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AN EFFECTIVE DISPROOF OF THE MERTENS CONJECTURE
by
J. PINTZ

1. Introduction
Mertens conjectured [5] 1897 that

(1) [M(x)]| =2 u(n)<vx for x>1,
n<x

where un(n) is the MObius function. It was known for a long time that
(1) implies that all non-trivial zeros pv=Bv+in of the Riemann zeta-
-function (O<Y1<y2<...)

(2) lie on the critical line 0=1/2,
(3) are simple,
| -1
. o ,
(4) satisfy |apv|. loyet (o) 7 '<1.
Supposing (2)-(4) it is possible to show [2] that certain mean value

of M(x)/v/x equals

Yyycos (y v=my )
(5) K1 (V,T) = 2 % K1 [F]—m ’ where
0<Y\)<T Vv A

(6) K1(T)=(1—T)COS(FT)+ﬂ_1sin(WT), ﬂwv=arg(OvC'(Ov))-

Ingham [1] showed this with the simpler choice KO(T)=(1—T).
Using the lattice basis reduction algorithm of A.K.Lenstra, H.W.
Lenstra and Lovasz [3], A.M.Odlyzko and H.J.J.te Riele [6] succeeded

1983 in finding values T*=Y2000 and v with vm-1.4-1064 such that

(7) R (v,T*) ~ 1.0615

thereby disproving (1) . (For other results and the history of the
problem see also [6].) However, this method is completely ineffective,
one obtains no contradiction for any concrete X if (1) is substi-
tuted by

(1) max |[M(x)|/vx < 1.
1<x<X

The main difficulty is that by classical methods it is not possible

to derive from (1') any of the assertions (2)-(4), not even in a
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finite form, that is, for zeros satisfying

(8) |Yv}<f(X) where lim f(X) = o.
X+

Before the disproof of the Mertens conjecture the present author
could show [7] that (1') implies a weakened form of (2), namely that
all zeros have

3 log Yy*Cy

1
1 _— —_—
(2') le 2|< log X !
where <4 is an explicit constant, for which some calculations yield
c1=log 6. In Section 3 we give a simplified version of this (see
Theorem A) .
The aim of this work is to show that if we consider the mean

value

2
ka cos(yvv nwv)

(5') K,(v,T,k) =2 I e T
2 0<y <T PG (o\))

in place of (5) then we can dispense with (3) and (4), and it is

enough to know that

1

4
' LA .
(3') p,=3+iy  are simple and

]yv+1-yv|>9-1o' for |y\)|<1.1-106

which was verified by the computation of Rosser, Yohe and Schoenfeld

[8]. Our result is

5.10%

THEOREM 1. If there exists a vE[e7,e ] with

4 -40

,1.5-1078) [>14e
v+/v

(9) ]KZ(V,1.4'10

then (1') is false for X=e

A good candidate for v is naturally any positive value of v
64
in the given range for which |K1(V,T*)|>1. Such a value vd&L209740
was found during the computations of Odlyzko and te Riele. The author

is deeply indebted to Prof.te Riele who showed
4 .1n—6
(7%) Kz(vo,1.4'10 ,1.5°10 7) = -1.00223....

Theorem 1 and (7') imply
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MERTENS CONJECTURE

THEOREM 2. (Odlyzko-Pintz-te Riele) We have

(10) max|M(x) |//%>1 for X=exp(3.21-10°%).

x<X

Finally we remark that using other methods the author could show
that (1') implies (2)-(4) for zeros with

1/10X

(8") |Yv|<02109 with explicit c

2

and this makes possible to show for any v,T and €>0

(11)  max|M(x)/vx| > [K,(v,T) [-e  for X>c(v,T,¢)
x<X

with an explicit c(v,T,e) thereby furnishing another effective dis-
proof of Mertens conjecture which does not need any special numerical

facts beyond the crucial relation (7).

2. Preliminary Lemmas

In the following we prove some lemmas (or sketch the proof of
them) about the g-function. They are contained in standard books but
we need here all error terms with explicit constants. We use always
the notations s=0+it, p=B+iy for non-trivial zeros of Z(s) and we
denote by 0 a number with |@|<1, not necessarily the same at each
appearance, further we denote tg 1=1.55... by Cor

LEMMA 1. For o=-1 we have |§(s)!<§|s|3/2.
Since the value 2/3 is not very important we only sketch the

proof. From the functional equation we have for s=-1+it

T (1455 | -3
[z (-1+it) | = T c(2-it) |m
T (=5+i3)

and from Stirling's formula one can derive for |t|»2
it 1..t 3 3
Re{log T (1+5)~log F(—7+1§)}<7log|s|+§—log 2
further for |t|<2 one can show lT(1+%;)|<|F(—%+i%)||s|, and so we

obtain Lemma 1.
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J. PINTZ

LEMMA 2.(Von Mangoldt [4]). For co<h<T—4 we have

b 1 <h log T.
T-h<y<T+h

LEMMA 3. For 0<0<2, t»4 we have

g(s) = 3 +0(4 log t+6).

- s-p
ly-t]<c,

Proof. From (2.12.7) of Titchmarsh [9] we obtain

o,.t, I'! .t
(T+5+i5) =5 (2+iz) }+

%ko+it)-%'(2+it)*

0=2 1rn
(o+it-1) (1+it) 2T

1 1

* O+it-p 2+it-p

( ).

z
P
The first term on the right hand side is clearly 2@t_2 whilst using

Stirling's formula for I''/T(s) we obtain

1 71/2—{x}

', s
— (_+‘]
r "2 S+2 O(x+1+s/2)2

~

=log(1+§) ax
_ s, ,0,0
=log(1+3) +g+3

and by log(1+z)=z+@|z|2 for |z|<1/2 we have

=2 .0

1og(1+%+%;)_1og(z+%})=;th :%=%o for |t|>4.
t

Further, by Lemma 2 and the symmetric situation of the zeros we have

with some calculations

[es] [ee]
z z _Z:E__E < I ZColog(t+2kco)——~§Lg§—§ <
k=1 (2k—1)co<|y—t|<(2k+1)co(t-Y) k=1 (2k=1) “c
_ _q0log 2kc
< 3co1log t-%C(2)+3cO1Z——————§2
1(2k=-1)
1 | 3
STIE =~ < -+ C log t
[Y~t|<c 2+it-p 4 “o
o
and these, together with |c‘(2)/g(2)|<3/5, imply Lemma 3.
LEMMA 4. For 0<o0<2, t>»4 we have 1log g(s) = L log(s-p) +0 (11 log t+14).

y-t|<cg
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MERTENS CONJECTURE

Proof. From Lemmas 2 and 3 we have

1

, o o
log 24gHt) B rliyae = s AE+0(8 log £+12)
2

c(2+1it) 3 _ Trit-p
2 R t%@o
= % log(s-p) - I log(2+it-p) +0(8 log t+12)
ly-tl<cy ly-t]<c
= b log(s=-p) + O S5 log t - % + 0(8 log t+12).
]y-t[<co

This yields the following two lemmas valid for 0<o<2,t>4.

LEMMA 5. If Is—p[>u—1 for all zeros then

log|1/z(s)]| < c, log t log u + 11 log t + 14.

LEMMA 6. Let us assume that all zeros o, with {yv-t[<co are simple

and satisfy [s—pv[>u_1, mirlIOV-DU|=H_1
VAU

. Then
log|1/z(s)| < log u + o log t log (2H) + 11 log t + 14.
Finally, we state without proof the following

150

LEMMA 7. |z(1/4+it)] » e~ for |t|<4.

3. The case when RH is false

The case when (RH) is false is treated by a simplified version
of the Theorem of [7].

THEOREM A. Let c(oo)=c(Bo+iyO)=O with BO>1/2, Yo>0. Then

1 ¥ y"o 5
D(Y) = g J|M(x)|dx>=—= for Y>y
© Y
o
Proof. Let g(s)=§i§:ll£iél~g , W(A) = 5%; / g(s)AS+1ds (A>0) .
(s=p,) (s+2) (2)

Integrating along the lines o0=-1 and 0=B»» we obtain

329



J. PINTZ

215121512
1 1 sl 3ls 2 ds|_2
W(a) [<5= / |g(s)|ds<s— | ———F——as|<& S =%,
2T _ ) 271'(_1) 15‘6 37 1)| |2 3
W) [<aP* Tl s ojgis) | as|<aPt o0 if A< and B,
(B)

Therefore we have

|U(Y)\'—ll?M(x)W(X)dx[<Z-l§|M( ) | dx<2D (¥)
Y X 37y 3 .
On the other hand interchanging the order of integrations

s(s-1)z(s) _ ¥°ds

U(Y) = 1 ¥5q(s) s M) grqe=1
1

2ﬂi(2) Xs+1 2ﬂi(2)(s—oo)(s+2)6 s (s)
0
(o]
™Y T smnivtas oD P -1
= 6 '7n3 3 gy oY
(05*2) (—1)(5—00)(S+2) (05*2)

o v° 1 8
and so 1U(Y)!>T6 ——-—35>3Y = which proves Theorem A.

¥

o o]

COROLLARY A. If for a given Y there exists a zero °6 with

1 Slog]YO| _
BO>§+_1—09—Y—— thelﬁlx D(Y) >vY.

4., Two mean values of M(X)

We shall investigate the following mean values of M(x) (u,k>0):

u+2v/ku
_ e_k/4_u/2 € M(x) (u-log x)2
M1(u) = - exp ( % ) dx
2V/1k eu—Z/EG
-k/4-u/2 « _ 2
M, () = 2 ;M) oyp (-8 iﬁg X)) ax.
2/7k 7 X

LEMMA A. If |M(x)|<A/x for |log x-u|<2/ku then |M1(u)|<A.
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MERTENS CONJECTURE

2

-k/4-u/2 eWt2Vku (a-Tog x) 2. dx A
Proof. —m—— / Vx exp( 4kg )5 = I e dy
2vTk eu—Z/ku 2V/Tk -2/ka
Vu-vk/2 o
- eV ave— f e Vav = 1.
/T -v/u-vk/2 /T =
LEMMA B. ]Mz(u)—M1(u)[<2e—u/4 if k<1/4, u>16.
2
-k/4-u/2 ® _ 2 3k/4+u/2 @ L _iy-k
Proof. exp(—lg—%%g—ﬁl yax = &————— s e 4K dy

— J
2/1k eu+2/ku 27k 2v/ku

3k/4+u/2 @ _.2 1 -
_e roeV dv<e3k/4+u/2 u k+2\/ku<e u/4’

A /a-/E

and the same holds for the integral on [1,eu_2 ku].
e—k/4—u/2 eks2+us
LEMMA C. Mz(u)- VEE s ST (3) ds.
(2)
2
-y~ /4k 2

Proof. This follows from the identity 9______=§%I S eks *YS3s.
_ 2/7k (2)

5. The case when RH is (approximately) true

In the following let k=1.5-10"% and let us suppose
4

(1) M(x)<VxX for x<e" where e/ Kau<e® 10

Then Corollary A implies for every zero

5 log|y,|
(11) B <gt——r2
Let us transform the way of integration in Lemma C onto the line
which consists of L1,Li,L2,Lé,L3and their reflection on the real
axis, where

5 log T,+2

e.._1.5 log t+2 e scoad ded, 7 v 7
L,={s;o=5+ - b, Lij={s=0+iT ,0-5€l5, 3 11,
Lo={s=t+liit; te[T ,T,1}, Li={s=0+iT_,0€[+,++11}

2 2 u ’ o'T1 7" 72 o' 4’2 u" "’

la=tiie. =1 . 4-10% -10°.
L3—{s—4+1t, tE[O,TO]}, T, =1.4-10", T,=10";
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here T satisfies \Y—TO|>u_1 for every zero. Then by (3') and (ii)
we have for every p
1

(iii) |s-p|»u” ' if s€L 4

(iv) the conditions of Lemma 6 hold for s€L2ULé with H=lg—.
: K (s7=1/4) +u(s-1/2)

LEMMA D. M, (u) = 5% (i) ST (9 ds+K, (u+k,T_, k) -

Proof. Transforming the way of integration in Lemma C onto L we

obtain the following sum of residues:

K (021/4) +u(p-1/2) ky?  —imy+iky +iuy
z = 2 z la_ |e VRe e v v V.
pz' (p) 0<y <7 P
|Y|<To Yy v
2
Sk(s7-1/4) +u(s=1/2) _40
LEMMA E. | [ ds |<5e .
—_— (L) st (s)

Proof. By (iii) and Lemma 5 we have

|75 < s Jjexp{k(oz—t2)+6 log t+2+co-5-104 log t+11 log t+14}dt
(L,) L, t
1 1
< max exp{k(logzt—tz)-1oslog t}<exp(—105)
£>10°

and the same holds for the integral on L{ too. Let

_ .n_ . _ n+1 3
In—{s€L2, G<m;n|y t]< 3 } for 1<n<10u.
Then |I |<2u-1 z 1<4-10%7" and by (iii), (iv) and Lemma 6 we
n 4
y<T1+10
have
2 104 u
| /]<|T | max exp{k(1-t%)+1+14+log t(10+c_ log ——) I3
i <t<T
n o 1
<4-10%n Texp{-k T§+16+23 log TO}<e_43n~1.
So we have
1 fi<e™® 1 nT<e™3(10g 5-10741) <710
L2 n<103u
and the same holds for the integral on Lé. Finally we have for

4<t<TO from Lemma 5
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1O(cO log 4+11) +14 150

-1
[z ' (s) |<e <e (if s€L,),
and so, using also Lemma 7 we get

-u/4, 150 _ -100

\5’1<Toe 4e " <e . 0.E.D.

3
6. Proof of Theorem 1

. . _ -6 7 -k 4
Lemmas A-E imply that if k=1.5-10 7, e <u<5-10° and |M(x)!</§

for x<e" 2% then |M1(u)|<1, |M2(u)|<1+e_270, and finally
|K2(u+k,To,k)|<1+e_270+(5/2n)e_40<1+e_40. This proves the theorem,

. u+2vku u+k+v/u+k
since e <e .
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