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The Distribution of Large Values of the Supremum of a Gaussian Process

VLADIMIR DOBRIC, MICHAEL B. MARCUS, MICHEL WEBER

1. Introduction. Let { X(t),t € T}, T some index set, be a real separable centered Gauss-
ian process with sup,cr X(t) < oo a.s. In this paper we will be concerned with estimates of
P(sup,c7 X(t) > u) for large values of u in the case when EX?(t) achieves its maximum value at
a finite number of points. Our results are extensions of a recent theorem of Talagrand (Theorem
1.2 below) which is based on Borell’s inequality. As an interesting application of Talagrand’s
result and ours we get sharp estimates of the tail probability of the £? norms of sequences of
independent normal random variables that we do not think are obtainable by more direct or
elementary methods. Before presenting our results we will place them in the context of some
recent work on this subject.

When sup,cr X(t) < oo a.s., P(sup;eq X(t) > u) is “almost” the same as the probability
that og > u where

(r.1) o? = sup EX?(t)
teT

and g is a normal random variable with mean zero and variance 1. A great deal of work has
gone into making the word “almost” precise. In 1970 Landau, Shepp and Marcus [9], [11] and
independently Fernique [4] (see also [8, Chapter II, Theorem 4.8]) showed that for all ¢ > 0 and
u > u(e) sufficiently large

u?
1.2 P X(t < -
(1:2) (fgg ()>u) _ezp( 202+e>

Note that (1.2) is already sharp enough to give the standard type of large deviation result for

the supremum of Gaussian processes, i.e. that sup,c; X(t) < 0o a.s. implies

lim log P (sup,er X(t) > u) -1

(1.3) Jim ") 797

The best possible general result on the distribution of sup,cs X(t) is given by the well known
Theorem of C. Borell [1].

The research of Professor Marcus was supported in part by a grant from the National Science Foundation
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V. DOBRIC, M. B. MARCUS, M. WEBER

THEOREM 1.1 (BORELL). Let { X(t),t € T}, T some index set, be a real separable centered

Gaussian process and let o be as defined in (1.1). Set

(1.4) Y(u) = \/—% /u°° e /2 4y

and assume that P(sup;cr X (t) > w) < 1/2. Then for allu > w

(1.5) P (gggX(t) > u.) <y (" ~ “’)
and for all u
(1.6) P (fgg)((t) > u) <29 (“ - “’)

From now on we shall assume that 0 = 1. We note that (1.2) implies that there exists a

constant C(¢€) , depending on € , such that

(1.7 P (?lelg X(t) > u) < Cle)e* P(u) Ve>0
whereas Theorem 1.1 shows that

(1.8) P (fggX(t) > u) < C(w)e“ (u)

for some constant C(w) , depending on w. The bound in (1.8) can not be improved, however, it
is too strong in general. Let { B(t),t € [0,1] } be Brownian motion. Then, as is well known, for
A>0

P(té}:)pl]B(t) > )) = 2P(B(1) > A) = 29(})

There are many specific results for stationary Gaussian processes that improve upon (1.8). For
example in 1969, Pickands [12] obtained sharp estimates for the distribution of the large values
of the supremum of { Y (t),t € [0,1]}, a centered stationary Gaussian process with EY 2(t) =1

and
(1.9) (EIY(s) -Y(@)))/?=v2|s—t|* oO0<a<1
which showed, in particular, that

P(sup Y(t) >A) ~AYop()) asd—o oo
te(o,1]

(We write @ ~ b to indicate that there exist constants ¢;,c; > 0 such that ¢;a < b < cqa).
Results of this sort have also been obtained by Weber [14], [15]. One characterization of these

early results is that they apply to specific processes with smooth increments variance as in (1.9)
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LARGE VALUES OF THE SUPREMUM OF A GAUSSIAN PROCESS

and do not give very much insight into the distribution of the maximum of Gaussian processes
in general.

Recently Berman [2], [3] introduced the following problem. Describe those real separable
centered Gaussian processes { X(t),t € T}, T a compact metric space, with sup,c, EX?(t) = 1,
such that

. P(supterX(t) >u) _
(1.10) Jim ¥(@) =1

This problem has been given a complete solution by Talagrand [13] who showed that (1.10) is
equivalent to a condition on the local modulus of continuity of { X(t),t € T } in the neighborhood
of the element 7 € T for which EX?(r) = 1. (Note that, necessarily, the maximum of EX?(t) can
occur at, at most, one value of t € T'. Since, if EX?(t;) = EX?(t;) = 1and E|X%(t;)—X2(t,)| #
0 then

(L11) tim ZEE VX)) _,

This is easy to check. See also Lemma 4.2).

THEOREM 1.2 (TALAGRAND). Let { X(t),t € T}, T a compact metric space, be a real
separable centered Gaussian process with continuous covariance. Assume that { X(t),t € T}
has almost surely bounded sample paths so that sup,c X(t) < oo a.s. Then (1.10) is equivalent
to the following conditions:

(1) There exists a unique 7 € T such that sup;cr EX?(t) = EX?(r) = 1, and

(2) Esups(y>1-p2(X(t) — a(t)X(r)) = o(h)
where a(t) = EX(t) X (7).

We were able to find the following Corollary of Theorem 1.2 which heightened our interest in

Talagrand’s result.

COROLLARY 1.3. Let 2 < p < oo and {gk}f2,; be independent normal random variables
with mean zero and variance o} where 1 = 0; > 03 > 03 > ... and ) 5., 0F < oo, so that

Y heqlgk|P < oo a.s. Then

_ P((Slael”)? > )
(1.12) Jim o) =

Ifl=01=02=+:=0p > 0Opt1 > 0pnt2>..., then

 P(EE ) > )
(1.13) ull'ngo 5 =2n
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We have not been able to find these results in the literature and think that they are new and
not obtainable by classical real variable methods. It seems useful to give a proof of (1.12) in

order to motivate the work in this paper. The proof of (1.13) will be given in Section IV.

PROOF OF COROLLARY 1.3, (1.12): That 2 is a lower bound in (1.12) is obvious since it
is achieved by |g;| alone. Let ¢ satisfy 1/p+ 1/¢ =1 and define

T={{bk}:i qSl}
k=1

Since )_p, 0% < 00, T is a compact subset of £9. Let {nx}$2 , be i.i.d. normal random variables

by
Ok

with mean zero and variance 1 and {bx}§2, be a sequence of real numbers. Observe that
oo oo 1/p
D
(1.14) sup ) bknk = ( |9 [P )
o \G

“

where “ 2 » denotes equality in distribution. Define

(1.148.) X({bk}) = i bknk
k=1
and consider { X({bx}), {bx} € T }. Note that

(1.14b) sup EX2%({bx}) = sup sz =02=1
{d}ET {b}€T 3

Furthermore we see that X ({bx}) has variance 1 at
(1,0,0,...)=71"

and

(-1,0,0,..) =7~

Let Tt = (by > 0)NT and T~ = (by < 0)NT. In order to complete the proof of (1.12) it is
enough to show that

p (S“p{bu}ew > heq brnk > u)
(1.15) lim

This we do by applying Theorem 1.2. Note that X(r*) = n,. Therefore for t = {bg}52, € T*

=1

a(t) = EX(t)X(rt) = b,
and

(1.16) X(t) - o)X () = 3 beme
k=2
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LARGE VALUES OF THE SUPREMUM OF A GAUSSIAN PROCESS

We now evaluate the term in Theorem 1.2, (2).

00 00
1.17 E su bgnk = E sup bk
(L.17) a(t)Zl—h’?{bg}eT*‘ g b1 >1-h3,{by}EeT+ kz=:2
o 1519 1/9 / o 1/p 00 1/p
=k su ( - ) (Elgkl”) =C(p,h) (Evi) K/
Yo, <anr +o(h) \i=2 | 7* k=2 k=2

where limp,_,oo C(p,h) = C'(p) is a constant depending only on p. Combining (1.16) and (1.17)

we see that for p > 2 (i.e. ¢ < 2)

(1.18) E sup (X(t) —a®)X(r*)) ~h*1  ash—0

a(t)>1—h3, (b }€T+

Therefore, (1.15) follows from Theorem 1.2. This completes the proof of (1.12) of Corollary 1.3.
We see from (1.18) that condition (2) of Theorem 1.2 is not satisfied when p = ¢ = 2. This

raises the question, can Theorem 1.2 be extended to include this case or, more generally, in the

notation of Theorem 1.2, what is the relationship between

(1.19) L(k)=E sup (X(t)—a(t)X(r))
(t)21-h3

and functions £(u) such that

. P (supg X(t) > u)
(1.20) Jim, z(ﬁw(u)

These questions are taken up in this paper.

<1, (2 1)

In our extension of Theorem 1.2 we are forced to introduce another condition. As in Theorem
1.2 assume that 1 = EX?(r) > EX?(t) for t # 7. Recall that a(t) = EX(t)X(r) and note that

(1.21) sup E(X(t)—a(t)X(r)) = sup EX?(t)—d%(t) < 2h?
a(t)>1-h3 a(t)>1-h3
We will require that there exists an € > 0 such that
(1.22) sup E(X(t) —a(t)X(r))? < (2 — ¢)h? Vh € [0, k]
a(t)>1—h3

for some constant A > 0. Condition (1.22) is satisfied under the hypotheses of Theorem 1.2
since

1

(1.23) E sup (X(¢)—a(t)X(r)) > =

a(t)>1—h3 2

-L su —a T 1/2
2 7= s (BX0) - aXO)P)

Therefore whenever the left side of (1.23) is o(k), (1.22) is satisfied.

We can now give a sample of the results obtained in Sections II and III.

sup E|X(t) — a(t) X ()|
a(t)>1-h3
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THEOREM 1.4. Let { X(t),t € T}, T a compact metric space, be a real separable centered
Gaussian process with continuous covariance and almost surely bounded sample paths. Assume
that there exists a unique € T such that sup,c; EX%(t) = EX%(r) = 1. Let w;(h), i = 1,2,
w;(0) = 0, be concave for h € [0, k] for some h > 0. Define

(1.24) hg(u)=sup{h:(—d%=u} i=1,2

Then if, for h € [0, R,

(1.25) wi(k) < E sup (X(t)—a(t)X (7)) < wz(h)
a(t)>1—h3

where a(t) = EX(t)X(r), and if (1.22) is satisfied, there exist constants k;, ks such that for all

u > ug sufficiently large

(1.26) ekruw(ha(v) < P (suptG«bT(X(t) 2t) ¢ damalhale)
u <
If
(1.27) limsup —I-—E sup  (X(t) —a(t)X(r)) >1
h—o wi(h) ~ a()>1-h2
then, Ve > 0
(128) timup oL (Wpeer KO >0 4

u—co Y(u)ezxp(ki(l — €)uw;(he(uw))) ~
More information on the constants k; and k, are given in Sections II and III. In these Sections
results are also obtained under less restrictive conditions on w,(h) than concavity. Moreover
the conditions that (1.22) holds or that sup,cs E2X(t) = 1 for only one element 7 € T are only
used for the upper bound in (1.26). These conditions are not used at all in Section II in which
we consider the lower bounds in (1.26) and (1.28).

As an example of Theorem 1.4 suppose that
(1.29) wa(h) = Ch* 0<a<l
in (1.25), for some constant C. Then

c 1/(2-a)
(1.30) ha(u) = (;) and  uwy(ha(u)) = CY(2-0)y(2-22)/(2-2)

If @ = 1, uwsz(hz(u)) = C? . Therefore, by these remarks and (1.26), we see that wy(h) < Ch,
for h € [0, k] for some h > 0, implies

2
(1.31) 1 < limsup P (supyer X(t) > u) < kC
u—00 ’/J(u)
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LARGE VALUES OF THE SUPREMUM OF A GAUSSIAN PROCESS

for some constant k independent of C. If L(h) = o(k), C can be taken as close to zero as we
wish. Thus (1.26) shows that (1) and (2) of Theorem 1.2 imply (1.10).

In Section II we consider the relation between () and L(k) so that upper bounds in (1.20)
imply upper bounds for L(h). These are used in a contrapositive argument to show that lower
bounds for L(k) imply lower bounds for the limit in (1.20). The lower bound in (1.26) is proved
in this Section. In Section III we consider the situation in which upper bounds for L(k) imply
upper bounds for the limit in (1.20). The upper bound in (1.26) is obtained in this Section.
In both of these Sections results are also obtained under less restrictive hypotheses than the
ones used in Theorem 1.4. Our proofs closely follow Talagrand’s proof of Theorem 1.2 but are
more precise because we are considering a more general situation. Our main innovation is to
recognize the significance of (1.22) for this method of proof.

Section IV is devoted to examples. We prove Corollary 1.3 and consider the tail of the
probability distribution of (>, |gx|P)}/? for 1 < p < 2, where {gx}}_, are independent
normal random variables with mean zero and variance 02 . Our estimates in the case p < 2 do
not follow from Theorem 1.2 but require an extension of Theorem 1.4 to cover the case in which
L(h) ~ h and the variance of the process has a finite number of maxima.

More conventional Gaussian processes for which the variance has a unique maximum are
cosine transforms of time changed Brownian motion. Let {W(t),t € [0,1]} be a stationary
Gaussian process with mean zero and EW?2(t) = 1. It is well known that a version of such a

process is given by
(1.32) W(t) = / cos Xt dB(F())) + / sin At dB'(F(A))
o] [0}

where B and B’ are independent Brownian motions and F is a distribution function on [0, co)

which uniquely determines the process. Let
(1.33) X(t) = / cos AdB(F(\)  te€o,1]
0

Clearly, EX%(0) = 1 and EX?(t) < 1, for t € (0, a] for some a > 0, as long as F does not have
a jump of size 1 at {0}. Moreover, we will show in Section IV that under mild conditions on
E|X(t+u)— X(t)|%, { X(t),t € [0,a] } satisfies (1.22). For different distribution functions F we
obtain processes of the type { X(t),t € [0,a]} with a wide range of associated functions L(h)
as in (1.19), (with 7 = 0). For these processes Theorem 1.4 gives examples of a wide range of
functions k(u) such that

(1.34) 0 < lim inf K(u) < limsup K(u)

u—o00 k(u) u—00 k(u) < oo

where

o P (sup;er X (t) > u)
(o) = g (ZOR )
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This is also done in Section IV.
V. Dobric and M. Weber held visiting positions at the City College of CUNY and The Courant
Institute of Mathematical Sciences, respectively, while this research was carried out. They are

grateful for the hospitality they received during their visits.

II. Lower bounds. Let { X(t), t € T}, T some index set, be a real bounded separable centered

Gaussian process normalized so that
(2.1) sup EX3(t) =1
teT

Furthermore assume that T’ = {¢ : EX?2(t) = 1} is not empty and chose some 7 € T". Following
Talagrand [13] we define

(2.2) a(t) = EX(t)X (1)

(2.3) Z(t) = X(t) — a(t)X(r)
and,for0< h <1,
(2.4) Th={t:a(t)>1-h*}

We will consider

(2.5) L(h) = E sup Z(t)
teTy
and
(2.6) S(k) = sup (E2*(t))"*
teT)y,

Let us note that since Z(t) = X(t) — X(7) + (1 — a(t)) X (r), it follows, since 7 € T}, that
(2.6a) 1E sup | X(t) — X(r)| — h? < L(h) < E sup |X(t) — X(r)| + h?
2 teT, tET),

i.e. that in most interesting cases L(h) is equivalent to the expected value of the local modulus
of continuity of X (t) in the neighborhood of X(r). We also define

(2.7) olu) = \/—12_-7;exp (—";)

The following lemma, along with Theorem 1.1, states several inequalities that are critical in

this paper.
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LEMMA 2.1. Let {Y(t), t € T}, T some index set, be a real separable centered Gaussian
process. Assume that P(sup,cr Y (t) > w) < 3 and let 0 = sup;cr E(Y2(t))3. Then

o
2.8 E Yit) Lw+ —
28) flelg ) <w Var
If P(sup,cr |Y(t)| < s) > 0 then

43
P(sup;er [Y ()| < 8)

(29) Esup|¥(t)] <
teT
Also, for ¢(u) as defined in (1.4)

(2.10) L1 ez u2 t/;(u)<—— ez, _¥ Vu >0
' Veru+1 P "3\/27ru+1 P 2 -

and

2
(2.11) ¥((a® + b)) %) < P(a)ezp (—%) Va,b >0
The first inequality is a simple consequence of (1.5) and is given in [5, Proposition 3.2.1]. The
second inequality follows from an inequality of Fernique on the norm of a Gaussian process [5a).
The inequality in (2.10) is proved in [6] and the last inequality follows immediately from the
change of variables ¢t = (b2 + y2)'/2 in

") ((u2 + bz)l/2 e=t/2 gt

V2r v/(a7+b’)’/’

The next lemma is a careful rendering of the first part of the proof of the Theorem in [13].

LEMMA 2.2. Let {X(t),t € T}, T some index set, be a real centered bounded separable
Gaussian process with EX?(t) < 1 and such that there exists a 1 € T for which EX?*(r) = 1.
Define

(2.12) 0 = sup(1 — a(t))
teT
where a(t) is given in (2.2) and let m > median of sup,c X (t). Then for all u > 8(1V m)

(2.13) Esug X(t) < 2 log( P(supyer X(t) > u) ) T+ 0(u + VaJ7) +
te u

¥(u)
and
(2.14) Efgg Xt <c <% log (2 P(supte'/’.:‘(ux)(t) >u) 1) + u0) +/2/x0
where C = 20.

PROOF: Define

P(supyer X(t) > u)
¥() 1 Vu€eR

(2.15) e(u) =
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Note that if sup;cp E|X(t) — a(t)X(r)|> = O then (2.13) and (2.14) are trivially true. If not
then €(u) > 0, Vu € R. We shall assume that the latter is the case in the rest of this proof.

(2.16) P <§1€1¥ X(t) > u.) = /:: P (f‘ég X)) >u| X(r)= y) ply)dy = /‘—00 n(y)e(y)dy
where
(217 1) = P (sp(2() + o) > w)

Since n(y) > P(Z(r) + y > u) and Z(r) = 0 as., it follows that n{y) = 1 for y € (u,o0).
Therefore
(2.18) / n(v)o(v)dy = €(u)i(u)

and, forany0<v <u

(2.19) 8(u,v) = inf n(y) < %u()—u)
By (2.11) . .
P(u) < ¢(v) exp (—u ;v )
so that
(2.20) 6(u,v) < e(u) (exp (u2 ; vz) - 1) )

We will show that for u > 8(1V m)

log(1 + 2¢(u))

(2.21) 4(log2)(1 v m)

By (1.5) of Theorem 1.1 and (2.10)

P(fggX(t) >u> <plu—m) < 3;271+;_meXP<(u_2m)2)

4(1 +u)
~3(1+u—m)

e""p(u) < 2e¥P(u)
and by (2.15) we see that for u > 8(1 vV m)

log(1 + 2¢(u)) < 4(log2)(1V m)u
Thus we have established (2.21) and can choose

(2.22) v=u~ 2log(1 +2¢(u))
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Notice that (2.21) and u > 8(1 V m) gives

229) v —® = stog(u+ 2e(w) (1~ ELEZLN) > iogr 1 20w (1 - 52

and so we see from (2.20) that

1
. s <——<04=
(2.24) (u,v) < 1 2l0g2 <04=¢q

Therefore, there exists a ¢ € [v, u] such that n(c) < ¢ or, equivalently, such that
(2.25) 1—¢g<P (sup(Z(t) +af(t)e) < u) <P (sup Z(t)<u—c+ c0)
teT teT

<P (supZ(t) < 2log(1 + 2¢(u)) +u0)
teT u

where, we use (2.22) at the last step. By (2.8)

(2.26) Efgg Z(t) < _2_]og(1:-—2e(u)) +uf++/0/x
where we also use

(2.26a) EZ%(t) =1-d%(t) <2(1—a(t)) < 20

This gives us (2.13) since

(2.27)

Esup X (t) — EsupZ(t)l <V2/%0
teT teT
To obtain (2.14) let us notice that by symmetry and (2.25) it follows that

1-2¢<P (sup]Z(t)| < 2log(1 +2¢(u)) + u0)
teT u

Therefore, by (2.9) we have that
(2.27a) Esup|Z(t)] < 20 (Mluﬂi("l + u0)
teT

which together with (2.27) gives (2.14).

COROLLARY 2.3. Under the same hypotheses as in Lemma 2.2, suppose furthermore that for
B>1

P (supyer X(t) > u)

(2.28) ]iﬂs:,p () =B < oo
then
(2.29) limsup 1g sup  (X(t) — a(t)X(r)) < 2C (2log(2B - 1))*/?

h—0 a(t)>1—-h2
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where C is given in (2.14). In particular, when B = 1, this shows that (1.10) implies (2) of
Theorem 1.2. (We already mentioned in Section I that (1.10) trivially implies (1) of Theorem
1.2)

PROOF: Let Tp, = {t € T : a(t) > 1 — h%}. We use (2.14) of Lemma 2.2 with T = T}, and
u = §/h for some § > 0. Since 6 = h? for T = T}, we have that for all € > 0 and h € [0, k()] for
h(€) sufficiently small

Esup X(t) <C (% log(2(B +¢) — 1) + h6) + V/2/mh?
tETh

Therefore, with § = (2log(2(B + €) — 1))/2 we get

limsup lE sup X(t) < 2C (2log(2(B +¢€) — 1))1/2
h—o h tem.

and since this is true for all ¢ > 0 we have

(2.30) limsup L E sup X(t) < 2C (2log(2B — 1))/
h—0 h  teT,

The statement in (2.29) follows from (2.30) by (2.27).

Let w(h),h € [0,’5] be a non-negative increasing real valued function that satisfies

. w(h) -
(2.31) ’!1_% 53 =% and w(h) < oo
We define
w(h
(2.32) ho(u) = sup{ h: —’% > u}
Note that since w(h) is increasing it follows that for those values ho(u) defined in (2.32)
w(ho(u) )

2.33) )~

( ()

and, of course, lim,_, o ho(u) = 0.

The next two Theorems are the main results of this section.

THEOREM 2.4. Let { X(t),t € T}, T some index set, be a bounded real valued separable
centered Gaussian process with EX%(t) < 1 and such that there exists a 7 € T for which
EX?(r) = 1. Suppose that

(2.34) L(h) > w(h), Vh € [0, h) for some h >0

where L(h) is defined in (2.5). Then for all u sufficiently large

(2.35) P (fgg X(t) > u) > %11)(11,) (exp ( ;Ew(ho(ZCu))) + 1)
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where C is the constant in (2.14).
Moreover, if in addition to (2.34)

. w(h) _
(2.36) ’{111%’ W = o0

then, Ve > O there exists uo(€) such that for u > uo(e)

(2.37) P (gggX(t) > u) > %'/)(u) (exp ( (L ;e)uw(ho(h))) + 1)

PROOF: Let T}, be as given in Corollary 2.3 and note that in this case § = h%. We use (2.27a)
with T' = T}, to get, for u > 8(1 V m), that

P (supyer X(t) > u) _1) +uh,)

2
(2.38) L(h) = Etseug zZit)<cC (—1; log (2 o)

or, equivalently, that

(2.39) P(?;T;;X(tpu)2%(exp(;(£g'l—h2u>)+1>¢(u)

(As above, to avoid trivialities, we assume €(u) > 0, Vu € R). Now, by (2.34) and the fact that
Ty C T, we have far all h € [0, k] that

(2.40) P(fteng(t)>u) z%(exp(g(@—hzu))ﬂ)'/;(u)

For u sufficiently large we take h = ho(2Cu). Then by (2.33) we get (2.35).
Let us now assume that (2.36) holds in addition to (2.34). We see from (2.26) and (2.15) that

Zo P (supyer X(t) >u) uh? h
L(h)sulg(Z C;/;(u) 1)+ h +ﬁ

As above, this implies that

(2.41) P (f‘é’T’ X(@) > u) > % (exp (g (w(h) — Ry \/er )) + 1) o)

Setting h = ho(2u) in (2.41) and recalling (2.33) we have that (2.41)

(2.42) > % <exp (; (w(hoz(zu)) _ h:/(;) )) 4 1) ()

Therefore by (2.36), for all € > 0, there exists a uo(€) sufficiently large so that (2.42)

> 5 (onp (L0 Luthotanp) +1) wiw

which is (2.37).
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THEOREM 2.5. Let { X(t),t € T}, T some index set, be a bounded real valued separable
centered Gaussian process with EX2(t) < 1 and such that there exists a 7 € T for which
EX?(r) = 1. Assume that there exists a decreasing sequence {hi}2, with limk_,o0 hx = 0,
such that

(2.43) L(hk) > w(hg) Vk>1
where w also satisfies

h _
(2.44) _u_)% is strictly decreasing VY h € [0,A]

Then, for C the constant in (2.14)

imsu P (supser X(t) > u)
(2.45) lu_.oop %t/)(u,) (exp ( %w(ho(ZCu))) + 1) =1

Moreover, if in addition to (2.43), (2.36) holds, then for all € > 0

. P (supyer X(t) > u)
2.46 limsu >
(2.46) oo 1(u) (exp ( -(l—_:l!w(ho(Zu))) + 1)

PROOF: Condition (2.44) implies that w(kh)/h? is invertible for h € [0,k] and that its inverse
is continuous on [0,k]. Thus, in particular, ho(2Cu) takes all values in [0,h’] for some h' > 0.

Therefore, for all k sufficiently large we can choose u such that
(2.47) ho(2Cuy) = hy

It follows from (2.40) with u = ug and h = hj and (2.47) that

(2.48) P (:;neng(t) > uk) > % (exp ( %w(ho(2Cuk))) + 1) ¥(u)

which gives (2.45). A similar argument applied to the second part of the proof of Theorem 2.4
gives (2.46).

REMARK 2.6: In the previous results we have the expressions w(ho(2Cu)) and w(ho(2u)). If
w is concave we can remove the constants 2C and 2 from the arguments of ho(-), since, for all

k>1
w?(ho(ku)) J w?(ho(u))
h§(ku) = hj(u)

where we use the obvious fact that h(ku) < h(u). Therefore

kuw(ho(ku)) =

= uw(ho(u))

(2.49) w(ho(ku)) > &Z(u—)-)-

We see that (2.49) along with Theorem 2.4 gives the left side of (1.26). Finally let us note that

when w is concave (2.44) is satisfied. Therefore (1.28) follows from Theorem 2.5.
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III Upper Bounds. We continue with the notation defined in the beginning of Section II. The

main result of this Section is the following:

THEOREM 3.1. Let { X(t),t € T}, T a compact metric space, be a real separable centered
Gaussian process with continuous covariance. Assume that there exists a unique 7 € T such
that sup,cr EX%(t) = EX?(r) = 1. Let w(h), h € [0,h] be a non-decreasing function with
w(0) = 0 and w(h) < co. Assume that there exists an h > 0 such that for all h € [0, k]

(3.1) L(h) < Bw(h)
for some constant 8, and a number n < V2 such that
(3.2) S(h) < nh

Then there exist constants dy and da > 0 such that

) P (supser X(t) > u)
(3.3) N SD ) (Co + exp (druw(haldza))) =

where Cy, > 0 satisfies lim,,_.o Cy, = 0, and ho is as defined in (2.32).

PROOF: Since the covariance a(t) = EX(t)X(r) is continuous, for all 0 < a < 1 there exists a
0 < 6 < 1 such that

(3.4) sup EX*(t)<1-6

{t:a(t)<1-a?}

Therefore, by (1.6) of Theorem 1.1

P sup X(@)>u 52¢(u~w)
{t:a(t)<1—-a3} 1-6

for some finite number w, because { X(t),t € T } is almost surely bounded. Thus

P (supy,., —ary X(t) > u
(3.5) limsup ( {he{)S1=0?) )

e o) =0

Therefore, in order to obtain (3.3) we need only consider P (s“PteT. X(@)>u ), where T, is
defined in (2.4). Following Talagrand [13], let 0 < € < 1 and consider for n =0, 1,...

(3.6) Ap={te€T:a(t)>1-€"a’}

(3.7) B, = A, \An+l
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(3.8) wp = 2F sup Z(t)
tEA,
w
(3.9) E, {w X(t)<mf<€2—n+';az/\u>}
Note that
(3.9a) P (sup Z(t) < w,,) > 1
tEA, 2

We have
(3.10) P(supX(t)>u)§P(Eﬁ)+P((supX(t)>u)r‘lEu)

teT, t€Ta

The first term on the right in (3.10)

©—w

(3.11) P(Ey) = sup { ¥ <m’;—a§) v 1/)(“)}
Note that if

Wy U — Wwp

US Gatzgs then o @ St
Therefore, in order to evaluate (3.11) we must consider
U — Wy . Wn
(3.12) sup { v <1—:“W> FUS antage }
Set
wn — €2"2aly

Fo(u) =u— 1_ entzg?

When u < w,/(€2"*2a?) we have, for u > 1

Wn

_v—Wn Yo
(3.13) ¢( 62n+2a2> $(u) + fﬂ /F (u)e 24

< 1., < UWwy Uwy
W)+ = ey exp(— g P () < 9(0) (14275 exp (725
where we use (2.10) at the last step. We now observe that by (3.1) and (3.8)
(3.14) wn < 2Bw(ae™)
and so u < wy,/(e2"*2a?) implies
< 2 f w(ae™)
€2(aen)?

Therefore by (2.32)

2
(3.15) ae” < ho(%
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Putting (3.11), (3.13), (3.14) and (3.15) together we have

G1e) P <u) (1412 T ool G expli ) walhol 5 )))
Let
U —wy
H(u) mf { m A 'l.}

The second term on the right in (3.10)

(3.17) P ((2’{ X(t) > u) n Eu) = / °° P (ts€u£ X@t)>u|X(r) = y) (W) y<r)(v) dy

—00

= [ P (50020 + a0 > u) )y ) o

—00

since Z(t) and X (r) are mutually independent. We will designate the last integral in (3.17) as

I; + I, where
(0] u
Il =/ and Ig =/
—00 (o]

1
L<-P (sup Z(t) > u)
2 \ter.

Obviously

Note that, by definition, To = Ao, wo = 2E (sup,c,, Z(t)) and by (3.2)

sup (EZz(t))l/2 =S(a) <na <1
tET

for a sufficiently small. Therefore, by Theorem 1.1, (1.5)

I 5,,,(9:.@) Vu > wo
na
so that
(3.18) I, = o(¥(u)) as u — 00

The key point in the proof is the estimation of I,. We have
s u
I < E/ Tyy<n(w)(v)P (;\g Zt)>u—-y(1- €2"+2a2)) o(y) dy
We set
(3.19) on = sup (EZ%(t )l/2 <S("a) Vn>0

t€EB,

and apply Theorem 1.1, (1.5) to get

oo u _ — 2n+2 2\ _
(320) I, < E/O I[US”(u)](g)!b (u y(]- € a ) Wn) tp(y) dy
n=0

On
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which, by the change of variables y = u — 2

<> /0 Tig(u,2m)2wa1(2) ¥ (g—(it::);ﬁ) p(u - 2) dz

n=0
where we set
g(u,2,n) = ue™2a? 1 2 (1 — 2"+2a?)
By (2.10), (3.19) and (3.2) the last line in (3.20)
0 Ly (9(u,z,n) — wn)?
(321) <p(u)) /0 Tig(u,2,m)>wn] (2) (u + 1) exp (uz - e

n=0

a0 5o [ (- o+ 57

n=0
where
2o 1 — e2n+242 w
3.22 = bp = —— Cp = —2—
(3-22) R n " nera "7 pena

Let us note that

1
uz — E(u'yn + 26, — Cp)?

_ 1 2 1 [(1=6pyn)u L | (1= bpyn)u 2
= 2('7"1[ C") + 2 ( 6n + Cn - 2 6",3 - _T— + Cn

Substituting this into (3.21) and integrating on z from —oco to co we get

> 2
(3.23) I <2v2rm(u) g%e)m (_%(’771,“ —Ca)?+ % (Cn + <—1 _6?%) u) )

00
— 2V Y oexp (Y _ 1 (Zaam 1) o
=2 27r1/;(u)n2=:06nexp< 5. 2( 52 )u >
By (3.22)
(3.24) 72216, — 1) > (2(1 — 2a®)e? —n?) = a, >0

That is, we choose 0 < € < 1 and 0 < & < 1 so that a,, > 0. This means that if n is close to
V2, € must be close to 1 and a must be close to zero.
We now see that

(26nvn — 1)
62

2

(3.25) > apea

By (3.14) and (3.22)—(3.25) we have

— n 1 n 2ﬁ n
(3.26) I < k(o,n)y(u) Z ue” exp (_'2'“"0‘2“2‘2 + 1o uw(ae ))

n=0
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where

k(a,n) =

We write

(3.27) I < k(a,n)¥(u) Z ue™ exp (—i—a azuzez")

{n:u>culgen)y
28
Y wren (i uu(ee) | = Kemu)+ 1)
{n:ugc%';;—“l}
where
(3.28) c=—-F

a?(1 — a?)ay,
In order to estimate I3 let us note that for 0 < e <1and 6§ = (a},/ %a)/2 we have
n - ny2 < n - ney— _
(3.29) Zue exp (—(6ue™)?) < Z ue” + - Z (ue™s)™? <3 E 6(1 _C)
n=0 {n:uen<1} {n:uen6>1} n=0

where we use the inequality z2e~% < 1. Thus we have

4

(3.293.) Ia S W{TC)'

In order to estimate I, we define

{ Cw(ae") }
m=min{ n: — —< >u
€ n
Then, obviously
w(ae™ ) u _ w(ae™)
(3.30) —am= <GS —am

(Note that if m is uniformly bounded for all u then there is nothing to prove).
By the definition of ho(u)

(3.31) ho (C—';;) > ae™

We now see, by (3.30) and the fact that w(h) is non-decreasing, that

w(ae™) 28C w?(ae™)
< A" Jen il st SV 4
I, < C,;,, am € €XP ( (1= a2)em

13
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Therefore
w(ae™) 2CLw?(ae™) ) v Cw(ae"‘) 2CAw? (ae™)
. <
(332) L <cC ( em  oXP ( (1 a?)erm E —eem TP\ @ —a2)erm
Furthermore, by (3.30) and (3.31)
u _ wlae™ ), w(ae™)
(3.33) cZ amnz 2€ am
Thus
woe™) _ uww(ae™) _ uw (ho (£h7))
< <
em - eC e2C
Substituting this in (3.32) we get
c1/2 u 1/2 20
) < - — —
(3.34) LS age (wolho(5=)) " exp e lhola, )

We can put this all together to get a bound for P (s“PteT, X(t) > u). Let

3.35 d = —
(3.35) 1= 3501
and
- _ (1 — az)a,,
(3.36) dy = gt A1
and notice that since ho(u) decreases as u increases. We have
u
(3.37) ho ( Zﬂ ) < ho(dlu)
and
(3.38) ho ( o 2) < ho(d}u)

By (2.6a), (3.5), (3.10), (3.16), (3.18), (3.27), (3.28), (3.29a), (3.34), (3.37) and (3.38) we have

(3.39)
43 , 20 ’ 8\/2_7”7
P (flégX(t) > u) < (u) (1 1z azuw(h"(dlu)) P a2 uw(ho(du)) + (1 - a2)al/?

8y/Brn

(- a2)3/2a,1,/25(1 —€)

(v w(ko(dyu)))*/? exp ?7(725_&2—)

for u > uo sufficiently large and 0 < a < ag sufficiently small and 0 < € < 1 large enough so
that a, = 2(1 — e2a?)e? —n? > 0.

uw(ho(dzu)) + 0(¢(u)))
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If we take dy = d V d} and d, large enough we get (3.3). It seems that the constant
1V,

8v2mn

(1-a2)ar/*(1-¢)

(3.40) Cp =

is unavoidable. It is needed to cover the case when lim inf;_.o i(hﬁ)- = 0 but limsup,,_,, i%)- > 0.

If liminfy_.o i(hh)- > 0, Cy can be absorbed into the exponential term by altering d;.

REMARK 3.2: The constants d; and ds in Theorem 3.1 approach infinity as n approaches /2.
If 7 is small these constants need not be too big. In order to obtain the upper bound in (1.26)
from (3.3) we note that when w is concave (and not identically 0) then it exceeds bh for some
b > 0 for h € [0, k] for some h > 0. Therefore we can absorb the term C, into the exponential
term by making d; sufficiently large. Also note that by (2.49) if d2 <1

(3.41) w (ho(dau)) < “’(’f+(“))
2
Of course, if d; > 1 then w(ho(d2u)) < w(ho(u)). We have already pointed out in Section I that

Theorem 1.4 shows that (1) and (2) of Theorem 1.2 imply (1.10).

IV. Examples. We have several interesting applications of Theorems 1.2 and 1.4. We begin

with a very elementary lemma which we prove for the convenience of the reader.
LEMMA 4.1. Let € and n be normal random variables with mean zero and variance 1 satisfying
Eén=a< 1. Then

(4.1) P(>u,n>u)=o0((uv)) asu—o0

where v (u) is given in (1.4).
PROOF: Let u > 0. We have

u—ay
1—a?

(4.2) P($>un>u)= /:°¢ ( ) o(y) dy

where @ is defined in (2.7). If @ < 0 (4.2) is less than or equal to ¥(u/(1 — a?))(u). fa >0

(4.2)
s(i+a)
u—ay

=/u * ¢(';:Zf)so(y)dy+/;;_q¢(l_a2)so(y)dy

< (ﬁ) (u) + ¥ (%) = o{1(u))

as u — oo since a < 1 and 12 > 1.

The next lemma enables us to complete the proof of Corollary 1.3.
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LEMMA 4.2. Let &, ,&, be normal random variables with mean zero and variance 1 such
that E¢;§; < 1,1 # 3. Then

. P(supycicn & >u)
(43) Jimg, ¥(u) =

PROOF: The upper bound is obvious since

P ( sup & > u) < gP(& > u) = ny(u)

1<i<n

Let A; = {¢; > u}. Then, as is well known,

(4.4) P(J4) 23 P(4) =303 P(Ain 4))
=1 1=1 =1 J':;

The lower bound in (4.3) follows from (4.4) since for 1 # j
P(A; N Aj) = o(¥(u)) as u — 0o

as we showed in Lemma 4.1.

PROOF OF COROLLARY 1.3, (1.13): We consider X({bx}) as defined in (1.14a), however,
we now see that

sup EX?({bx}) =1
{bk}GT

for the 2n sequences *e;, j = 1,--- ,n, where ¢; is an element of the cannonical basis of R",

(i.e. ¢ =(0,---,1,0,---) where 1 appears in the j—th coordinate and all the other coordinates

are zero). Let é3;_1 = e; and €2; = —ej, j =1, -+ ,n. Define
00 l/q
b |?
[{ox }Il = (Z — )

k=1 Ok
and let

- 1
(4.5) T,,.:{{bk}GT:||{bk}—cm||<§} Vm=1,---,2n

Note that by continuity

[e o]
(4.6) sup Z b2<1-e¢
{oryer-UIr, Tm k=1

for some € > 0. Therefore, by Theorem 1.1

u—w
1—c¢

(4.7) P sup X({be}) >u ] <9 (
{br}er— ™ T.

m=1

) = otw(w)
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as u — 0o, where w is defined in Theorem 1.1 and is finite since { X ({bx}),{bx} € T} is finite
a.s.

We now show that Vm =1,--- ,2n

4 (sup{bk}er,,. X({bx}) > u)
(48) Jim, o)
Without loss of generality we can take m = 1, in this case, we see from (4.5) that b; > 1/2
and therefore Ty C T for T* as defined in Corollary 1.3. It is also clear from (4.5) that Ty
contains only one point of maximum variance of X ({bx}) namely &,;. The rest of the proof of
(4.8) follows the proof of (1.12) exactly since the only place that we used 02 < 1,-:+ ,0, < 1
was in (1.14b). It is now easy to obtain (1.13). We get the lower bound from Lemma 4.2 by
considering {X(€,)}2",. For the upper bound we use (4.7), (4.8) and the obvious inequality

(4.9) P( sup X({bx}) > u) < Zﬂ P ( sup  X({bx}) > u)
{b}ET

me1 {bx }ETm

+P sup X({bx}) > u
{eyer-Ur | Tm

This completes the proof of Corollary 1.3, (1.13).
When p = 2 we get the following Corollary of Theorem 1.4.

COROLLARY 4.3. Let {gx}$2, be independent normal random variables with mean zero and

variance a,f where 1 =07 > 02 > 03 > --- and E,‘:‘;l o,f < 0o. Then

P((Z2, lg?)? >
(4.10) limsup ((Ek_l'lg(:’l)) u) < C?

where C = C(X_p2, 0%,(1 — 02)~!) is a real valued function of {ox}§, which is large when

Y he, 0% and, or (1 — 03)~! is large.

PROOF: Consider the proof of Corllary 1.3, (1.12) given in Section I but with p =¢=2. In

particular, consider

(4.11) P ( sup X({bx}) > u)

{bx}eT+

By (1.17) we have

o 1/2
(4.12) E sup (X(t) —a(t)X(r%)) = C; (Z 0,2:) h
k=2

a(t)>1-h2,{b €T+
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Furthermore
(4.13)
(e o]
sup (BIX() - a(t)X('r)|2)l/2 = sup Z b2 < 202h% + o(h?)
a(t)21-h2,{bx}€T+ o, ISk 1222240 (h?) k=2

and, of course, EX?(r*) = 1. We can now use Theorem 1.4 applied to { X({bx}), {bx} € T}
since (4.13) shows that (1.22) is satisfied. We use (4.12) to define wy(k) in (1.25). Thus we get,
from (1.26), that

(4.14) P (supier+ X({0x}) > 4) _ kyuw(ha(u)

$(u)
We use (4.14) and (1.30) to get (4.10). The remark on the size of C as a function of }_j. , 07
comes from (1.30). That C goes to infinity as (1 — 03)~! does comes from an examination of
the constants in the proof of Theorem 3.1, (i.e. o2 — 1 implies n — \/i) We must also consider
the process for t € T~ but this just adds a factor of 2 on the right in (4.14) which we absorb in
to the exponent in (4.10).

A sharper result than (4.10) exists in the literature [7]. When p = 2, sharp estimates for
P(Y %2, |9x|> > u?) can be obtained by using Laplace transforms and Tauberian Theorems.
However, even in this case, no simple methods that we can find, such as exponential Chebysev
inequalities or truncations, imply that the right side of (4.10) is finite. Since transform methods
are not available when p # 2 we believe the Corollary 1.3 and Corollary 1.4 above are new
results.

When p = 2 our methods do not apply if 1 = 61 = 03 > 03--- (as they did in Corollary 1.3,

(1.13)) since in this case
EX%({bx}) =1 Vby,bs such that b3 +b2=1

i.e., the maximum points of the variance of X ({bix}) are not isolated. As everyone knows, in

this case

o 1/2
P (E ng|2> >u|>P ((ﬁ +g3)"% > u) ~ uth(u)
k=1

as u — oo which is not the same as (4.10). Note, however, that in this case (1.22) is not satisfied.
We can not apply our methods to obtain upper bounds for the probability distribution of
Z:°=1 |9x|P when 1 < p < 2, where, as above, {gk}32, are independent normal random variables

with mean zero and variance o;‘:. To see why we write, as in (1.14)

oo 1/p oo
(4.15) (Z |9k|p> 2 sup > bime
k=1 =
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where {1,}%2 , are i.i.d. normal random variables with mean zero and variance 1 and 1/p+1/q =

1. However, now ¢ > 2 and so

o 2 oo o 1p 19 2/9 / oo (9—2)/q
(4.16) E (Z bkﬂk) = Zbi < (2 2k ) (Z c,:q/(q—2))
k=1 k=1 k=1 Ok k=1

with equality whenever
bx| = Cq"zl(q_z)

for some constant Cy depending only on g. Therefore

oo 2 o0 (¢-2)/q
sup E ( bkﬂk) = (Z o:q/(q_2)>
k=1 k=1

o by
2, lekles

whenever b, = :thoz/ (@=2) Thus the process y 4o ; bxnk has an infinite number of points of
maximum variance and hence these points cannot be isolated. However we can obtain estimates

of the probability distribution of Y _, |gk|?.

THEOREM 4.4. Let {gx}}_, be independent normal random variables with mean zero and

variance or,": and 1 < p < 2. Define

o= (Z o:q/(q—z)
k=1

where 1/p + 1/q = 1. Then there exists a real valued function K = K(o,n,p) such that for

) (9-2)/(29)

u > uo(o, n,p) sufficiently large

N (E;:=1 |9k|p)l/p > ")
<
s W)

where K goes to infinity as p approaches 2.

<K"

(4.17)

PROOF: Let T = {{bx}: > 5_, |§':|q < 1}. As above we consider { X({bx}),{bx} € T } where
X ({bx}) = 35—, bk for {nx}2_, i.i.d. normal random variables with mean zero and variance
1. For simplicity we will sometimes denote the elements of T by the letter t. As in (4.15) we

have

n 1/p
4.18 Pl 2 supx(t
(4.18) (:; |gx| ) sup X (t)

and, following (4.16)

2/q (9-2)/q
n n b |q n
) 204) _ 2 |_k 29/(9-2)
(4.19) EX?(1) kgbk_(z 2 (e

k=1
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Without loss of generality we can normalize EX?2(t) by taking

(4.20) Z 029/ =
k=1

By (4.19) and the discussion prior to the statement of this Theorem we have
supEX3(t) <1
teT

with equality whenever b; = :!:oz/(q—z), Vk =1,-.-,n. We see that { X(t),t € T} has 2"

points of maximum variance. Let
(4.21) bk=0"@?  k=1...n

Let 7 = {6x}?_, and note that r € T and EX?(r) = 1 implies that

n

) q9
(4.22) YIZ| =1 ad Y =1
k=11%k k=1
We write
(4.23) by = b — up Vk=1,---,n.

Let T, be a neighborhood of 7 (say in the £2 metric) chosen so that
(4.24) |uk] < €6y Vk=1,---,n

where € > 0 is small enough so that EX?(t) < 1, Vt € T, such that t # r. We will show that for

allo<e< q_il and u > up(n,€) for ug sufficiently large

P (supteTch X(t) > u)
¥(u)

One can check that (4.25) implies the upper bound in (4.17) by precisely the same argument used

(4.25) < exp (kz 2 1(1+€)n)

q-—

in the proof of Corollary 1.3, (1.13), which was given earlier in this Section. (We incorporate
the factor 2" into K").

We will now obtain the upper bound in (4.25). We have
(4.26) a(t) = EX(t)X(r) = ) _ 6(6k —ur) =1— ) _ Srux
k=1 k=1
Therefore, by (4.22) and (4.26)

(4.27) E(X(t) - a(t)X(r))? = EX?(t) —a?(t) < ) _u}
k=1
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and by (4.26)

n
(4.28) 1-h?<a(t) <1 ifandonlyif 0< ) &ux<h?
k=1

The key point in this proof is to show that Ve > 0, there exists an k(e) such that for h € [0, h(e)]
(1- 92

(4.29) sup  B(X(t) — a(t)X(r))? < 2
tET.NT, a(t)>1—h3 qg—1

h2

The point of this is that since ¢ > 2 we can choose € such that 2(1—¢€)279/(¢—1) < 2. Therefore
when we later apply Theorem 1.4 to { X(t),t € T. N T } we will have that (1.22) is satisfied.
By Taylor’s Theorem applied to |6y — ui|? where uj satisfies (4.24) Vk = 1,:-- ,n we see that

3P|t IR SI LIS
(4.30) =Y || -4 5
k=1 k=11%k k=1 %k
where |ci| < €8, Vk = 1,--- ,n. Recalling (4.22) we see that {6 — ux}i_, € T N T, implies
that

bk — up RN .

Ok o}

ue | g(g—1) g~ |6k — ekl %0}
>

n n

|6k — cqu_zu;‘: 2 52_111.;;
(4.31) <
LT e Seix 4

which implies by (4.21) and the bound on |cx| that

n

(4.32) Y oui<( %)(1 +€) f_: Sruk
k=1 g 1 k=1

where € = |1 — €|277 — 1 can be made arbitrarily small depending on e.
Combining (4.32) and (4.28) we see that
n
2
(4.33) teTNTen{t:at) >1-h*}=T" C {{u}: ) u}< (q_—l)(l +¢)h?}
k=1
(Recall that t identifies the points {6x — ux}5_,). Combining (4.27) and (4.33) we get (4.29).

Following (2.6a) we have
(4.34) L(h) = E sup (X(t) — a(t)X(r)) < E sup (X(t) — X (7)) + h?
teT* teT*

Note that
(4.35)

n n 1/2 1/2
2
E sup (X(t) - X(7)) = E su uknk < 2 l/2<(—1+' ) h
te,},"( () - X(r)) teTI"‘,?:l Wk < sup (k2=1uk) nl/2 < q_z( €)n

by (4.33). By Theorem 1.4 and the example immediately following it we get (4.25). An estimate
for the constant k; can be obtained from Theorem 3.1. It goes to infinity as 2/(¢—1) gets closer
to 2. The lower bound in (4.25) follows from Lemma 4.2.

To round out the picture we consider p = 1 and obtain the following simple consequence of

Lemma 4.2.
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THEOREM 4.5. Let {gx}r_, be independent normal random variables with mean zero and

variance oZ. Let

n 1/2
(4.36) o= (Z oz)
k=1

Then

(4.37) Jim L (ZZZI( ég)kl >u) _on

PROOF: Note that

n n
(4.38) Z lgx| = sup Z brgx
k=1 be=£1324

As usual we define the process X({bx}) = 3"y_, bkgr and consider { X({bx}) : {bx} € T } where
T={{bx}:bp ==%1,k=1,--- ,n} contains 2" points. Since

(4.39) EX?({b}) = f: ol V{h}eT
k=1

this process has 2" points of maximum variance. Therefore the lower bound in (4.37) follows
from Lemma 4.2. The upper bound in (4.37) is trivial since T only contains 2" points.

In all the examples we have given so far we have either had L(k) ~ h or L(h) = o(h) as
h — 0. In these cases the function k(u) in (1.34) can always be taken to be 1. However, the
cosine transform portion of a stationary Gaussian process leads to examples of other types of
behavior in (1.34). Let {W(t),t € [0,1]} and { X(¢) € [0,1]} be defined in (1.32) and (1.33)
and let

(4.40) Y(t) = / " sin MdB'(F(\)  te[0,1]
[v]
Suppose that
(4.41) / - sin®AtdF(A) >0 te€(0,q]
0

for some 0 < a < 1. Then { X(t),t € [0,a] } has a unique point of maximum variance at ¢t = 0,
where, by definition, EX?(0) = 1. Let

(4.42) o(u) = (E|W(t +u) — W (t)|?)"/?
Continuing with our usual notation we see that

(4.43) a(t) = EX()X(0) = EW()W(0) = 1 — "22(‘)
and so

(4.44) a(t)>1—h?* ifandonlyif o?(t) < 2h?

In order to apply Theorem 1.4 to { X(t),t € [0,a]} we must verify (1.22). The next Lemma

gives conditions for this.
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LEMMA 4.6. For o and X (t) as defined above

o?(2u)

(4.45) hurggéf T >6§>0
implies, V h € [0, h] for h sufficiently small, that
(4.46) sup E|X(t) —a(t)X(0))* < (2- g) K2

a(t)>1-h2

PROOF: We have
E|X(t) — a(t)X(0)]*> = EX2(t) — a(t) + a(t)(1 — a(?))
< EX*(t) - a(t) + (1 - a(t))
so that

(4.47) sup  E|X(t) —a(t)X(0)?< sup EX?(t) — a(t) + h?
a(t)>1-h? a(t)>1—h3

By definition
EX%(t) = / cos? AtdF()) = %(1 + a(2t))
(0]

and so by (4.43)

(4.48) EX?(t) - a(t) = % ( 2(t) - (2‘))
Thus we see by (4.48) and (4.44) that the left side of (4.47)
< sup = ( 2(t) - (Zt)) + h?
o? (t)szh’
which, by (4.45) gives (4.46).
The following result is an application of Theorem 1.4.

THEOREM 4.7. Let {gr}32, be ii.d. normal random variables with mean zero and variance

1. Consider, for 6§ > 1,

00
(4.49) X(t)=Cs Y kPgicos2*t  teo,7]
2
k=0
where we set 07° =1 and C5 = (Y jo, k~26)~1/2. Then there exist constants 0 < ky < k; < 0o
such that for all u > uo(6), for uo(6) sufficiently large,

P (SuPtelo,r/zl X(t) > u)
¥(u)

(4.50) exp (kyu'/®) < < exp (kou'/?)
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PROOF: For simplicity let us set ax = Csk~%, Vk > 0. As above we define

[o o]
Y(t)=Cs Z k~%gLsin2%t  te|o, E]
2
k=0
where {g}.}32, is an independent copy of {gx}52,, and W(t) = X(t) + Y (t), t € [0,7/2]. Tt is
easy to see EY2(t) > 0, Vt € [0,7/2] so { X(t),t € [0,7/2]} has a unique point of maximum
variance 1 at ¢ = 0.
Let o be defined as in (4.42). It is easy to see that, at least,

(4.51) a?(2t) > %a’(t) vt € [0,1]

for some > 0. Thus { X(t),t € [0,7/2]} satisfies (1.22). (To see (4.51) note that for all ¢

sufficiently small

1 — 1 2k t
a%(2t) — Eaz(t) = 4?; (ai_1 - Ea;‘:) sin? (T) — 2a2 sin? (5)

=1

1 1 1
>2 (a?, - 5a{) t? — Eaf,ﬁ > 5t’C‘?
since ap = a1).
Let
0o 1/2
(4.52) hy = (Z “2)
k=N
we will show that (see (2.5))
e o]

(4.53) Lhw)~ Y ax  asN oo

k=N

By (4.44) and (2.6a)
L) <E  sup  |X(6) - X(0)| +

o(t)<V2Zhy
Note that
(4.54)
E sup |X(t) - X(©0)| <E sup |W(t) — W (0)]
o(t)<V'2h, te(0,x/2] o(t)<VZh, te[0,x/2]
<E sup W (&) - W (s)]

o(s—t)<V2h; a,t€[0,x /2]

Vh g 1/2 k\?
5k</0 (1o N([O,—z—],e)) de+h(log log Z) )
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for some constant k independent of h, where, at the last step, we use a version of Dudley’s
Theorem (see [10, Chapter II, Theorem 3.1], and note that N([0,7/2],€) is the minimum
number of open balls, in the metric d(s,t) = o(|s — ¢|), that covers [0,7/2]).

Define m(e) = A{t € [0,7/2] : o(t) < €} where X is Lebesque measure and set

oo 1/2
€m =5 (E ai)
k=m

Then, since

(4.55) o3(t) =4 Z af sin ( ) E aZ4kt? 14 Z al

we see that for ¢t € [0,27™], 0(t) < €m and so m(en/2) > 27™
Therefore, as is well known, (see e.g. [10, Chapter II, Lemma 1.1})

N(em) = N([0,7/2],6m) < K'2™ Vm >0

for some numerical constant K’. It follows that

(4.56) /0 " (1og1v([o,§],e)) de < Z / logN([O,g],e))l/z de

m+1
ml/2q 2 s

<C' S me — emps) < 5C° Z e AT I

m=N
for some numerical constants C and C’, where we use the facts that €, —€mi1 < (€2,—€2,,,)/€m
and ay, is regularly varying as k — co. Combining (4.54) and (4.56) we get the upper bound in
(4.53). For the lower bound we note that for any index set T’

(o]

(4.57) Esup |X(t) — X(0)| > Esup | ) argk(1 — cos2¢)
teT teT [ Sy
> E sup E akgk cos 2F¢ akgk
€T’ |k=2N kg'z:N
Also, it follows as in (4.55) that
(4.58) o(t) <V2hy  Vte[0,477)
and so by (4.57) and (4.58) we have
1
(4.59) L(hy) = -E sup |X(t) — X(0)| — h%

o(t)<VZhy ,t€[0,r/2]

oo 1/2
1
>-E sup axgy cos 25t| — \/2/7 ( ai) - h%
2 tefoan k§N k;N
Z ak—\/2/ﬂ'(2az) Zc( E ak)—hlzv
k=2N+1 k=2N k=2N+1
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for constants ¢’ and ¢ independent of N, where we use the fact that the cosine series is a lacunary
series and, of course, the nature of the {ax}32,. Thus, taking into account the actual values of
the {ax}32,, we get (4.53).

Let

o o]
(4.60) w(hy) = Z ak VN >0
k=N

and following (1.24) set
w(hy) _ Cionak ~ L N

h Ek NGk aN

as N — oo, by regular variation. Therefore

UN =

uyw(hy) ~ N = u,l\,/'s as N - oo
This shows that
(4.61) uww(h(u)) ~u?  asu— oo

along the sequences ux and h(un) = hn. The proof of Theorem 4.7 follows from (4.53), (4.60),
(4.61) and Theorem 1.4 by extrapolation. (Note that the concavity assumption is alright since
w(hn)/hn ~ N2, In any case one could also use Theorems 2.5 and 3.3).

REMARK 4.8: In finding the upper bound for L(h) in (4.54) we passed to the stationary
process, which, obviously, does not have a unique point of maximum variance. This doesn’t
seem to matter as long as the process isn’t too regular. On the other hand it is clear from
Lemma 4.2 that the stationary process can not satisfy (1.10). However, the cosine part alone
can if the {ax}}2, go to zero fast enough. For example let ax = 032“"5, Vk > 0 where 8 > 2

and Cp is chosen such that } ;2 a = 1 and consider the process

[e o]
(4.62) X(t) =Y argrcos2*t  telo, g]
k=0

for o as defined in (4.42). It is easy to check that
3h
t:o(t)<V2h}clo,=
{tro)<var}clo, )
Therefore by (2.6a) and (4.44)

L(k)—h*=E sup |X(t)— a(t)X(0)|
o(t)<V2h

2kt 3h
<E sup Z axgk sin? = < ( ) Z ak22k < C' h?
te(o, 3h/un] k=0 2 2a0 it

for some constant C;, depending on . It follows, by Theorem 1.2, that the process in (4.62)
satisfies (1.10).
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