
Astérisque

PAL RÉVÉSZ
In random environment the local time can be very big

Astérisque, tome 157-158 (1988), p. 321-339
<http://www.numdam.org/item?id=AST_1988__157-158__321_0>

© Société mathématique de France, 1988, tous droits réservés.

L’accès aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique l’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=AST_1988__157-158__321_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


Société Mathématique de France 
Astérisque 157-158 (1988) 

In random environment the local time can be very big 

byPalRÉVÉSZ 

1. INTRODUCTION 

Let { . . . ,E_2/E_i , E o ' E l / E 2 ' * " ' ̂  ̂ e a s e < 3 u e n c e o f 

i.i.d.r.v.'s with 

0 if x^O, 

P{E Q< x} = ûj F(x) if 0 <x <1, 

1 if x ̂ 1 . 

The séquence $ is called a random environment. (The random 

séquence {. . . , r E__̂  , E^, , , . . •} and a realization of it will 

be denoted by the same letter^). For any fixed sample séquence 

of this environment define a random walk RQ,R^,... by RQ=0 and 

(Pp { R _=i+l |R =i }=l-Pn{R„_Ll=i-l |R =i}=E. (n=0 ,1, 2 , . . . , i=0,+l,+2,, 

In this paper the following conditions will be always assumed: 
(i) there exists a 0 < a <l/2 such that P(a<E n < l-a)=l, 

(ii) E log -=r± = 0, 
(iii) 0 < G = E(log — — ) < «. 

E 0 
REMARK 1.1. In case of a simple symmetric random walk (i.e. if 

2 2 
P(E =1/2) =1) we have G =0. (i) clearly implies that o < °°. We also 

2 
mention that if (i) and (ii) hold and G =0 then P(EQ=1/2)=1. 

REMARK 1.2. Many of the following results can be proved 

replacing (i) by weaker conditions. We do not intend to discuss 

this question in the présent paper. 
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P. RÉVÉSZ 

Introduce the following notations: 
Ç(x,n) = # {k: QSk ^n, R k=x }, 

ç(n) = max ç(x,n) , 
x 

PQ=0, p^min {k: k > 0, R k=0}, 

min {k: k > p^, R k = 0 ̂  

Pj + 1 = m i n * k : k > P j ' R k=0},..., 

M(n) = max | R, |, M +(n) = max R f c / M~" (n) = -min R, 

We recall a few known results. 

THEOREM A. (Deheuvels, P.-Révész, P. (1986) and Révész, P. (1987)) 
For any e>0 there exists a r.v. n Q=n Q (e ) such that 
(1.1) (logn) (log2n) z e ^ M(n) ̂  (logn) (log 2n) z e a.s. if n2n Q, 

2 
/i >̂v / x ^ 1+e (logn) 
(1.2) M(n) ^ — j -L^ n i.o» a.s., 

2 a • L o g 3 n 

(1.3) C(0,n) ^expdogn (log2n) *) a.s. if n = n
Q ' 

(1.4) Ç(0,n) ^expdogn (log 2n)" 1 + Ê) i.o. a.s. 

There exists C = C(a)>0 such that 

(1.5) U 0 , n ) ̂ exp((l-C(log3n)"1)logn) i.o. a.s. 

where Ic^n is the p-th iterated of log and the meaning of a. s. is;  

for almost ail environment £ the stated inequality holds with  

probability one. 

The inequalities (1.3) and (1.4) describe how small can be 

Ç(0,n) . In fact they say that £>(0,n) can be and will be as small 
C n -1 as n where e n % (log2n) . (1.5) says that£(0,n) will be i.o. 

l-o 

very big. In fact £j(0,n) will be for some n as big as n where 

a n = C(log^n) *. Our first resuit will give an upper bound of 

Ç(0 fn). In fact we prove our 
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THEOREM 1. There exists a C > 0 such that 

(1.6) £(0,n) ^ exp((1-0)logn) a.s.  

for ail but finitely many n where 

-1/2 
0 n = exp(-C(log2n)(log3n) log 4n). 

REMARK 1.3. Note that 0 logn + °° but since 0 «C(log~n) 
n n J 

there is an essential gap between (1.5) and (1.6). 

We are also interested to study the behaviour of ç(n). 

(1.1) and (1.2) clearly imply: for any £>0 we have 

(1.7) lim (logn) 2 (log2n) 2 + e = ~ a.s. 
n 

and 
2 

/t o \ i • log n £(n) . n 

(1.8) lim sup 2^ • — — - ^ 1 a. s. 
n «> (2 a log3n) n 

It looks obvious that much stronger lower bounds than 

those of (1.7) and (1.8) should exist. I do 

CONYECTURE: there exists a 0 <C=C(F)< 1 such that 

lim sup n ^ £(n) = C a.s. 
n 00 

In fact the following much weaker resuit will be proved 

THEOREM 2. Let 

P {Ei=p } = P {Ei=l-p} = l/2 (0 <p < 1/2) . 

Then 

lim sup n 1 ç(n) ^ g(p) a.s. 
n -> 00 

where 

l/g(p) = ^ f(x)+l# 
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P. RÉVÉSZ 

j - , x 2x -x+1 -, p f (x) = j and X=YLL—-
(1-x) A " p 

2. PROOF OF THEOREM 1. 

Introduce the following notations 

1-E, 
U. = ^ (j=0,+l,+2,...), 

E j 

Vj = log Uj (j=0,+l,+2,...), 

T ( ) = 0 f T n=T(n) = V 1 + V 2 + . . . + V n f T_ n=V_ 1 +V_ 2+. . . + V _ R f 

0 if b=a 
D(a,b) = ^ 1 if b=a+l 

u
1 + U a + l + U a + l U a + 2 + - • - + U a + l U a + 2 - • ' u b - l ' 

D(b)=D(0,b). 

Observe that 

n-1 
(2.1) exp( max T(k)) < D(n) = Z exp(T, ) û n exp( max T(k)) 

O^k^n-1 k=0 QSkSn-1 

The proof is based on the following three lemmas. 

LEMMA 1. For ail but finitely many n and for any e>0 with  
probability one at most one of the following two inequalities  
can hold 

T(n) ^ -(2an l o g 9 n ) 1 / 2 , max T(k) £ e(nlog9n) 1 1 2 . 
z 0 ̂ k ^ n 

PROOF. It is a trivial conséquence of the Strassen's law 

of iterated logarithm. 

LEMMA 2. Let 

p(a,b,c) = ŒY){ min { j : j>m, R,=a} < min {j : j > m, R.=c}|s=b} 

324 



IN RANDOM ENVIRONMENT THE LOCAL TIME CAN BE VER Y BIG 

(a ̂ b^ c) i.e. p(a,b,c) = p(a,b,c, ) is the probability that 
a particle starting from b hits a before c given the environment 
Then 

t ^ \ i D(a,b) 
P ( a ' b ' c ) = X" DTâTcT" 

PROOF. This lemma was proved by Deheuvels-Révész(1986) in 
the case a=0, b=l. The proof of the gênerai case is going on the 
same line. 

LEMMA 3. (Erdôs, P.-Révész, P. (1987)). Let 

1/2 

ip(N) =max{n: O^n^N, T (n) o( 2nlog2n) ' }. 

Then there exists a C>0 such that 

iMN) ̂  exp( (l-C(log3N) (log2N)""1/2)log N) a.s. 
for ail but finitely many N. 

PROOF OF THEOREM 1. Introduce the following notations 

A n = {Ç(0,n)£n 1 / 2} (n=l,2,...), 

N=N (n) = Ldogn) 2 (log3n)"1']/ 

M + ( p . , p . + 1 ) = max R k (j = 0,1,2 , . . . ) , 
p j = k = p j + l 

Ç(x,n)=#{j: lSj SÇ(0,n)-l, M + (p ̂  _± , p .. ) * x} , 

?U(N) , n ) K n (N=N (n) ) , 

B n 8 8 U n = E 0U(0,n)-l) 2 D ( ^ N ) ) > -

Note that by Lemma 1 for any e>0 
1/2 

max T(k) (N)log2$(N)) 1 a.s. 
0 £k Si|<N) 

for ail but finitely many N(i.e. n). Hence by Lemma 2 and (2.1) 

(since (N)^N) we have 325 



P. RÉVÉSZ 

E E 
P { M + ( P l ) **».)} - - ^ 0 ^ * - ^ exp<-™x ^ T(k)) i 

E E 
exp(-e» (N)log2i|>(N))1/2) ^ ^ exp (-e (Nlog 2N) 1 / 2) 

log^n 
= 0( * s- n" £) 

(logn) 

and by an elementary calculation one gets 

P(Bn|ç(0,n)) £ exp(-±(U0,n)-l) DJ° N ) )) S 

log~n 
^ exp(-ç(0,n) 0( - j n"")) 

(logn) 

Consequently 

I P B A < 
i n 1 n' n=l 

Hence 

(2.2) C ( 0 , n ) £ n 1 / 2 or Ç R * E Q ( ç(0,n) -1) âoT^W a ' s -

for ail but finitely many n. Applying Lemma 2 again we have 

(2.3) p(0,iMN)-l, i|;(N))=l-D^(
(^)

)^1) < exp(- o(2* (N) log 2 *(N) ) 1 / 2 ) 

In case if C R satisfies the second inequality of (2.2) then by 
(2.3) and Lemma 3 we obtain 

> rt t . . >
 (1""Ei|; (N) ) ̂ n M . £ (0,n)  

n - a Y U N J , n j _ 2 p ( 0 ^ ( N ) _ l f ^ ( N ) } = U U ) (N))-D(*(N)-1) 
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=0(1) Ç(0,n)exp(-T(i|; (N)-l)) £0(1) Ç (0,n) exp ( a(2 ip(N) log 2 * (N) ) 1 / 2 ) 

àO(l) C(0,n)exp(a(2exp((l-Clog 3N(log 2N)" 1 / 2)logN)log 2N) 1 / 2) > 

âO(l) ç(0,n)exp( a2 1 / 2logn exp (-2c ( logN) (log3N) (log^)"1 / 2) ) a. 

for ail but finitely many n. Hence we have Theorem 1. 

3. A LEMMA ON SIMPLE SYMMETRIC RANDOM WALK. 

In order to formulate our lemma we introduce the following 
définitions. 

Let ... X_2,X_j,X^,X2,... be a séquence of i.i.d.r.v.'s 
with 

P(X1=+1) = P(X 1=-1) =1/2, 

S Q=0, S n=X 1+X 2+..-+X n, S_ n=X_ 1+X_ 2+..-+X_ n (n=l,2,...). 

Let N be a positive integer and define 

v * = min { k : k > 0 , S, =N} , N k 

v ~ = max { k: k > 0, S^=N}, 

H N = -min { S k : v" SkSv^}, 

a N = max {k: v~ S kSv + , S k = - n N } , 

T ~ = max {k: v~ S kSa N, S k + n N = N } , 

x + = min {k: < kSv + , Sk+(i.N=N} , 

LN(j)=#{k: x̂  SkSx+, S k=-n N+j} (j=0,l,2,..., N-l), 

U N = max { S J - S I : x~ S i < j Sa N>, 

V N = max { S . - S J : ^ Si<j Sx J } , 

p = min {k: k>0, S k=0 }. 
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LEMMA 4. Assume that X 1=l. Let 

N = max S,, 
O^k K 

x(j)=#{k: 0 < k < p , S k=N-j} (j=0,l,2, . . . ,N-1) 

and 

qj = qj (N) = (P{x(j)^4j2 + 4| N}. 

Then there exists an absolute constant O<0<1 such that 

N-l 
Z q.(N) ̂  9 (N=2,3,...). 

j = 0 3 

PROOF. A simple combinatorial argument gives 

N -1 k _ 1 

P(x(0)=k, N=N o) = -ij (-2g-) , P(N=N o) = N (l + 1 ) 

2N O O O O 
and 

(3.1) C>(x(0)=k|N) = |ii ( f ^ ) k X-

Consequently 

(3.2) q Q = E>(x(0)*4|N) = (f^1) 3 < |. 

Let 
v =v(N ) = min { k: S, =N } O JC o 

and 

X(m) = #{k: 0<k <v, S k=N Q-m } (m=l,2,..., N Q-1) . 

Then again by a simple combinatorial argument we have 

PU(m)=k, N£N Q | N*N o-m} = ^ (1- 2 m ( V m ) > • 
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Consequently 

Œ»{X(m)=k | N=No} = PCX(m)=k | N = N Q} = 2 m ( / _ m ) (1- 2 m ( / _ m ) ) , 
O o 

2 N 2m 2+l 
PU(m) è2m +2|N=N o} = (1- 2 m ( N ° . m ) ) 

Observe that 2 

N q-1 2m +1 
< 3- 3> ^ ( 1 - 2 m (N°-m) ) S 1 / 4 (N0=2,3,...) 

m=l o 

Because of symmetry we have 

P{x(m)^4m2+4|x(0)=l, N} ̂ 2P{X(m) £ 2m 2+2 | N} 

and by (3.1) 

P{x(m) ̂ 4m2+4 |N } = P {x (m) £ 4m 2+4 | N,x (0) =1 } P{ x(0)=l |N } + 

+ P{x(m) ̂ 4m 2 + 4| N, x(0) >1 } P(x(0)>l|N) ^ 

û 2P{A(m) ̂ 2m 2+2| N } . |±i + I. 

Similarly by (3.3) 
N-l 

(3.4) P{ U { x(m) £ 4m 2+4 }|N > * § + ^ • 
m=l 

Leirana 4 follows from (3.2) and (3.4). 

LEMMA 5. There exists an absolute constant 0 (0 < 0 < 1) 

such that 

P{L N(jM4j 2+4, j = 0,l,2,...,N-l; U N ^ §, V ^ f } £ 0 (N=2,3,...). 

PROOF. Lemma 4 implies that 

(3.5) #L N(J) ̂  4j 2+4, j=0,l,2,..., N-2 } 

is larger than an absolute positive constant independent from N. 

It is easy to see that 
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(3.6) P ( U N , f , V N , f } 

is also larger than an absolute positive constant independent from 

N and the events involved in (3.5) and (3.6) are asymptotically 

independent as N •> °° . Hence we have Lemma 5. 

4. A FEW LEMMAS 

Observe that replacing the séquence -..,X_ 2' x_i' xi' X2'••• 

by the séquence U _ 2 , U _ ^ , U 2 , . . . and the définition of 
L
N(J) by t n e following définition 

L N(j) = #{k: T - < k . x ^ T k=S k=-^ +j|log ^ |} 

(j=0,l,2, (N-l) ( |log ^ | r1) 

then Lemma 5 remains true as it is. 

For sake of simplicity from now on we assume that <*^>0 

and introduce the following notations: 

let N=N k(£) be a séquence of positive integers for 

which 

L N(j) ^4j2+4(j=0,l,2,...,N-1), U N ^ | and V N ^ . 

(by Lemma 5 for almost ail £ there exists such an infinité 

séquence), 

F N = min {k: k > 0 , = a Nl, 

G N = min {k: k > 0, R
k = v ^ 

H N = min {k: k > F^, R k = T ~ or x *>"V 
LEMMA 6. Let £ be fixed. Then 

3/4N 

(4.1) £(0,FN) ^ e Z / J J \ Gn^C (0,GN) Z e J / f 4 J N  
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(4.2) H N > Ç (a N, H N +F N)à e 3 / 4 N , £ e 2 / 3 N 

(N=N^) a.s. for ail but finitely many k. Consequently 

(4.3) F N=o(G N) a.s. 

PROOF. Since 

P{M (P,)to } = E (l-p(0,l,oU) = ^-^r- i exp(-max T(k)) S 
1 N u U l V N OSk Sa -1 

— exp(-UN) â — exp(-2> 
N N 

and 

P{M ( P l) £ -v N}=(l-E Q) p(^,-l,0) ^ (1-EQ) exp(-max T(k)) = 
vXT ^ k^O N 

= (1-EQ) e . 

Hence by Borel-Cantelli lemma one can easily obtain (4.1) 
and (4.3). Similarly one can obtain the first inequality of 
(4.2). In order to prove the second inequality of (4.2) observe 
that (by (4.3)) 

F N = I S(k,FN) = £ _ Uk,F N) ^ ( « N " 1 " ^ ) exp((l + e)-j) 
k= -°° k=v.T 

N 

what proves Lemma 6 completely. 

Introduce the following notations: 
1 in -i x -i D(n-l) ^ — = P (0,n-l,n) = 

D*(n) = e°+exp(-(T n_ 1-T n_ 2))+exp(-(T n_ 1-T n_ 3))+..,+exp(-(T n_ 1-T Q))= 

=D(n) exp(-T n^ 1), 
331 



P. RÉVÉSZ 

2 2 
m k = E g C (k, P 2) / a k = E o( ̂ (k, p 1)-m k) , 

J(X) = c| k(A) = E £ exp(XÇ(k f P l)). 

Then we have 

LEMMA 7. (Csôrgô, M.-Horvâth, L.-Révész, P. (1987)). We 

have 

4- 4> mk = î 4 r ' FîSf--î=fc e xp (- Tk-i> < k - i , 2 , . . . ) . 

14.5) a. s- ôTki < 2—* ôrrr' I K - I,2,...) 
K (l"Ek) D (k) U * K ' 

fl E 0 E 0 ( 1 _ E k ) e A 

(4.6) $1 X) = + s* ! - E 

T 1 ' D (k) D (k) X ^ (X * ) 

1 _ E k 
for any k = l , 2 , . . . and X <-log ( 1 — ; ). Especially 

D (k) 

(4.7) J)/ lk ) = i+5?êr (—r^- D -
T 2 D (k) D ( k ) l-e X(l - 2 X ) 

Observe that 
1 _ E k 

(4.8) 0<A= X, = ^ — < 1/2 
K 2D (k) 

and 

(4.9) Se S ^ 2 if 0 < A <l/2. 
l-eÀ(1-2A) 

LEMMA 8. For any C 1 ^4a" 1 we have 

P j i U U ^ C ^ I ^ l S e x P ( " D T k ) ' ) (k=l,2,...; n=l,2,...). 

PROOF. By (4.7), (4.8) and (4.9) 
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.P0 {*k,p n) ^ V ^ f } = 

= t>g{ exp(AÇ(k,pn) ) ̂  explX^n )} ̂  

^ exp(-XC1n p(][) ) E^(exp AÇ (k, P R) ) = 

= Cexp(-XC1 ) C^(exp AÇ (k, P ] L) Q = 

= [ - P < - A C I d+ D T E T ^-e'a-a» a e x p (-DTkT ) 

k 
where A = — 5 . Hence we have Lemma 8. 

2D (k) 
In case when k can be very big it is worth while to 

formulate 

LEMMA 9. For any K > 0 there exists a C=C(K)>0 such 
that 

f>gU(k ,p n ) ^ 2nm k + C D* (k) logn } ̂  n~ K 

(k=l,2,... ; n=l,2,...) . 

PROOF. By (4.7), (4.8) and (4.9) we have 

P£{#k,pn) ̂  2nm k + C D (k)logn} = 

* 
= (P£ {exp (AÇ(k,p n ) ) £ exp(2Anmk + A CD (k)logn)} ̂  

^(Ë^ exp(AC(k,p1) ) ) exp(-2Anmk - A CD*(k)logn) ̂  

^exp(n ^ - 2n — ^ jrjf- CD (k) logn) = 
D W 2D (k) 1 ^k D ( K j 2D (k) 

^ k 
= exp (—£— Clogn) 

±" £ lk 
where A=—^ .2D fk) Hence we have Lemma 9. 
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Introduce the following further notations 

(N) = min fa: n > 0, R p + n = a ^}, 
N 

P 2=P 2(N) = min h: n ̂ , r f +n = a N } ' 
N 

Pm+1 = P m + 1 ( N ) = m i n { n : n > 0 m ' R F N + n = a N } - - -

D(j,N) = (p(j, % - l f «fc)) = D(j,a N)-D(j f V l ) = 

= l-exp(-(T(aN-l)-T(O^-2)) )+. ..+exp(-(T()-T(j))) 

and 

ft*(j,N) = (l-ptjfj + l , ^ ) ) " 1 = D(j, c^). 

Observe that 

(4.10) = - - — = D ( j , 0 - D(j f OU-1) = 
S(j,N) l-p(j,j+l, a N ) 

= u . u. 0 . . . U •% . 

In the same way as Lemmas 8 and 9 were proved one can prove 

LEMMA 10. For any j < we have 

A * 
(4.11) <Pp{f(j, Ô ) £ C.n (J y N ) } ̂  e x p ( - ^ ) 

C n 1 £(j,N) G(j,N) 
where ^ 4p 1 and 

Pn) = Ç(j, F N+ 2n)-Ç(j, F n) 

further for any K > 0 there exists a C=C(K)>0 such that 
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(4.12) p/ç(j, p) ^ 2n — — ^ • ? ( 1 ' N ) + dE>*(j,N)logn}^n K . 
C ""j D(j,N) 

1-E. A * 

5. PROOF OF THEOREM 2. 

In order to simpli^y the notations from now on we assume 

that T~ >0. (The case T ^ 0 can be treated similarly). n n 2 

Let 2/3 < ̂  ̂  < < 3/4 and introduce the following notations 

n=exp (i> 2N) (where N=N k=N k (£) ) 

and 

= minûc: T ~ <k < V T k=-^ N+j | log ^ \ } . 

Consider any integer k€C/ (if^N), aN^* T ^ e n 

D(k,n) = exp( max ( T-j~ Ta -1* ) = a N e x P ^ ! N ) 
/(* XN) < j <o^ J N 

and by (4.11) 

P * U (k,p*) ^ C-n % ( k , N ) } ̂  exp(-exp(iK-*-)N) . 

t n 1 t)(k,N) 2 1 

Consequently by (4.10) 
a -1 aM~l a.* 

(5.1) I k p U C . I |JJWN1 = 

k= ̂  (i^1N) n k-/ ( i^N) f>(k,N) 

V 1 

= C 1n Z exp(T(o^-l)-T(k)) S 

^ C-n E (4j%4) exp(-j |log 
j = 0 p 

2 2 
= 4C.n(1-x)(—?2L_ +(1-x)1 x 1 — _ + 1 , = 4 C (1-x) 2 x

 a . s . 
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if N is big enough where x=exp(-|log | ) . 

Let k £ ( T ~ , /(^N)). Then by (4.12) 

Pp{$k,ô ) ^ 2n—rr-^P ( k ' N ) + CD*(k,N)logn} ^ n"~K. 
C n ^k fl(k,N) 

Consequently 

(5.2) Z *(k,Ô ) ^ 2 (1-E, )n E D ^ k , N ) + 
k-T" N k-r" E D(k,n) 

/(4'1N) 
+ C logn I $ (k,N) ^ 

k = T N 

< 2 ( 1 ~ a ) n a N expt-^N) + C(logn) a N exp (|) = o(n) a. s. 

(5.1) and (5.2) combined imply 

A 

(5.3) S T(k,P n ) S 4C 1n f(x) a.s. 
k = T N 

where 

2 
.c , v 2X -X+l 
f (x) = 3-

(1-x) 
and 

x = exp(-|log yE- |) = 

Similarly one can see that 

Z 7Uk, k= ou+1jy ̂ 4C 1n f (x) a. s. 
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Hence 

pn = 1 Ç ( j ' P n ) = E li* S 

-i=— oo — 

û (4C1 f(x)+l)n. 

Let (4C1 f (x)+l)n=m then for any e > 0 we have 

ç((H4m) > ç(FN+m) â « F ^ J à g v P N + P n)-n = ^ f * x ) + 1 

what proves the Theorem. 

REMARK 5.1. In fact we have proved a stronger resuit than 
Theorem 2. It can be formulated as follows: 
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THEOREM 2*. For almost ail environment ^ there exists  
a séquence of positive integers n^=n^(£) < n 2 = n 2 ̂  < ••• 
such that 

n k 

Ç ( n k l = ( 1 " € ) 4C X f(x)+l 

for any e > 0 and for ail but finitely many k. 

ACKNOWLEDGEMENT. It is hard to compare the results of the 
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