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DEGENERATING VARIATIONS OF HODGE STRUCTURE

Eduardo Cattani] and Aroldo Kap]an]

This article is an expanded version of the authors' lectures given at the
CIRM Conference in Luminy. As such, it is a survey of some techniques and results
on degenerations of pure polarized Hodge structures and their consequences,notably
the L2 realization of related Intersection Cohomology groups. It tries to com-
plement and update the existing expository literature ([6], [9], [15], [16], [18])
and to present the results in a manner suited to other applications.

For a unipotent variation of (pure) polarized Hodge structures over the com-
plement of a normal-crossings divisor, Schmid's Nilpotent Orbit Theorem asserts
that, relative to the flat structure, the Hodge bundles have only logarithmic sin-
gularities along the divisor; in fact, they extend holomorphically as subbundles
of the canonical extension. In terms of the latter, the "approximating nilpotent
orbit" is just the corresponding constant term, which by itself defines a varia-
tion of polarized Hodge structure. In turn, éhe SL2—Orbit Theorems reduce the
analysis of nilpotent orbits to the case of certain SL(2,R)n-equivariant ones.
The notion of nilpotent orbit turns out to be equivalent to one of polarized
mixed Hodge structure; SLz-orbits correspond then to those that split over R in
a sense to be specified.

These ideas, together with the asymptotic representations and the properties

of the Tocal monodromy implied by them, are discussed in sections 1 to 4. The

]‘Partially supported by NSF Grant DMS8501949 and DMS8801430.
This paper was completed in part during the authors' stay at the Max Planck
Institute in Bonn; they are grateful for its support.
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E. CATTANI, A. KAPLAN

remaining two sections contain applications to estimates for the Hodge metric and
to some global questions, including a brief sketch of the proof of an isomorphism
between the natural L2 and the Intersection Cohomologies in this context.

Some of this material was discussed at a seminar during the 1987-88 Special
Year in Algebraic Geometry at the Max Planck Institute. We are grateful to the
participants for their comments and in particular to Hélene Esnault for her care-

ful reading of a partial version of this paper.

1. Preliminaries.

Let X be a connected complex manifold. We view a real variation of Hodge

structure (VHS) over X as given by the data (V,V,VR,F), where V + X is a
holomorphic vector bundle, Vv a flat connection on V, VR a flat real form and
F a finite decreasing filtration of V by holomorphic subbundles - the Hodge
filtration - satisfying

(i) v < Q} g P (Griffiths' transversality)

(1.1)

(i1) v =P g kPt

(F = conjugate of F relative to VR)

for some integer k - the weight of the variation. As a c”-bundle, V may then

be written as a direct sum

(1.2) v= o P9, oP9 - P o F9
pHa=k

the integers P29 = dim vP*9 are the Hodge numbers. A polarization of the VHS

is a flat non-degenerate bilinear form S on V, defined over R, of parity
(-1)k, whose associated flat Hermitian form Sh(-,-) = i'ks(-,T) satisfies
(i) the decomposition (1.2) is Sh-orthogona1

(1.3)
(i4) (-1)pSh is positive-definite on PP,

Such a polarization determines then a positive-definite Hermitian metric on V:

(1.4) =13 (-1)Ps"
p
the Hodge metric.

Vp,k-p
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DEGENERATING VARIATIONS OF HODGE STRUCTURE

Specialization to a fiber defines the notion of polarized Hodge structure on
a C-vector space V. Fixing the latter together with the real structure VR’ the
polarizing form S, the weight and the Hodge numbers and allowing the Hodge fil-

tration F to vary, describes the corresponding classifying space D of polar-

v
ized Hodge structures. Its Zariski closure D in the appropriate variety of
5 hr,k-r

r>p

flags consists of all filtrations F in V with dim FP = satisfying

(1.3.i") s(FP,Fk-P*ly < o,

The complex Lie group Gt of all automorphisms of (V,S) acts transitively on
B - therefore B is smooth - and the group of real points GR has D as an
open dense orbit. Let o c‘ﬁ(v) denote the Lie algebra of GC’ IR c that of
GR' The choice of a base point F e B defines a filtration in v

(1.5) Fly = {T eqr| TFP c PP} |

If FeD, then (1.5) determines a Hodge structure of weight 0 on 9 with

(1.6) g7 = (T eg| VP9 o (PHATy

The Lie algebra of the isotropy subgroup B < qc at F s F0{7 and F']77F047
is an Ad(B)-invariant subspace of Qf/Foiy . The corresponding Gt—invariant sub-

v
bundle of the holomorphic tangent bundle of D is the horizontal tangent bundle,

denoted ty Th(s). A polarized VHS over a manifold X determines - via paral-
lel translation to a typical fiber - a holomorphic map f:X > D/T where T is
the monodromy group (Griffiths' period map). By definition, it has local 1iftings
into D whose differentials take values on the horizontal tangent bundle.

In the sequel we shall be interested in the asymptotic behavior of a polar-
ized VHS, relative to some smooth compactification X of the base where i -X
is a normal-crossings hypersurface. Such X exists, for example, if X is
quasi-projective. Locally at infinity we may then replace X by a product
A*n x A" of punctured disks and disks. We let U denote the upper half plane,

2miz

*
covering A via themap z-+s =e , and let
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(1.7) o:U" x A" > D

%
be a 1ifting of the corresponding period map A N a™ D/T to the universal

m

%
covering of A " x A" (we shall also refer to ¢ as the period map). If {ej}

is the standard basis of c", then

(1.8) 8z + eow) = vio(zw)s  (zw) e U x AT

where {Yj} c GR are the images under the monodromy representation of the stan-
*
dard generators of n](A M) taken in a clockwise direction. In particular, the

yj's commute. We now assume

(1.9) the yj's are quasi-unipotent.

(1.10) REMARKS. (i) The definition of a real, polarized VHS given above is
due to Griffiths [15] and is abstracted from his fundamental result on the geomet-
ric situation: given an algebraic family of smooth projective varieties f:M > X,
the Hodge structures on the local system V = ka*c determine a VHS of weight

k whose restriction to the primitive cohomology is polarizable. In this case,
the local system of Z-modules ka*Z determines an additional flat, integral
structure. If the latter is incorporated in the definition of VHS, the conditim
(1.9) is automatically satisfied, as asserted by the Monodromy Theorem [23], [25],
[28].

(i1) It is clear that any holomorphic, horizontal map o:U" x A" 5 D satis-
fying (1.8) is a lifting of a period map of a VHS over A*" x A", with monod-
romy generated by the yi's.

The transformations Nj = i%—]og y?j, where 2j = unipotency index of Yj’
lie in R’ are nilpotent and mutually commute. To any nilpotent N e giv) one

associates its weight filtration: it is the unique increasing filtration W =

W(N) of V satisfying
() NWy < W, ,

(i) Nord s art

1} is an isomorphism.
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DEGENERATING VARIATIONS OF HODGE STRUCTURE

One has the "Lefschetz decomposition”

W_ J
(1.11) Gry = jgo N (Pyyp5 (M)

rwz_z). The weight fil-

in terms of the "primitive parts" Pl(N) = Ker(N2+1:Grz > G
trations associated to various linear combinations of the Nj's play a crucial
role in the analysis to follow, as weight filtrations of the 1imiting mixed Hodge
structures determined by a VHS.

Recall that a (real) mixed Hodge structure (MHS) on (V,VR) is a pair (W,F)

of filtrations of V such that the weight filtration W 1is increasing and de-
fined over R and the Hodge filtration F is decreasing and induces in Grz a
Hodge structure of weight £&. Given a MHS (W,F), the subspaces P9 -
1P>9(W,F) defined by

P»q . P £ Fa-J
(1.12) A e R ALY

_i-1)
i>1 p+g-j-1

are a bigrading of (W,F), in the sense that

(1.13) W= 9 12:b P g 12
a+b<y a>p

k]

which is uniquely characterized by the property

(1.14) P-4 = [9.P (mod. @ 12°P)
a<p
b<q

(cf. [13], [2], [4]). In terms of this bigrading, a MHS (W,F) splits over R

it 1P900F) = 19P(W,F), in which case 1P29(W,F) = FP o Fhnw . The fol-

Towing result of Deligne [13], [4], associates to any MHS one that splits over

R, in a natural manner. Define

L-1>=1 (W,F) = {T e End(V) | T(1P>9) c @ {12:P|3 < p, b < q}}

-1,-1 1.-
U ) = TRy g End(Vg) .

(1.15) THEOREM. Given a MHS (W,F) there exists a unique & e Lil"l(w,F) such
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that (W, exp(-id)+F) is a MHS that splits over R. Moreover, & commutes
Ll r) = 15w, exp(-i5) - F).

with every morphism of (W,F) and L

The 1imiting MHS determined by a polarized VHS carry distinguished polari-
zations. Given V, V,, an integer k and a real non-degenerate bilinear form

S of parity (-l)k, we introduce:

(1.16) DEFINITION. A MHS (W,F) on (V,VR) is said to be polarized by N e{IR

relative to the data above if

(i) Nk+1 =0
(ii) W = W(N)[-k]
(i) S(FPEK Py = o
(iv) NFP o pPl
(v) The Hodge structure of weight k + & dinduced by F on PQ(N),
is polarized by the bilinear form Sl(°") = S(-,NQ-).
Conditions (ii) and (iv) guarantee that N is a (-1,-1)-morphism of (W,F). By
strictness of such morphisms, the Hodge structure on GrtﬁZ does indeed restrict
to a Hodge structure on P, (N), giving sense to (v). Together with (1.11), the
latter implies that the Hodge structure on Grﬁ is also polarizable - in other

words, (W,F) 1is a graded polarizable mixed Hodge structure.

2. Approximation by Nilpotent Orbits.

We keep the notation of §1 and consider a period mapping ¢:Un x A" > D,
making two simplifying assumptions: m = 0 and the monodromy transformation are
unipotent. The first entails no loss of generality - in fact, the statements will
hold uniformly on compact subsets of A" - while the second amounts to replacing
A" by a finite branched cover. We shall return to these points whenever neces-
sary. The mapping

o:U" > D

is holomorphic, horizontal and satisfies ¢(z + ej) = (expNj)¢(;). Since
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exp(szNj) lies in qc, the map &(g) = exp(-szNj) «o(z) s §-valued, holo-
morphic and invariant under translation by the gj's. Therefore ¢(z) = w(e2"15)

3

. *n v .
with y:A " > D holomorphic.

(2.1) NILPOTENT ORBIT THEOREM [28].

(i) the map ¢ extends holomorphically to A"

(ii) the map g:C" 5 given by 6(z) = exp(szNj)- ¥(0) is horizontal
and there exist o > 0 such that o6(z) e D for Im 23>0, 1<j<n

(iii) for any Gg-invariant distance d on D there exist positive

constants B8, K such that, for Im zj > 0

-2nimz,
d(¢(2).0(2) <K (Imzpfe 7.
J

Moreover, the constants o, 8, K depend only on the choice of d and

the weight and Hodge numbers used to define D.

The proof of the Nilpotent Orbit Theorem hinges upon the existence on D of
Gk-invariant Hermitian metrics whose holomorphic sectional curvatures along hori-
zontal directions are negative and bounded away from zero [17]. We refer the
reader to [9] and [18] for expository accounts and to [29] for an enlightening
proof in the case when D 1is Hermitian symmetric; the latter is also explicitly
worked out in [16] for VHS of weight one. We should remark that the distance
estimate in (2.1; iii) is stronger than that in Schmid's original version ([28],
4.12) and is due to Deligne (cf. [4] for a proof).

In terms of the canonical extension of the bundle V to A", the theorem
is viewed as follows. Recall [10] that this extension is determined by trivi-

*
alizing V over A " with frames of sections of the form

~ log s,
= - .
(2.2) v(s) exp[z > Nj] v(s)
where v(s) denotes the flat multivalued section of V determined by an element

vV E VR = (VR . (The difference in sign with the usual definition is caused by

s
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our convention (1.8)). If one represents the Hodge bundles FP in terms of the
v(s)'s, they can be viewed as a holomorphically varying filtration of V, deter-
mined up to monodromy. This is given by the period map A*" + D/T, whose 1ifting
is ¢. If, instead, one represents them in terms of the single-valued 7(§)'s,
one obtains the mapping ‘p:A*n > 5; the fact that y takes values in B, rather
than D, reflects the fact that these sections are not real. The theorem then
asserts that the Hodge bundles extend holomorphically as subbundles of the canoni-
cal extension ((i)) and that their constant part - always relative to the trivial-
zation (v,s) » V(§) - also define a polarized VHS ((ii)); 6 1is just the
1ifting of the associated period map and part (iii) estimates the proximity be-
tween the two Hodge structures.

We consider now arbitrary nilpotent orbits, i.e. maps z ~» exp(szNj)- F,

where N1,...,N

. . v -1
n are commuting nilpotent elements of Q(R, FeD, Nj €F qy

and exp(szNj)- FeD for Im z; > 0.

(2.3) THEOREM. If {N1,...,Nn;F} determine a nilpotent orbit, then

(i) N§+1 = 0, where k is the weight of the structures in D.

(ii) Given I < {1,...,n}, every element in the cone

C,={ 2 XN X; eR, A; >0}
I yer 373773 J

defines the same weight filtration wI.

(iid) (w(n)[—k],F) is a mixed Hodge structure, polarized by every

N e C(n) (we write (r) for {1,...,r}).

- \
Conversely, if commuting nilpotent elements Nj e (F lg)n'jk, F e D, satisfy
(i), (ii) for I = (n) and (iii) for some N e C(n)’ then they determine a nil-
potent orbit with the filtration F.
Parts (i) and (iii) are due to Schmid [28] and follow from the SLz-orbit

theorem, to be discussed in the next section. In the geometric case, (i) is part

of the monodromy theorem (cf. Landman [25] and Katz [23]) while (iii) was also

obtained by Steenbrink [30] and Clemens [8] (cf. also Chapter VII of [16]). The
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statement (ii) was proved by the authors in [1]. The converse statement is a con-
sequence of the several-variables SLZ-orbit theorem [4].

A period mapping ¢:Un - D can now be written as
¢(2) = exp(1z;N;) -u(s),
with p:A" > D holomorphic. The 1limiting mixed Hodge structure (w(n)[-k],F)
given by (2.3; iii) can be used to define a distinguished 1ifting of ¢ to Gt'
Let I*’?g denote the bigrading (1.12) of the MHS (w("%7 ,F?r) induced inq; .
Then the graded subalgebra

b
(2.4) p= 0 p_; p. =8 1
a<-1 a 2y

is a linear complement of FQg‘= isotropy subalgebra at F. Thus, for s in a

possibly smaller polydisk around 0, we can write uniquely

(2.5) ¥(s) = expr(s) «F

with s > T(s) e p holomorphic and T(0) = O.

(2.6) PROPOSITION. Let D; = {se A" s; = 0} and Ty = T|p,+ Then
J
[Nj,Fj] = 0.

Proof: ~ Since N, e 1'1"ug < p_y» We can write exp(szNj)epr(§) = expX(z)

with X(z) e p, so that ¢(z) = expX(z) + F. The logarithmic derivatives of

expX(z) 1ie in p and, due to the horizontality of ¢, in F'Ly as well. Hence

e-X(z) 5%—-ex(£) e p_y- In terms of T, this becomes
J
(2.7) e'adr(§)N. + 2nis.e'r(§) —é—-er(E) ep
J J BSj -1

and, setting sj 0, one concludes:

-adrj(g)
e Nj epq -

Given that Nj e p_y and T e p, this is possible only if [Fj,Nj] = 0.

(2.8) THEOREM. Let {Ny,....NsF} define a nilpotent orbit and let r:a" > p
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be holomorphic and satisfy (2.7), so that the mapping

¢( ) = EXD(ZZjNJ.) -expl"(_s_) =

is horizontal. Then ¢(z) is a period mapping, i.e. ¢(z) e D, for Im Z >> 0.

The proof of (2.8) uses the several-variables SLz-orbit theorem and will be
postponed until §4. We note the following implication: given a period mapping
¢(z) = exp(Eszj)y(§) « F, vy =expl', and a subset I c {1,...,n}, set Dp =

v
n Dj and yl(§) = y o (projection of s to DI)' The map ¢I:Un +D,
jel

61(2) = exp(zz;N;) +v;(s) -F
is clearly horizontal and therefore, by (2.8), defines a period map for Im(zj)
sufficiently large. Moreover, since YI(§) commutes with N; for iel, it
preserves the filtration WI, as does, of course, exp(szNj). Recall now the

following result from [1].

(2.9) THEOREM. Let Ic {1,...,n}, J={1,...,n} -1 and let Nj, jed,

(resp. F) denote the endomorphisms induced by the Nj's on Grg (resp. the

filtration induced by F). Then

-~ ~ I
(i) {Nj,j e J;F} determine a nilpotent orbit on Grg .
~ 1
(ii) The weight filtration of N, is the projection to G of
J L -
wlvlddpeg.

Combining (2.8) and (2.9) we obtain

(2.10) PROPOSITION. For Im Z5 j e J, sufficiently large,

[WI[-k], exp[ T Zij]YI(é) -F] is a mixed Hodge structure, polarized by all
jed
N e CI'
In terms of the original VHS, this shows that the filtration FI defined

on the canonical extension over DI by Tim exp[- by z.N.]¢(z), together
Im Zisw iel L M
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with the filtration wI determined by NI, define a graded polarizable variation
of MHS over D;. According to (2.9; ii), this variation is admissible in the

sense of Kashiwara [20] and Elzein [14].

3. SL,-Orbits in One Variable.

Schmid's SLZ-Orbit Theorem associates to each nilpotent orbit expzN-F a
nearby one, expzN -FO, which is equivariant under natural actions of SL(2,R).

For these SLz—orbits it is fairly easy to show that N, FO’ determine a polar-

ized MHS, as well as exact statements on its asymptotic behavior. The correspon-
ding properties for the original orbit then follow from the specific proximity be-
tween the two. Now, the MHS defined by the SL2-orbit splits over R - indeed,
SLz-orbits and polarized MHS that split over R are equivalent notions. There-
fore, the theorem can be interpreted a posteriori as assigning to any polarized
MHS (W,F,N) another one (w,FO,N) that splits over R. Understanding the map
(N,F) » F0 and its relation with that given by (1.15) leads to a generalization of
those results to the several-variables case, to be discussed in §4.

Let (w,FO) be a MHS on V, split over R and polarized by N e Fa]gfk.
Since W = W(N)[-k], the subspaces

v= 8 1P90,F)), k<2<k
pq=k+s

constitute a grading of W(N) defined over R. Let Y = Y(N,FO) denote the real
semisimple endomorphism of V which acts on V, as multiplication by the integer
L. Since NV, < Vo-2s

(3.1) [Y,N] = -2N.

Because N polarizes the MHS (w,FO) one also obtains (cf. [4], 2.7):

(3.2) Yeldp -

+

(3.3) There exist N e such that [Y.N']1=2on", NN T=v.
R

Therefore, there is a Lie algebra homomorphism p*:SQZ(C) e-gt defined over
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R such that, for the standard generators

S O R I
one has
(3.5) oul¥) = Y, ox(N) = N, px(N") = N'.

The upper-half plane U can be regarded as the classifying space for polar-

ized Hodge structures of weight 1 and h"0 = 0!

h =1 on 62, for which GR =
SL(2,R). According to (1.6), the choice of the base point /=T e U determines a

Hodge structure of weight 0 on slz(c), given in this case by

(3.6) (s,(€) 711 = (s2,(€)) > = €(/Ty + n + )
(s2,(€)>0 = c(v" - N).
A homomorphism p,:s2(C) - {]t is said to be Hodge at F e D, if it is mor-
phism of Hodge structures: that given by (3.6) on SRZ(C) and the one determined
by Fo in Y- The 1ifting p:SL(2,C) » Ge of such a morphism induces a hori-

zontal, equivariant embedding

(3.7) PPl LN

by (g /=T) = o(g) *F, g e SL(2,C). Moreover,

(1) o(SL(2,R)) = Gg and therefore o(U) < D.
(3.8)  (ii) p(2) = (expzo(N))(exp(-ip4(N))) «F.

(111) 5(z) = (expxou(N)) (exp(- 5 10gyp,(¥))) «F
for z =x + iy e U.

(3.9) PROPOSITION. Let (w,FO) be a MHS split over R and polarized by

-1
N e Fog Then
(i) The filtration F — := exp/=TN «Fy lies in D.

(ii) The homomorphism p*:slz(c) > €7C defined by (3.5) isHodgeat FJ:T'
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Conversely, if a homomorphism q.:s JZ.Z(C) —>gc is Hodge at F e D, then

(3.10) (W(ou(N))[-K], exp(-ip,(N)) -F) is a MHS, split over R and

polarized by p,(N).
The proof of (3.9) and (3.10) is implicit in ([4], 3.12): one reduces the problem

to the case of the three elementary R-split, polarized MHS:

(a) v=c=1"1; nN=o.
(3.11) () v=c2=-=1%0g1%0, Ny-0p
(c) v=c2=1%0¢ 101, yto! = 1050

with the obvious polarizing forms, where it becomes straightforward. Note that
(3.8; ii) describes the horizontal embedding p:P1 > 5 as a nilpotent orbit, while
(i11) gives a real analytic 1ifting of p[,:U~>D to Gp.

We may now state the SLz—orbit theorem - the following is a simpler version,
suitable for many applications. As an illustration, we show how it yields the

equivalence between nilpotent orbits and polarized MHS.

(3.12) THEOREM. Let z » expzN-F be a nilpotent orbit. There exist

(a) a filtration F/:T e D;
(b) a homomorphism p*:sxz(c)-*qc, Hodge at F ;-3

{c) a real analytic, Gp-valued function aly), defined for y >> 0,

such that
(1) N = 0,(N);
(i) for y >>0, exp(iyN) «F = g(y)exp(iyN) «F,, where F, =
exp(-iN) °F/:T;

(iii) both g(y) and g(y)_] have convergent power series expansions at

o

y =, of the form 1+ %

Any°n, with
n=1

+
An e wn_](N)ffn ker(adN)" 1 .

We refer to Schmid's original paper [28], as well as to [2], [4], for details.
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(3.13) THEOREM. z -+ expzN -F 1is a nilpotent orbit if and only if (W(N)[-k],F)

is a MHS, polarized by N.

We review the proof of (3.13). Given the nilpotent orbit, let Fo g(y), be as in

(3.12). Then F = exp(-iyN)g(y)exp(iyN) -F,. Writing g(y) =1+ % gny‘" for
n=1
Cm((adN)mgn)ym'n, where

T
1 m=0

the cm's are suitable complex constants. Letting y - « one obtains

y >> 0, one finds exp(-iyN)g(y)exp(iyN) = 1 + T
n:

e cp((ad)g ) - F.

Since (adN)ngn € w_n_](N)g'c w_z(N)g', the two filtrations F and Fo define

the same filtrations on er(n)_

But the data N, FO, comes from a Hodge repre-
sentation, hence by (3.11) (w(N)[-k],FO) - and therefore (W(n)[-k],F) - are MHS,
polarized by N.

Conversely, suppose (W,F) is a MHS polarized by N and let (N,FO) be
the MHS split over R associated to (W,F) by (1.15). Thus (N,Fo) is still

polarized by N and

_ . . -1,-1
F0 = exp(-i8) F with Se LR

(W,F).
Let o, be the Hodge representation determined by N, F, and let Y = o).
Using (3.8) and the fact that N, as a (-1,-1)-morphism of (W,F), commutes with

§, we can write

expzN « F = expzN exp ié -FO

expxN exp (- %—109 yY)exp(i Ad (exp%—1og yY)s) 'F/:T .

Since § e ”-2(”)¢7' Tim Ad (exp%—log yY)§ = 0, which implies that for y >> 0,
Yy

exp(i Ad(exp%—log yY)s) “Frr (“F/:T) lies in a relatively compact subset of D.

Since both expxN and exp(- % Tog yY) 1lie in GR’ it follows that expzN +FeD

for Imz >> 0, so that the latter is indeed a nilpotent orbit.

The objects Fo> Pxs 9(y), are not uniquely determined by the properties
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(i)-(iii) but there is a distinguished choice, as in [28], whose properties are
useful for extending the theorem to several variables. We emphasize that the cor-
responding filtration F0 will not in general agree with that of the R-split

MHS associated to (W(N)[-kI,F) by (1.15), which we denote now by EO:

5 Ny -1,-1
F0 = exp(-ig) - F, Se LR (W,F) .

(3.14) THEOREM. The filtration Fo and the function g(y) in (3.12) can be

chosen so that

(i) F, = expg +F,, where £ is a universal non-commutative polynomial
0 0

in _the components éa’b, a<-1, b<-1, of § relative to the

* ~
bigrading I ’*(W’FofJ)' In particular,

T o) = LT Wy o)

(ii) The coefficients An in the series expansions of g(y) and g(y)-]

£ e L'1"](Wq,l;07) =L

in powers of y'1, are universal non-commutative polynomials in the

Ga’b's and the transformation adN+, where N+ is associated to

N, F as in (3.3).

0’

(3.15) COROLLARY. The filtration F, depends only on the MHS (W(N)[-k],F)

0
and not on the particular N or polarizing form S.

4. SL,-Orbits and the Asymptotics of Period Maps in Several Variables.

We now consider an arbitrary nilpotent orbit (21,...,2 ) » exp(szNi) «F

n d
and recall the notation and statements of Theorem (2.3). The MHS (w(")[-k],F)
is polarized by every N e C(n) and, according to (3.15), the R-split MHS
associated to it by the SLz—orbit theorem is independent of N. We make a slight
notational change and denote the Hodge filtration of the latter by F(n) (rather
than Fo).

The R-split MHS (w(")[-k],F(n)) is again polarized by every N e C(n>;

in particular, expiC(n) . F(n) < D and therefore
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n-1
No| e iN *F . .
exp[ji1 Z J] (exp1Nn (n)) e D for Isz >0

In other words, (Nl”"’Nn-1; expiNn 'F(n)) determine a nilpotent orbit of n-1
variables and we may repeat the procedure to obtain an R-split MHS

(N("'])[—k],F(n_1)) polarized by every N e C(n_]). Continuing in this way, one
obtains filtrations F(l)""’F(n) - depending on the given ordering of the vari-

ables - with the following properties:

(i) (w(r)[-k],F(r)) is a MHS split over R and polarized by every
4.1) N e C(r)'
(i) (w(r)[—k],F(r)) is associated to the MHS
WL, expiy +Fiugy) by (3.12).
Let now Y(r) € ffk denote the semisimple element defined by the R-grading of
(w(")[-k],F(r)) as in §3.

(4.2) THEOREM. The elements Y(]),oo.,Y(n) commute, Thus, there is a multi-

grading V= 0 n Vl defined over R, such that
el =

(r)
W =& Vv, Y =21
s L ss 2 (r)|V&. r |V&

The proof of (4.2) is given in [4] and depends on the properties of the
function g(y) of the one-variable SL2—orbit theorem. A different proof of
the existence of common R-gradings of the filtrations w(‘),...,w("), was given
by Kashiwara [19]; this suffices, for example, to obtain the norm-estimates (5.1),
but the fact that the specific gradings in (4.2) satisfy (4.1; ii) seems to be
needed for some of the other applications, in particular (5.2) and (5.3). We
should also note that (4.2) does not hold if one replaces the R-splittings
Y(])""’Y(n-1)’ by those given by the simpler construction (1.15); on the other

hand, an explicit formula for them in terms of the bigradings 1P-9 s given in [6].
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Define N]""’Nn in 47R by: N] = N1 and Nr = component of Nr in

r-1
N ker adY( )? relative to the decomposition of 4]R in common eigenspaces of
j=1

adY(]),...,adY(r_l). Set
N(r) = N-I +...+Nr, N(r) = N-I + ... +NY” YY‘ = Y(Y‘) "Y(r_-l) ’

and let V., N, N: denote the standard generators (3.4) of the r-th factor of
n
szz(c) .

(4.3) THEOREM.

; @ - = ylr)
(1) W) = U)W
(ii) The filtration Frr = expiN(r) 'F(r) is_independent of r and

Ties in D.

(iii) There is a homomorphism p*:szz(c)“ > e Hodge at FJTT s such

that p*(Vr) = Yr and p*(Nr) =N

We refer to [4] for a proof. There, we also give an expression for the
original nilpotent orbit exp(szNj) -F as the translate of the SLg—orbit

exp(szNj) «F, by g(y)-like functions, as in (3.12). Here, we will use (4.3)

directly to describe the asymptotic behavior of a period map, in a way that seems
better suited for applications (cf. [6]).

Given a period map ¢:U" > D we write it as in (2.5)

9(2) = exp(zz;N;)v(s) - F,

2miz,
where s;=e J and y(s) = expI'(s), r:a" > p holomorphic and T(0) =

Let Y(j)’ N(j)’ etc. be the SLz—data associated to the nilpotent orbit

g_+—exp(szNj) «F and the given ordering of the variables and define, for yi > 0,

Y.
= _J ; - =
tj Vi for 1<j<n-T, t =y,
& 1
4.4 L
(4.4) 1]— 109t Y(1)) TT exp(5 logyij).
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2]/2 Qn/Z
Then e(t) e GR and it acts on Vn as multiplication by ty -ty

(4.5) LEMMA.

1/2

(i) Ad(e(g))(Zyij) is a polynomial in t; ,...,t;llz

whose term of

degree zero is ﬁ(n) = Zﬁj.

(i) As t;>=, 1<i<n, e(thy(se(t)! » 15 in fact,

- -ct
lle(t)y(s)e(t) L 1|~e " for a suitable constant c> 0.

Proof: For r > j, Nj is a (-1,-1) morphism of (w(r)[-k],F(r)), so that

1 1

= - 1 — -
[Y(r)’Nj] = 2Nj. Therefore Ad( TT. exp(2 1ogtrY(r)))(yij) tj oty

y.N.=N..
r>j NN
On the other hand, for r < j, Nj € wér)ﬁl and so it lies in the sum of eigen-

A

spaces of adY(r) with eigenvalues < 0. Since, by definition, Nj is the com-

ponent of N. in N ker(adY, ), (i) follows.
J r<j (r)

To prove (ii), write T(s) = ¢ n Fz(§) according to the common eigenspaces
e =

qu. For a given &, if 2j >0, then T =0 (cf. (2.6)) and therefore

21D, .
—| (3)
2:/2 ] 'Cry
1 J r
Ad 5 Yo )T . ;
1Ad(exp 3 10g t5Y 5))Ty ()l < t; I
Yy

since Yp = tt"'tn’ this norm goes to 0 with order at least e . For

Qj < 0 this estimate holds for trivial reasons.

(4.6) REMARK. In proving (4.5; ii) we have used only that the function

T(s) = Tog y(s) satisfies (2.6). The proof also shows that e(;)y(g)e(g)-] > 1
Y5
i+

aS Yy T Pseesy s provided that the ratios t. =

j remain bounded away

from zero.

According to (3.14; i) and (1.15) we may write F = expn 'F(n)’ where
ne L']"](w(n)[-k],F) and commutes with every morphism of (H(n)[-k],F). In
particular, e(g)expne(g)'] +>1 as ty > oseast > Because of (4.3), e(t)
leaves invariant the filtration F(n)“ We can then write

84



DEGENERATING VARIATIONS OF HODGE STRUCTURE

¢(z) = exp(iz; N.)y(s).

= exp(Zx Ny Je(t)” (e(t)exp(IZyJN )v(s)expne(t)” ) (n) .
But

e(&)exp(Zyij)Y(ﬁ)expne(z)'1 > expiﬁ(n) ,

e(_g)exp(ijN“_i)e(_jc_)'1 > 1 for Ile bounded

as t] - w,...,tn + o, and exp1N( )- F( ) = F/:T . Hence we obtain,

(4.7) THEOREM. For any positive ¢,

{e(t)o(2)] tj > e} and {e(t)exp(-ijNj)¢(;)| tj > g, [le <1}

are relatively compact subsets of D.

In fact, the following more precise description of ¢ can be obtained by unravel-

ing (4.6) and arguing as in the proof of (4.5) (cf. [6]).

(4.8) THEOREM. The period mapping can be written as

o(z) = eXP(ZXij)e(L)-]P(t)Q(é,l) . F/:T s

]/2 /2 with constant term

where p(t) is a Gg-valued polynomial in tg ..,t;

one and q(x,y) is a qc-valued analytic function satisfying the following esti-

mate: for any e > 0 there are positive constants ¢, K such that

-Ccy,
n for tj >eg, 1<2j<n-1; t >K. The same estimate

lla(x,y) - 1 <e n

holds if one replaces q(x,y) - 1 by the derivatives TT(y )q TT(y] ax

The objects F(r)’ Y(r)’ N(r)’ for r <n and the function e(t), depend
on an ordering of the variables, as does the region of validity of (4.7) and (4.8).
Also, the construction leading to (4.1) can be carried out for any chain of in-
dex sets Ij cly c... cI = (n), to obtain common splittings of the weight
I I
filtrations W ‘,...,w M One obtains corresponding versions of (4.3)-(4.8),

either by letting the role of N],,,_,Nn be played by fixed elements Tr € CI s
r
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or by letting Tr be an arbitrary element in CJ s Jd_ =1 -1

, and viewing
r r r r-1

the resulting data as depending on parameters.
We conclude this section with the proof of Theorem (2.8). The equation (2.7)

is equivalent to the horizontality of ¢, so that one only needs to show

(4.9) ¢(z) €D for Inlzj >> 0 .

For a given ordering of the variables let e(t) be the corresponding function and

write

e(z)exp(-ijNj)Mg) =
= e(t)expi(zy;N;)v(s) - F
= (Ad(e(z))expi(Zyij)Y(g))(e(z)expi(Eyij) - F).

By assumption, {N],...,N ;F} determine a nilpotent orbit, therefore

n’
expi(Zyij)- FebD for Imzj >> 0. Also, according to (4.7), the filtrations
e(g)expi(Zyij)- F Tlie in a compact subset of D for tj >e > 0. On such a
region, the element Ad(e(;))(iyij) remains bounded (cf. (4.5; i)) and, accor-
ding to (4.6), e(;)y(§)e(§)-] -1 as Y5> Consequently, the filtration
e(g)exp(-ijNj)- ¢(z), and therefore ¢(z) itself, lie in D for Imzj >> 0
as long as the tj's remain bounded away from zero. Permuting the variables

yields (4.9).

5. Some Applications.

The analysis of period mappings given in the previous section yields good des-
criptions of the degeneration of the Hodge metric relative to the flat structure
near a normal-crossings divisor. For example, let V -» A*n be the vector bundle
underlying a VHS with unipotent monodromy and let w(]) = w(N]),...,vw(") =
w(N1+ ee +Nn) be the sequence of flat monodromy weight filtrations associated,

*
as in (2.3), to the ordering (s;,...,Ss_) of the coordinates in A n
1 n

(5.1) THEOREM. For some flat, %R-compatible Hermitian metric Q on V,
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defined up to monodromy, the corresponding Q-orthogonal gradings of the filtra-

tions w(]),..., w(") are mutually compatible. Moreover, over any region of the

form
Tog|s.|

*n . .
{sen |]§|<a<1, nggi]—]r>e, 1<j<n-1}

the Hodge metric is quasi-isometric to

Tog|s, | Y Lo
l:znw cee (-1og|sn|) Q& >
. MG Y
where Q =6 Q2 corresponds to the multigrading V= @ n Grl . Gr2 v
= LeZ n 1

These estimates were obtained by Schmid [28] in the one-variable case and by
Schmid and the authors [4] and by Kashiwara [19] in the general case. We repeat
the argument here to illustrate the use of Theorem (4.7). Let V x T Un de-
note the pullback of V - A*n to the universal cover and ¢:Un + D the corres-
ponding period mapping. Each F e D determines a Hodge metric HF on V as
in (1.4) and, if g e GR’ then Hg-F =g- HF' In these terms, the pullback of
the Hodge metric to V x " s rgpresented by the family of metrics H¢(z)’
ze€ u", on V. According to (4.7), for z = 7%?-109 s in a region of th; form
yji] <€ Y, > 6 |xj| <1, the filtration e(t)¢(z) remains in a compact sub-
set of D and therefore the metrics He(t)¢(£) are uniformly quasi-isometric to

)= e(E)-]H

any given metric, say H . Consequently, the metrics H
F/-_l e(t)e(z)

are uniformly quasi-isometric to e(g)']- HF/—— . The multigrading V = @ Vz of
1 %

w(l),..., w(") is HF/__-orthogonal (as can be seen by decomposing the Hodge
-1

representation into irreducibles) and e(t) acts with eigenvalue
Y72

o

¥,

¢(z

L
. ynn/2 on Vz.

Hence, letting Q denote the multivalued flat form

s

induced by HF on U, the theorem follows.
/-1
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With the more detailed information of (4.8) one can obtain corresponding es-
timates for the curvature of the Hodge metrics on the various Hodge bundles [4].

Although these metrics are not "good" in the sense of Mumford, one still obtains:

(5.2) THEOREM. Let M be the complement of a normal-crossings hypersurface in

a compact Kdhler manifold M, (V,VR,F,S) a PVHS over M with unipotent mono-

dromy. Then the Chern forms for the Hodge metric on any of the bundles F4 > M

define currents on M, which represent the corresponding Chern classes of the

canonical extension F3 - M.

We refer to [32], [26], for the case dim M =1 and to (4], [24], for the case

dim M > 1 and its applications.

The following result concerning the locii of Hodge cycles in a family,
answers a question of Deligne, who also gave a proof (unpublished) in the case of
one parameter. We will give a general argument, based on the results of §4, in a

forthcoming paper.

(5.3) THEOREM. Let (V,VZ,F,S) be an integral PVHS of weight 2p over a

smooth algebraic variety M and let K e Z. Then the projection onto M of the

set {ve P Kll S(v,v) = K}, is algebraic.

6. L, and Intersection Cohomology. Purity.

Let X be a compact Kihler manifold, VZ +X X a local system of Zmodules
on the complement of some normal-crossings divisor of X underlying a polarized
VHS. There are natural L2 cohomology groups sz)(i,v) in this setting, de-
fined as follows. We endow X with a Kdhler metric g which is asymptotic -
locally along X - X - to the curvature form of that divisor (such metrics exists

[10], [31] and are necessarily complete). On V¥V, we consider the Hodge metric

(1.4) associated to the polarized VHS. Define a complex of sheaves on X,
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(AZZ)(V)’d)’ by letting, for any open U < X

AZZ)(V)(U) = V-valued forms w on U n X with coefficients that are
Tocally L2 and have locally L2 derivatives and such
that, for any compact K < U,
J Jolf av < = J ldoff av, < =)
KnX KnX
By definition, HEZ)(X’V) = H(X’AZZ)(V))’ the hypercohomology of AEZ)(V). We
shall sketch a proof of the following

(6.1) THEOREM. The complex AEZ)(V) satisfies the axioms of the (middle) Inter-
section cohomology sheaf with values in ¥. Thus, Hiz)(x,v) = IH(X,V).

(6.2) COROLLARY. A polarizable VHS of weight k on VZ determines a canoni-

cal polarizable Hodge structure of pure weight Kk + p in HP(X,V).

These statements were conjectured by Deligne. He gave a proof of (6.2) for
the case X = X (cf. [31])- where (6.1) is classical - which can be adapted to

the general setting once (6.1) is known to hold. For a curve X, in which case

n

IH (X,¥) = H"(X,i,(V)), the proof is due to Zucker [31]. In [3], we considered
the case of surfaces X with VZ underlying a VHS of weight one. The general
proof is due to Schmid and us [5] and to Kashiwara and Kawai [22]. Kashiwara-Kawai
also obtained an algebraic description of the resulting Hodge filtration in
IHp(X,V). We should mention that for geometric VHS over a quasi-projective
base, Saito proved (6.2) by formal reduction to the one-dimensional case, where
Zucker's result applies. We refer to the articles of Kashiwara and Saito in this
same volume for the details on these two points.

We make some preliminary observations about the LZ cohomology, concerning
in particular the implication (6.1) ==> (6.2). Although defined in terms of
specific metrics, the sheaves A?z)(v) are actually attached to the data X, V.

Indeed, the square-integrability conditions depend only on the local quasi-
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isometry class of the metrics chosen; in the case of g, that is determined by
the specified asymptotic behavior along X - X, while that of the Hodge metric is
independent of the particular polarized VHS supported by V¥, as implied by the
norm estimates (5.1). The sheaves A?z)(v) are fine, due to the local product

structure of the metric g:

(6.3) There is a basis for X consisting of polycylindrical open sets
*
U= Ar+m, with U nX = A" x A" and such that, for any compact

K< U, g is quasi-isometric on K n X to the product of the

Poincaré metric i ds/\dsz)z in the A* factors and the

Is|%(Tog|s|
Euclidean metric idsAds in the A factors

Thus, HZZ)(X’V) can be computed from the complex F'(AEZ)(V)) of global sec-
tions. Because X is compact, this can be identified with the complex of global
V-valued forms w on X, with coefficients that are locally L2 and have local
L2 derivatives, such that w and dw are globally L2. Once we know its co-
homology to be finite dimensional, we can replace the regularity condition on the
coefficients by “Cm", up to quasi-isomorphism; moreover, since the metric ¢

is complete, this cohomology will be representable by harmonic forms. Thus

(6.4) Hip) (RN) = H(I" (A, () = K.

where ?{p = space of square-integrable V¥-valued harmonic p-forms. Now, a VHS
in ¥ together with the bigrading of the C-valued forms determines a natural
Hodge bigrading of the V-valued forms, of weight k + p in degree p. This in-
duces a Hodge filtration in the L2 complex, as can be deduced from the results
of Sections 4-5. As mentioned before, Deligne's proof of the Kahler identities
extend from the case X = X to our setting, because X is compact Kahler. The
classical argument then puts - via (6.4) - pure Hodge structures of weight k + p
in H?z)(X,V), which are polarized by the natural form incorporating the metrics
on the base and the polarization; the Hodge filtration per se is independent of
these. In particular, (6.1) does imply (6.2) in our setting.
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The Z-structure in V insures that the local monodromy along X - X is
quasi-unipotent, but it can be otherwise replaced throughout by an R-structure.
Moreover, for Theorem (6.1) to hold, the requirement that X be compact Kih-
ler is unnecessary, as long as X carries a metric with suitable behavior along

X - X. Specifically, one proves

(6.5) THEOREM. Let X be a complex manifold, Xc X the complement of a nor-

mal-crossings divisor carrying a metric g satisfying (6.3) and let V be a

local system of C-vector spaces on X underlying a real, polarized VHS. As-

sume that the local monodromy of V¥ along X - X is quasi-unipotent. Then, the

complex AEZ)(V) satisfies the axioms of the (middle) Intersection cohomology of

X with coefficients in V.

The hypotheses are preserved upon restriction to open subsets of X. On X,
AZZ)(V) is quasi-isomorphic to V¥ - ¥ regarded as a complex concentrated in de-
gree zero - because the Poincaré lemma applies in the setting of L2 forms. Ele-
mentary properties of Intersection and L2 cohomologies together with Poincare
duality, reduce then the problem to showing: for any small neighborhood U of a

point in a stratum £ of X - X, U of the form (6.3), H?Z)(u,v) = H?z)(u— V)
for p < %Acodim I and is zero otherwise. We may inductively assume this to be
the case for codim £ < n = dim X, so that it will suffice to prove

{H‘(’Z)(A" -(0),V) if p<n

(6.6) Hipy (" ¥) = ,
otherwise

Furthermore, we may assume A" o X = A*n (i.e. r=n 1in (6.3)) and that the
monodromy of ¥ on A*n is unipotent. Let N1""’Nn be the monodromy loga-
rithms acting on a typical fibre V, W = w(Nl”"’Nn) the associated weight
filtration of V and Y e End(V) a particular real splitting of W compatible

with the Nj's - for example, the Y(n) constructed in §4. 1In particular,

GP% = V2 := g-eigenspace of Y. We define an action of Y on the V-valued
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R arg s.
forms: if v eV, then v = exp(Z —EF?—J Nj)° v can be viewed as a single-

valued section of C~ 8 VR; we then let Y act on a form

je] 184l ami

ds;| arg s, .
A { Al Ad| ——=L|| 8V with ve V,» as multiplication by 2[J] + &.
jed

When the action is restricted to the rotation-invariant forms, it commutes with
the differential and is compatible with the L2 conditions. The latter forms
still calculate the same cohomology, so that one obtains actions of Y on the
Lz-cohomologies of A" and A" - (0), and corresponding gradings

)@ = 8 Koy (W, Hip) (87 (00,0 = 8 Hig) (4" - (0),9),

(6.7) LEMMA.

Higy (2" - (0).V) if  2<n,
Hipy @™, = { HG i@ - @) 8 M 4 o=,
0 if % <n,

for certain vector space M.

Although the proof of (6.7) is technically involved, the idea is simple. The
norm estimates are given in a useful form on partial regions around 0. A typi-

*
cal such region is the projection onto A N of the set P <y" (= product of

i *
upper-half planes) defined as follows. For s = e2n1z € A we write z=x+1y,

t = Yo Yy = yi/y] for 2<i<p+1, v,= yj/y] for p+1<j<n and de-

J
fine, for any r > 1,

- n © -1 -1 - . g
P={zeU'|0<t<ew, ricu;<r,r'< Vi< e uge rnnn{uk,vj}}.

In terms of these coordinates, the Hodge and Poincaré metrics satisfy:

~ 2
||v|l(£’t‘!’!)~t /lev"(l»‘iy_:l) for veVv, ,

g~ t'z(dtzi-dxf) + 3 (du§-+t-2dx§) + 2 v}z(dvg-rt'zdxg)
1 J

92



DEGENERATING VARIATIONS OF HODGE STRUCTURE

This and Hardy's inequality is all one needs to calculate the L2 cohomology
over P. The contribution to cohomology from the t-directions is controlled by
the weights of Y while that from the complementary u,v-directions can be inter-
preted as coming from the cohomology of A" - (0). This "explains" the isomor-
phisms in (6.7), which come about by incorporating the calculation on the regions
P into a Mayer-Vietoris spectral sequence adapted to them. M is an infinite-
dimensional space of functions related to the failure of Hardy's inequality in a
critical weight; it already appears in Zucker's calculation for n = 1. We refer
to [5] for details.

It is easy to see that (6.6) follows from (6.7), together with
p n_ =
H(z)(A (O),V)l 0 for p<n<& or 2<nc<np.

By our inductive hypothesis, this statement can be replaced by the analogous one
for Intersection cohomology, once a compatible notion of weight is defined there.
Because of the isomorphisms

P (2", V) if p<n

IHP(a" - (0),V) = .
IHZ"'p'](An,V) otherwise,

the required statement follows from
(6.8) P W), =0 for 2> p.

This "semipurity" statement - for the corresponding notion of weight - had
been conjectured by Deligne in an unpublished letter, based on an analogous re-
sult of Gabber for the 2%-adic situation. As he observed, it amounts to the fol-
lowing property of the monodromy: For J = (j],...,j

F)’ 1< j] < uee <]

write Nj = Nj] .ee Nj and let (B",s) be the simple complex associated to the
r

multiple complex with
BJ = NJV and sg(J,J)Nj: BJ -> BJU{j} , J#J,
as components and differentials, respectively. Then (B ,5) computes IH (A",V).
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W= w(N],...,Nn) determines a filtration WB of B , with WQBJ = NJw2+|J|’

relative to which & is a (-2)-morphism. The statement (6.8) amounts to:

(6.9) THEOReM. G (B) _ o for g5 0.
e K —

In [5], we proved the following somewhat stronger version. Write N =
Ny oo N, and let (NB)" denote the analogous complex defined on NV. Then,

the map induced by N:

(6.10) N:H (B") >~ H ((NB)") s the zero map.

This, in turn, was deduced from the existence of a MHS on (B',d). Specifically,

let F be a filtration on Bo

=V and S a bilinear form such that (W,F) is a
MHS split over R and polarized by S and every element in the cone C spanned
by N],...,Nn; for example, that defined in §3, with F = F(n)’ by the given

variation. Again, F and S determine corresponding objects on each Bp, by
r, _ r+|J| _
F BJ = NJF . SJ(NJu,NJv) = S(u,NJv),

and one has (cf. (3.5) in [5])

(6.11) THEOREM.  (W8P,FBP) 4sa MHS on BP, polarized by S and every

TeC, and d is a (-1,-1) morphism.

The statement (6.8) shows the strong restriction that a polarizable VHS im-
poses on the monodromy of the underlying local system. It also has the following
jmplication, of rather different character ([4], (1.17)). Let X be a compact
Kahler manifold, S and c, be cohomology classes of X such that A]c]-fxzcz
is a Kahler class for all Mary > 0 and let L],Lz, be the corresponding Kahler
operators. Then,

2-2]-£ 1 L

2. 2 2
(6.12) THEOREM. H 2(X,C) n ker(L]1L22) c kerL] + ker L22 for & < dimX

2 > 0.
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