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Large deviations and surface entropy for Markov fields

by Hans FOLLMER and Marianne ORT

1. Introduction

Let P be a probability measure on a product space = S’, where
I denotes the d-dimensional lattice Z%, and where S is some finite state
space. We assume that P is ergodic with respect to the group of shift
transformations 6; (¢ € I) defined by (0;w)(k) = w(i + k). For n > 1, let
V.. denote the box of all sites i = (i1,..,i4) € I with |¢;| < n, and let R,
denote the corresponding empirical field

Rn(w) = L
Vol jev

We are interested in large deviations of the empirical field from its ergodic
behavior

(1.1) lim R,(w) =P P—a.s.,

n—oo

i.e., in the probability of an event {R, € A}, where A is a set of probability
measures on {2 such that P is not contained in the closure of A.

If P is a Gibbs measure with respect to some regular interaction po-
tential U, then

(1.2) P[R, € A] ~ exp[—|V,| inf h(Q, P)],
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where the infimum is taken over all stationary measures belonging to A,
and where h(Q, P) denotes the specific relative entropy of  with respect
to P; cf. [1, 8, 10]. But the variational principle for Gibbs measures says
that h(Q, P) is equal to 0 if and only if both P and @ belong to the same
class G(U) of Gibbs measures specified by U. Thus, the infimum in (1.2)
may be equal to 0 in the case of a phase transition |G(U)| > 1. In such a
case, the description (1.2) of large deviations needs further refinement. If
P has the local Markov property, then it is natural to replace the volume
|[Va| in (1.2) by the surface area |0V,| of V;,. For the Ising model, and for
large deviations on level (1) where the empirical field R, is replaced by
the average of the values w(i) (i € V;,), it is shown in [14] that lower and
upper bounds in terms of surface area do exist. In this paper, our purpose
is to derive explicit lower bounds for large deviations of the empirical field.
These bounds involve a new entropy quantity s(Q, P), which is obtained by
computing relative entropies on surfaces.

The key to the lower bound in (1.2) is a Shannon-McMillan theorem
for the entropy h(P) of a stationary random field P and its extension to
the relative entropy h(Q, P). This is recalled in section 2 and motivates
our approach to the critical case. In section 3 we consider random fields
P which satisfy a strong form of the 0-1 law on asymptotic events. We
introduce the surface entropy s(P) and prove the corresponding Shannon-
McMillan theorem. Its extension to the relative surface entropy s(@, P) in
section 4 is more delicate; here we need further regularity properties of P.
In addition to the Markov property, we assume that the interaction U is
attractive and that P is the maximal Gibbs measure P* € G(U). Using
monotonicity arguments, we obtain a lower bound of the form

(1.3) lim inf L

+ > - 1-1/d - +
iminf Gy log PrIRn € 4] 2 = inf o™ %s(P7, PT)

which involves the mixtures P, = aP~ + (1 — a)P* of the maximal Gibbs
measure Pt and the minimal Gibbs measure P~. In the special case of the
two-dimensional Ising model, these results on lower bounds form one part
of [12]; the other part of [12] contains upper bounds in terms of s(P~, P*).
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It is a pleasure to thank R. Durrett and R. Schonmann for a useful
comment which led to an improved version of (1.3).

2. Large deviations and entropy

Let M(Q) denote the compact space of probability measures on ) =
SI. For J C I we denote by wy the restriction of w € Q to J, by F; the
o-field generated by the map w — wy, and by Py the distribution of w;
under P € M(Q). For a stationary measure P € M(), the specific entropy
is given by

(2.1) h(P) = lim ﬁH(PVn)
and satisfies
(2.2) W(P) = [ H(BL- | Fiajicoy)(w))P(dw)

where “ < ” denotes the lexicographical order on Z¢ and Py[- | ;] is the
conditional distribution of w(o) with respect to F; and P. Moreover, there
is a Shannon-McMillan theorem behind the existence of the limit in (2.1):

1
(2.3) lm

and even P — a.s., where Pwy] denotes the measure of the cylinder set

log Plwv,] = — EIH(P[- | Faieoy)) [ J] in L(P)
determined by wy, and where J is the o-field of shift-invariant sets ; cf. [2,
15,9, 5, 11].

(2.4) Remark. For two probability measures y and v on some finite
set E/ we use the notation

H(p) == p(z)log p(z)
z€E
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for the entropy of p and

H(uv)= Y u(x)log “g;
zeFE

(:= oo if p & v) for the relative entropy of p with respect to v.

Now suppose that P is a stationary Gibbs measure; the precise defini-
tion will be given below. Then the specific relative entropy

h(Q,P) = lm ——

P
A, [ H Qv Pra)

exists for any stationary measure @ € M(2), and the Shannon-McMillan
theorem above can be extended as follows:

. 1 Qlwv, ]
2.5 lim lo L
(2:5) I T 18 Ploow, ]

=h(Qu,P) inL'(Q)
and even @-a.s., where @), denotes the ergodic component of @ associated
to w via J; cf. [5, 11, 7]. This relative entropy governs the large deviations

in (1.2). The precise formulation is as follows [1, 8, 10]:

(2.6) Theorem. If A C M(Q) is open then

(2.7) lim inf I‘i_l log P[R,, € A] > —inf h(Q, P),

where the infimum is taken over all stationary measures QQ € A, the corre-
sponding upper bound holds if A is closed.

In the proof of the lower bound (2.7), the key idea is to replace P by
a new measure ) such that the large deviation under P becomes normal
behavior under ). More precisely, let Q € A be ergodic. Since A is open,
the ergodic theorem implies

(2.8) lim Q[R, € 4] =1
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It is no loss of generality to assume that A € Fy, for some finite p, and
to redefine R, as the empirical field over V,_, so that {R, € A} € Fy,.
Let ¢, denote the density of @) with respect to P on Fy, which appears in
(2.5). Then we can write

1
[Val

> exp(—h(Q, P) — €) Q[Rn € 4,

P[R, € A] > P[R, € A, ——log¢n < h(Q, P) + €]

1

Lo S H(Q,P) + 4,

and so the lower bound

(2.9) lim inf L

follows from (2.8) and from the Shannon-McMillan theorem (2.5). In order
to complete the proof of (2.7), one has to approximate any stationary mea-
sure @ by ergodic measures @, in such a way that lim, h(Q,, P) = h(Q, P);
cf. [8]. Here again, the assumption that P is a Gibbs measure comes in.
Let us now recall the precise definition.

Let U = (Uv)v finite be a stationary interaction potential with

2 Uy < oo

V30
cf. [13]. For &,n € 2 we define the conditional energy of £ on V given  on
Ve as
Ey(&lm= 2 Uw(0)
WV #£0

where CV = wy and CI—V =NIi-v.

(2.10) Definition. P is called a Gibbs measure with respect to U,
and we write P € G(U), if for any finite V' C I the conditional distribution
of wy under P with respect to Fj_y is given by

210)  Plov = v | Fiovl(n) = mu(€ 1) = 5o exol-Ev(€ | )]
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with normalizing factor Zy (7).

(2.11) Remark. If U is a nearest neighbor potential then any P €
G(U) has the local Markov property, i.e.,

(2.12) E[¢ | Fi-v] = E[¢ | Fov]

for any finite V' C I and for any Fy-measurable ¢ > 0, where the boundary
0V is defined as the set of all sites ¢ € I — V which have distance 1 to V.
In that case, P is also called a Markov field.

The variational principle for Gibbs measures of Lanford and Ruelle can
now be stated as follows: Among all stationary measures Q € M(Q), the
Gibbs measures in G(U) can be characterized by the fact that they have
relative entropy

h(Q,P) =0
with respect to the given Gibbs measure P € G(U); cf. [5, 13].

Let us now reconsider the description (2.6) of large deviations in the
case of a phase transition |G(U)| # 1. It may then happen that A contains
some stationary measure Q € G(U) even though P is not contained in the
closure of A. Thus, the right side of (2.7) is equal to 0, and so we need
a more refined description. The key idea above for proving a lower bound
is still valid; the point is that we need a refined version of the Shannon-
McMillan theorem. Consider two stationary Gibbs measures P, @ € G(U),
and assume that the local Markov property (2.12) holds. Since both P and
@ have the same conditional distribution on SV given the configuration on
the boundary 0V, we have

H(Qvuav, Pvuav) = H(Qav, Pav) .
It is therefore natural to look for a Shannon-McMillan theorem for the
specific entropy quantities
1

1
v H(P d ——H(Q
la nl ( BV,.) an laan ( avn,PaVn)
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on surfaces rather than volumes.

3. A Shannon-McMillan theorem for surface entropy

If P is ergodic then P satisfies a 0-1 law on the o-field J of shift-
invariant events. J is contained, modulo P, in the o-field

A= [N Frov

V finite

of asymptotic events, and if P is also an extreme point in G(U) then the
0-1 law extends from J to .A. Often one can go even further:

(3.1) Definition. Let us say that P satisfies the strong 0-1 law if for
any J C I the o-field F; coincides modulo P with the o-field

Fi= ) Froa-v
V finite

(3.2) Remarks.1) For J = @ the strong 0-1 law reduces to the 0-1 law
on A.

2) The following condition is equivalent to (3.1): For any J C I, the
conditional distribution P[-|F;] can be chosen in such a way that, for P-
almost all w, the measure P;_;[-|F;](w) satisfies a 0-1 law on the o-field
of asymptotic events in S'=7. In this form, the strong 0-1 law has been
verified for the maximal and the minimal Gibbs measure with respect to an
attractive interaction potential; cf. [6].

3) For a Markov field the strong 0-1 law implies the global Markov
property , i.e.,

(3.3) E[¢|F1-s] = E[¢|Foy]
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for any Fj-measurable ¢ > 0 and for any J C I. In fact, we may assume
that ¢ only depends on the sites in some finite W C J, and then (3.1)
implies, P-a.s.,
E[¢|F1-s] = El¢|Fi_,] = lim E[$|F1—nuu-va)]
= lim E[¢|Fosucr-v))
= E[¢|F3;] = E[¢|Fai]

where we use martingale convergence in the second and the fourth step,
and the local Markov property (2.12) for V,, O W in the third.

Let us now assume that P satisfies the strong 0 — 1 law. For | =
1,...,d let P denote the projection of P on the coordinates in I() =
{i € Ii; = 0}. P® can be viewed as an ergodic random field on Z¢~!, and
we denote by h(P(Y) its specific entropy as defined in section 2. Formula
(2.2) for h(PWM), rewritten in terms of P, takes the form

(3.4) B(PO) = [ H(Po[-|FO)(w)) P(dw)

where F(V) denotes the o-field generated by those coordinates i € I(") which
precede 0 in the lexicographical order on I() & Z4-1,

The following theorem introduces the surface entropy s(P) of P, com-
putes s(P) in terms of the specific entropies h(P()), and provides the cor-
responding Shannon-McMillan theorem:

(3.5) Theorem. The surface entropy

(3.6) s(P) = lim ——o

Symrpot IaanH(PaVn)

exists and satisfies
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d
(3.7) s(P) = %Z h(PD).
=1
Moreover,
(3.8) s(P) = — lim lalTnl log Plwav.]  in L1(P).

Proof. In order to keep the notation simple, let us consider the case
d = 2. For a box V,, we split P|wsy, ] into a product of successive conditional
probabilities along the four sides, and on each side in increasing order; for
d > 2 we would use the lexicographical order on each side. Thus,

log Plwav,] = D log Po[w(0)|wik(n.)uow(n.] © b1
€AV,

where we put

Lk)y={i e IVi < 0} NV}
for those t which lie on a side parallel to (),
k(n,t) =min(t;+n—-1,n—t, — 1),

and where W(n, t) is some finite set contained in V7, ;.
In 2) we are going to show that

(3.9) lim sup ||Po[w(0)lwrcyuw] = Polw(0)|FV)(w)]l = 0
WCVe

in L'(P). As in the usual proof of the Shannon-McMillan theorem, one can
now pass to the L!(P)-convergence of the corresponding logarithmic terms;
for a Gibbs measure P, the conditional probabilities are bounded away from
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0 anyway. On any of the four sides, say on {(¢1,t2)| —n < t; < n,t; = n},
the contribution to the n-th term on the right side of (3.8) can thus be
reduced to the form

1.1
—n<t1<n

Applying the (d — 1)-dimensional ergodic theorem as in the usual proof of
the Shannon-McMillan theorem for d = 2, and as in [5] for d > 2, we obtain
the convergence

“limo Y log Rw(O)lFV] 08, = ~Ellog Fy[-| V]| = h(PY)

—-n<ti1<n

in L!'(P). This implies the convergence of (3.10) to (2d)~'h(P")). Sum-
ming up over the 2d sides we obtain the convergence in L!(P) of the right
side of (3.8) to the right side of (3.7), and this implies (3.8) and (3.7).

2) In order to prove (3.9) it is enough to show

lillgn sup ||Po[s|wrkyuw] — Pols If(l)](w)” =0
WCVe

for fixed s € S. But this is of the form (3.12) below, with By := Fpy,,
Ck = Frxyuw, Bi = Fr-vi)ur(k), and B = FO, The strong 0-1 law
for P implies Bo, = B, := MiB;, mod P, and so it is enough to apply the
following lemma.

(3.11) Lemma. Consider o-fields By, C B (k= 1,2,...) increasing
to Boo resp. decreasing to B}, and assume that

B = B, modP.
Then

(3.12) lm  sup  |E9ICi] - El@lB]ll =0 in L'(P)

k—o0 By CCiC
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for any ¢ € L!(P).

Proof. Put ¢ = E[é|Bk] and ¢} = E[p|By] for k = 1,...,00. If
By C Ci, C B then, by projectivity and contraction,

600 = E[BICk]ll = l|#o0 — E[S5ICk]l
< Nldoo = dkll + 1ok — BloL[Chlll + | E[65Ck] — Elok|Cklll
< ldoo = Gkl + ldr — b2l + |95 — 2%l

and this converges to 0 by forward and backward martingale convergence,
since ¢oo = @%, by assumption.

4. Large deviations and phase transition

In this section we assume the Markov property (2.11). We also assume
that the interaction is attractive with respect to some total order < on S,
in the sense of [13] (9.7). Let P* and P~ denote the maximal and the
minimal Gibbs measure; a phase transition occurs if and only if Pt # P~
Both P* and P~ are ergodic, and they also satisfy the strong 0-1 law (3.1);

cf. [6]. In particular, both Pt and P~ have the global Markov property
(3.3).

(4.1) Definition. The relative surface entropy of P~ with respect to
P* is defined as

d
s, PYyi= 33 [ HPTL | FO @), B | FOYw) P (dw).
=1

Let us first explain the definition. For fixed J C I and w € Q we
introduce the conditional local specification on S~ defined by

(€ | ) = v (€] Q)
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for any finite V' C I — J, where ( coincides with n on I — J and with w on
J. This specification is again attractive. We denote by P*[- | F;](w) the
product of the corresponding maximal Gibbs measure on S'=7 with &,
on S7; as shown in [6], P*[- | F;](-) is indeed a conditional probability
for Pt with respect to ;. In particular, the projection Pjt[- | FV](w)
of P*[- | F®O)(w) on the coordinate 0 € I is now defined in a canonical
manner which does not involve the null sets of P*. Thus, the integral with
respect to P~ in the definition of s(P~, P*) does make sense.

We are going to consider large deviations for P = P* which are of the
form {R, € A}, where A is an open set in M(Q) such that P+ ¢ A but

AN{P,|0<a <1} #0,

with P, := aP~ + (1 — a)P*. The following theorem gives a lower bound
in terms of the relative surface entropy of P~ with respect to P*:

(4.2) Theorem. If A C M(Q) is open then

Iinnl.ig},f ré%ﬂ- log P*[R, € A] > — a;}?&feAal—l/d s(P~,P%).

Proof. 1) The key idea is the same as in the proof of the lower bound
(2.7): we are going to switch from P = P* to a new measure such that
the large deviation becomes normal behavior under this new measure, and
such that the corresponding Radon-Nikodym density will induce the lower
bound (4.2).

Suppose that P, € A for some o € (0,1]. Since A is open, we can
choose open neighborhoods A* and A~ of P* resp. P~ such that

aA™ + (1 - a)At C A.

Without loss of generality we may assume that A+, A~ € Fy, for some finite
p > 1. Now put Cp, = Viyny and Dy, = V;, = V() with k(n) < 1(n) < n such
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that c D
lim |Cn] = lim | Dn|

n—oo |V,| n—oo |V,|

l—-«o

For o = 1 we take C,, =V, for @ < 1 we choose I(n) such that

(4.3) Tim (I(n) — K(n)) = oo.
Define I
R;: = | | Z 591&1
n,p 1€Cn P
and )
RI Z 0;w
|Dn,P| i€Dn,p

with Ch,p = Vi(n)—p and Dy, = Vip — Vi(ny4p. Then
(4.4) {R, €A"}eFc,, {RfeA*}erp,

and

{R, € A}D{R, €e A }n{Rt € AT} = A,
for large enough n.

2) Let us now introduce the measure
Qn = PC_,, ®PI+—Cn'

In particular, @, coincides with P~ on F¢, and with P* on Fp_ and
makes these o-fields independent. Thus,

(4.5) Qn[An] = PT[R, € AT] PT[RT € A7]
due to (4.4), and the ergodic theorem for P+ and P~ implies

(4.6) lim @nfAn] =1.
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For ¢ > 0,¢e > 0 and for large enough n we can write
P*[R, € A] > P*[A,]

> expl—(c+ €)|0Va]) @n[An N {lalﬁlog b < c+e)]

where ¢,, denotes the density of @, with respect to Pt on F¢, up,. Due
to (4.6), the lower bound

lim inf Té%/nT log P*[R, € A] > —c

follows if ¢ is chosen such that

(4.7) lim @, logp, <c+e=1

[ 1
|6Vl
for any € > 0.

3) We want to show that (4.7) holds with ¢ = a'~1/¢ s(P~, P*). Since
Q. = P* on D, and since both P~ and P* belong to G(U), we can write

PTlwe,] _ _ PTws.]
P*lwc, |wp,]  P*[ws, |wp,]

Pn(w) =

where By, = OVj(n)—1 is the boundary of the interior of C,. Going around
the sides of B, and using the lexicographical order on each side as in the
proof of (3.5) we obtain

1

"y
EXA 2. Zniob,

t€EB,

1
(4.8) Al log ¢ (w) =

with
ZZut=:)cut"y%J

and _
Xn,t(w) = log Py [w(0) | wLk(n,ty)uam.bls

Yo t(w) = log Py [w(0) | wL(k(n,t))uB(n.b)-
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For a site ¢t which lies on a side parallel to I() = {i € I | 4, = 0}, k(n, 1)
denotes the minimum of I(n) — k(n) and the distance from ¢ to the bound-
ary of that side, L(k) is the set of all sites in I() which precede 0 in the
lexicographical order and which also belong to Vi, and A(n,t) and B(n,t)
are finite sets such that

A(n,t) € B(n,t) € V(k(n, 1)

A(n,t) is obtained by shifting a subset of B, C Cp, and so the behavior of
Xn,s under @, is the same as under P~. But the proof of (3.5) shows that

1

(4.9) lim > Xpi060, = —s(P7) in L'(P).

4) We still have to control the behavior of Y, ; under @,, and it is
here that we are going to use the monotonicity properties of an attractive
interaction. To begin with, the proof of (3.5) shows that the convergence
in (4.9) is not changed if we replace X, ; by

Xy = log Fy [w(0) | w;(k(n,t))]

where wy . is equal to w on L(k) and assumes the minimal state in S
outside of V). Put

Z7y=X5,— Yoy

Now we use the law of large numbers for martingales with bounded incre-
ments in its L2-form in order to replace

Xz

| e

Z EQ,[Z,,00: | Anil
tEB
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where A,, ; is the o-field generated by the sites in D,, and by those sites in B,,
which precede ¢ in our ordering of B,. But these conditional expectations

Eq. [Z;,t 00; | An,i](w)
can be written as
(4.10) H(F5 [ | L emanl Fo [+ | @LientyuBnnl) 0 b

The measure
pi=Pf[- | WL(k(n,t))UB(n,1)]

is larger than the measure

vi=F [ [ wpgemmls
in the sense that the density du/dv is an increasing function with respect to

the order on S; cf. [13] Th. (9.4). The relative entropy in (4.10) increases
if we replace u by the even larger measure

Xi=Ff[ | “’z(k(n,t))]

where wt( k) 18 defined in analogy to WEk)

H(v,\) = H(v, u)+/log—d1/

> H(v,p) +/10g du

= H(v,p) + H(p, A)
> H(v,p).

Now we use the sure convergence of Py[- | w}:(k(n’t))] to B[+ | FO)(w)
in order to obtain

. 1 _
2 Bl 2 HEG [ | @gnnh P [+ | 0L enap)) © b = s(P7, P¥)
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in L'(P~). Putting all these steps together, and passing from convergence
in L'(P~) to stochastic convergence in terms of Q,, we obtain

lim Qn[—B1 > Zn1060;>s(P~,P*)+¢ =0
" | "IteB,,
for any € > 0. Since
. |Bal 1-1
1 — /d
Lim ErA @ ,

this is equivalent to (4.7) with ¢ = o?~'/s(P~, Pt).
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