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S. GALLOT 

0. Introduction 

In 1919, in the course of his fundamental work [PL], Paul Lévy proved an isoperimetric 
inequality for domains in a convex hypersurface of R n + 1 , which can be formulated as follows : 

Let Çl be any domain in a convex hypersurface M of R n + 1 , îet 0* be the corresponding 
Vol(ft) Vol(ft*) 

symmetric domain on Sn (i.e. T r = T r ^ N and ft* is a géodésie bail in Sn), then 
Vol(M) V o l ( 5 n ) 7 

Vol(flfl) voi(do*) 
Vol(M) ' Vol(S») 

A few years ago, M. Gromov ([GV 3]) popularised this aspect of P. Lévy's thoughts by 

extending the resuit and the method to ail Riemannian manifolds whose Ricci curvature is 

larger than that of the standard sphère. 
Since then, it has been observed ([GT 1], [GT 2]) that some inequality is still obtained 

if only some (eventually négative) uniform lower bound S on Ricci curvature is given, together 
with a bound D on the diameter of the manifold. 

This last resuit has been sharpened ([B-B-G]) and formulated exactly in the same way 
as Paul Lévy's one (except for the fact that the sphère Sn must be replaced by another one 
whose radius can be computed a priori in terms of S and D). 

The purpose of this paper is to show that the above L°°-assumption on the négative 
part of Ricci curvature is not necessary and that a bound on some intégral norm of the négative 
part of Ricci curvature is in fact sufficient : 

T H E O R E M 3. — Let a and D be any positive constants and p be any élément of 
]n + oo] . In any Riemannian manifold (Mn,g) whose diameter is bounded by D and whose 
Ricci curvature satisûes 

_ J _ f (r—- { \ P / 2

d v < heB(P)"D _ i r l 

[where r(x) = ^ j^M^o} [ ( n ^ l)g(X X ) ] r-(x) = S U P(0> — r ( x ) ) ] every domain £1 

„ , ,/ > l(ot,D .Min \ 
Vol M v ' LVolM Vol M J 

(where B(p) and 7 ( a , D ) are computed in theorems 2 and 3). 

We explain the significance of thèse successive generalizations for Riemannian geometry. 
One trend of Riemannian geometry since the 50's has been to investigate how the local 
properties of a metric (e.g., curvature bounds) interact with the global topology of a 
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manifold, or influence certain global quantities (e.g\, eigenvalues À; of the Laplacian). M. 
Gromov's theorem implies that, on the class of manifolds he considers, each eigenvalue of the 
Laplacian has a uniform lower bound. Our resuit has similar conséquences (see theorems 6, 
7, 8, 10, 11). In particular, under the sa me assumptions "diameter bounded by D and "Ricci 

curvature satisfying "% r / (—7 — l)*/2<^o ^ -(e

B^)aD _ " w e c a n compute constants 
V o l M JM

 a 2 

A(p,a,D),B{p,a,D),Z{p,a,D) such that 

Xi ^ A(p,CL,D)i2!p 

Vo\(M,g).kM(t,x,y) ^ B(p,a,D).t~pf2 

6 ! ( M n ) < n . Z ( p , a , D ) 

* . • ( " " ) < ( ? ) K « ^ ) - ( V Ô T M / H P / 2 ) ] ^ ' 

where &M is the beat kernel of (M, g) with initial datum 8X and where a is the sectional curvature 
of{M,g) . 

Why are we interested in intégral norms of the curvature? There are topological 
invariants of manifolds which can be easily estimated in terms of the average of curvature 
of any metric on the manifold. For example, on any surface M2 , the Gauss-Bonnet formula 
gives x(M) = JM cr(g).dvg for any metric g on M2 . The Chern-Weil formulas for characteristic 
classes in higher dimensions have a similar form : the characteristic number appears as the 
intégral of some polynomial of degree n/2 in the curvature. This indicates that the best one 
should expect is estimâtes of topological data in terms of the average of the j — th power of 
curvature. 

Also, our theorems 3, 6, 7, 8, 10, 11 and 13 widen the possibility (already présent 
in previous results) of dealing with singular objects. For instance, a polyhedral surface can 
obviously be smoothed while keeping the intégral of curvature bounded (spectral properties 
of such singular objects has already been studied in [C-M-S] and by J. Cheeger in several 
works). Since, there is a limitation, and the assumption in theorems 3, 6, 10, 11 are nearly 
optimal (see counter-examples in the appendix). In Riemannian surgery (constructing new 
Riemannian manifolds by gluing known pièces together - this often requires torturing the 
met ries near the boundaries) it is hard to keep uniform control of curvature, but Lp/2-norms 
of curvature behave somewhat better. Thus it is a gênerai rule that few invariants can be 
estimated in terms of thèse intégral norms (see the appendix). This is why we have to assume 
that the U<2 norm of the part of Ricci curvature which is not bounded from below is sma.ll  
enough for at least one p +oo[ . The appendix shows that no estimate can be obtained in 
terms of diameter and JM rvJ2 and that p cannot be replaced by n in the assumptions (except 
for n = 2). Let us explain the rôle played by Ricci curvature : 

N O T A T I O N S . — From the curvature tensor # ( • , • , . , •) of a Riemannian manifold, one 
defines the sectional curvature cr(P) (at the point x and in the direction of a 2-dimensional 
subspace P of the tangent space TXM) by choosing 2 orthogonal vectors { X , y } in P and 
writing 

cr(P) = R(X,Y,X,Y) . 
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S. GALLOT 

The Ricci-curvature tensor Rie or Ricci is the quadratic tensor defined, for any 
X e TXM , by 

n n 
R i c x ( X , X ) = £ f l ( X , C l - , X , e O = £ V ( X , e O • | | X | | 2 , 

i=i i=i 
where { e ; } is an orthonormal basis of TXM such that e\ = . The scaîar curvature is 
the function on M defined by scal(x) = Trace(Ric x) . 

Let us recall that r(x) = inf [. ^ C ^ l ^ \ r A and r_ (z ) = sup(0, —r(x)) . 
v J xeTxM\{o} l(n-l)g(X,X)\ w ^v w y 

A gênerai feeling among Riemannian geometers is that the assumption "scaîar curvature 
bounded" tells almost nothing on the manifold, whereas "sectional curvature bounded" is 
a rather strong condition. That's why a séries of resuit s ([GV 1,2,3,4], [GT 1,2,3], [L-Y 
1], [B-G] and [B-B-G]) has led geometers to a vast program, known as "Principe de la 
domination universelle de la courbure de Ricci" (M. Berger) : bounding topological and 
géométrie invariants on the set of ail Riemannian manifolds (whatever their topology and their 
metric are) whose Ricci curvature is bounded from below and diameter from above, though 
this set contains an infinité number of possible topologies (see 3.A.a for more explanations 
about this "principle" applied to spectral invariants). Theorem 5 shows that the main step in 
this program is to establish an ad hoc isoperimetric inequality. The one we give in Theorem 3 
allows us to extend the "principe de la domination universelle de la courbure de Ricci" to the 
case where the part of Ricci curvature which is not bounded from below has small L p / 2 -norm 
for at least one p E]n, +OO] . 

The proof of theorem 3 follows Paul Lévy's method. We improve the step where the 
volume of a tubular neighbourhood of a hypersurface is estimated in terms of its mean 
curvature (theorem 2) and show that the mean curvature of hypersurfaces which fulfll 
the equality-case in the isoperimetric inequality can be a priori computed in terms of the 
isoperimetric constant (lemma 4). As a by-product, we obtain an estimate on the volume of 
balls in Riemannian manifolds which has been conjectured by M. Gromov (this is kind of the 
opposite of an isoperimetric inequality) : 

THEOREM 1. — On any complète Riemannian manifold ( M , g) with non ûnite volume, 
for any x G M and any p £]n, +oo] , when R goes to inûnity, 

VolÔB(x,R) \SB(x,R)rP-2dvAlh

 l f 

Vo\B(X,R) < C VolJ(»,fi) j + ° ( V o l B ( * ' i î ) " ) • 

Combined with a method due to M. Gromov ([GV 2]), this resuit gives bounds for the 
topological norms of homology classes and, in particular, for the simplicial volume. Following 
[GV 2], let us call | |c|| the l\-norm of any real chain c; i.e. if X^iez c* ' s* l s * n e décomposition 
of c in terms of elementary simplices Si , then ||c|| = ^2ieI |CJ| . For every homology-class 7 , 
let us define ||7|| = inf{| |c | | : c such that [c] — 7 } . The simplicial volume is, by définition, 
equal to | | [M]| | , where [M] is the fundamental class of M , we then obtain the 

THEOREM 8. — Let ( M N , ^ ) be any Riemannian manifold. For any p £]n,+oo[ and 

any closed i-dimensional chain c , 

1 * / P 

| |[c]|| ^ ilC'in.pY Voli(c) • sup liminf ( Vol B{x, R)'1 / rp_/2 • dv~) 
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where the B(x, R) are halls of radius R in the Riemannian universal covering ( M , g) of (M, g) 
and where C is defined in Theorem 1. In particular, the simplicial volume is bounded by 
Vo\(M,g) multiplied by some Lpf2 average of the négative part of Ricci-curvature. 

Notice that, in dimension 2, it gives a bound of the simplicial volume in terms of a 
L 1-norm of r_ , which is not far from the Gauss-Bonnet formula. Another by product is the 
proposition 7, which gives an upper estimate of the infimum of the spectrum of a non compact 
manifold in terms of the average of the \—th power of Ricci curvature, improving a resuit of 
H. Donnelly ([DY]). 

We have discussed about the possibility of weakening the assumption "Ricci curvature 
bounded from below" (in the "principe de la domination universelle ...") in an intégral one, 
is it possible to weaken the assumption "diameter bounded"? We shall see in a further paper 
([GT 5]) that it is possible to replace it by the assumption : "the portion of the whoîe volume 
of the manifold which lies in a bounded tubuîar neighbourhood of a médian hypersurface is not 
too small", using the concept of concentration introduced by Paul Lévy in [PL] and developed 
by M. Gromov and V.D. Milman (see [MN]). We have already proved (see [GT 2] and [GT 
4]) that the assumption "diameter bounded" may be replaced, in some cases, by the weaker 
assumption "Cheeger's isoperimetric constant bounded from below". 

The author thanks the référée for many improvements that make some parts 
of this paper almost readable. I also thank M. Gromov for his interest and 
conversations and P. Pansu, Y. Colin de Verdière, M. Berger, G. Courtois, G. 
Besson for précise remarks. 

1. Volume of tubes 

Let (Mn,g) be a complète Riemannian manifold whose dimension is n . Let if be a 
compact smoothly imbedded submanifold in Mn . 

DEFINITION. — The iMubular neighbourhood T(H,R) of H is the set of ail points 
in M whose distance to H is not greater than R . 

We call "mean curvature at the point x G H" the number n(x) = —^—^Trace(IIx) , 

where IIX is the second fundamental form of H at the point x . 

THEOREM 1. — Let (Mn,g) be a complète, non compact Riemannian manifold with 
non ûnite volume. For any compact submanifold H in Mn and any p E]n, +oo] , one has 

(i) if JM rpJ2 • dvg < -f-oo , then 

lim ( V o l r ( y » 1 / P = lùn ^T(H,R) 
tf-+oo R R^oo (V0lT(H,R)y-p 
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(ii) More generally, for any s G] — oo, ̂ [ , 

1 r / T r 1 ^ / T T „ N N Vol 9T( H, R)) 
l - s u p - i s ( V o l T ( H , R ) ) < Innsup ^ » 

<< C' (n,p) lim sup (St ( HRR) rP /2 dvb 

X 
where Ls(x) = — when s ^ 0 and LQ(X) = log(x) , and where 

s 

C'(n,p) = 21/p (n-1 ) p-i (p(p - 2) 

Remarks. — (i) is a sharp comparison with the euclidean case; (ii) is sharp for the 
hyperbolic space of dimension n (let s be equal to zéro and p go to infmity), but also (up to 

—C 
a multiplicative constant) when r-(x) ~ ———— when x goes to infinity. If d i m M = 2 , (ii) 

CL[tt, X ) 
is still true for p = n and C"(2,2) = y/2 . 

This theorem also gives a control on the growth of balls B(x,R) (just consider the case 
H = {x}). An application is given in section 4. 

In the gênerai case ( M n compact or not, with finit e or non finit e volume), we are 
considering only hypersurfaces H in Mn (thèse hypersurfaces are compact or not, but with 
finite (n — l)-dimensional volume). The following theorem will be true for a more gênerai class 
of hypersurfaces than the regular ones, i.e. for ail hypersurfaces H satisfying the 

REGULARITY PROPERTY. — For almost every x E M \ H , any minimizing géodésie 
from x to H attains H at a regular point. 

THEOREM 2. — Let (Mn,g) be any complète Riemannian manifold and H an hyper
surface satisfying the above reguîarity property. For every p E]ra, +oo] and any R, a G]0, +OO[ , 

VolT(H,R) < (eB(p)-aR - 1) 

— - ^ — V o l ( f f ) + / W^dv^+f ( r - ^ - i ) P / 2 . d v g , 
_(B(p)a) (B(p)a)PjH

 9 H J T { H , R ) \ a 2 J+ g \ 

where (J-^ — lj = sup ^ — — 1,0^ bounds the part of Ricci curvature which goes below the 

constant —(n — l ) a 2 , and where 

^ . ( S s z i i ^ t . - D . - J g z l ) * - * . ( p - 2 ) 
\ p / s (n- 121) \p — n/ 

Proofs of theorems 1 and 2. — Let Q, be any domain in (M, g) whose boundary satisfies 
the above reguîarity property. Let u+ = sup(u,0) and QR — {x : d(x,Q) < R} . For any 
positive R, a,e and any p G]n, +oo] , we shall prove the two following inequalities, 

(1) VolidtoRyKr-V - V o l ( 9 f l ) * / ( l ' - 1 ) < p(n - l ) (p - ^{VOISIR - Volft) 

r - | i / (P-D 

/ rJ+(x)p-1dx + 2-{(<p-2V2\n-l)-{p-1)B(py / rp_/2dvg 
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(2) Vol ( f i f l + e ) < e B ( p ) Q £ Vo\(ilR) + (eB{p)a£ - l ) [-Volft + (5 (p )a ) 1 Vol(0ft)+ 

( ^ ^ - ' ( n - l ) ' - 1 / / ( ( r _ / a 2 ) - 1 ) * / 2 ^ 

Proof of (1) and (2). — Let d£l be the set of regular points in the boundary of Q . Let 

us call "normal coordinates System" the application $ from ] — oo, +oo[xdïl onto M defined 

by $(t,x) = expx(t • Nx) , where Nx is outward unit normal vector at the point x of dh . 

From Hopf-Rinow's theorem, is surjective and is a diffeomorphism from some open subset 
— o 

V in ] — oo, -\-oo[xdQ onto an open subset M in M whose complément is of measure zéro. 
More precisely, V — {(t,x) : t-(x) <t< t+(x)} , where ]t-(x),t+(x)[ is the greatest interval 
on which the géodésie t h-> $(t,x) minimizes the distance from $(t,x) to dQ . Let us define 
J(t,x) by 

Q*dVg = J(t,X)
n~ldt dX. 

By Heintze-Karcher's theorem [H-K] (for another proof by analytic methods see [GT 4]), one 
has, for t ç]t-(x),t+(x)[ , 

d2 

— J(t,x) + (n - l ) " 1 • mc[$m(d/dt),$*(d/dt)] • J[tyx) < 0 . 

Let us note ( • ) ' instead of • ) . By définition of r_ and a direct calculus, for any positive 
8 and in any point <&(t,x) such that (t,x) G V , we obtain 

(jî)' + 6 • J*/J1+s = J"/Js < r_ • J1'6 . 

As 

(p/2)(p/(p - 2)Y~2V2x < sup(l + x, 0)'f2 , 

it cornes 
(p/2)(p.6/(p - 2)ip-2)l2{J'/Jby • |J'/J è\p-2 < rpJ2 • jk>-i)( i -«) . 

Let us take 6 = (p — n)/(p — 1) . We integrate the above inequality from 0 to t and use the 
information on initial conditions, i.e. «7(0, a;) = 1 and J'(Q,x) = rj(x) . We then obtain 

(3) (^Y~\t,x) < rç+W"1 +2-«p-2)/2\n-iy-pB(p)p j^rpJ2
 • J ^ , * ) " - 1 ^ . 

The important fact is that the last intégral has a géométrie meaning because Jn~x is 
the density of the Riemannian measure. Let us define 

J+(t,x) = \ J ^ x î if* €]*-(*) ,*+(*)[ 
' 10 elsewhere 

L(R) = f J^R.xY^dx , 

A(R) = Vo\(ilR\n) = f f J+(*, xY^dt dx . 
Jdn Jo 

As J+ is always nonnegative, it cornes immediately that 

limsup[(J+(# + h,x) - J+{R,x))/h] < sup(J'(R,x),0) . 
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Let us note L'(R) == limsup / l^0[(L(i? + h) — L(R))/h] . A direct computation, using équation 
(3), intégration on dfl and Hôlder inequality, leads to 

(4) L' < Lto-Wb-V \(n - îy-1 f ri+(x)p-1dx 

+ 2-(P-2)/2j5(p)P / RP/2

DVG 

JnR\n 

we then apply the following 

LEMMA. — Let A be any solution of the inéquations 

A" < A ' ^ - ^ / ^ V + V> -A)1^-^ , A(0) = 0 , A' 7* 0 , 

where a and b are two positives constants. For any nonnegative R , 

(*) lfb = 0 , then 

{-^)ap/{p-1) - A(R) ^ [(p - 1 ) - V / ^ " 1 ) • R + A , ( 0 ) 1 / ( p - 1 ) f - A\0)p^p-^ 

A'iRyK'-v < ( ^ 1 \ ) a P / i p ~ 1 ) ' A(R) + ^ W / ( p _ 1 ) • 

( * * ) I f 6 > 0 , then for any positive e 

A(R + e) < eb£ • + (apb~p + ^ ' ( O ^ - 1 )(e*£ - 1) . 

This lemma can be proved by multiplying both sides of the inequality by A'1^p~1^ and 
integrating. 

We now obtain (1) by applying the part (*) of the lemma to the équation (4). We obtain 
(2) by applying the part (**) of the lemma to the équation (4) modified by the splitting of 
the intégral of Ricci curvature associated to the inequality : 

rPJ2 < 2 £ ï 2 [ a " + ( r _ - a 2 ) ^ 2 ] . 

End of the proof of theorem 1. — Let 0 e be the £-tubular neighbourhood of H , where 
e is smaller than the injectivity radius of the exponential map, defined on the subbundle of 
TM over H which is normal to H . Then Q e has regular boundary. We end the proof by 

f(T>\ 
noticing that limsup ——— < limsup/'f^) and applying equality (1) to the domain Çt = 0 e , 

R-++00 R R^+oo 
which gives 

< c y , p / W ) ^ ) 1 / f

 + o f v o m x i w - * ! 
\VolT(H,R))i- V ,y> VolT(H,R)~* [ J 

End of the proof of the theorem 2. — Apply (2) to the domain Q, = n£>oÇl£ , whose 
boundary is made of two copies of H . In the particular case where H is the boundary of some 
domain Cl' , we obtain the same resuit by applying (2) both to 0,' and M \ . m 
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2. An isoperimetric inequality 

THEOREM 3. — Let a and D be any positive constants. Let p be any élément of 
]n ,+oo] . In any Riemannian manifold (M71, g) whose diameter is bounded by D and whose 
Ricci curvature satisûes 

1 f (r—- i\p/2dv < h e B ^ a D - î r 1 

every domain Çl (with regular boundary) satisûes 

Vol(<90) , _ . r r V o l O V o l A f \ f t i i - J 

WM) > 7 ( " ' D ) ' 1 D f ivôÏM ' V o l M J ' 

where j(a,D) — B(p) - a • inf ^"p^ 1 , - ( e

B ^ a D — and where B(p) is given in theorem 

2. 

Remark. — The assumptions of this theorem cannot be improved (cf. the examples 
in the Appendix). When p — +oo , thèse assumptions reduce to the usual ones : "diameter 
bounded and Ricci-curvature bounded from below". Notice that, if p < -foo , singularities of 
the metric are allowed, provided that the Lpt2 norm of their curvature is small enough. When 
n = 2 , the value p = 2 is allowed and then B(p) = 1 . 

LEMMA 4 . — Let us deûne the isoperimetric constant Is(p) as the inûmum (for ail 
domains 0 in Mn satisfying Vol(O) <• Vol(M)/2) of the quantity Vol(dft) • V o l ^ ) * 1 / * ) - 1 • 
V o l ( M ) - 1 / p . For any p £]n, +oo[ , there exists a minimal current Q in M such that 

Vol(dft) • VolifyWri-1 • V o l ( M ) - 1 ^ = IsO) . 

This current has the following properties : 

(i) For almost every point x in M , any géodésie of minimal length from x to d£l reaches 
d£l at a regular point x' . Moreover, there exists a neighbourhood U of x' in M such 
that U fl dQ is smooth. 

(ii) Let us call dQ, the set of ail regular points of <9Q . The mean curvature 77 of dft is constant 
and satisûes \rj\ < O - l ^ n - l ) ] - 1 Vol(dQ)/ Vol(O) . Moreover, if Vol(O) ^ Vol(M)/2 , 
then T; = (p - l)[p(n - l ) ] " 1 Vol(cto)/ Vol(ft) . 

Proof. — For the sake of simplicity, let us suppose that Vol(M, g) = 1 (this condition 
can always be obtained by multiplying the metric by a constant factor, this trivial change 
does not modify the problem). For any s G]0,1[ , let us consider the set Ws of ail domains 0 
with regular boundary in M such that Vol(O) = s and the minimum h M (s) of the functional 
H H-> Vol(dO) restricted of Ws . It is proved in [AN] that this minimum is reached for some 
open submanifold £1 whose boundary is a rectifiable current which is sufnciently regular for 
our purpose ; more precisely : if the tangent cone to d£l at some point x' G d£l is contained in 
a half-space, then there exists a neighbourhood U of x' in M such that <90 fl U is a smooth 
submanifold of U (see also [GV 3], [MI] and [BU]). Let us consider any point x in M such that 
the minimizing géodésie from x to dQ has no conjugate point (this property is true for almost 
every x in M). Let us call x' the point where this géodésie reaches d£l and S the image by the 
map exp^, of the sphère of radius d(x,x') of TXM . As there are no conjugate points on the 
géodésie, there exists a neighbourhood U of x' in M such that the connected component of 
S fl U which contains x' is a submanifold of U and divides U in two half spaces. As dQ, fl U is 

199 



S. GALLOT 

contained in the half-space opposite to the géodésie and is tangential to S in then the above 
reguîarity property applies. This first part of the proof, due to M. Gromov ([GV 3]), proves 
property (i) provided that we are able to prove the existence of a domain Q, for which Is(p) 
is reached as a minimum of the corresponding functional (see Lemma 4). In order to prove 
this, let us consider a séquence of domains Ofc such that F(Çtk) converges to Is(p) (where 
F(tt) = Vol(dO) • V o l ^ ) * 1 / * ) - 1 ) . Compactness of [0,1/2] guarantees that some subsequence 
Çli is such that Vol(Oj) goes to some s € [0,1/2] . From the asymptotic isoperimetric inequality 
of [B-M], F(Qi) goes to infinity if Vol(Oi) goes to 0 , we may then suppose that s G]0,1/2] . By 
Rauch's comparison theorem, there exists some positive constant e such that any bail B(x,t) 
in M whose radius is less than e satisfies 

(3 /4) t n • V o l ( £ n ) < Vo\[B(x,t)] < (5 /4) t n • V o l ( £ n ) , 
( 3 / 4 ) t n _ 1 • V o l ( 5 n _ 1 ) < Vo\[dB(x,t)} < ( 5 / 4 ) r - x • V o l ( 5 n " 1 ) . 

From the first inequality, using a mean value argument, one proves the existence of a 
particular choice of Xi and ei for each i such that the new séquence of domains fij = 
Çli\[B(xi,ei) fl Qi] [resp. = Çli U B(xi,€i)] is of constant volume s and such that 

Yo\[B(xi,ei)nQi] > (3s/b)VolB(xue-i) 
[resp. Vol [B(x i,£ i)n (M\Q i ) ] ^ (3/5)( l - s) V o l B { x u a ) ] . 

As i goes to infinity, Vol(ftj) — s goes to zéro. The two last inequalities then imply that 
Vo\[B(xi,Si)\ also goes to zéro and so does Vo\[dB(xi,a)] by Rauch's comparison theorem. 
This implies that F(î î j ) goes to Is(p) and so that Is(p) = h M (s) • s ^ 1 / ^ - 1 . Almgren's theorem 
then proves the existence of a rectifiable current which fulfils Is(p) and has property (i). Let 
us still call O this domain verifying Vol(dQ) • Vol(£2)( 1 / p )~ 1 = Is(p) , we then prove (ii) by 
a variational argument. Let v be any function on dtl with support in the regular part of d£l 
and let us consider the variation Ht(x) = H(t,x) = $(x,t • v(x)) , where $ is the normal 
coordinates system from dtl x R onto M . Let us define d£lt = Ht(d£l) and call Çlt the 
connected component of M\Qt which cornes from O in the variation. Notice that, as the 
variation let the singularities fixed, it doesn't change anything in the topology of dQ . The 
first variation calculus gives (at the point t = 0) 

^ ( V o l f t t ) = / vdvg , ^(Vol0fl t ) = ( n - 1 ) / ri-vdvg. 

Applying thèse formula to any variation H such that Vol(Qf) = Vol(fi) , we prove that rj is 
constant. Applying them one more time when H is such that the intégral of v on dfl is non 
trivial and noticing that the fonction t »-* sup[F(Ot), F(M\Qt)] attains its minimum in t = 0 , 
we get (ii). 

End of the proof of the Theorem 3. — Property (i) of Lemma 4 allows us to apply the 
Theorem 2 to the minimizing domain of the Lemma 4. Replacing rj by the estimât e of Lemma 
4, (ii), we get 

Vol(M) < (eB^aD - l ) f2 (B(p)a )" 1 Vol(Oî) + ( ^ i ) ^ 1 ( ^ - ) P Vol(M) 
L p ±>(pja 

+ / [ ( r _ / « 2 ) - l]'J*dv,] . 
JM J 

A direct calculus then gives Is(p) ^ 7(0;, D) and proves the isoperimetric inequality of Theorem 

3. 
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3. Bounds on eigenvalues of the Laplace-Beltrami operator 

A. The compact case. When (M, g) is a compact Riemannian manifold without 
boundary, it's a classical resuit that the spectrum is a discrète séquence 

0 = Ào < Ai < A 2 < • • • < A,- < • • • 
/ î \ 2/ra 

going to infinity, whose asymptotic behaviour is A,- ~ 47r ( y Q ^ n yQ\(M g^) 

a) What géométrie assumptions are to be considered ?. — What we are looking for 
is the following : given a constant C , what are the biggest possible sets of différentiable 
structures M and metrics g such that Aj(M, g) > C -i2lp for each i . It is classical (examples of 
Calabi and Cheeger) that an estimate as indépendant of the geometry as the asymptotic one 
cannot be expected for small i and that the sets of Riemannian manifolds to consider must at 
least satisfy (in addition to the obvious condition "dimension bounded") assumptions of two 
kinds : 

(i) A local one, which bounds the ratio between the Riemannian measure and the euclidean 
one. 

(ii) A global one, which says that big homothetic changes of the metric are not allowed. 

About (i), we shall replace here the usual assumption "Ricci curvature bounded from 
below" by the weaker condition : "the part of Ricci curvature which goes below the ûxed 
bound has not too big Lpl2 norm" (cf. theorem 6). 

About (ii), this assumption must be chosen in order to contain "collapsing" séquences of 
metrics gk in the sensé of [C-G] (i.e. metrics gk whose injectivity radius and volume go to zéro 
when k goes to infinity and whose diameter and sectional curvature are bounded), because it is 
known that the Xi(gk) remain in fixed intervais (see [CH], [L-Y 1], [GV 3], [GT 1-2-3-4]) when 
k go to infinity. This exclu des the assumption "Volume bounded", because inefficient, and any 
assumption on the injectivity radius, because too strong (so standard arguments using local 
maps and analysis in R n are inefficient here). 

The assumption (ii) we choose here is the usual one : "diameter bounded", but it would 
be possible to replace it by weaker ones (see [GT 4] section 6 and [GT 5]). 

b) Isoperimetric inequalities are équivalent to inequalities on eigenvalues or Sobolev 
constants. — Let h be any C1 increasing function from ]0, | ] to ]0, -foo[ such that, for some 

r G] — oo, 1[ , lim exists and lies in ]0, +oo[ . Let us still call h the function from ]0,1[ 

to ]0,+oo[ given by h(s) = h(l — s) . Considering the set Mh of Riemannian manifolds (M, g) 
ail of whose domains £1 satisfy 

VoldO / V o l O \ 

V o l M ^ V V o l M / ' 
we are interested in proving that some spectral géométrie invariants are uniformly bounded 
on M h and that their extrema on M h can be computed. The invariants we consider here 
are the eigenvalues Xi(M,g) of the Laplace-Beltrami operator on the whole of M , the first 
eigenvalue AP(0, #) of the Laplace-Beltrami operator on any subdomain 0 C M (for Dirichlet 
boundary conditions), the heat kernel k^g^(t,x,y) of (M,g) with initial data Sx and the 
Sobolev constants 

\qm(M,g)= inf [ — 
/ec~(M) [ i n f a e R | | / _ a | | i f . Vol(M, 
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which occur in the embeddings H™ ^ Lq . 

It has been well known since [BI] that the datum of A _ 2 L _ } I is équivalent to the datum 
of the euclidean-like isoperimetric constant 

. , r VoldQ 
inf —-, — 

« C M L i n ^ V o i n ^ o l M X Q ) 1 - ^ • V o l ( M ) 1 / " . 
The following theorem generalizes this équivalence to other invariants and isoperimetric 

inequalities. 

T H E O R E M 5. — Let Ai(h),Ai(h),Aqjm(h) be the inûma of Ai (M, g), A; (M, g), 
\q,m(M,g) when (M, g) runs in Mh . Let 

kt(h) = sup{supVol(M,5r) • k{M,g)(t,x,y) : (M,g) E Mh} , 
x,y 

then 

(i) Ai(h) is non zéro iffr ^ 0 . In this case, 

Ax(h) = i n f 
J 0

1 / 2 \u\s)\* • hjsfds 
: « e C 0 ~ ( ] 0 , i [ ) J 

(ii) A{(h) goes to inûnity with i iff r > 0 . In this case, 

Ai(h) > C(h) • i 2 r . 

(iii) For every (M, g) G M h and any domain 0 C M , 

A?(n,<7)>mf 
\ J0^\u'(s)\2-h(sfds 
1 „ Vol Cl 
{ J0

VolM u(s)2ds 

u E 88o ([ 0 Vol O] ) } 
12:§ 

The right-hand side of this inequality is non trivial iffr^Q. 

(iv) kt(h) is ûnite iff r > 0 . In this case 

f1 rQu i2 

W = J [ ^ ( M ) ] ds , 

uu u u 
where u is the solution ofthe équation -^7 — h2(x)-^r- = 0 , which satisfies boundary conditions 

ut ols 

u(t, 0) = 0 , 1) = 1 and initial datum u(0, •) = X]o,i] • 

(v) A g > m ( / i ) is non zéro iff r > ^ — ^ .In this case, 

A g , m ( / i ) = inf 
A (tiw(s)rh(srds)1/m 

\mîa(:K(ti\u(s)-a\ids)1/9 
«eC 0 ~( ]o , i [ )J 

Remarks. — A complète proof of this theorem is given in [GT 4]. Previously, (i), (ii), 
(iii) and (v) where proved in [GT 2] and [GT 3] (in the particular case h(s) = ) and the 
inequality kt(h) < ds was established in [B-G] [another proof, by comparison between 
operators, is due to G. Besson (see the appendix of [BD])]. 

From the datum of h , it is possible to build metrics of révolution on cylinders for which 
each invariant considered in (i), (iii), (iv) and (v) is equal to the corresponding bound on M.h 
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(see [B-G]). It is then possible to make small changes on thèse metrics in order that they lie in 
Ai h and approach the bound; this proves that the bound is in fact an extremum(see [GT 4]). 

c) Bounding the spectrum and the Sobolev constants in terms of intégral norms of Ricci-
curvature. — On any Riemannian manifold (M, g) let 

M p ) = inf ( V P 1 ^ , ) . 

*n°££i« V m i n ( V o l O , V o l M \ n ) 1 - p • V o l M 1 / * / 

As any Riemannian manifold belongs to Mh where h(s) = Is(p)-inf (s, 1—s) 1 - p , we may apply 

the Theorem 5. Changing the variable s for the new variable p(s) = / dx in the bounds 
Jo h(x) 

given by the theorem 5, it appears that the computation of thèse bounds is possible in the 
same way as done for euclidean balls. So the bounds given by theorem 5 (i), (ii), (iii) and (iv) 
are computable in terms of Bessel functions (see [B-G] section 5 and the appendix of [GT 4] 
for more détails). The Bliss's lemma ([AU], prop. 2.18, p.42) gives the exact computation of 
the right-hand side of the equality of theorem 5 (v). Using the lower bound of Is(p) given by 
the theorem 3, we then obtain 

THEOREM 6. — Let a and D be any positive constants. Let p be any élément of 
]n, +oo] . On any Riemannian manifold (Mn,g) whose diameter is bounded by D and whose 
Ricci curvature satisûes 

-J— f ( r — - l Y ' 2

d v < l(eB(p)aD _ i r i 

one has 

(i) For every i G N , 

Xi(M,g) > ( ^ ) 2 • 2>/> • Is(p)2 • > ( ^ ) 2 • 22'" • 1{a,Dfi2lp • 

(ii) For any domain Ci C M whose volume is less than 

*•<»••> > c ^ r ^ n ^ r > • ç ^ y » 

(iii) For any (x,y,t) G M x M x R+ , then 

Vol(M, g) • k(Mtg)(t, x, y) < k* • Is(p)2 ( ^ 7 ( " , D? ' t) 

where k*(t) < C(p) • t~pl2 . 

(iv) lf\ — ^- — - (critical case), then 
v / p m q v /' 

K(p,m) • \q,m(M,g) ^ Is(p) > j(a,D) , 

where the constants can be computed as follows : 

K(p, m)=p1 p - J ( ) K-Ç- mlL 
; F \p-mJ \m-lJ [ 2T(p) 

C\(p) = l s t zéro of the Bessel function J P -2 , where 
2 

« . ) - r ( . + i ) . Ë ( - i ) ' i B ^ _ . 
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00 
fc*(t) = l + V J a f c - e - " * t + / ? f c e - ^ , 

i-1 

where jk (resp. vu) is the kth zéro of (resp. Ĵ _2 ) in ]0, +oo[ , and where 
2 2 

a t = 2 P - 3 . P . r ( f ) 2 j { { j k ) ' 

1 vl~2 

P k ~ 2 P - 3 . P . r ( | ) 2 j \ ^ { V k ) • 
2 

d(p) = solution x of F ( ) = - . 

Remarks. — (i) can be deduced directly from (iii) because 

e f - ' r 8 tè_ç/^ -çlk'_ \ p2 Xi / 

The assumptions of the theorem 6 cannot be improved (see the Appendix). 

B. Bounding the first eigenvalue from above in the non compact case. 
When the volume of (M,g) is non finite, constant functions no longer lie in H\(M,g) , so the 
infimum of the spectrum [that we still call Ao(M, g)] is sometimes non zéro and is not always 

(n - l ) 2 

on eigenvalue. In [DY], H. Donnelly proved that \0(M,g) < - — |jy ||x,oo . We give there 
a version of this resuit in terms of ||r_||£P/2 : 

PROPOSITION 7. — For any complète Riemannian manifold ( M n ,g) with non finite 
volume and any p E]n, +00[ , 

A 0 ( M ) f f ) < ( l / 4 ) i n f [ l i r u p ( | ^ ^ ) ] 2 

< ( l /4 )C ' (n ,p) 2 in f l imsup \Vo\(B(x,R))~1 f rp_/2dvg]
2/P 

x R-+00 L JB(x,R) J 

where C is the constant defined in Theorem 1. In particular, to obtain the inequality 
Xo(M,g) < C" (n ,p ) 2 a 2 / 4 , it is sufficient that fM(r- — &2)+dvg is finite. 

Remarks. — This proposition implies in particular that every manifold with infinité 

volume, whose Ricci-curvature is bounded from below by —(n — l ) a 2 outside a compact subset, 

satisfies Ao(M, g) < ( n ~^) Q Q n the Qther hand, it is sharp for hyperbolic spaces because, when 

p goes to infinity, C"(n,p) goes to n — 1 . 

Proof. — Let x be any point in M . Let us define L(R) = Yo\(dB(x,R)) and A(R) = 
Vol(B(x,R)) . For any function u from R+ to R such that I(u) = [u'(t)2 + u(t)2]L{t)dt 
is finite, the minimax principle, applied to the function f(y) = u[d(x,y)] , leads to 

A 0 ( M , < 7 ) < [ ^ u'(t)2L(t)dt/ J u(t)2L(t)dt^ . 
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Let c = l i rnsup^^^ [ Vo\(dB(x, R))/ Vo\(B(x, R))] . For any positive e , there exists some 
number Ro such that, for any R ^ Ro , L(R) < A(R) (c + e) . By intégration, it gives 

A(R) < A(R0)e
(c+£)(R-Ro) 

L(R) < (c + e)A(Ro)e{c+£)iR-Ro) 

So, if = e -(c+2£)</2 ^ -g fhûte. A direct calculus leads to 

À 0 (M,<7)<(c + 2 £ ) 2 / 4 , 

we prove the first inequality by making e go to zéro. 

The second inequality cornes from Theorem l,(ii), where 5 = 0 . • 

4. Bounds on Gromov's norms in homology 

In [GV 2] (pp. 34-36), M. Gromov proved that the norms ||[c]|| of the homology-classes 
(see définition in the introduction) can be bounded by means of the growth of big balls in 
the Riemannian universal covering (M, g) of the considered complète Riemannian manifold 
(M, g) . He proved, for any z-dimensional closed chain c , that 

i|[ C]| | < [ H - l - i ^ ^ ^ ] ^ • Vol,(c) , 

where the right-hand side of the inequality may be improved by multiplication by 
/ r (n /2 ) \ n 

( /—/ / ., s / 0 N ) when [c] = [M] . In the proof of theorem 1, we established, as an appli-
\> /7r l ((n + l ) / 2 j / 
cation of (2), that 

Vo\T(H,R) < C ^ H VolT(H,R) ) + °lYolT(H,R) >] . 

Replacing H by {x} and noticing that ||[c]|| is always zéro when Vol(M,#) < +oo (because 
the bounded cohomology is trivial when the fundamental group is finite), we get the 

THEOREM 8. — Let (Mn,g) be any Riemannian manifold. For any p E]n,+oo[ and 
any closed i-dimensional chain c , 

| |[c]|| < ÛC'^pY Voli(c) • sup [liminf ( Vol £ ( * , tf)"1 / rpJ2 - dv^Y** 

\\[M}\\<n\C'(n,Pr{ ^ r 7 r

n ( 2 ] w 9 0 n V o l ( M ) sup [liminf ( VolB(x, i ? ) " 1 / rpJ2dv~g)}
 f 

where the B(x, R) are balls of radius R in the Riemannian universal covering ( M , g) of ( M , g) 
and where C is defined in Theorem 1. 

Remarks. — 

- There existed a previous estimate by M. Gromov in which the right-hand side of 
the inequality dépends on ||r_||£«> and Vol(M,g) . He conjectured as possible to replace this 
L°°-norm by a L n / 2 -norm. The above inequality is a step in that direction. 
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- A second step would be to obtain the right-hand side of the above inequality in terms 

of ( V o l ( M ) - 1 JM rp_/2 • dvg) . We first have to see in what cases this quantity is the limit, 

when R goes to infinity, of ( V o l B ( x , R ) ' 1 J~(x R ^ r - 2 ' dv~) . M. Gromov recently pointed 

to me that this is true (from [BN]) when the sectional curvature of (M, g) is supposed to 

be négative. It would induce that, in this case, the simplicial volume is bounded in terms of 

( V o l ( M ) - 1 / M S c a l ( f f ) " / 2 ^ 9 ) . 

- The theorem 8 implies that the volume of any immersed submanifold of M is bounded 
from below by some (eventually trivial) topological invariant of the immersion. 

5. Topological or géométrie invariants of harmonie type 

bounded by curvature intégrais 

Let (M, g) be any compact Riemannian manifold. We consider Riemannian vector-
bundles E —» M equiped with a metric (•,•) on each fiber and a connection D compatible 
with the metric. Let \s(x)\ or |s| dénote the norm of a section s at some point x and 
\\s\\p = ( JM Is^dvg)1^ its L^-norm. The space of sections s such that |s | 2 (resp. |.Ds|2 -f |,s|2) 
is integrable is noted L2(M, E) (resp. Wi(M, E)). The rough laplacian D*D is the symmetric 
operator associated to the quadratic form Q(s) = fM \Ds\2 • dvg on W\(M,E) . 

A géométrie (or topological) invariant 8{M,g) (or 6(M)) is called harmonie (resp. 
subharmonic) if their exists some Riemannian fiber bundle (E, D) and some section 
71 of the symmetrized tensor product E* © E* such that 8{M,g) = dim[Ker(D*D + 
71)] (resp. 8{M,g) < index(Q^)) , where Qn is, in ail this section, the quadratic form 
deûned on W\(M,E) by Qn(s) = JM[\Ds\2 + 7Z(s,s)] • dvg , and where its index is the 
maximal dimension of any vector-subspace on which Qn ^ 0 . 

Examples. — Betti numbers [bi = dim(Hî(M, R))] are harmonie topological inva
riants. The index of a Dirac operator, the dimension of the moduli-space of Einstein metrics, 
the number of eigenvalues lying in [0, À] for the Hodge-de Rham laplacian, etc. are subharmonic 
invariants. 

The proof of this assertion cornes from Hodge's theory and from Weitzenbock's formulae. 
About this class of invariants, one can aim différent levels of results : 

a) Vanishing theorems. — The (trivial) theorem here is : if 71 is everywhere positive 
definite , so is Qn and the corresponding invariant is trivial. What is not trivial here is to 
find the curvature-hypothesis which implies that 71 > 0 . However, only pointwise algebraic 
computations are needed there (see for instance [G-M 1]). 

b) Pinching theorems. — What occurs when the diameter is bounded and when the 
curvature is allowed to go a little below zéro ? A référence-resuit in this field is the 

THEOREM 9 (M. Gromov, see [B-K]). — There exists a positive function e on 

N \ { 0 , 1 } X R + with the following property : a manifold M is diffeomorphic to a compact 

quotient of a nilpotent Lie group iff it admits a metric g satisfying 

WflOIU~ < £(dimM,diam(#)) . 

where <r(g) is the sectional curvature of g . 
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What occurs when we replace the pinching of sectional curvature by a pinching of Ricci-
curvature ? and the L°° condition by a Lpf2 condition? [To see that this hypothesis would 
be an important weakening of the above one, just note that it is satisfied by every Ricci-flat 
manifold (and there are many of them by Aubin-Yau's proof of Calabi's conjecture)] . It is 
the aim of the following theorem 

THEOREM 10. — Let e be the function defined by 

e(p) = (1082)" • sup[25>>Aipy^Bip)»}-1 

where B{p) is defined in Theorem 2 and A(p) in Proposition 13. If a manifold Mn admits a 
metric g such that, for at least one p G]n, +oo[ , 

diam(^) p [Vol(^)- 1 / rp_/2dvg] < e{p) 
JM 

then 6i(M) < &i(Tn) • 

Moreover, if such a metric also satisûes 

d i a m ^ n V o l ^ ) - 1 / M » / 2 • dvg] < e{p) 
JM 

then bi(M) ^ bi(Tn) for every i . 

Remark. — The assumptions of this theorem cannot be improved (see the Appendix). 

This theorem is a corollary of Theorem 11 and will be proved later. 

c) Finiteness theorems. — We then allow the curvature to have the two signs and only 
suppose that its négative part is controlled in some sensé. It is obvious that we can get 
nothing with only local considérations, we really need arguments of global geometry. We shall 
prove the 

THEOREM 11. — There exists a function 2 (resp. X) deûned on ( R + ) 3 (resp. on 
( R + ) 4 j with the following property : for any compact Riemannian manifold (Mn,g) whose 
diameter is bounded by some number D , for any p G]n, +oo[ and any a satisfying 

V o l ( M ) - 1 • / [ ( r _ / a 2 ) - l f t / 2 • dvg < (l/2)(eB^°D - l ) " 1 

JM 

(where B(p) is deûned in Theorem 2) then 

ôi(M) < n • Z(p,D,a) 

bi(M) < ^ • X(p,D,a, V o l ( M ) - 1 • J H * / 2 ) for any i 

Â(M) < 2 ( n / 2 ) - 1 Z ( p , D, a) where Â(M) is the index of the Dirac operator , 

More generally, for any subharmonic invariant 8{M,g) , let V be any positive function such 
that 1Z(-,-•). > — V(x) - (•, •) on any ûber Ex [where 1Z is, as above, the zero-order term of the 
elliptic operator corresponding to 8{M,g)], then 

8(M,g)^dim(Ex)-X(p,D,a,Vol(M)-1 f Vp'2dvg) . 
JM 

Remarks. — 
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1. — For &i(M) for instance previous bounds had been given in terms of ||z,°° and 
diameter in [GV 1] and [GT 2]. Thèse results are contained in Theorem 11. 

2. — Examples in the appendix show that the diameter must occur in the estimate and 

that it is impossible to bound &i(M) in term of [ V o l ( M ) - 1 • fM rnJ2 • dvg] and the diameter. 

In fact, the assumptions of the theorem 11 are almost optimal (see the Appendix). 

Before proving Theorem 11, let us establish the two following propositions. For any 
elliptic self-adjoint operator L , let us call À 0 ( £ ) (resp. 7VL(À)) the infimum of its spectrum 
(resp. the number of values of its spectrum which are inferior or equal to À). We then have 
the following comparison theorem between a Schrôdinger operator on a fiber bundle and its 
analogous on the basis : 

PROPOSITION 12 ([G-M 2], Proposition 5 and Remark 9). — Let 1Z-(x) = 
vd\iiv^Ex [v~21Z(v, v)] . If / is the dimension of the fiber Ex , we always have : 

Index(Zri) + K) = lndex(Qn) < (Z + l)NA+n_.[(1 - 8(Z 4- 1 ) 2 )A 0 (A + 11-)] - 1 . 

Sketch of the proof. — The function $ : s —> \s\ sends any subspace S of L2(M, E) on 
a cone in L2(M, R) (here \s\ dénotes the function x »-» |«s(x)|). Let H be any finite dimensional 
subspace of L 2 ( M , R) and P be the canonical projection from L 2 ( M , R) onto its projective 
space, it is proved in [G-M 2] that, if P o $(5) lies in the e -neighbourhood of P(7i) (for 
e = [8(Z + 1 ) 2 ] " 1 / 2 ) , then dim(£) < dim(ft) • (Z + 1) . 

Now, suppose that Qn ^ 0 in restriction to S and define H as the vector-space spanned 
by the eigenfunctions of (A + 1Z-) whose eigenvalues are not greater than [1 — 8(/-f 1 ) 2 ]À 0 (A + 
1Z-) . If s G S , the component of the function |s| which is orthogonal to H is, by the 
min-max principle, small enough and P o $ ( £ ) lies in a ^-neighbourhood of P(7ï) for some 
e < [8(Z 4- I ) 2 ] " 1 / 2 . The resuit follows. 

PROPOSITION 13. — Let (Mn,g) be any complète Riemannian manifold. For any 
potential-function V, define V- = sup(—V, 0) . For any p G]n, +oo[ , let us put 

A(p) = 2 1 - ( 1 / * ) 4 - p ( p - 2 ) ' ( 2 p \ p - 2)" 1/ 2[2r(p) • rip/2)-2]1'* . 

Then, for every positive e , 

(i) 
Yo (A =V) >> -(21/2 A (n+e) 2(n+e) /e (Vol/ M)-1 SM V_ (n+e)/22) 2//n+e\ 

- 2 ( V o l ( M ) " 1 / v [ n + £ ) / 2 ) 

(ii) For any i G N \ { 0 } and for any a G]0,1[ , 

/ A(r>+F) \2(n+£)/£ 

A l ( A + V ) > M A ) ( l - a ) - ( ^ ± ^ ) V o l ( M ) - 1 / Vin+2s)/2dvg)
2 ' . 

K J M J 

(iii) If, for some a E]0,1/2] , V o l ( M ) " 1 JM V",2dvg < [a1!2 • A ( n ) - 1 • Is(n)] n then 

Xi(A + V) > (1 - a)Ài(A) for any i G N \ { 0 , 1 } . 

A 0 ( A + V) > - 2 ( V o l ( M ) - 1 j V",2dvgj 

Àj(A + V) ^ (1 - a)Ai(A) for any i G N \ { 0 , 1 } . 
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Remarks. — 

- A similar resuit was proved by the author from [GT 3] [just replace, in the itérations 
of Sobolev inequalities used in [GT 3], the inequality JMV- • f2 < | | V _ | | L ° ° J m f

2 by 
JM V-'f2^ | | V _ | | L P / 2 ( fM pp/(p-V)(p-2)/p] but this proof only worked when dim(M) ^ 3 . 
Recently, P. Bérard and G. Besson ([B-B]) gave another proof (which also works when 
d imM > 3) which improves the Lpl2 estimate of the potential to a critical Lnt2 one. 
However, the géométrie and topological estimâtes one could deduce from thèse two methods 
still depended on | | T * _ ||Z/°° , for lack of an estimate of the isoperimetric constant Is(p) in term 
of ||r_||£P/2 , which is given here by the theorem 3. Examples of the Appendix prove that the 
difficulty of bounding the isoperimetric constant is the critical point which prevents us from 
estimating invariants in terms of a L n / 2 -norm of the curvature. 

Proof of Proposition 13. — Let E be any subspace of W\{M, R) such that JM \df\2 + 
JM^ ' f2 ^ ^ IM f2 ^or e v e r v f € E . For every a and for every p > n , by Hôlder's inequality, 
we have 

(5) / |<*/ | 2 <(A + Û ) / f + {[ ( V - a Y f f P ( [ | / - 7 | ^ ) ) ( p - 2 ) / P 

JM JM V JM ' V JM ' 

+ 2 / / ( V - - a ) + ( f - J ) + f f ( V _ - a ) + , 

JM JM 

where / = V o l ( M ) - 1 JM f is supposed to be nonnegative (elsewhere just change / in — / ) . 
From Theorem 6, (iv) (that we modify as in the proof of [GT 2], Corollaire 2.6) we also 

have 

(6) 11/ - 7 I I W . ) < Vo l (M) - 2 / " [A(p ) / I s ( P ) ] 2 | | 4 f | | i 2 , 

Inequalities (5) and (6) give 

(7) / | # | 2 < (A + a) / f + ( V o l ( M ) - 1 / (V. - a ) f ) 2 / P 

JM J M JM J 

( ^ l l # I U > + V o l ( M ) > / 2 . 7 ) \ 

Let us take, for any q > p , 

a = [a-^2A(p)/ls(p)]2p^q-^[Vo\(M)-1 f vl/2]2Kq~pK 
JM 

As 

/ (VI - a)pJ2 < (Vol{VL > a } ) 1 " ^ ) ( / (VI - a)f V ' * , 
JM J M J 

a*/ 2 (Vol{VL ^ / VqJ2 , 
JM 

we immediately deduce 

(8) [ V o l ( M ) " 1 J (V- - a)pJ2}2/P < a • ls(p)2/A(p)2 

Replacing in (7) and making a = 1/2 , we obtain A ̂  -a - 2 [ V o l ( M ) _ 1 J M Vl/2]2/p which 
gives (i), and (iii) by making e —•> 0+ . 
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Now, let E' be the subspace of ail functions f in E satisfying JM f dvg = 0. By the 
min-max principle, there exists one choice of E such that dim(E') ^ NA+vW — 1 . Applying 
(7) and (8) to every / G we have 

( 1 - a ) / df2<(\ + a) f f2 , 
JM JM 

and we conclude by using the min-max principle. • 

End of the proof of the Theorem 11. — Applying Propositions 12 and 13, a direct 
calculus leads to 

Index(£>*D+K) < - 1 + (/ + 1) • NA (32(7 + l ) 2 [( V o l ( M ) " 1 J \K- \ ^ ) ^ 

+ 2^(A(n + e)/Is(n + e ) ) ™ - ( V o l ( M ) - i y r |ft_|( n + 2 £)/ 2) 2 / e]) . 
As bounding from below the eigenvalues of A is équivalent to give upper bounds for NA , we 
may apply the Theorem 6 (i) which gives (for p = n + e) 

I n d e x ( j D * i ^ - h 7 l ) < / - A ' ^ , D , a , V o l ( M ) - i y | ^ _ | ( n + 2 £ ) / 2 ^ . 
Theorem 11 cornes by expliciting the relation between 1Z, and the curvature in each application. 
For instance : 

6 i (M) = dim[Ker(ZT £> + Ricci)] 
bi(M) = dim[Ker(JO*D + K)] , 

where % can be bounded from below by the curvature-operator (see [G-M 1]), which can be 
bounded in each point by |cr| (see [KR]). 

Â(M) < dim[Ker(Zr 0 + Scal/4)] , 

where the potential is here the function "scalar curvature of (M, #)" . 

End of the proof of the Theorem 10. — Use the same argument, but notice that 
Ai ( A ) > ls(p)2/A(p)2 by Theorem 6 and make a = Log(2)/[£> • B(p)] in Theorem 3. Then 
apply Proposition 13, (iii). 

d) Manifolds with boundary (without convexity assumption). — In this case two new 

problems arise : 

The quadratic form whose index must be bounded is 

Qn(s) = f [\Ds\2 +1l(s,s)]dvg + / K(x) • \s(x)\2dx , 

JM JdM 

where K is the curvature of the boundary. In the non-convex case, we have to get a précise 
géométrie bound of (JdM \s\2)/(fM \s\2) . 

- In the right hand side of Proposition 13, the spectrum of A must be replaced by the 
spectrum with Neumann boundary condition. As isoperimetric inequalities are not avaible in 
this case, the Theorem 6 (i) must be proved by another argument. 

See [G-M 2] for one kind of answer to this problem. In the case where the boundary is 
convex, previous results where given by [L-Y 3] and [MR] (this last one extends to the case 
where the boundary is minimal). 
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Appendix. Constructing Riemannian manifolds by surgery without keeping control of 
spectrum and topology while controlling Lpl2-norms of Ricci-curvature and diameter. Discussion 
about the sharpness of the results. 

Let ra be the part of Ricci-curvature which goes below the a priori fixed constant —a2 . 
More precisely : ra(x) = sup(—a2 — r(z),0) . Let us recall the gênerai scheme of Theorems 3, 
6, 10 and 11 : 

For every manifold (M, g) which satisûes 

&) tr y\*—T / l rc*l^2 ' dvg < e(a, D) for at îeast one p e]n, +oo] , 
Vol(M,#) JM 

(ii) diam(M,#) < D , 

then the invariant involved (isoperimetric constant Isg(p) in theorem 3, eigenvalues À;(M, #) 
of the Laplace-Beltrami operator, etc. in theorem 6, Betti numbers bi(M) etc. in theorems 
10 and 11) are bounded (from below or above) by a non trivial constant C(p,a,D) (to be 
replaced by x(p,&,D, V o | M JM \cr\p/2dvg) when Betti numbers of order i > 2 are concerned). 

The exact value of e(a, D) is computed in each theorem involved. 

Are thèse results sharp? As the assumption (i) seems rather complicated, is it possible 
to improve or simplify it ? The answer is négative. More precisely : 

- Both in the isoperimetric and spectral estimâtes (theorems 3, 6) and in the topological 
estimâtes (theorems 10, 11), 

• it is impossible to replace the Lpf2 assumption in (i) by a Lnl2 one (see A.2). However, 
the question is still open for the simplicial volume (theorem 8), 

• it is impossible to replace the assumption "rr-J— / Irai71/2 • dvg < e(a,D)" in (i) by 
Vol M JM 

" 1 SM |ra | P/2 dv g bounded" (i.e. e(ot,D) must be small enough see A.3 and A.5), 

• it is impossible to replace the assumption (ii) "diameter bounded" by "volume bounded, 
even if ||<7||L°° is bounded (see A.6). 
- In the isoperimetric and spectral estimâtes, it is moreover impossible to replace 

um*T) L M P / 2 * £{a'Dr BY " I M ? / 2 < £(A'Z>)" 

in the assumption (i) (see A.4). 

We shall get counter-examples by gluing together thin cylinders C(a,e, 77) = (C,gQj£^v) 
with large boundaries, whose négative part of Ricci curvature has small Lp/2-norm. Let 

C = [-1,1] x S71-1 and gQ^v = (dt)2 + b2(t) • gSn-, , 

where b(t) = rj(t2 + £ 2 ) a / 2 . Let us call <rm-m(x) the infimum, for every 2-dimensional subspace 
P of TXM , of the sectional curvature of P . 

A.l . For every (a,e,rj) G ] ^ - , -foo[x]0, l[x]0, + 00 [ , one has 

JC(a,e,rt) JC(a,e,r}) 

r ( a ( a - l ) + ( a 2 - ^ ) + + a V ) p / 2

 e (n-i)«-( , -0 

" "* [ «"(5Eî) + 2 p - l - a ( n - l ) 
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V ° W ^ > «infini 

Proof. — For every X , Y tangent to {t} x Sn 1 C C , from the équation of Jacobi 
fields and Gauss-Codazzi formula, we get 

d_ _ -V _ q ( q - l ) _ a(2 - a ) 6 2  

{dt' } ~ b ( > ~ < 2 + £ 2 ( t 2 + £ 2 ) 2 > 

^ = w ) -
 ( i ) 2 ( < ) > w h ) ( ( i + J ) ° - w ~ a 2 ) • 

As the Riemannian measure is 

* w „ = ' ? " - 1 ( ' 2 + e 2 ) " , 

a direct computation then gives A . l • 

A . 2 . For every positive e, D , and in every dimension n > 3 , there exists a séquence 

of Riemannian manifoîds (Mk,gk) which satisûes 

(i) diam(M*, <7fc) <D , fMk \r.\nl2dvgk < JMK | c r m i „ | n / 2 • ̂  < e and 

Vol(Mk,gk) /M* kmin | n / 2 ^t ; 5 f c < £ , 

(iij lim f c^oo Is9k (p) = 0 , 

(iiij For every z , limfc_+oo \i(Mk,gk) = 0 , fa A 

(iv) limfc-»oo bi(Mk) = +oo for every z G { 1 , . . . , n — 1} . H4 j. \ / / / H 6 

Proof. — The manifold Mk is obtained, in ("^ ^ ) ' S^T' ) 
a standard way, by gluing together k copies of the ( 1 ~ X ^ N ^ \ m ^ / y / 
torus T n (after excision of 2 balls from each torus) X . J \* 
by means of cylinders, in order to form a closed ^ ^\ f ^^\^(«~^~H5-
chain (see the picture). We get a first metric gk 2~ y \ X ^ - X 
on Mk by eqùiping each torus with a flat metric S \ [ ^ ^ X 
whose diameter and injectivity radius are fixed and ( /H~ \ k ^ ^ X . ] 
respectively greater than 4 and 2. The cylinders are ( ( 2../ /S^-—^r^yc^^tfy 
equiped with the metric gak,ek,T]k defined in A. l , X — ^ / \ ' ' /C \f \ 
where ak = 1 + k • e~k , ek = exp(-ek) , rjk = H 3 I ( ) ^ 

— (1 4- el)~~ï2L . If the radii Rk of the excised balls \ \ / 

i + s i . v s y 
are chosen equal to , then the metric gk thus 

Olk THE RIEMANNIAN MANIFOLD (Mg.gg) 

obtained is C 1 and, by applying A. l , 

/ kmintëOr / 2<tofc < &k \{k.e-k)^ + c-^- 1 )*] . 
</MFC

 L J 

This estimate is unchanged when replacing gk by gk = ~j^9k • As diam(Mk,gk) = O ( ^ ) and 

Vol(Mfc,#fc) • k2n~l is bounded from below, the assumptions (i) are proved. The assumption 

(ii) is obviously true, since each minimal hypersurface H{ in each cylinder satisfies Vol(iJj) = 

£2-2n . 0(sk

n~l^ak) . Let Hi be the minimal hypersurface of the z t h cylinder (z G Z/k.Z) and 

Çti be the domain bounded by H{ and H{+i . The min-max principle applied to the functions 

Ui = min [—c?(. ,Fi) , l , — d ( . , # i+ i ) l • xnt-
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gives 

\ (\Jf ~ \ ^ hi \dUi\2'dv9k 4 ajfe(n_i)_i 

JçîiUi ' aV9k 

This proves (iii). We then prove (iv) by Computing the cohomology groups from the Mayer-
Vietoris' séquence. • 

A.3 . For any n G N \ { 0 , 1 } and p G]n, +oo[ , for any positive D , there exists a 

séquence of n-dimensionaî Riemannian manifoîds (Mk^gk) which satisfies 

(i) diam(Mk,9k) < D and V oi(M f c, g f c) JMk \r-\*'2dvgh < C(n,p)DN~P 

(ii) limjk^oo 6i(Mfc) = +oo / ^ A ^ ^ " ? ' ^ ^ " ^ N X 

Proof — Let = C(a,Sk,r)k) (with a fixed [ ( ^ X ^ * ^ ^ 3 ~ ( V - A / 
p — 1 2p — 1 I / ' / \ ^ / 

in ] r , + ° o [ \ { r-} , = e~h and 77* = \ / A B

 à B 4 \ \ / 
n — 1 L n — 1 V / A A Vv 

eak) be a cylinder as defined in A. l . We get a f / \ I 
new cylinder Ck by gluing, to each boundary of v A A A / V~-\ 
Ck , a cylinder B = [0,2] x 5 n _ 1 equiped with \ / y ~~y 
the metric gB = ( ^ ) 2 + ^fcC1 + 4 A * 9s«-* • We K p A A ^ / 
obtain (M 0,^ f c) by gluing together 2 copies of C£ . A A V / ̂ zl 

We get (Mk,<jk) from ( M o , ^ ) by excising, from the ^ i f A 3 
thick parts 5 of Mo , balls B\,... ,B2k of radius \ I A 
R = ^(1 + 4 ) and by gluing a cylinder C ( a , e k , Vk) \ \ J àB / À 

(where 77'k = ) to each pair of boundaries / \ \ 8 / ,/>-A\ 

(dB1,dB2),...,(dB2k-i,dB2k) . (see the picture). / X ~ H - ^ B ? )) 
The values of R and r\k are such that the singularities /( ) ^ A \ ^ - y X JJ 
of gk at the gluings only increase the positive part of x ^ r ^ A ^ """""" ^ ^ ^ A x — ^ A 
the curvature. By A. l , we get T H E R I E M A N N I A N 

f \r.(gk)\
p/2 ^C(n,p,a)[e^k(X + k] 

Vo\(Mk,gk) > C'(n,p,a){e^ka + k] . 

Let us call H\ and H2 the two minimal hypersurfaces of (Mo,go) . Every x G M 0 

satisfies d(x,Hi) + d(x,H2) = 6 , so 

diam(Mfc, </*) < d iam(M 0 ,# 0 ) + 2 < 8 + diam(#i) < 8 + 7r . 

/ D \ 2 

Changing gk in gk = ^ ^ J -<jk , we get a metric which satisfies the assumptions (i). Using 

the Mayer-Vietoris' séquence, we get b\(M) = k + 1 , which gives (ii). 

A . 4 . For any n G N \ { 0 , 1 } and p G]n, +oo[ , for any positive D , there exists a 
séquence of Riemannian metrics gk on M = 5 n _ 1 x S1 which satisûes 

(i) diam(M,gk) ^ D and l i m * ^ j M k \r^2dv9k = 0 . 

(ii) limfc_+oo ls9k (p) = 0 . 

(iii) For each i G N , l i m * - ^ \i(M,gk) = 0 . 
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Proof. — In the construction of example A.2, just replace the k copies of the torus by k 
v> — 1 2z? — 1 

copies of the sphère Sn(e~k) (whose radius is e~k) , ak by some fixed a G 1 , \,6k 
J n — 1 n — 1 1 

(1 + e2)^~ [ek 1 

by e~k , r]k by + e

2 * ( i * + g 2 ) 2 ] 1 ^ a n d R k b y e ~ * ' A r c t g l^^1 + * T h e n e w v a l u e s o f 

the radii Rk of the excised balls and of rjk are computed such that he metric gk , obtained by 
gluing the new cylinder C ( a , 7 7 i t ) to 5 n ( e ~ f c ) , is smooth. By applying A. l , we get 

/ \r.y>l2dvgk^C(n^a)^k^n

k-
1 

diam(M,gk) <2k 

Changing gk for gk = J^9k ? w e prove (i). The proof of (ii) and (iii) is the same as in A.2. 

A . 5 . For any n G N \ { 0 , 1 } and p e]n, +oo[ , for any positive D , there exists a 
séquence of Riemannian metrics gk on M = 5 n _ 1 x 5 1 which satisfies 

(i) d i am(^ ) < D and * / |r_|*/2 < C(n,p) • 

Vol(Mjb,5rfc) y M f c 

(ïi) lim*—«, ls9k (p) = 0 

(ii) For each i G N , lim^oo À;(M,#/t) = 0 . 

Proof. — Let us consider the manifold ( M 0 , gk) of the construction of the example 
A.3. The metric gk may also be considered as a metric on S1 x 5 n _ 1 which only dépends 
on the component in the factor 5 1 . Let S be the subspace of £ 2 ( 5 n - 1 , can) spanned by 
the eigenfunctions (po,...,<pi corresponding to À 0 , . . . , A j . We define a canonical injective 
application ip from S in L2(Mo,dvgk) by ip(u)(s,x) = u(x) . The min-max principle and a 
direct computation give 

X,M T \ - H ^ ( " ) ) I U » < AK^-Scan) 4 + J p ( < 2 + e p " ^ dt 
Ai{M0,gk) ^ sup ^ = r—T\— 

uee IMu) | | L . r;2

 4 + J . i ( t 2 + e 2 f c ) t t ( a î i ) c f t 

changing gk for = (g+^f) 2 '9k > w e prove (iii). The same arguments as in A.3 prove (i). The 
proof of (ii) is obvious. • 

A.6 . For any n G N \ { 0 , 1 , 2 } , there exists a séquence of n-dimensionaî Riemannian 

manifoîds (Mk,gk) which satisfies 

(i) - 1 < a(gk) < 0 and Vol(Mk,gk) = 1 

(ii) limfc_+oo \i(Mk,gk) = 0 

(iii) limjk_oo bi(Mk) = +oo 

Proof — Let Mk = T n ~ 2 X Hk , where Hk is a compact surface of genus k . Let g0 

be a given flat metric on T n ~ 2 and gk be a metric on Hk whose curvature is equal to — 1 . 

Let gk = i ) y0\(g ) ' 9 0 ® 9 k ' T h e n (Mk,gk) obviously satisfies (i) and (iii). It is 

a classical resuit that gk may be chosen such that limfc_+ 0 0 À^ifjt, gk) = 0 , which implies 
(n). . 
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