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METRIC THEOREMS ON UNIFORM DISTRIBUTION AND APPROXIMATION THEORY 
by 

Harald NIEDERREITER and Robert F. TICHY 

A sequence (xn), n = 1,2,. . . , of points in [0,1) is called uniformly 
distributed (u.d.)if 

lim N~1 card {1 S n < N: x € J} = vol(J 
N+oo 

for a l l subintervals J of [0,1) .A sequence (x^) of numbers in [0,1) 
is called completely uniformly distributed (c.u.d.) if for al l k^ 1 
the sequence of points xn= (xn'Xn + 1'* *''Xn+k-1* 'n=1'2'* * *' is u-d-' 
and a sequence (x^) of real numbers is called c.u.d. mod 1 if the 
sequence ({xn}) of fractional parts is c.u.d. 

Franklin [3] proved that the sequence (xn) is c.u.d. mod 1 for al­
most al l x>1 (in the sense of Lebesgue measure). Knuth [4] defined a 
sequence (xn) in [0,1) to be random if, for every sequence (bn) of dis­
tinct positive integers obtained by an effective algorithm,the sequence 
( xt>n ) is c.u.d. and raised the problem of whether ((x11)) satisfies 
this definition of randomness for almost al l x>1. This problem was re­
cently settled in the affirmative by the following result. 
THEOREM 1 (Niederreiter and Tichy [7]). - If (a ) is any sequence 
of distinct positive integers, then the sequence (x ) is_ c.u.d.  
mod 1 for almost al l x > 1. 

The following lemmas are the key ingredients in the proof. 
LEMMA 1 (Davenport, Erdos and LeVeque [2]). - Let (u ) be a sequence  
of Lebesgue-measurable functions on the interval [a,b] and put 

KN) = b 
/ 
a 

2 
N n=1 

e(u (x)) |2dx, where e(t) = e27Tit. 

If 
N=1 

I(N)/N converges, then 

i • 1 N 
n=1 

e(u (x)) = 0 for almost al l x €[a,b]. 
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LEMMA 2 (van der Corput [8]). - Let the function u on [a,b] have a 
continuous and monotone f i rs t derivative that satisfies |u'(x)|2L>0 
for a l l x e [a,b]. Then 

b 1 
|/ e(u(x) )dx| ± j - . 
a 

LEMMA 3. - l_f P is monic polynomial of degree d > 1 , then for the  
supremum norm ||P||co on [a,b] we have 

(1) ||P||co >, 21~2d(b-a)d. 
Lemma 3 is a standard result in approximation theory (see [6,p.39]). 

The lower bound (1) is in fact best possible, as i t is attained by the 
normalized Chebyshev polynomial on [a,b] of degree d. The question of 
whether the integer exponents in Theorem 1 can be replaced by real 
exponents leads to another problem in approximation theory, namely to 
establish a lower bound for || P ||<» when 

A s-1 A . 
(2) P(x) = x S + I c.x 3 

j = 1 ^ 
is a monic Miintz polynomial with real coefficients ĉ  and real 
exponents AJ satisfying 0 ^ Â  < A2< ••• < AG, s ^ 2. The lower 
bound should not depend on the c j . For [a,b] = [0,1] this is a 
classical problem considered by Miintz and Szasz. By applying the 
transformation x -> bx, intervals [0,b] can also be handled. For 
[a,b] with a > 0 we cannot use the transformation trick since 
P(a + (b - a) x) is not necessarily a Miintz polynomial. We now have 
the following result. We are grateful to Prof. J. Korevaar for 
providing the important reference [5]. 
LEMMA 4. - For any monic Miintz polynomial P given by (2) and any  
interval [a,b] with 0 < a < b we have 

A s-1 A - A. 
«pl!~ * csa S x.-x1 + (iA) ' 

where T = I lo9 ~ and the constant C > 0 depends only on s.  2 a s 
Proof.- We f i rs t assume that Â  = 0 . By a result in [5] there exists 
a sequence (yn), n = 0 , 1 , . . . , with Yn > 0 and 
oo oo 
7 Y = 1 such that TT cos (y z)is entire and 

n=0 n=0 
00 _ I— 

(3) n |cos(Y u)| ^ C e for al l u ^ 0, 
n=0 n 
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where C is an absolute constant. Then the complex function 
F(z) N (z - iA.) N cos(Y TZ) 

j=1 3 n=0 n 
I ( T + £) I Z I 

is entire and of exponential type T, i . e . |F(z) | = 0£ (e 1 ') 
for a l l £ > 0, and the restriction of F to CR is in J? (IR) . By the 
Paley-Wiener theorem (see [1,p.103]) we have 

F(z) = / f(t)e 1Ztdt 
2 1 for some f € L [-T,T]. With A = — log (ab) we get 

X + A _ . log b 
G(z): = e 1QZF(z) = / f(t-A)e 1Ztdt = J g(t)e 1Ztdt 

2 
with g £ L [log a, log b] . By Fourier inversion we obtain 
(4) g(t) = j G(u)eltUdu for t£[log a, log b] . 

— 1 t Put h(x) = x g(log x) for x € [a,b]. Then with x = e , 
b x . log b A.t 

(5) / x :h(x)dx = / g(t)e 3 dt = G(iA.) for 1 ^ 

For P in (2) we use (5) and G (iA_. ) = 0 for K< j N< s - 1 to get 
b A b b 

(6) | / x Sh(x)dx| = |/ P(x)h(x)dx| s< || P || oo / |h(x)|dx. 
a a a 

Then by (4), (5) and (6), 
b A 1 

(V) |G(iAs)|« llPlloo / f^.j^ j |G(u) |du = ^ IIPJÎ  /|G(u)|du. 
a 

Now 
gA qA S~ 1 -yj-

|G(iAJ | = e S|F(iA ) | = e S n (X - A.) | cosh (YXA ) 
S S j=1 S 3 n=0 n S 

(8) = b ^ V (A - A.) n 1(1 + e"2YnTAs) > bXs V (A -A.) n e ^ 
j=1 S J n=0 Z j=1 S J n=0 

A s-1 
= a S n ( A c " X ) • 

j = 1 3 
Using (3) we get 

oo «> S- 1 
/|G(u)|du 4 2C / n (u + A•) 

0 j = 1 11 
- Vx u, e du 
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= f /" V , e - ^ d v « ^ ( i + x . , , 
T O -1 = 1 T J 'n = 1 J 

and together with (7) and (8) the result for A ̂  = 0 follows. In the 
general case the lemma follows from 

A, A -A, s-1 A .-A, 
l | P | l » » a 1 || X S 1 + I c .X D 1 IL • 0 

j = 1 J 
Using Holder's inequality in (6), the method above yields for the 

P 
L -norm (1 < p < °°) Upllp »C8 xa S (a-1)1/q 

(ai-q _ bi-q)Vq 
s-1 

j=1 

A -A . s i 

-1 -1 1 
where p + q = 1. For the L -norm we get 

If ̂  II 1 * Csxa 
A + I s s-1 

j=1 

A - A . s i 
Aj-A^d/x) * 

THEOREM 2.- If ŷ O and (6 ) i_s any sequence of reals with inf 6 >-°° — n ^ n 
and inf I 6 -6 I > 0, then the sequence (yx n) is c.u.d. mod 1 for  m/n 1 m n 1 A 
almost al l x > 1. 
Proof. We take y = 1 to simplify the writing. We indicate the changes 
that are necessary in the proof of Theorem 1 (see [7]) to obtain 
Theorem 2. Dropping finitely many in i t ia l terms, if necessary, we 
can assume that al l 6 ^ 1. As in [7] i t suffices to show that if 
the lat t ice point h = (hQ,...,h^_^) ^ 0_ and 1 < a < B are fixed, then 
with 

KN) - B 
a 

. N k-1 6 ^. 0 
Ifi I e( I h x n+3}|2dx 

n=1 j=0 J 
the series £ I(N)/N converges. We take N ^ 3. The cases (i) and (ii) 

N=1 
in [7] require no changes, if we note that the number of zeros of a 
Miintz polynomial in [ a, 13 ] can be bounded by [6,p. 49, Hilfssatzj. 
In case (iii) the function Rs(x) in [7, equ. (2.12)] is now a Miintz 
polynomial with Ag = d ^ (log N)a^s^ ^ log N, A ̂  = 0, 2 <: s ^ k, and 

| A± - X. | * 6 : = inf | 6m - 6 n | for i f j . 

Instead of the choice e = (log N) 2d in [7] we take E = (log N) ^S ^ d. 
For a subinterval [a,b] of [a,B] with |Rs(x)| < e for al l x e[a,b] 
we have then by Lemma 4, 

e * Csa s-1 
j = 1 

A - A . s i 
Xj+d/i) 

£ C 6 (X + —) , 
S S T 
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hence 
-1 £ 6 (log N)2 - AS ^ C (h, 6) (log N)'2 for N ^ NQ (h, 6) . 

From the definition of T i t follows that 

log - ^ C1 (h,6) (log N)~2 for N N (h,6) , a i o — 
and so 

b - a < [exp(C1 (h,6) (log N)~2) - 1] B 

^ C(h,6,B)(log N)~2 for N > N1(h,6). 

Therefore, the Lebesgue measure of V = {x £ [ a, 13 ] : \ R (x) | ^ e}is 
-2 S O((log N) ) .If W is the closure of the complement of V in [a,B] , then 

for x € W we have 

|Rs(x) | * (log N)"2(s"1)"d (log N)"2(1°g N)°(S) for N » N2 (h) , 

and so the argument following (2.13) in [7] can be applied. This yields 
I(N) = O((log N) ), and the proof is complete. Q 
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