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Representation for functionals of superprocesses
by multiple stochastic integrals,

with applications to self-intersection local times’

by Eugene B. DYNKIN

ABsTRACT. The representation of functionals of a Gaussian process by the multiple
Wiener—Ito integrals plays an important role in stochastic calculus. We establish a similar
representation for a certain class of non—Gaussian measure—valued Markov processes. A process X
of this class can be associated with every Markov process ¢ and we call X a superprocess over ¢£.
The existence of local times and self—intersection local times for X depends on the behaviour of

the transition density of ¢ as t-0.

1. INTRODUCTION

1.1. Let {t, teA be a Markov process in a measurable space (E,B) with the transition
function p(s,x;t,dy) and let M be a set of measures on (E,B). We say that an M—valued Markov
process Xt is a superprocess over §t if, for all r<teA, peM and BeB,
(11) E, , X,(B)=[u(dp(r:x,B).

This implies

__mI

(1.2) Er,u<f’xt>_<th’”>

where

TEf(x):Jp(r,X;t,dy )i(y)
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and <f,p> means [fdy. (The domain of integration is not indicated under the integral sign if this
is the entire domain of the corresponding measure.)

1.2. In this paper we deal with a special class of superprocesses introduced and studied by
S.Watanabe [16] and D.Dawson [1], [2] (see [3] for more references).

We start from a Markov process §t,teA=[0,u] on (E,B) assuming that its transition
Junction p(s,x;t,B) is B(A)xBxB(A)— measurable for every BeB (B(A) is the Borel o—algebra in A).
We define X as the space of all finite measures on (E,B). We consider a system of particles which
move independently according to the law of the process §t. Each particle has the mass 3. There
are n identically distributed particles at time 0. At time « each particle dies leaving, with equal
probabilities, 0 or 2 offspring, and the offspring develope independently in the same way.

By passing to the limit as n-w,a,4-0 and nf~1, §/(2a)-1, we get a superprocess X, over §t

for which

(1.3) E. ”e<f’xt>=e<(pr’”>.

Here f is an arbitrary negative measurable function and ¢ satisfies the integral equation
t ro 2 T

(1.4) (pr=JrTs(<ps )ds +TTf
on the interval [0,t].

The existence and uniqueness of the solution of (1.4) and of the corresponding superprocess
X have been proved in [7]. [Under the assumption that p is a stationary transition function and
that the related semi—group is Feller and continuous this has been proved first in [16], see also
[11]].

We put

T;=o for r>s, T§f=f

and we rewrite (1.4) in the form

(1.5) p=pxpth
where tps=0 for s>t and

(16) (o= Tl
and

148



FUNCTIONALS OF SUPERPROCESSES AND SELF-INTERSECTION LOCAL TIMES

(1.7) hr(x)=T{f(x)
(the value of t is fixed).
If h is a bounded function then, for all sufficiently small @, the equation
p=yp*p+ah
has a unique solution and this solution is an analytic function of e [see [2] or [7]].
1.3. Our investigation is based on an explicit expression of the moments of the random field
<f’Xt> in terms of the transition function p. The main step is done in the following:
THEOREM 1.1. Let r< min {tl,...,t }€A. For arbitrary positive measurable functionsf.,...f ,

n

(1.8) E <f.X > <t X >
Ly 1 th

Z H [ i (uan,

Ak i=1 E
the sum is taken over all partzttons of {1,2,...,n} into disjoint non—empty subsets Al""’Ak
(k=1,2,...n), and
(1.9) wA=| I bl
ieA
with
(1.10) h;(X)=T{ifi(X)-

The symbol H means the sum of *—products over all orders of factors and all orders of
operations. For instance,
+1.:2,:2 .1
ol 2y 03,1 12 .3
W{1,2’3}—(h *h“)*h”+h"*(h“xh°)
+ ten more terms obtained by permutations of 1,2,3.

1.4. There exists an obvious 1—1 correspondence between *—monomials and directed binary

trees with marked exits. For instance, the monomial (h1*h2)*h3 corresponds to the tree

A,

1 2
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and monomial (h'+h3)+(h2¥h?) corresponds to the tree
!
le— 7\ —4
I
3 2
(cf. Wild (1951)).

The right side in (1.8) can be represented as the sum of terms

(1.11) <Hy ,p>..<Hy u>
1 k
where Hy is the *—product of hJ,jeAi corresponding to a binary tree 7. i marked my the elements of
i

Ai' We associate with the term (1.11) a graph D whose connected components are marked trees

Tl""’Tk' For example, the diagram | | | corresponds to the term <h1,u> <h2,u> <h3,,u> and
123

the diagram

7 l\. l
1 3 2
corresponds to <h1*h3,u> <h2,p>.

1.5. In general, a diagram D is a directed graph with a set A of arrows and a set V of
vertices (or sites). Writing a:v-v' indicates that v is the beginning and v' is the end of an arrow a.

For every vertex v, we denote by a +(v) the number of arrows which end at v and by a_(v)
the number of arrows which begin at v. We consider only diagrams whose connected components
are binary trees that is for every veV there exist only three possibilities: i) a +(v)=0, a_(v)=1;
(ii) a+(v)=1, a_ (v)=0; (iii) a+(v)=1, a_(v)=2. We denote the coresponding subsets of V by
V_,V, and V|, and we call elements of V_ entrances and elements of V 4 ezits. Put acA " if the
end of a is an exit, and aeAO if this is not the case.

Let D n be the set of all diagrams with exits marked by 1,2,...,n. We label each site of Dell)rl
by two variables — one with values in R, and the other with values in E. Namely, (t;2;) is the
label of the exit marked by i, (r,xv) is the label of an entrance v, and (sv,yv) is the label of a site
vEVO.

We agree that p(s,x;t,B)=0 for s>t. For an arrow a:v-v' we put pa=p(s,w;s',dw') where

(s,w) is the label of v and (s',w") is the label of v'. Using this notation we can restate Theorem 1.1
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in a new form:

THEOREM 1.1'. For r<min {tl, ,b }EA and all positive measurable f

n)
(1.12) l,”<f1,x >..<f xtn> =2 ¢y
where
i ord Moy Tl Il
vey_ veVo i=1
Example. The diagram D corresponding to <h1*h3,u> <h ,4> can be labelled as follows

(%) (r,%y)

( X ) (t X )

8 7y ,Z

1’71 272
7 N
(tl’zl) (t3,z3)

(in contrast to the marking of the exits, the enumeration of V_ and V o 18 of o importance), and
we have
epy=<hl+h3 > <h2,u>=Ju(dx YAy, (2, )by (2)E5(25)ds
xp(r,x;81,dyq)P(8,¥ 561,21 )p(87,1583,d25)D(r,%g;t0,dzg).

1.6. Let ¥ be the space of all bounded measurable functions on AxE with the topology
induced by the bounded convergence. The operation ¢+ is a continuous mapping from #x¥ to ¥.
We denote by X the set of all functions of the form (1.7) with bounded f and we introduce the
following assumption:

1.6.A. If C is a closed linear subspace of ¥ and if C2 £, then C=N.

We show in the Appendix that condition 1.6.A is satisfied if p is the transition function of
a right process. In particular, 1.6.A holds for all classical diffusions.

It follows from Theorem 1.1 that

(1.14) <f1,Xt1>...<fn,th>
belongs to L2(P ﬂ) for every peM and all bounded f 1o ,f o We fix a measure peM and we denote

by Lr21 the minimal closed subspace of L2(P ”) which contains all the products (1.14).
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Put
(1.15) (¢’¢)n=J¢(tl’zl;"‘;tn’zn)w(tn+1’zn+1;"‘;t2n’z2n)
72n(dt1,dzl;...;dt2n,dz2n)
and denote by Wg the set of functions ¢ for which (| p| ,|<p|)n<oo. Measures 7, will be specified in
such a way that (p,p) 220 for all tpe’lg. For every <pe'lg we define a multiple stochastic integral

(1.16) In(W)zjw(tl’Zl;"';tn’zn)dzt -dZy

141 n’n

with the property

(117) E L (0L, ()=(p),

Hence IIl is an isometry from the pre—Hilbert space ’ll?l to lel. It has a unique continuation to an
isometry from the completion ’ln of ’Ig onto LI21. One can say that every functional of degree n has
a unique representation (1.16) with a @€ ¥,

1.7. The case of n=1 is of special importance. First, we define Il(gp) for pek by putting

(1.18) Il(np):J'cp(s,x)dZS’x=<f,Xt>
for
(1.19) o(s,%)=TH(x).
In other words, we set
(1.20) J'Ti’f(x)dzs,x=<f,xt>
for every teA and every bounded measurable f.
By (1.12),
(1.21) BL (o)l ()=, (11,2 oplty2,)d7
with
(1.22) 72(A1"BlXAQ"BQ):lAI(O)/‘(Bl)1A2(0)ﬂ(32)

+2]ds p(dx)p(0,x5,y)1 A, O1p D)1y ()15 ().
Put goe’lfl)(t) of <pe’f1) and ¢(s,x)=0 for all se(t,u], xeE. We call elements ¢ and 9 of 7((1)

equivalent if (<p—1/),<p—1/))1=0.
THEOREM 1.2. Classes of equivalent elements of 1‘1] Jorm a Hilbert space x. Under condition
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1.6.A there ezists a unique isometry I, from T, onto L% subject to condition (1.18).
A random variable YeL% is 7t—measurable if and only if

(1.23) Y=sz(s,x)dZs,x

Jor some <pe’l(l)(t). We have

(1.24) E I‘{Jcp(s,x)dzs,xvt}: I(p(s,x)ls % ¢

and

(1.25) E ‘J(p(s,x)dzuzﬁs:oq;(s,x)dzu: o(0,x)u(dx).
For every qJG’lll),

(1.26) MP=|p(s, x)1s<t o tEA

is a martingale, and formula (1.26) describes all Ll—valued martingales.
It is proved in [7] that, under broad assumptions, all martingales M‘tp are continuous and
have the quadratic variation

t
(1.27) <M’M>t=2_[ <<p(s,.)2,XS>ds.
0

(cf. [14]). In terminology of Metivier [12] and Walsh [15], Z | is @ martingale measure.

1.8. For an arbitrary n, we put

(1.28) 7n=z D
Deb
with
(1.29) 7D(AIXBIX...XAHXBH)
fHudx HpaHdS HlAS)l ).
vev_ aeA veVy  i=1

Here v is the beginning of the arrow a, leading to the exit with the mark i.
Example. For the diagram D at the end of Subsection 1.4 (with r=0),
(A By *AgxByxAgxBy) J (dx,)ds p(0,x35,,dy,)
1y (s)1g (yP1p (s)1g (7)1 _(0)u(By).
AVTTB VT TAR VT B VITTA, 2

Let
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2p
lp( ¢)=f1-!ﬂti,zi) 72p(dt,dz).
i=

LeEMMA 1.1. For all <p1,...,¢ne)7,

n n
(1.30) E” Hll(‘Pi)=fH @ (t,:2) 7,(dt,dz).
i=1 i=1

Moreover (1.30) holds for unbounded y; if lp( |¢;|)<w fori=1,...,n and some p2n/2.

THEOREM 1.3. Under condition 1.6.A, there ezists a uniqgue mapping I]1 from ’Ig to L121 such
that
(131) (o)=L ()T ()
and (1.17) is true for all (p,¢e'ig. The image In(’lﬁ) is everywhere dense in LIZI.

1.9. Now we assume that:

1.9.A. There exists a measure m (a reference measure) such that p(s,x;t,.) is absolutely
continuous with respect to m for all s,t and x.

It is shown in [9] that the density p(s,x;t,y) can be chosen to be jointly measurable in
8,x,t,y and to satisfy the relation
(1.32) Jp(s,X;t,y) dy p(t,y;v,2)= p(s,x;v,2)
for all x,z€E, s<t<veA (for sake of brevity, we write dy for m(dy)).

Define the delta functions 6Z, z€E and 6", n=2,3,... as the linear functionals

(1.33) J&Z(x)f(x)dx=f(z)

(1.34) J&n(xl,...,xn)f(xl,...,xn)dxl...dxnzjf(x,...x)dx
Heuristically, the local time at point z is given by the formula

(1.35) LZ(B)=JB<6Z,Xt>dt, BeB(A)

and the self—intersection local time of order n is given by the formula

(1.36) L“(B)=JB<6H,Xt1x...xth> dt,...dt , BeB(AD).

It follows from the construction of the multiple stochastic integral that, for not too bad

functions f,
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(1.37 J <EX, X, > db..dt
) B t1 tn 1 n
=|F(8;,X;;--8,.,X. )dZ ...dZ
J 2Pt n /s, %y Sn.%n
where
(1.38) F(sl,xl;...;sn,xn)

n
=fIB(t17-'~atn)f(y1r"»yn)Hp Slvxlatlvy )dt dy
i=1

By extrapolating, heuristically, this expression to the delta functions, we get

(1.39) LZ(B)=J K, g0z
LB =JK“ 8y X5 x )dZ. . ..dZ
(B) B(l 1 n n) 89X Sn,xn
where
(1.40) KZ,B(s,x)=JBp(s,x;t,z)dt,

Kg(sl,xl;...;sn,xn) J dt,...dt J dz Hp sl,xl,tl,z

The stochastic integrals in the right sides of (1.40) make sense if KZ,B€71[1) and ngl?l Using
Theorem 1.1' we give conditions for this in terms of the transition density p(s,x;t,y).
Let
(1.41) G(s,y;z)szp(s,y;t,z)dt,
H(z,)=dsdy G(s.y)G(s.y:0)-
THEOREM 1.4. Suppose that 1.6.A, 1.9.A and the following conditions 1.9.B,C are satisfied:

1.9.B. The measure y has a bounded density relative to m, i.e. p(dx)<c dx for some constant

1.9.C. There ezists a C<w such that [dy p(s,y;s',y')<C for all s,8'€A, y'€E.
If
(1.42) H(z,2) <w,
then KZ’BE’III) and therejore there ezists local time Lz‘
THEOREM 1.5. Suppose that conditions 1.6.A, 1.9.A,B are satisfied and, in addition, that:
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1.9.D. For every >0, there ezists a constant C<w such that p(s,x;t,y)<C for all x,y€E and

8,t€A such that t—s>4.
1.9.E. There ezists >0, such that Bc{ |ti—tj|2ﬂ} Jor all ij.
If
(1.43) sup [G(s.y:2)G (0 Her )" i<
Y

then K]];e‘lg , and there ezists the self—intersection local time L™ of order n.

Remark. Random variables LZ(B) and L"(B) are defined only up to equivalence. The
technique used in theory of additive functionals (see, e.g., [8] and [5]) allows to choose a version of
these random variables such that Lz(') is a measure on A and L"(.) is a measure on A" (the latter
"explodes" on diagonals D, j={t:ti=t j},i#j but it is o—finite on the complement of their union).

1.10. Consider an elliptic differential operator of the second order

d d
(1.44) ) 260D+ § bl(sx)D (s, seA=[0,u], xeR4.
i,j=1 i=1

Under broad assumptions on the coefficients (see,e.g.,[4], Appendix, Theorem 0.4) the
corresponding parabolic differential equation has a fundamental solution p(s,x;t,y), and this
solution is the transition density (relative to the Lebesgue measure) of a continuous Markov

process which we call a classical diffusion in AxIRd. Moreover, there exist constants M and a>0

such that
(1.45) p(s,x;t,y)< M q(tl_s(ar) for all s<teA, x,yeE
where r=|y—x| and

2
(1.46) od)= (2m) 42 /2
(of course, q(ti _g(ly=x[) is the Brownian transition density).

Put
8 5 d

(1.47) Q d(r)=Joqt(r)dt.

THEOREM 1.6. Local times Lz ezist for the classical superdiffusion in Ade if d<3.

THEOREM 1.7. Self—intersection local times L™ of order n ezist for the classical superdiffusion
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in [0,u} kY if

(1.48) [ QB x I Pax= oonst.xJ:Q(zlE2(r)nrd_1dr<m.
d
R

COROLLARY. Self—intersection local times L" ezist Jor the classical superdiffusion in Ade:

(a) for alln if d<4;

(b) forn<4 if d=5;

(c) forn<2 if d=6 or 1.

Theorem 1.6 for the super—Brownian motion has been proved, first, by Iscoe [11].

Perkins has proved that the pairs (d,n) listed in the Corollary are exactly those pair for
which the super—Brownian motion in IRd has, with positive probability, more than countable set of

"n—multiple points" (z is an n—multiple point for Xt if z belongs to the support of Xt. for n
i

distinct times tl,...,tn). Presenting this result in his talk at Cornell in fall, 1986, Perkins
conjectured the statement on self—intersection local times formulated in the Corollary.
1.11. Acknowledgements. The author is deeply indebted to D.Dawson, I.Iscoe and

E.Perkins for stimulating discussions.

2. MOMENT FUNCTIONS
2.1. In this section we prove Theorem 1.1. Our starting point is formula (1.3). The first
step is the evaluation of
Er,u exp {al<f1,Xt1>+...+an<fn,th>}
where r<t1<...<tneA, fl""’fn are positive measurable functions on E and @p,...,, are negative
numbers.

LEmMA 2.1. For every measure ji and for every i=1,2,...,n,

n
(2.1) Er,p exp .X.aj<fj,th> =exp J Fi(r,x; aIll)p(dx)
j=i

i
where o ={a;,

: ai+1""’0’n} and
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n
(2.2) Fi(r,x;a:l)=log Er, 5 &P 2 aj<fj,xt.> for r<t;,
X5 §
=0 for >t..
Here §_(B)=14(x) is the unit measure concenirated at x.
( X B
The functions F, are connected by the Jollowing relations
i i\2
(2.3) Fy(ral)— | ds p(ryxis,dy)Fy(s,yial)
AxE
+1
i Dt dy) [ (V) +F, 4 (ysel F )]
with FIl +1=0.
ProoF. For i=n, formulae (2.1) and (2.3) follow from (1.3). Suppose that they are true for

i+1 and prove that they are valid for i. Indeed, for r<t,,
n
Er,ﬁxem 2 aj<fj’xt.>
j=i !
©
=Er,6 [exp a<f Xy > Pt X, exp 2 a<fj,Xt.>]
X Y _] =i+1 J

+1
=E g exp [o<f+F; (b, ,a ),Xti>],

i+1
and (1.3) inplies (2.1) and (2.3).

2.2. It follows from the remark at the end of Section 1.2 that Fi(r,x;alil) defined by (2.3) are
analytic functions of ari1 in a neighborhood of the origin. The next step is to establish that
(2.4) Fi(r,x;aril)= z a, W, (r,x) mod{aiz,...,an2}.

Ac{i,...,n}
Here A runs over non—empty subsets of {i,...,n},

ieA
W, (r,x) is given by formulae (1.9),(1.10) and writing F=G mod{ai2,...,an2} means that each
term in the power series F—G is divisible by aj2 for some j=i,i+1,...,n

Let
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0/3aA=H3/6ai.
ieA
Since Fi(r,x,0)=0, by Taylor's formula,
i i 2 2
(2.5) Fi(r,x;arll)=2 aAW;\(r,x) mod{a,”,...,a }
where A runs over all non—empty subsets of {i,...,n},
(2.6) Wli\(r,x)=3Fi(r,x;aIil)/ da, evaluated at aIil=0.
To prove (2.4), it is sufficient to show that
(2.7) Wli\(r,x)=WA(r,x) for all Ac{i,...,n}.
By (2.3),(1.10) and (2.5),
Wi(r,x):hi(r,x)
and
Whe, )= [p(r,xity dy) Wi (1) for i
Hence (2.7) holds if |[A|=1. If |A|>1, then by (2.3)

(2.8) wiE0=) | ds PExsAY)W) (5¥)W) (5)
[R+XE

with the sum running over all (ordered) partitions of A into disjoint non—empty subsets A1 and
A, Thus (2.7) holds for A if it holds for all A with [A|<[A].

2.3. Formula (1.8) follows from (2.4) since the left side is equal to the coefficient at o;...a

n
Er,,u exp z aj<cpj,Xt'> = exp{ZaAIWA(r,x)u(dx)+Ra}
j=1 J A
_ 2 2
where Ra—O mod {a/1 oo O }.

3. STOCHASTIC INTEGRALS
3.1. For n=1, the inner product (1.15) with 7, defined by (1.22) can be rewritten in the

following form
(3.1) (¢,¢)1=J¢(tl,Zl)'l/)(tz,zz)d'y?
= [t0.2)u(d2) [ 0.2)utd2) + | sy ls) A s )
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where A is a measure on AxE given by the formula
(3.2) A(C)=2stp(dx)p(0,x;s,dy)lc(s,y).
A function ¢ belongs to 1(1) if and only if e L2(A) and ¢(0,x) is p—integrable. The space of
p—integrable functions f on E with the inner product (f,g)=<fu><gu> becomes a
one—dimensional Euclidean space if we identify functions f,g such that [fdu=[gdu. Note that
gp,zpe?{l) are equivalent if and only if y=1 A—a.e. and [¢(0,x)u(dx)=/1(0,x)u(dx). Therefore classes
of equivalent elements of 1(1) form a Hilbert space 11.

LEMMA 3.1. X is everywhere dense in 1(1’

Proor. Let C be a closed subspace of ’lll) and let CoX. Since the bounded convergence
implies the convergence in 7((1), 1.6.A implies that CO¥. Since ¥ is everywhere dense in 71(1), C=7l(1) .

3.2. ProoF of Theorem 1.2. The first statement of the theorem has been already proved.
The second statement follows immediately from Lemma 3.1 and the fact that Il(IC) contains all
functionals <f,Xt>.

Note that T:T‘t,:l and, by (1.20),

5 _ st _mt
lsstSVTVdeS,X_JTtTVdeS,x_<va,Xt>.

S
sStSvTv

On the other hand,
s —
JvadZs’x_<f,Xv>.
Let t<veA. By Markov property and (1.2),
_ __mt
E”{<f,xv> I7t}_Et,Xt<f’Xv>_<va’Xt>'

Hence (1.24) holds for functions weX. By Lemma 3.1 it holds for all goe7l(1]. This implies that (1.23)
describes all Tt—-measurable functions in L? and also the statement on L%——valued martingales .

By setting t=0 in (1.18) and (1.19), we get jlszof(x)dZS = <E:Xy> =<f,u>. Therefore
(3.6) Jls=ng(s,x)dZS,xzjcp(O,x)u(dx).
Formula (1.25) follows from (1.24) and (3.6) since EuY=Eu{Y|TO}.

3.3. ProoF of Lemma 1.1. By Theorem 1.1' formula (1.30) holds for wek. This implies, in
particular, that Eull(tp)2p <w for all pek and every positive integer p. Lemma 3.1 implies that
(1.30) holds for all p,eN.
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To prove the second part of Lemma 1.1, we start from a function ¢ such that fp( | ¢])<w

and we consider a sequence of elements of £

3.7 PnEX)=0(sx) if [¢(s,x)|<m,
=0 otherwise.
By the dominated convergence theorem,

— 2p_ —0 )2P1= -
B, [L(em) 11 (@)] 7 =E [ (0= ™| =6, {01y )20 a5 mk-0.
Hence Il((pm)—bY in L2p(Pu). We conclude that Il(<pm)—»Y in L2(P ”) and therefore ¢ converges
in 12(1) to a ¢ such that I, (¢)=Y. Thus Il(<p)€L2p (P ﬂ). By the dominated convergence theorem,
2p_ 1. 2p_1:
(3.8) E (%) P—lim E 1 (0 P—lim £ () =0,(9)-

By Holder's inequality we get that

n
(39) E,,Hlll(soi)l<m
i=1
ifE I ()2
[TRANS!
By applying (3.8) to =0y tpl+...+azp<p2p and by comparing the coefficients at -0

p:lp(wi)gfp( | ¢;])<w for i=1,...,n and some p>n/2.

we obtain
2p 2p

(3.10) Eﬂ HII(‘Pi):fH ‘Pid’YQp-
i=1 i=1
We get (1.30) from (3.10) by setting Ppp1==Pop=H where n(s,x)=10(s) and taking into
account that Il(n)=<1,u> and
N (AP Byx..xApxBy )=<Lp> 7 _(Ap<Byx..xAp By )
for A, ={0}, B, =E.
3.4. ProoF of Theorem 1.3. Denote by ¥ the set of all monomials pyx.xg with

Qe EN. Tt follows from Lemma 1.1 that (1.17) holds for functions ,pe¥" if we define I rl(np) for
2

@™ by formula (1.31). Since In()Vn) contains functions <f1,Xt >...<fn,Xt > which generate Ln’
1 n

Theorem 1.3 will be proved if we show that the closure C 3{ ¥ in 7[2 coincides with 7[2 Since ¥ is
closed under multiplication, C contains all bounded measurable functions on (AxE)™. It remains to

note that, if d)e'l?l, then
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b= if || <m,
=0 otherwise
tends to ¢ in 7[2 as M-,

4. LOCAL TIMES AND SELF-INTERSECTION LOCAL TIMES
4.1. ProoF of Theorem 1.4. By (1.39),(3.1) and (3.2), K, pe®® if and only if

(4.1) aLI=J,;(01X)I<Z’B(o,x)<oo

and

(+2) ay=[(dx)ds p(0,xi5.9)dy K, p(s.5) <o
By (1.40) and (1.41),

(4.3) K, B(8:¥)<G(s.y;2)

and, by 1.9.B,C,

(4.4) a;<cu, aZSCH(z,z)

which implies Theorem 1.4.
4.2. ProoF of Theorem 1.5. By (1.15),(1.28) and (1.29), Kﬁe’lg if and only if, for every
Deb

2n’

(4.5) ¢(D)= J dtl...dt2anD(t1,z;...;tn,z;tn+1,g;...;t2n,()dzd(
BxB

is finite. Here

(4.6) qD(tl,zl;,..;t2n,z2n)

2n
=f H wdx,) H ds dy, H P, Hp(sv,,yv_;ti,zi)

vev_ vev,, achy i=1 ' !

and pazp(s,w;s',w') for an arrow a with the beginning labelled by (s,w) and the end labelled by
(s',w'). (In contrast to (1.29), p, is a transition densitu, not a transition function.) The exits
marked by 1,...,n are called the z—ezits and those marked by n+1,...,2n are called the (—ezits. Our
goal is to show that, under conditions of Theorem 1.5, qp<o for all Deﬂ)2n.

Fix a diagram Doel)2n and denote by D° the set of all diagrams obtained from p° by

cutting some arrows. (Possibly, no arrow is cut, so Doeﬂ)o.) We say that a vertex veD is accessible
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from v'eD if there exists a path 7r:i1-»i2-»...—»im with vertices il,i2,...,im such that i1=v', im=v and

the arrows i,-iy,... are not cut. A vertex v is accessible from V__ if it is accessible frome

Am—1"m
some v'eV_. Denote by D* the set of all Deb® with the property: at least one z—exit and at least
one (—exit are accessible from V_. put v(-:V(') if v €Vy and if all three arrows to which v belongs
are cut. For every DeD* we define ¢(D) by (4.5)—(4.6) with pa=p(s,w;s',w') replaced by 1., for
all cut arrows and with dya dropped for all vEV(').

Example. Let
D°: (0,)— (8,7 )— (55, Yg)—(t4,2,) (0,%,)

! !
(t37Z3) (tzyzg) (tl’zl)
and let D be obtained from D by cutting three arrows touching label (s2,y2). Then DeD* and

¢(D)= J dtl...dt4ju(dx1)/t(dx2)p(0;xl;sl,dyl)dSIdSZp(Sl,yI;tS,C)
BxB

x1 p(0,x0;t,2).
sl<s2<t4,s2<t2 2°1
We say that a family D'cD* dominates a diagram DeD* if every DeD' is obtained from D by
cutting a non—empty set of arrows and if
¢(D)< const.x Z ¢(D).

Deb'
A diagram D of D* is called mazimal if it is not dominated by any family D'cD*. Theorem 1.5 will

be proved if we demonstrate that ¢(D)<w for all maximal D.

Fix a maximal element D of D*.

ProposiTION 4.1. If vev, belongs to two cut arrows, then vEV(').

PRrOOF. Let a be the third arrow which contains v and let (s,y) be its label. Suppose that a
is not cut. Its cutting produces from D another diagram D'eD*. We claim that D' dominates D.
Indeed, the variable y enters only one factor in (4.6). By integrating with respect to dy and by
using condition 1.9.C and the inequality [p(s',y';s,y)dy<1, we note that ¢(D)<const.c(D')

PROPOSITION 4.2. Only one z—ezit and only one {—ezit are accessible from V _.

ProoF. Suppose that two z—exits v and v' are accessible from V_, that 7r:i1—»...—’im and

w':ii—»...—»i r'n' are the corresponding paths and a5, are all arrows in these paths enumerated in
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an arbitrary order. We shall arrive at a contradiction by proving that D is dominated by the
family Dl”"’DN where Dk is obtained from D by cutting ay .

Let s ¢ and sk be the time variables in the labels of i ¢ and i;," Note that sl=si=0 and S =t i
s I;l.=t i1 where j,j' are the marks of the exits v,v'. Therefore
(4.7) tj—tj.=(sz—-sl)+...+(sm—sm_1)—(sé—si)—...—(sr;l.—sﬁl.__l).
The differences in parentheses are in a 1—1 correspondence with arrows ay.

By 1.9.E, |tj—tj.|2ﬂ for all t=(ty,...,t )eB. Therefore, for every t€B, at least one of the
differences in (4.7) is larger than or equal to a=g/N. Put teBy if this is true for the difference
corresponding to ay - Since {Bk} cover B, we get an upper bound for ¢(D) by replacing the

integrand qap in (4.5) by zltequD' It remains to note that, by 1.9.D, quconst.qu for teBk.
k

ProposITION 4.3. For every veV there erists at most one z—ezit and at most one (—ezit
accessible from v.

ProoF is analogous to that of Proposition 4.2.

For every vertex veD there exists a unique maximal path 7r:i1—»i2—>...—»i m such that i m=Y
and all arrows i 'y 4.1 are not cut. Denote by m_the maximal path to the exit marked by k and by
Vi its initial vertex. It follows from Propositions 4.1,2,3 that:

(a) Every non—cut arrow belongs to one of paths s Tops

(b) VireVp (corresponding to the z—exits) are distinct and only one of them v ¢ belongs to
V_;

(c) v, 417V (corresponding to the z—exits) are distinct and only one of them v,
belongs to V_;

(d) For every k=1,...,n except k=/, there exists one and only one k'e{n+1,...,2n} such that
Vk=Vk|.

Therefore we have the following picture:
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v, Vo V=V (k#£)
bt <N

(4.8) IR J Tk '\"k-
i i Z Y N C

ifvivp (exits are labelled by z and ¢) or

l V=V (k#)
PR
(4.9) _/ \ / M \”k'
DN 7 N

if v [#v o Here p is the common part of the paths Ly and Tps V is the end of p, and o,0' are the
parts of Ty and Tp Starting from v.

We associate with a path 7r:i=i1—+i2—»...—»i =j a function

m—1
Q (Slvyl 8. 7y ) fH p 7 l ysl vyl ) de] dS] .
ol o « =2 o o

Clearly,

(4.10) c(D)<szd(F (z,¢) HQ Vk vk k’z)QWk;(SVk’ka;tk' ,C)dsvkdyvkdtkdtk.
k#£
where

F(z,()= Ju aw)Q, (0w 2AW)Q. (0,3t 5 ,¢)dt At
itp rp Wity ,Q)di
in the case (4.8), or
F(Z,C)=Jﬂ(dW)Qp(OaW;Sv»yv)Qa(Sv,yv;tZ,Z)Qa.(Sv,yv;t[, ,C)dsvdyvdtl;dt[.
in the case (4.9). By (1.32),
m-2

p(Si’yi;sj’yj)'

Q (S-,y-;S-,y-)=p(S-,y';s',y-)Jl ds; ..ds; <~
AR U U | PIYTpY silg...gsim LN S (m—2)!

By (4.10),
(4.11) ¢(D)<const.x JF(z,()H(z,C)n—ldzd(.
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Note that

(4.12) F(z,g)gconst.xjp(dw)c;(o,w;z)y(d&)c(o,v'v;g)

or

(4.12") F(z,C)Sconst.xfu(dW)p(O,W;s,y)G(S,y;Z)G(s,y;C)dsdy-

By (4.11),(4.12) and (4.12"), condition (1.43) implies that ¢(D)<ew.
4.3. ProoF of Theorems 1.6 and 1.7. The Chapman—Kolmogorov equation for the Brownian

transition density implies

25
(4.13) Jagy—naga c—y|)dysj0 bl (| ¢z ))dt= 1-Q28,(12—¢]).
Since
(4.14) j d = J oJas<Ql,
we have from (1.41) and (1.45)
(4.15) Gy(s.¥;2)$Qg(ely—=zl) -
By (1.41) and (4.13),
(4.16) H,y(z,¢) <const. Q3" (a] 2] ).
Therefore

2u
Hd(z,z)Sconst.Q?iEz(O):const.J' t—(d~2)/2dt<m for d<3,
0

and Theorem 1.6 follows from Theorem 1.4.
By (4.15) and (4.16),
(4.17) [Gsivi2) G4lowi0) By(a 0" da g
<const. | Q(aly—21)QY(al y—¢1) QG y(ala—¢))* dz .
Changing variables by the formulae z'=(—z, ('=(—y, we establish that the integral in the right

side is equal to

—1
(4.18) |Qltalz—¢nQftal ¢QE%(alz)™ az d.
By applying (4.13) to the integral relative to d¢, we get that (4.18) is dominated by
(4.19) const. JQ (@|x|)"dx=const. JQ (le)ndx

Thus Theorem 1.7 follows from Theorem 1.5.
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4.4. ProorF of Corollary to Theorem 1.7. For k<1,
2
(4.20) Ql2{u(r)5cons1;.e_r /4u,
Therefore condition (1.48) holds for d<3 and all n.
Change of variables s=r2/2t in (1.47) yields
(4.21) Q24(r)=const.r® 4 5 (% /4u)

where
(4.22) S d(t)=st(d_4)/ Ze75¢s.
t

For d>3, Sd(t)SSd(0)<m. By (4.21), Q(2122(r)5const.r4_d if d>5, and we see (1.48) holds for n<4 if
d=5 and for n<2 if d=6 or 7.
Finally, S2(t)ge—t for t>1 and, by Lemma 2.1 in [6], So(t)<const.(|log t|+1) for all t.

Therefore (1.48) is satisfied for d=4 and all n.

5. CONCLUDING REMARKS
5.1. Time s=0 plays a special role in the definition of the martingale measure Zs, X .On the
contrary, all points of the interval A are in the same position for the martingale measure Z(s),x
defined by the formula
(5.1) Jw(s,x)dzg,X=Jgo(s,x)dZS,x—P uj¢(s,x)dZS,x=Jw(s,x)dZS,X—Jtp(O,x),u(dx)
(cf.(1.25)). In [7] (written after the first draft of the present paper had been already finished) we

introduce the stochastic integral with respect to Z(s),x directly, starting from the formula

(5.2) J:Ti’f(x)dz(s’,x=<f,xt> - <TfX >

instead of (1.18)—(1.19) (this is closer to the original approach of Walsh and Metivier). The
construction in Sections 1.6 and 1.8 can be used to define multiple stochastic integrals relative to
Z(s),x' The only change is that the set |I)n in (1.28) must be replaced by its subset i)n specified by
the condition: Delf)n if every connected component of D contains more than one arrow. In

particular, the first term in (1.22) must be dropped.

5.2. Suppose that an integrand ¢ depends on a parameter « with values in a measurable
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space (A,4). Assuming that ¢ a(s,x) is jointly measurable in a,8,x and that ¢ ae?([l) for every a€A,
we can choose an A-measurable version of the integral Il(ga a)' Moreover, if v is a measure on 4
such that tp=J<p au(da)e?l(l), then Il(<p)=J'Il(tp o/V(da). Multiple integrals I have an analogous
property.

5.3. Let Kz,B be defined by (1.40). For every bounded measurable function p,

F=Jp(z)KZ,de=JBT:pdt

is bounded and therefore belongs to 71(1) If Kz,BET(l] for all z, then
(5.3) Jp(z)LZ(B)dz=JB<p,Xt>dt.
Indeed, I, (F)= J I,(TSp)ds is equal to the right side in (5.3) by (1.18)~(1.19).

5.4. Note that

5.4 LY(B)= limJ <p X, %X, >dt,..dt
(5-4) (B)=lim | <pX; x.oXy >dty..dty

in L121 if pk—’ﬁn in the following sense. Put

R
ZyeenZy

n
(sl,xl;...;sn,xn)=J dt;..dt J Hp(si,xi;ti,zi).
B B
i=1
It is sufficient that

geery

ka(zl""’Zn)Rzl,...,zndzl”'dzn_'J‘Rz 44z
in 7(?l This follows immediately from (1.37) through (1.40).
5.5. Measures 7 on (AxE)" defined by (1.28) are symmetric, that is
Jsod7n=Jtpad7n
where ¢ is obtained from ¢ by a permutation o of pairs (t;,2)),...,(t,z,). Therefore

(cpo,gpa)n=(<p a,gp)n=(<p,<p)n and (<p—¢pa,<p—<p0)n=0. We conclude that I n(go) does not change if we

replace ¢ by its symmetrization.
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APPENDIX

0.1. We say that a Markov process {t,teA=[0,u] in a measurable space (E,B), with a
transition function p(s,x;t,B) is right if:

0.1.A. For every r<t€A and every finite measure 4, p(s,{;t,B) is right continuous on [r,t)
a.s.P o

0.1.B. The o-—algebra B(A)xB is generated by functions ¢(s,x) such that ¢(s,é s) is

right—continuous for all paths.

Obviously, both conditions are satisfied for every classical diffusion.

0.2. As in subsection 1.6, ¥ means the space of all bounded measurable functions on AxE.
Put tpEWO if el and if Ti(pt—np (pointwise) as t{s€[0,u). If fe¥, weN, and if,for every s€[0,u),
(0.1) (Tsf —1;)/(t—8)-¢, boundedly as ts,
then we put feﬂA and Atft=—<pt.
We note that:
0.2.A. If pely, then

(0.2) £,(x) j Tip,dt
belongs to TJA and ASfS=¢ps
0.2.B. If f€D, , then

S +m8
(0.3) TeAf,=d" Tyf, /dt
and
(0.4) TsAfdt_llmTf—f
Attt t1u

0.2.C. Let C be a closed subspace of ¥ (relative to the bounded convergence) and let F.eC

for every teA. If Ft(s,x) is uniformly bounded and right continuous in t for all s,x, then
(0.5) (I)(s,x):JAFt(s,x)dt
belongs to C.
Proof of 0.2.A,B,C is similar to the proof of analogous statements in the
time—homogeneous case (see [4], section 1.6).

0.3. THEOREM 0.1. Condition 1.6.A is satisfied if p is the transition function of a right
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process.
Proor. Suppose that C is a closed subspace of ¥ which contains X. Let (pE)VO. By 0.2.A,B,

1;c,atdt lim T f—f
A tTu

where f is given by (0.2). Obviously, F +(s) x)=thpt(x) is right continuous in t and, by 0.2.C, the

(0.6)

right side in (0.4) is an element of C. Since TS 1 £1€C, T belongs to C as well.

For a fixed t, C contains Tift and therefore it contains the function in the left side of (0.1).
Consequently, C contains ¢.

Functions ¢ described in 0.1.B belong to )VO and therefore they belong to C. Since C

contains a multiplicative system which generates B(A)xB, it contains ¥.
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