M: 

w = 
M H WM = 

1 
M 

MH WM = 

M 
S8 
L 

MH WM =MH 

L 

MH WM =MH WM 

D 
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where sg is the generating reflection in W—WM and where D is the stan­
dard Levi subgroup of G of type DQ. Since W Q ^ W G 0 acts like the identity 
on M , the first two values of w give a contribution of 2% to*GMFLFR^[rX' 
We have to prove that the other terms are 0; for *R^/[n«>iA)FX to be 
non-zero, s must have a WM-conjugate s' G (Mfl ™M) such that Zp(s ') 
meets W M PI wWw There is no conjugate of s in D, so *RJ£F X == 0-
Now, ZF(s) PI W M = W^w^1; when M PI WM = L we must find v G W M 
such that WL n v ( ^ L ^ ) = 0 WhvW^ = W L V W L W J * but it 

can be checked that there is no element of W L ^ M / W ^ L invariant by 
multiplication by w^1. 

We now consider the general case of G connected reductive with 
connected center and use (vi) and (vii). 

First we check that (vi) and (vii) hold in the previous situations: 
(vii) is irrelevant in the case (W, F) irreducible; (vi) holds when (i) 
specifies TTS by 6.3; (vi) holds when (ii) specifies 7TS since cp induces an 
isomorphism of the Deligne-Lusztig varietés Xw for G et Gi , and of 
the Hecke algebras; when (iii) specifies 7RS, (vi) clearly holds since £ 
factors through Gi ; and when (iv) or (v) specify 7R5, (vi) holds since cp 
commutes with a Lusztig functor R^ (cf. 9.2). 

Now, in general, we can find an epimorphism with kernel a central 
torus n G2 —> G, where each G¿ is a connected reductive algebraic 
group with a connected center, with a Weyl group W{ such that (W{, F) 
is irreducible; so applying (vi) and (vii) 7rs is completely determined 
from its value in the case (W{, F) irreducible. We next show that the TVS 
thus constructed does not depend on the particular choice of \ \ G¿ —• G. 
If we have another such morphism JJ Ht- —• G, then H¿ and G¿ have 
the same derived group and we can embed both in some K¿ with still 
the same derived group such that the maps f j G¿ —• G and II H¿ —• G 
factor through II Ki It is enough to show that the parametrization 
given through f j G¿ factors through Yl K¿, and that comes from the 
unicity in the case (W, F) irreducible and the fact that (vi) holds in 
that case so the embedding G¿ —• K¿ is compatible with 7cSi. 

The last thing we have to check is that the parametrization irs 
defined above satisfies (i) to (v). It is clear for the parametrization in 
Y\ G¿, and the remarks above proving the compatibility of (vi) with (i)-
(v) in the case (W, F) ireducible can be applied here too to prove that 
(i)-(v) are preserved via Yl G¿; G. • 

COROLLARY 7.3. Let w G W be an element such that w®+ c $+. 
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Then the following diagram is commutative: 

£(GF,s) Ks 
£(CG.(s) MH WM = 

ad w* 

£(GF, ws) r wi MH WM = M H W M w w i F w 1 ) * 

PROOF: Note first that this corollary is a special case of 7.1(vi) when 
w G WF (taking then <p = adw*; the proof will be similar to that of 
7.1(vi). We have to check that adw o TTS satisfies (i)-(vii) of 7.1 applied 
replacing s by ws. 

(i) results from 9.2 applied in G* with (p = adw* which gives 

F MH WM =M 
p(vtü1 F ) * 

o adw(l) = R MH WM =MH 
'~£t(/wvivj F iv~1 ) * 1 

for any v € W(s) and from R ^ ^ ^ (ws) =RGTGvw1F(s). 
(ii) and (iii) are trivial here (if s is central then w = 1). 
To prove that (iv) holds we have to prove that the following diagram 

is commutative: 

£(GF™s) ad IB*ON8 MH WM =MH WM =1) 

R GF 
xuj^wv Fw—1 

MH WM =MH tw* MH WM =MH WM =*1) 

where L is a standard, u.F-stable Levi subgroup of G such that L* D 
CG*(S) and where v is the WL-reduced element in W-^Wi. But since 
RGLVF°adw-1 = R^ljWvriv-i the diagram above is the composed of the 
diagram given by 7.1(iv) (with v for w) and of the following diagram 
given by 7.1(vi) with (p = adw: 

MH WM = 
TT» £(CL.(»)(*lF)*,i) 

ad tu 1 ad w 1 

MH WM =MH W 
TTwa 

M H W M 5 ( C - L * ( w * ) ( * * l F , & " l r , l ) 

The proof for (v) is entirely similar; and (vi) and (vii) are quite 
obvious. 
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III 

The aim of this part is to give a general conjecture about the action 
of Shintani descent on the parametrizations of parts I and II and to 
prove some results in the direction of that conjecture. We begin by 
recalling some facts about Shintani descent and the definition of "F-
twisted induction" (cf. [4], [5] and [7]). 

8. Shintani descent, F'-twisted induction. Let G be a connected 
reductive algebraic group defined over an algebraically closed field JFq. 
We consider two rational structures on G defined over some finite sub-
fields of Wq and given by two Frobenius endomorphisms F and Ff which 
commute. In this background, we recall the definition of Shintani de­
scent. 
8.1 DEFINITION. 

(i) We denote by N F ' / F the map from F-classes on GF to F'-classes 
on GF which maps the F-class of g £ GF' to the F'-class in GF 
ofh~1F'h e GF where h 6 G is such that h~1Fh = g. 

(ii) We call Shintani descent the map Sh.pt/p from F-class functions on 
GF' to F'-class functions on GF defined by Sh'pt /p = * N ^ F . 

It is easy to show that Shintani descent is an isometry for the usual 
scalar products on C(GF/F') and C(GF'/F). 

Let us now assume that we are given a pair T C B of a maximal 
torus and a Borel subgroup both F and i^'-stable. Let L be a standard 
Levi subgroup stable under Ff and let w be an element of WF such 
that L is stabilized by wF where it; is a fixed representative of w in 
the normalizer NG(T)F' (note that wF and Fr commute). With this 
background we want to define the F'-twisted induction which will be 
denoted by R%lfF, from the space C(LxbF/F') to the space C(GF/F'). 
We first define it for the elements of a basis of C(LwF/F'): let 7r be an 
F'-invariant irreducible character of LwF and 7r be an extension of ir 
to the semi-direct product JjwF X<ir">; let [n] be a complex vector 
space affording a representation of hwF with character 7r; let S be the 
algebraic variety 

5 = {x e G I x-1 Fx eU.w.FU} 
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(the endomorphism F' acts naturally on S). We define the .F'-twisted 
induction of 7T (actually of the restriction of TT to JjwF.Ff; we shall 
not mention the restriction when the context is unambiguous) as be­
ing the restriction to GF.Ff of the character of the representation of 
GF X<F'> on the space (H*(S) <g> [ T T ] ) 1 ^ , where F' acts naturally 
on H*(S) and acts as defined on [K]. We immediately get: 

8.2 PROPOSITION. With the preceding notations we have: 

Trace(gF' I R Gr/F' 
MH W 

(r)) = IL wfI"1 
l e w 

TT(IF') Trace((g, /) F* I H*C(S)). 

This allows us to extend the definition to the whole space of jF'-class 
functions: 

8.3 DEFINITION. We call F'-twisted induction the map 

R GF/F' 
MH W 

: C(L™F/F') C(GF/F') 

which extends by linearity the formula of proposition 8.2. 

9. Isogenies. 
In this section we show that induction and f-twisted induction 

from a Levi subroup behave well with respect to isogenies. We will 
consider a morphism ip : G —• Gi of connected reductive algebraic 
groups such that cp induces an isogeny from the derived group of G 
to that of G i . In this situation, if T is a given maximal torus of G, 
there is a unique maximal torus T i of Gi such that <£>(T) C T i . In 
fact, we have T i = <p(T).ZGi since Gi = (p(G).ZGi; we have also 
Ti C\<p(G) = v?(T). In addition, we have: Kery? C ZG and NGl(Ti) = 
< ^ ( ] V G ( T ) ) . Z G I S O (p defines an isomorphism of Weyl groups: W —• W\. 

Let F and F1 (resp. F\ and F[) be two commuting Frobenius 
endomorphisms on G (resp. on G i ) with Fr (resp. F{) spht such that: 

<p o F' = F[ o <p and <p o F = F\ o cp. 

Let B be a Borel subgroup of G such that the pair T C B is F and 
JP'-stable; then it is clear that the pair T i C Bi is also F' and F{-stable, 
where Bi = v?(B).ZGi. 
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9.1 THEOREM. In the above situation, assume in addition that Ker cp is 
connected. Let w G J V G ( T ) F ' , let W\ = <p(w), and let Li be a standard 
Levi subgroup of G± which is w\Fi and F[-stable. Then for any F[-class 
function 7Ti on \j^lFl we have: 

R C(GF/F' 
L™1 F* /F[ 

(TTI) OCf = R 
GF/F' 

L « F / F 
(TTI O (f) 

where L = cp 1(Li). 

PROOF: In view of 8.2 and the Lefschetz formula we have to show the 
equality of: 

| L Û , F | - 1 

C(GF/F' 
TT(7) \{X G G I x~x.Fx G \JwFu and gF'x = xl}\ (i) 

(where n = niocp, g £ GF and U is the unipotent radical of a parabolic 
subgroup containing L) with the analogous expression for G i : 

C(GF/F' 

C(GF/F' 
7 T l ( / l ) 

C(GF/G1' x~1Flxe Uiwx FlUi and ip(g) F**x = xl1}\ (2) 

The equalities Gi = L i ^ ( G ) (since ZGi C Li) and Li PI <p(G) = <p(L) 
show that Gi/<^(G) ~ Li/(Lin<£>(G)) ~ Li/<^(L) and this isomorphism 
is compatible with wiFi since (p(L) is wiFi-stable (because L is it;in­
stable) . 

So we get (Gi/^(G))™lFl ~ (Li/<^(L))™lFl and the first group is 
also isomorphic to (Gi/<£>(G))Fl because Gi is central modulo <p(G). 
As (p(L) is connected we have: (Li/y?(L))fl'lFl ^ Lj*lFl /cp(L)^FK Now 
Ui = (p(U) so that Ui iü i^Ui C <£>(G); so any x\ G Gi such that 
x^x.F^x\ G U i ^ i ^ U i is i^-stable modulo <p(G) and since we have 
(Gi/^(G))F» = Lf lFl /^(L) lFl we can find an element A G LflFl 
such that 2/i = x\\ is in <£>(G). Then y^.^Vi G UiWiFlUi and 
there are |<£>(L)™lFl| elements y\ corresponding to |L™lFl| elements 
x\. Moreover x\ satisfies x^[1(p(g)F^xi = l\ G L™lFl if and only if 
yi satisfies 2/j-1 < £ > ( # ) — A ^ / i ^ A G L™lFl and, by assumption, 
7Ti(/i) = 7ti(X~1l1 FiA). So expression (2) is equal to: 

|y>(L)t6lFl|-1 

C(GF/F' 

C(GF/F' 

|{yi e v ( G ) I yr1-*"1»! e U n i ! FlU! and <p(g)Fly, = yih}\. (3) 
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We show now that the map (x, 1) •—• (<p(x), <p(l)): 

{(x,l) € G x Lw f | x-x.Fx € UwFU and gF'x = xl} -> 

{ ( v i , *i) € <p(G) x L?lF> | »1"1.Jiiy1 € U i t C i ^ U i and ^ ( ^ V i = V i / i } 
is surjective. If (yi , / i ) is in the right-hand side set then y\ = (p(y) 
with y"1 .Fy G Uw^Uz for some z € Ker<£>. As Ker<£> is connected (so 
that Lang's theorem holds in Kercp) we can modify y to get another 
element such that <p(y) = y± and y~1 Fy £ UwFU. Then we have 
(p(y~1gF y) = !i G <p(L)WlFl which implies y~xgF y G IjwF Kev (p since 
^(L)™lFl ~ (L/Kei(p)wF ^ L™F/(Ker <p)™F as Ker <p is connected. Let 
us write v~1QF V — lz with / G L™F and z G Ker<p: then: 

F F i — 1 F ~1 F ' F 
= *Z *y 9 У 

= Fi—1 Fy —1y (y^gF'y)F'(y--1Fy) 
=Fl-1\Fy-\y)lzF\y^Fy). 

Setting a = у 1 Fy G Uti;FU we get 
z-1Fz=Fl~1a-1lF'a = b-1wFr1lF'a 

with 6 € UwFU. But WFl = /, so z~1F2fe = Fa € UtuFU, which 
implies z~1Fz = 1 (using the Bruhat decomposition), so the element 
(y, lz) is a preimage of (yi,h). The fibers of the above map are clearly 
all of cardinality |(Kery?)F|. So expression (3) becomes: 

H L r F 4 - 1 | ( K e r ^ ) F | - 1 

C(GF/F' 
miiyeG|y-1. Fy G UwFU a n d 9FУ = yi} 

which is the desired result since |L™F| = |(Ker <p)F\\<p(L)WlFl |. • 
9 .2 COROLLARY. Under the assumptions of theorem 9.1 (except the 
existence of F' and F[), for any wi G Irr(L™lFl) we have: 

R fs 
moet (ici)o<p = R Gf 

Gdcx (TTI О <£>). 

PROOF: Let d be such that Ff and Fd are split and such that Li and 7Ti 
are fixed by Ff. Then, for any m G IN, we can apply the theorem with 
Ff = Fdrn and F[ = Ffm. Applying the standard process of "taking the 
limit for m = 0" (cf. [3, 3.3 and 4.1.2] and [5, 3.2]) gives the result. • 

If G* (resp. G*) is a group dual to G (resp. G i ) , a morphism (p as 
above induces a morphism (p* : GJ —» G* with a central kernel, which 
also induces an isogeny for the derived groups, and an isomorphism of 
the Weyl groups. 
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9.3 COROLLARY. Under the above hypotheses, assume in addition that 
ZG and ZGi are connected. Then for any si G Tf such that WF1{S\) 

is non empty we have: 
(i) Let s = (p*(si); then <p* induces a morphism CG*(SI) —» C G * ( S ) 

which is an isogeny on the derived groups. 
We denote T »-» ^(J7) the induced bijection from ZL(W(si)) to 

~(W(s)). Then 
(ii) x *—• X0(P defines a bijection: x £ £(Gf*, si,T) —* £(GF, s,^(.T7)). 

PROOF: Since ZGi (resp. ZG) is connected, the group W(si) (resp. 
W(s)) is generated by reflections corresponding to the roots in 3>5L (resp. 
(I)s so to prove (i) we have to prove that Qfi G $5l (i.e. c * i ( s i ) = 1) is 
equivalent to a{s) = 1 wnere a corresponds to oi\ Dy y> . inis is true 
since (by definition of isogenics) a o <p* = g(a)ai for some power q(a) 
of the characteristic. 

We now identify W(s) to W(si) by 9?*. To prove (ii), since by 9.2 
we have i? lFl (Si) o cp = R^wr(s) for any w G Zp(s), it is enough to 

prove that x 0 <̂  is irreducible for any x € £ ( G f * , S i ) . 
If x and V> are characters in Irr(GFl ) , by Clifford theory x 0 <P and 

i/jo<p are either disjoint or equal, and the latter occurs only if they differ 
by a (linear) character of Gf*/v?(G)Fl, and ( x 0 <Pi X 0 <P )GF = | { # £ 
Irr(Gf*/<p(G)Fl ) I 9 (g) x = x} | - Such a 0 corresponds to an element 
z in Ker<£>*. If 2 ^ 1, the elements zs\ and $i cannot be conjugate 
under G\\ they would then be conjugate by some w G W, but we would 
have — s so w E. W(s) = W(« i ) so ws± = si, a contradiction. 
So if x £ £ (Gf* , s i ) then 0 <g> x € £ ( G F l , s i 2 ) which is disjoint from 
£(GFl , s i ) , so we cannot have 0 o x = X? so X 0 <P 1S irreducible. • 

10. Shintani descent. 
In this section, we want to express the action of Shintani descent in 

a connected reductive algebraic group G in terms of the parametrization 
of section 5. As in section 8, we assume that G has two rationnai 
structures given by Frobenius endomorphisms F and JF', both stabilizing 
a pair T C B. Furthermore, we assume that Ff is a split Frobenius 
endomorphism. We fix a semi-simple element s G T* assumed to be 
i^'-fixed, and such that Wp(s) is not empty and we choose W\ G Wp(s) 
as in section 2. We keep all notations of part I. With these notations, 
we will give some evidence for the existence and commutativity of the 
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following diagram (which properties we conjecture to hold in general): 
10.1 

C(GF'/F,a) 
OoShF,/F 

C(GF/F',s) 

a b 

C(GF/F' 
C(Co.(a)<*J!,/>V(*i*,)V) 

C(GF/F' 
C(CG.(s )<à* iF>* / ( F ' ) * , l ) 

c d 

J 6 H ( W ( s ) ) № l F 
C(GF/F'C(GF/F' 

FT 

J r € S ( W ( s ) ) w l F 
Q Z j V i ( r ^ c r ^ X J < i w i F > ) 

where map a (resp. b) is a bijection generalizing to F-class functions 
(resp F'-class function) the map 7r5 of section 3, and maps c and d 
are generalizations of the parametrization of section 5. We have de­
noted by FT the Fourier transform associated to the pairing between 
spaces QlM and M and by $ the endomorphism of C(GF/F',s) de­
fined on the basis of extensions of F'-invariant irreducible characters 
by multiplication by the associated eigenvalue of F'. We will construct 
vertical maps under suitable assumptions: we keep the assumption 3.3 
that restrictions of irreducible characters are multiplicity free and we 
will assume some degree of compatibility of irs with the action of the 
Frobenius endomorphisms (cf. 10.3, 10.4 below). Then we will show 
that Shintani descent maps the subspace of C(GF /F, s) corresponding 
to principal series characters of CG*(s)^aF)* into C(GF jF1', s) and that 
when F' = FQ1, where FQ a split Frobenius and m sufficiently divisi­
ble, the restriction of the above diagram to the corresponding subspaces 
is commutative. We do not know in general if Shintani descent maps 
C(GF'/F,s) on C(GF/F',s). Shoji and Asai ( [14] , [15] and [2] ) proved 
this result for groups with connected center and for the special linear 
group. The proof of the commutativity of the restricted diagram relies 
heavily on the results of [7]. The idea is to show that the "limit for 
m = 0 " of this diagram ([7] shows the existence of the limit of Shintani 
descent) is known to be commutative by theorem 5.8, and to apply re­
sults of [7] which relate the value of Shintani descent to the value of its 
limit. 

We need also the following result of [7] which is an easy generaliza­
tion of [11, 2 .20] : 

1 0 . 2 PROPOSITION. Let F' be a split Frobenius endomorphism over the 
field TFqF, such that F's = s; then 

(i) Any p e £(GF, s) is fixed by F'. 
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(ii) For any extension p of p to GF X<F'>, such that <F'> acts on 
p via a finite quotient, there exists an algebraic number \p G Q/ all 
of which complex conjugates have absolute value 1 such that if p is 
a component of H*{Y.&, Qz) (where Yw denotes a Deligne-Lusztig 
variety) then the isotypic component of type p in this module has 
a (GF, Fr)-stable filtration whose quotients are isomorphic to p, if 
we multiply the action of F1 in each quotient by \Jxq-1qFi for some 
integer i. 

So the right hand side of diagram 10.1 is given by 3.4 and 5.2 pro­
vided that F' acts trivially on^C(CG*(s)(àw1F)*1). By 10.2 above, it 
acts trivially on C ( C Q . (s)aWlF*, 1 ) . We assume that it acts again triv­
ially on unipotent characters of the full centralizer (it may be possible 
to check case by case that this assumption holds): 

1 0 . 3 ASSUMPTION. The action of Ff on £(CG.(s)(™lFr, 1 ) is trivial. 

We now look at the left part of diagram 10.1 . Here the Frobenius 
endomorphism is F''. It is assumed to fix s, so WF'(S) = W(s), i.e., 
the corresponding element w\ is equal to 1. As Fr is split, it acts triv­
ially on the Weyl group and we have Hl(F', A) = A. We will assume 
that all representatives of elements of W we consider are chosen in GF'. 
To construct map a we have to show that the map ws : £{GF , s) —• 
U a € A ^ ( C G * ( « ) ^ F 1 ) restricts to a bijection from the set of infixed 
characters in the left hand side onto the set of (wiF)*-fixed characters 
in the right hand side. Recall that 7rs was constructed using the embed­
ding G G, and that it maps the elements of the GF / Stab^p/ (/>)-
orbit of p G £(GF',s) onto the elements 7rs(p) <g) £ where £ runs over 

Irr(CQ*(s)aF (7rs(p))/C°G*(s)aF ) . Moreover, as stated after 3.4, there 
is a canonical isomorphism 

GF7StabÓF, (p) ~é lTT(CG.(s)àF\7rs(p)) fC°G.(s)àF') 

induced by the map a n a o f 3.2. So if both p is F-fixed and 7rs(p) is 
wiF-fixed, the map ws is compatible with the actions of F and WiF. 
To ensure this compatibility in the sequel, we will make the following 
assumption: 

1 0 . 4 ASSUMPTION. 

(i) If the A-orbit of p G £(GF , s) is F-fixed, then it contains an F-
fixed character. 
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(ii) For any a G A and each (w^F)*-fixed A-orbit in £(C°G*(s)aF', 1 ) , 
there exists a (w\F)*-fixed extension to CG*{S)cF of the sum of 
the characters in that orbit. 

This assumption gives us the desired existence of bijection a be­
cause a character p can be F'-fixed only if its orbit is F'-fixed, and a 

pit 

character in ^ ( C G * ( S ) , 1 ) can be tt>iJFVfixed only if its restriction to 
Q . ( s ) i F ' is wxF-&xed. 

Let us remark that in the case where a = 1, and p is in the principal 
series O£CG*(S)F > property 10.4, (ii) holds by the lemma 5.5, (i) applied 
to W(s) with the automorphism wiF. 

1 0 . 5 We now construct map c. We simplify the notations by writing H 
for C Q * ( S ) . Note that for any family T of W ( s ) , as F1 acts trivially on 
IV, we have C(GF/F'C(GF/F' \<F>)=M(Tr), 

so the parametrization of 5.2 in this case is a bijection 

a EA 
C(GF/F'C(GF/F' 

JF€2(W) 

Q,-M(I>). 

We now show that this parametrization maps u;i .F-invariant irreducible 
characters on wi.F-invariant elements in the right hand side, so we can 
restrict ourselves to it; i F-invariant families. Let T be such a family. It 
is defined as the A-orbit of a family T0 G E(W°(s))a with a G AWlF. 
The action of w±F on the orbit of £(HoaF , l ,Fo) corresponds to the 
action of WiF on the A-orbit of M(Tjr0 C IV0 X < a > ) , which induces 
the action of w\F on Ai(Tjr). The parametrization maps the exten­
sions to HaF' of the sum of the A-orbit of ip0 G £(H.oaF ,5 ,^*0) onto 
elements (x,x) G A4(Tf) where x runs over irreducible components 
of Ind^^(^(xo) where (x,xo) £ M(Tjr0 c IY0 X<a>) parametrizes 
XJJQ . Extensions of the sum of the orbit of i/>0 differ by tensorization by lin-
ear characters of Stab^^o)- Irreducible components of IndcrFT:F (x) (x)\(xo) 
differ by tensorization by linear characters of Stab^^o? (x,Xo)) which 
is equal to Stab^(^o)- By assumption 10.4, (ii), the sum of any wiF-
invariant orbit in £(HoaF , 1 ) has a tt^F'-invariant irreducible extension 
to HaF . So showing that w 1 F-invariant characters in 5(HaF , 1, T) cor­
responds to wiF-invariant elements of M.(Tj?) is equivalent to showing 
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that for any (x, xo) € M.(TjrQ c TjrQ X<a>) there exists an irreducible 

component x °f I*10^1^ ̂ \ (xo) such that (x, %) is invariant as an ele-

ment of ^ ( r ^ r ) . But this is exactly the statement of 5.5, (ii) applied 
for the automorphism W\F. So under assumptions 3.3 and 10.4 we have 
constructed map c. 

Note that assumptions 10.3 and 10.4 are clearly true if the center 
of G is connected. So in this case, maps a, b, c and d are proved to 
exist. 

Before giving the announced result about Shintani descent, we re­
call some of the main results of [7] (cf. [7] 4 .2 , 7.4, 8 and 9 . 7 ) . We keep 
the same notations. 

1 0 . 6 THEOREM. We assume that Ff = F$m where F0 is a spht Frobe­
nius endomorphism on G and m is such that F™s = s. We denote by 
t/>G,F' the linear operator from C(GF/F',s) to C(GF,s) which maps 
any p on Xjxp, where Xp is the eigenvalue of F' associated to the ex­
tension p of p E £(GFs) (cf. 10.2). Then, for any extension E to 
W(s)X<w1F> of E 6 (Ivv(W(s)))WlF, there exists an extension pE 
of the character pE (inverse image by ns-i of the principal series char­
acter corresponding to E) such that 

l/>G9F' ° ShF,/F pÈ = 7Cs-i (RÉ) 

(and so is independent of m). 

We can now state: 

1 0 . 7 PROPOSITION. AS above, we assume that F' = F™ where F0 is a 
spht Frobenius endomorphism on G and m is such that F™s = s; then 
for any p £ 5 ( G F , 5 " 1 ) , any extension p of p to GF X<F'> (where 
the action of Ff is of finite order) and any E £ (In(W(s)))WlF, if Xp is 
the eigenvalue of Ff associated to p, we have 

(p, ShF,/F pÉ)GF.F, = À J 1 ( - 1 ) < ^ ) C(GF/F{^Tr.! (p) 

PROOF: It is an immediate consequence of 10.6 , of 3.5 and of 5.8. 
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